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Nesterenko’s linear independence criterion for vectors
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Abstract

In this paper we deduce a lower bound for the rank of a family of p vectors in R”
(considered as a vector space over the rationals) from the existence of a sequence of
linear forms on RP, with integer coefficients, which are small at k£ points. This is a
generalization to vectors of Nesterenko’s linear independence criterion (which corre-
sponds to k = 1). It enables one to make use of some known constructions of linear
forms small at several points, related to Padé approximation. As an application, we
prove that at least lﬁ?fg‘é (1+0(1)) odd integers i € {3,5,...,a} are such that either
¢(7) or (i + 2) is irrational, where a is an odd integer, a — oco. This refines upon

Ball-Rivoal’s theorem, namely (i) € Q for at least 13%)22(1 + o(1)) such 7.

Keywords: Linear independence ; Riemann zeta function ; Irrationality ; Measure of
simultaneous approximation.

Math. Subject Classification (2010): 11J72 (Primary) ; 11J82, 11J13, 11MO06
(Secondary).

1 Introduction

The motivation for this paper comes from irrationality results on values of Riemann zeta
function ((s) = > o7, - at odd integers s > 3. The first result is due to Apéry [1]:
((3) € Q. The next breakthrough in this topic is due to Rivoal [23] and Ball-Rivoal [2]:

dimg Spang (1, €(3), C(5), ¢(7), -, ((a)) > —BL_(1 1 o(1)) (1.1)

~ 1+ log2
as a — 00, where a is an odd integer; notice this is a lower bound on the rank of this
family of real numbers, in R considered as a vector space over the rationals. Conjecturally
the left handside is equal to %1, but even the constant - +ﬁ)g2 in Eq. (1.1) has never been
improved. Actually, known refinements of Ball-Rivoal’s proof provide new results only for
fixed values of a: the improvement always lies inside the error term o(1) as a — oc.

In this text we prove the following result, which is a strict improvement upon Eq. (1.1).
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Theorem 1. In R? seen as a Q-vector space, the family of vectors

(o) (1) (&) (i) (it )

has rank greater than or equal to 1%:‘1)5;2(1 +0(1)) as a — oo, with a odd.

It is clear that Theorem 1 implies Eq. (1.1): if E is a Q-subspace of R which contains 1,
€(3),¢(5), ..., C(a) then E x E contains all vectors of Theorem 1. Using linear algebra it is
not difficult (see §2.3) to prove that Theorem 1 is a strict improvement upon Ball-Rivoal’s

result (1.1), namely it provides more information of {(3), ..., {(a).
Theorem 1 can also be stated as follows (see §2.3): if F is a subspace of R@*3)/2defined
over @Q, which contains both points e = (1,0,{(3),((5),...,((a)) and

ex = (0,1, (3)¢(5), (5)C(7), ..., (“$")¢(a+2)), then dimp F > 12;’5;2(1 + 0(1)).

Among the vectors P41 C(l). of Theorem 1, we may discard those such that
("37)¢(+2)

both ¢(7) and (i +2) are rational numbers. Accordingly there are at least ﬁffg‘g(l +o0(1))

odd integers i € {3,5,...,a} such that either (i) or ((i+2) is irrational. This consequence

of Theorem 1 can be stated as follows (see §4.2).

Corollary 1. Let a > 3 be an odd integer. Denote by ny(a) the number of odd integers i €
{3,5,...,a} such that ((i) € Q, and by ns(a) the number of odd integers j € {5,7,...,a}
such that ((j) ¢ Q and ((j — 2) € Q. Then we have

2loga
> =2
ni(a) + ng(a) > T log?

(14 0(1))

as a — Q.

Since ng(a) < ny(a) by definition, this corollary immediately implies the lower bound

ni(a) > lfigz(l + 0(1)) which follows from Ball-Rivoal’s result (1.1). In the case where

ni(a) < 124:%;2(1 + 0(1)), it asserts also that the set of odd i < a such that (i) ¢ Q does

not consist in few large blocks of consecutive odd integers (because ny(a) is essentially the

number of such blocks). For instance, if ny(a) = 13%)22(1 + o(1)) then only o(loga) odd

integers j < a satisfy both ((j) € Q and ((j — 2) € Q: if there are very few irrational
values they have to be mostly non-consecutive. Under the same assumption, there are

1}3%&(1 +0(1)) odd integers j < a such that ((j) € Q but (5 —2),{(j +2) € Q: “almost

all” blocks consist in just one odd integer.

The linear forms we use to prove Theorem 1 provide also the following result:

Theorem 2. Let A € R. When a is odd and a — oo, the dimension of the Q-vector space
spanned be the numbers

LA (3)+6X((5), ¢(B)+15X(T), ..., C(la)+ (“F)M(a+2)

is greater than or equal to 1?1%);2(1 +0(1)).
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The proof of Theorems 1 and 2 is based on the following variant of Ball-Rivoal’s con-
struction, to which a linear independence criterion is applied: Nesterenko’s [21] for Theorem
2, and a generalization to vectors (namely Theorem 3 below) for Theorem 1.

Let a, r, n be positive integers such that a is odd and 6r < a. Consider

S = (Zn)w—ﬁr i (t _ (2T + 1)n)§rn(t +n+ l)grn
P (t = 1n)8

and

1 A t—=2r+Dn)d (tFn+1)3
"_ Z(9 !a—6r el 2rn 2rn
S = 5@ 3 dt2< t—n)% ., )

t=n+1
where Pochhammer’s symbol is defined by (a)r = a(a+1)...(a+ k — 1). The same
symmetry argument as in Ball-Rivoal’s construction yields

Sn = EO,n + £3,nC(3) + £5,n§(5) + ...+ Ea,nC(a)

with o, lany lsns - -y lan € Q; the definition of S}/ (namely like S,,, but with a double
derivation) implies

nggg,n"i_e&n( ;1 )C<5)+£5,n< g )C(7)++€a,n( Q;Fl )C(CL"—Q)

with the same coefficients 03, l5,, ..., {4, except for g,n € Q. Therefore the lin-
ear form fo,Xo + 05, Xy + €30 X5 + U5, X5 + ... + Lo n X, is very small at both points
er = (1,0,¢(3),C(5).-.. . ¢(a)) and s = (0,1, ()C(3), ()<(T).... (*5")¢(a +2): apply-
ing Theorem 3 below yields Theorem 1. The same construction yields Theorem 2 by
applying Nesterenko’s original linear independence criterion to S, + AS/; see §4 for details.

The construction of S, and S/ is analogous to that of [17], where the analogue of
Theorem 2 is proved for the numbers ((j) + jA((j + 1) with j odd, 3 < j < a. Theorem
3 applies to the construction of [17], but the (qualitative) result it provides is a triviality:
since (j41 € Q*/*! because j + 1 is even, the vectors ( PO ) are obviously Q-linearly
independent in R? because their second coordinates are. The situation is exactly the same

for Théoreme 2 of [10], with the numbers Li;(z) + )\I(C;gig!), where z € QN (0, 1), because
log z is a transcendental number. However it should be emphasized that the quantitative
form (4i7) of Theorem 3 still provides new information in these settings: it enables one to
take advantage really of the properties of the linear forms (see the remarks at the end of
this introduction).

More generally, the kind of construction used in [17], [10] and here, namely using a
derivation as in the definition of S/’ to obtain linear forms small at several points, is very
classical (especially in connection to simultaneous Padé approximation): see for instance
[3] or [13]. This idea is also involved in results of Gutnik and Hessami-Pilehrood stated
in §2.4 below. Our main result, namely the following generalization of Nesterenko’s linear
independence criterion [21] to vectors, applies in these situations.

We let RP be endowed with its canonical scalar product and the corresponding norm.
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Theorem 3. Let 1 < k<p—1, andeq,..., e €RP,
Let 11, ..., 7, > 0 be pairwise distinct real numbers.
Let wy, ..., Wk, p1,. .., 0 be real numbers such that there exist infinitely many integers

n with the following property: for any j € {1,...,k}, nw; + ¢; # § mod 7.
1+0(1/n)

)

Let (Qn)n>1 be an increasing sequence of positive integers, such that Q1 =
ifwy = ... =wp =0, this assumption can be weakened to (Qp+1 = Lro(),
For anyn > 1, let L, = 1, X1 + ... +{,,X, be a linear form on RP, with integer

coefficients {; , such that, as n — 0o:

|Lu(e)| = Q7 W] cos(nw; + @) +o(1)] for any j € {1,..., k}, (1.2)
and
e lil < Q70
Then:
(1) If F is a subspace of RP defined over Q which contains ey, ..., ey then
dmF>k+m+...+ 7.
In other words, letting Cy, ..., C, € R* denote the columns of the matriz whose rows
are ey, ..., e, € RP we have
tko(Ch,...,Cp) > k+1+ ...+ 7
in R¥ seen as a Q-vector space.
(13) The vectors ey, ..., ey are R-linearly independent in RP, and the R-subspace they span

does not intersect QP \ {(0,...,0)}.

(1ii) Let e > 0, and Q be sufficiently large (in terms of €). Let C denote the set of all
vectors that can be written as A\ieq + ...+ e +u with:

AL, Ak € R osuch that [\ < @ for any j € {1,....k}
u € (Spang(eq, ..., ex))*" such that |lul| < Q~'~¢

Then CNZP ={(0,...,0)}.

If k=1 and w; = ¢; = 0, this is exactly Nesterenko’s linear independence criterion
[21]. With k£ = 1, the generalization to arbitrary values of w; and ¢; has been proved in [8]
when @), = 5" for some 8 > 1; this is the most interesting case since it includes oscillating
behaviours of the linear forms provided by the saddle point method (and S’ defined above
has this kind of asymptotics). Note that when w; = 0, we assume ¢; # 7 mod 7 so that

Eq. (1.2) reads |L,(e;)| = Qn7 ™M At last, in general Nesterenko’s criterion is stated

14o(1 14+0(1/n
n

under the assumption @11 = Qn ); however assuming @), 11 = @ ) if some wj is
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non-zero is not a serious drawback since any sequence @, = A" with B >1and d >0
satisfies this property.

In the conclusions, (i7) is an easy result, and (¢i¢) is the main part (it is a quantitative
version of (i7)). We deduce (i) from (i4i) using Minkowski’s convex body theorem, thereby
generalizing the proof given in [12] and [11] of Nesterenko’s linear independence criterion.
The equivalence between both statements of (i) comes from linear algebra; it is proved in

§2.3.

A result analogous to Theorem 3, but in which p linearly independent linear forms like
L,, appear in the assumption, is proved in §2.4. This linear independence criterion (in the
style of Siegel’s) is much easier to prove than Theorem 3. Both results can be thought of
as transference principles. In this respect it is worth pointing out that in Theorem 3 we
assume essentially that for any positive integer () there is a linear form : indeed this is L,
where n is such that Q, < Q < Q.1 so that Q = QL™ because Q1 = QY.

The assumption that 7y, ..., 7, are pairwise distinct is very important in Theorem 3,
and it cannot be omitted. For instance, if 71 = 7 then L, (e; — e3) could be very small: up
to replacing (ey, e2) with (e; 4 ey, €1 — e3), this amounts to dropping the assumption that
the linear forms L,, are not too small at the points e;. Now this assumption is known to be
essential, already in the classical case of Nesterenko’s linear independence criterion (except
for proving the linear independence of three numbers, see Theorem 2 of [12]). Actually,
if ;1 = 7 then L,(e; — e3) could even vanish, so the possibility that e; = ey cannot be
eliminated: even assertion (iz) may fail to hold.

Under the assumptions of Theorem 3, it can be useful to apply this result (in the
qualitative form (7)) to the point Aje; +. ..+ Apep with fixed Aq, ..., Az € R (which amounts
to applying Nesterenko’s original criterion, generalized [8] to allow oscillatory behaviours).
This is how Theorem 2 is proved, and also the above-mentioned results of [17] and [10]
(with & = 2). However, the quantitative conclusion (7ii) of Theorem 3 itself contains all
quantitative results that can be obtained in this way (because the latter involve smaller
convex bodies C), so that it implies the qualitative statement () for any linear combination
Aer + ... + A\gep using Minkowski’s convex body theorem.

At last, we remark that the lower bound k + 7 + ...+ 73 in (7) is optimal (see [9] for a
converse statement). It seems natural to imagine that (ii7) is essentially optimal too: up
to @, C is defined as the set of all « such that the assumptions on L, imply |L,(z)| < 1,
so that L,(z) = 0 if x € CNZP, where n is chosen such that Q ~ @Q,,. When p =2, k =1,
and e; = (1,&), Theorem 3 (4i7) yields an upper bound p(§) <1+ Til on the irrationality
exponent of £, and reduces essentially to Lemma 1 of [11]. A converse statement in this
case is proved in [11] (Theorem 1).

The structure of this text is as follows. In §2 we give some corollaries of Theorem 3,
in the setting of Padé approximation (§2.1) or in relation to the approximation of a fixed
subspace by points of ZP (§2.2). We also study in §2.3 the rank of vectors in R¥ seen as a

bt
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vector space over the rationals; this allows us to prove the equivalence of both statements
of (i) in Theorem 3, and the fact that Theorem 1 is a strict improvement on Ball-Rivoal’s
result (1.1) on zeta values. A linear independence criterion in the style of Siegel’s is proved
in §2.4.

Then we prove Theorem 3 in §3; the main new step is detailed in §3.4. At last, §4 is
devoted to the applications to zeta values.

2 Consequences and related results

2.1 Connection with Padé approximation

To begin with, let us state Theorem 3 in terms of Cy,...,C, € R¥.

Theorem 4. Let Cy,...,C, € R¥, with k,p > 1.
Let Ty, ..o Ty Wiy e ooy Whs P14 - -, Pk and (Qn)n>1 be as in Theorem 3.
Foranyn > 1, let t1,,...,0,, € Z be such that, as n — oo:

0. | < Otte)
max lin| < Q,

and
iQ;THO(l)(COS(nwl +¢1) +0(1))
anCl + ...+ Emep = (21)
:i:Q;T’“JFO(l)(Cos(nwk + ) +0(1))
where the + signs can be independent from one another. Then:
(1) We have
tko(Ch,...,Cp) > k+n+...+ 7,
where tko(CY, . .., C,) is the rank of the family of vectors C1, ..., C, in R¥, considered

as a Q-vector space.

(it) For any non-zero linear form x : R¥ — R there exists i € {1,...,p} such that

X(Ci) ¢ Q.

(7i1) Let € > 0, and Q be sufficiently large in terms of €. Let Ay, ..., A\ € R, not all zero,
be such that |\;| < Q7 for any j € {1,...,k}. Then denoting by x the linear map
R* — R defined by x(z1,...,2x) = A2y + ... + Mg, we have

dist (((C1). . X(C), 22\ {0, 0)}) > Q7

where dist(y, ZP\{(0,...,0)}) is the minimal distance of y € RP to a non-zero integer
point.
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This result is just a translation of Theorem 3. Indeed let us consider the matrix
M € Maty, ,(R) of which Cf,...,C, are the columns. We denote by eq,..., e, € RP the
rows of M. Then assumption (2.1) means that the linear form L, = ¢; , X1+...4+(,,X, on
R? is small at the points ey, ..., ex. It is not difficult to see that (ii) and (i7i) in Theorem
4 are respectively equivalent to (i7) and (4i7) in Theorem 3, because (x(C1),...,x(Cp)) =
Aeg + ...+ Ager. We remark also that assuming £ < p — 1 in Theorem 3 is not necessary;
it won’t be used in the proof. Anyway this upper bound follows from (i), so that it is
actually a consequence of the other assumptions.

Let us focus now on an important special case of Theorem 4, related to Padé approx-
imation: when Cj, ..., C} is the canonical basis of R*. This happens in all practical
situations mentioned in this paper, including Theorem 1 and Eqns. (2.3), (2.4) and (2.5)
in §2.4 below: indeed Padé approximation provides linear combinations of Cji1,...,C),
which are very close to ZF. In this case, in (i) the interesting point is when the linear form
X(z1,...,2,) = A\ixy + ... + Ay, has rational coefficients \;; then we have x(C;) € Q for
some i € {k+1,...,p}. An analogous remark holds for (iii); both are more easily stated
as follows, in terms of ey,..., e;. We denote by ||| any fixed norm on RP~*,

Corollary 2. Under the assumptions of Theorem 3, suppose that for any j € {1,... k}
we have e; = (0,...,0,1,0,...,0,¢}) with €} € RP=F where the 1 is in j-th position.

Then no non-trivial Q-linear combination of €}, . .., €} belongs to QP=%. In addition, let
e >0, and Q be sufficiently large in terms of €. Let \i,..., A\ € Z, not all zero, be such
that |\;| < Q7 for any j € {1,...,k}. Then for any S € ZP~" we have

A€ + ...+ e, — S| > Qe

This corollary is a measure of linear independence of the vectors e,..., e} and those
of the canonical basis of ZP~*. It can be weakened by assuming |\;| < Q" for any j €
{1,...,k}, where 7 = min(7y,...,7) (as in Theorem 5 below). Then a measure of non-

discreteness (in the sense of [14]) is obtained for the lattice Ze| + ... + Ze), + ZP~*, which
has rank p. In the examples (2.3), (2.4) and (2.5) considered in §2.4 below, the matrix
with columns Cjyiq, ..., C, is symmetric (with p = 2k), so that this lattice is exactly
ZCy + ...+ ZC, (using the fact that Cy, ..., Cy is the canonical basis of R¥).

This case k = p/2 lies “in the middle” between k = 1, which corresponds to type I
Padé approximation and Nesterenko’s original criterion, and £ = p — 1, which corresponds
to type II Padé approximation. In the latter case, Corollary 2 yields the following result
by letting &; = —e’.

Corollary 3. Let k> 1, and &, ..., & € R.
Let 11, ..., 7, > 0 be pairwise distinct real numbers.
Let (Qn)n>1 be an increasing sequence of positive integers, such that Qni1 = Lrod),
Foranyn > 1, let by, ..., kpn, lky1n € Z be such that

max |¢;,,| < Q+te)
1§i§k+1| Z,n| — Qn
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and
Ces1nE5 — Cin| = Q;Tﬁo(l) forany je{l,...,k}.
Then:

(1) The numbers 1, &1, ..., & are Q-linearly independent.

(17) Let e >0, and Q be sufficiently large (in terms of ). Then for any (ag, a1, ..., ax) €
ZFFINA(0,...,0)} with |a;] < Q7 for any j € {1,...,k}, we have:

lap + ar1éy + ..+ ape| > Q71

We have not found this statement in the literature; see however [7] (p. 98), [15] (Lemma
2.1) or [16] (Lemma 6.1) for related results, which are maybe closer to Siegel’s criterion
than to Nesterenko’s.

A direct proof of Corollary 3 can be derived from the equality

k k
[Cet1nl - lao + ar&a + .. + arly| = } Z aj(Ck+1,0€5 — i) + Lit1,na0 + Z a;jljn
j=1

Jj=1

by arguing as in §3.2 for (i), and by taking n maximal such that Q,,-|ag+a1&1+. . .4ape| < %
for (7).

2.2 Upper bound on a Diophantine exponent

Given a subspace F' of RP, and a non-zero point P € RP, we denote by Dist(P, F') the
projective distance of P to F, seen in PP(R). Several definitions may be given, all of them

_
1]

where u is the orthogonal projection of P on F (that is, P can be written as u + f with
u € Ftand f € F), and ||-| is the Euclidean norm on R?.

The following result is a consequence of Theorem 3.

equivalent up to multiplicative constants (see for instance [25]); we choose Dist(P, F)

Theorem 5. Under the assumptions of Theorem 3, let 7 = min(7my,...,7%) and F =
Spang(ey, ..., ex). Then for any e >0 and any P € ZP \ {(0,...,0)} we have:

Dist(P, F) > ||P|| 7'~

provided || P|| is sufficiently large in terms of .

It is important to notice that Theorem 5 is not optimal, since it involves only min(7y, ..., 7x).

It is specially interesting when 74, ..., 7 are close to one another.
The interest of Theorem 5 is that it can be written as an upper bound on a Diophantine
exponent which measures the approximation of F' by points of Z? (see [25], [19], [5]).
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Proof of Theorem 5: Using assertion (ii) of Theorem 3, we see that (ey,...,ex) is a basis
of F. Since F is finite-dimensional, all norms on F' are equivalent: there exists x > 0 such
that, for any f = Aje; + ... + M\ep € F (with A; € R), we have max |\;| < &l f]].

Let € > 0. Let Qg be such that assertion (ii7) of Theorem 3 holds for any @ > Q;
we assume that ||P|| > Qf/k. Letting Q = (k|| P||)Y/™ we have Q > Qp. Since P €
ZP \ {(0,...,0)}, P does not belong to the set C defined in assertion (iii). Now writing
P=M\ej+ ...+ Mep +u with \; € R and u € F*, we have

mas M| < sl 4 el < 8P = @7
so that [Ju|]| > Q~'7¢. Using the definition of @) and that of Dist(P, F'), this concludes the
proof of Theorem 5.

2.3 Rational rank of vectors

In this section, we give some details about the conclusions of our criterion and prove that
Theorem 1 is a strict improvement on Ball-Rivoal’s result [2] on zeta values.

In Nesterenko’s linear independence criterion, a lower bound is derived for the dimension
of the Q-subspace of R spanned by &,...,& € R, that is, for the Q-rank of &y, ...,& in R
considered as a vector space over Q. This rank is equal to the dimension of the smallest
subspace of R defined over the rationals, which contains the point (&, ...,&,.). We
generalize in Lemma 1 below this equality to our setting.

Recall that a subspace F' of R? is said to be defined over Q if it is the zero locus of
a family of linear forms with rational coefficients. This is equivalent to the existence of a
basis (or a generating family) of F', as a vector space over R, consisting in vectors of QP
(see for instance §8 of [4]). Since the intersection of a family of subspaces of R? defined
over QQ is again defined over QQ, there exists for any subset S C R? a minimal subspace of
RP, defined over QQ, which contains S: this is the intersection of all subspaces of R?, defined
over Q, which contain S.

Let M be a matrix with £ > 1 rows, p > 1 columns, and real entries. Lettingey,..., ex €
R? denote the rows of M, we can consider as above the smallest subspace of R?, defined
over Q, which contains e;,...,e;. On the other hand, we denote by Ci,...,C, € RF
the columns of M and consider R¥ as an infinite-dimensional vector space over Q. Then
Spang(C1, . . ., Cp) is the smallest Q-vector subspace of R* containing C1, . .., C}; it consists
in all linear combinations 1 Cy +. . .4r,C, with ry, ..., r, € Q. Its dimension (as a Q-vector
space) is the rank (over Q) of C4, ..., C,, denoted by rko(C4,...,C,).

Lemma 1. Let M € Maty ,(R) with k,p > 1. Denote by ey, ...,ex € RP denote the rows
of M, and by C4,...,C, € R* its columns. Then rko(Cy,...,C,) is the dimension of the
smallest subspace of RP, defined over Q, which contains ey, . .., ey.

When k = 1, this lemma means that the Q-rank of &, ..., &, is equal to the dimension
of the smallest subspace of R"*! defined over the rationals, which contains the point

(507 cee 7§7’)'
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Proof of Lemma 1: Let G = (Spang(ey,...,ex))t, where R? is equipped with the usual
scalar product. Let F' denote the minimal subspace of RP, defined over QQ, which contains
e1,...,ex. Then F* is the maximal subspace of R?, defined over Q, which is contained in
G = {e1,...,ex}*. Therefore F+ = Spang(G N QP) = (G N QP) ®g R: any basis of the
Q-vector space G N QP is an R-basis of F'+. Since G N QP = ker v where ¢ : QP — R* is
defined by ¥ (ry,...,rp) =1 Cy + ...+ 1r,C,, we have:

dimg F = p — dimg F = p — dimg(G N QP) = rkgy) = 1ko(CY, . .., C,).
This concludes the proof of Lemma, 1.

Let us proceed now to prove that Theorem 1 is a strict improvement on Ball-Rivoal’s
result [2] on zeta values.
Let a > 3 be an odd integer, and &3, &, ..., 10 be real numbers. We let £ =

(3,85, -, av2), -
n(§) = dimg Spang(1,£3,&s, . .., &),

and N(€) denote the dimension of the minimal subspace of R®+3)/2defined over Q, which

contains both points (1,0, &3, &5, ...,&) and (0, 1, (;‘)55, (S)&, e (“;1) at2). As Lemma
1 shows, N(§) is the Q-rank of the family of vectors

(o) () (e ) () (e )

When ¢ = (¢(3),¢(5),...,¢(a+2)) and a — oo, Ball-Rivoal’s result reads n(§) > 1f§)g2(1+

o(1)) whereas Theorem 1 states that N(§) > fﬁ’%(l + o(1)). The latter is a strict

improvement on the former, as the following lemma shows.

Lemma 2. With the previous notation:
() For any § we have n(§) +1 < N(§) < 2n(§) + 1.

(i) For any positive integers n and N with N < %3 andn+1< N < 2n+1 there exists
§ such that n(§) =n and N(§) = N.

Proof of Lemma 2:

(1) Let Fy (resp. I, resp. F) be the minimal subspace of R(@+3)/2 defined over Q, which
contains the point e; = (1,0,&5,&,...,&) (resp. e = (0,1, (3)&, (5)&r, .-, (“3 ") &asra),
resp. both e; and e3). We have dim I} = n({) and dim F; = dimg Spang(1,&5,&7, . . ., §av2) <
n(€) 4+ 1. Since F| + F, is a subspace of R(®*3)/2 defined over Q which contains both e,
and ey, we have N({) < dim(Fy + F5) < 2n(§) + 1. On the other hand, denoting by
H the hyperplane of R(¢*3)/2 defined by the vanishing of the second coordinate, we have
Fy C FNH C F (by minimality of F; and because es & H), so that n(§) < N(§) — 1.

(1) Let i =2n—1and j =2N—3,sothat 1 <i<j<aandj < 2i+1; obviously 7 and
7 are positive odd integers. If i« > 3 we choose &3,&5,...,& € R such that 1,&35,&5,...,&

10
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are Q-linearly independent. If j > i+ 2 we let {10 =1, {00 = &3, ..., §§ = &—i—1 (Where
£ = 1). At last, we let {10 = &y = ... = &2 = 0. Then we have n(§) = n by
construction.

For any odd integer k € {3,5,...,a}, let C} = ( (“%{ ) € R?; let also O_; =
k42

(o) and Cy = (V). Then N(&) = rko(C_1,C4,C5,Cs, ..., C,) using Lemma 1. Since
Cipo =Cijpy = ... =C, = ( 0 ), we have N({) = rko(C_1,C1,...,C)). Let us prove

that these % = N vectors are Q-linearly independent; this will conclude the proof that

N(E) = N.
Let )\,1, )\1, )\3, Cey )\j c Q be such that )\,1071 + )\101 + )\303 + ...+ )\J‘Cj = ( 8 )
This means
(A 1+ N+ M+ Aia)& + s+ Nige)és + oo+ (Njmimn + A)E i
+Aj—it1§—it1 + Ajmips§imivs + . F A& =0

M+ ()N (757) Ait28s + [(3) s + (i§5)>\z‘+4]§5 +[(5)As + (“£7) Nigel&r
o O s+ (P A—agmia

L +(j gi))\j—i—lgj—i—l—l + (j *§+2))\j—i+1§j—i+3 +...+ (iEI)Ai—ﬁi =0.
Since 1,&3,&5, ..., & are Q-linearly independent, this implies
Artdipe =M+ Apa =X+ dpg=... = A1+ A =0

A1+ ("EI)AZ- = ("Z‘”’)Am ( )>\3 ( 2 ))\z+4 (S))\5+ (i;7))\i+6

:...:(J_; ))\j23+( ))\j_QZO

)\j—i—l = )‘j—i-f—l =...= )‘z =0.
Since (3) # ("*i"') for any t € {4,6,...,j — i — 2}, this is easily seen to imply A\_; =
A = A3 = ... = \; = 0. This concludes the proof of Lemma 2.

2.4 Connection with a Siegel-type criterion

The following result is analogous to Theorem 3, but its proof is much easier. It relies on
Siegel’s ideas for linear independence (see for instance [7], p. 81-82 and 215-216, or [20],
Proposition 4.1).

Proposition 1. Let 1 <k <p—1, and ey, ..., ex € RP be linearly independent vectors.
Let (Qn)n>1 be an increasing sequence of positive integers, and for any n > 1, let

LY = ﬁ(t .+ Eg;)nXp be p linearly independent linear forms on RP (for 1 <t < p),

with integer coeﬁicients EZ(?L such that, as n — oo:

ILD(e))| < QW for any j € {1,...,k} and any t € {1,...,p},

where 1, ..., > 0 are real numbers, and
1+o0(1
max E <
1<i<p | | Q
1<t<p
Then:

11
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(a) Conclusions (i) and (ii) of Theorem 3 hold.

(b) Let ¢ > 0, and n be sufficiently large (in terms of €). Let C,, denote the set of all
vectors that can be written as A\eq + ...+ Apep + u© with:

Ay oo A € R such that |\ < Q7" for any j € {1,...,k}
u € (Spang(ey, ..., ex))t such that |jul] < Q,1~¢

Then C, N 7P = {(0,...,0)}.

The main difference with Theorem 3 is that we require here p linearly independent
linear forms for any n. This makes the proof much easier, and enables one to get rid of
. . o 1+0(1) . .
several important assumptions of Theorem 3 (namely @Q,11 = Qn , T1,...,Tk pairwise
distinct, and |L,(e;)| not too small).
IfQni1 = 1o ip Proposition 1 then in (b) we may replace @), with any @, by letting
n be such that @, < Q < Q1.

Proof of Proposition 1: To prove conclusion (i) of Theorem 3, let F' be a subspace of R?
defined over QQ, of dimension d, which contains ey, ..., e;. Let n be sufficiently large. Up
to reordering Lg), . L%p ), we may assume the restrictions of Lg), ey led) to F' to be
linearly independent linear forms on F'. Denoting by (ug,. .., uq) a basis of F' consisting in
vectors of ZP, the matrix [Lg) (u;)]1<t,j<a has a non-zero integer determinant. By making

suitable linear combinations of the columns, the values L,(f)(el), ce Lg)(ek) appear and

lead to the upper bound Qg_k_n_"'_T’“JrO(l) on the absolute value of this determinant. This
concludes the proof of (i) of Theorem 3.

To prove part (b) of Proposition 1 (which implies conclusion (i) of Theorem 3), we
let P = Mer+ ...+ M\ex +u € C, N ZP be non-zero; then Lgf)(P) # 0 for some ¢, but

Lgf)(P) € Z and |L£f)(P)\ < 1. This concludes the proof of Proposition 1.

This criterion is used (in its qualitative part (a), and in the special case of kK = 1 point)
by Nikishin [22] to prove that 1, Lij(2), Lis(2), ..., Lis(z) are Q-linearly independent
provided that z = p/q < 0 where p and ¢ are integers and ¢ is sufficiently large in terms
of |p| and a; here Lig(z) =07, fb—z is the s-th polylogarithm, for s > 1. Marcovecchio has

given [20] a proof of Rivoal’s result [24]

dimg Spang(L, Liy (=), Lia (=), ..., Lia(2)) > —25% (1 1 o(1)) (2.2)

— 141log2

as a — 00, for any z € Q such that |z| < 1, based on Siegel’s ideas (whereas Rivoal used
Nesterenko’s criterion). However no such proof is known for Ball-Rivoal’s theorem (1.1).

Using essentially Proposition 1 with k& = 2, Gutnik proved [13] that the vectors

(o) (1) (&) (5) &

12
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are Q-linearly independent in R? (so that, for any r € Q*, at least one number among
¢(2) — 2rlog2 and 3((3) — r((2) is irrational). More recently he obtained also [14] the
Q-linear independence of

(0 () (1) () e

Such results of linear independence are known only for at most 4 vectors (analogously to the
irrationality of odd zeta values, known only for ((3)). To obtain the linear independence of
more than 4 vectors, it is necessary (with the present methods) to consider polylogarithms
at points z close to 0, as in Nikishin’s result. In this direction, T. Hessami-Pilehrood has
proved [18] that if ¢ is greater than some explicit function of & then the following 2k vectors
are Q-linearly independent in R*:

1 0 0
0 1 0
i : ) ) 3 (25)
0 0 1
Liu(2) (-2 (L)
Lio (%) (,20)Lign () (x5 0)Ligsr ()
Lix(7h) (735 Ly (50 (%27) Ligg—1 ()

The same result holds with 1/q instead of —1/g; see also Gutnik’s preprints cited in [18].

The proofs of (2.3), (2.4) and (2.5) rely on the same principle: in addition to a “deriva-
tion procedure” as in the definition of S (see the introduction), they involve constructing
several sequences of linearly independent small linear forms, as in Nikishin’s proof, and
using essentially Proposition 1. All of them lead to the Q-linear independence of the whole
set of p vectors under consideration (with strict restrictions: few vectors or a point z close
to 0), because Proposition 1 is applied with k+7 + ...+ 7 > p—1 so that conclusion (a)
yields rkg(Ch, ..., C,) > p. However the proofs can probably be modified to provide lower
bounds such as Eq. (2.2).

3 Proof of the criterion

This section is devoted to proving Theorem 3. Reindexing e;, ..., e is necessary, we
assume that 74 > ... > 7, > 0. This will be used in §§3.2 and 3.5.

3.1 Reduction to the non-oscillatory case

In this subsection, we deduce the general case of Theorem 3 from the special case where
w1 = ... = w; = 0; notice that in this case we have ¢; # 7 mod « for any j € {1,...,k},

13
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so that Eq. (1.2) reads |L,(e;)| = Q;Tﬁo(l). This special case will be proved in the

140(1) (

following subsections, under the assumption that Q,,, = which is weaker than

Q1+0(1/n)

the assumption Q11 = we make when wy, ..., wy may be non-zero).

Let wy, ..., Wk, 1, - -, @k, and (@) be as in Theorem 3, with Q,, 11 = 100/ - Since
there are infinitely many integers n such that, for any j € {1,...,k}, nw; +¢; # 5 mod 7,
Proposition 1 of [8] provides £, A\ > 0 and an increasing function ¢ : N — N such that
limn_mo@ = X and, for any n and any j € {1,...,k}, |cos(¢(n)w; + ¢;)] > €. Let
L), = Ly and Q, = Q) for any n > 1. Then we have |L] (e;)| = Q' W) because
| cos(Y(n)w; + ;)| = pr((lrz). Let us check that Q,, = Qn™"; then the special case
of Theorem 3 will apply to the sequences (L ),>1 and (Q),),>1, with the same ey, ..., e,
Ti, ..., Tk this will conclude the proof.

Since Q11 = LHOQ/) there exists M > 0 such that, for any n > 1, Q.11 < Qn

this implies

1+M/n

Que < QUMM

for any ¢ > 0. Letting 6, = ¢¥(n+ 1) —¢(n) > 1, we have:

Q 1+M/¢'(" )°on QeXp(Mén/w n)) _ Q/lJro(l)

Qn+1 Qw(n +on = ¥(n)

by writing the exponent 4, as LU Mow with (1 + M/1(n))¥™/M < e and using the fact

M ¢(n)
that 6, = o(n) since ¥ (n) = An + o(n). This concludes the reduction to the case where
wi=...=wp=0and Q1 = ,11+O(1).

3.2 Proof of (ii)

Let us start with the easiest part of Theorem 3, namely (i7).

We shall prove simultaneously that ey, ..., e; are linearly independent in RP, and that
FNnQ? ={(0,...,0)} where F' = Spang(ey, ..., ex). With this aim in mind, we assume (by
contradiction) that there exist real numbers Ay, ..., A, not all zero, such that Zle Aje; €

QP; multiplying all A; by a common denominator of the coordinates, we may assume
Z?Zl Aje; € ZP. Then k,, = Ln(Z?Zl Ajej) = Z?Zl A;Ly(ej) is an integer for any n > 1.
Now if n is sufficiently large then |k,| < Zk,1 IAj| |Ln(ej)| < 1, so that k, = 0. Let jo

denote the largest integer j such that \; # 0 Then for any n sufﬁmently large, the fact
that x, = 0 implies |\;, Ly, (ej,)| = \2]0 X ALy (e;)| so that

Jo—1 Jo—1

Mol < Z A \ < Z A @t

as n — oo. Now the right handside tends to 0 as n — 0o because we have assumed that
T1 > ... > Ty, so that \j, = 0: this contradicts the definition of A;;.
Therefore such real numbers Ay, ..., \x cannot exist, and this concludes the proof of (7).

14
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3.3 Proof that (i¢) and (iii) imply (7)

Before proceeding in §§3.4 and 3.5 to the proof of (iii), which is the main part, we deduce
() from (i7) and (#i7). Recall that the second statement of (i) is equivalent to the first one
(which we shall prove now) thanks to Lemma 1 proved in §2.3.

Let F' be a subspace of R?, defined over Q, which contains ey, ..., e;. Letting s = dim F’,
we have s > k using (i7). Assertion (iii) yields, for any £ > 0 and any @ sufficiently large
(in terms of ¢), a subset C of R® with no integer point other than (0,...,0). Now CN F'is
a convex body, compact and symmetric with respect to the origin, in the Euclidean space
F. On the other hand, ZP N F' is a lattice in I’ because F' is defined over Q. Therefore
Minkowski’s convex body theorem (see for instance Chapter III of [6]) implies that C N F'
has volume less than 2°det(Z? N F). Now this volume is equal to Q7+ +m=(+e)s=k) "y
to a multiplicative constant which depends only on s, k, ey, ..., ex. Since ) can be chosen
arbitrarily large, we have 71 + ...+ 7, — (1 +¢)(s — k) < 0. Now € can be any positive real
number, so that 7 + ...+ 7, < s — k, thereby concluding the proof of ().

3.4 The main step

We state and prove in this section the main tool in the proof of Theorem 3, namely
Proposition 2.

Recall that Nesterenko’s linear independence criterion is much easier to prove if the
linear forms L,, Lp41, ..., Lyip—1 are linearly independent (see §2.3 of [12] or the ref-
erences to Siegel’s criterion in the introduction). Of course this is not always the case,
but Proposition 2 is a step in this direction. Actually letting F' = Spang(eq, ..., ex), we
consider the restrictions L, r of the linear forms to [’; recall that dim ' = % thanks to
(i4) proved in §3.2. It is not true in general that Ly, Lyi1r, ., Lyjr—1)p are linearly
independent linear forms on F': for instance, the equality L, = L, might hold for any
even integer n (because of the error terms o(1) in the assumptions of Theorem 3). To make
this statement correct, we introduce a function ¢ : N* — N* such that ¢(n) > n + 1 for
any n > 1: the integer ¢(n) plays the role of n + 1, that is: applying ¢ corresponds to
“taking the next integer”. The idea is that ¢(n) will be large enough (in comparison to
n) to avoid obvious counter-examples as above coming from error terms. In the situation
of Theorem 3, ¢(n) will be defined by the property Qum-1 < Q™' < Qum) (Where €,
is a small positive real number); in this way, the error terms o(1) in the assumptions of
Theorem 3 will not be a problem any more.

With this definition, we are able to prove that for any n sufficiently large, the lin-
ear forms Ly, Lom)r, Loy, -5 Lgs-1yp on I are linearly independent (where
@ = @o...o0p), so that they make up a basis of the dual vector space F*. In the
proof of Theorem 3 we shall need the following quantitative version of this property: in
writing the linear form e} (defined by ef(A\e; + ... + Awex) = A;) as a linear combina-

L L k—1(n)|p, the coefficients that appear are

. 1 1
tion of = Lup, Lw(n)(ej)LsO(N)\Fv T L (€5)

bounded independently from n (actually they are between —3 and 3).
We state and prove Proposition 2 in a general setting, with assumptions on ¢ that

15
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make the proof work, because this result might be of independent interest. Its proof relies
on estimating a k x k determinant.

Proposition 2. Let p > k >0, e1,...,ex € R? and (L,),>1 be a sequence of linear forms
on RP. For anyn >1 and any j € {1,...,k}, let ¢j,, = |Ly(ej)|. Let ng > 1 be such that
€jm 7# 0 for any j and any n > ng. Let also ¢ : N* — N* be such that

Vn >1 pn)>n+1 (3.1)

and )

. Ein Ei+1,n/
Vie{l,....,k—1},¥Yn > ng,Vn' > ¢(n ’ i
{ b ¥ 2 o, 2 () < T

Let \,...; s € R and M = Zle Ajej. Then for any n > ng and any j € {1,...,k} we
have:

(3.2)

| Lyi-1( M )|
Ny (1 ) .
Ail= (145 + 12 Z Lo (e))]
Taking M = 0 implies that, under the assumptions of this proposition, e, ..., e; are

linearly independent ; in our case this was proved already (in a simpler way) in §3.2.

Proposition 2 is optimal up to the value of the constant 1 + % + kl—Q: it would be false
with a constant less than 1/k instead (this is immediately seen by taking M = e;). We did
not try to improve on the constant 1+ % + k—12, but anyway it could easily be made smaller
by replacing g5y in (3.2) with a smaller constant.

Assumption (3.1) has been explained before the statement of Proposition 2. Assumption
(3.2) means that il" — 0 as n — o0, and ¢ provides a control upon the rate of decrease
of this sequence. In the proof of Theorem 3, this assumption will be checked in §3.5 using

the assumption 7; > 7;11.

In the proof of Proposition 2 we shall use the following lemma.

Lemma 3. Under the assumptions of Proposition 2, for any o € &) and any n > ng we
have:

k k
H e @=1(n) < Mo H €jpi=1(n) (3.3)
e =1
where 1, = ﬁ for o #1d, and mq = 1.

Proof of Lemma 3: First of all, let us notice that assumption (3.2) implies:

1

Vi,j€{1,...,k} with i < 7,¥n > ng,Vn' > ¢(n) Ein€jmn < )

T CinEine (34)

For o # 1d let k, denote the largest integer j € {1,...,k} such that o(j) # j; put also
ke = 0. We are going to prove Eq. (3.3) by induction on k,. If k, < 1 then o = Id,
so that Eq. (3.3) holds trivially. Let 0 € & be such that k, > 2, and assume that Eq.
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(3.3) holds for any o' such that k,» < k,. We have o(j) = j for any j € {ko +1,...,k},
and o(k,) < K,. Let jo = 07 (ky); then jo < k,. Let 0/ = o o7y, ., where 7, is the
transposition that exchanges jo and k,. Then o'(j) = j for any j € {k,,...,k} so that
Ko < ko and Eq. (3.3) holds for o’. Since o'(j) = o(j) for j & {jo, ko }, 0'(Jo) = 0(ks)
and o’(k,) = K., this implies (using the fact that n,, <1)

k
Eosp7 (k) =1 (n)E kg pro 1 (n) H Ejpri=1(n) < ngvsoj’l(n)'

1<j<k 7j=1
i#{jo ko }

On the other hand, Eq. (3.4) implies
1

8]‘07¥,mo—1(n)EHmwa(ng)—l(n) < méfj()’(po(no)—l(n)é‘,ﬁmwmo—l(n)

because jo < ko, and o(ky) < Ko (so that 7o) =1(n) < ¢*~1(n)). Multiplying out the
previous two inequalities yields Eq. (3.3) for o, since o(jy) = k,. This concludes the proof
of Lemma 3.

Proof of Proposition 2: Let n > ng. Denote by A the determinant of the matrix
[Lvi—l(n)(ej)]1§i’j§k. We have

A >H5Js0] Y Z HEJ%@ (=1(n)

oeGy, _7 1
o#Id

so that Lemma 3 applied to all o # Id yields

k
1
Al = (1 - k—+1) [Teom1m
j=1

On the other hand, let j € {1,...,k} and A, be the determinant of the matrix with
columns C1, ..., Cy given by:

{ Cyr = [Lyi-1(ny(ej)]1<i<i for j' # J,
Since M = A\jey + ...+ Apey, the lower bound proved for |A| yields:
I k
A = [A] - |A[ = k—+1|/\j| || T (3.5)
j=1

Now expanding A; with respect to the j-th column yields

k
A1 <D LM Y T g1
=1

ce6y 1<j/<k
o(g)=i j'#j5

17
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so that, using Lemma 3:

|L i1y (M)
|A|<(H5J'@H<n)z FewBl s,
ceSy,
o(j)=i

Now we have 7, = 1 for at most one o, and 1, = for all other permutations ¢ among

the (k — 1)! such that o(j) = 4, so that

3 P N k147
e = (k+1)! k+1 7

(k+1

ceS
o(j)=1

thereby completing the proof of the upper bound
k+1++ |Lgi-1(n) (M)]
A, < ( o)
="k x1 H 3’ =1 (n) Z Ej.pi-1(n)

Comparing this with the lower bound (3.5) concludes the proof of Proposition 2.

3.5 Proof of (iii)

We are now in position to prove the remaining part of Theorem 3, namely (zii). We assume
T >...>7,>0and wy = ... =w, =0 (see §3.1), so that |L,(e;)| = Q;Tﬁo(l).
Let € > 0. We choose €, > 0 sufficiently small, so that

(A+e)f ' —1)m <e/dand (1+6)F ' <1+¢/2. (3.6)

If £ = 1 there is no assumption on €1, because it does not really appear in the proof:
Proposition 2 is a triviality in this case, and the proof essentially reduces to that of [12].

For any n > 1, we define p(n) by Quum—1 < QnT' < Qum), because the sequence (Q,)
is increasing and we may assume @, > 1 for any n. Then we have ¢(n) > n + 1. This

implies limy, ;o p(n) = +00, s0 that Qum) = Q;(r,f(l (because we assume Q1 = Qn' ")
and

Qu(m) = Qo+ (3.7)
here o(1) denotes any sequence that tends to 0 as n — oo. Letting ¢;, = |L,(e;)| for

any j € {1,...,k} and any n > 1, the assumption ¢;, = Q;Tﬁg(l) implies ¢, # 0 for
any 7, n with n sufficiently large. Let i € {1,...,k — 1}, no be sufficiently large, and
let n > ng, n’ > p(n). Then we have ¢;,, = Q;fﬁo(l) (and the analogous property for
€it1.), Where o(1) denotes a sequence that tends to 0 as n — +o00, because we assume

that n’ > p(n) > n+ 1. Using Eq. (3.7) and the assumption 7; > 7;; we obtain

7i—Ti+1+0(1) Ti—Tit1+0(1)
Ein'Ei+ln _ «n < Qn _ Qf(’T,L’fTZLFl)elJFO(l) < 1
Cinfivin QT T Qrometed) = (k+ 1)
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if ng is sufficiently large, so that assumption (3.2) of Proposition 2 holds.

Let @ be sufficiently large in terms of e. Let A1,..., Ay € R be such that |\;| < Q7
for any j, and let u € (Spang(ey,...,ex))" with |lul| < Q7'°. Assume that the point
P = X\ey + ...+ Ageg +u belongs to ZP \ {(0,...,0)}.

Let n be the least integer such that:

Q"
2k
Of course n depends on ), and n tends to oo as ) — oo. Therefore if u,, = o(1), that is

u, — 0 as n — oo, then u,, tends also to 0 as () — oo.
By minimality of n we have for some j € {1,...,k}:

Q—T
2k

for any n’ > n and any j € {1,...,k}, we have |L,(e;)| <

Q.7 W = |Lu(ey)| < < |Lnoa(eg)| = Q7 = @t
so that Q = QL.
Let ¢ denote the least integer such that

1
< o (3.8)
Since this upper bound holds for any ¢ > n, this integer exists and we have ¢ < n.

The integer ¢ depends on ) and on the choice of P = Aje; + ... 4+ M\pep +u € ZP\
{(0,...,0)}. Let us prove that ¢ — oo as () — oo, independently on the choice of P. Let
lo > 1, and Ky, denote the set of all points M = Nje; + ...+ Ajej, with [\;] < m for
any j € {1,...,k} (by making ¢, larger if necessary, we may assume Ly (e;) # 0). Then
assertion (i7) proved in §3.2 yields K, N (Z? \ {(0,...,0)}) = 0. Since Ky, is compact
and ZP \ {(0,...,0)} is discrete, there exists n > 0 such that the distance of any point of
Ky, to any point of ZP \ {(0,...,0)} is greater than n. If @ is sufficiently large, namely
such that Q~'7¢ < 7, then for any choice of P = Aje; + ... + \eep, +u € ZP \ {( 50}
with |lul]] < Q71° < n we have Aje; + ...+ Mey, & Ky, s0 that INjLe,(e5)| > 55 for some
j€{l,...,k}. By definition of ¢ this imphes ¢ > {y, and concludes the proof that {— o0
as Q — oo. In what follows, a sequence denoted by o(1) will tend to 0 as n, £ or @ tends
to o0o; therefore in any case, it tends to 0 as () — oo.

for any ¢ > ¢ and any j € {1,...,k}, we have |\;Ly(e;)| <

Now, writing v = (uq,...,u,) we have maxj<p<,|up| < |Jul| so that for any i €

{1,...,k}:

p
1+0(1)
Lo <Y funllbneo] < pllul@L)
h=1

< pllullQS Y )T sing Bq. (3.7)
< pQlEQUAE) T ) gince ¢ <
< Q—l—e+(1+el)i*1(1+0(1)) since Q = QL™
< @ %/? thanks to the choice of ;.
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On the other hand, Eq. (3.8) yields for any i € {1, ..., k}:

k
|Li-1 erj Szik:?

Therefore we obtain for the point P = A\je; + ...+ Agep +u € ZP:
1
| Lyi-1(0) (P )|<Q—6/2+2<1

Now Lgi-1(¢)(P) is an integer for any i € {1,...,k}, so it is zero. This yields the following
upper bound on |Lgi-1(,)(M)| (where we let M = Zle Aj€j):

‘L@i—l(g)(M” = ‘L@i—l(g)<u)| < Q7€/2.
Combining this upper bound with Proposition 2 yields, for any j € {1,...,k}:

1 € Ti+o(1 Ti4o(1
[AjiLe-1(ej)] < <1+ +k2>ZQ /QQTLW))Qz ;v

< ?((Hel)l '=Dto(1) Q%2 using Eq. (3.7)

< 5/4+°(1)Q_5/2 using the assumption 7; < 7; and Eq. (3.6)
o 1

S Qg e/4+ (1) Qk since QZ < Qn Q1+0(1).

This contradicts the minimality of ¢ in Eq. (3.8), thereby concluding the proof of (ii7).

4 Application to zeta values

4.1 Construction of the linear forms

Let a, r, n be positive integers such that a is odd and 6r < a. Let

S = (Zn)w—ﬁr i (t - (2T + 1)n)§rn(t +n+ l)grn
P (t = n)%

and

57— 2<2n),a 6r i (;i_;<(t— (2”(?")3”2(““ 1>%m>
P — )%t
where the derivative is taken at ¢. As usual, Pochhammer’s symbol is defined by (a); =
ala+1)...(a+k—1).
Letting k =t — n, we have obviously

> (k—2rn)3. (k+2n+1)3
2,” |a 6r 27"n 2rn
; (k)Zn—i-l
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(where the sum actually starts at k = 2rn 4 1), and a similar expression for S)..
It is well known (see for instance Théoreme 5 of [10], Lemme 1 of [2] or Lemma 1.1 of
[26]) that we have

Sn = EO,n + ES,nC(E}) -+ £5,n§(5) + ...+ Ea,nC(a)

and

Sizzé'o’,nwg,n( ; )<<5>+e5,n( i )<<7)+...+ea,n( o )<<a+2>

with lon, €0, €35 sy -+ -5 Lo € Q. Moreover d5t? is a common denominator of these
rational numbers (see [26], Lemma 1.4), where dj, is the least common multiple of 1, 2, ...,
k. Recall (for ulterior use) that dy = **°*) as k — oo, an equivalent form of the Prime
Number Theorem.

We shall also need an upper bound on the coefficients of the linear forms S,, and S/,
namely

n+o(n)
max (|lonl, 106l sl 1G5l - Vo] ) < [22675) (20 4 1)0r 40

as n — oo (see Proposition 3.1 of [26]).

The asymptotic behaviour of |S,| and |S/| is more subtle. From a technical point of
view, this is the main difference with T. and K. Hessami-Pilehrood’s construction [17]
involving analogues of S,, and S/: as n — oo, S}/ oscillates whereas their analogue of .S}/
doesn’t (see Lemma 6 of [17]). We state in the following lemma the properties we need,
and postpone its proof until §4.3.

Lemma 4. Assume that a is sufficiently large, and r is the integer part of a exp(—+/loga).
Then we have, as n — 00:

[Su] = ex ™ and |7 = "] cos(nwa + a)

with
26(r+1)

0<el<e, < <1cmdcpa§égmod7r.

r2(a—6r)

The strict inequality €’ < &, is very important for applying Theorem 3 (see §4.2),
because it yields 7 # 7. This point is the main difficulty when trying to generalize
Theorem 1 to vectors in R* involving ((j), ¢(5 +2), ..., {(j + 2(k — 1)) for odd j < a.

4.2 Proof of the Diophantine results

To prove Theorem 1, we apply Theorem 3 to the linear forms d3 S, and d%?S” where a is
sufficiently large, and r is the integer part of a exp(—+/log a). We use the following parame-
ters: k=2, e; = (1,0,¢(3),¢(5),...,¢(a)), ea = (0,1, (3)¢(5), (5)C(T), ..., (“3")¢(a+2)),
@, = " with

6 _ 62((1—}—2)22((1—67") (27,, + 1)6(27"-1—1)’
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log 2(0,+2)5 —log 2(a+2)€//
wi = 1 =0, wa = Wy, P2 = Qq, TI = ¥, Ty = #. This gives the

following lower bound for the rank of the famlly in Theorem 1 (using Lemmas 1 and 4), as
a — oo:

2loga
1+ log 2

(1+0(1)) =

e2(0L+2)26(r+1) 4da 10g r
) =5 (1+0(1))

—2
2 > 1 (
+ T + T2 = log 6 Og 7»2(&—67‘) (1 + log 2)

since rlogr = o(loga) and logr = (loga)(1 + o(1)). This concludes the proof of Theorem
1, except for Lemma 4 which we shall prove in the next subsection.

Let us deduce Corollary 1 from Theorem 1. Let ng(a) denote the number of odd
integers i € {3,5,...,a} such that ((i) € Q and ((i +2) € Q; then we have ny(a) = na(a)
or na(a) = no(a) + 1. Moreover ny(a) 4+ na(a) is the number of odd i € {3,5,...,a} such

that ((i) or (i + 2) is irrational. Since the vector < (s §<Z2 +2) ) can be removed
from the family in Theorem 1 as soon as both (i) and ((i + 2) are rational numbers, the

rank involved in this result is less than or equal to ny(a) + nz(a) + 2 < ny(a) + na(a) + 3.
Therefore Corollary 1 follows from Theorem 1.

To prove Theorem 2, we apply Theorem 3 with k = 1, w; = ¢1 = 0 (that is, Nesterenko’s
original linear independence criterion) to the linear forms S, + AS!. We take @,, = " as

e 2ea) hecause £ < e,. This yields 7+ 1 > 29 (1+0(1)) as

above, and 7 = 1 = log(log =
a lower bound for the dimension, thereby proving Theorem 2.

4.3 Asymptotic properties

We now prove Lemma 4 stated in §4.1; this completes the proofs given in the previous
subsection. The most difficult point (from a technical point of view) is the asymptotic
behaviour of |S”|. It has been determined by Zudilin (§2 of [26]) in a general setting, using
the saddle point method. We adapt this proof here, because we have to choose different
parameters. Our notation is essentially taken from [26].

We keep the notation and assumptions of §4.1 (except for now that of Lemma 4); for
instance we assume that a is odd and 67 < a. We shall use the following polynomial:

QIX)=(X+2r + 13X — 1) — (X —2r — 1)*(X +1)*" € Q[X]. (4.1)

The complex roots of @) are localized in [26]; we are specially interested in two of them,
denoted by 79 and p;. The root 7y (resp. pq) is the unique root of @) in the domain Rez > 0,
Imz > 0 (resp. z € R, z > 2r 4+ 1) of C. Of course @), 7o and p; depend on a and r (but
not on n).

Let us consider the complex plane with cuts along the rays (—oo, 1] and [2r + 1, +00).
We let for 7 € C\ ((—o0, 1] U [2r + 1,400)):

f(r) =3(r+2r+Dlog(t+2r+1)+32r+1—7)log(2r+1—r71)
+(a+3)(t —1)log(t — 1) — (a+ 3)(7 + 1) log(T + 1) + 2(a — 67) log(2).(4.2)
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In this formula all logarithms are evaluated at positive real numbers if 7 belongs to the
real interval (1,2r 4+ 1), and we choose the determinations so that all of them take real
values in this case. We also let, for 7 € C\ ((—o0, 1] U [2r 4+ 1, +00)),

fo(r) = f(1) = 7f(7).

For 7 € (2r+1,+00), let us denote by 74 i0 the corresponding point on the upper bank of
the cut [2r+1, 4+00). Since log(2r+1—(7+1i0)) = log(t—(2r+1)) —im with 7—(2r+1) > 0,
we have for 7 € (2r + 1, +00):

f(r+40) =3(r+2r+1)log(t+2r+1)+3(2r+1—17)log(r —2r — 1)
+(a+3)(t—1)log(t — 1) — (a+3)(7 + 1) log(T + 1) + 2(a — 67)log(2) — 3(2r + 1 — 7)in.

This function of 7 € (2r + 1, +00) is increasing on (2r+ 1, i1 ), assumes a maximal value at
T = p1, and is decreasing on (11, +00) (see Eq. (2.34) and Corollary 2.2 of [26]). Following
the second proof of Lemma 3 in [2], we obtain:

. log S|
lim ———

n—o0 n

= Ref(p1 +140) = Refo(p1 +10) (4.3)

since f'(pu1 + i0) = 3imr € iR. The main difference with the proof of [2] is the term
2(a — 6r)log2 in (4.2), which comes from the fact that the integer denoted here by n is
actually 2n with the notation of [2]; this has an effect because of the normalization factor
(2n)la—0r,

By applying the saddle point method, Zudilin proves the following result, where 7y is
defined (as above) to be unique root of () in the domain Rez > 0, Imz > 0, and g is defined
on the cut plane C\ ((—o0, 1] U [2r 4+ 1,+0)) by

(7+2r +1)%2(2r +1 — 7)3/2

g(7) = (7 + 1)@3/2(7 — [)(ats)/2 (4.4)
Lemma 5. Assume that a is odd, 6r < a, and
. /3r(r+1) r(r+1)
<o +1 ( , ) 45
s er i 513 32+ 1) (4:5)
Let e, = expRefo(70), wra = Imfo(n0), and ¢, = —3 arg f"(n0) + arg g(r0). If
either ¢, , # g mod 7 or w,, # 0 mod 7 (4.6)

then we have, as n — o0,

|SV| = g”"*‘)(”)\ cos(nwyq + @ra) + o(1)].

r,a
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We shall now deduce Lemma 4 from Lemma 5, thereby concluding the proof of Theorem
1. With this aim in mind, we assume from now on that a is sufficiently large, and r is the
integer part of aexp(—+/loga). To begin with, let us check the assumptions of Lemma 5
in this case. From now on we denote by o(1) any sequence that depends only on a and
tends to 0 as a — oo.

The polynomial @) defined in (4.1) satisfies Q(2r+1) > 0. Let v(a) = exp(— exp v/log a);
then we have also

v(a) 1 v(a)

QEr+1+v(a) = (2r)*[(4r +2+ 1/((1))3 (1+ 7)“3 ~v(ap (14 + 7)”3} <0

provided a is sufficiently large, because (since logr = o(a/r))

v(a)

3log(4r +2+v(a)) + (a + 3) log(1 + ?) < 4log(r) + (a +3)v(a) <ot 3

2r - 6r

and also, since |logv(a)| = o(a/r):

1 v(a) a+3 _a+3
2 %NS > .
3logv(a) + (a+ 3)log(1 + ST ) = 3logu(a) + 2r T Ar

Therefore the root p; of @ (which is the only one in the real interval (2r + 1, +00)) satifies
2r+1 < py < 2r+1+wv(a). As a corollary, the assumption (4.5) of Lemma 5 holds.
Moreover we have |19 — 2r — 1| < |3 — 2r — 1] (see the proof of Lemma 2.7 (e) of [26]), so
that

|70 — 2r — 1] < v(a). (4.7)

This upper bound will be used now to check assumption (4.6) of Lemma 5. Following
the notation of [26] we let

ay = arg(rg — 1),a_ =arg(ro+ 1), 8y = —arg(2r+ 1 —19), B = arg(mo + 2r + 1),

where these arguments belong to (—m,7) and would be 0 if 7y were in the real interval
(1,2r + 1). Then Eq. (2.26) in the proof of Lemma 2.7 of [26] reads (with 7 = 75 and

f' (1) = im):
36+ 6:) + (a+3)(as —a) = (48)

Now Eq. (4.7) yields

Im7, < |70 — (2r +1)| < v(a)
|70 — 1 |70 — 1 r

0 <sina; =

so that aa, tends to 0 as a — oco. The same property can be proved in the same way for
a_ and B_, so that Eq. (4.8) yields 5, = 7/3 + o(1).
Now let us deduce that assumption (4.6) of Lemma 5 holds. We have

3 . 3 Jra—|—3 a+3
T0+2T—|—1 2T+1—T0 To—l T0+1

f"(m0) =
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(see at the end of the proof of Lemma 2.9 of [26]), so that f”(7y) = 32(::10930) and

arg ["(10) = —arg(2r + 1 —19) + o(1) = B4 + o(1) = 7/3 + o(1) mod 2.
In the same way the definition of ¢ yields

3 3 a—+3 a—+3 T
55, —§6+—Toz,— TOUF = —5—1—0(1) mod 27

so that 1 5
—27 T
—5 T8 f"(m0) + arg g(m0) = — o(1) # B mod 7

if a is sufficiently large, so that Eq. (4.6) holds.

We have proved that Lemma 5 applies when r is the integer part of aexp(—+/loga)
and a is sufficiently large. It provides €] ,, w;q and ¢, ,, which we denote respectively by
e’ w, and ¢,. We also let ¢, = lim &n‘gn‘ = Refo(u1 +1i0) (see Eq. (4.3)).

The inequality €” < g, follows from Lemma 2.10 of [26]. To prove that ¢, < %,

we follow [2] (end of the second proof of Lemme 3). In precise terms, for any k > 2rn we
have k + (2r + 1)n < 2%Y7k, so that

(2n)1e-6" (k—2rn)3  (k+2n+1)3 P O (Q1+1/7fg)6rn
(1{7 + 1)%71 k2an

B (2_n>2n(a6r)26rn(1+1/r) _ |: 26(7’+1) :|n
k r2(a—6r) |

This yields
26(r+1) n o 1

S0 < o] 2 g

k=2rn+1

so that ¢, < % This concludes the proof of Lemma 4.
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