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Coarse Ricel curvature for continuous-time

Markov processes

Laurent Veysseire

Abstract

In this paper, we generalize Ollivier’s notion of coarse Ricci curva-
ture for Markov chains to continuous time Markov processes. We prove
Wasserstein contraction and a Lichnerowicz-like spectral gap bound
for reversible Markov processes with positive coarse Ricci curvature.

Introduction

In [7], Ollivier defines the coarse Ricci curvature for Markov chains
on metric spaces, in a discrete time framework. Here we extend this
notion to continuous time Markov processes. We define the curvatures
k and R (see Definition 6), and prove (Theorem 9) that a control of &
(or k) implies that the Markov process contracts the W; Wasserstein
distance between measures exponentially fast (or that the W7 distance
des not explode faster than exponentially, if we have negative curva-
ture). Note that the definition of the coarse Ricci curvature is local.
It is natural to think that positive curvature gives global contraction,
but it is not a trivial consequence.

We also show that the coarse Ricci curvature allows to generalize
the Lichnerowicz Theorem (see [6]) that we recall below.

Theorem 1 (Lichnerowicz) Let (M, g) be a n-dimensional Rieman-
nian manifold. If there exists K > 0 such that for each x € M, for
each u € T, M, we have Ricy(u,u) > Kg,(u,u), then the spectral gap
A1 of the Laplace operator A acting on L? satisfies

n

A >

n—1
Here we denote by Ric the Ricci curvature tensor of M.
Using the contraction of the Wasserstein distance given by Theo-

rem 9, we can prove we have a spectral gap. What we can get using
coarse Ricci curvature is the following:
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Theorem 2 Let (P') be the semi-group of a reversible and ergodic
Markov process on a Polish space (E,d), admitting a left continuous
modification. Assume that for all (x,y) in E? with x # vy, the coarse
Ricci curvature k(z,y) between x and y (see Definition 6) is bounded
below by a constant K > 0. Also assume that for some (then any) xg,
[ d*(x,x0)dm(z) < +oo, where 7 is the reversible measure.

Then the operator norm of P! acting on the space Lg(E,TF) of 0-
mean L?() functions is at most e=®t. In the case when the Markov
process admits a generator L, this means L has a spectral gap A\ (L) >
K.

This Theorem looks like Theorem 1.9 of [3]. The difference is that
the contraction hypothesis was global, and some assumption about
the first eigenfunction was required. Here in Theorem 9, the coarse
Ricci curvature is local.

In the special case of diffusion processes on Riemannian manifolds,
we can get better lower bounds for the spectral gap, depending on the
harmonic mean of the Ricci curvature instead of its infimum, as shown
in [9] and [10].

1 Coarse Ricci curvature: definition
and examples

The coarse Ricci curvature of a Markov process on a Polish (metric,
complete, separable) space (F,d) is defined thanks to the Wasserstein
metric, which is based on optimal coupling:

Definition 3 The Wasserstein distance between two probability mea-
sures is the (possibly infinite) quantity defined by:

Wi(p,v) = inf /d(w,y)dé“(w,y)-
£ed(pyv)

Here ®(u,v) is the set of all couplings between p and v, that is, the

set of probability measures on E? whose marginal laws are pn and v.

The duality theorem of Kantorovitch (see [11]) gives another inter-
pretation of this distance and allows to extend it to finite measures
provided they have the same total mass, and makes the triangular
inequality for W7 easier to check.

Theorem 4 (Kantorovitch—Rubinstein) We have the following equal-

ity:

Wi(p,v) = sup fd(p—v).
f bounded,1—Lipschitz
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In [7], Ollivier defines the coarse Ricci curvature between two dif-
ferent points for discrete time Markov chains in the following way:

Definition 5 (Ollivier) If P is the transition kernel of a Markov
chain on a metric space (E,d), the coarse Ricci curvature between x
and y is defined by
Wi(65.P,0y.P)

d(z,y)

A natural generalization of this quantity for continuous-time Markov
processes is the following:

Ii(%‘,y) =1-

Definition 6 The coarse Ricci curvature between x and y is defined

by:
1 Wl(Ptapt)
k(z,y) =lim - |1 - —2Y
(&) mt< d(z,y)

where P! = §,.Pt. We also denote

_ —1 Wl(P;’Pt)
Ale.y) = Tm & (“W -

Remark 7 For every (z,y,2) € E3, we have the inequality

d(z,y)k(z,y) +d(y, 2)k(y, 2)
d(z, z)

(this trivially comes from the triangular inequality for W1 ). This prop-
erty is not always satisfied by k as we will see in the example below.
This is the reason why we choose the liminf in the definition of Ricci
curvature.

This inequality is particularly interesting when d(z,z) = d(x,y) +
d(y, z) because in this case, the right-hand term of the inequality is
a convexr combination of k(z,y) and k(y,z), so we have k(x,z) >
min(k(z, y), £(y, 2))-

So in the case of e-geodesic spaces (see Proposition 19 in [7]), the
infimum of k(x,y) on E? equals the infimum of k(x,y) for the couples
(x,y) such that d(z,y) < e. So we only have to pay attention to "local”
curvature.

k(z,z) >

Example 8 Let us illustrate the difference between x and k. Let f :
R — R be an increasing continuous function. Then the deterministic
kernel defined on the space f(R) by P! = S¢(f-1()+t) B8 Markovian.
We choose f such that there exist t1 < ty < t3 such that

flt)+(t—t)(1 + % sin(In(|t — t1]))) in a neighborhood of t1
ft)=4q f(t2)+t—t2 in a neighborhood of to

fts) + (t—t3)(1 + % sin(In([t — t3]))) in a neighborhood of t3
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. 2mIn(|z|)
The graph above is the one of the function x +— x(1 + W), it
+1;127r(2)

illustrates the behaviour of f on the neighborhoods of t1 and ts.

Then, if we note v = f(t1), y = f(t2), z = f(t3), the curva-

tures are k(x,y) = _\/5(;71)’ k(y,z) = _\/i(ify) and k(z,z) = 0,
1

— _ — _ 1 — _
whereas k(z,y) = NoTTReSE Ry, z) = oTE and R(z,z) = 0. We
have k(x,z) > inf(k(z,y),k(y,2)), as stated in Remark 7, and the

same s not true for K.

2 IWj contraction in positive coarse Ricci
curvature

It is known ([1, 3, 4, 5, 7]) that for Markov Chains, a positive coarse
Ricci curvature implies that the Markov operator acting on measures
is contractive for the W' distance. The following Theorem is a gener-
alization of this result to continuous-time Markov processes:

Theorem 9 Let P! be the semigroup of a left-continuous Markov pro-

cess satisfying k(x,y) > K > —oo for all (x,y) in E? with x # y.
Then we have:

V(z,y) € B2, Wi(PL, Pl) < d(z,y)e X"

The hypothesis of this Theorem states that for every ¢ > 0 and
(w,y) € E?, there exist t < & such that Wi(P}, P)) < d(z,y)e" (K=ot

4
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but we do not control how this ¢ depends on = and y. The infimum of
this t on every neighborhood of every pair of points could be 0, so we
have to refine Ollivier’s proof for the discrete time case.

The hypothesis of this Theorem may seem difficult to check on
concrete examples, but we can hope to compute k, or £ thanks to
the generator of the Markov process in classical cases, under some
assumption about the growth in ¢ of the first momentum of P!, as we
did in [10] for diffusion processes on manifolds.

Remark 10 In particular, the same inequality Wy (PL, sz) < d(z,y)e K
holds if k(x,y) > K.

Corollary 11 We have inf, , k(z,y) = inf, , k(x,y) for left-continuous
Markov processes.

Proof of the Corollary : Since & > &, we trivially have inf, , &(x,y) >
inf, , k(z,y). Now set K = inf, , &(x,y). Theorem 9 tells us that for
any (z,y), Wi(P}, P}) < d(x,y)e K, so the definition of k(z,y) im-
plies

1 d —Kt 1— —-Kt
k(z,y) > lim — (1 - M) —lm-—— =K.
t—0t

d(z,y)

Thus inf, , &(x,y) <infy, k(z,y).0

Remark 12 Usually in the literature, the processes are chosen right-
continuous, but Theorem 9 also works when the process admits a left-
continuous modification. Indeed, the conclusion of the theorem only
depends on the law of the process.

So Theorem 9 does apply to diffusion processes and to minimal
jump processes as defined in [2], when they do not explode in a finite
time. Indeed, such processes admit left-continuous modifications. In
the case of minimal jump processes, we just have to replace the value
of the process at the time of the jump with the value of the process just
before the jump to make it left-continuous, and this is a modification,
because for every t, the probability that the process jumps at time ¢
is 0.

Theorem 9 also applies to some jump processes with an infinite
number of jumps in a finite time, provided the locations of the jumps
tend to one state in E, from which the jump process restarts, as in
the following example.

Example 13 Tuake the process on E = {0} U{2™" n € N} defined in
the following way: jump from state 27" to state 2~V after a time
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of exponential law E(2" +1). As Y 2, zn—1+1 < o0, the sum of the
times of the jumps converges almost surely. After this infinite number
of jumps, the process restarts at 0 and then jumps to 1 after a time of

law E(3).

In this example, we have 1(0,27") = 3 and k(27,27 F)) =1 50
thanks to Remark 7, we have inf(x(x,y)) = %, so we can use Theorem
9.

Corollary 14 Let (P') be the semigroup of a Markov process on a
Polish space admitting a left-continuous modification. Assume that
k(z,y) > K > 0 for all (x,y) € E? with x # vy, and that there exist
some xg € E, tg > 0 and M > 0 such that W1(5x0,P£0) < M for
every 0 <t < tp.

Then the Markov process admits an unique equilibrium probability
measure. This equilibrium measure has a finite first moment.

Proof of the Corollary: We consider the process starting at xg,
restricted to times which are integer multiples of tg. Using the Wj
contraction implied by Theorem 9 ,we can easily prove by induction
that W, <ng0,P£§“)t° < Me Ko So the sequence (PM0) is a
Cauchy sequence for Wy, and then it converges to a limit 7 in the

W1 distance, and m admits a finite first moment. Now if ¢ is not an
L t

L t _ t
integer multiple of ¢y, we have Wy PJLfOJ 0, P;éo < Me K{tthO, and

the right hand term tends to 0 when t tends to infinity. Thus the
family (PL,) also tends to m.
Now we have for every T > 0,

Wi(m P! m) < Wil P!, P )+ Wi (Py, ™y m) < e MW, Py )+ Wa(Py, ™ )

and the right hand term tends to 0 when T tends to the infinity, so
Wi(w.Pt,7r) = 0 and thus 7 is invariant.

Since W1 (PL, PL) < e ®td(z,x0), (PL) converges to m in Wy dis-
tance and thus in weak convergence topology for every x € E. Then
p.Pt converges weakly to 7 for every probability measure p, includ-
ing any invariant one. Thus 7 is the unique equilibrium probability
measure.[]

Theorem 9 implies Theorem 2 as follows.

Proof of Theorem 2: Let m be the unique reversible probability
measure. Theorem 9 implies that the operator P! acting on the
space Lipschy(m) of Lipschitz functions with mean 0 (with respect
to m) has a norm smaller than e ®*. Under the hypothesis of The-
orem 2, the L? norm is controlled by the Lipschitz norm because
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Varr(f) < Ex[(f(z) = f(20))?] < [If 11 ipsenrd(z, 20)?] (keep in mind
that E,[d(x,z0)?] is assumed to be finite). Now, for any self-adjoint
operator S on a Hilbert space H, for any x € H,x # 0, we have

2
§24_ ISzl z||?
Isell o /187l 4 1s%? _ sayt _ 1o
ecause — = >0. Sob
ol =V Tel N [E v

. . 2" 27 . . .
induction, we get ””Sf”” < (”S”m”m ”) . As 7 is reversible, P? is self-

adjoint on L3(7), so we use this result with S = P! and 2 = f €
Lipschy(m) C L3(7): we get

1P flle  ( v/ExldG, 20Tl luipsene 5\ ™
Iz = 17122 -

The right hand term tends to e %* when n tends to infinity. So we
have shown that ||P!f||;2 < e &!||f||;2 for any f € Lipschy(w). The
probability measure 7 is regular (see, for example [8]), so indicator
functions can be approximated in L?(7) norm by Lipschitz functions,
so Lipschitz functions are dense in L?(7). Thus, Lipschy(n) is dense
in L(m). The operator P! is 1-Lipschitz on L?(r), so it is continuous
on Li(r), and then ||P!f| ;2 < e X!||f||z2 for any f € L3(w).0

Example 15 Consider the Brownian motion on the circle R/27Z,
equipped with the ”Euclidean” distance:

o (257)]

This distance is not geodesic, so we have to compute k(61,02) for
each (01,02) such that 0o # 61 + 2km, not only for those such that
|01 — 62| < . The distance is smooth and bounded, so we can use the
formula in [10] to compute the coarse Ricci curvature. The Taylor
expansion of the distance is:

d(61,05) = 2

_ )2
(01 +ev, Op+ew) = d(0r,05) [ 1+ —2 9: _(w 8”) +O()
2tan (%)
11
So from [10], the coarse Ricci curvature is r(01,02) = 0 — 45— +
1,1_1
1X1= 73

The process has a positive curvature with this non-geodesic dis-
tance, and Theorem 2 gives the right spectral gap for the generator
2
%dd?. If we use the geodesic distance, we get nothing because curva-

ture is 0.
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To prove Theorem 9, we need a generalization of stopping times,
which we call weak stopping times:

Definition 16 Let X; be a random process on a probability space €,
and Fy be its natural filtration. Let Foo = S((Ft)ier, ) be the o-algebra
generated by all the F;. A random variable T is a weak stopping time
for Xy if there exists a o-algebra G independent of Foo such that T is a
stopping time for the filtration Gy = &(G, Fy), ie a positive real-valued
random variable T' such that ¥t > 0,{w € Q|T(w) < t} € G;.

Lemma 17 Let T be a random variable having the form T = ¢(w,v),
where w and v are independent and w is a left-continuous process, and
VU, Vi, 1,wm)<e only depends on w\[(m. Then T is a weak stopping
time for the process w, with G the o-algebra generated by v.

Conversely, let X; be a left-continuous random process, and T be
any weak stopping time for X;. Let w and u be two independent ran-
dom wvariables on another probability space, having the law of X and
the uniform law on [0,1] (and assume that w is left-continuous). Then
there exists a measurable function o(w,u) such that (wi, p(w,u)) has
the law of (X¢,T).

Proof: The first part of the Lemma is trivial once we note that the
measurable sets which depend on wlj 4 and v are in &(G, F;), with
G the o-algebra of events only depending on v and F; the natural
filtration of w.

So let us prove the other part of the Lemma. Take Y; = E[1p¢|Foo].
It is F;-measurable because T is a weak stopping time, so there exists
a measurable function f; such that Y; = fi(X|j0 ). If t1 < t2, we have
17« < 174,, then V;, <Y}, almost surely by taking the conditional
expectation with respect to Fs. So for all w outside an exceptional
set N of mesure 0, the function ¢ — fi(wljy) i3 non-decreasing on
the subset of rational times, and bounded by 1. We define the events
Ay = {w[F" ¢ N, |04 = wljo,q}- We take

ft/(w|[0,t}) = sup (fy (w|[07t’])1At + 1ag).
t'<t,teQ

Then for all w, t = f{(wljpy) is non-decreasing and left continuous.
Furthermore, we can write f;(X|j ) = E[17<¢|Fs] by using the fact
that 17.; is the limit of the increasing sequence 1p_ for any in-
creasing rational sequence t; converging to ¢, and the mzonotone con-
vergence theorem. Here, ¢ — fi(w|jp4) is a kind of repartition func-
tion of the conditional law of T" knowing w. We just have to take

p(w,u) = sup{t € Ry|f/(wljoq) <u}. O
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Definition 18 If (S,.A) is a measurable space, a kernel on S will be
a measurable application from S to the set of probability measures on
S.

If k is a kernel on S and u is a finite measure on S, u.k is the
finite measure defined by p.k(A) = [ k(z)(A)du(z). If k1 and ke are
two kernels on S, ki * ko is the kernel defined by ki x ko(x)(A) =
[ ka2 (y)(A)dk: (2)(y).-

Proof of Theorem 9: Let ¢t > 0 and ¢ > 0. We will show that for
every x and y,
Wi (PL PL) < d(a, y)e =),

We denote by M*) the Markov process starting at point = € F,
and Mt(x) its value at time ¢. We consider the set K of kernels k on
E? x [0,] satisfying:

o V(z,y,5), [d(X,Y)eE=E5dk((z,y,5))(X,Y,S) < d(z,y)eE )5,

o V(z,y,5),k((z,y,s))(E? x [0,s]) =0 (i.e. k is a time increasing
kernel)

e there exist weak stopping times T' and T" for the Markov process
starting at « and y, depending measurably on (z,y, s), such that
for any random variable (X,Y,S) having the law k(z,y,s), we
have (X, 8) ~ (M, T + ) and (Y, S) ~ (MY, T + 5).

Let (x9,%0) € E?, and T be the set {k((x0,%0,0)),k € K}. Our
goal is to prove that there exists an element (X,Y,S) of Z satisfying
S =t almost-surely, because this would provide us a coupling between

Mt(mo) and Mt(yo) satisfying

E[d(X,Y)] < d(zo,y0)e” KoL,

We will prove that Z is an inductive set for a well-chosen order
relation, and that any maximal element of Z (whose existence is guar-
anteed by Zorn’s Lemma) satisfies S = ¢ almost surely.

To do this, we will prove some nice properties of K:

Lemma 19 The set K is stable under *, and any sequence (k;)icn
of elements of IC satisfies that the sequence of the products (ky * ko *
<o x kp)nen+ has a limit koo in IC, in the sense that for all (z,y,s) €
E? x [0,t], the sequence (ki * kg * - -+ * ky,)((x,y, 8)) weakly converges
to koo((z,9,5)).

Proof of the Lemma:
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Let (k;)ien be a sequence of elements of K. Let (z,y, s) € E?x[0,1],
and (X;,Y;, Si)ien+ be a Markov chain with non-stationary kernel k;.
Then (X,,, Yy, Sy) has law (ky * kg * -+ % ky)(x,y,s). The quantity
E[d(X;, Y;)elE=2)5i] is non-increasing in 4. Indeed, we have

E[d(Xi11, Yipr)e™ ™51 = B[E[d(Xi11, Yigr)e W ™51 |(X,, Y5, 55)])
< E[d(X;,Y;)eK—o)5i],

Thus E[d(X;, Y;)eE—9)5] < d(z, y)el—9)s,

Taking ¢ = 2 in the previous expression just says that ki * ko
satisfies the first condition in the definition of K. We will prove be-
low that the sequence (X;,Y;,S;) converges almost surely, and we
note (X0, Yoo, Soc) the limit of this sequence. Then, thanks to the
monotone convergence theorem, we will get E[d(X oo, Yoo )JeE—8)5=] <
d(z,y)eE=2)s  which is the first condition to check for proving that
ks belongs to K.

Now we construct variables (X/,Y/,S!) having the same law as
(X;,Y;,S;) over the appropriate probability spaces to prove we have
the weak stopping times required by the definition of iC.

Let Q° be the space of left-continuous functions from Ry to E.
Let us apply Lemma 17 to the weak stopping times 7' coming from
the third condition of the definition of K applied to k;: there ex-
ist measurable functions ¢; from E? x [0,¢] x Q° x [0,1] to R, such
that for every («/,y/,s") € E? x [0,t], 1y, (s .5/ wu)<s does not de-
pend on the values of w for times greater than s”, and if we choose
w and v two independent random variables with laws P, (the law
of the Markov process starting at z’) and the uniform law on [0, 1],
then (w(pi(2’,y, s w,u)), pi(2',y, s, w,u)) has the law of (X', 5'—5)
where (X', Y’ S’) has the law k;(z/,y/, §').

Using disintegration of measure on k;(z’,y’,s’) gives us the exis-
tence of a conditional law of Y’ knowing X’ = z” and S’ = s” when
(X', Y',S) has the law k;(2',1/,s"), and this conditional law depends
measurably on (z/,y/, s, 2", s"”). Furthermore, as F is a Polish space,
any probability measure on F is the law of f(u) with f:[0,1] — E a
measurable function, depending measurably on the probability mea-
sure on E and w is a random variable with the uniform law on [0, 1].
Then there exist measurable functions v; : E? x [0,¢] x E x [0,1] x
[0,1] — E such that the law of ¢;(2',y/, s, 2", s",u) with u a uni-
form random variable on [0,1] is the conditional law of Y’ knowing
X' =2" 5" =5" where X', Y’ S’ has the law k; (2,1, s').

We take = Qx [0, 11N x [0, 1]V, and we will denote by (w, (u;)ien, (vj)jen)

the typical element of this set. We put on the space {2 the probability
measure P, @ U([0, 1])*N @ ([0, 1])®N, which depends on (z,v, s) in a

10
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measurable way. Now we define the following random variables over

Q:

X,=x
Yo =y
Sy =s
Wy = w

Xz{—i—l = W(SDHI(X{’ Yi,’ Sz{’ Wi, U;))
Sz{Jrl =5+ (pi-l—l(Xz(v Yil7 Sz{vwh ul)
Yz‘l—f—l = Vi1 (X, Y], S, z{—i—l’ Sz{-i-l’ ;)
Vs, wit1(s') = w(s' + pis1 (X, Y], S, wi, wi)

(in other words, w1 is w; "shifted” by Sj | —Sj).

We prove by induction that for all n, S — s is a weak stop-
ping time with § = &((u;)ien, (vj)jen) and the conditional law of
(wns (Unti), (vngj)) knowing (X{, Yy, S, ..., X}, Y,r, Sp) is Px, @U([0,1])*N®
u([o, 1))°".

The case n = 0 is trivial. If we fix ug,..., Uy, vg,...,V, and take
s < s’ <t, we have to show that the function 1S£L+1§81 does not de-
pend on the values of w for times greater than s’ — s. Because of
the property of ¢,11, we know that if S/, < §’, the function Lo, <s
does not depend on the values of w, for times greater than s’ — S/,
that is, on the values of w for times greater than s’ — s. The induc-
tion hypothesis tells that S/, — s is a weak stopping time with G =
S((ui)ien, (vj)jen), and then the event S}, > s’ does not depend on
values of w for times greater than s’. So S}, | ; is a weak stopping time
with G = &((us)ien, (v5)jen). We can use the Markov property, so the
conditional law of wy,11 knowing (Xg, Yy, S),..., X, 1, Y, 1, S) ) is
Pxs - As (X}, Y7, S;) only depends on w and the u;’s and v;’s with
i and j smaller than k& — 1, so the subsequence (up41+4i,Unt14;) is
independent of (X{,Yy, S0, .-, X1, Y1, Shi1)-

So the conditional law of (X;, Y], |, S, ) knowing (X}, Yy, Sy, ..., X}, Y/, S})
is ki+1((X£, Yi/7 S;)) Thus ((Xz/v Yi/v S@/))zeN and ((X27 Y;‘, Si))ieN have
the same law.

The sequence (S]) is non-decreasing and bounded by ¢, so it con-
verges almost surely to a limit S, which is also a weak stopping time,
because the supremum of a family of stopping times for the filtration
G; is a stopping time for the filtration G;. Because of the left continuity
of w, the sequence (X]) converges to X/, = w(SL, —s).

Of course, we can do the same thing by swapping the roles of
z and y to define (XY, S!), and then we have the convergence
of (S) to a weak stopping time S7 and the convergence of (V)
to Y = w'(SZ, — s). So we have proved that ((X;,Y;,S;)) converges
almost surely, thus we have the existence of a limit ko, of ky*xkox- - -xk,.

11
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The fact that S5, S5, S’ and S are weak stopping times show
us that ki * ko and ko satisfy the last two points of the definition of
KC, so they belong to K.OJ
End of the proof of Theorem 9:

Let us put the following partial order relation on Z: puy < o if
and only if there exists £ € K so that us = pi.k. First we check
that < is an order relation. Transitivity of =< is due to the fact that
K is stable under *. Reflexivity is a consequence that 1, € K, with
1y (z,y,8) — (z,y,s) the trivial kernel. Antisymmetry is a bit harder
to check. Suppose p <X v 2 pu. We have v = kj.u and p = kov
with (ki, k2) € K2. We construct (Xo, Yy, So) of law p, (X1,Y7,51) of
conditional law k1 (X, Yo, So) knowing (Xo, Yo, Sp), and (X, Y2, S3) of
conditional law kz (Xl, Yl, Sl) knowing (XQ, Yo, SQ, Xl, Yl, Sl) Then
we have Sy < S1 < Sy almost surely, so E[Sy] < E[S;] < E[S2] = E[Sy]
(So and Sy have the same law). As S} — Sp > 0 almost surely and
E[S1 — So] = 0, we have Sy = S7 almost surely. Since k1 € K, we then
have ki(z,y,s) = d(3,4,s), #-almost surely, and so v = p.

Now we will prove that Z is an inductive set. Let A C I be a totally
ordered subset. If A is empty, then 6, 4,,0) € Z is an upper bound of
A. Otherwise, we consider M = sup,¢ 4 E,[S] € [0,]. If there exists
p € A such that E,[S] = M, then p is the maximum of A. In the
remaining case, there exists an increasing sequence (1;)ien € AN such
that E,,[S] ' M, and so for every p € A, there exists i € N so that
p =< pi, because A is totally ordered and p < i/ = E,[S] < Ey[S].
Any upper bound of all the p; will be an upper bound of A. For
each i, there exists k; € IC so that p;+1 = p;.k;. Then by lemma 19
Moo = lim; o t; exists, belongs to Z and we have for each i, poo =
i (ki % kip1 % ...). S0 fieo 18 an upper bound of A.

We can apply Zorn’s lemma to Z to get a maximal element piyax.
Then we have pmax.-k = pimax for every k € K. Let us prove that under
Pmax, S = t almost surely. To do so, we will construct a particular
k € K such that for all (z,y,s), we have s =t or P v ) i(z,y,6) (8" >
s) = 1, and then the fact that pimax.k = fimax implies that s = ¢ almost
surely under fipax.

By definition of &, for each (z,y,s) with s < t, there exists 0 <
n(x,y,s) < t—ssuch that W, (Pg(x’y’s),PZ(x’y’s)) < d(z,y)e”K=en@y.s)
(because K(z,y) > K —¢€). So we have a coupling &(z,y, s) between
P2 and PP such that Ee(y .o [d(X, V)] < d(z, y)e K —m(ws),

It remains to prove that we can choose n(z,y,s) and &(x,y,s) in
a measurable way to get our k. A simple choice for n(z,y,s) is the
maximal one

sup({n €]0,t — s]|Wi (P, PY) < d(z, y)e” K=,
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which is measurable. The fact that this supremum is actually a maxi-
mum is due to the existence of a left continuous modification. Indeed,
let (1;)ien be a maximizing sequence for the expression above, and 7 be
the supremum. Let f be any bounded 1-lipschitz function from F to R).

Because of the left continuous modification, M,Sf) converges to Méx
and M,gf/) converges to M,gy). So by the dominated convergence theo-
rem, E[f(Méf))] converges to E[f(M,sm))] and E[f(Méf/))] converges to
E[f(M,gy))] Thus [ fd(PZ —PJ") converges to [ fd(PZ —Py) and this
latter is smaller than d(x, y)e™ (K=" Then, there exists a measurable
way to choose an optimal coupling between two probability measures
(Corollary 5.22 in [11]), thus we can get a measurable £(x,y, s).

We can then set k(z,y,5) = (2,9,8) @ Ggyy(zy,s) for s <t, and
k(x,y,t) = 6y (because n(z,y,s) > 0 is trivially a weak stop-
ping time). Since n(z,y,s) > 0, and pmax-k = fmax, We have s =t
Pmax-almost surely, so pmax provides a coupling between ]P’Ej0 and
PP}, which satisfies E[d(X,Y)] < d(zo,y0)e” = so Wh(PL,, PL ) <
d(mo,yo)e_(“_a)t as needed. Letting € decrease to 0 gives the conclu-
sion of Theorem 9.0J
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