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HESSIAN OF THE METRIC FORM ON TWISTOR SPACES
GUILLAUME DESCHAMPS, NCEL LE DU, AND CHRISTOPHE MOUROUGANE

ABSTRACT. We compute the hessiand’d”W of the natural metric forn#v on the
twistor spacel (M, g) of a 4-dimensional Riemannian manifold/, g). We then
adapt the computations to the case of the twistor sfiddé, g, D) of a hyperkahler
manifold (M, g, D = (I, J, K)). We show a strong positivity property of the hessian
id'd"W on the twistor spac& (M, g, D) and prove, as an application, a convexity
property of the component of the twistor lines in the cyclacgofT (M, g, D).

1. INTRODUCTION

The Penrose twistor construction is a way of translatingp@lem on at-dimensional
Riemannian manifold)/, ¢) into a problem on a hermitian (almost-)compfegimen-
sional manifold, its twistor spac&(}, g). An analogous construction can be done,
starting with a hyperkahler manifold\/, g, D = (I, J, K)). The main drawback is
that the twistor spaceB(M, g) or T(M, g, D) are almost never of Kahler type, even
under vanishing assumptions for the curvatureg.oT his defect can be quantified, at
least for the natural metric on the twistor sp&tfe/, g, D), by the Kodaira-Spencer
class (see proposition 3.2).

Our first aim is to compute the hessiald”W of the natural metric forn¥V on the
twistor spacél' (M, g) of a4-dimensional Riemannian manifold/, g) and extend the
computations to the case of the twistor sp&¢@/, g, D) of a hyperkahler manifold
(M,g,D = (I,J,K)). This is done by a study of commutation relations of various
vector fields on the twistor spaces.

We then show, as a substitute to the Kahler property, agtpositivity property of
the hessiand’ "W of the natural metric forn#¥ on the twistor spac&(), g, D) of a
hyperkahler manifoldM, g, D).

Kobayashi conjectured that the canonical bundle of a ptiwgmanifold without
non-constant entire curves would be ample. It would follbattevery hyperkahler
manifold contains non-constant entire curves, that isteiowords, is not Kobayashi
hyperbolic. An approach to this problem has been initiae@ampana [5, 6]. It con-
sists in deforming the rational twistor linesTt{ )/, g, D) in order to produce an entire
curve in(M, I). We prove, as an application of the previous computationsnaexity
property of the component of the twistor lines in the cyclacpofT(M, g, D), that
may be useful to control the deformations of twistor lines.
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2. TWISTOR SPACES OFL-DIMENSIONAL RIEMANNIAN MANIFOLDS

2.1. Constructionson R*. An endomorphismi of the oriented euclidean real vector
spaceR* is said to respect the orientation if for all vectdrsi/ € R* the 4-tuple
(U, AU, V, AV) is either linearly dependent or positively oriented. Thillae denoted
by A > 0. Examples are given by the following three orthogonal aniolutive
(hence anti-symmetric) endomorphisms

0 -1 0 0 0 0 -1 0 00 0 -1
1 0 0 0 0 0 0 1 00 —1 0
I=1o9 0 0 -1 "7=11 0 ool "E=]01 0 o
0 0 1 0 0 -1 0 0 10 0 0

The setF" of complex structures oR* that respect the orientation and the euclidean
product (called compatible complex structures) identifih the spherdu = al +
bJ + cK/(a,b,c) € S*} ~ S%. The standard metrig, on the sphere reads dn

1 1
o(V,W) = Str(V'W) = —Sir(VW), WV, € TS

As the spher&?, the setl” inherits the complex structure @fP!. More precisely, at
a pointu € F, the tangent spacg, F' is {V € so(4)/Vu = —uV'} and the complex
structure ofF' reads;j - V = uV as a matrix product.

This identification can be made intrinsic as follows. Theligiean product orik*
gives an euclidean product on the exterior prod,N@:tRA‘. The Hodge star operator
decomposeg\’R* into A°TM = A" @ A~. An anti-symmetric endomorphism
of so(4) identifies with an element(A) of A\”R* requiring

g(d(A),V AW) =g(AV,W)  VV,W € R%

In particular, a compatible complex structuradentifies with an element(u) pre-
cisely of the sphere of vectors ¢f" of norm+/2. We will always identifye(u) andu,
and \* R* with so(4).

2.2. Constructions on a Riemannian 4-manifold. Consider now at-dimensional
oriented Riemannian manifold/, g). The twistor space aofM, g) is the fibre bundle
© : T(M,g) = T — M of vectors of A" TM =: A" of norm+/2, that fibre-wise
identifies with the set of compatible complex structures lua tangent space af/.
A natural Riemannian metri& and a natural almost-complex structdrare defined
on the twistor spac#& as follows. The bundl&’ of vertical directions inZ'T is the
kernel ofdw. Note that its structure group iSO(3) ¢ PGL(2,C) so that fibres
inherit complex structures and Riemannian metrics. Tha-Cavita connectionV?
of (M, g) provides us with a bundI®{ of horizontal directions if'T isomorphic via
dm with T'M, hence endowed with a complex structure and a RiemannianciiEhe
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decompositio'T = H @ V is madeG-orthogonal and invariant by. The mapr
becomes a Riemannian submersion. We will use the notétioki) = #,(X) to
denote the horizontal lift at € 7—!(m) of a vectorX tangent tal/ atm, and likewise
the notatioriH (v) to denote the (orthogonal) projection of a veatdgangent tdl' onto
its horizontal part along the vertical direction.

Let V¢ be the Levi-Civita connection af\/, g), n its connectionl-form in a given
frame with values inso(T'M) and R its curvature tensor defined by(X,Y)Z :=
VS, V&IZ + Vi v Z. Recall that, with these conventiof% X, Y") = —(dn +n A

n)(X,Y). As endomorphism oA*TM = A" & A~ its decomposition is

| Wr+51d B . AT =N
R= ‘g W+ =1d with B : Ao A
The operatofV = W + W~ is called the Weyl operator ands the scalar curvature
of g.

By a fundamental theorem of [1] the complex structiins integrable if and only
if the metricg on M is anti-self-dual, that iV = 0. We will always assume this.
By the works of Trudinger, Aubin, and Schoen on Yamabe prablee will always
choose a conformal representativegolvith constant scalar curvature. This does not
change the isomorphism class(@f, J).

2.3. Properties of type decompositions. For a complex tangent vectdf on T, we
will denote byV" Ve € TT¢ its (1,0) and (0, 1) parts :JV* = iV, JVe = —iVe,
Moreover, for a complex tangent vect&ron M, X" will denote
X" =1, (H(X)") = 1/2m (HX —iJHX) = 1/2(X — iu(X))

andX* = 7, (H(X)"), omitting the dependence in= (m,u) € 7—*(m). Note that
by construction off, one hast(X)" = H(X") =: HX" andH(X)* = H(X?) =:
HX.
Lemma 2.1. Given a direct orthonormal fram@;, ..., 6,) on a small open sé of
M, and(u,v) in AZ x A,

(1) the matrix bracketu, v] (in fact[¢~'(u), ¢~ '(v)]) vanishes.

(2) 08 A 6" e N{ andbP A 69 € \&

(3) 07 N O3 € N\g ®Vect(u)c (infact \g @Vect(p(u))c).

Proof. (1) Anyu € ¢~'(A") coming from a bivector of norny’2 can be described
with a quaterniorp as the quaternion produgtz) = p - z, and likewise any
v € ¢~'(/\”) coming from a bivector of norm/2 can be described with a
quaterniong as the quaternion produafz) = x - g. The result now follows
from the associativity of the quaternion algebra. More ey note that the

01 N\ Oy + 05 N0y 0, NbOy — 05 N0y
family { 6, A s — 0, A0, is a basis of\" and that{ 6, A5+ 0, A6,
01 A0y + 0y A OG5 01 NOy — Oy N\ O3

is a basis of\ .
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(2) Ata pointp = (m,u), expending we get

f

The relationg A 0 € /\g follows by conjugation.
(3) Expanding again, we get

ol A g = i(emej+u9i/\u9j+i(9imej—ueiAej)).

0; N O; +ub; AN ub; € N\e ®Vect(u)
We then Ched{ 0; Nub; —ub; ANO; € N ®Vect(u)

t

2.4. Bracket computations. The data of a direct orthonormal frani@, . .., 604) on
a small open sét/ of M defines a trivialisatioZ > 7—'(i/) ~ U x S. The local
coordinates of a point in Z will be denoted by(m, u). Because the fibre of over a
pointm € M is {u € SO(T,,M)/u* = —Id andu > 0}, the vertical spac®), at a
pointp = (m, u) is given by

Vo ={V € so(T,,M)/Vu=—uV}.

Let A : U — so(T'M) be a section of the bundle of anti-symmetric endomorphisms.
We defineAd : 7~ (i/) — T'Z to be the associated vertical vector field computed with
matrix brackets R

A(p) = [u, A(m)] € V).
Note that these special vectors generate the verticaltotiresc

Remark 2.2. The first easy property of lemma 2.1 will hugely simplify thréiicoming
computations. For example, if : U — so(TM) is a section andd™ : U/ — A" its

projection onto/\™ then the associated vertical vector fields are eqﬁalz A+, In

particular, R(0] A 07) = (W+ + %J/d\)(eg A 6%). Similarly, for B maps/\™ to A\,

the vertical vector field3(u) vanishes. Hence, for the vertical vector fidd) A 65),
only the component if\ - of the vectow] A 05 € A\ &Vect(J)c is relevant.

Let X : U/ — T'M be avector field ot¥. Its horizontal lifting# (.X) is a basic vector
field (i.e. m,H(X) = X everywhere omr—'(i)). In terms of the local trivialisation
71 (U) ~ U x S? the vector fieldH(X) reads

TT > H, > H(X) =X +n7(X) € TU & TS,

The following bracket computations of basic vector fieldd W used again and
again.
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Lemma 2.3. Given a direct orthonormal fram@, . . ., 64) on a small open s&¥ of
M and two sections! and B of U/ — so(T'M), the Lie brackets are computed by

AB = A
)

A = (Vo A) +[n

7
—

Proof. In a pointp = (m, u) of T,

o [A,B] = [[u,A],[u, B)] = [[u,A], B] - [[u, B], A] = [u,[A, B]]. The map
A — Ais hence a morphism of Lie algebras.

e First note that(6;, A] = [6;, [u, A]] = [u, Vo, Al = V/g?l Hence,

[1(6:), A] = [6; +1(6,), A] = V4 A+ [n(6:), Al.

e The result derives from previous remarks

H(0:), 1(0,)] = (60,0400

= [0:;,0;] + Vgn(0;) =V

—

= [0:,0;] + n([6:.0;]) + (dn +n A1) (0:,0))
This relation shows that the curvatuReaccounts for the lack of integrability
of the horizontal distributiofi.
O

Lemma 2.4. For every vertical vector field onT,
[H0;,JU] = J[HO;, U] and V[IH,, JU] = IV[JHO;, U]

[H0;,Us] = [H6;,U]s and V[IH6,, U] = (V[IH6;, U))s.
Proof. The first formula follows from the fact that the parallel tsgort along hori-
zontal directions respect the canonical metric and thentaimn of the fibres, hence
the vertical complex structures. The second follows fromfdct thatV[#H6;, JU| =
JV[H6;, U] is a tensor ird;. The last two follow by linearity. O

Lemma 2.5. For every vertical vector field onT,
) h ) h
] = %UZ(’HQ;) and H[HO?, U] = —%UZ(’HQ;).

h

HIHO!, U

Proof. We use the notations of the lemma 2.3. In order to get the fisaldy, simply
note that for any smooth functiofy using the previous lemma and the properties of
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-~

the Lie bracket$#6;, f A] is vertical. The second computation hence reduces to
HIHO, U] = HH(O  ujib;), U]
= =) (U u)HO; == U;HO; == —U(HO;).

Use the bracket linearity to gét[#0!", U] = LU (H0;) = —H[H06?,U]. Note that this
is a tensor iV so that in particular,

wmor, U] = Luene) = L1 agqgy — e aggey.
2 2 2 2
U
Remark 2.6. The formula# [J#6;,U] = —U(H0;) can be made more intrinsic by

considering the map
¢ 7 Y (m) — End(T,,M)

that encodes the variation of complex structurefgn\/. We find
T JHO;, Ul = =, (U)(6:).

2.5. Computations of dW and d'W. The results of this part are well know and can
be found for example in [7]. LéV = G(J-, ) be the metric form on the twistor space
T. Its exterior derivative is given by the following

Proposition 2.7. The exterior derivativegW of the metric formiW on the twistor space
T of an anti-self dual Riemanniaiimanifold(/, g) vanishes on pure directional (i.e.
horizontal or vertical) vectors except when evaluated oo herizontal vectors and
one vertical vector. More precisely then,

—

VX,Y € TMNU €V dW(U, HX, 1Y) = G((%Id —R)(X A Y),JU).

Proof. The usual formula for the exterior derivatives oR-d#orm reduces here by or-
thogonality using the bracket computations of lemma 2.3 to
dW(U, H0;,HO;) = U -W(HO;, HO;) — W ([H6;, HO;],U)
~U;; — G(R(6:; N 6;),]U).
choosing vertical coordinatés,;;) such that.(6;) = > u;;6;. Now setE = 6; A ;.
From the definition ofz, and the propertyU = —Uw of the vertical vectof/one has

—

GO A0, JU) = —1 /2t'r<(uE - Eu)uU) — —1/2tr(uBul) — 1/2tr(EU)
= —tr(EU) = —2Uy.

It remains to check the vanishing of all the other pure dioeatl components. As
the fibres are of real dimension two, tAdorm dW restricts to zero on fibres. Let
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A, B : M — so(T'M) be two sections. In normal coordinates at the centre of which
the connectiori-form n vanishes

dW(H6, A, B) = H6, - W( ,é)—w(m@,ﬁ],é) +W([H0i,§],ﬁ>

.- W(A, B) - W(V/gi\A,E) +W(Vg/i73,ﬁ)

~ w(TIAB) +w(A.B) - w(¥A.B) + w(¥]5.A)

= 0.

I
>

Finally for a triple of horizontal lifts, still with normal@ordinates,

W(HO, HO;, 1) = HO; - W(HO,, HOp) — HO; - W(HO;, HO)
O, - W(HO;, HO,) — W([HO,, H0;), H6y)
FW([HO,, HOL], HO,) — W([HO;, 1oy, H6;)
—g(u[b:, 6;], 6k) + g(ulb;, 0], 05) — g(ul0;, 64], 0;)
=0

for 0;-u = 0 and for all the remaining quantities can be expressed intefi 0, = 0
only. O

This result gives an expression for tf#e 1)-partd'W of dW.
Proposition 2.8. For all vertical vectorsl/, one has
i) WU, 1O HO) = <§ N
iy d'W(Uh, HO, HO) = —iG(B(@Zh N 6), Uh).

1
Proof. i) Because))' A 0" = Z([d —iu)(0; A 0; — ub; A ub;) belongs to\ & we
infer by lemma 2.1
WU, 80,00 = 1G((41d - R)(Id— iu)(6: A G; — ub; A ut;), JU°)
= 16(( - H)ud- i) (6 A0, — ubs A uf;), JU*) for W+ =0
= 22— 2)G(LL2L(0; A O; — ub; Aub;), JU®
= L= 2)G((6: A0, = ub; Aubj), LELUe
- lu- g)@((ez NG, — ub; A uej),JUa).

But we already found thdﬁ(@//\\ej,JU) = —2U;;. Writing u6; = > uyb,
we find G(ub; A ub;,JU) = —2uu;;Uy = 2(ulu);; = 2U;; that leads to
WU, 0,6 = (2 — 1)UL

717]
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i) Becaused] A 6% belongs to\; ©Vect(u), we infer by lemma 2.1 on the one

handR(Wg) = B(@A\H;P) and on the other harm = 0. This gives

—

I Aa 1 a
dW(U", 68, 07) = G((ﬁld—R)(eg%Aej),JUﬂ

y Vi Vg

- G (B(e/gl/\\eg), Uh).

. . . 1
Corollary 2.9. The formW is Kahler if and only |fR|/\+ = §Id/\+'

Proof. The vanishingidW = 0 gives B = 0 (cf 77) ands/12 = 1/2 (cf. 7). The
converse is straightforward. O

Remark 2.10. This is the case for the round sphéftand the projective spacé P>
with a Fubini-Study metric. More generally, Hitchi®| actually proved that these are
the only Kahler twistor spaces.

2.6. Computation of id’d”W. In this section, we will compute the regformid”d'W =
idd'W of type (2, 2). We will express its values on pure directional vectors.

Theorem 1. The hessiand'd"W of the metric formW on the twistor spac&(1/, g) of
an anti-self dual Riemanniaftrmanifold(//, ¢) is given on pure directions and pure
types by the following formulae whefgd; are basic horizontal lifts and/; vertical
vectors,

(2.1) id d"W(UM Ur U2 US) = 0
(2.2) id d"W(U, U US HOY) = id d"W(HO!, UM Ut US) =0
(2.3) id d"W(HO! HOT, UL Ug) = idd"W(U!, Uy, HOE, HOT) =0

id d"W (H@?, Ul MU = —Ug - G(B@A\eg), Uf)

i a 7\ h
(2.4) 5 U3, G (B, Ao, UT)
1 s
+§(6 — 1)(U3.U}) 4
(2.5)  idd"W(HO! HOY U, HOp) = idd"W(U", HOp, HOF, HOT) =0
id'd"W(HO, HO, HOT HOY) = G(B@A\eg), B@A\eg))
(2.6) —G(B(H? N O%), B(6" A eg))
.S S a/\a a
_2(6 - 1)@(% N )ij'

Proof. (1) reflects the facts that the vertical distribution is greble and that the
metric on the fibres is Kahler.
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(2) The non vanishing af'W requires two horizontal vectors. The integrability of
the vertical distribution hence shows the results.
(3) By the usual formula for the exterior derivative, ormgfizero terms, we get

d"dW(HO!, HO", U, Us)
= Uy - dW(HO! HO}, Ug) — Us - dW(HO! HOY, UY) — dW([UT, U], HOL HOY)
+d'W([HO!, U], 1O, Us) — dW([HO!, Us], HOY, UY)
+dW([HO", U], HO!, Ug) — dW([HO!, Us], 1O, UY).

From proposition 2.8 and lemma 2.5, we infer that the terms
dW([HO!, U], HOb, Ug) = dW(H[HO!, Uf)", 10, Ug) in the last two lines
vanishes for type reason. As the scalar curvature is cangtaproposition 2.8

leads to
Uy dW(HO!, 1O, US) — Us d'W(HOP, 1O, UY) — dW([UY, Us], 1oL, HO'Y)
S
= (= = D(U1.(U3)i; = U3 .(U})i; — [UF, U3y ) =0
6

The second equality follows by conjugation.
(4) By the usual formula for the exterior derivative, onmgiizero terms, we get

d"dW (”HGZ’?, Ul e, U§>
i d’W(U{‘,H@?,H@?) - d’W([H@?,U;}, Uf,%@;)
—d'w([%eg, Us), Ho", U{‘) + d’W([H@;, UM, HO", U;)
— g G(B(ﬂ@g),Uf) — aW (MO, ST, U 1o
—d'W (H[H@g, Ug)e, 1ok, Uf) 4 AW (H[H@g, UM He, Ug).

From lemma 2.5, we infer that the second term vanishes fer tgpsons, and
that for the third ternH [H05, Ug] = —%U;mj’;'-wfn. Hence

—dw ([0, Us], 1!, UL ) = %Ugij(B(@egl), vt).

. 1
From lemma 2.5, we infer that for the forth tef{#6, U]'] = —QU{‘ijQ,’}n.
Hence,

aw oy, Ut 1oL Us )

— —%d’W(Uﬁijeg, o', U§>
1,8
= __(_ - 1)U{lijgmz = (

5(5 — 1)(UsU)y5.

N | .
D »
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(5) Still from the formula of the exterior derivative
&"d'W (%9?, Mo, U, Heg)
- —Heg.d'w(m?,m;, U“) + d’W(V[H@;;, U“],HH?,H@?)

+dW (V[H@{L, U], Ho", Heg) — AW (V[%ey, U], Ho, Heg)
AW (H MO, HOp), HO!, U“) —dW (H MO, HOp), HE", U“) .

From proposition 2.8 we can write

Heg.d'w(mgl,%ey, U“) - Heg.((g - 1)U;;.> - Heg.((g - 1)U;;.> —0
computed in normal coordinates centred at a point In such coordinates,

we can choos&/ = A with furthermorevgiA = 0 atm. By lemma 2.4,

o —

VIHO!, U] = (VIH6L, U))® = (V4 A) + [1(6,), A])* = 0. Now, the vanish-
ing of the third and forth terms, follows from lemma 2.4, aftéich V[H0!", U]

is of type(0, 1). Still at the centren of normal coordinates , we haVé[@Z?, 0y =
0 becaus€t;, 0;] = Vi 6; — Vg6 = 0. AsHf; - u = 0, we conclude

H[é?z’ é\l%] = O
(6) Again from the formula of the exterior derivative andrfr@.8

&"d'W (Heﬁ, HO", HOY, He,a)
- d’W([H@f,H@Z], Ho", 7—[07) + d’W([H@?,H@f], Ho" Heg)
—d'w(me;, 107], HO", Hef) - d’w(meﬁ, Hop), 1O, Heg)
—d'w([mg, 107], HO", m;l) .

As 08 A 0 belongsm(g @Vect(uLaﬂ:I V[HO!, 104 is a tensor, we find
[HOM HOYy = —R(0" A\ 0%) = —B(6 A 67) using lemma 2.1. This leads to
d’W([’HG?, MOz, HO", H@ﬁ) + d’W([H@?, 102), HO" Heg)
S— (B(Wg)h, HO?HO; ) — d’W(B(Wg)h, HOP, 1O} )
= iC (B A 0p). BOF A6 +iG (B A 02). B A6
= (G (B A6, BT AG)") +iG(BOF NG, B, A o))

—

- z’G(B(@? A0, B0 A 9;;)).
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where we used the orthogonality of twb, 0) vectors. For the last term, as
02 A 02 belongs to\! we find V[HO2, 169 = —R(05 A 62) = —%93 N3
Finally,

—d'W ([Heg, 1], HO?, ”HG?)
S S

= —d'W (VRO RO HOLHOY) = (2 = D5 0F A OR,

3. TWISTOR SPACES OFHYPERKAHLER MANIFOLDS

The previous sections have focused on4ttimensional case. We now briefly give
a generalisation in higher dimension. Fix an integer 1.

A guaternionic Kahler manifoldis an orientedin-dimensional Riemannian mani-
fold (M, g) whose holonomy group is contained in the product of quateiniuni-
tary groupsSp(1)Sp(n). In other words, with the holonomy principle [4], such a
manifold admits a rank sub-bundleD C End(7'M), locally spanned by a triple
(I,J,K = 1J = —JI) of g-orthogonal almost complex structures compatible with
the orientation, that is stable by the Levi-Civita conngeton7' M. We will use the
notationV := V(@) for the restriction taD of the Levi-Civita connection, and subse-
quently R for the curvature of this restriction.

Let (M, g, D) be a quaternionic Kahlerz-manifold. One can define a scalar prod-
uct on D by saying that a local admissible basisiofis orthonormal. A point, =
(a, b, c) of the spher&? gives a complex structuté, = al + b.J + cK on M. The cor-
responding complex manifold will be denoted &y,. One can then define theistor
spaceT = T(M, g, D) — M as the unit sphere bundle &f. This is a locally trivial
bundle over) with fibre S? and structure groupO(3). As before, the twistor space
of a quaternionic Kahletn-manifold can be endowed with a metficand an almost
complex structurd that is integrable ([12],[9]).

In particular, ahyperkahler manifoldis an orientedin-dimensional Riemannian
manifold (M, ¢g) whose holonomy group is contained in the quaternionic angeoup
Sp(n). In other words, with the holonomy principle, a hyperkéhiganifold is an
oriented4n-dimensional Riemannian manifold/, g) endowed with three global-
orthogonal parallel (hence integrable Kahler) complexdtres/, J and K compat-
ible with the orientation such that/ = —JI = K. The corresponding pencil of
complex structures is called the Calabi family(éf, g, D = (I, J, K)). Note that for
Sp(n) C SU(2n), each of these complex structure is Ricci-flat.

For example, starting with lolomorphic symplectic manifolidle. a compact com-
plex Kahler manifoldX with a holomorphic symplectie-form €2, hence of vanish-
ing first Chern class) and a Kahler classthe theorem of Yau [13] gives a unique
Kahler metricg in the Kahler class with vanishing Ricci curvature. The forf is
g-parallel by the Bochner principle, showing that the holoymf g is contained in the
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quaternionic unitary groupp(n), and thaty is a hyperkahler metric. The correspond-
ing twistor space is called the Calabi family X, 2, ). The manifoldX will be
calledirreducible holomorphic symplectit furthermore X is simply connected and
H°(X, Q%) is generated by the holomorphic symple@iform .

In view of the applications, we will work in the rest of thiscsi®n on a hyperkahler
manifold (M, g, D = (I, J, K')) and assume that the holonomy group is exaSgyn ).
Note in this case, that the horizontal distribution®r- T (M, g, D) is integrable and
given by a holomorphic map

f
T———P>u

lﬂ

me M

and that eaclX,, := f~!(u) is an irreducible holomorphic symplectic manifold [3].

3.1. Bracket computations. As before, a section of the bundle of anti-symmetric
endomorphismsA : U — so(D) gives rise to a special vertical vector field Be-

cause the complex structurés/ and K are g-parallel, the vector field%(@i/A\@j) =

u, Véf’D)Véf’D) — Véf’D)ng’D) — vfg;f;j}] = 0. The previous bracket computations
reduce to
Lemma 3.1. Given a direct orthonormal fram@, . . ., 64,) on a small open séf of

M and two sections!t and B of U/ — so(D), the Lie brackets are computed by

A.B] = __[An
(H(6:), 4] = (VEP)A) + [n(6:), A]

[H(6:),1(6))] = H[6:,05].

For every vertical vector field onT,
[H0;, Us] = [H6;, U]« and V[IHO;, U] = (V[IHO;, U))s.

h (3 h

HHO! U] = SU«(H6;) and %[%eg,UZ]:—%UZ(He;).

3.2. Computations of dW and d'W. Let (04, ...,0,,) be a local orthonormal frame
of TM.

Proposition 3.2. The exterior derivativegW of the metric fornW on the twistor space
of a hyperkhler manifold(, g, D) vanishes on pure directional vectors except when
evaluated on two horizontal vectors and one vertical vedtore precisely then, for
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a vertical vectorV € Vi, ),

AW (U, Ho;, HO,) = %G(ei//\\ej,w) — U,
dW(U" 1O}, HOS) 0
dW(U*, HO! HOY) = —US,
equivalentlyd" W, ., (U", 167, 16?) —2Q,(ku (67), kv (69))

where (), is the holomorphic symplecti@, 0)-form on X, := f~'(u) and ky is a
closed(0, 1)-form on X, with values in7'X, that represents the Kodaira-Spencer
class of the family atu € P! in the directionU .

Proof. The first item is proved along the same lines as in the pre\geason.
For the second,

1

dW(U", HO! HOT) = Zd’W(Uh, HO; — ity HOp, HO; + iy HOk)
1 h h . h -r7h

= Z<U —uU"u + U™ + 12U u) = 0.

v

For the third,
1
AW(U" H HOY) = W (U“, HO: — it HOrm, HO; — iukﬂ—[@k)

_ a . . a _ . 3 a _ - . a
= —Z(Uij — Ui Upe — 1 Uy, iug; Uf)

- —i(U“ +ulU% + U — iUy = —Ug.
The previous formulae have a geometric content. We folld@j (firop 25.7). Consider
a pathy(t) in the baséP! starting atu = I say, with derivativd/ € TP'. Over every
pointm € M, there is a vertical lift that we may write as,(t) = I,,, + tU,, +t>---.
Note thatU,, is the derivative in the directioty, ¢,(U) € End(7,,M), of the map
¢ : 7 Y(m) — End(T,,M) that encodes the variation of complex structurergn//.
For smallt, we write 7' X, ) as the graph of a mafi (t) = tky + t*--- from
T%1X, to TL0X,. Note thatx; seen as 40, 1)-form on X, with values on7"°X,

is closed by the integrability df' and has, as cohomology class, the Kodaira-Spencer

class{xy} € H'(TX,). For a vecton € T>'X,, we have the relation,,(t)(v +
K(t)(v)) = —i(v + K(t)(v)) whose first order term gives,,(rky(v)) + Uy, (v) =
iky (V) + Up(v) = —iky(v). This shows thap, (U)(v) = U,,(v) = —2iky(v). The
formulad"W(U", HO}, HO}) = —U}: = U}, now reads
d"W(U" HO;, HOT) = gl (U)(0F),05) = —2ig(ku(67), 65)
= —2wy(ry(07),0F) = —2Qu(ku (67), Ko (65))-

The last equality is proved in [10]. O
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3.3. Computation of id'd"W.

Theorem 2. The hessiaid’d"W of the metric forn¥V on the twistor spac& (M, g, D)
of a hyperkhler manifold( ), g, D) vanishes on pure directions and pure types except
in the following case whergld; are basic horizontal lifts and; vertical vectors,

1
(3.1) id’d”W(Hey, Ul ", U;) = WUt

Proof. We discuss each case as in the proof of theorem 1.

(1) The vanishingd’'d"W (U}, Uy, U¢,Ug) = 0 reflects the facts that the vertical
distribution is integrable and that the metric on the fibseKahler.

(2) The non vanishing af'W requires two horizontal vectors. The integrability of
the vertical distribution hence shows thdt?” W (U", Ul U, HO2) =
id d"W(HO!, Ur U2 US) = 0.

(3) Simply note that for types and directions reasahg W (U}, Uy, HOF, HOT) = 0.
By conjugation, we get the relatian’d”W(H6}, H6", Ut, Us) = 0.

(4) Starting with the only non-zero term

&' d'W (%eﬁ, Ul e, U;)
_ d’W(H[H@;, UM, Ho", U;) - d'w( _ %U{‘(H@f), o', U;)

Z’ a Z a Z a

= _§U1hmjd/W(H‘9£Ln?,H9?7 U2> = §U1hij2 mi _§(U2 Ulh)ij-

(5) The termid'd"W(U", HoP, HO7, HO7) vanishes for types and directions rea-
sons. The vanishing atl’d”W(Ho", HH?, U®, HOy) then follows by conjuga-
tion,.

(6) Finally, id'd"W(H0}, 16", Hoy, 1) = 0 follows from the integrability of
the horizontal directions.

n

4. IRREDUCIBLE HOLOMORPHIC SYMPLECTIC MANIFOLDS AND HYPERBOICITY

4.1. Campana’s result. In [5, 6], Campana showed that every Calabi family of a
hyperkahler manifold M, g, D), and in particular of a irreducible holomorphic sym-
plectic manifold( X, 2, ), contains a non-hyperbolic member. His proof relies on the
study of the componerdt; (T) of the cycle space of the twistor spdfe= T(M, g, D)

that contains the twistor lines. df, (T') were compact, then the evaluation n@agT), —
P(T,T) at a twistor linex would be closed and open (by the very ampleness of the
normal bundle tar) hence surjective : there would be a one cycle with an hot&on
tangent. IfC;(T) is not compact hence non equicontinuous, then there is a&sequ
of 1-cyclesC,, of T and pointsa,, € C), such that the tangent direction €9, at a,,
tends to an horizontal direction at a point T. In both cases, he constructed a Brody
curve inf~1(U) c T and consequently in a deformatiéh, = f~*(u) of (M, I).



hal-00665165, version 1 - 1 Feb 2012

HESSIAN OF THE METRIC FORM ON TWISTOR SPACES 15

4.2. Pseudo convexity of the cycle space. We intend to go further in the range of
ideas of Campana. LétV, g, D = (I, J, K)) be a hyperkahler manifold aril =

T((M,g,D) J, Pl its Calabi family. LetC;(T) be the component of the cycle space
of T containing the twistor lines.

For everys = [C,] € C1(T), we will identify a tangent vector € T7,C;(T) with a
sectionn of the normal bundleV, v of the 1-cycle C; in the twistor spacé’. If C;
happens to be a section ¢f there is an horizontal lifting of the normal sectiom,
whose norm is simply denote By:||.

Theorem 3. The mapVol : C1(T) — R is pluri-sub-harmonic. More precisely,

(4.1) id'd" oty Vol(Cy) (7, Jii) > / 47 ||’ ||Pdvol > 0
a5

where(C", is the irreducible component of the cycle that maps ont@®'! by the pencil

map . In particular, the cycle spac€’ (T) is pseudo-convex.

Proof. Choose a cycl€y, a tangent vector € 7,C,(T), and a family

C——T

ln
0es
of cycles with this tangent vectarat the origin. Then,
id'd" o,y VOl(Cy) (7, Ji) = id'd'TLIT*W(#, Jii) = ILT*id d"W (73, Ji).

The intersection number with a fiber pbeing constant, we infer that every member
C, of the relevant component of the cycle space contains,dmigsi irreducible section
C" of the pencilf, a finite numbe _ H; of horizontal rational curves.
For the irreducible imagé€}, of a sections : P! — T of the pencilf,
/ Iid' d"W (i, Ji) = / o*id d"W (i, Jn) = / id’d”W(a*g, Ja*g, 7, Jn)dAc(C)
a pL C ¢ To¢

wheren is any lifting of n underT T, — N, r. ForCj is a section of the may,
the composed mal ;. — T'T\c; — Nerr is an isomorphism and we can assume
that the liftingn lies in H .. Hence, by theorem 2 only the vertical pg}tof 0*8% =

>ty Z0i(¢) 52 @ £ contributes :

_ g 0 _ —
/ I™id'd"W(n, Jn) = / id' d"W oo (==, J==, 7, In)dAc(C).
cs C a¢ a¢
0
Locally onC”, we may assume that, is almost vertical so that there exists a coordi-
nate chart/ on M containingr(C?) and with an orthonormal fram@,, . . ., 64,). The
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stereographic projection tell us that the complex strecfwn 7T ~ 7T M & f*TP!

is given by
1—[¢]? i(¢—20) ¢(+¢ )
Yoo (1+|<\2 BT EAE T e

Note that at the point(¢), the vectora% is of J-type(1,0) and reads

0 1 = —2 —2
— @ =— (20 +i(1+)dory + (1 =K,
T (1+|Cl2)2( oty + i1+ C) o) + (1 = C)Ko(g)
and then
g 0 _ Id+1iJ
9 (09 (¢ (1+[¢?)*
Theorem 2 gives
id'd"W (6 ,J]7 JJn)die(¢) = Qﬂd%( ) = 4r||n||3,d e ().
Ro¢ o (L+[¢[?)?

As for the horizontal part;, using a parametrisation B/, we get

/ I*id'd" Vol(i, Jii) = / id' d"W (h, Jh, 71, Jn)
Hj Pl
whereh is horizontal and wheré is any lifting of » under?T|c, — N¢, 7. By the
Kahler property of the fibres of or by theorem 2, only the vertical part of the lifting
is relevant, and this contributes non-negatively to thesia@s

The mapVol being a continuous exhaustion [11], we infer from its pkub-harmonicity,
that the cycle spac€ (T) is pseudo-convex. O

Remark 4.1. We could have usd@] (proposition 1) as a general argument to get the
pluri-sub-harmonicity. The inequality (4.1) is howeverrmprecise and displays the
fact that, because a non zero tangent veeter 7,C (T) can have zero componeit

on the slanted componef, there can be compact families of horizontatycles, as
for example, in the Hilbert schentéilv™(S) D Hilb™(C') = P" of a K'3 surface that
contains a smooth rational curv@.

4.3. The case of R*. The twistor spac&(R*) of the flat euclideaiR* is described as
a complex manifold as the total space of the rank two vectadla©O(1) & O(1) on
PL. From the product structure, the identification is done leyrttap

ca+d+ap+bn

onao1) % CP'xC in 1+ |ul?
(ap+boep+d) — (21, 20) L _ —an=btcpl’ +dn
’ 1+ |uf?
Twistor fibres are given by, = constant andz, = constant, that isc = —b and

d = @. The cycle spac€’ (T(R*)) is simply the vector spac®(P!, O(1) & O(1)) of
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holomorphic sections. Irreducible cycles are parametiiis¢he form(ap + b, cpu+ d).
The volume function that can be computed as

Volps(CPY) (1 +2rla— d)? + 27 + c|2>

achieves its minimum for twistor lines. To compute the Hassf the metric form,
we consider a point € C(T(R*)), whereC, is parametrised byau + b, cu + d).
We consider a tangent vecter = (ap + B,y + 6) € H' (P, O(1) ® O(1)) ~
T,C1(T(R*)), whose norm is the flat Hermitian norm @ of ¢, (n). Then theorem 3
gives :

id d" Vol (7, 7) = 2mvozFS(IP>1)(|a\2 B + )+ \5|2)
which is coherent with the former expression.
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