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1 Introduction

Let Q C R™ be a bounded C? domain. Let A : Q@ — M, (R) (where M, (R) is the space
of n x m matrices with real coefficients) be a bounded measurable function satisfying the
following uniform ellipticity condition: there exists ¢ > 0 such that, for almost every x € Q
and all £ € R™,

A(x)E - € = c e, (1.1)
where, for all u,v € R", u- v is the standard scalar product of u and v and |£| stands for the

Euclidean norm of . Given f € L?*(f2), the Lax-Milgram theorem shows that there exists a
unique function u € W, () such that

div(AVu) = f, (1.2)

in the sense that, for all function ¢ € D(Q),

/QA(SL’)VU(SL’) -Vo(r)de = — /Q f(z)p(x)d. (1.3)

A classical result of N. Meyers ([17]) asserts that there exists ¢ > 0, only depending on
and A, such that, for all p € (2,2 +¢), u € Wy*(Q) and

”u”Wl’P(Q) < Cp ”f”w—l,p(g)

where C, > 0 only depends on €2, A and p. This results still holds when €2 is Lipschitz ([11]).
Let us now focus on the case when n = 2 and Q C R? is a polygonal domain. Let A
as before. We shall be interested in approximate solutions of (1.2) obtained by Galerkin
approximations based on spaces of piecewise polynomial functions. Let us briefly present
these approximation schemes. By triangulation of €2, we mean a family 7 of triangles such

that
o=
TeT

Say that 7 is admissible if and only if, for all T',7" € T, T'NT" is either empty, or a vertex,
or a common side. If 7 is an admissible triangulation of 2, for all 7" € T, denote by hp
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the diameter of 7" and by pr the inner diameter of T' (i.e. the diameter of the largest ball
included in T"). Define also

VHT):={veC{); vlr e P, VT € T}

where P; denotes the space of polynomials with degree less or equal to 1. Define also
Vi (T) as the subspace of V!(T) made of functions vanishing on 9. It is plain to see that
VIT) ¢ W2(Q), so that V}(T) C WOM(Q). Another application of the Lax-Milgram
theorem gives a unique function uy € Vi'(T) such that

/QA(Q:)VuT(:c) / f(x)v(z)dx Vv € V5 (T) (1.4)

(note that the bilinear form given by the left-hand side of (1.4) is still coercive on V'(T") x
Vi (T)). Assume now that, for all A > 0, we have an admissible triangulation 75, of €, such
that
sup hr = h.
TeT
Say that the family of triangulations (73),., is regular if and only if there exists o > 0 such
that "
L <o VI €Ty, Vh>0.
PT
For all h > 0, write w, instead of uy,. Provided that the solution u of (1.2) is regular
enough, the approximated solution u; converges to u in the Sobolev sense when h — 0.
More precisely (see [5], Chapter 5):

Theorem 1.1 Assume that the solution u of (1.2) in Wy*(Q) belongs to W*2(Q). Then,
for all h > 0,

[u = unllyr2g) < Ch HD2“HL2(Q) ’

where C' > 0 s independent of u and h.

Note that the solution u of (1.2) need not be in W%2((2) in general. However, when the matrix
A is of class C'(Q2) and Q is convex, one has u € W?%(Q2) and [ullwez@) < Cllfllz2q) so
that Theorem 1.1 yields

[ = unllyra) < ORI fll 2y - (1.5)
Many other convergence results in Sobolev spaces for approximated solutions of (1.2) by finite
elements methods can be found in [5, 6, 12]. In the present work, we prove a convergence
result analogous to Theorem 1.1 in Holder spaces. Namely, we establish:

Theorem 1.2 Assume that Q C R? is a convex polygonal subset and that A € C*() is
bounded and uniformly elliptic, in the sense that A satisfies (1.1). Then, there exist C' > 0
and n > 0 with the following property: for all f € L*(Q) and all h > 0, the solution
up € Vi (Th) of (1.4) belongs to CO"(Q) and

||Uh||00,n(§) <C ||f||L2(Q) : (1.6)
Moreover, for all ' € (0,n), there exists § € (0,1) such that
[Jun — U”co,n/(ﬁ) < Ch’ Hf”L?(Q) : (1.7)
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Theorem 1.2 will be an immediate consequence of:

Theorem 1.3 Assume that Q C R? is a convexr polygonal subset and that A € C*(Q) is
bounded and uniformly elliptic, in the sense that A satisfies (1.1). Then, there exist C' > 0
and ¢ > 0 with the following property: for all f € L*() and all h > 0, the solution
up € VH(Tr) of (1.4) belongs to Wy *™(Q) and

||uhHW172+5(Q) <C Hf||L2(Q) : (1.8)

Moreover, for all p € (2,2 + ¢), there exists 0 € (0,1) such that

lun = wllwiniy < CHO 1 fll 12 - (1.9)

Let us give a few comments about these resuts.

Observe first that Theorem 1.2 can be seen as a De Giorgi type regularity result for approxi-
mate solutions of (1.2) obtained by the finite elements method. Under the extra assumption
that A is symmetric, a version of Theorem 1.2 was proved in [19], Théoreme 6.2. As in [19],
the proof of Theorem 1.2 goes through the analysis of some second order elliptic operators
on graphs. However, we simplify the arguments in a significant way and also get rid of the
symmetry assumption on A. Moreover, we also prove the convergence result in (1.7), while
only (1.6) was established in [19]. To our best knowledge, this is the first convergence re-
sult in Holder spaces for approximations of second order elliptic equations by finite element
methods.

To our best knowledge, Theorem 1.3 was never stated before. It can be seen as a discrete
version of the results of [11, 17] stated at the very beginning of the paper. Since  C R?
Theorem 1.3 yields Theorem 1.2 at once by means of the classical Sobolev embeddings.
Using ideas analogous to those involved in the proofs of Theorems 1.2 and 1.3, we also
establish L> and C%" estimates for second order uniformly elliptic operators on quite general
graphs. A lot of work was devoted to estimates for reversible Markov chains on infinite graphs
(see for instance [7, 8, 10] and the references therein). In these references, the operators under
consideration have positive coefficients. In the present work, we deal with more general
operators, for which no positivity assumption is made on the coefficients but which are still
elliptic (see Section 5 below). It seems therefore impossible to use techniques such as the
Moser iteration or the maximum principle.

Let us describe our strategy for the proof of Theorem 1.3. Given a triangulation 7, we define
a graph 'y, the vertices (resp. the edges) of which are the vertices (resp. the edges) of Ty, and
consider a suitable “second order elliptic” operator on I'},, denoted by L, which approximates
L on T;,. We then reduce (1.8) to proving that the inverse of Lj is L*(T;) — Wh2(T,)
bounded for some ¢ > 0.

The proof of this boundedness result for L,;l is inspired by an analogous perturbation argu-
ment for 2m-th order operators in R*™ (see [1], Chapter 1). Namely, we first observe that Ly
is bounded from W?(T',) to W=1(T},) for all p € (1,+00), and that it is an isomorphism
from W12(T,) into W—1%(T'),). Then, using the fact that the W'?(T'},) and the W~12(T,)
form an interpolation scale for the complex method, we use a general perturbation result to
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conclude that Lj is an isomorphism from W'?(T'},) onto W=12(T,) for p € (2 —¢,2 +¢) for
some ¢ > 0, which completes the proof.

We argue similarly to obtain L® and C%7 estimates for second order elliptic operators on
graphs I', under some geometric assumptions on I'. In particular, the volume of a ball with
radius r > 0 has to be controlled from below by 72. These geometric assumptions imply that
L*(T') embeds into W~1P(T') and W'P(T') embeds into C"(T") for p > 2, which concludes the
proof.

Theorems 1.2 and 1.3 are stated for open polygonal subsets of R2. It is plausible that an
adaptation of our method would yield an analogue of Theorem 1.3 for polyhedral subsets of
R3. However, this would not yield an analogue of Theorem 1.2. Obtaining a De Giorgi type
regularity result for approximate solutions of (1.2) by a finite elements method is an open
challenging problem.

The plan of the paper is as follows. In section 2, we present the discrete setting. Section
3 is devoted to general interpolation results for Sobolev spaces on graphs for the real and
the complex method. In Section 4, we show Theorem 1.3, while estimates for general second
order elliptic operators on graphs are stated and established in Section 5.

Notation: if A(f) and B(f) are two quantities depending on a function f ranging in a set
E, say that A(f) < B(f) if and only if there exists C' > 0 such that, for all f € F,

A(f) = CB(f),
and that A(f) ~ B(f) if and only if A(f) < B(f) and B(f) < A(f).

Acknowledgements: we would like to thank Giinther Griin for helpful discussion.

2 Presentation of the discrete framework

Let us give precise definitions of our framework. The following presentation is partly bor-
rowed from [10]. In the sequel, I" stands for a non-empty finite or infinite set. When T is
finite, fix a non-empty strict subset of I', called the boundary of I' and denoted by OI'.

2.1 The metric on I'

Let hyy = hy, > 0 a symmetric weight on I' x I'. We assume that h,, = 0 for all z € T". If
xz,y € I', say that z ~ y if and only if hyy, > 0 or 2 =y . We define for all z € T

hy := sup hgy
Yy~T
and
h:= sup hy,.
z,yel’

Denote by E the set of edges in I, i.e.

E={(z,y) eI'xT; z~y},

5
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and notice that, due to the symmetry of h, (z,y) € E if and only if (y,z) € E. In the sequel,
we always assume that I' is locally uniformly finite, which means that there exists N € N*
such that

supf{y el y~az} <N (2.10)

zel
(here and after, A denotes the cardinal of any subset A of I').
We also assume that h is locally uniformly controlled with a constant Cy, > 1, which means
that for all z, y, z € I such that x ~ y with x # y and x ~ 2z with = # z, we have

1 Doy

<
C(W_ hmz

< Cyw. (2.11)

For z,y € I', a path C' joining z to y is a finite sequence of vertices o = x, ...,y = y such
that, for all 0 <i < N — 1, x; ~ z;51. By definition, the length of such a path is
N-1
[(C) := h

k=0

TpTh41"

Assume that I' is connected, which means that, for all z,y € I', there exists a path joining
x to y. For all z,y € T, the distance between x and y, denoted by d(z,y), is defined as
the infimum of the lengths of all paths joining x and y. For all z € T" and all » > 0, let
B(z,r):={y €T, dy,z) <r}.

Remark 2.1 If z € T and r > 0 are such that r < Ch;/, then B(z,r) = {z}. Indeed, let
y € B(x,r), so that d(y,x) <r < g—‘fv If y # x, there exists z ~ x such that

h
he, < d(y,z) < == < hys,
Cw

which 1s impossible.

If B= B(z,r) is a ball, set aB := B(x, ar) for all a > 0.

2.2 A measure on the graph and the edges

We also consider measures on E and I". Assume that, for all x ~ y € I', we are given a
coefficient yi,, > 0 such that p,, = p1,,. Assume also that there exists C' > 0 such that, for
all x,y, 2 € I satisfying x ~ y and x ~ z,

P < ¢ (2.12)
MZ‘Z
For all x € T, set

m(z) = flay. (2.13)

%
If ACT, let
m(A) := Zm(:c)

€A

6
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For all 1 < p < 400, say that a function f on I' belongs to LP(I',m) (or LP(I")) if and only if

1/p
”f”p = (Z | f ()| m(:c)) < +00.

zel

Say that f € L>(I',m) (or L*>(I")) if and only if
[ fllo == sup|f(z)| < +o0.
zel’

When I is finite and 1 < p < 400, say that f € L{(T) if and only if f € LP(T') and f(z) =0
for all z € OT.

Remark 2.2 [t is an elementary observation that the space of functions on I' with finite
support is dense in LP(I';m) for all 1 < p < 4o00.

For all 1 < p < +o00, say that a function F' on F belongs to LP(E, 1) (or LP(E)) if and only
if F'is antisymmetric (which means that F'(z,y) = —F(y, z) for all (z,y) € F) and
1/p

IE, = D [F@y)l ey | < oo

(z,y)eE
Say that F' € L>*(E, p) (or L>(F)) if and only F' is antisymmetric and

IFll, = sup |F(z,)] < +oo.
(z,y)eE
2.3 Differential and gradient
In the spirit of [3], for all function f: ' — R and all (z,y) € E, define
fy) = f(x)

if x ,
G = " I 7
0 if x =y.

Say that d is the differential operator on T'.
We also define the sublinear operator “length of the gradient” by

1/2
Vi) = 4 (Z ) — f(:c)|2>

Y~z

for all function f on I'" and all z € I'. It is a consequence of (2.10), (2.11), (2.12) and (2.13)
that, for all function f:I' — R and all p € [1, +0o0],

1f Wl oy ~ WV Fll o my
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2.4 Sobolev and Holder spaces

Let 1 < p < +o00. Say that a scalar-valued function f on I" belongs to the (inhomogeneous)
Sobolev space W1P(T') (see also [3, 13, 18]) if and only if

1 oy = I fll oy + IVl oy < 400

In the case when I is finite, denote by W, (T') the subspace of WP(I') made of functions f
such that f =0 on OT.
It is then routine to check that both W'P(I') and W,*(I') are Banach spaces.

Finally, if 1 < p < +o00, as in the Euclidean case, we define W~1P(T") as the dual space
of W (T') (when T is infinite) or of Wol’p/(l") (when T is finite), equipped with its natural
norm. Here and after, p’ is defined by % + ]% =1.

Remark 2.3 It is easy to check that, for all 1 < p < 400, the space of functions with finite
support is dense in W1P(T).

For all ;o > 0, we define the discrete homogeneous (resp. inhomogeneous) Holder spaces of
exponent p as

C“(F) ={ue R |u|C'H(1‘) = sup [u(z) — u(y)|

TH#Y d(ﬂf, y)ﬂ = _'_OO}

and
CH(IT) == {u € RY; Jlullonry = lull ooy + [l < +o0}.

2.5 Geometric assumptions on I

Let us now introduce some geometric assumptions on (I",m).

1. Say that (I, m) satisfies the doubling property if there exists C' > 0 such that, for all
r €I and all » > 0,
V(z,2r) < CV(z,r). (D)

Note that this assumption implies that there exist C', D > 0 such that, for all x € T,
all 7 >0 and all 0 > 1,
V(x,0r) < COPV(x,r). (2.14)

Remark 2.4 Observe also that, when T' is infinite, it is also unbounded (since it is
locally uniformly finite) so that, if (D) holds, then m(T') = 400 (see [16]).

2. Say that (I',m) satisfies (L,) if there exist o > 0, ¢ > 0 such that, for all x € I" and
all » > 0,
V(z,r) > cr’. (Ly)
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3. If 1 < ¢ < 400, say that (I',m) satisfies a scaled L? Poincaré inequality on balls (this
inequality will be denoted by (P,) in the sequel) if there exists C' > 0 such that, for
any z € I, any » > 0 and any function f on I,

> 1f) - el miy) <Cot Y [VF) m). (P)
yEB(z,r) yEB(z,r)
where )
I = m erBf(x)m@)

is the mean value of f on B.

When T is finite, we will consider local versions of these properties. Let rq > 0. Say that I’
satisfies (D) if there exists C' > 0 such that, for all 0 < r < rg and all x € T,

V(z,2r) < CV(z,r).
Say that I' satisfies (L o) if there exists C' > 0 such that, for all z € I" and 0 < r < rg,
V(z,r) > Cre.

Let 1 < ¢ < +o00. Say that I' satisfies (P, ) if there exists C' > 0 such that, for all x € T,
all 0 < r < ry and any function f on I,

S 1f@) = falfmy) < Cr Y V)T m(y).

yEB(z,m) yEB(z,r)

3 Interpolation and embeddings of Sobolev spaces

3.1 Real and complex interpolation of Sobolev spaces: the case of
unbounded graphs

Let us first focus on the case when I' is infinite, and therefore unbounded. We will make
constant use of the following notation here and in the sequel:

Definition 3.1 When (P,) holds for some 1 < ¢ < 0o, we define gy = inf {q € [1,00) : (P,) holds}.

Note that if (P,) holds for some ¢ > 1, then ¢y < ¢ (see [15]), and that (P,) holds for all
Qo <1 < +00.

Let us first state the following real interpolation theorem for Sobolev spaces:

Theorem 3.2 Let g € [1,+00) and assume that (D) and (P,) hold. Then, for all1 <r <
g <p<+oo, WH(I) = (WH(D), Wh(T)),_- .
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The corresponding result for Sobolev spaces on Riemannian manifolds was proved in [2],
Theorem 1.1. We established in [3], Theorem 1.18, a statement very similar to Theorem 3.2
for homogeneous Sobolev spaces, and the proof, which we skip here, is analogous to the one
of Theorem 1.18 in [3], even if the definition of the gradient is slightly different. The only
important assumptions to be able to interpolate are (D) and (F,), see Theorem 7.11 in [2].

As an immediate corollary, we obtain:

Corollary 3.3 (The reiteration theorem) Assume that I' satisfies (D), (P,) for some
1 1-6 0

1 <g<4o0. Let gqo < p1 < p < pa < 400, with — = + —, then
p b1 P2

W) = (W (1), W2 (D)),

If go = 1, then one can also take 1 = p; < p < ps < 4o00.

Let us now turn to the complex interpolation of Sobolev spaces. We first recall the following
complex reiteration theorem:

Theorem 3.4 [4, 9] For any compatible couple of Banach spaces (Ay, As) we have

[(Alv A2)>\1,p27 (A17 AQ)>\2,I)2]04 = (A17 AQ)@P

for all Ay, A and « in (0,1) and all py, py in [1,400], except for the case py = py = co. Here
B and p are given by = (1 — @)\ + aXy and % = 1l-a 4 z%'

P

From this, we deduce a complex interpolation result for Sobolev spaces:

Corollary 3.5 Assume that I' satisfies (D) and (P,) for some 1 < q < +00. Let gy < p; <
1

p < py < +00 where qq is given by Definition 3.1. Then for a = g__i = z&()’::zig one has
[Whn(r), W (D)), = WhH(T)
Proof: We apply Theorem 3.4 with A; = WH(T), Ay = Wh=(T), A\, =1 — pil, Ao =1-— p%
and f=1— % . We obtain
(WhP(T), WP (D)] | = (WHHT), WD), 1,
and the result follows from Theorem 3.2 which yields
(WEHT), (D), 1, = WHI(T)
since p > qp. r

Now for dual spaces, we recall the following theorem:

Theorem 3.6 ([//, Theorem 3.7.1) Let Ay, As a compatible couple of Banach spaces. Then
for all 0 € (0,1) and 1 < s < oo, we have

[(Ala A2)9,s]* = (AL A;)975"

10
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Combining this Theorem with Theorem 3.2, we deduce:

Theorem 3.7 Assume that I" satisfies (D) and (P,) for some 1 < q¢ < +00. Then, for all
1<r <r<ry<oo with r' > qy, we have

(W=tm(r),w=t=(T)), =W (T)

o,r

where 6 € (0,1) such that + = =2 + £,

1 T

N

Proof: We have 1 <} <1’/ < r{ < oo with 7' > ¢y and & = & + 5% Then
2

(WD), W)y g,0]" = (WH(T))"
=W () = (W (), W (D)1, = (WH (D), WH (D))o,

-

Theorem 3.8 Assume that I' satisfies (D), (P,) for some 1 < g < 4o00. Let 1 <p; <p <
P2 < qp, where qo is given by Definition 3.1. Then

(Wb (@), w2 ()] =W (T

a

wher’eﬁzl—ianda: nr

Proof: We have p; < p < ps < ¢|. Then Theorem 3.7 shows that

(WD), WD)y = WD), (WD), WD),

L =W (T)

and
(W=HHT), W=he(I))

This, with Theorem 3.4, yields

=W (T).

1_%7]7

(W=t (@), wie()] = (W), (D) g = W H(T).

07

3.2 Real and complex interpolation of Sobolev spaces: the case of
bounded graphs

Assume now that the graph I' is bounded.

Theorem 3.9 Let ¢ € [1,+00) and assume that (Dj.) and (Pyioc) hold. Then, for all
1 <r<q<p<too, Wy(T) = (Wy" (L), Wy ™(T))

17%71).

11
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Proof We refer to [2] and [3] for the proof. We just mention the differences between the
proof in [2, 3] and the present situation. We have to estimate the functional K of real
interpolation. Let

Q={z e EM(IVI+ 1)) () > a®(t)}

where M is the uncentered Hardy-Littlewood maximal function, that is

M(a) = sup 7oz 3 Ih(y) ()

B>z yeB

and o(t) = M((|Vf] + \f|)q)*%(t).We recall that for a function g on I', ¢* denotes its
decreasing rearrangement function.

If @ =T (note that this may happen since m(I") < 4+00), this is the easy case, we argue as
in [2], Section 3.2.2.

Otherwise, we write " as the union of balls B, of radius p small enough (namely 0 < p < r()
and having the bounded overlap property. We take (¢'); a partition of unity subordinated
to the covering (B?); and write f = Y, f¢' = >, f. We estimate the functional K as in
2], Section 3.2.2; using the Calderén-Zygmund decomposition applied to f*. Note that here
the functions (b;)] of the decomposition should belong to WOI’T(I’), that is bé» =0on Jl'. For
this, we take b5 = f*x} if B; NI # () and, if not, we define as usual b} = (f* — (fi)B;j)Xé».
We characterize then K as in [2]. Integrating K, we get the interpolation result. r

As in section 3.1, from this theorem, we deduce:

Corollary 3.10 Assume that I satisfies (Djoe) and (Pyio) for some 1 < q¢ < 4o00. Let
1 1

Qo < p1 < p < p2 < +o0 where qq is defined by (3.1). Then for o = 11— = gzg:gig one has
P1 P2

[Wy ™ (T), Wy ()], = Wy (D).
As far as dual spaces are concerned, we have:

Theorem 3.11 Assume that I' satisfies (Djoe) and (Pyio) for some 1 < g < 4o00. Then,
foralll1 <ry <r <ry<oo withr > qy, we have

(W*lﬂ'l (F), W*l,?‘g (F)) — Wfl,r (F)

o,r

where 6 € (0,1) such that + =12 + £

1 T

N

Finally,

Theorem 3.12 Assume that I' satisfies (Dioe), (Pyioc) for some 1 < q < +o00. Let 1 < p; <
p < p2 <q. Then
W1 (), W (r)],, = W)

11

where f=1— 21 and a = 1L
p p1 p2

12
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3.3 Sobolev embeddings

Assuming (D), (P,) and (L,) for some ¢ > 0, we obtain Sobolev embeddings analogous to
the Euclidean situation. Namely:

Proposition 3.13 Assume that I' satisfies (D), (P,) and (L,) for some o > 0. Then

112y S NV f vy

ap

for all gqo < p < o where p* = prt

This result is proved in [20], Corollary 3.3.3, p.75.

Proposition 3.14 Assume that I" satisfies (D), (P,) and (L,) for some o > 0. Then, for
all p > max(qo, o),
WP(T) < C™(T)

with n:=1— L where the symbol — means that the embedding is continuous.

Proof: Let u € WYP(T), z,y € I with x # y and set r := d(z,y). Define B := B(z,r),
so that B C B(x,2r) N B(y,2r). One has

u(x) —u(y)| < fu(z) —us| + [u(y) — usl, (3.15)

and we estimate each term of the right-hand side of (3.15). Let us first focus on the second
term. Using Remark 2.1, write

u(y) — usl < D |upgory — tpgarin] + [usgaen — usl

k=—00

< _Z m Z u(2) — upgyaniin|m(z) + VD) Z |u(2) — up(y,2r)|m(z)

2€B(y,2kr)
2k+1 1

Z V (y, 267) V(y, 20+17) D lu(e) = upgarnplm(z)

2€B(y,2k+1r)

Y lu(2) —upgenlm(z)

z€B(y,2r)

. C
V(y,2r)

1
0 p

<c'y o W S Vu)Pmz) | +Cr v<y1, > [Vup

k=—00 2€B(y,2k+1r) z€B(y,2r)

0
1-< _ o
<C < > (@) ”) IV u oy + Cr 7 [V oy

< Or'n|| V|l = Cd(z,9)' ™7 [Vl pogey

where we used (D) and (P,) in the third and fourth inequalities and (L, ) in the fifth one.

13
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Arguing similarly, one obtains
lu(w) — up| < Cd(z,y)' "7 ||Vl oy (3.16)

Thus u € C"(T') and ulenry < Ol Vu o).
It remains to prove that v € L®(T"). For all x € T', write

u(@)] < |u(z) = up@y| + [up@) — w(y)] + [u(y)] (3.17)

for all y € B(z, 1).
Applying (3.16) with » = 1, one obtains

() = up@n| < CIVUllpipea) - (3.18)

Then, taking the average over B(z, 1) in (3.17) yields

1 1
lu(@)| < |u(z) — up@y| + > uly) — up@ym(y) + > July)m(y)
Vi(z,1) V(z,1)
yeB(x,1) yeB(z,1)
1 C
<Cl|1l+— ]| Vu B e | (4 z
( Ve 1 %> | ”Lp(B( 1)) V(z. 1)% I HLP(B( 1))

< C”“”WW(F)-

We used (3.18), (P,) and (L) in the last inequality. Thus |jul/emr) < Cllullwirr) and
therefore v € C"(I") with ||ul|cnry < C|lullwrr(ry- r

4 Holder regularity for Galerkin schemes

This section is devoted to the proof of Theorem 1.3.

4.1 Definition of a graph and an operator

Let © C R? be a convex polygonal domain and (73),,., be a regular family of triangulations
of ) as in the statement of Theorem 1.2. Let I';, be the set of vertices of 7;. Define
'y, =T, NoOAQ. For all x,y € 'y, say that x ~ y if and only if z = y or there exists a
triangle T" in 7Tj, such that the segment joining x and y is an edge of T'. For all x ~ y € Ty,
set
hxy = |ZL‘ - y| 5

where we recall that |u| denotes the Euclidean norm of v € R?. Note that, since the
triangulation is admissible, (2.10) and (2.11) hold. For all  ~ y, define also

12
/~L:vy T h’my?

so that (2.12) holds and
m(x) ~ h;

for all x € T'y,.

14



hal-00664532, version 1 - 30 Jan 2012

Lemma 4.1 The graph I'y,, endowed with hyy, and i, satisfies (Dioe), (Pajoc) and (Lajoc),
with constants independent of h.

Proof: The proof uses essentially the regularity of the graph I';, and Poincaré inequality
(Py10c) on Q. A detailed proof can be found in [19], Chapter 7, section 7.2. r

For all z € T, N, define ¢, as the unique function in V' (7) such that

P (y> = 59:3/

for all y € T',. The functions (¢, )zer,no form a basis of Vi (75).
Let Rj, be the “reconstruction” operator defined by

Rhaﬁ = Z aﬁ<x>90m

€l NN

for all function uy, on I', vanishing on dT,. In other words, Rpuy, is the function in Vi (7y,)
which coincides with wu;, at the vertices of T,. We claim that the norms of w;, and Rjuy in
the various functional spaces introduced before are equivalent:

Proposition 4.2 Let p € (1,+00) and n € (0,1). For all function uy on T’y vanishing on
ol
L lanll o,y ~ I1BRu] o)

2. [IVunll o,y ~ IV ERUR] oy

3 Tl ey ~ | Rniinll om
The implicit constants in these equivalences of norms are independent of h.

Proof: It is a straightforward consequence of the definitions of the norms, of Rj, the
properties of the triangulation: namely the regularity of I', and the fact that it is locally
unifomly bounded, and finally the Poincaré inequality on a bounded open convex subset of
R2. A detailed proof can be found in Appendix E of [19]. L
Let us now define a maximal accretive operator on L3(T';) associated to the Galerkin scheme.
For all wy,, o, € Wy*(T',), define

Qu (@, ) = / A@)V (i) (2) - V (Ryii) (2)de.

Q

The operator VR, : L3(T',) — L*(Q,C") is defined on the whole LZ(T;) space, and the
operator F +— AF is obviously bounded on L?(€, R"). Moreover, if uj, € Wy ('),

/Q A@@)V (Ryiin) (x) - V (Ryiir) (0)dz = 8|V (Ryin) |20

>

—~ 12
2 ||Rhuh||L2(Q)
2

—~ 12
HuhHLg(rh) :

15
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As a consequence, using a construction due to Kato ([14]), there exists a unique maximal
accretive operator Ly, on LZ(T;) such that, for all w, € D(Ly) (here and after, D(L) stands
for the domain of an operator L) and all o, € W, ('),

(L e = [ A@Y (R (@) -V (Rai) (o)

The following facts are easily checked:

Proposition 4.3 For all p € (1,400), the operator Ly, extends to a bounded operator from
Wy P(Ty) to WLP(T,). Moreover, Ly is an isomorphism from Wy 2(T'y,) into W12(T).
The norms of Ly, and of its inverse (for p =2) do not depend on h.

Proof: Let p € (1,400) and p’ € (1,+00) such that % —i—l% = 1. Let u, € Wy*(I'). The
map v, — [ A(@)V (Ryuy) () - V (Ry0,) (2)dx is clearly a linear functional on WP (Ty).
Moreover, for all o, € W™ (T')),

|(Lnun, vn))| IV (Bnn )| 1oy IV (Br0n) || 1o

S
< HV%HLP(F,L) HVTThHLp’(Ph) :

This ends the proof of the first part of the claim. Assume now that p = 2. For all
bounded linear functional 7" on WO1 ’Q(Th), the Lax-Milgram theorem yields a unique func-
tion u, € Wy*(I',) such that, for all o, € Wy *(T'y), (Lnun, vn) 2w,y = T'(vn), and one
has ||Z[;:||W01,2(Fh) S IT[lyw-12(r,,- This shows that Ly is an isomorphism from Wy ?(I) into
W=L2(T},). Moreover, the norms of L, and L, do not depend on h because of Lemma 4.1
and Proposition 4.2. C

4.2 Conclusion of the proof

Our next step is a perturbation argument, in order to show that L, is still an isomorphism
from Wy (T',) into W~'#(T'}) for p close enough to 2. Indeed, since (Paj) holds, there
exists gy < 2 such that, for g9 < py < p < p1 < ¢}, the WHP(T') and W=1P(T) form a
complex interpolation scale (see Corollary 3.5 and Theorem 3.8). We then combine this fact,
Proposition 4.3 and the following general result ([21]):

Lemma 4.4 Let X®, Y?®, s € [0,1] be two scales of complex interpolation Banach spaces. If
T : X* — Y* is bounded for each s € [0, 1], then the set of s for which there exists C' > 0
such that ||T f|lys > C||fl|xs holds for all f € X* is open.

Thus, there exists € > 0 such that Lj is an isomorphism from W, ?(T',) into W~1?(T';) for
allp € (2—¢,2+¢). Take p € (2,2 + ¢). Proposition 3.13 applied with ¢ = o = 2 yields

L*(T},) — WHP(Ty,)

and the norm of the continuous embedding is independent of h, since it only depends on the
geometric constants of I'y,. Therefore:

16
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Proposition 4.5 The operator L;' maps L3(Ty) into WyP(Ly) for p € (2,2 + ¢) with a
norm independent of h.

Let us now conclude the proof of Theorem 1.3. Take f € L*(2) and define, for all z € T,

1
fu(z) =< m(x) /Qf(y)SOm(y)dy when z € T, N QQ,

0 when x € I'y, N 0N

We claim that, if u;, € Vj'(7T5) solves (1.4) and u, € W,*(T')) is defined by

T(z) = up(x)  when x € T, N Q,
U =900 when z € I'y, N 0X2,

then
Lyup, = —fi. (4.19)

Indeed, Lyuy, € W=12(T}), and (4.19) exactly means that, for all z € T';, N,
—(Lntin, 0z) = (fn, o),

where &, is the function in W, *(T';,) defined by &, (y) = d,, for all y € T, so that ¢, = Ry2,.
But,

(Lnun, oz) = m(z) Lyun(z), (4.20)
and
%mm@a:=—/Awwummwmvm@a@@
= - /a A(y)Vur(y) - Voo ()
Q (4.21)
=Qéﬂw%@@
= ma)falx)
= (fn: 0x)s

where we used (1.4) in the third equality and the definition of f, in the fourth one. Gathering
(4.20) and (4.21), we obtain (4.19). It therefore follows from (4.19) and Proposition 4.5 that,
for some € > 0,

[unllwrzrew,) S Wall2e,) - (4.22)
Proposition 4.2 shows that
||Uh||W1,2+s(Q) ~ ||%||W172+5(Fh) . (423)
Moreover,
1] oy < Oy (124)

17
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Indeed, by Cauchy-Schwarz and the fact that the measure of the support of ¢, is controlled
by a constant times m(x), one has for all z € 'y,

2
< Y / F)Pdz,
m(z) supp(pa)

and (4.24) follows by summing up on z € I';, and using the fact that the supports of the
functions ¢, have the bounded overlap property. Gathering (4.22), (4.23) and (4.24) yields
(1.8).

Let us now prove (1.9). First, by the results of [11] stated in the introduction, and since

L*(Q) — W~L2<(Q), one has

e

||u||W1’2+E(Q) <C ||f||L2(Q) : (4.25)

so that
lu — uhHWLHE(Q) <C ”f”L?(Q) : (4.26)
Interpolating between (4.26) and (1.5) gives (1.9) with
1
P
1

1_
2 2+e¢

.|

5 Estimates for general second elliptic operators on
graphs
In the present section, we prove estimates in L> and Hoélder spaces for general second order

elliptic on graphs, assuming suitable geometric properties on the graph I', which is assumed
to be unbounded.

5.1 Definition of the operators

Assume that, for all z ~ y, a coeflicient ¢;, € C is given, and that there exist C', > 0 such
that
|coyl < Coo Vo ~y (5.27)

and § > 0 such that, for all u € WH(T),
Re ey ldu(r ) 1y > 63 du(e ) (5.9
T~y r~y

We associate to these coefficients an operator, which is the discrete version of second order
uniformly elliptic operators in divergence form in R™. To that purpose, we use again a
classical construction of maximal accretive operators due to Kato ([14]). The operator d :
L*(T) — L*(E) is densely defined (see Remark 2.2) and closed, and the operator F' — cF is

18



hal-00664532, version 1 - 30 Jan 2012

clearly L?(E) bounded by (5.27). Since (5.28) holds, there exists a unique maximal accretive
operator L on L*(T) such that, for all w € D(L) and all v € W12(T),

S Lu(yo@@mla) = 3 codu(e,y)dole, g, (529)

zel (z,y)EFE
(recall that D(L) stands for the domain of L).

Remark 5.1 Note that assumption (5.28) is satisfied in particular when the coefficients
Cay are real-valued and satisfy cz,, > 0 whenever x # y. However, we do not make this
assumption in the sequel, and all that is needed is (5.28).

We say that L is a second order uniformly elliptic operator on L?(T") with ellipticity constants
Cs and §. Recall that D(L) is dense in L?(T") and that L generates a holomorphic semigroup
on L*(T). Note finally that, for all u € D(L),

Re (Lu,u) > ¢ |Vulf;. (5.30)

Remark 5.2 Let1 < p < +oo. Assume that u € D(L)NWP(T) andv € WH2(T)NW ' (T).
From the definition of L, we deduce that

[(Lu, v)| < CNVull Loy Vol Lo 1y

This and Remark 2.3 show that Lu extends to a bounded linear form on W' ('), with norm
less or equal to C||ullwiery . Thus L is a bounded operator from WHP(T') to W=12(T"), with
bound less or equal to C.

5.2 The estimates on L

Our first estimates deal with the resolvent of L. Let w € (0, %) be such that L is w-accretive
on L*(I), p € (3,7 —w) and

Y, ={2€C; z=0o0r |arg 2| < p}.
Let f € L*(T) and A € ¥,,. We are interested in weak solutions of the equation
Lu+Au=f. (5.31)

By “weak solution”, we mean a function u € W1?(T") such that, for all v € Wh2(T'),

S eydule, ) do(@ Piay + A S ul@)p@m(z) = 3 fe)o@m(x).

(z,y)EE zel’ zel’

We establish that, if (D), (L2) and (P,) hold, given f € L*(T') and A € X, (5.31) has a
unique weak solution in W12(T'), and that this solution actually belongs to C"(T) for some
n > 0:
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Theorem 5.3 Let ' be a graph satisfying (D), (La) and (Py). Let L be a second order
uniformly elliptic operator on L*(T) with ellipticity constants Cs, and 8. Let w be such that
L is w-accretive on L*(T') and p € (3, m —w). Then, for all f € L*(T') and all X € 5,
there exists a unique solution uw € WH(T') of (5.31). Moreover, there exist C,n > 0 only
depending on the constants in (D), (Ly) and (P2) and the constants of ellipticity of L such

that )
[ull ooy < C A2 [ fll 2y

and . 1
|U|(jn(r) SOAP[A2 ||f||L2(F) :

Theorem 5.3 is a version of the De Giorgi regularity theorem for elliptic equations in this
context.
We also obtain estimates on the kernel of the semigroup generated by L. Before stating the
Theorem, we introduce the following notations: for all z, y € I', h;_, is equal to 0 if z =y
and is the supremum of the weights of edges where at least one of the two vertices belongs
to the ball B(z,d(x,y)), when x # y. We then define

h;y = min<h;§ﬁy7 hZax)
Theorem 5.4 Let T be a graph satisfying (D), (La) and (Py). Let L be a second order
uniformly elliptic operator on L*(T') with ellipticity constants Cs, and §. We then have:

1. The operator L generates a holomorphic semi-group (e *£);~o on L?(T") which has a
kernel, denoted by Ky(x,vy) in the sequel. For all u € L*(T') and all x € T,

(e u)(x) =Y Kilw,y)uly).

yel

Moreover, there exist C, C', 3 > 0 depending only of the geometric constants and that
of ellipticity, such that for every (z,y) € T'? and t > 0 we have

a. ift < C'hid(z,y),
_ pd(z,y)

C _piz
t\4y =~ g )
|K(xy)|<te By

b. if t > C'hi,d(2,y),

C % (a,
i, y)| < Te P70

2. There exist constants C" and n > 0 depending only on the geometric constants and
that of ellipticity such that for every t > 0 and for every x,z',y € I, we have

, C" (d(z, o)\
WMM—M%MST(¢E).
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5.3 Proofs

We first focus on Theorem 5.3. We begin with the following observation:

Proposition 5.5 Let ' as above and L a second order elliptic operator on I, with ellipticity
constants Co, and 6. Then, for all X\ € C, L + X is a continuous operator from W12(T)
to W=12(T'). Moreover, when X =1, L + I is an isomorphism from W4(T') onto W—1%(T")
and the norm of its inverse is bounded by a constant only depending on 6.

Proof: That L+ A is bounded from W42(T') to W~1%(T") was already seen in Remark 5.2
above. The Lax-Milgram theorem, applied with the sesquilinear form

B(u,v) = Z Coydu(x, y)dv(T, Y)fhay + Zu(z)v(w)m(w)

(zy)eE z€l

which is clearly continuous and coercive on W12(T') thanks to (5.30), yields the invertibility
of L 4+ I and the bound on the norm of the inverse. r

Relying on Lemma 4.4 again and arguing as in Proposition 4.5, we prove:

Proposition 5.6 Assume that I' satisfies (D) and (P2) and L is an elliptic operator as
above. Then there exists € > 0 only depending on the geometric constants of I' and the
ellipticity constants of L such that L+1I is invertible from WP to WP forp € (2—¢,2+¢).

5.4 Proof of the estimates on L
We prove here Theorems 5.3 and 5.4.

5.5 Proof of Theorem 5.3

Let f € L*(T). Since L + I is an isomorphism from W12(T') onto W~12(T"), there exists a
unique v € W12(T') such that (5.31) is satisfied. Moreover, we have seen in Proposition 5.6
that, for some & > 0 L+1 is an isomorphism from W'?(T') onto W~1P(T') for p € (2—¢,2+¢).
Let p € (2,2 + ¢). Propositions 3.13 and 3.14 applied with ¢ = 0 = 2 yield

L*(T') = W(I)

and
WP (T) — C"(T).

Therefore (L + I)~! maps L*(T') into C"(T") with n =1 — %.
With an analogous argument, L + I can be replaced by L + Al for A € ¥, with |A| = 1:

1L+ X) " ullo < Cllull 2 (5.32)
and

|(L+ X)), < Cllull 2. (5.33)
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We now claim that there is a constant C' > 0 such that, for all A € ¥, \ {0},
_ 1
1L+ X)) ulloe < CIA7 | 2y

and )
_ n_1
(L4 M) ulen < CI277 ull 2y,

We treat the case where A > 0 using a scaling argument. A similar proof can be done for a
general A € X,,.

The scaling argument is as follows. For all a > 0, let I', be the set I', endowed with the
weights ahy,, and the measures o’u,,. Note that, if V, stands for the gradient in I,, one
has V. f = éV f. As a consequence, it is easily checked that, endowed with the distance d,,
defined by the weights ah,, and the measure a?m, the graph T, satisfies the assumptions
(D), (P) and (Ly) with the same constants as I

Consider now the operator L, on I'y, given by the coefficients ¢,,. A straightforward com-
putation yields that L, has the same ellipticity constants on I', as L on I'.

Let f € L*(T') and A > 0 be given. Define g := % f. Applying the conclusion of Theorem 5.3
with I" 5 and the operator L /5, one obtains that there exists a unique function u € WH*(I' )
such that

(Lyx+Tu=yg
on I' 5, and
C
HUHCn(r\/X) <C HgHLQ(I‘\/X) = ﬁ Hf”L?(r) :

Therefore, (L + Al )u = f on I'. Moreover,

C
||u||L°°(F) < ﬁ ||f||L2(F) J

and .
|U|Cn(r) <Cx= ||f||L2(F) )
which ends the proof of Theorem 5.3. r

5.6 Proof of Theorem 5.4

The proof of Theorem 5.4 is analogous to that of Proposition 28, p.59 in [1] in the Euclidean
case, and we only indicate the main differences.
Let us first recall that, for all ¢ > 0,

1
—tL zZA —1
= — L+ X)"d)\ 5.34
e %if< + ) (5.34)
where 7 is made of two rays vy := {reiw; r> %} and of the arc v 1= {%e“’; lo| < 9} where

¢ €]5, [, and v is described counterclockwise.
Combining (5.34) with Theorem 5.3, we obtain

_ _1
||6 tLUHLoo(F) S Ct 2||u||L2(F)7 t>0
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and

e ulgy < CECHDully, >0,
We finish the proof as in [19], Chapter 5, section 5.2, see also [1], Chapter 1. r
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