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MATHIEU RICHARD

ABSTRACT. In the present work, we consider spectrally positive Lévy processes (X¢,t > 0)
not drifting to +oo and we are interested in conditioning these processes to reach arbitrarily
large heights (in the sense of the height process associated with X') before hitting 0.

This way we obtain a new conditioning of Lévy processes to stay positive. The (honest)
law P! of this conditioned process is defined as a Doob h-transform via a martingale. For
Lévy processes with infinite variation paths, this martingale is (f pr(dz)e*” + It) Liy<gyy for
some « and where (It,t > 0) is the past infimum process of X, where (g;, ¢ > 0) is the so-
called exploration process defined in [10] and where Tp is the hitting time of 0 for X. Under
], we also obtain a path decomposition of X at its minimum, which enables us to prove the
convergence of P} as z — 0.

When the process X is a compensated compound Poisson process, the previous martingale
is defined through the jumps of the future infimum process of X. The computations are easier
in this case because X can be viewed as the contour process of a (sub)critical splitting tree.
We also can give an alternative characterization of our conditioned process in the vein of
spine decompositions.

1. INTRODUCTION

In this paper, we consider Lévy processes (X, ¢ > 0) with no negative jumps (or spectrally
positive), not drifting to +oo and conditioned to reach arbitrarily large heights (in the sense
of the height process H defined in [10]) before hitting 0. Let P, be the law of X conditional
on Xo =z and (F;,t > 0) be its natural filtration.

Many papers deal with conditioning Lévy processes in the literature. In seminal works by
L. Chaumont [6, 7] and then in [8], for general Lévy processes, L. Chaumont and R. Doney
construct a family of measures IP’;, x > 0 of Lévy processes starting from x and conditioned
to stay positive defined via a h-transform and it can be obtained as the limit

PL(O,t < () = lim P (6, < e/2|Xs > 0,0 < s < e/e)

fort > 0, © € F; and for e an exponential r.v. with parameter 1 independent from the process
X and where ( is the killing time of X. In the spectrally positive case, when E[X;] < 0, P!
is a sub-probability while, if E[X1] = 0, it is a probability. In [14], K. Hirano considers Lévy
processes drifting to —oo conditioned to stay positive. More precisely, under exponential
moment assumption, he is interested in two types of conditioning events: either the process
X is conditioned to reach (—oo, 0] after time s or to reach level s > 0 before (—oo, 0]. Then, at
the limit s — oo, in both cases, he defines two different conditioned Lévy processes which can
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be described via h-transforms. In [5, ch. VII], J. Bertoin considers spectrally negative Lévy
processes, i.e. with no positive jumps, and also constructs a family of conditioned processes
to stay positive via the scale function associated with X.

Here, we restrict ourselves to study spectrally positive Lévy processes and consider a new
way to obtain a Lévy process conditioned to stay positive without additional assumptions and
contrary to [8], the law of the conditioned process is honest. The process X is conditioned to
reach arbitrarily large heights before Ty := inf{¢t > 0; X; = 0}. The term height should not
be confused with the level used in the previously mentioned conditioning of Hirano. It has
to be understood in the sense of the height process H associated with X and defined below.
More precisely, for t > 0,0 € F;, we are interested in the limit

lim P, (@,t <Tp

a— 00

sup Hg > a) : (1)
0<s<Tp

In the following, we will consider three different cases for the Lévy process X: a Lévy
process with finite variation and infinite Lévy measure, a Lévy process with finite variation
and finite Lévy measure and finally a Lévy process with infinite variation.

In the first case, as it is stated in Theorem 2.3, the conditioning in (1) is trivial because
P, (supg<;<p, Ht > a) =1 for all positive a.

In the second case, X is simply a compensated compound Poisson process whose Laplace
exponent can be written as

D) = )\—/(0 a MY A(dr)

where A is a finite measure on (0, 00) such that m := f(o,oo) rA(dr) < 1 (without loss of
generality, we suppose that the drift is —1). Thus, X is either recurrent or drifts to —oo and
its hitting time Ty of 0 is finite a.s. In this finite variation case, the height H; at time ¢ is the
(finite) number of records of the future infimum, that is, the number of times s such that
X, <inf X.
[st]

The process X is then conditioned to reach height a before 7y. In the limit a — oo in
(1), one obtains a h-transform defined via a martingale which depends on the jumps of the
future infimum. In the particular case m = 1, this martingale is X.,7;, and we recover the
same h-transform as the one obtained in [8]. The key result used in our proof is due to A.
Lambert [19]. Indeed, the process X can be seen as a contour process of a splitting tree
[13]. These random trees are genealogical trees where each individual lives independently of
other individuals, gives birth at rate A(R1) to individuals whose life-lengths are distributed
as A(-)/A(R™). Then, to consider X conditioned to reach height n before T is equivalent to
look at a splitting tree conditional on having alive descendance at generation n.

Notice that we only consider the case when the drift a of X equals 1. However, the case
«a # 1 can be treated in the same way because X is still the contour process of a splitting
tree but visited at speed a.

We also obtain a more precise result about conditional subcritical and critical splitting
trees. For n € N, set P the law of a splitting tree conditional on {Z,, # 0} where Z,, denotes
the number of extant individuals in the splitting tree belonging to generation n. In fact,
(Z,,n > 0) is a Galton-Watson process. We are interested in the law of the tree under P" as
n — oo. We obtain that under a xlog z-condition on the measure A, the limiting tree has a
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unique infinite spine where individuals have the size-biased lifelength distribution m~!zA(dz)
and typical finite subtrees are grafted on this spine.

The spine decomposition with a size-biased spine that we obtain is similar to the con-
struction of size-biased splitting trees marked with a uniformly chosen point in [11] where all
individuals on the line of descent between root and this marked individual have size-biased
lifelengths. It is also analogous to the construction of size-biased Galton-Watson trees in
Lyons et al. [23]. These trees arise by conditioning subcritical or critical GW-trees on non-
extinction. See also [2, 12, 17]. In [9], T. Duquesne studied the so-called sin-trees that were
introduced by D. Aldous in [2]. These trees are infinite trees with a unique infinite line of
descent. He also considers the analogous problem for continuous trees and continuous state
branching processes as made by other authors in [16, 17, 21].

We finally consider the case where X has paths with infinite variation. Its associated
Laplace exponent is specified by the Lévy-Khintchine formula

P(N) = aX + BA + / A(dr)(e ™ — 14 Ar)
(0,00)

where a > 0, f(o %) A(dr)(r A7?) < oo and either 8 > 0 or f(o 1)A(dr)r = 00. In order to

compute the limit (1) in that case, we use the height process (Hy,t > 0) defined in [10, 20]

which is the analogue of the discrete-space height process in the finite variation case. We set

St == supygy X. Then, since 0 is regular for itself for S — X, H is defined through local time.

Indeed, for ¢t > 0, H; is the value at time ¢ of the local time at level 0 of S® — X® where
X® is the time-reversed process of X at ¢

XMW i=Xpm — X s€[0,t]

with the convention Xo_ = Xj) and S 9 ‘= SUPg<,< Xr(t) is its past supremum.
0<r<s
Under the additional hypothesis
dA
— < oo, (2)
~/[1,+oo) w()‘)

which implies that X has paths with infinite variation and that the height process H is locally
bounded, we obtain a similar result to the finite variation case: the limit in (1) allows us to
define a family of (honest) probabilities (]P’l,x > 0) of Lévy processes conditioned to stay
positive via a h-transform and the martingale

Hy
/0 pr(dz)e* <)

where p;(-) is a random positive measure on R™ which is a slight modification of the exploration
process defined in [10, 20] and o = ¢/(0) > 0 (since X does not drift to +00).

Again, in the recurrent case (i.e. if @ = 0), we observe that the previous quantity equals
Xiam, and we recover the h-transform h(x) = x of [8] in the spectrally positive case. Indeed,
for general Lévy processes, the authors consider the law of the Lévy process conditioned to
stay positive which is defined via the h-transform

h(z) =E /[ : Lp> oydLy
0,00
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where [ is the past infimum process and L is a local time at 0 for X — I. In the particular
spectrally positive case, L = —I and h is the identity.

Under ]P’l, the height process (Hy,t > 0) can be compared to the left height process E
studied in [9]. In that paper, T. Duquesne gives a genealogical interpretation of a continuous-

state branching process with immigration by defining two continuous contour processes

and H that code the left and right parts of the infinite line of descent. We construct two
similar processes for conditioned splitting trees in Section 3.

We also obtain a path decomposition of X at its minimum: under IP’;, the pre-minimum
and post-minimum are independent and the law of the latter is PT which is, roughly speaking,
the excursion measure of X — I conditioned to reach ”infinite height”. For similar results,
see [6, 7, 8] and references therein. As in [8], the decomposition of X under P} implies the

convergence of Pl as 2 — oo to PT. This probability can be viewed as the law of the Lévy
process conditioned to stay positive and starting from 0.

The paper is organized as follows. In Section 2, we treat the finite variation case and
investigate the limiting process after stating some properties about splitting trees. Section
3 is devoted to studying the conditioned splitting tree and Section 4 to considering Lévy
processes with infinite variation and to giving properties of the conditioned process.

2. FINITE VARIATION CASE

2.1. Definitions and statement of result. Let A be a positive measure on (0,00) such
that A £ 0 and

/ (z A D)A(dz) < oo

(0,00)

and let (X, t > 0) be a spectrally positive Lévy process with Lévy measure A and such that
Eq [e_’\Xt} = ew(/\), A>0

where P, is the law of X conditioned to Xg = z and
Y(A) =\ — / (1 — e )A(dr).
(0,00)

We denote by F; := 0(X5,0 < s < t) the natural filtration of X. We will suppose that
m = f(O,oo) rA(dr) < 1 that is, X is recurrent (m = 1) or drifts to —oo (m < 1). Then
the hitting time Ty := inf{¢t > 0; X; = 0} is finite almost surely. Observe that since X is
spectrally positive, the first hitting time of (—o0, 0] is Tp.

Definition 2.1. The height process H associated with X is defined by

H; ::#{0<S<t;Xs_< inf XT}.

s<r<

We set

(st <--<sf'}:={0<s<t<TpX. < inf X},
s<r<t
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and we denote the jumps of (IL,s < t) by pt := infsg'grgt Xr — Xgi_ for 1 < ¢ < H; and
ph = info<,<¢ X, (see Figure 1).

The assumption [, (0,00) (x A1)A(dz) < oo implies that the paths of X have finite variation
and then for all positive ¢, H; is finite a.s. (Lemma 3.1 in [20]).

Remark 2.2. The process X can be seen as a LIFO (last in-first out) queue [20, 26]. Indeed,
a jump of X at time t corresponds to the entrance in the system of a new customer who
requires a service AX; := Xy — Xi—. This customer is served in priority at rate 1 until a
new customer enters the system. Then, the p!’s are the remaining service times of the Hy
customers present in the system at time t.

The sequence (p!,i < H;) can be seen as a random positive measure on non-negative
integers which puts weight p! on {i}. Its total mass is X; and its support is {0, ..., H;}. We
denote by S the set of measures on N with compact support. For v in S, set v; := v({i}),i > 0
and

H(v) := max{i > 0;1; # 0}.

Then, according to [26, p.200], the process (p™\10,¢ > 0) is a S-valued Markov process. Its
infinitesimal generator A is defined by

A(f)(l/) = [/(0 )(f(Vanly'"7VH(V)>T707"') _f(y()aylv"'aVH(V)?O?'")) A(d?“)
of

B 83:H(,,)

(V[),...,I/H(V),O,...) 1{,}7,50}. (3)

\J

|

|

|

|

|

|

|

|

|

: f
1 2 T
Sy S3 0

FIGURE 1. A trajectory of the process X started at x and killed when it
reaches 0 and the remaining service times at time ¢ p! for i € {0,..., H;}.

In the following proposition, we condition the Lévy process X to reach arbitrarily large
heights before Tj.
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Theorem 2.3. (i) Assume that b:= A(R™T) is finite and
(m =1 and / 22A(dz) < oo) or (m <1 and / zlog(2)A(dz) < oo) .
(0,00) [1,00)
Then, fort > 0 and © € Fy,

lim P, <@,t <Tp

a—o0

1
sup Hs > a) = *Ex [Mt/\To ](9]
s<Tp €T

where
Hy
t. —1
Mt:E pim=".
i=0

In particular, if m = 1, then M; = X;. Moreover, the process (Mint,,t > 0) is a (F)-
martingale under P,.

(i) If b = oo, the conditioning with respect to {supyc(o 1) Hs > a} is trivial in the sense
that for all a > 0, Py(supse (o) Hs > a) = 1.

Observe that if b < 0o, the process X is simply a compensated compound Poisson process
whose jumps occur at rate b an are distributed as A(-)/b.

The proof of this result will be made in Section 2.3. It uses the fact that X can be viewed
as the contour process of a splitting tree visited at speed 1. The integrability hypotheses
about A are made in order to use classical properties of (sub)critical BGW processes that
appear in splitting trees.

Notice that the case where X is a Lévy process with Laplace exponent (\) = a\ —
f(O,oo)(]' — e *)A(dr) and b < oo can be treated in a same way if m < a. Indeed, in that
case, X is still the contour process of a splitting tree but it is visited at speed «. Theorem
2.3 is still valid but the martingale becomes

H; .
o K3
Mint, = pr (E) Li<myy-
i=0
Before the proof, we define the splitting trees and recall some of their properties.

2.2. Splitting Trees. Most of what follows is taken from [19]. We denote the set of finite

sequences of positive integers by
oo

u=Jm"
n=0
where (N*)? = {0}.

Definition 2.4. A discrete tree T is a subset of U such that

(i) 0 € T (root of the tree)
(ii) if uj € T for j €N, then uw € T (if an individual is in the tree, so is its mother)
(iii) Yu € T, K, e NU{oo}, Vj € {1,...,K,},uj € T (Ky is the offspring number of u).

If u= (u1,...,up) € T, then its generation is |u| := n, its ancestor at generation i is
denoted by u|i and if v = (v1,...,v,,) we denote by wv the concatenation of u and v

UV = (UL, e oy Upy Ve ey Upp)-
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In chronological trees, each individual has a birth level o and a death level w. Let p1, p2
be the two canonical projections of U :=U x [0, +00) on U and [0,00). We will denote by T
the projection of T C U on U

T :=p1(T) ={u:3Jo >0, (u,0) € T}.

Definition 2.5. A subset T of U is a chronological tree if
(i) p:=(0,0) € T (the root)
(ii) T is a discrete tree
(111) Yu € T\{0}, 30 < a(u) < w(u) < oo such that (u, o) € T if and only if a(u) < o < w(u).
a(u) (resp. w(u)) is the birth (resp. death) level of u
(v) if ui € T, then a(u) < a(ui) < w(u) (an individual has only children during its life)
(v) if ui,uj € T then i # j implies a(u;) # a(u;) (no simultaneous births).

For u € T, we denote by ((u) := w(u) — a(u) its lifetime duration. For two chronological
trees T, T and = = (u,0) € T such that o # w(u) (not a death point) and o # a(ui) for any
i (not a birth point), we denote by G(T’, T, x) the graft of T on T at z

G(T',T,z) :=TU{(wv,0+ 1) : (v,7) € T'}.

Recall that A is a o-finite measure on (0, co] such that f(o 00) (r A1)A(dr) < co. A splitting
tree [11, 13] is a random chronological tree defined as follows. For z > 0, we denote by P,
the law of a splitting tree starting from an ancestor individual () with lifetime (0,z]. We
define recursively the family of probabilities P = (P;)z>0. Let (o, (;)i>1 be the atoms of a

Poisson measure on (0, ) x (0, +o00] with intensity measure Leb® A where Leb is the Lebesgue
measure. Then P is the unique family of probabilities on chronological trees T such that

T= U G(Tn,@ X (O,CL'),Oén)
n>1
where, conditional on the Poisson measure, the (T,) are independent splitting trees and for
n > 1, conditional on ¢, = ¢, T, has law P¢.
The measure A is called the lifespan measure of the splitting tree and when it has a finite
mass b, there is an equivalent definition of a splitting tree:
e individuals behave independently from one another and have i.i.d. lifetime durations
distributed as %,
e conditional on her birthdate « and her lifespan (, each individual reproduces according
to a Poisson point process on («, « + ¢) with intensity b,
e births arrive singly.
We now display a branching process embedded in a splitting tree and which will be useful
in the following. According to [19], when b < oo, if for n € N, Z, is the number of alive
individuals of generation n
Z,=#{veT:|v|=n}, (4)
then under P, (Z,,n > 0) is a Bienaymé-Galton-Watson (BGW) process starting at 1 and
with offspring distribution defined by

k
oo [ MEEL s (5)
(000) b k!

Notice that under P, (Z,,n > 1) is still a BGW process with the same offspring distribution
but starting at Z;, distributed as a Poisson r.v. with parameter bx.
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Because of the additional hypothesis m < 1 (resp. m = 1), the splitting trees that we
consider are subcritical (resp. critical). Then, in both cases they have finite lengths a.s. and
we can consider their associated JCCP (for jumping chronological contour process) (Y, t > 0)
as it is done in [19].

It is a cadlag piecewise linear function with slope —1 which visits once each point of the
tree. The visit of the tree begins at the death level of the ancestor. When the visit of an
individual v of the tree begins, the value of the process is her death level w(v). Then, it visits
v backwards in time. If she has no child, her visit is interrupted after a time ((v); otherwise
the visit stops when the birth level of her youngest child (call it w) is reached. Then, the
contour process jumps from a(w) to w(w) and starts the visit of w in the same way. When
the visits of w and all her descendance will be completed, the visit of v can continue (at this
point, the value of the JCCP is a(w)) until another birth event occurs. When the visit of
v is finished, the visit of her mother can resume (at level a(v)). This procedure then goes
on recursively until level 0 is encountered (0 = () = birth level of the root) and after that
the value of the process is 0 (see Figure 2). For a more formal definition of this process, read
Section 3 in [19].

Y;

tA A

. N

FIGURE 2. On the left panel, a splitting tree whose ancestor has lifespan
duration z (vertical axis is time and horizontal axis shows filiation) and its
associated Jumping Chronological Contour Process (Y;, ¢t > 0) on the right
panel.

»
>

Ty ¢t

Moreover, the splitting tree can be fully recovered from its JCCP and we will use this corre-
spondence to prove Theorem 2.3. It enables us to link the genealogical height (or generation)
in the chronological tree and the height process of the JCCP.

Proposition 2.6 (Lambert,[19]). The process (Yi,t > 0) under P, has the law of the Lévy
process (X, 0 <t <Tpy) under P.
Moreover, if, as in Definition 2.1, for t > 0, we consider

= <s<tY,_ i
h(t) #{0 < s < ;Y <Sg:fgtY,,}7

then h(t) is exactly the genealogical height in T of the individual visited at time t by the
contour process.
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2.3. Proof of Theorem 2.3. Thanks to Proposition 2.6, the process X is the JCCP of a
splitting tree with lifespan measure A. For a > 1, let 7, := inf{t > 0; H; > a}. Then,
{sups<p, Hs > a} = {7, < Tp}. Furthermore, according to the second part of Proposition
2.6, the events {X reaches height a before Ty} and {the splitting tree is alive at generation
a} coincide.

We first prove the simpler point (ii) of Theorem 2.3 where b = co. According to [19], if for
n > 0, Z, denotes the sum of lifespans of individuals of generation n in the splitting tree

Zni= Y, <),
veT,Jv|=n

then under P,, the process (Z,,n > 0) is a Jirina process starting at  and with branching
mechanism

F(\) = /(0 (1A =X —v)

that is, Z := (Z,,n > 0) is a time-homogeneous Markov chain with values in R*, satisfying
the branching property with respect to initial condition, (i.e. if Z% and Z° are two independent
copies of Z respectively starting from a and b, then Z® 4+ Z° has the same distribution as Z
starting from a + b) and such that

E, [ef,\zn} — o~ TFa(Y)

where Fj, := F o---o0 F is the n-th iterate of F'. Hence, since H is the genealogical height in
the splitting tree ,

Pu(1a < Tp) =Py(Zy #0) =1 —exp <—a: lim Fa()\)) =1
A—00
by monotone convergence and because the mass of A is infinite.

We now make the proof of Theorem 2.3(i) and suppose that b is finite.

sup Hs > a

P, (@, t < Ty
s<Tp

P (0,7 <t <Tp) + P (0, <74 < Tp) (©)
N P (1, < Tp)

We will investigate the asymptotic behaviors of the three probabilities in the last display as
a — 0.

As previously, H is the genealogical height in the splitting tree but in this case, we can use
the process (Z,,a > 1) defined by (4). As explained above, this process is a BGW process
with offspring generating function defined by (5) and such that under P,, Z; has a Poisson
distribution with parameter bx. With an easy computation, one sees that the mean offspring
number equals m = | (0,00) rA(dr) < 1. Hence the BGW-process is critical or subcritical. We
have

Po(ta < To) =Pu(Za #0) = Y Pu(Za #0121 = k)Pu(21 = k)
k>0

and by the branching property,
Po(Z, #0121 =k)=1—(1-P(Z,_1 #0)* ~ KkP(Z,_1#0).

a—00
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We first treat the subcritical case. According to Yaglom [27], if (Z,,n > 0) is subcritical
(m < 1) and if 34, pr(klogk) < oo, then there exists ¢ > 0 such that

lim P(Zn 7 0) =c. (7)

n—00 mm

In the following lemma, we show that this log-condition holds with assumptions of Theorem
2.3.

Lemma 2.7. If f[l 00) zlog(2)A(dz) < oo, then 3y~ pr(klogk) < occ.

Proof. According to (5),

-1 (bz)k —bz
> prkloghk =) klogkb A(de)— e

k>2 k>2 (0,00)

_ _ bz)k
=b 1/ A(dz)e™%* klogk(
(0,00) ()2 k!

k>2

by Fubini-Tonelli theorem. Since we have

logkﬁg—klogz, k>22>0,
z

(bz)k k (bz)k
> klogk k! <>k ~—1+logz )

k>2 k>2
Zk—l k Zk—lbk
Sk log>y"
S 2Ty AR L o)
k>2 E>2

< b(z + 1)e’ + bz log ze

and
Zpkklogkg/ A(dz)(z+ 1+ zlog z) < oo.
E>2 (0,00)
g

Then if f[l o0y PogTA(dr) < oo, the log-condition of (7) is fulfilled and there exists a
constant ¢ such that
lim P(Z,_1 # 0|21 =1)/m" ' =c.
a— o0

Then,
lim P(Za #0121 = k) = kec.
a—00 mo—1
Moreover,
P(Z, # 0|21 = k) < kP(Z, # 0|21 =1) < Ck
ma—l — ma—l —
and

> CkP.(21 = k) = CE.[Z1] = Cbz < o0
k>0
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where C' is some positive constant. Hence, using the dominated convergence theorem,

i P:c (Ta < TO)
m ———
a—00 moa—1

= cE;[Z1] = cbx (8)

Similarly, if (Z,,n > 0) is critical (m = 1), since the variance of its reproduction law

02—Zk2pk—m2—b/

22A(dz) —m+m? = b/ 22 A(dz)
>1 (0,00)

(0,00)

is finite, one also knows [3] the asymptotic behavior of P(Z,, # 0). Indeed, we have Kol-
mogorov’s estimate

2
hm nP(Z, #0) = —. 9)
o
Then
. PZ(TQ < To) . 2
Mo 2 1o

We are now interested in the behavior of P, (0,7, < t < Tp) as a — oo. In fact, we will show
that it goes to 0 faster than m®~! (resp. 1/a) if m < 1 (resp. m = 1). Since b = A(RT) < oo
the total number N; of jumps of X before ¢ has a Poisson distribution with parameter bt.
Hence, since {7, <t} C {N; > a},

Pr (0,7 St<Tp) SP(N;>a)=)Y e (bf) < (bt)*

| |
1. a.
i>a

Thus, using the last equation and equation (8) or (10), the first term of the r.h.s. of (6)
vanishes as a — oo for m < 1.

We finally study the term P, (0,t < 7, < Tp). For a word u, i € N and = € R, we denote
by A(u,i,z) the event {u gives birth before age = to a daughter which has alive descendance
at generation |u| 4 i}, that is, if |u| = 7,

A(u,i,x) :={3Fv e U;|v]| =i,uv € T and a(uv|j + 1) — a(u) < z}.
Let vy be the individual visited at time . Hence, using the Markov property at time ¢ and
recalling that © € F;, we have
Py (@7t < Te < TO =E, []{t<To}]{t<Ta}1@)P (Ta < TO’]:t)]
Hy
Hy
]—"t> —1-T] (1 — Py (Zai # 0)) a.s.
i=0

Leny Yi<r, 1 10Ps (U A(veli,a —1, pk)

1=0

and by the branching property,

H;
T (U A(Ut‘i’ a — ’i, plzt)

1=0

As previously, since computations for subcritical and critical cases are equivalent, we only
detail the first one. We have, with another use of (7),

(UAUt|Z(I i, pt) ) E m* ol as.
a—r o0
1=0
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We want to use the dominated convergence theorem to prove that

Hy
ah_glo ml—aﬂpx (@, <7 < To) = cbE, []{t<T0}]'@ z; pgm_z]
1=
and then, using (8),

a—o0 SSTO

lim P, (@,t < Ty

Hy

1 .

sup Hy > CL) = EEZ‘ []{t<To}1@ E me Z]
=0

so that the proof of the subcritical case would be finished. We have almost surely

Ht Ht
m™Py(7e < TO‘}—t)]{KTO} <m™* me(A(vt’ia a—t, pg))l{KTo} < Zpgm_Z]{KTo}
i=0 1=0

where C is a positive, deterministic constant. Hence, to obtain an integrable upper bound,
since E[pf1i;<3] < , it is sufficient to prove that

Hy ‘
Zﬂﬁmzl < oo (11)
=1

in order to use the dominated convergence theorem. Recall that X ) denotes the time-reversal
of X at time ¢

By

XW =X -~ X s€[0,t], (Xo- = Xo)

S

and S is its associated past supremum process
S® = sup{X® : 0 < r < s}.
It is known that the process X® has the law of X under Py [5, ch.IT]. We also have
Hy =Ry = # {o <s<tXx® = Sgﬂ}

which is the number of records of the process S®) during [0, ] and the pl’s are the overshoots
of the successive records. More precisely, if we denote by 77 < Ty < --- the record times of
X® the overshoots are

pii=XY — sup X i> 1.

b 0<s<Ty .
We come back to the proof of (11). We have

Ht Rt Rt

t_i . i i Ri—1 - i Ri—1
> pmT =D preiam T =Y pm T =N T
=1 i=1 i=1 1>1

We denote by (.7?57 s > 0) the natural filtration of X®). Thus, using Fubini-Tonelli theorem
and the strong Markov property for X® applied at time 7}

Hy
. [Z pgm"'] =) E {ﬁimi_Rt_ll{ﬁSt}] =m ') E [ﬁ"l{fiﬁ}f(t -T)
i=1 i>1

i>1

where

O P

mits
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However, as previously, we have almost surely R; < N; where Ny is the number of jumps of
X or X® before ¢ and so has a Poisson distribution with parameter bt. Thus,

f(S) < E[miNs] = exp (bs(mfl _ 1)) — f8
where k is some positive constant and

Hy
Zplfmi] <m7let Y B [psTi<t].
i=1

i>1

Ey

Moreover,
t
E [’5“TZ < t} =E [ﬁil{fz‘*fiﬂgtfﬁq}1{T¢71§t}] = /0 ]P)(Tifl € dS)E [ﬁl;Tl <t-— 5]

<E [ﬁl;fl < t} P(T;—1 < t)

since <(ﬁl,ﬂ —Ti1),i> 1) are i.i.d. random variables. Then

Hy
E, !Z pgm—i] < m LM [ﬁl; T < t} SOR(T < t) = mleME [ﬁl; Ty < t} S P(R, > ).
i—1 i>0 i>0

The sum in the r.h.s equals E[R;] which is finite since R; < N; a.s. According to Theorem
VIL17 in [5], the joint law of (Xj(f), AX;@) is given by

1 1

E [F (X@,AX%)> Ty < oo] :/

7 0o A(dy)/o dzF(x,y). (12)

: ~ t
Thus, since {T} <t} C {X,-_(Fl)— > —t},

~ )
E [Pl;T1 < t} <E [pll{AX(Tt)—X(Tt)gt}l{Tl<oo}] = /(0 M)A(dy)/o o1y _p<pyde
1 1 ’

=/ A(dy)(yt—t2/2)+/ A(dy)y*/2 < oo
(t,00) (0,1]

and the proof of (11) is completed.
Finally, in the critical case m = 1, computations are similar. Thanks to (9),

1 o, 1d8 ;2 12
P, UA(vt\z,a—z,pi) Fi o Ezpiﬁb: 5§Xt a.s.
i=0 =0

by the definition of the p!’s. Moreover, when m = 1, the process X is a (F;)-martingale and
E.[X:] = E;[Xo] = . Then, by the dominated convergence theorem,

. 2b

lim aP, (0,t < 7, < Tp) = ;EI [Xiat, 16]

a—o0

and then, using (10),

lim P, (@,t <Tp

a—o0

1
sup Hy > a) = —E; [Xinr, 0] -
s<Ty x



hal-00599921, version 2 - 30 Jan 2012

14 MATHIEU RICHARD

We conclude the proof by showing that (Maz,,t > 0) is a (F;)-martingale. First, if m =1,
we have My = X; and as it was stated just before, in this case, the process X is a martingale
and so is X.o7,. We now consider the case m < 1. Recall from (3) that the infinitesimal
generator of (p\10 ¢ > 0) is

.A(f)(l/) = [/(0 )(f(y()ayla'"7VH(V)>T707"') _f(V07V17"'aVH(u)7O7'")) A(d?“)
of

B 3xH(,,)

(l/[), .. ,VH(,/),O, .. ):| 1{1,7,50}, veSs.

Let g be the application from S to R such that

H(v) '
g(v) = Z vm~', ves. (13)
=0

Clearly, we have g(p""10) = M7, According to [25, ch.VII], if G, := {o(p"),0 < 7 < t}, to
prove that M is a (G;)-martingale, it is sufficient to show that A(g) = 0. For v € S, we have

Alg)(v) = (/(0 )(g(l/) +rm™ T — g(v))A(dr) — m_H(”)) Loy

= (/(0 )rA(dr)’m_H(”)_l - m_H(”)) 20y = 0.

Then, M.s1, is a (G¢)-martingale. Moreover, since (p',1) = Xy, F; C G; and clearly G; C F;.
Then, F; = G; and M., is a (F;)-martingale. O

2.4. A new probability.

Definition 2.8. For xz > 0, we define a new probability measure Pl on (Q,F) by
1
PL(0) = —Eu [Minplo], © € Fi.

First, notice that since M. 7, is a martingale, this definition is consistent and that this new
measure is honest, that is, it has mass 1. Second, (X, ¢ > 0) is no more Markovian under }P’l
while (p*,t > 0) is because P} is obtained by a h-transform via the application g defined by

(13).
Proposition 2.9. Under IP’I,, in probability,
Xt — + O0.
t—o00

Proof. 1t is sufficient to prove that for all positive A, Eg [e*)‘Xf] — 0 as t tends to co. First,
in the critical case m =1,

_ 1
E! [e )‘Xt} ==

_E, [e*AXtXMTO] =0 (14)

using dominated convergence theorem, because (X7, > 0) is a non-negative martingale
converging a.s. to 0 and the mapping = — e **z is bounded on R¥.
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We now suppose that m < 1. Then, for all positive a, distinguishing between H; > a and
H; < a, we have

1
E} [e %] = —E,
X

H;

—AX —i t

e MY mT Py
=0

Hy _
1 _ . m~ _
< By e AN T ey Ypsay |+ Pa(t < To) + — B {6 AXtXtATo}
=1

since Y, pt = X;. The second term of the r.h.s is an upper bound of the term i = 0 of the

sum and it goes to 0 as t tends to oo since Tj is finite a.s. So does the third term similarly to
the critical case in (14). Then, to finish the proof, it is sufficient to show that the first term
tends to 0 uniformly in ¢t as a goes to co. We have

Ht Ht
A(t,a) = E, le_AXt Z m_lpfl{t<To}1{Ht>a}] <E; le_A(Xt_It) Z m_ZP§1{t<TO}1{Ht>a}]
i=1 i=1
and as in proof of Theorem 2.3, by time reversing at time ¢, we have
A(tv CL) < ZE [e_AStm_(Rt_i+1),5i1{’fi<t} 1{Rt>a}i| - Zmi_lBi(ta a)
i>1 i>1

where the T}’s are the times of successive records of the supremum process S, the p;’s are the

Ry
associated overshoots and R; is the number of records up to time ¢. In particular, S; = Z Pj-
j=1

On the one hand, let us treat the case when i < a. Since {R; > a} C {T, < t} and by
applying the strong Markov property at time T,,

Ry
Bi(t, a) <E H e i miRtﬁil{Tagt}

=1
[ a Ry

=E He_)‘ﬁjﬁil{fagt}]}i H e i~ B ]?Ta
=1 j=a+1
I a

=E | [[ e pitps,cym “ft = To) (15)
j=1

where for s > 0, f(s) == E [H]R:Sl e—/\ﬁim_RS}. This function f is bounded. Indeed, for
s >0,

i

fls) =S mE H VT <s < T | <> m BT (1, 4, o)
j=1

i>1 i>1 j=1

. . i
< Zm_ZE {e_kpl;Tl < oo}
i>1
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since the r.v. (p;, T] — Tj—l)jzl are i.i.d. Applying equation (12) with the function F(x,y) =

e~ we have

. e )
E [ P 1{T1<oo}] /(0 - A(&U)f =l-—"

<Z (—(/\))i<oo

since 1 — 9 (A)/A < m for all positive /\ because m = 1 —¢/(0) and ® is strictly convex.
We come back to (15). If we denote by C an upper bound for f, for i < a,

Then,

B;(t,a) < Cm™¢ H E [ 7)\[)]1 T~j71§t}] E [eiAﬁiﬁil{TrTiASt}}

J=Lj#
a—1
—agp [ —2p —\p1 ~
< Cm™°E [ P1 1{T1<Oo}} E {e p1p11{Tl<oo}]
Applying again (12) with F(x,y) = xze~**, we obtain
_ PN (V)
E |:p1€ )\pll{T1<oo}:| b\ — T < 00. (16)
Hence,
a a—1 a
Zmi_lBi(t, a) < C(\)m~ett < ¢(}\/\ > m'
i=1 1=1
a—1
< C(\)am™t! <1 - 1?()\)) . (17)

On the other hand, for ¢ > a, as in previous computations, we apply the strong Markov
property at time 7; to obtain

Z m1IB;(t,a) < Z E liIe_)‘ﬁjﬁil{fiSt}m_lf(t—Ti)

i>atl i>atl | j=1
< Cm™! E e 51,7 - 1.;
= Pi{ Ty —T; <t} {Ty_1 <t}
i>a+1

< Cm™! <¢/(’\)—M> > PR zi-1)

A A2 ,
1>a+1

where we have first used the previous function f and its upper bound C' and then that
(pi, Ty — T;_1) is independent from T;_; and equation (16).

Then
> mIBi(t,a) < C(A) ) P(Roo > i) (18)
i>a+1 i>a

where C (\) is a finite constant independent from ¢ and a and R := limy_, o Ry € N is the
total number of records of S. Moreover, thanks to the strong Markov property, Roo follows
a geometric distribution with success probability P(7; = co) = 1 — m according to (12) with
F=1
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Finally, putting together (17) and (18), we obtain

. . )\ a—1
A(t,a) <> m'Bi(t,a) < C(N) [ am ! <1 —~ W) + ) P(Roo > i) (19)
; A ;
i>1 i>a
where C()) is a finite constant independent from ¢ and a. The first term of the r.h.s. of (19)
goes to 0 as a goes to oo since 1 — ¥(A)/A < m. The second term also tends to 0 because
E[Rsx] = (1 —m)~! is finite. Hence, we have proved that A(t,a) tends to 0 as a — o0

uniformly in ¢ and EJ. [e=*%t] — 0 which ends the proof. O

3. CONDITIONED SUBCRITICAL AND CRITICAL SPLITTING TREES

In the previous section, we have defined the law of a conditioned Lévy process by using
properties of (sub)critical splitting trees. Here, we study conditioned splitting trees by using
the same properties about BGW-processes. More precisely, we are interested in the behavior
as n — oo of a (sub)critical splitting tree conditioned to be alive at generation n and we want
to give a spine decomposition of the limiting tree. We also give the distribution of its contour
process which visits the left part of the spine.

We will use notation of Section 4.4 of [18]. For n > 0 and u € T, we denote by E,(u) the
event {u has an extant descendance at generation |u| 4+ n}. For simplicity of notation, we will
denote by E, the event E, (). Let P™ be the law of the splitting tree on this event

P" .= P(:|E,) = P(-|2, > 0).

On the event E,, we define a distinguished lineage uguy - - - u;, as the first lineage of the
tree that reaches generation n as explained below. First, uj = () and one defines recursively:

for i > 1, ugu? ---u} is the youngest daughter of uju? ---u]' ; that has a descendance at

generation n. We set U™ := u@uf} - - -4 and we denote by
B" := {x € T;pi(x) = UM|k for 0 < k < n}

this lineage of T defined on the event E,. For 0 < k < n — 1, the age at which the individual
U™ |k gives birth to individual U™|k + 1 is

AR = (U™ +1) — a(UM|k),
its residual lifetime is

R} := w(U™|k) — a(U™|k + 1)
and its total lifelength is denoted by 1}' = A} + R}j!. Observe that modulo labelling, the
sequence ((A7,Rp),0<k<n—1) and A} := w(U™) — a(U™) characterizes the spine B".

In the following, when we say that a tree (marked with a special lineage) converges for
finite truncations, we mean that there is convergence for events that are measurable with
respect to the o-field generated by the truncations {x € T;pa(z) < o}, o > 0.

Theorem 3.1. We suppose that b < oo and that either m < 1 and f[l 00) zlog(z)A(dz) < o0

orm =1 and f(o 00) 2?2A(dz) < oo. Then, as n — oo, the law of B™ under P" converges
for finite truncations to an infinite spine B whose distribution is characterized by an i.i.d
sequence (Ag, Ri)k>0 such that

—

(Ao, Ro) 2 (UD, (1 — U)D)
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where U is a uniform r.v. on (0,1) independent from the size-biased r.v. D

A(d
i <Z) z> 0.
m

P(Dedz) =

Moreover, if (x;,i € N) are the atoms of a Poisson measure on B with intensity b, then as
n — oo, the law of T under P™ converges for finite truncations to an infinite tree with a
unique infinite branch B on which are grafted at points (x;) i.i.d. trees with common law P.

Proof. First, for t > 0 we denote by K, (¢) the number of individuals at time ¢ that have alive
descendance at generation n. Then, as n — oo, P(K,(t) = 1|2, > 0) — 1. Hence, the
limiting tree under P™ has a unique infinite branch.

We now investigate the law of this limiting spine. Let p be a natural integer. We denote
by FP the o-field generated by the lifespans of all individuals until generation p — 1 and the
numbers and birthdates of their daughters.

Under P”, we denote by N; the number of children of Ui and by a;;,1 < j < N; her age
at their births. Then, for n > p, for ng,...,n,_1 € N*, for 2p,...,2,-1 >0, for 0 < x;; < %
where 0 <7 <p-—1,1<j <mn; and for ujus - - - u, any word of length p, we have

P"(&P) .= P"(T}" € dz;, Ny = nj, a5 € day5,0<i <p—-1,1 < j<my ;U(”)|p:u1-~-up)

n; Usp1—1

1 pl A(dzz) _bz_(bzi)"i dZL‘ij
:P(En)E H b ¢ n;! H 2 ll;ll YE, i (uiwit) | 1B p(urup)

=1 ™
because by definition of B", all the younger sisters of the marked individuals, that is, all
individuals labeled by wuq ---u;l for any 0 < ¢ < p—1 and any 1 <[ < wu;41, have no alive
descendance at generation n.

Conditioning with respect to the o-field 7P and thanks to the branching property, we have

p—1 . N, p
A(dzz) b (bzz)”’ 4 dl‘i‘ o P(En, )
P (EP) = 2 J PEC‘U’I P‘
=11 = L= ) TP s
=0 7=1 =1
Since we consider subcritical or critical trees, P(E¢_;) goes to 1 as n — oco. Moreover, for
m < 1, according to Lemma 2.7, if f[l 00) zlog(z)A(dz) < oo, then the log-condition of (7) is

fulfilled and there exists ¢ > 0 such that
P(E, P(z,
(B _ P2, £0)

mn mn n—00

Furthermore, in critical case m = 1, if f(o 00) 2?A(dz) is finite, according to (9), there is ¢/ > 0
such that

lim nP(Z, #0) =¢.

n—oo

In both cases, we obtain by the dominated convergence theorem

ng

p—1 )
. n A(dzl) —bz; (bzl)nl dl‘ij -
nh—>rg<>P (Ep) - g b € ni! ]1;[1 Z3 mn ’

- zﬁzzA(dzl) e‘bzi(bzz-)”i_l i ﬁ d.CL‘Z'j

m (n; — 1)! n; 2j

i=0 j=1
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Thus, we see that in the limit n — oo, the individuals of the spine have independent size-
biased lifelengths (first term of the r.h.s.), give birth to one plus a Poissonian number of
children (second term) whose birth dates are independent uniform during the life of their
mother (fourth term) and one of them is marked uniformly among them (third term).

Hence, we obtain a limiting spine B characterized by a sequence (Aj + Ry, Ax) which are
independent r.v. with the same joint distribution as (D,UD). Moreover, conditional on
Ty = Ai + Ry, the k-th individual of B has a Poissonian number (with parameter Tjb) of
non-marked daughters which are born independently and uniformly on [0, Tj].

Intersecting the previous event £P with events involving trees descending from sisters of
the marked individuals and applying the branching property leads by similar computations
to the last statement of the theorem. g

We can now define two contour processes of the conditioned splitting tree. We denote by
(X T(t),t > 0) the contour of the limiting tree as defined previously for typical trees. Since
the spine is infinite, only individuals on its left part are visited by this contour process. That
is why we call it the left contour process. Notice that it does not characterize the conditioned
tree because all information about the right part of the spine can not be recovered from XT.
That is why we need a second contour process (X*(t),t > 0).

For a non-conditioned (sub)critical tree, it is possible to define a process which visits it in
the opposite direction by the time-reversal of the classical contour process X at Ty:

X :=X(To—-1),0<t<Ty).

Then, for the conditioned tree, this reversed contour process is trapped on the right part
of the infinite spine: it starts at level 0 and visits the right part of the infinite spine in the
opposite direction of the typical contour process. We denote it by X*+. Roughly speaking, it
is the contour process of the right part that we reverse at Ty = +o0.

In [9], Duquesne obtains an equivalent result. He defines two processes ﬁ and ﬁ called left
and right height processes and which describe the genealogy of a continuous state branching
process with immigration. Notice that these height processes are linked to the height process
(H¢, t > 0) that we use in Section 4 for Lévy processes with infinite variation.

A consequence of the previous theorem deals with the joint law of the processes X1 and
X4

Corollary 3.2. Let (U, Dy)i, be a sequence of i.i.d. pairs distributed as (U, D) in Theorem
3.1. We have

(XT,Xi) @ ZXk(t — k) Li>q Zxk(t = Sk) >0, >0
k>0 k>0

where

o (X, X3)i is a sequence of i.i.d. pairs of processes, where (Xy, Xy) is independent
from (Uj;, Dj) for j # k. Moreover, conditionally on Uy and Dy, they are independent
and Xy, is distributed as X started at level Dy and stopped at the hitting time ni of
level Up Dy, and Xk 1s distributed as X started at level UpD; and reversed at the
hitting time T of 0 by Y that is,

~ d -
XD X (- ) v 0),
e G =C0, Sk=m+ F+M—1and ="+ -+ Ng_1.
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Remark 3.3. An open question is to prove that the left contour process X1 of the conditioned
tree has the same distribution as the conditioned process X under PT defined in Section 2.

4. INFINITE VARIATION CASE

4.1. Definitions and main results. In this section, we consider the same setting as T.
Duquesne and J.F. Le Gall in [10, Ch 1]. We assume that X is a Lévy process with no
negative jumps, which does not drift to +oo (so that X hits 0 a.s.) and has paths with
infinite variation. Its law is characterized by its Laplace transform

Eq [e_)‘Xt} = ewo‘), A>0

specified by the Lévy-Khintchine formula

P(N) = agh + BAZ + /

A(dr) (e =14+ M,y
000 ( L })

where ag € R, 8 > 0 and A is a positive measure on (0,+00) such that [;™ A(dr)(1 A
r?) is finite. Actually, since X does not drift to +oo, it has finite first moment and then
f(o 00) A(dr)(r Ar?) < co. We can rewrite 1 as

P(N) = aX + BA% + / A(dr) (e =1+ Ar).
(0,00)
Then, X does not drift to oo iff ¥’'(0) = a > 0. More precisely, if a« = 0, X is recurrent
while if o < 0, it drifts to —oc.
According to Corollary VIL5 in [5], X has infinite variation iff limy_,. ¥(A)/\ = 400,
which is satisfied iff

B >0 or /(0 ) rA(dr) = oco. (20)

In the following, we always suppose that (2) holds which implies (20).
We denote by I the past infimum process of X
I; = inf X,.
P ogs<tF
The process X — I is a strong Markov process and because X has infinite variation, 0 is
regular for itself for this process. Thus, we can consider its excursion measure N away from
0 and normalized so that —I is the associated local time.
The point 0 is also regular for itself for the Markov process X —.S. We denote by L a local
time at 0 for this process and by N* the associated excursion measure normalized so that for
every Borel subset B of (—o0,0),

v ([ a(xgas) = me) 1)

where m denotes the Lebesgue measure on R (see Lemma 1.1.1 in [10] for more details). This
also fixes the normalization of the local time L.

We now define the height process H associated with X which is the counterpart of the
height process in the finite variation case. As in Section 2, we denote by X the time-
reversed process associated with X at time ¢ and by S its past supremum.
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Definition 4.1. The height process H = (Hy,t > 0) associated with the Lévy process X is
the local time at level 0 at time t of the process S® — X® with the normalization fized in

(21) and Hy := 0.

According to Theorem 1.4.3 in [10], the condition (2) implies that H has a.s. continuous
sample paths. There is an alternative definition of H;: there exists a positive sequence
(ek, k > 0) such that a.s., for all t > 0,

the future infimum process of X at time ¢. Since this process is non-decreasing, one can define
its right-continuous inverse I; !
ITHu) :=inf{s > 0;I! >u}, 0<u<X,.

Observe that for 0 < u < I, I; ! (u) = 0.

We now define the equivalent of the sequence (p!,i < H;) defined in Section 2. Here, we
consider the measure p; defined in [10, p.25] and called exploration process to which we add
a weight I, at 0.

Definition 4.2. Fort > 0, the random positive measure p; is defined by
(o) = o )4 150) = [ duIL 1) + 1510
0,t
where dgIt is the Stieltjes measure associated with the non-decreasing function s — IL.

Notice that this random measure has support [0, H;], that p;({0}) = I; and that its total
mass 1s <pt, 1> = It + (Xt — It) = Xt.

As in Section 2, we condition the Lévy process X to reach large heights before hitting 0
and the following theorem is the counterpart of Theorem 2.3.

Theorem 4.3. Recall that o = )'(0). Then, if (2) holds, for t >0 and © € F,

lim P, (@,t <Tp

a— 00

1 e
sup H, > a> =-FE, {/ pe(dz)e®*;t < Tp, 0| .
s<Tp T 0

Moreover, if

Hy
M = / p(dz)e®?
0

(Mipty, t > 0) is a martingale under Py. In particular, similarly to the finite variation case,
if « =0 (recurrent case), then My = X;.

Remark 4.4. In the particular case A =0 (so we assume 3> 0), we have (\) = a + SN2
and X is a Brownian motion with drift —a and variance 2. Then, at it is noticed in [22],
the local time process at 0 for S — X is S/B. Also, fort >0, H = (Xy — 1)/ and pi/B is
the Lebesgue measure on [0, Hy]. Finally, in that particular case, if « > 0, the process

B X
<It/\T0 + = o (eﬁ( - 1) <y, t 2 0)
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is a martingale. In fact, this process belongs to a larger class of martingales called Kennedy
martingales [15] and studied in [4].

Before proving Theorem 4.3, we give two technical lemmas concerning integrability of the
exploration process and the height process. Recall that p is the exploration measure process
defined in [10]

(pr, ) = / dILf(Hy), t>0.
[0,¢]
We denote by e, the mapping
€q : T — €. (22)

Lemma 4.5. Fort > 0,

Bl =B [ [ @] <o

Proof. First, for 0 < s <t, we have
Hy < Hy dlf ae.

because on {ATt > 0} = {ASY > o}, H, = LIV = LV + LY > LY = H, where for
0<u<uw, Lq(f) denotes the local time at level 0 at time wu of the reverse process S — x (),

Then,
H; t t
E[ / ﬁt(dz)eo‘z} =E [ / dslﬁeo‘HS} gE[ / dslﬁeaHt}
0 0 0

< E[(X; — I)e] = B[P e ).

By time-reversion at ¢, we have E [Slft)eO‘Ht} = E[S;e**t] where (L, t > 0) is a local time at

0 for S — X. First, if « = 0, E[S;e®t] = E[S,] is finite according to [5, Thm VII.4]. Moreover,
if a > 0,

BlSie) = [T A [Sp ] = EISI+ [ 0B (S0 saget] - (29)

Since E[Sy] is finite, in order to prove the lemma, it is sufficient to show that

a— E [Si41,>na/al)

is integrable on [1,400). For b > 0, if L7!(-) := inf{s > 0;L(s) > -} denotes the right-
continuous inverse of L,

E[SiXr,>0] =E[Siplr-1y<a] +E[(St = Sp14)) L1 y<y] (24)

On the one hand, if we denote by ¢ the bijective inverse mapping of 1, the process
((L7b), S L—l(b)) ,b < L(00)) (called ascending ladder process) is a bivariate Lévy process
killed at rate ¢'(0) =  and whose bivariate Laplace exponent & is

— (A
() = ) (25)
P(p) = A

in the sense
e_b’%(uv)‘).

E [e‘“rl(b)_wrlw)}
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Moreover, ¢ is a constant depending on the normalization of the local time L (see Section VI.1
and Theorem VII.4 in [5]). In fact, as it is proved in the proof of Lemma 1.1.2 in [10], with
the normalization defined by (21), we have ¢ = 1. Then, for p > 0, using Markov inequality
and (25), the first term of the r.h.s. of (24) satisfies

E[Spipl-1p<n] = E [SL*l(b)1{e*uL*1(b>26—M}:| < e"'E [SLfl(b)e_“L’l(b)

9 bk p—ap(p)
< beutaﬁ(u’o)e br(p,0) — beutgp(uﬁ()e b/ (1) (26)

On the other hand, by the strong Markov property applied at the stopping time L~!(b),
the second term of r.h.s. of (24) is

E[(St = S110) Y] = B[Sl o<y
where S’ has same distribution as process S and is independent from L~!(b). Then,
E[(St = Sp-1() Yr-1m)<y]) < ESH] - PLTH(b) <8).
According to [5, Thm VIL4], E[S]] is finite and by similar computations as before, for u > 0,
P(L7Y(b) < t) < ettetr/elm), (27)
Then, using (26), (27) and choosing b = Ina/a, we have

Ina __mu
E [Stl{LtZIHa/oc}] < C(u,t) <a + 1) a Floa

where C(ju,t) is a constant only depending on u and ¢. Since ¢ = v~ is concave,

(pff) <¢0)=a""

and since by hypothesis ¥(A)/A — oo, for p large enough, u/(p(n)a) > 1. Hence, the
application a — E [Stl{ Li>Ina /a}] is integrable on [1,400) and the proof is complete. O
Lemma 4.6. For any £ >0 and t > 0,

/OtE [eéHS] ds < o0.

Proof. By time reversibility at time s, E [efHS] =E [efLS]. Using (27) and similar techniques
as in the previous proof, we have for all y > 0

° [esm} < o / T WO qg 4 1.
1

Then, fg E [egHS] ds is finite for u large enough. g

Proof of Theorem 4.3.
Step 1: We begin the proof with showing that (Miar,,t > 0) is a martingale. In the case
a =0, M =X and it is known that (X;,¢ > 0) is a martingale.

We now suppose that a« > 0. For ¢t > 0, we set

v i= (It + 7)1, 100 + P
and
0 := inf{t > 0; 1, = 0}.
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In fact, v is the exploration process starting at 28 defined in [10]. If we set G; := o(ps, 0 <
s <t) and H; := o(vs,0 < s < t), we have the inclusions G, C Hy C F;. The second one
is trivial and the first one holds because 14 is the sum of the measure p; (which satisfies
p:({0}) = 0) and a measure whose support is {0}. Moreover, G; = F; because (j;,1) = X; — I
and because —I; is the local time at time t at level 0 of the process p;. Hence, the three
filtrations are equal and it is sufficient to prove that M.,7, is a H-martingale.

According to Corollary 2.5 and Remark 2.7 in [1], if f is a bounded non-negative function
on [0, 00) of class C*! such that its first derivative f’ is bounded and such that f has a finite

limit at +o00, then, under Py, the process (Mtf, t> 0) defined by

0
Mtf — o (venof) Jr/otA o~ (Vs f) (f'(Hy) — (f(Hy))) ds (28)

is a martingale with respect to the filtration #H. In fact, in [1], the authors only proved this
result in the case 8 =0 and |, 0,1] A(dr)r = oo. However, their proof can easily be adapted in
the general setting using results of [10, Chap. 3].

Recall that e, : z — e** and let (hi)x>1 be a sequence of functions of class C' 1 such that
forall K > 1,0 < hg < K Aeq, 0 < Wy < e, I is bounded and (hi )i (resp. (hjy)K) is
an increasing sequence which converges pointwise to e, (resp. el,).

Then, for a > 0, K > 1, applying (28) with f = ahy,

1— —a(ving,hK) tAO H
Mta,K — e +/0 e~ MVs i) <¢(ahk( S)) _ /K(Hs)> ds

a a

defines a martingale. We first have

tAO
MaK — ME = (yypg, hic) —l—/o (¢ (0)hi (Hs) — Wy (Hy)) ds  as.

a—0

By Beppo Levi’s theorem, since (hx)x and (R’ )k are non-negative and non-decreasing, we
have with probability 1

tAO
M® = lim MtK = (Vino, €a) +/ (aeaHS — aeo‘HS) ds
K—o0 0

= <Vt/\97 ea>-

We want to show that (M7°), that is the limit as a — 0 and then as K — oo of the
martingales M*X | is still a martmgale. To do this, we use the dominated convergence theorem
and we have to find an upper bound for M, a. K independent from a and K. We have

(ah
]MtaK| < (v, €q) +/ ozeo‘Hsds+/ th(Hs)ds.
0 a,hK )
Moreover, there exists Cp,Cy > 0 such that @ < C1 4+ Cs\. Hence,

t t
M) < (B 2) 1z 50 + (s ea) + / ac™eds + / (Cret + Goa (1~ 1)7) ds
0 0

t
< x4+ <;5t7 €a> + / (ACQ + (Oé + Cl)eaHs + AOQ@QOCHS) ds (29)
0

if a belongs to the compact set [0, A].
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Thus, according to Lemmas 4.5 and 4.6, the r.h.s. of (29) is integrable. Then, applying
the dominated convergence theorem, we have proved that ({(vipg,e€q),t > 0) is a martingale
under Py with respect to H.

Furthermore,

(Vino, €a) = ( (It + 2)1,5 oy + (D1, €a )]{t<0} (x + It + (Prs ea) Li<r o)

where T_, is the hitting time of (—oo, —z| by X under Py.
Then, since (z + It + (pt, €a)) Ljs<7_,} under Py has the same law as

(It + <ﬁt7 6a>) l{tSTo} = Mt/\TQ

under P, M.,7, is a martingale w.r.t. the filtration H = F.

Step 2: We are now able to prove the main part of Theorem 4.3. For ¢t > 0 and © € F;,
we have

sup Hy; > a
s<Tp

(30)

) o Px(@aTa§t<T0)+Px(@7t<Ta<TO)

P, < T
(@ <0 IP’x(supSSTOHsza)

and we will investigate the asymptotic behaviors of the three probabilities in the last equation.
First, assumption (2) enables us to define the bijective mapping ¢ : (0,00) — (0,00) such

that ~ gy
= — 0.
0= sy 7

We denote by v its bijective inverse. Trivially, v(a) — 0 as a goes to co and thanks to Lemma
2.1 in [17], for u > 0, we have

im v(a—u) — e
Jim S = e (31)

According to [10, Cor. 1.4.2], the mapping v can be linked to the excursion measure N:
v(a) = N(supH >a), a>0.

Then, by excursion theory and the exponential formula,
P, (sup H, > a) =1 —exp(—zN(sup H > a)) =1 — e~ 2@, (32)
S<TO

Hence,
P, (sup H, > a) ~ zv(a). (33)
SSTO a—0o0

Then, we consider the probability P, (0,7, <t < Tpy) < Pu(7, < t) and we want to prove
that it goes to 0 faster than v(a) as a — co. We define

ga = sup{t < 7, Xy = I} (34)

the left-end point of the first excursion of X — I which reaches height a and set ¢, := 7, — ¢q.
Let (e(t),t > 0) be the excursion point process of X — I at level 0, that is, for t > 0

(X =Dgyy-14y,0 < s < T7HE) = T7H(t—)) i TH(t—) < T7H(¢)
e(t) = { 0 otherwise

where 0 is a cemetery point.
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For a generic excursion ¢ with duration ¢ = o(¢), we denote by
h* :=sup H (¢)
[0,0]

its maximum height. For ¢ > 0, we denote by A; the length of the excursion e(t) of X — I
and we set hf := h*(e(t)). Then, since (A, h})i>0 is the image by a measurable application
of the Poisson point process (e(t),t > 0), it is a Poisson point process on (0,00) x (0, 00).
Distinguishing its atoms (d, h) between h > a and h < a, we obtain that
Y= Z Aslipi<ay
s<t
and
Y= Z Aslipesay
s<t
are independent. Moreover, (Y;*,t > 0) is a subordinator with Lévy measure N(A €
dr;sup H < a). If ¢ denotes its Laplace exponent, as a tends to oo, ¢ — ¢ where ¢ = ¢~}
is the Laplace exponent of the subordinator »_,, As (see Theorem VIL.1 in [5]).

Furthermore, 7, := inf{s > 0; Y # 0} is independent from Y and follows an exponential
distribution with parameter N(sup H > a) = v(a). Hence,

E |:e—)\ga:| _E |:€—/\Y“('ya)} = v(a) /OO dte—v(@!R [6—/\)@“} = v(a) /OO dte—v(@t ="Vt
0 0

)
ORI (35)

Hence, since g, and ¢, are independent,

Pp(1q <t) = Pr(ga +€a <t) =Ky [Px(ga <t-— 5a|5a)1{ga§t}]
and by Markov inequality, for all A > 0,

IP) < t < E )\(t—Ea) U(a) — U(a)e E |: —)\é‘a :| .
o700 = Be [T ) 4 or ) 1] Ty e L st
Then,
Py(14 < 1) < MNP, (eq < 1) 0 (36)
v(a) v(a) +¢*(A) amoo

since ¢* — @ and the r.v. g, is the time to reach height a for an excursion of X — I condi-
tioned on sup H > a, so that P,(g, < t) vanishes in the limit a — oo.

We finally study the asymptotic behavior of the last term of (30). We have
Py (0,t < 74 < T0) = Eu [Io1i<rynryyPe (Ta < To| )]
and
1= Py (ra <TO|F) =Ee |exp [ — > x(u,e(l; " (u) || F
0<u<Xy
where for v > 0 and for a generic excursion € of X — I of duration o = o(¢),

[ o0 if supyg,» H(e) > a — Hy-1
x(u,e) = { 0 otherwise t

u)
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where we remind the reader that I;7'(-) is the right-continuous inverse of (If,s < t). Then,
by the exponential formula for Poisson point processes,

Xt

1 =Py (ra < To|Fi) = exp (—/ du/N(dE) (1 - exwf)))
0
X

T

t
= exp (—/ (dsIt + I;60(s)) N(h* > a — H5)>
0
= exp (= (pr,v(a —))).
Hence, since (pt,v(a —-)) < Xyv(a — Hy) goes to 0 as a goes to oo and according to (31),

Py (ta < To|Ft) _ 1 —exp(=(ps,v(a—"))) .
v(a) N v(a) a0 (pr;€a).

Then, using Fatou’s Lemma,
P
lim inf—= (0,1 < 70 < To)
a—00 v(a)

> E, [loly<r (P €a)] = Ee [loMingy] -

Replacing © by ©¢ in the latter display, we have
P T P Ti
lim inf ot < 7o < T) — lim sup—= (6,t <70 <Tp)

a0 v(a) a—00 v(a)

Z ]EI [Mt/\To] - ]E:E []QMtATo] .

Since M a7, is a martingale, E; [Ma7,] = 2. Moreover,

P, (t <7, <Tp) _ Py(1a <Tp) Pu(7q <To, 70 <t)

v(a) v v(a)
and in the limit a — oo, the first term of the r.h.s. tends to z according to (33) and the
second vanishes thanks to (36). Finally, we have

P, (O,t o < T .. Pr(O,t o < T

lim sup (0. <74 < Tp) < E; [loMipag,] < liminf (6.t <74 <T) (37)
i o(a) TS o(a)

and putting together (33), (36) and (37), the proof is completed. O

4.2. Properties of the conditioned process. As in the finite variation case, we define a
new probability P! as a h-transform via the martingale M.a7,

1
Pl (©) = ~E, [Minnlo], © € Fi. (38)

If =0, M; = X; and, as previously mentioned in the introduction, our definition of ]P’; is
the same as that of [6, 8] in spectrally positive case. Then, to condition X to reach arbitrarily
high heights is equivalent to condition X to hit 0 after arbitrarily long times. In this particular
case, X is a Markov process under IP’;T,;.

The following proposition is the counterpart of Proposition 2.9 in the finite variation case.

Proposition 4.7. Under Pl, in probability

Xy — +o0.
t—o00
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Proof. We want to prove that under Pg, X, goes to infinity in probability as ¢ — co. We
make a similar proof as that of Proposition 2.9, that is, we want to prove that for A > 0,

E; [e"\Xt] — 0 as t tends to oo.
First, in the case a = 0,

_ 1
iy [o] = 1

E, [6_’\Xt XMTO] 5 0
x t—o00

using dominated convergence theorem.
We now suppose that o > 0. Then, for all positive a,

1 t
E! [e*”ﬂ = —E, [e)‘Xt <It + / dslgeaHs) it < To]
T 0

1 _ ¢ N
< P.(t <Tp) + ;Ex [e AX’f/o dsIte HS<]-{Ht§a} + ]-{Ht>a}> ]-{tho}}

ax
< P(t < Tp) + —E, [e—“t (X, — L)t < To}
X

1 t
+-E, [e—MXt—ft) / deIte®s; H, > a] . (39)
0

The first and the second terms of the r.h.s. vanish as ¢ goes to oo thanks to the dominated
convergence theorem and because Tj is finite a.s. We now want to show that the third term
of (39) vanishes as a goes to infinity uniformly in ¢. By time-reversing at time ¢, we have

t t
B(t,a) :==E, [e_’\(Xi_]t)/ dslﬁeo‘Hs;Ht > a] =E [e"\st/ dTSTea(Li_L”);Lt > a} .
0 0

Then, observing that {L; > a} = {L7!(a) < t} and applying the strong Markov property
at the stopping time L~!(a),

“A(St=S1-10)) polLi—a)

L7 1(a) t
. / drSTeaLT+/ d,S,e~ L
0 L—1(a)

L~ Y(a)
S T (ﬁ @) [ e
0

B(t,a) = E|e " @e™ 1, e

=K

e fo(t — Ll(a)))] (40)
where for u > 0,
filu) =E [e_AS“eO‘L“}

and .
folu) =B {e/\S“eaL“ / dTSreaLT} <E [e5u5,e00]
0

We first show that these two functions are bounded on (0,00). As in (23), we have

fi(u) = Efe™uee] = /100 daRE [ef/\S“l{LuMna/a}} +E [e*)‘s“} )
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For b > 0, using (25),

E e 1oy SE [0 100 ] = exp <—b¢<;)> -

Hence, choosing b = Ina/«,
fuls) < / a P N/0N g 41 < o0
1

because v is convex and (\)/A > ¢'(0) = « as soon as A > 0.
We do the same with fo. For b > 0, if M denotes an upper bound of the mapping
T — e

F [eiASSSsl{LS>b}] - F [e—)\sL—l(b)e_A(Ss—SL—l(b)) (Ss — SLfl(b) + SLfl(b)) 1{Ls>b}:|
< ME |:€_)\SL71(b)1{LS>b}:| +E |:€—)\SL71(b>SL_l(b)l{Ls>b}:|

using that (Sp-1(),b < L(c0)) is a subordinator with Laplace exponent 1()\)/A according to
(25). Then, taking b = Ina/a,

IN

fa(s) < C()\)/ (I1+1Ina) a® YN g + M < 0.
1

We come back to (40). If Cy (resp. C3) denotes an upper bound of f; (resp. f2) and
observing that

L~ (a)
/ d,S.e b < Sp-1(a) A,
0

we have
B(t,a) < C1e™E [e*ASrl(a)SL_l(a)l{Lm}} + C3E [e*ASrlm ]{Lm}]
"N = (A
<o ? (A) - YA poa—a®N Cpe—
Thus, B(t,a) goes to 0 uniformly in ¢ as a tends to +oo and the proof is completed. O

The definition of P} in (38) does not make sense for 2 = 0. However, since X has infinite
variation, it is possible to define the law P' of the conditioned process starting at 0. Roughly
speaking, it is the law of an excursion of X — I conditioned to reach an infinite height.
We recall that NV denotes the excursion measure of X — I away from 0. By doing similar
computations as those in the proof of Theorem 4.3, one can prove that for ¢ > 0 and for
O € F,

Tim N (©]supH > a) = N </OH ﬁt(dz)e“l@) _. P'(0) (41)

where p is defined by (22). In comparison with the previous proof, Pm(SUp[o,TO} H >a) =

1 —e 7@ is replaced by N(sup H > a) = v(a) and the weight I; at 0 in the definition of the
measure p; is no more present.

We then justify that, under this probability, X starts at 0 by proving that P is the limit
(in Skorokhod space) of the family of measures PL as # — 0. This kind of problem has already
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been treated by Bertoin in [5, Prop VII.14] and by Chaumont and Doney in [8, Thm 2] for
different hypotheses about X as mentioned previously.

To obtain the convergence of IP’;, as in [8], we first get a path decomposition of the process
(X,PL) at its minimum.

Let n :=sup{t > 0, X; = I;} be the time at which the ultimate infimum of X is attained.
Then, we defined the pre-minimum and post-minimum processes as

X = (x@),0<t<n)
and
X = (X(t+7) - X,_.t >0).

We get the following path decomposition of the conditioned process.

Proposition 4.8. Under IP’;, we have that
(1) Xy— is uniformly distributed on [0,x] and IPI;(X”, =X, =1,
(ii) the two processes X and X are independent,
(ii1) conditional on X, = u, X has the law of X under P, and killed at time

T, = inf{t > 0; X; = u},
(iv) X is distributed as P,

Proof. We begin by proving (i). For 0 < x <y, by applying (38) at the (F;)¢>o-stopping time

Ty,

1
PL(Xy- <y) = PL(T, < 00) = —Ey [Mr,x1, 7, <o} - (42)
Under P, since X has no negative jumps, we have a.s. T, < Ty < oo and Mr, = I, =y
by the definition of M and since Hr, = 0. Hence, P;(Xn, < y) = x/y and under P}, X, is

uniformly distributed on [0, z].
We now prove that ]P’l(Xn_ =X,) =1. We set

Y:=inf <t <Ty; Hr = sup H,
SE[O,TQ]

the hitting time of the maximal height reached by X before Ty and let
g:=sup{t <o; Xy =1L}

be the left-end point of the last excursion of X — I that reaches this maximal height. Notice
that under P, ¢ is finite a.s. because H is continuous and Ty < oo a.s. and that under IP’QTC,
g =1 a.s. according to Proposition 4.7.

For a > 0, we recall from (34) that g, is the left-end point of the first excursion that reaches
height a and we set d, := inf{t > 7,, X; = I;} its right-end point. The main idea that we
use in the following is that under P,( - |7, < Tp), with high probability, 7, > g = g4. Indeed,
applying the Markov property at time 7,

Px(Ta < g) <E, [1{7—@<TO}PX7—G (Ta < TO)] < IP)93(7_(1 < TO)2

and
Pu(7q < 9|10 < Tp) < Pp(1e <Tp) —> 0. (43)

a—00
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Using that and Theorem 4.3, we have
PL(X,- = X,) = Jim Py (Xg— = Xg| 7o <Tp) = lim Py (X = Xy, 70 > gl 70 < Tp).
Moreover, since g, = g on {Tp > 7, > g},
PL(X,- = X,) = lim Py (Xg,— = Xg,,7a > g 7a < To) = lim Py (X, = X, |70 < Tp)

and since X has infinite variation paths, 0 is regular for (0, co) and according to [24], X can not
jump just after attaining a local minimum. Then, conditional on {g, < o0}, X,4,— = X,, a.s.

and PL(X,_ = X,) = L.

We now prove points (ii), (iii) and (iv). For [ > 0, let D (resp. ;) be the set of cadlag
functions from [0, +00) (resp. [0,1]) to RU {d} where we remind that J is a cemetery point.
We endow these spaces with the Skorokhod’s topology.

It is sufficient to show that for all bounded and continuous function F on D, for all [ > 0
and for all bounded and continuous function G on Dy,

E} {F(%)G(Y o kl)] _ </Ox W, [r(xo kTy)]> PHG(X o k)]

x
where k; is the killing operator at time [. Let
X7 :=(X(t),0<t<ga)
and
X3 =(X(t+ ga) —14,,0 <t < (da — ga) A1)

be respectively the pre-g, process and the first excursion of X — I that reaches height a and
killed at time [. According to Theorem 4.3,

E} [F(?)G(? ok)| = lim E, [F(?)G(? o k)

Ta STO] .

Using (43), since F' and G are bounded and since X = X{ and Xo ki = X§ on {1, > g}, we
have

E! [F(f?)G(X2 oky)| = lim E, [F(f?)G()_(> o k) 1fr,5g)
= lim Ex [F(Xf)G(XS)l{Ta>g}‘ Ta < To]

a—r o0

= lim E, [F(X{)G(X$)| 1, < To] .

a—00

Ta < TO]

As already said in the computation of (35) in the proof of Theorem 4.3, under P, ( - |7, < Tp),
the two processes X{ and X§ are independent. Moreover v, = I,, is an exponential r.v. with
parameter v(a) = N(sup H > a) and independent from the process X{. Then, we have

E} [F(?)G(? okr)| = lim B, [F(X{)| 70 < ] N [G(e o k)| sup H(e) > a] . (44)

Furthermore, under P,( - |7, < Tp), X{ has the same distribution as X (under P,), that do
not reach height a and killed at the hitting time of the level I, that is,

E, [F(X{)|7a < Tp) = / Po(—1y, € dy|ma < To)Ey [f(X 0 kr,)|Ty < 7a] -
0
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We now compute the law of I,, under P,( - |7, < Tp). For 0 < y < x, using that under P,
—1,, is exponentially distributed with parameter v(a),

P(—1I,, <x— 1 — e~ (@=y)u(a)
Po(l, > ylra < To) = L l0e <T=0) _

P(—I,, <z)  1—e ()
Then,
a Eg U(a)e_(m_y)”(a)dy
EFODIm<T] = | R (X o k)T, < 7]
rd
— | YR, [f(X okg)]

a—oo [ X

and under IP’;, the pre-minimum process has the law of X under P, killed when it reaches
an uniform level in [0, z].
Finally, according to (41), the second term in the r.h.s. of (44) converges as a — oo to
PT(G(X o k;) because the convergence in (41) is stronger than the convergence in law in D).
Letting a — oo in (44), we obtain that under IPEC, ? and Y are independent, and that the

law of )_(> is PT and the proof is complete. O

The path decomposition given in Proposition 4.8 enables us to prove the following conver-
gence result.

Theorem 4.9. The family of measures (]P’l, x > 0) converges on the Skorokhod space to PT.

Proof. To prove this convergence, we follow the proof of [8, Thm 2]. According to it, thanks
to the path decomposition obtained in Proposition 4.8, to prove the convergence of Pl to PT
as x — 0 on the Skorokhod space, it is sufficient to prove that for C' > 0, both IP’QTC(U > ()
and IP’IC(S77 > () vanish as x — 0 (we recall that S is the past supremum process associated
with X).

First, using Proposition 4.8, under }P’l, the pre-minimum process has the law of X under
P,, killed when it reaches an uniform level in [0, z]. Then, for x < C,

PL(Sy > C) =Pl (Ticoo) < 1) < Pa (Ticoo) < T0) = P(Tic—a,00) < T-a)-

According to [5, Thm VII.8]|, there exists a continuous increasing function W : [0, co] — [0, o0
(called scale function) such that
W(C —x)
w(C)
and this quantity goes to 0 as x — 0 since W is continuous.
We now want to prove that Pl (n > C') vanishes as = — 0. We first investigate the Laplace

IED(T[C—:L’,oo) < T*I) =1-

transform of n under PL. For A > 0, using again (43), we have

Eg [e”‘”} = lim E, [6_/\9‘1

a—o0

Ta < To] .
Using the same notation and doing similar computations as those in (35), we have
E [e—/\Y”(va)]{%@}] v(a) 1 — e—z(v(a)+e®(N)

a To| = -
Ta s 0] Py (1a < To) v(a) +p(\) 1 —eav(a)

E, {e_Aga
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Then, as a — oo, we have

1 — e—xe(N)
E! [e—ﬂ ==
zo(A) 20
Hence, by Markov inequality, we have
E. [1 — e”‘"]
T < =
Pz(n>C) < T—eMC 250 0
and that ends the proof. O
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