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Abstract

We determine the asymptotic behaviour of the number of Eulerian circuits in undirected
simple graphs with large algebraic connectivity (the second-smallest eigenvalue of the
Laplacian matrix). We also prove some new properties of the Laplacian matrix.

1. Introduction

Let G be a simple connected graph all of whose vertices have even degree. A Fulerian
circuit in G is a closed walk (see, for example, [2]) which uses every edge of G exactly once.
We let Ful(G) denote the number of these up to cyclic equivalence. Our purpose in this
paper is to estimate Ful(G) for those G having large algebraic connectivity.

Our method is to adopt the proof given in [6] for the case G = K,,. We refer to that paper
for the interesting history of this problem, and suggest that readers who want to understand
our proofs carefully may find it helpful to have a copy at hand. Since the publication of [6],
the work [3] has appeared showing that counting the number of Eulerian circuits in an
undirected graph is complete for the class #P. Thus this problem is difficult in terms of
complexity theory.

Here is an outline of the paper. The asymptotic formula for Ful(K,) and our main result
are presented and discussed in Section 2. In Section 3 we prove some basic properties of the
Laplacian matrix, which may be of independent interest. In Section 4 we express Ful(G)
in terms of an n-dimensional integral using Cauchy’s formula. The value of the integral is
estimated in Sections 5 and 6, using some Lemmas proved in Section 8. We prove the main
result in Section 7.

2. Asymptotic estimates of the number of Eulerian circuits

In what follows we suppose that undirected graph G has no loops and multiple edges, i.e.
G is a simple graph. (2.1)
We also assume that
all vertices of G have even degrees. (2.2)

Define the n x n matrix ) by

-1, (v;,v) € EG,

0, otherwise
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where n = |V G| and d; is the degree of the vertex v; € VG. The matrix @ = Q(G) is
called the Laplacian matrix of the graph G. The eigenvalues A\g < Ay < ... < \,_; of the
matrix () are always non-negative real numbers and Ay = 0. The eigenvalue )\ is called the
algebraic connectivity of the graph G. (For more information about the spectral properties
of the Laplace matrix see, for example, [4] and [7].)

According to the Kirchhoff’s Matrix-Tree-Theorem, see [5], we have that

1
HG) = “Aidow Aua, (2.4)

where ¢(G) denotes the number of spanning trees of the graph G.
Let p > 1 be a real number and x € R™. We use notation

n 1/p
1%, = (Zml”) : (2.5)

For p = oo we have the maximum norm

[l = maxa;]. (2.6)

The matrix norm corresponding to the p-norm for vectors is

1A,
||A||p = sup . (2.7)
<0 [1xll,
We denote by ||Al| ;¢ the Hilbert-Schmidt norm of the matrix A.
1Al s = (2.8)

If f is bounded both above and below by ¢ asymptotically, we use the notation

f(n) = @kh/@ (g(n)) ) (29)

which implies as n — oo, eventually

kalg(n)] < [f(n)] < klg(n)]. (2.10)

When functions f and g depend not only on n, but also on other parameters &, we use
notation (2.9) meaning that condition (2.10) holds uniformly for all possible values of &.
The main result of the present work is the following theorem.

Theorem 2.1. Let matriz ) be the Laplacian matriz of graph G with n wvertices. Let
conditions (2.1), (2.2) hold and the algebraic connectivity A\; > on for some o > 0. Then as

n — o0
j=1

where E = |EG|, d; is the degree of the vertex v;, t(G) denotes the number of spanning trees
of the graph G and constants ki, ks > 0 depend only on o.
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Remark 2.1. We can replace condition A\; > on for some o > 0 in Theorem 2.1 by the
condition that for some o > 1/2 the degree of each vertex of G at least on.
For the complete graph K, one can show that \; = n and ¢(K,,) = n"2,

Theorem 2.2. (variation of Theorem 4 of [6]) As n — oo with n odd

Ful(K,) = 25 25t 2 ((” . L 1) !) <1 + O(n—1/2+€)) (2.12)

for any £ > 0.

In fact, Theorem 2.2 is stronger than Theorem 2.1 in the case of G = K,,. However, the
asymptotic estimate of Theorem 2.1 holds for considerably broader class of graphs.

3. Some basic properties of the Laplacian matrix

Consider the graph G such that conditions (2.1), (2.2) hold. The Laplacian matrix @) has the
eigenvector [1,1,...,1]%, corresponding to the eigenvalue Ay = 0. We use notation Q =Q+J,
where J denotes the matrix with every entry 1. Note that ) and Q have the same set of
eigenvectors and eigenvalues, except for the eigenvalue corresponding to the eigenvector
[1,1,...,1]7, which equals 0 for Q and n for Q.

Since the spectral norm is bounded above by any matrix norm we get that

Ao = Q112 < [1Qll2 < (1@ = mj&tXZ\@jk\ =n. (3.1)
k=1
We denote by G, the graph which arises from G by removing vertices vy, vs, ..., v, and

all adjacent edges.

Lemma 3.1. Let condition (2.1) holds for graph G with n vertices. Then

)\1(G) S min dj, (32)
n — J
M(G) > 2mind; —n + 2, (3.3)
J
)\1(G7~) Z )\1(G) -, (34)

where \1(G) is the algebraic connectivity of G and d; is the degree of the vertexz v; € VG.
The proof of Lemma 3.1 can be found in [4].

Lemma 3.2. Let condition (2.1) hold and the algebraic connectivity A\; > on for some o > 0.
Then there is a constant co, > 0 depending only on o such that

~A A Coo
Q7 =11Q Moo < —= (3.5)

Proof of Lemma 3.2. We consider x € R™ such that ||x|| = 1. For simplicity, we assume
that |z1| = 1. We denote by J, the set of the indices j such that |z;| > o/8.
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In the case of |J,| > on/4 we have that

o2
x|z > 1/ 6—40n/4. (3.6)

Since the algebraic connectivity A\; > on, we get that

- . o3n
\ llQx[[Z, > [|Qx([2 > Ail|x[]2 > onl[x[|s > on 56 (3.7)

In the case of |J,| < on/4 we have that

10x /1o > (s + Dlaa] = Y lay| >
j=2
>di+1= Y layl = Y fyl (38)

Jj€Jo i¢tJs
>dy+1—on/4—no/8.

Using again A; > on and (3.2) we get that

n—1

d; > mind; > on > on/2. (3.9)
J

Combining (3.7), (3.8) and (3.9) we obtain that
1@ o0 > exnl[X]|oo, (3.10)
for some constant c,, > 0 depending only on o. ]

The following lemmas will be applied to estimate the determinant of a matrix close to
the identity matrix I.

Lemma 3.3. Let X be an n x n matriz such that | X||, < 1. Then for fized m > 2

det(/ + X) = exp (7”21 (_12T+1 tr(X") + Em(X)> : (3.11)

r=1

where tr is the trace function and

n |1 X5
B, (X)) < & 2]z (3.12)
m 1 —[|X[,

Lemma 3.3 was also formulated and proved in [6].

Lemma 3.4. Let the assumptions of Lemma 3.3 hold and all eigenvalues of X are non-
negative real numbers. Then

det(I — X) > exp (—%) . (3.13)
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Proof of Lemma 3.4. Using Lemma 3.3 we get that
- <_1)T+1 r r
det(] — X) =exp | Y ~——— (—1)"tr(X") (3.14)
r=1 r
Since all eigenvalues of X are non-negative real numbers

0 < tr(X7) < tr(X) | X[ (3.15)

det(I — X) > exp (- 3 ”’<TX> ||X||gl> > exp (—%) . (3.16)

Hence

r=1

Lemma 3.5. Let the assumptions of Lemma 3.2 hold. Then there is a constant ¢; > 0
depending only on o such that

det Q
|det MH‘ S C1 enQ, (317)

where My denotes the (n — 1) x (n — 1) matriz that results from deleting the first row and

the first column of Q = Q + J.

Proof of Lemma 8.5. Since the algebraic connectivity A\; > on, using (3.2), we get the
following estimate for the degree dj of the vertex v, € VG.

n—1

dr > mind; > on > on/2. (3.18)
J

Counsider the n x n matrix X such that

Xyo— { @ if (vl,v?) ¢ EG,(v,v) ¢ EG and j,k # 1, (3.19)
0, otherwise.
After performing one step of the Gaussian elimination for Q + X, we obtain that
det(Q + X) = (dy + 1) det My, (3.20)
Since the spectral norm is bounded above by any matrix norm, we get that
n 2
Xllo < | X1 < < —. 3.21
1l < X1 < 7 < = (3:21)
Since A; > on, taking into account (3.1), we obtain that
. A 2 2
XQ L <||1X Ty < —— < — 3.22
IXQ e < IPXIIQ e < o < (322

Combining Lemma 3.3 with (3.22), we get that as n — oo

. A A 2
-1 _ -1 -1 s -1
det (1 + X0 ) = exp (t'r <XQ ) tE, (XQ )) < exp <n0_2n +O(n )) . (3.23)
From (3.20) and (3.23) we have that as n — oo
(dy + 1) det My, = det (I + XQ_1> det Q < det Q exp (2/6*+0(n™). (3.24)

Since Q is positive definite, using (3.18) in (3.24), we obtain (3.17). [
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Lemma 3.6. Let the assumptions of Lemma 3.2 hold. Let G, be the graph which arises from
G by removing vertices vy, va, . .., v, and all adjacent edges. Then there is a constant co > 0
depending only on o such that for any ¢ € (0,1) and r < n®

A det Q(@)
det Q(G,) > —————. 3.25
QG > T8 (3.25)
Proof of Lemma 3.6. We give first a proof for the case of r = 1. For our purpose it is

convenient to use notations Q = Q(G) and Q; = Q(G,). Note that the matrix M, that
results from deleting the first row and the first column of ) coincides with the matrix (),
with the exception of the diagonal elements. In a similar way as (3.20) we get that

det(Q +Q + X) = (dy + 1) det Q1 (3.26)

where X 1is such that

Xji =

J

{ i (01,05) € EG, (v1,0) € EG and j, k # 1, (3.27)

0, otherwise.

and 2 is such diagonal matrix that

[ 1, if (v1,v;) € EG,
;5 = { 0, otherwise. (3.28)

Taking into account (3.21), we have that

2 3
10+ Xl <112+ 1XJb <1+ 2 < 2 (3.29)
In a similar way as (3.22) we get that
A A 3 3

Q+X)Q7 M <2+ X < < — 3.30
1@+ 0@ < 12+ XILIQ < = < - (3.30)

Combining Lemma 3.3 with (3.30), we get that as n — oo

det (1 +(Q+ X)Q*I) — exp ( ((Q +X)0" ) o ((Q n X)Q*)) >

(3.31)

3 .
> exp (—n% +O(n 1)) .
From (3.26) and (3.31) we have that as n — oo
(dy 4 1) det Q; = det (I + (Q+ X)Q’l) det Q > det Q exp (=3/a*>+0(n7"). (3.32)

Since dy +1 < n we get (3.25) for the case of r = 1.
Taking into account (3.4) and using r times (3.32) we get (3.25) for the general case. m

According to (2.4), we have that

det Q

n2

1
t(G) - E)\I)Q R )\n,1 == y (333)

where ¢(G) denotes the number of spanning trees of the graph G.
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Lemma 3.7. Let the assumptions of Lemma 3.2 hold. Then for some c3 > 0 depending only
on o the number of spanning trees of the graph G with mazximum degree greater than d s

less then ¢§ det Q/d! for all d > 0.

Proof of Lemma 3.7. According to Lemma 5 of [6] the number of labelled trees on n vertices
with first vertex having degree greater than d is less than 2n"~2/d! for all d > 0. We have
that

det Q > A" > (on)". (3.34)

To complete proof it remains to note that the number of spanning trees with maximum degree
greater than d in G does not exceed the number of such spanning trees in the complete graph
with n vertices. [ |

Consider a spanning tree T of the graph G. We denote by G the graph which arises
from G by removing all edges of the tree 7'

Lemma 3.8. Let the assumptions of Lemma 3.2 hold. Let T be the spanning tree of G with
the mazimum degree at most on/4. Then the algebraic connectivity \(Gr) > on/2 and

det Q(Gr) > ¢4 det Q(G) (3.35)
for some ¢y > 0 depending only on o.

Proof of Lemma 3.8. Note that

~ ~

Q(Gr) = Q(G) — Q(T). (3.36)

Since the spectral norm is bounded above by any matrix norm and the maximum degree of
vertex of T" at most on/4 we get that

QD)2 < [|Q(T)]]x < on/2. (3.37)

Therefore, since the algebraic connectivity A;(G) > on, we have that

M(Gr) 2 M(G) = QD] = on/2 (3.38)
and R R

det Q(Gr) = det Q(G) det(I — X), (3.39)

where X = Q(T)Q(G)*. Note that Q(G) is the matrix of positive definite quadratic form
and Q(T) is the matrix of quadratic form with non-negative eigenvalues. Considering the
basis in which both matrices are diagonal, we have that

tr(QT)Q(G)™) < tr(QM))IQ(G) ]2 (3.40)

and
all eigenvalues of Q(T)Q(G)™! are non-negative. (3.41)

Using again the fact that the algebraic connectivity A;(G) > on and (3.37) we get that

. on 1
X2 < 1QD)]|QG) Ml < 22— = (3.42)

1
- 20on 2
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Since T is the spanning tree tr(Q(T")) = 2(n — 1). Using (3.40), we get that

tr(X) < tr(QT)IQGC) o < 20— = 2. (3.43)

on o

To complete the proof it remains to combine Lemma 3.4 with (3.39), (3.42) and (3.43). =

Lemma 3.9. Let a > 0 and the assumptions of Lemma 3.2 hold. Then for any set A C VG
such, that |A| > an, there is a function h: VG — Ny, having following properties:

h(v) =0, ifve A, h(v) < H, foranyv e VG, (3.44)

{w e VG | (w,v) € EG and h(w) < h(v)} | > an, ifv & A, (3.45)
where constants H,a > 0 depend only on a and o.

Proof of Lemma 3.9. At first, we construct the set A; = {v € VG | h(v) =1}, having
property (3.45).

If |A| > n —on/4, then let Ay ={v e VG |v ¢ A}. Taking into account (3.18), we get
that property (3.45) hold for &« = /4. In this case H = 1.

For |A| <n —on/4 define x € R™ such that

— 1—|A|/Tl, Uj GA,
= e (340
Since r1 + 212+ ...+ x, =0
A — 1A 2 3,,2
xTQx = xTOx > M|[x[2 > M |A] (" | |) > onan (0/4) = “"16” (3.47)
n
On the other hand,
xTQx = Z (z; — x1)%, (3.48)

(Ujvvk)eEG

which is equal to the number of edges (v, w) € EG, where v € A,w ¢ A. We denote A; the

set of vertices w ¢ A, having at least an adjacent vertices in A, where a = 3%@03.

x'Qx < n|Ai| + an|VG]. (3.49)

Combining (3.47) and (3.49), we get that |A;| > an.

We make further construction of the function h inductively, using for the k-th step the
set A®) = AUA;U...UA. The number of steps does not exceed 1/a as |Ay| > an for each
step, perhaps with the exception of the last one. [ |



hal-00586307, version 3 - 30 Jan 2012

Asymptotic behaviour of the number of Eulerian circuits 9

4. The result expressed as an integral

The reasoning below is similar to the arguments of Section 2 of [6]

An Eulerian orientation of G is an orientation of its edges with the property that for
every vertex both the in-degree and the out-degree are equal. Any Eulerian circuit induces
an Eulerian orientation by orienting each edge in accordance with its direction of traversal.

A directed tree with root v is a connected directed graph 7" such that v € VT has out-
degree zero, and each other vertex has out-degree one. Thus, T is a tree which has each edge
oriented towards v.

Let D be a directed graph with n vertices, and let v € V D. A directed spanning tree of
D with root v is a spanning subgraph of D which is a directed tree with root v.

The following famous theorem, sometimes called the BEST Theorem, is due to de Bruijn,
van Aardenne-Ehrenfest, Smith, and Tutte [1,8].

Theorem 4.1. Let D be a directed graph with vertices vy, vy, . .., v,. Suppose that there are
numbers di,ds, . . .,d, such that, for every vertex v,, both the in-degree and the out-degree of
v, are equal to d,.. Let t. = t,.(D) be the number of directed spanning trees of D rooted at v,.
Then t, is independent of r, and

Eul(D) =t,

j

Consider the undirected graph G with n vertices such that conditions (2.1), (2.2) hold.
Note that for every spanning tree 71" of the graph G and any vertex v, € VG there is only
one orientation of the edges of T" such that we obtain a directed tree with root v,.. We denote

(d; — 1)\, (4.1)

1

n

by 7, the set of directed trees with root v, obtained in such a way. For T' € J 7, denote by
r=1

EO(T) the number of Eulerian orientations of G that the corresponding graphs contain 7.

From Theorem 4.1 in the case of a graph D corresponding to Eulerian orientation of the

graph G we find that
Eul(D) =t.(D < 1! 4.2
(o) =) [T (5 -1) (42)

j=1
where d; is the degree of the vertex v; € VG. Let denote by £O the set of all graphs
corresponding to Eulerian orientations of the graph GG. Grouping Eulerian circuits according
to the induced orientations, we obtain that

Eul(G)= > Eul(D)=]] (% - 1)1 > (D) (4.3)

De&Oo j=1 De&O

for any fixed natural number r < n.
Regrouping the terms of the final summation according to the directed subtrees rooted

at v,, we find that
Eul(G) = H (5 - 1)! > EO(T). (4.4)
J=1 TeTr
For n > 1 and R > 0 we use notation U, (R) = {(x1, 22, ...,x,) | |z;| < R for all ¢}. The
value of FO(T) is the constant term in
-1

_ _ X, T
H (z; 7 oy + 1 ty) H — k , (4.5)

—1
X X Xz X
(Ujvvk)eEG ('Uj,Uk)EET ( J b + k j)
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which we can extract via Cauchy’s Theorem using the unit circle as a contour for each
variable. Making the substitution z; = ¢ for each j, we find that

Eul(G) =] (% — 1)1 2/FCImntlgmng, (4.6)

J=1

where

S = / H cos Ajj Z H (1+itanAj) d6, (4.7)

Un(7/2) (vj,vx)EEG Te€Tr (vjv,)EET

having put A, = 6; — 0 and using the fact that the integrand is unchanged by the
substitutions 6; — 6; + 7 if condition (2.2) holds.

We approach the integral by first estimating it in the region that would turn out to be
the asymptotically significant one. Then we bound the integral over the remaining regions
and show that it is vanishingly small in comparison with the significant part.

5. The dominant part of the integral

In what follows, we fix some small constant € > 0. Define

0+ ...+0,

Vo=1{0 € U,(r/2): 6; — 0] (modm) <n ** where § = "

} (5.1)

and let Sy denote the contribution to S of @ € V. _Since the integrand is invariant under
uniform translation of all the 6;’s mod 7, we can fix 6 = 0 and multiply it by the ratio of its
range 7 to the length n='/? of the vector 1[1,1,...,1]”. Thus we have that

Sy = mn'/? H cos A Z H (1+itanAjy) dL, (5.2)

LNV, (v3:vk)EEG TeTr (vjv)EET

where L denotes the orthogonal complement to the vector [1,1,...,1]T.
The sum over 7, in the integrand of (5.2) can be expressed as a determinant, according
to the following theorem of [9].

Theorem 5.1. Let wj, (1 < j, k <n, j#k) be arbitrary. Define the n x n matriz A by

A]k - { Zr;éj Wiy, ka :] 5 (53)

the sum being over 1 < r < n with r # j. For any r with 1 < r < n, let M, denote the
principal minor of A formed by removing row r and column r. Then

det M, = Z H Wik, (5.4)

T (v00)€ET

where the sum is over all directed trees T with VT = {vy,ve,...,v,} and root v,.
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Lemma 5.1. Let the assumptions of Theorem 2.1 hold. Let Q = @ + J, where J denotes
the matriz with every entry 1. Then for 8 € Vy as n — oo

z": Z H (1+itanAj) = e Garinthe ) det@(l + O(n_1/2+35))’ (5.5)

n
r=1 Teﬂ (’Uj 7’[}]€)EET

where o denotes the vector composed of the diagonal elements of the matriz Q' A denotes
the diagonal matriz whose diagonal elements are equal to the components of the vector Q8.

Proof of Lemma 5.1. Define the n x n matrix B by

—tan Ajy, for (vj,vy,) € EG,
o > tandAy, for k=,
B]k o l:(vj,m)EEG ! (56)
0 otherwise .

Using Theorem 5.1 with the matrix A = Q) + iB, we get that

>3 I +itandy)=> M, (5.7)

r=1 T€7;‘ (’Uj ,Uk)EET

where M, denotes the principal minor of A formed by removing row r and column r. Since
the vector [1,1,...,1]T is the common eigenvector of the matrices Q and B, corresponding
to the eigenvalue 0, we find that

ZM det(Q + zB) (5.8)

Note that for 8 € Vj B _
Ajp = (0, — 0) — (0, — ) < 2n~2/2F. (5.9)

Since the spectral norm is bounded above by any matrix norm we get that

1Bllz < 11Bll = max Y| Bju| = On'/2+) (5.10)
k=1

Let ® = BQ!. Since the algebraic connectivity A\; > on, we get that
. 1 s
|[l: < [IBlLIQ7|: < A—lllBllz = O(n'/?+), (5.11)

Using Lemma (3.3) with the matrix ¢®, we find that as n — oo

tr(®?)

det(I 4+ i®) = exp (tr(i@) + + O(n_1/2+35)) . (5.12)

Let
B = Bgpew + Bdiaga (513)

where B, is the skew-symmetric matrix and Bgq4 is the diagonal matrix. Since Q is the
symmetric matrix

tr(Bagew @) = 0. (5.14)
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Using (5.9), note that as n — oo
| Baiag — All2 = O(n1/27%), (5.15)

where A denotes the diagonal matrix whose diagonal elements are equal to the components
of the vector QY0. Since the algebraic connectivity \; > on, we get that as n — oo

11 (Buiag = )Q)| < 1l Butag = AlLNIQ 2 = O(n~1/24%). (5.16)
Using (5.14) and (5.16), we obtain that as n — oo
tr(®) = t7r(BaiagQ™ ) = tr(AQ™) + O(n™V/*7%) = T Qo + O(n~1/2+3%), (5.17)

where a denotes the vector composed of the diagonal elements of the matrix Q‘l.
Using the property of the trace function tr(XY) = tr(Y X), we have that

tr (%) = tr ((Bsker_l)Z) +tr ((BdmgQ—l)2> ot (Bsker—lemgQ—1> . (5.18)
Since Bipey is the skew-symmetric matrix and Q‘lemgQ_l is the symmetric matrix

tr (Bskewéileiagc?il) = 0. (519)

One can show that ) )
tr (X?) < || X|lis,

(5.20)
XY [|s < [ X|[ms|[Y]]2-
Therefore we get that
)t?“ ((Bsker_l)Q)) S ||Bsker_1||%{S' (521)
Since the algebraic connectivity A\; > on, using (5.9), we obtain that as n — oo
. A 1
||Bsker_1||HS S ||Q_1||2||Bskew||HS S )\_1||Bskew||HS - O(n_1/2+€)- (522)

Using (5.9) and (5.15), we get that

tr ((Bang = 10 BungQ@™")| < 5By = Dllall Bl = 0+ (529
and

7 (B = 000 (B = Q)| € n55(Bay = DI = 0 %). (520
e tr ((BdmgQ_l)2> — tr ((AQ‘l)Q) + O(n~ 1), (5.25)

Combining (5.18), (5.19), (5.21), (5.22) and (5.25), we obtain that

tr (92) = tr ((AQ‘l)Z) + O(n~ 1), (5.26)
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Using (5.17) and (5.26) in (5.12), we get that

tr ( A *1)2>
det(I +i®) =exp | i07Qa + — +O(n 1243y | (5.27)

Combining (5.7), (5.8) and (5.27), we obtain (5.5). [

We denote by P(0) the orthogonal projection onto the space L.

Lemma 5.2. Let the assumptions of Theorem 2.1 hold. Let Q = @+ J, where J denotes the
matriz with every entry 1. For positive constants a, b, c,dy,dy let sequence of vectors {a,}
and sequence of differentiable functions {R,(0)} be such that

l[atn]|oo < ¢/, (5.28)
670

R (0)] < dy nQ : (5.29)
R,(6) = R.(P(0)) (5.30)

and for @ € U, (2n=1/2%e)

OR,, (0 1/ote
|52 < (531)
Forn > 2 define
In = / exp [ 107Qa, —a Z A?k—b Z A?k+Rn(9) dL. (5.32)
LNV, (vj, k) EEG (v;,0,)EEG

Then as n — o0
I = Oky ko (WnT_la_nT_lnl/Q/\/ det Q) , (5.33)
where constants ki, ko > 0 depend only on a, b, ¢, dy, dy and o.
Lemma 5.2 is proved in Section 8.

Lemma 5.3. Let the assumptions of Theorem 2.1 hold. Then as n — oo

So = Oy s <2Tw”$1n1\/det Q) , (5.34)

where constants ki, ky > 0 depend only on o.
Proof of Lemma 5.3. Using formula (5.2) with » = 1,2...,n and summing, we obtain that

nSy = iwnlﬂ / H cos A Z H (1+itanAj) dL =
r=1

LAV (vj,vp)EEG T€Tr (vj,v,)EET

:ﬂnl/Z/ I1 cosAijZ [T (+itanay) dL.

LAV, (iwk)EEG r=1T€T: (vjv)EET

(5.35)
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By Taylor’s theorem we have that for @ € 1

1 1 .
H cos Ajj, = exp -5 Z A?k—ﬁ Z Aj+0Mm %) . (5.306)

(vjvr)EEG (vjvr)EEG (vjv)EEG

Combining (5.35) with (5.36) and Lemma 5.1, we obtain that as n — oo

. 1 1 1
exp zOTQa—§ > A?k—ﬁ > A§k+§R(e) dL, (5.37)

LAV (vj,vk)EEG (vj,vg)EEG

where a denotes the vector composed of the diagonal elements of the matrix Q! and
R(0) = tr(AQ™Y)?, (5.38)

where A is the diagonal matrix whose diagonal elements are equal to the components of the
vector Q0. Since vector [1,1...,1]T is the eigenvector of @, corresponding to eigenvalue 0,
we have that

Q0 =QP(0). (5.39)

Thus
R(0) = R(P(0)). (5.40)

Note that Lemma 3.5 implies as n — oo
e < 1/m, (5.41)

where ¢; = ¢1(0) > 0. Since the algebraic connectivity A\; > on, using (5.20), we get that

RO)] < Q" I[2s < IAIIIQ 3 =
= 11Q6113 1127115 < IIQI3 110113 1615 < 5.12)
21 67Q0 _ 167Q0

)\% )\1 — o3 n

1
<X l8l3<n
1
Note that for 8 € U,(2n~"/*™) and for some 1 <k <n

1ALl <) 1Au| = O (n'/?). (5.43)
j=1

For 1 < k < n we denote by (Qfl)k the k-th column of the matrix Q. Using again A\, > on,
we get that

L= [1QQkll2 = M@ xll2 = onl|(Q )il (5.44)
Note that
STR = 2tT(§7AQ—1AQ—1) - Qdk(Q_lAQ_l)kk + 2”(]\@—1/\@_1)’ (5.45)
k k
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where (Q'AQ ") denotes (k, k)-th element of the matrix Q~'AQ~! and the matrix A is

such that for any 1 < j <n the diagonal element |A;;| < 1. Since the algebraic connectivity
A1 > on, using (5.43) (5.44), we get that as n — oo

S S - 1 s
[tr(AQTTAQT < n[IAQTTAQT > < nIAll [[All2 35 = O(n ) (5.46)
1

and R R R

2di(Q7'AQ ™)k = 2 Mgk [ (Q )il I3 = O(n™1/2+9). (5.47)
Thus for some d > 0, depending only on o
OR,(0

H ae( )H < dn Y, (5.48)

Combining (5.37), (5.40), (5.41), (5.42), (5.48) and using Lemma 5.2 we obtain (5.34). =

6. The insignificant parts of the integral

In this section we prove that Sy contributes almost all of S, even though it involves only a
tiny part of the region of integration, compare with Section 4 of [6]. We continue to use the
same value of € as in the previous section.

Let assumptions of Theorem 2.1 hold. Define E'T = {(v;, vx), (vg,v;) | (vj,v) € ET}.
We express the integrand of (4.7) as

FO)=>_ ]I r«(T.0), (6.1)

TeT, jkeEG
where
cos Ajp(1 +itanAj), (vj,vx) € ET,
[ik(T,0) =< cosAji(1 —itanAjy), (vg,v;) € ET, (6.2)
cos Aji, otherwise.

Note that |f;,(7,0)| <1 for all values of the parameters. One can show that

1 9
| cos(7)| < exp(—=a?) for |z| < —m. (6.3)
2 16
Divide the interval [—%7?, %7?] mod 7 into 32 equal intervals Hy, ..., H3; such that Hy =

[—a;7, 257 For each j, define the region W; C U, (7/2) as the set of points having at least

-1 coordinates in Hj. Clearly, the W;’s cover U, (7/2) and also each W; can be mapped to

Wy by a uniform translation of the §; mod 7. This mapping preserves the integrand of (4.7)
and also maps V; to itself, so we have that

/ |F(0)]d6 < 322, (6.4)

Un(m/2)—Vo

where

7= / F(0)|d6. (6.5)

Wo—Vo
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We proceed by defining integrals Sy, ..., S; in such a way that Z is obviously bounded
by their sum. We then show that S; = o(Sy) for j = 1,2, 3, 4 separately. Write

F<0> = Fa<0) + Fb<0>7 (66)

where F,(0) and F,(0) are defined by restricting the sum to trees with maximum degree
greater than on/4 and no more than on/4, respectively. Also define regions V; and V5 as
follows.

1
Vi={0eW,|l0;] > 357 for fewer than n® values of j},

1 (6.7)
Vo={0€Vi||0;] > 67 for at least one value of j}.
Then our four integrals can be defined as
si= [ IF@)de.
Wo—Vi
5.~ [ IF.0)las.
" (6.8)

S5 — / IF3(6)]d6,
Va

Sy = / |F,(0)]d6.
Vi—Va—V

We begin with ;. Let A be the function from Lemma 3.9 for the set A = {v; | ;| < g7}
We denote [,,,;, such natural number that inequality

0] > 61—47r(1 +1/H) (6.9)

holds for at least n°/H indices of the set {j | h(v;) = [}. Existence of [, follows from the
definition of the region V;. If 6; and 6, are such that

(14 Lyin /H) and [0s] < —7(1 + (I — 1)/ H) (6.10)

1
0 >
‘ .7| 64

_@W

or vice versa, but (v;,vx) ¢ E'T, we have that |f;,(T,0)| < cos(g;m/H). This includes at

least (an —n)% — n edges (v;,vy) € EG. Using (3.1) and (3.33), we get that as n — oo

(an_ns)n_g_n n— n A
S < t(G)rm" (cos 64LH) R O(exp(—cnlJre)) 2" "2 n 1/ det Q (6.11)
for some constant ¢ > 0 depending only on o.

To bound S5, we first note from Lemma 3.7 that the number of trees with maximum de-
gree greater than on/4 is less than ¢§ det QQ/(on/4)!. Using (6.3), we see that

/(T.6)] < exp(~5A%) (612
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except for at most n** pairs (j, k) with [Aj] > 7 7T and fewer than n pairs in £'T. In those
excluded cases the value exp(—%A2 ) may be hlgh by a factor exp(2 7%). Hence, we have that

nq A
Sy < i;njtllg exp <%ﬁ2(n+n2€)) / exp —% doAy (6.13)

Un(m/2) (vjvr)EEG

Lemma 6.1. Let the assumptions of Lemma 3.2 hold. Then

1 27T 12
[ el X an)aes (6.14)
Un(/2) (vj,vk)EEG det Q)

Lemma 6.1 is proved in Section 8. Combining (6.13) and (6.14), we obtain that as n — oo

So =0(n"") 2"7 "% n/det Q (6.15)

for some constant ¢ > 0 depending only on o.

We denote by G'r the graph which arises from G by removing all edges of the tree 7.
Let G be the graph resulting from from G by removing vertices, corresponding to those
values of j for which |0;| > &7

For 1 <r < nflet S3(r) denote the contribution to S of those 6 € V5 such that [6;] > =7
for exactly r values of j. If |0;] < g5 and |6 > 557 or vice versa, we have that

| fi1(T, 0)] < cos (%w) (6.16)

unless (v;,v;) € E'T. This includes at least r(on/2 — on/4 — n®) pairs (j, k), because the
degree of any vertex of the graph G is at least on/2, see (3.2). For pairs (j, k) such that
10,1, 16| < 557, but (v;,v) ¢ E'T, we use (6.12). We put 8’ = (6;,...,6,_,). Then,

ZZ / exp —% > AL de, (6.17)

T U /2) (v 0)€EGT.0

r(on/4—n¢

Ss(r) <z" (cos —)

where the first sum is over choices of those values of j for which |0;] > < 7r and the second
sum is over trees with maximum degree on/4. Using Lemma 3.8 and then Lemma 3.1 and
Lemma 3.6 for the graph G, we obtain that

)\1<GT,9) Z 0'77,/2 —nf (618)

and .
det Q)
(C5n)7" )

where ¢; = ¢5(0) > 0 and Q = Q(G). According to Lemma 6.1, we have that

det Q(Gr,0) > (6.19)

n—r—1 n—r+1

1 2
/ exp | —3 Z A% | de’ < - 7T . (6.20)
Un_r(7/2) (vj,0r)EEGT 0 det Q(Gr)
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Combining (6.17) with (6.19), (6.20) and allowing n" for the choice of those values of j for
which |6;| > &, we obtain that

S3(r)y <2 2 7 2 COS —

32 \/detQ

n—r— n+r 7’(0'77//4—77/5) T‘/2
| ( s ) t(G)(csn) (6.21)

and, using (3.33), we can calculate that

Sy = Z S3(r)=0(c™) 2"7 1"z ny/det Q (6.22)
r=1

for some constant ¢ > 1 depending only on o.

Since Aj, < %7‘(‘ for 8 ¢ V; — V5, — Voiand the integrand is invariant under uniform

translation of all the 6;’s mod 7, we can fix # = 0 and multiply it by the ratio of its range 7
to the length n=1/2 of the vector 1[1,1,...,1]7. Thus we get that

n

Sy < mnl/? / |F,(0)|dL, (6.23)
LUy (7/8)—Vo

where L denotes the orthogonal complement to the vector [1,1,...,1]T. In a similar way as
(6.17) we find that

1
S4 S 7Tn1/2 Z / exp —5 Z A?k dL, (624)

T LU (7/8) Vo (vjvr)EEGT
where the first sum is over trees with maximum degree on /4.

Lemma 6.2. Let the assumptions of Lemma 3.2 hold. Then as n — oo

—1 —1
) 2% e /2

(6.25)

~

1
exp | =3 Z A% | dL = O (exp(—en®™)

L—Un(n—1/2+¢) (vj,o)EEG det )

for some ¢ > 0 depending only on o.

Lemma 6.2 is proved in Section 8. Using Lemma 3.8 and combining (6.25), (6.24) and (3.33),
we obtain that as n — oo

n—1 n+1

Sy = O (exp(—cn™)) t(G)m = O (exp(—cn™)) 2"T "% n 1/ det Q (6.26)

~

det )

for some ¢ > 0 depending only on ¢. Combining (6.11), (6.15), (6.22), (6.26) and Lemma
5.3, we obtain the desired result.

Lemma 6.3. Let the assumptions of Theorem 2.1 hold. Then as n — oo
S = (14 O (exp(—cn™))) So (6.27)

for some ¢ > 0 depending only on o.
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7. Proof of Lemma 3.2
According to (4.6) and (4.7)

Eul(G) =] (% — 1)1 21FCIntlpmng, (7.1)

J=1
where

S = / H cos Ajj Z H (1+itanAj) d6. (7.2)

Un(n/2) (vj,vx)EEG T€Tr (vjv,)EET

Combining Lemma 5.3 and Lemma 6.3 we get that as n — oo

S = 6)]617]€2 (2712171'71;177,1 \/ det Q) s (73)

where constants k;, ks > 0 depend only on o. Taking into account (3.33) we obtain (2.11). m
If for some o > 1/2 the degree of each vertex of the graph G at least on, we can use (3.3)
and get that
M(G) >2mind; —n+2 > (20 — 1)n. (7.4)
J
8. Proofs of Lemma 5.2, Lemma 6.1 and Lemma 6.2

Let assumptions of Lemma 3.2 hold. We define

¢ = p(0) = (61(0). ... 6.(6)) = Q6. (8.1)
We continue to use notation P (@) for the orthogonal projection onto the space L, where L
is the orthogonal complement to the vector [1,1,...,1]7. For any a > 0 we have that
/e“OTQOdH = W”/Qa’"/z/\/ det Q (8.2)
Rn
and
/e‘“eTQedL = /e_aeTQedL = W"T_la_nT_lnl/Q/\/ det Q. (8.3)
L L
Proof of Lemma 6.1. Note that
> AL =0"Q8. (8.4)
(vj,vk)EEG

Since diagonal of U, (7 /2) is equal to 7n'/? and Q8 = QP(6) we have that

1
R Y AL |do< ﬂnl/z/e—%f’TQedL. (®5)
Un(ﬂ'/2) (UJ,Uk)EEG s

Using (8.3), we obtain (6.14). ]
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Note that for some ¢;(0) = g1(6s, ..., 60,)

N 0)2
67 Q6 = ?Z(+)1 +91(0).

Using (3.9), we get that as n — oo

400 +oo
. —a 1(6)2
/ 0720 g — / / canteo [ g, ) oo,
_ (1 —|—O (exp(—5n2€))) / efaOTQAOdH

|¢1(0)| <Lt nl/2te

for some ¢ > 0 depending only on ¢ and a, where ¢, is the constant of Lemma 3.2.
similar expressions for ¢1, ¢o, . .. ¢,, we obtain that as n — oo

e—aBTQBdO — (1 + O (exp(—cn%))) /e—aeTQOde

16(8)]]oe < g nl/2+e R®

(8.6)

(8.7)

Combining

(8.8)

for some ¢ > 0 depending only on ¢ and a. Using Lemma 3.2, we get that as n — oo

/ ea0"0 g9 — (14 O (exp(—cn™))) /e_aeTéedO.

Un(an=1/2+9) R
Proof of Lemma 6.2. Note that
1Pl =116 = 0[1,1,... . 1]"[|c < 2/|6]|cc,

where

01 +0,+...0,
- .

0=
Thus 1
Un(gn™"*%) € {6 | P(8) € Un(n™"/*7)}

Since QO = QP(0), using (8.4) and (8.12), we get that

1
/ exp | =5 Z A?k dL = / o—307Q0 1

LAU (n=1/2+2) (v vr)€EG LAU (n=1/2+¢)

—+oco
— / eéOTQOdH//eé”dex n'/ / 779TQ9d0.
\/_

P(0)eU, (n—1/2+e) Un(Ln—1/2+2)

Combining (8.2), (8.9) and (8.13) we obtain (6.25).

To prove Lemma 5.2 we separate the integrand in (5.32) into three factors.

® exp (z HTQan) — the oscillatory factor,

(8.9)

(8.10)

(8.11)

(8.12)

(8.13)
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e cxp | a Z A?k — the regular factor,
(v, ) EEG

e exp | b Z A?k + R,(0) | — the residual factor.

(v, k) EEG
The proof consists of the following steps.

1. In Lemma 8.3 we estimate an integral analogous to (5.32) but without an oscillatory
factor.

2. Using Lemma 8.5, we get rid of the oscillatory factor in (5.32).
3. Combining Lemma 8.5 and Lemma 8.3, we complete the proof of Lemma 5.2.
At first, we prove two technical statements.

Lemma 8.1. For any a > 0 and sequence of functions r,(x) such that as n — oo

sup | (z)] = o(1). (8.14)
‘x‘gn—l/%rs
Then as n — oo
n—1/2+s n—1/2+5
2 1 2
/ nale e (@) gy — (2— + 0(1)) / em e (@) g (8.15)
a
_p—1/2+ _p—1/2+e
and
n71/2+s n71/2+s
2 3 2
n2gteane (@) gy — <ﬁ - 0(1)) / emane (@) g (8.16)
a
_n—1/2+e _p-1/2+e
Proof of Lemma 8.1. Note that
n® 400 1 n®
/ t2e=dt = (14 O (exp(—cn™))) / e dt = <2— - 0(1)) / e~ dt (8.17)
a
and
n® 400 5 né
/ tre " dt = (1+ O (exp(—cn™))) / tre " dt = (p + 0(1)) / e dt.  (8.18)
a
Using (8.14), we get that as n — oo
sup  |e™@ — 1] = o(1). (8.19)
fel<n-1/24¢

Making the substitution ¢ = y/nz and combining (8.17) and (8.18) with (8.19), we obtain
(8.15) and (8.16), respectively. (]
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Lemma 8.2. Under the assumptions of Lemma 8.1, let r,(x) be differentiable and asn — oo

sup |l (x)] = O(n~ Y23, (8.20)
‘x‘gn—l/2+s
Then as n — oo
n71/2+5 n71/2+s
_n—1/2+e _n—1/2+e
Proof of Lemma 8.2. Note that
ne —+o0 1
/ te*"dt = (1 + O (exp(—cn™))) / e~ dt = -+ O (exp(—en™)) (8.22)
a
0 0

According to the Mean Value Theorem, we have that for some |Z| < |z|
|ern (@) — ern(=2)| = |era(@)y! (3)24]. (8.23)

Using (8.20), we get that as n — oo

sup [ )| = O (n i+ | (8.24)
‘x‘gn—1/2+s
We have that
n—1/2+¢ n=1/2+e
/ xefanm2+r"(x)d.r _ / xe—ang;? (ern(x) . ern(*x)) dz. (825)
_p—1/2+e 0

Making the substitution ¢ = \/nz and combining (8.22) with (8.24), we obtain (8.21). ]

We use notation

i =3 16517 (8.26)
j=1
According to the Generalized Mean Inequality, we have that
i < (uaf ). (8.27)
Since
¢ =(de + 106+ > 0 (8.28)
(ve,v;)EEG
and (see (3.18))
dy > on/2 (8.29)

we obtain that

|0k] < % <|¢k| +) |9j|> (8.30)

J7#k
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Using Lemma 3.2, we find that
Coo Coo
D161 < 110l < =Ml = = (8.31)
, n n
J#k
Combining (8.27), (8.30) and (8.31), we get that

16 c 4 16 4
4 0 1/4
0t < i (Ionl+ “2m) < 05 (1n] + e (ua/m) ) (8.82)

Using the inequality (z + y)* < 8(2* + y*), we obtain that

4
4 Py, Ha
Qk S C¢ﬁ + CME, (833)

where constants ¢4, ¢, > 0 depend only on o.

Lemma 8.3. Let assumptions of Lemma 3.2 hold. Let {a,} be sequence of positive numbers
having limit a > 0. Then for any b > 0 as n — oo

—a,0700 — b Al de =06 /
/Un(n1/2+s) o ! “ Z " ke (

(vjvr)EEG R

e—%"T@"d0> . (8.34)

where constants ki, ky > 0 depend only on a, b and o.

Proof of Lemma 8.5. Using the inequality (z + y)* < 8(z* + y?), we find that

> oAL< 8nzn:0;1. (8.35)
j=1

(Ujvvk)eEG

We define R1(0) = 8n 3 6. Thus we have that
i=1

/ exp | —a,07Q0 b > Al |do> / ¢ m0"Q0-R1(0)gg (8.36)
Un(n—1/2+¢) n

(Uj 7vk)€EG

Using (8.9), we find that as n — oo

/ ¢1116—an0TQ0—R1(9)d0 _ / ¢ile—an9TQ9—R1(9)d0+
Un(n—1/2+s)

Un(§n71/2+s)

(8.37)
+0 (exp(—cn™)) / e~ 0" Q00
R’ﬂ
for some ¢ > 0 depending only on a and o. It follows that
n—1/2+e n—1/2+e %n*1/2+5
/ . / / plem0TQO-1O)gg | qg, ... df, =
—n—1/2+e —n—1/2+e Ay —1/24e (838)

:/ qb‘lle_“”eTQe_Rl(e)deLO (exp(—cn%))/ e~n07Q0 jg
Un(n—1/2+s)

n
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Using (8.6), we find that

n—1/2+¢ n—1/2+¢ 4,-1/2+e

/ / / e 0700 g | qp, . gg, —
_p—1/2+e _p=l/24e \_4,-1/24¢
n—1/2+e n—1/2+e %n—1/2+s
¢2
_ / / g=0n1 (02 0n)=Fa(6) / gle a9 gg, | dg, . d6,,
—n—1/2+e —n—1/2+e _4y-1/24e
(8.39)
where R,(0) = 8n ) 6;. Using (8.30), we get that as n — oo
j=2
4,-1/2+e
4 fani78bn€‘f o 2 4 fanif8bn9%
e at db; = (1+ O (exp(—cn™))) e Al df; (8.40)
_én—1/2+s |p1|<nl/2+e

Combining (8.38), (8.39), (8.40) and Lemma 8.1 with x = ¢;/n, we obtain that as n — oo

/ ¢%6—an9TQ9—R1(9)d0 < C/n2/ e~ @n0TQO-R1(9) 191
Un (n=1/2+¢) Un(n=1/2+¢) ) (841)
+0 (exp(—cnze))/ e~n0"Q0 19

n

for some constants ¢, ¢ > 0 depending only on a and o.
Combining similar to (8.41) inequalities for ¢1, ¢o, ..., ¢, and using (8.33), we find that
as n — 00

/ eélle—anOTQO—Rl(Q)de < (C¢ + Cﬂ)c/ / e—anBTQB—Rl(O)d0+
Un(n—1/2+¢) - 2 Un (n—1/2+¢)

" A (8.42)
+0 (exp(—cn™)) / e~0" Q919
for some ¢ > 0 depending only on a and . Note that as n — oo
n—1/2+s n—1/2+s n—1/2+s
2
/ o / o~ 91(02,....0n) — R2(6) / efan%*&m«%ldel by ... do, —
_n—1/2+5 _n—1/2+5 _n—1/2+5
(8.43)
n71/2+5
¢2
= / e T (1= 8bnf! + O (n~2%)) db; | db, . .. db,
_n—1/2+e
Combining (8.42) and (8.43), we get that as n — oo
/ 6—an0TQ9—R1(9)d0 Z <1 + é) / e—anBTQB—RQ(e)d0+
Un(n=1/2+¢) ) JUn(n=1/%+2) (8.44)

+0 (exp(—cn2€))/ ¢8R0 g

Rn
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where ¢ depends only on a, b and o.
We continue similarly to (8.44)
Un(n_1/2+5) n Un(n_l/Q"‘E) (845)
+0 (exp(—cn™)) / ean07Q0 0
where .
Ri(0) = 8n> 07, (8.46)
j=k
Combining all inequalities of (8.45) for Ry, Ry, ..., R,, we get that
/ e—anGTQB—Rl(O)dO Z (1 + é) / e_a"BTQ0d0+
Un(n—1/2+5) n Un(n_l/Q"‘E) (847)
+0 (exp(—cn%)) / e~n97Q0 19
R?’L
for some ¢ > 0 depending only on a and o. Note also that
/ gm0 QO-11(0) g9 < / ¢80 g (8.48)
Un (n—1/2+¢) Upn(n—1/2+¢)
Combining (8.9), (8.47) and (8.48), we obtain (8.34). [

Lemma 8.4. Let the assumptions of Lemma 3.2 hold. For positive constants a,b,dy,dy let

sequence of differentiable functions {R,(0)} be such that

Re (R,(0)) < d; OTQH,

- n

and for @ € U, (2n~1/2%e)

' OR,(6)
a0,

Then as n — oo

/ (bkei%@cfa 0TQ0+Rn(9)d0 — @kth / ei%d),c—a 0TQ0+Rn(9)d0 +
Un(n=1/2%¢) Un(n=3/2%)

+O(n—l/Q-i-zla) / e 4 BTQBdO

R

and

/ gbiei%qbk—a OTQ9+Rn(9)d0 _ @kth n / ei%qbk—a OTQ9+Rn(9)d0 +
Un(n*1/2+s) Un(n73/2+s)
+0 (exp(—én™)) /e“BTQBdO,
Rn

where constants ki, ks, ¢ > 0 depend only on a, b, dy, dy and o .

(8.49)

(8.50)

(8.51)

(8.52)
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Proof of Lemma 8.4. For our purpose it is convenient to assume that £ = 1. Note that

/ |€i%¢1*aeTQA0+Rn(9) |d0 S / e*aeTQ0+dleT$d0.

Un(n—1/2+s) Un(n—1/2+s)

Using (8.2), we get that as n — oo

/ |ei%¢1—a 6T Q0+R,.(6) |d9 -0 (1) / e OTQBdO.

Un(n—1/2+s) Un(n—1/2+s)

Similar to (8.37), for m = 1,2 we find that as n — oo

/ ¢§n|6i%¢1fa BTQB+Rn(0)|d0 _
Un(énfl/QﬁLf)fUn(n*l/Q*E)
=0 (exp(—cnze))/ ea07Q0 19

for some ¢ > 0 depending only on a,d; and o. It follows that

n—1/2+e n—1/2+e 4 n—1/2+e
T
/ Ce / / (bm i (;51 —ab Q0+Rn del d92 N den _
7n71/2+s 7n71/2+s 4 —1/2+5

:/ ¢§”ei%¢1’“0TQ9+R"(9)d9+O (exp(—cn%))/ e—207Q0 g9
U, (n 1/2+s) n

We define
R;(O) = R,(0,605,...,0,)

and

r1(8) = R.(0) — R,(6).

According to Mean Value Theorem, for 6 € Un(gnfl/ >*¢) we have that

g, OFn () e
[r1(8)] = [Ru(6) = R,,(6)] = |h—55—| = O(n" "),
k
Using (8.6), we find that
n—1/2+e n—1/2+e 4 n—1/2+e
/ / / plreind1=a0TROTIO) g, | 4g, .., =
_n—1/2+e _n—1/2+¢ _4 n—1/2+e
n—1/2+¢ % —1/2+¢

2
_ / e 9102 0n) 0 60) / grenoamtitn®@gn | ap, g,

—n—1/2+e _%n—1/2+5

(8.53)

(8.54)

(8.55)

(8.56)

(8.57)

(8.58)

(8.59)

(8.60)
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Using (8.30), we get that as n — oo

4,-1/2+¢
i£¢1—ai+r1(9)
¢§n€ " di+l d¢91 -
—gn /e (8.61)
. #2
= (1+ O (exp(—cn™))) / gretnorain @y,
|p1]<nt/2te

Combining (8.56), (8.60), (8.61) with m = 2 and (8.15) with = = ¢;/n, we obtain (8.52).
Note that

b it
by —a Tt (0
gbleznd)l @ a1t )d91 =

|¢1|§n1/2+s

) p (8.62)
= / ¢ <1 + z;qﬁ +0 (n—1+25)> e a0 g9,

\¢1\§n1/2+5

Since 0ry/00, = OR,, /001, using (8.21) with z = ¢ /n, we get that

3 of
bre~ O g, — 0 () ranmlan (g

|p1|<nt/2te |p1|<nl/2+e

Combining (8.56), (8.60), (8.61) with m = 1 and (8.52), (8.54) with b = 0 and (8.63), we
obtain (8.51). [

Lemma 8.5. Let the assumptions of Lemma 3.2 hold. For positive constants a,b,dy,dy let
sequence of vectors {B,} and sequence of real differentiable functions {R,(0)} be such that

|1Bnlloe <0, (8.64)
R, (0) < d; OTSQ, (8.65)

and for @ € U, (2n~1/2*e)
H 8%"9(0) HOO < dyn Ve (8.66)

Then as n — 0o

/ eiﬁZQ—a BTQB-i—Rn(B)dO — @];1,];;2 / o0 BTQB-‘,—Rn(@)dO +
Un(n—1/2+¢) Un(n=1/2+¢) (8.67)
_'_O<n—1/2+45> /e—QBTQOdH’

Rn

where R, = R, — 33" 3767 and constants k1, ks depend only on a, b, di, dy and o .
=1
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Proof of Lemma 8.5. Using (8.54), we get that as n — oo
/ o Bge—aeTc}eJar(e)dO _
Un(n—1/2+s)

202 )
= / (1 + 1516 — i + O(n3/2+3€)> ¢! (Br0—P101)—a 6T QO+RA(6) 19 —
2
Un(n—1/2+¢)
B / ¢ (BEO=6101)-a6TQO+Ru(O)- 35708 g9 | (O (y~3/2+3¢) / e—107Q0 10 1
Un (n—1/2+¢) Up (n—1/2+¢)

Un(n—1/2+¢)

(8.68)

Taking into account (8.28) and using Lemma 8.4, we find that as n — oo

¢k€i (BL0—p161)—a 9TQ9+Rn(9)d0 _

Un(n—1/2+s)

= O, iy / ci(Br0—p1601)—a 0T Q0+Rn(6) do |+

Un(n_3/2+5)

0@ [ in — (s)

R

— @k‘l,kg / ei(ﬁge_ﬁlel)_aOTQO‘f‘Rn(B)_%B%G%dO +
Un(n—3/2+s)

+O(n—1/2+45) / e—aOTQOdG’
Rn

where constants ki, ks depend only on a, b, dy, ds and o.
According to Lemma 3.2, we have that

A ~A Coo
Q™ h =11Q 1||c>o_7- (8.70)
Thus as n — o0

/ 0! (B0—5101)-a0"Q0+Rn(6) yg| <

n(n=1/2+e)

(8.71)

VAN
S|

/ ei(ﬁze—ﬁlel)—aBTQB—l—Rn(O)—%ﬁ%Gde +O(n‘3/2+45)/e‘“9TQ9d0,

n(n73/2+s) R™

where ¢ > 0 depends only on a, b, d, d; and o.
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Combining (8.68) and (8.71), we get that as n — oo
oiBR0-a0TQO+R(0) 19 _

Un(n—1/2+s)

W A
¢ (BT T 19292
= (1 —_ i(B;,0—B101)—a 8 Q0+Rn(9)__5191d0
(*n) / ¢ Mg+ (8.72)
Un(n*3/2+5)
—+ O(n73/2+4€) /eaeTQOdH,
Rn
where |cM| < &3, < éb.
We define )
1
(k) — _ - 2,2
o = B 2 Z 05 (8.73)
j=1
We continue similarly to (8.72)
k ~
i<ﬁ29 > 5j9j> —a8TQo+R\ (0)
/ e = de =
Un(n—1/2+2)
k+1
(k1) i| Bro- 6-0->—a0TQ0+R£LkH) 0)
= (1 + ¢ ) e < ]gl 7 ( 10+ (8.74)
n

Un(n—3/2+s)

+ O(n’3/2+4€) /eaOTQOdH,
Rn
where |c*+D| < &3, < éb.

Combining all inequalities of (8.74) for k =0,1,...,n — 1, we get that as n — oo

/ oiBn0-a0TQO+R(0) 19 _
Up (n—1/2+¢)
1 (n) S
C C T
= (14+—). . (14+— —a07Q6+R.(0) 19
(o)) o e
Un(n_3/2+5)

~|>O(7’L_1/2+4E)/6_QOTQOCZ0.

Rn

Since |c®| < bé for k =0,1,...,n — 1, using (8.75), we obtain (8.67).

Proof of Lemma 5.2. Note that for 6 € U,(2n=1/2"¢) as n — oo

aﬁ d ALl =0m ), (8.76)

(Ujvvk)EEG 00
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We define 3,, = Qay,. Using Lemma 8.5, we find that as n — oo

/ exp | i07Qam —a07QO—b > Al +R,(6)|dO=

Un(n—1/2+) (vj,08)EEG
=05 i / exp | —a07Q0 — b Z A?k + R, (0) | do | + (8.77)
Un(n—1/2+¢) (vjvE)EEG
+O(n_1/2+45)/6—‘19TQ9

R”

where R, = R, — % > 6]26’]2 and constants kq, ks depend only on a, b, dy, ds and o. Note that
j=1

for some d3 > 0, depending only on ¢ and o,

OT 0
Z 3202 < Q (8.78)
Combining (8.2), (8.77) and Lemma 8.3, we find that as n — oo

exp | 107 Qo —ab"QO—b > Al + R,(6) | d =
Un (n—1/2+) (vj,08)EEG (8.79)

= Ok, <2 T /\/@)

where constants k7, &, depend only on a, b, dy, dy and 0. Note that

—+00
/ e~ g / exp [ 107Qa, — a Z A?k —b Z A?k + R,(0) | dL =
— 0 (vj,vr)EEG (vj,vr)EEG
e ' ' (8.80)
_ / exp [ 107Qan —a700 —b S AL+ R,(0) | do.
P(0)eLNV, (vj,0x)EEG
We have that
exp [ 1607Qan —abTQ8 —b 3" AL R, () || < 0@ (8.81)
(vjvr)EEG

Thus, combining (8.9), (8.12), (8.79) and (8.80), we obtain (5.33) [
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9. Final remarks

In fact, using Lemma 5.1 and Lemma 6.3, the estimation of the number of Eulerian circuits
is reduced (see proof of Lemma 5.3) to estimating the integral

1 1 1 A
A 2 4 —1)\2
/exp 10" Qo — 5 E Ay — 1 E Ay + §tr(AQ )° | d6, (9.1)

Vo (vj,vr)EEG (vj,vr)EEG

where a denotes the vector composed of the diagonal elements of Q*I, A denotes the diagonal
matrix whose diagonal elements are equal to components of the vector Q8. Apparently, it is
possible to estimate integral (9.1) more accurately for particular classes of graphs and obtain
asymptotic formulas for Eul(G), similar to (2.12).

Finally, we want to note that the following expression

e e f[ (% _ 1)! (9.2)

gives a surprisingly good estimate for the number of Eulerian circuits in graphs. Namely, we
calculated the exact numbers of Eulerian circuits for small random graphs and in all cases
the values given by (9.2) differ from the exact ones within not more than 30% error.
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