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DISTRIBUTION OF POINTS AND HARDY TYPE INEQUALITIES IN
SPACES OF HOMOGENEOUS TYPE

E. ROUTIN

ABSTRACT. In the setting of spaces of homogeneous type, we study some Hardy type inequal-
ities, which notably appeared in the proofs of local T'(b) theorems as in [AR]. We give some
sufficient conditions ensuring their validity, related to the geometry and distribution of points
in the homogeneous space. We study the relationships between these conditions and give some
examples and counterexamples in the complex plane.
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1. INTRODUCTION

The goal of this paper is to study, in the setting of a space of homogeneous type, what we
call Hardy type inequalities. They notably appear in the proofs of local T'(b) theorems as in [H],
[AR|, where they play a crucial role to estimate some of the matrix coefficients involved in the
arguments. The prototype of a Hardy type inequality is the following in the Euclidean space of

dimension 1:
[ 2] o) ()’
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where I,J are adjacent intervals, supp f C I, suppg C J, and 1 < v < oo, vV = —£7. The
integral here is absolutely convergent and this is an immediate consequence of the boundedness
of the Hardy operator H(f =1 fo t)dt (hence our terminology). The above 1—dimensional
inequality easily extends to the Euchdean space in any dimension: for every 1 < v < 400, there
exists C' < 400 such that for every disjoint dyadic cubes @, Q" in R™, every function f € L"(Q)
supported on @, g € L”,(Q’ ) supported on @', the following integral is absolutely convergent

and we have
d < C u g o e

This estimate, well known by the specialists, follows from the 1—dimensional one by expressing
the fact that the singularity in the integral is supported along one direction, transverse to an
hyperplane separating the disjoint cubes Q, Q.

A similar result in the setting of a space of homogeneous type is to be expected, that is

g(z)
dlst( )))d,u(x)d,u(y) < CHf”LV(I,dM)“g”LU/(J,dﬂ)7

where INJ = @, and 1 < v < 400, 1/v + 1/v/ = 1. Expectedly, it turns out that it holds
without any restriction if I, J are Christ’s dyadic cubes (in the sense of [C|, see Section 2), even
if the previous argument cannot be valid as the dyadic cubes in such a space do not follow any
geometry. It seemed not to have been noticed in the literature before our work with P. Auscher
[AR]. It relies in particular on the small layers for dyadic cubes. However, if I is a ball B and J,
say, 2B\ B, then it is not clear in general. It clearly depends on how B and 2B\ B see each other
through their boundary. In [AR|, we came up with some small boundary hypothesis on the space
of homogeneous type (called the relative layer decay property) ensuring that the inequality was
satisfied. We also showed that this property held in all doubling complete Riemannian manifolds,
geodesic spaces and more generally in any monotone geodesic space of homogeneous type. The
latter notion arose in geometric measure theory from the work of R. Tessera [T], and was recently
proved by Lin, Nakai and Yang [LNY] to be equivalent to a chain ball notion introduced by S.
Buckley [B2].

We continue this study in the present paper, investigating further these different conditions and
the relationships they entertain. It appears that they are all connected to the way points are dis-
tributed in the homogeneous space. We produce some interesting examples and counterexamples
in the complex plane (Theorem 2.5, see Section 2). A natural question that also arises is the
following: if the Hardy type inequality for balls is satisfied for a fixed couple of exponents, is
it satisfied for every couple of exponents? We show the answer is positive if the homogeneous
space satisfies some additional hypothesis (Proposition 2.6).

The paper is organized as follows. We give some basic definitions, recall the results already
obtained in [AR| and present our results in Section 2. We recall the proof of Proposition 2.3
in Section 3 and give the proof of Proposition 2.6 in Section 4. We then devote Section 5 to
the layer decay and annular decay properties that appeared in [AR]. We study some geometric
properties ensuring that the latter are satisfied in Section 6. Finally, we present in Sections 7
and 8 some examples and counterexamples in the complex plane, inspired from a curve conceived
by R. Tessera in |T.

This work is part of a doctorate dissertation that was conducted at Université Paris-Sud under
the supervision of P. Auscher. The author would like to warmly thank him for his kind support.
I also thank T. Hytonen for his insightful comments and discussions related to this work.
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2. DEFINITIONS AND MAIN RESULTS

Throughout this paper, we will work in the setting of a space of homogeneous type, that is
a triplet (X, p, ) where X is a set equipped with a metric p and a non-negative Borel measure
w for which there exists a constant Cp < 400 such that all the associated balls B(z,r) = {y €
X; p(z,y) < r} satisfy the doubling property

0 < u(B(z,2r)) < Cpu(B(z,r)) < 00

for every x € X and r > 0. We suppose that pu(X) €]0, +oc], and we allow the presence of atoms
in X, that is points € X such that u({z}) # 0.

Remark 2.1. One usually only assumes that p is a quasi-distance on X in the definition of a space
of homogeneous type in the sense of Coifman and Weiss [CW]|. For the sake of simplicity, we limit
ourselves to the metric setting. However, our work can easily be carried out to the quasi-metric
setting, though one then has to assume the balls to be Borel sets to give a sense to the objects
we will define in the following. Note that this is not necessarily the case as the quasi-distance,
in contrast to a distance, may not be Holder-regular, and quasi-metric balls might not be open
nor even Borel sets with respect to the topology defined by the quasi-distance. Other kind of
assumptions and arguments appeared in the literature, see for example [AH] for a discussion on
the subject.

We will use the notation A < B (resp. A =~ B) to denote the estimate A < CB (resp.
(1/C)B < A < CB) for some absolute constant C' which may vary from line to line. Denote by
supp f the support of a function f defined on X, diam E the diameter of a subset £ C X, E
the topological closure of a set E C X, Card [ the cardinal of a finite set I, |E| the Lebesgue
measure of a set £ C R”, and p(E,F) = infyep yer p(x,y) the distance between two subsets
E FCX.

For 1 <p < oo, let p/ = 1% be the dual exponent of p. The space of p-integrable complex
valued functions on X with respect to u is denoted by LP(X), the norm of a function f € LP(X)
by [|f|lp, the duality bracket given by (f,g) = [ fgdu (we do mean the bilinear form), and the
mean of a function f on a set E denoted by [f]r = n(E)™! [, fdp.

Finally, for any =,y € X, we set

Az, y) = w(B(z, p(z,y)))-
It is easy to see that, because of the doubling property, A(z, y) is comparable to A(y, x), uniformly
inx,y € X.

The following result, due to M. Christ (see [C]), states the existence of sets analogous to the
dyadic cubes of R" in a space of homogeneous type.

Lemma 2.2. There exist a collection of open subsets {Qé C X :j€eZ,ac€ I}, where I; denotes
some (possibly finite) index set depending on j, and constants 0 < 6 < 1, ap > 0, n > 0, and
C1,Cy < +00 such that

(1) Forall j € Z, n({X\ Uaelj QL) =0.

(2) If j < j', then either Qg C QL, or Qg NQL=a.

(3) For each (j,a) and each j' < j there is a unique B such that QL C Qg
(4) For each (j,a), we have diam(Qé) < G107, ' '
(5) Each Q) contains some ball B(z),aod?). We say that z% is the center of the cube Qh.
(6) Small boundary condition:
)

(2.1 p({z e Qh: ple, X\QL) < t67}) < Cot"u(Q))  Vi,a, Vit >0.
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We point out that this result had already been proved by G. David in the case of Ahlfors-regular
Euclidean sets (see [D1]). The construction of these open sets by M. Christ is quite abstract,
and, as such, these sets do not follow any geometry. It means that they can be rather "ugly"
sets in practice, in spite of their nice properties. Wo will call those open sets dyadic cubes of the
space of homogeneous type X. For a cube Q = QJ, j is called the generation of @, and we set
1(Q) = 8. By (4) and (5), 1(Q) is comparable to the diameter of @, and we call it, in analogy
with R, the length of Q. Whenever Q4™ C @7, we will say that Q4™ is a child of Q] , and Qj

the parent of Qéfr . It is easy to check that each dyadic cube has a number of children uniformly
bounded. A neighbor of @ is any dyadic cube @’ of the same generation with p(Q, Q") < 1(Q).
The notation @ will denote the union of ) and all its neighbors. It is clear that Q and @ have
comparable measures. It is also easy to check that a cube @ has a number of neighbors that is
uniformly bounded.

Our first result is a Hardy type inequality in the dyadic setting, analogous to the Euclidean
one, valid in general spaces of homogeneous type.

Proposition 2.3. Let (X, p, ) be a space of homogeneous type. Let Q, Q" be two disjoint dyadic
cubes in X. Let 1 < v < +oo, with dual exponent v'. There exists C < 400 such that for every
function f supported on Q, f € L*(Q), and every function g supported on Q', g € LV (Q'), we
have

1/ (y)g(x)]
(2. L | SeE n@au) < it gl

The constant C only depends on Cp and v.

This is Lemma 2.4 of [AR|, where it has already been proved. However, for the sake of a better
understanding of what follows, we will recall the proof in Section 3, which includes some minor
corrections and adjustments to the one present in [AR]. Let us remark that this result is crucial
to the estimation of some of the matrix coeflicients appearing in the argument to prove the local
T'(b) theorem central to that paper.

With the motivation to state, for practical reasons, a local T'(b) theorem with hypotheses on
balls rather than cubes in [AR], we also wanted to know if we could get a similar result outside
of the dyadic setting. Let us precise what we mean with the following definition.

Definition 2.4. Hardy property.

Let (X, p, ) be a space of homogeneous type. We say that X has the Hardy property (HP) if
for every 1 < v < +o00, with dual exponent v/, there exists C' < +oo such that for every ball B
in X, with 2B denoting the concentric ball with double radius, and all functions f supported on
B, f € L*(B), g supported on 2B\B, g € L* (2B\B), we have

)
" ‘//&BAxy du(y)du(z) < Cllf[lullgll

Again, this is Definition 3.4 of [AR|. One could have equivalently replaced 2B by ¢B for fixed
¢ > 1in (H). This property is not always valid, as we will show in Section 7. The difficulty
owes to the fact that balls obviously do not satisfy in general the nice properties satisfied by
the dyadic cubes, and particularly the property of small boundary (2.1). We thus looked for
conditions on the way points are distributed in the space of homogeneous type ensuring that the
Hardy property would be satisfied. Our main result is the following:
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Theorem 2.5. Let (X, p, ) be a space of homogeneous type. We have the following diagram of
implications in X :

(HB)

T

(M)=Z (RAD)=Z (RLD) =— (HP)
===

T

AD) (LD)

A few comments are in order.

(1) Theorem 2.5 sums up our study of sufficient conditions for the Hardy property (HP), and
of the relationships between these conditions. This work was initiated in [AR], where
some of the implications in the above diagram have already been proved. Every property
except (HP) is related to the geometry and the distribution of points in the homogeneous
space. (M) is a purely metric property, while the others are geometric conditions both
metric and measure related.

(2) The properties (LD), (RLD), (AD) and (RAD), already introduced in [AR], will be
recalled in Section 5, but here we slightly modify (RLD) and (RAD), which does not
affect the statements already proved in [AR]. Next, the properties (HB) and (M) will
be defined and studied in Section 6. Section 7 will be devoted to the presentation of a
counterexample for some of the false implications in Theorem 2.5, while we will give in
Section 8 examples of spaces not satisfying (HP) and complete the proof of the theorem.

(3) Observe that, conversely, we do not know necessary conditions for the Hardy property
(HP). In particular, does (HP) imply that for every ball B of the homogeneous space,
u(B\B) = 0 ? We think that the answer should be positive, but we have been unable to
prove it. Similarly, does (HP) imply (RLD) ? We think this has to be false, but we have
not come up with a counterexample yet.

Our last result deals with a natural question regarding these Hardy type inequalities, inspired
from the Calderén-Zygmund theory. The question is the following: in a general space of homo-
geneous type, is it possible to deduce the Hardy property (HP) from the Hardy type inequality
(H) for a particular couple (p,p’)? We have proved that the answer is positive, provided some
additional hypothesis is assumed on the homogeneous space, as shown by the following result.

Proposition 2.6. Let (X, p, 1) be a space of homogeneous type. Assume that for every ball
B C X, u(B\B) = 0. Then, if X satisfies the Hardy type inequality (H) for one particular
couple of exponents (p,p’), X has the Hardy property (HP).

We defer the proof to Section 4. Remark that the assumption made on the homogeneous space
is in particular satisfied if X satisfies the layer decay property (LD), see Section 5.
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3. PROOF OF PROPOSITION 2.3

Proof. ' Let I be the integral in (2.2). For a locally integrable function f, we will denote by
M, (f) the centered maximal function

1
M@ =sup s | 1wl

Recall that by the Hardy-Littlewood maximal theorem, M, is of strong type (p,p) for any
1 < p < 400, and of weak type (1,1). We refer for example to [S] for further details. We prove
that for all 1 < 7, s < oo, we have

(3.1) 15 (LS lgl) + (|71 (Mg DY)

and the Hardy-Littlewood maximal theorem then gives the desired result, choosing 1 < r < v
and 1 < s < v/. Remark that this inequality was not known even in the Euclidean setting.
Without loss of generality, we can assume f,g > 0. We have

I= / g9() 1) dp(y)dp(z) + / f(y) / 9(z) dp(z)dp(y)

zeq’ yeQ Az yeQ zeQ’ Az
p(,Q)>0 p(y,Q) <p(2,Q) (,9) p(y,Q")>0 p(4,Q")>p(x,Q) (,9)

Indeed, u({z € Q' |p(z,Q) =0}) = u({y € Q| p(y,Q") = 0}) = 0, because of (2.1): we have for

example

{z€Q|p(x,Q) =0} C ({z €Q'[p(x,Q) <2775"},
JEN
and all those sets have their measure bounded by w(Q’)2777 — 0. By symmetry, it is
j—oo

enough to estimate the first integral for example, which we call I;. For z € @', let E, =
{y e Q|ply,Q°) < p(x,Q)}. For a fixed z in @', we prove that for all 1 < r < oo,

h@) = [ ) £ M) @)
YClig ’

and (3.1) will follow. Consider the dyadic subcubes @, of @, which are maximal for the relation
1(Qa) < p(Qa,x). Call them Q! (z), where [ denotes their generation. They realize what we call a
Whitney partition of the cube Q), as for u-almost every y € @, there exists a sufficiently small cube
@y containing y such that I(Q,) < p(z,Q) < p(x,Qy), and @, is then included in one of those
maximal Q. (z). The case where there is a unique cube Q!,(z) = @ means that I(Q) < p(z, Q).
Let n € N be such that 2"(Q) < p(z,Q) < 2"71(Q). Then A(z,y) > u(B(x,2"(Q))) while
Q C B(x, (C1+2"HI(Q)) for the dimensional constant C; of Lemma 2.2. Hence, by the doubling
property,

i@ ),
1(B(z,2"(Q))) JB(a,c14+27+1)1(Q))
The second case is when @) is not a maximal cube. By maximality, if Qg_l C @ is the unique
parent of a Q! (z), then we have p(x,Qlﬁ_l) < l(Qlﬁ_l), and thus p(z, QL (x)) < p(x,Qlﬁ_l) +
Z(le) < l(Qlﬁfl) = 6"1(Q' (x)). Note that this implies that for every [ such that there exists

a maximal cube Q! (z), we have p(z,Q) < p(z, Q' (z)) < ' with implicit constant independent
of x and [. For a fixed [ as above, let

Cla)= |J QL.

a:Ql (2)NEy#£2

Li(z) < [f)lduly) S M. f(x).

1We thank J.M. Martell for the suggestion of using Whitney coverings that led to an improvement of our
earlier argument.
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Observe that if y € Q!,(2)NE,, then p(y, (QL(2))°) < p(y, Q%) < p(x, Q). Thus, u(Q,(r)NE,) <
<%>HM(Q2{($)) by the small boundary property (2.1) of Christ’s dyadic cubes. Summing

over the cubes in C'(z), we have

uc'e) < (P52) e £ (M52 wba,

the last inequality being a consequence of doubling and the fact that each of the cubes Qla (z) in
C!(z) is of length ¢’ and at a distance comparable to §' from =, so that C'(z) C B(z,Cd") for
some C' independent of [ and . Now, write

|f ()]
)3 Z/ (z, p(z, y)))du(y)

l(x)ﬁEx

< E 1 d
(m, 5’ /B(x,cal) et
1

1/r
< MH<|f|”><x>1/r > (@)

l

where the last inequality is obtained by applying the Holder inequality with » > 1. Now, observe
that every integer [ intervening in the above sum is such that p(z, Q) < 6. Summing over such
integers provides us with a geometric sum, uniformly bounded with respect to x. Hence,

Li(w) € My(If17) ()"

This concludes our proof. ]

4. PROOF OF PROPOSITION 2.6

Proof. Fix a ball B = B(zp,r) C X. We assume that (H) holds for the couple (p,p’). By
Fubini’s theorem, this implies that one can define T : LP(B) — LP(2B\B) by the absolutely
convergent integral

du(x) foralmost every y € 2B\B.
B Az

We will proceed in three steps.

(1) The first step in the argument consists in regularizing the kernel A(z,y)~!: we show that we
can freely assume it satisfies a Lipschitz regularity estimate?. To do this, let ¢ be a function of
the real variable such that ¢ € C*([0,+o0[), ¢ > 0, suppp C [1,4] and f0+°° p(t)4 = 1. For

r >0, set AN(y,r) = u(B(y,r)). Set

N = [ 2o (222) &

2We thank T. Hytonen for this idea which nicely improved our earlier result.
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First, observe that X(m,y) is comparable to A(z,y), uniformly in =,y € X. Indeed, by an easy

change of variable, write
~ oo T,y du
N = [ (122 ) oS

u

Because of the support conditions and size estimate of ¢, it comes

A@&M%w)ﬁﬂ%wéA@m@w»

By the doubling property, it follows that, uniformly in z,y € X, we have

(4.1) Az,y) = Az, y).
Then we say that A1 satisfies a Lipschitz regularity estimate in the first variable. Indeed, fix
z,2',y € X such that p(z,2') < p(z,y)/2 and p(x,y) > 0. Because of the support conditions

and regularity of ¢, we have
x, x,
@(p( y))_@<p( y)>
r r

+o0 r
Ny) - Ma' )] < /0 A(y,r) ar

r

o /
5/ A(y,r)\p(ﬂc,y) p(@',y)| dr
re[3p(,y),0(x,9)U[Fp(z"y)p(2' y)] r r
dr dr
S ol ) | + ol ) [ &
Lo(zy)<r<p(zy) T Lo y)<r<p(’y) T

_|_

n [ Az,y) | Ao y)
< p@) (p(ﬂc,y) p(wﬂy)) '

But since p(z,2’) < p(x,y)/2, we have p(x,y) =~ p(z’,y) and A(z,y) =~ A\(2/,y), uniformly in
x, 7', y. It follows that

—1| — ’X(xay) — )\(.%'/,y)‘ < p(.%',.%'/) 1

~ S -
(4.2) |A(z,y) Az, y) Mz, )\, y) = e y) Xa,y)

)

because A(z,y) =~ Az, y) = Nz, y).
But because of (4.1), one can define an operator 7' : LP(B) — LP(2B\B) by the absolutely
convergent integral

THw) = [ L

B A(2,y)
and, for every 1 < v < 400, the boundedness of T' : LY(B) — L”(2B\B) is equivalent to
the boundedness of T' : L¥(B) — L”(2B\B). Obviously, by symmetry, we can apply the same
argument with respect to the second variable. It shows that we can freely assume the kernel
A(w,y)~! to satisfy the Lipschitz regularity estimate (4.2) in both variables, which we will do
in the following, forgetting this operator T. Observe however that, under this assumption, we
can no longer use the fact that A(z,y) = pu(B(x,p(x,y))), only that these two quantities are
comparable.

dup(z) foralmostevery y € 2B\B,

(2) The second step in the argument now consists in applying a standard Calderén-Zygmund
decomposition. We show that T is of weak type (1,1) : we prove that for all f € L!(B), with
suppf C B

pl{e € 2B\B | TS (@) > o)) £ 1l
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The idea is to write a Calderén-Zygmund decomposition of f on X. However, we have to be
a bit careful, because if we write the standard decomposition f = g+ >, ;b; directly on the
ball B, g will not be supported inside B. To avoid this problem, let us use a Whitney partition
of the ball B, as in Section 3: consider the dyadic cubes () C B which are maximal for the
relation [(Q) < p(Q, B¢). Call them Q;, j € J. They are mutually disjoint and they realize a
partition of the ball B but for a set of measure zero. Now, for f € L'(B), with supp f C B,
we have f = Zj flg, wpa.e. Set fj = flg;, and for every fixed j, write a Calderén-Zygmund
decomposition of f; on Q;: f; = g;j + >,y bij with
® g = lac f; where Qo = {z € Q; | Ifj(@)] > a}, f; denoting the dyadic maxi-
mal function of f; on Q;. Thus suppg; C Qj, g; € L=, [|gjlle < a, and |gj, <
-1 / 1
(g 13" g 107 < a1 117
e suppb;; C Q;; where the sets @;; are dyadic subcubes of Q; of center zq, ;, realizing
in turn a Whitney partition of the open set ;. : 1(2;.\ Ui Qi) = 0, Q;; are mu-
tually disjoint, and there exists a dimensional constant C' > (' such that for every 4,
B(zq,,;,Cl(Qi;)) N Q5 , # 2. In addition, we have [[b; j|]g, ; S « and [b; jlq,; = 0.
o [ fille = 225 10l + llgs -

Now, set g = Zj gj. Observe that we have suppg C B, and f = g+ Zij b;,j. Applying (H) for
the couple (p,p’), and the disjointness of the dyadic cubes @Q;, we have

1 1
p({z € 2B\B | |Tg(z)| > a/2}) < —p/ | TglPdp < —p/ lg[Pdp
aF JoB\B " JB
1 1
= 2 | laran= 5 Sl
J J J

1 1
o Z I fill = EHfHLl(B)-
J

IN

Also,
({xGQB\BHTZb” )| >a/2}) <u( UQW +M(UQ@] ﬂ{xeX!Z‘Tb” ‘>O‘/2})

7.7

<Zu Qij) —i—u{xeX\Z!Tbijm g > a/2})

7.7

<ZMQW+Z/ 1Tl

Since b; ; is of mean 0 on @;;, and because the kernel Az, y)~! satisfies the Holder standard
estimate, we can apply the standard Calderén-Zygmund estimates to obtain

Qij Qi Qi

- 1 UQiy)
S lbigll /A..C MzQ, ;- ) <P(2Qm’y)> )
—k
< Hb,JH Z/ 2 - — du(y)

k>0 7 2MUQi5)<p(y,2Q, ;) <2*H1(Qi ) u(B(sz.,2 Qi)

—k
Sbigl > 27% S ap(@Qiy).

k>0
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Finally, we have

1 1

plfe € 2B\B | IT(Ybis)@)] > a/2) £ Y #lQig) § 3 @) £ 3 211l = < v
0, 0, J J

Thus, we get as expected

p({z € 2B\B | [Tf(2)| > a}) S éllfllu(s)-

By interpolation, it follows that we have T'f € L4(2B\B) for every 1 < ¢ < p and f € L1(B),
with supp f C B.

(3) The last part of our argument consists in applying some duality argument to conclude.
(H) for the couple (p,p’) implies that the adjoint operator T* is bounded from L¥ (2B\B) to
LP' (B). We show again that T* is of weak type (1,1): we prove that for all f € L'(2B\B), with
supp f C 2B\B,

pl{z € BIIT°1(@)] > a}) £ ~fllr e

The idea is to use as before a Whitney partition of the open set B*: consider the dyadic cubes
Q; C B° that are maximal for the relation (Q) < p(Q,B). They partition B° but for a set
of measure 0. Of course, there are some of these @); that intersect (2B)°¢. To overcome this
problem, let us keep only the cubes Q;,j € J, intersecting the set ¢B\B, with 1 < ¢ < %
These cubes satisfy, for every j € J, [(Q;) < p(Q;,B) < (¢ — 1)r. Because of property (4) of
Christ’s dyadic cubes (Lemma 2.2), it implies that for every = € Q;, p(z, zp) < ¢r +diam @Q; <
cr + Ci(c— 1)r < 2r, so that Q; C 2B\B. Now, for f € L*(2B\B), with supp f C 2B\B, write

f= Z Flo; + flep\B\uje,@; = Z fi+T pae.
jeJ jeJ
Remark that this is where we use the assumption y(B\B) = 0, and it is the only time that we
use it in our proof. Apply the same argument as in step (2) to f;, for every j € J, to get

p({z e BIIT QY fi)@)] > a/2}) S _||f||L1(2B\B)-

vl

For the remaining term 7, observe that since ((QB\B)\ Ujes Qj) (¢B)¢, supp T C (¢B)¢, and
we trivially have T*7 € L'(B). Indeed, by the doubling property, we have

[ rrans [ / e Xy ) < [ S S Wl

Hence,
i} 1
p{z € B[ |T*r(2)] > a}) a||f||L1(2B\B)a

and T* is of weak type (1,1). By interpolation, it follows that 7% f € L%(B) for every 1 < ¢ < p/
and f € LY(2B\B), with supp f C 2B\B. By duality, the Hardy property (HP) is satisfied on
X. O

Remark 4.1. Observe that the first step in our argument does not directly extend to the quasi-
metric setting. However, R. Macias and S. Segovia [MS]| proved that if p is a quasi-distance on
X, there exists another quasi-distance p’ equivalent to p (in the sense that p(x,y) = p'(x,y) for
every x,y € X) which is Holder regular. See also |PS| for an elegant proof of this result. To
adapt our proof, one only has to define the new kernel X of the first step of the argument with this
quasi-metric p’ instead of p. The estimate (4.2) is then replaced by a Holder regularity estimate,
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where the p/(z,2"), p'(z,y) that appear can be replaced by p(z,z’), p(z,y) because p < p'. For
the next steps in the argument, one again assumes the kernel to satisfy the Hoélder regularity
estimate obtained and works as in the metric setting with the quasi-metric p, forgetting p’. Note
that the existence of Christ’s dyadic cubes given by Lemma 2.2 remains valid in the quasi-metric
setting (see [C]), allowing us to do the same kind of Whitney coverings.

5. SUFFICIENT CONDITIONS FOR THE HARDY PROPERTY

5.1. Layer decay properties (LD), (RLD). It is not clear when (H) is true in a space of
homogeneous type for a given ball B. In fact, it is false in general, as will be illustrated by some
counterexamples in the following sections. It obviously depends on how the sets B and B¢ see
each other in X. By analogy with Christ’s dyadic cubes, natural objects are the outer and inner
layers {z € B|p(xz,B¢) < ¢} and {y € Bp(y, B) < €}. We shall assume they tend to zero in
measure as € — 0, and in a scale invariant way, as expressed by the following definition.

Definition 5.1. Layer decay and relative layer decay properties.
Let (X, p, ) be a space of homogeneous type. For a ball B in X, set B. = {x € B|p(z, B¢) <
e} U{y € B%p(y, B) < e} the union of the inner and outer layers.

e We say that X has the layer decay property if there exist constants n > 0, C' < 400
such that for every ball B = B(z,r) in X and every ¢ > 0, we have

(LD) u(B) < € (2) " n(Bz,).

e We say that X has the relative layer decay property if there exist constants 1 > 0,
C' < 400 such that for every ball B = B(z,r) in X, every ball B(w, R) with R < 2r,
and every € > 0, we have

(RLD) u (BN B(w,R)) < C (%) n(Bw, R).

This is Definition 9.1 of [AR], with a minor modification to the relative layer decay property
where we have substituted the condition R < 2r to z ¢ B(w,R). We think this is a better
definition, though equivalent, because this property is only relevant for small R (else it says
nothing), and when R is small enough compared to r, if B. N B(w, R) # @ then necessarily
z ¢ B(w, R).

The layer decay property already appeared in [B1] (with only u ({x € B|p(z, B¢) < €}) in the
left hand side of (LD)). These properties express the fact that the points are distributed in such
a way in the homogeneous space that they never concentrate too much in the inner and outer
layers of balls. One can note that while (LD) is a global condition, a sort of averaging property
over the whole layer, (RLD) is a rather local condition. Remark also that (RLD) implies (LD)
(see [AR]). Because of the opposed local and global nature of (RLD) and (LD) though, it is
sensible to think that these properties should not be equivalent. We will prove it in Section 8.2.

It turns out that the relative layer decay property constitutes a sufficient condition for the
Hardy property (HP):

Proposition 5.2. Let (X, p,p) be a space of homogeneous type, and suppose that X has the
relative layer decay property (RLD). Then the Hardy property (HP) is satisfied on X.
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We refer to [AR| (Proposition 9.2) for the proof of this result. Let us only recall here that the
argument is actually quite similar to the proof of Proposition 2.3, with adaptations owing to the
fact one cannot use exact coverings with balls as for dyadic cubes. The modification we made in
the definition of the relative layer decay property does not change the argument.

Remarks 5.3. (1) Obviously, if X satisfies the layer decay property (LD), then we have
u(B\B) = 0 for every ball B C X. Thus, with Proposition 5.2 and Proposition 2.6,
we have proved that if X satisfies (RLD), then X satisfies (HP), and if X satisfies
only (LD), then X satisfies (HP) provided it satisfies the Hardy inequality (H) for one
particular couple of exponents (p,p’).

(2) Note that if f and g are taken in L*'(X) and L*?(X) with 1/v1 + 1/vs < 1 (which is
stronger than g € L*1), then if I denotes the integral in (H), the normalised inequality

1
— I <
,u(B)I ~ Hf”yq@g\&%)HQHLW(B,%)
is true in any space of homogeneous type only satisfying (LD). The proof is in this case
much easier and we refer to [AR| for the detail.

5.2. Annular decay properties (AD), (RAD). Interestingly, another very similar condition
already appeared in the literature (see for example [MS|, [DJS|, [B2|, [T]). It is the notion of
annular decay that we recall now.

Definition 5.4. Annular decay and relative annular decay properties.
Let (X, p, ) be a space of homogeneous type. For z € X and r > 0,0 < s <7, set Cy,_4(2) =
B(z,7)\B(z,7 — s).
e We say that X has the annular decay property if there exist constants n > 0 and
C < 400 such that for every z € X,r > 0,0 < s < r, we have

(AD) #(Crrs(2)) < O

S\ 7

) (B ).

e We say that X has the relative annular decay property if there exist constants n > 0
and C' < 400 such that for every z € X, r > 0,0 < s < r, and every ball B(w, R) with
R < 2r, we have

r

(RAD) #(Crr—s(2) O Blw, R)) < C () n(Blw, ).

Once again, this is Definition 9.4 of [AR|, with the same minor modification in the definition
of the relative annular decay property than before. Note that this condition (AD) was made
an assumption in [DJS] for the first proof of the global T'b theorem in a space of homogeneous
type. Again, (AD) is a global property while (RAD) is a local one. Similarly as for layer decay
properties, we have that (RAD) implies (AD). Observe that for a ball B = B(z,r), with z € X,
r > 0, we have, if € > 0,

B ={y € Crr—c(x) | ply, B°) <} U{y € Criacr(2) | p(y, B) < e}

It follows that B: C Cyiocr—c(2) and thus (RAD) (respectively (AD)) implies (RLD) (respec-
tively (LD)). In particular, (RAD) is a sufficient condition for the Hardy property (HP) because
of Proposition 5.2.
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6. GEOMETRIC PROPERTIES ENSURING THE RELATIVE LAYER DECAY PROPERTY

6.1. Monotone geodesic property (M). In [B2|, Buckley introduces the notion of chain ball
spaces and proves that under that condition, a doubling metric measure space satisfies (AD).
Colding and Minicozzi II already had proved that this property was satisfied by doubling complete
riemannian manifolds in [CM]|. Tessera introduced a notion of monotone geodesic property in
[T], and proved that this property also implies (AD) (called there the Follner property for balls)
in a doubling metric measure space. Lin, Nakai and Yang recently showed in [LNY] that chain
ball and a slightly stronger scale invariant version of the monotone geodesic are equivalent. It is
the latter that will interest us.

Definition 6.1. Let (X, p) be a metric space. We say that X has the monotone geodesic
property (M) if there exists a constant 0 < C' < +o0o such that for all u > 0 and all z,y € X
with p(z,y) > u, there exists a point z € X such that

(M) p(z,y) <Cu and p(z,2) < p(y,x) — u.

Remark that C must satisfy C' > 1. Remark also that iterating this property, one gets that for
every x,y € X with p(z,y) > u, there exists a sequence of points yo = ¥y, y1, ..., Ym = 2 such that
for every i € {0,...,m — 1}

p(Yi+1,%i) < Cu and  p(yirr1,®) < p(yi, v) — w.

Observe that this is a purely metric property. It is obviously satisfied by complete doubling
Riemannian manifolds. It is also satisfied by any geodesic space or length space (see |[BBI| for
a definition). It appears that (M) not only yields the annular decay property, but also, as was
proved in [AR], the stronger relative annular decay property.

Proposition 6.2. Let (X, p,u) be a space of homogeneous type, and suppose that X has the
monotone geodesic property (M). Then X has the relative annular decay property (RAD).

We refer again to [AR| (Proposition 9.6) for the proof of this result (our modification on (RAD)
has no impact). The argument essentially adapts the one in |T]| with more care on localization.

Remark 6.3. Observe that conversely, neither (HP) nor (RAD) imply (M). Let us give two
examples to illustrate this. First consider the space formed by the real line from which an
arbitrary interval has been withdrawn, equipped with the Euclidean distance and Lebesgue
measure. This space obviously does not have the monotone geodesic property, as, to put it
roughly, there is a hole in it. On the other hand, this space clearly satisfies the Hardy property,
as a consequence of (HP) on the real line, as well as (RAD). The second example is a connected
one: consider the space made of the three edges of an arbitrary triangle in the plane, again
equipped with the induced Euclidean distance and Lebesgue measure. This space has the Hardy
property, once again as a straightforward consequence of the fact that the unit circle has it and
easy change of variables. It easily follows from the fact that one of the angles must be less than
/2 that it does not have the monotone geodesic property: one of the pairs (x,y) with = a vertex
and y its orthogonal projection on the opposite side cannot meet condition (M). In passing, it
proves that this property is not stable under bi-Lipschitz mappings (see also [T]).
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6.2. Homogeneous balls property (HB). Studying in detail the proof of Proposition 2.3, one
realizes that if B and X\ B are themselves spaces of homogeneous types with uniform constants,
then there will be no difficulty to prove that (HP) is satisfied, as one can then adapt the proof
using Christ’s dyadic cubes both on B and X\ B. This motivates the following definition.

Definition 6.4. Let (X, p,u) be a space of homogeneous type. Let B be a ball in X, and
suppose that B and B¢ are themselves spaces of homogeneous type with doubling constant Cp,
i.e. for all x € B, y € B¢, and all r > 0, we have

w(B(z,2r)N B) < Cp wp(B(z,r)NB), w(B(y,2r)N B < Cp u(B(y,r)N B°).

We say that X has the homogeneous balls property (HB) if this is satisfied by all the balls
in X and if

sup Cp < +o00.
BCcX

Proposition 6.5. Let (X, p, ) be a space of homogeneous type.
(1) If X has the homogeneous balls property (HB), then X has the relative layer decay property
(RLD).

(2) If X has the homogeneous balls property (HB), then X has the Hardy property (HP).
Proof. (1) If X has the homogeneous balls property, then every ball in X as well as its complement
in X can be partitioned into dyadic cubes, with uniform constants (see [C]). But these cubes
themselves have the layer decay property, and it is easy to see that this property transposes to
the balls. Let z € X, r >0, B = B(z,r), w € X, 0 < R < 2r, and fix ¢ > 0. Let us estimate
for example the measure of the inner layer C. = {z € B : p(z, B¢) < ¢}. We want to prove

that there exists > 0 such that u(C. N B(w, R))) < (}%)nl w(B(w, R)). As B constitutes by
itself a space of homogeneous type with uniform doubling constant, there exists at every scale
a partitioning of B into Christ’s dyadic cubes (with uniform constants for these cubes). The
idea is to pave B by dyadic cubes of a well chosen generation. Let N, m,l € Z be such that
SN < < N gNFmHL o < §NF™ and SNHHL « R < Nt We can assume that ¢ < R,
since otherwise the result is trivial, which means m > [. We look at the cubes of generation
j=N+ [mTH] > N because R < 2r (otherwise there would be no such cubes): for all y € C,

there exists a unique 3 such that y € Q%, and p(y, (QJB)C) < p(y, B¢) < e < 6™V, By the small
boundary property (2.1) of Christ’s dyadic cubes, one gets that for all 3

n-+m

. n . e\1/2 .
W(CN Q) < ( . ) w(@) 5 (5)" m@i.
On the other hand, if C. N Q% NB(w,R) # @ and if y € C. N Q% NB(w, R), x € Qé, then, using
the fact that since m > 1, 67 < 6" < R, we have
p(x,w) < p(z,y) + p(y,w) < C16 + R< CR
for a dimensional constant C' > 0, and then QJB C B(w,CR). Finally, we get

p(Ce N B(w, R)) = > u(Ce N Q%N B(w, R))
B:CNQLNB(w,R)#

< > (}%)W Q%)

B:CNQ4NB(w,R)#

° )" (B, R),

< (5)" wBw.on) £ (5
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where the last line is obtained using the disjointness of the cubes Qé and then the doubling
property. We can do the same for the outer layer as B¢ also constitutes a space of homogeneous
type. It proves (RLD).

(2) It is a direct consequence of (1) and Proposition 5.2. But it can also be proved directly
slightly adapting the proof of Proposition 2.3. Indeed, observe that the homogeneous balls
property allows to use exact coverings of B and X\B by Christ’s dyadic cubes as above, and
then everything works out as in the dyadic setting, taking care of those "large" cubes which are
not contained in 2B\ B in a simple manner (see Section 4). O

It is easy to see that a space of homogeneous type does not satisfy the homogeneous balls
property (HB) in general. Let us give a counterexample.

Example 6.6. Consider the real line, from which one has withdrawn the interval I, =]1 —¢,1—
g2, with € a fixed small constant. Consider the ball in this set of center 1/2 and of radius 1/2.
It is easy to see that it has, as a space of homogeneous type, a doubling constant of at least 1/e:
inside this ball, consider the ball of center 1 — 2 and radius € — €2, and its concentric double.
Now, set

Ine=n—¢e/2" 1 n— (/2" 1),

and consider the space X = R\Uy>1 1, ¢, equipped with the Euclidean distance and the Lebesgue
measure. It is clear that X does not satisfy the homogeneous balls property since the doubling
constants explode. Neither does X satisfy the monotone geodesic property (M) as, to put it
roughly, it has holes in it. However, observe that X satisfies both (RLD) and (HP). As a matter
of fact, proving (HP) on X is exactly the same as proving it for the real line, and this is trivial
(it is the same for (RLD)). In particular, this example shows that neither the monotone geodesic
property nor the homogeneous balls property are necessary conditions for (HP).

Remark 6.7. We have given two sufficient conditions for (RLD), one which is purely metric, the
monotone geodesic property, while the other is rather a measure property. Let us examine how
these two properties are connected. It is clear that (HB) does not imply (M), as is shown by the
trivial example of the real line from which an arbitrary interval has been withdrawn. Now, if we
suppose that X satisfies (M), we have a partial result regarding the homogeneous balls property.
As a matter of fact, let B = B(x,rg), and y € B. We prove that for all » > 0,

w(B(y,2r) N B) S w(B(y,r) N B).

First, if » > 2rg, then B C B(y,r) C B(y,2r) and B(y,2r) N B = B(y,r) N B = B. Then, if
r < 2rg and p(z,y) < ro/2, we have B(y,r/4) C (B N B(y,r)) and by the doubling property,
w(B(y,2r)) < p(B(y,r/4)) S w(B(y,r) N B). It only remains to study the case r < 2ry and
ro/2 < p(x,y) < ro. Let a < min(HLC, 1), and 8 < /2. We have p(z,y) > ro/2 > ra/2 and by
(M), there exists a point z in X such that

e

(%
p(y,z) < CT§ and p(CC,Z) < p(y,x) _7"5.

Consider the ball B(z, fr). If w € B(z, fr), then
o
p(w,x) < p(w, z) +p(z,2) < Br+ply,z) — TE < rp.
Thus B(z, fr) C B. Furthermore,

plw,y) < p(w,2) + p(z.y) < fr+Crg <,
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since o < HLC Thus B(z,pr) C B(y,r). Finally,

w(B(y,2r) N B) S w(B(y,r)) S m(B(z,2r)) S m(B(z,pr)) S mB(y,r) N B).
This means that every ball in X is itself a space of homogeneous type, with uniform constant.

However, we cannot obtain the same result for the complement of balls, and (HB) cannot be
inferred.

With the results of these first sections, we have already proved a part of Theorem 2.5: we
have proved the following

(HB)

- TN

(M)=Z (RAD) = (RLD) — (HP)

L

(AD) === (LD)

In particular, all positive implications are proved and we look now for the negative ones.

7. AN EXAMPLE IN THE COMPLEX PLANE: THE CURVE OF TESSERA

To further understand these properties of the homogeneous space, we will consider in this
section a curve introduced by Tessera in [T]. This curve is given by a stairway-like construction
in the complex plane, starting from 0, and containing for every k € N a half-circle of center 0
and radius 2¥. More precisely, consider in the complex plane the parametric curve (t) defined
for ¢t > 0, and constructed as follows with |y/(¢)| = 1 for every ¢ > 0 :

e 7(0) =0.

o {~v(t) | 0<t <t} is the segment [0, 1].

o {~(t) | t1 <t <ty} is the half-circle of center 0 and radius 1 in the half-plan {3z > 0}.

e By induction, for k > 1, {y(t) | tar, < t < tops1} is the segment [28~1 2F] and {y(t) |
tops1 <t < topyo} is the half-circle of center 0 and radius 2¥ in the half-plan {Jz > 0}
if k£ is even, in the half-plan {3z < 0} if k is odd.

Set tg = 0. An easy computation shows that we have for all £ > 1,
top =147+ (1+2m)2F 1 —1) = - 4+ (1 4 2m)28 L,
topp1 = L+7m+ (1 +2m) @2 — 1)+ 281 = —r + (24 2m)28 L

Set X7 = {~(t) | t > 0}, equipped with the Euclidean distance d in C and the Hausdorff length
A. See Figure 2 for a representation of Xp. For z,y € Xp, denote by (z,y) the arc in Xr
between x and y. For z € Xp, and r > 0, we denote by B(z,r) the open ball of center z and
radius 7 in X7 : B(z,7) = {x € X7 | |z — 2| < r}. We recall that a bounded set E C C is said
to be Ahlfors-David regular (of dimension 1) when there exists a constant 0 < C' < +o0 such
that for every z € C and 0 < r < 1, 5r < A(EN B(z,1)) < Cr (see [A], [D2]).

Proposition 7.1. (1) (X7,d,A) is an Ahlfors-David set of dimension 1, and thus (Xp,d, A)
can be seen as a space of homogeneous type.
(2) Xr does not satisfy the annular decay property (AD) (nor the relative annular decay
property (RAD)).
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(3) X does not satisfy the homogeneous balls property (HB), nor the monotone geodesic
property (M).

(4) Xr satisfies the relative layer decay property (RLD).

(5) Xr satisfies the Hardy property (HP).

Proof. (1) Let us first make a preliminary observation: as |y/(t)] = 1 for every ¢t > 0, we have
A((v(e),v(B))) = |a — B|]. But there exists a dimensional constant 1 < C4p < 400 such that
for all a, 8 >0

1

(7.1) Cin d(y(@),~(8)) < A((v(),7(B))) < Cap d(y(@),7(B))-

The left inequality is trivial. For the right inequality, let n,m € N such that ¢, < a < t,41,
tm < B < tmy1. If n =m, then y(«) and ~(B) are either on the same half-circle, or on the same
segment, and the result is clear. Assume that |[n —m| = 1, then one of these two points is on a
segment, and the other on a connected half-circle. Suppose for example that to, < o < 41 and
tops1 < B < topya , so that y(a) is on the segment [2~1 2%] and ~v(3) on a half-circle of center 0
and radius 2¥. Let w = y(tory1) = 2%. Set a = d(y(a),w), ¢ = d(v(8),w) and b = d(y(a),v(B)).
Applying elementary triangle geometry (see Figure 1), and the fact that a < b, ¢ < a+b < 2b,
write

A(y(a),7(8))* £ (a+¢)* Sb* =d(y(e),v(8))*

7(P)

() a o

F1GURE 1. X7 is an Ahlfors-David set of dimension 1.

Finally, if [n — m| > 2, assume that for example n > m, then d(y(«a),v(8)) > |v(a)| — [v(B)] >
22=1 — 2%, On the other hand, A((y(a),7(8))) = a — B < tpy1 — tm < 272 — 2™/2 The
result follows. Now, let us check that (Xp,d,A) is Ahlfors-David. Let z € Xp, r > 0, and
set B = B(x,r). As Xp is connected and not bounded, the connected component of x in B,
denoted by C(x), is at distance zero from the complement of B. Thus, there exists y € C(x) such
that d(x,y) > r/2. But then, by (7.1), we have A(B) > A((z,y)) > C pd(z,y) > Cyp (r/2).
Moreover, set to = inf{t > 0| v(¢t) € B} > 0 and t; = sup{t > 0 | y(¢t) € B} < 400 because X
is unbounded. Then A(B) < A((y(to),v(t1))) < Capd(y(to),¥(t1)) < Cap 2r. This proves that
(X7,d,A) is an Ahlfors-David set of dimension 1.
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(2) As a consequence of (1), observe that for any k& > 1, A(B(0,2%)) = 2. However, for every
e > 0, we have

A(B(0,2F +£)\B(0,2%)) > w2,

If X7 had the annular decay property, the measure of this set would be going to 0 with e. We
thus have a contradiction. Hence, X7 cannot satisfy (AD), nor (RAD).

(3) It is obvious that X7 does not satisfy the monotone geodesic property (pick any two points
on different half circles in X7). For the homogeneous balls property, fix & > 0 and consider
the ball in X7 of center x = (0,4) and radius r = 3+ ¢. Let y = (0,1) and p = 3. The set
B(z,r) N B(y, p) has only one connected component, containing y, and its length is comparable
to €. On the other hand, the set B(z,r) N B(y,2p) has two connected components, one of which
containing x and of length comparable to 1. Thus, the doubling constant of the ball B(z,r) seen
as a space of homogeneous type exceeds C/e. It follows that X7 cannot satisfy (HB), as the
doubling constants of the balls cannot be uniform.

(4) Let 0 < a < 1 and let ¢; > 0 be such that V¢t < ¢, t!79Int| < 1. We first prove that
X satisfies the layer decay property (LD). Fix z € Xp,r > 0,0 < e < r, set B = B(z,r). Set
as before B. = {z € B|d(z,B¢) < e} U{y € B°d(y,B) < ¢} the union of the inner and outer
layers. Let 6 = ¢/r. We show that there exists a dimensional constant C' < 4-o0o such that

(7.2) A(B.) < CO°A(B).

Observe that if ¢; < 6 < 1, the result is trivial:

(6%
A(B.) < A(B) < (é) 6°A(B).

So assume now that 8 < ¢1. Observe that the points in B, are elements of X7 at distance less
or equal to ¢ from B\B, where B is the adherence of B in Xr: v(t) € B\B if y(t) € B¢ and
either for every s > 0 small enough (¢t + s) € B or for every s > 0 small enough v(t —s) € B. If
r < 1, remark that B and B¢ are connected sets, so that there are less than two points in B\B.
But since X7 is Ahlfors-David, we get A(B.) < 2¢, and also A(B) =< 1. (7.2) follows.

We suppose now r > 1. Assume first that 0 ¢ B, that is |z| > r. Denote by Cj;, respectively C},
0<i<p 0<j<p+1, the different connected components of B, respectively B¢, starting
from the one closest to the origin. Because of (7.1), it is easy to see that each Cj, Cj’» will roughly

contribute to ¢ towards A(B.). More precisely, set B: = B. N (C; UCY) for 0 < i < p, and
BPt! = B:.N Czlﬂrl' Then, it follows from (7.1) that we have for every 0 <i <p+1,

(7.3) A(BY) <4C4pe e

Now, the idea is to estimate the number of components C;, and to take care of the fact that some
of them can contribute to A(B:) for less than &, as their length can be less than that if  and &
are large enough. It is easy to see that p can be roughly bounded by Inr. Indeed, let kg > 0 be
such that 2¥ < dist(Cp,0) < 2¥0+! (remember that we have assumed |z| > r), and observe (see
Figure 2) that we have, for 0 < i < p — 1, d(C;, C;y1) > 2k0+2 > 221 Consequently, we must
have

p—1

222i§2r:>4p§r:>p§1nr.

i=0
On the other hand, observe that for every 0 < i < p, (C; U C!) C B(0,2*0+242). Since X7 is
Ahlfors-David, it follows that

(7.4) A(C; U Cl) < 2kot2it2 < ghoti,
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Applying (7.3), we get A(B!) < min(e,4%%%). Finally, we obtain
p+1 A A |
AB)= Y ABHS Y 4T g cCard{0<i<p+1]e <oty
=0

i>0:4k0ti<e

But Card{0 <i <p+1]|e < 4*0F} < Card{0 <i <p+1|e <4} Remark that if 4’ > ¢, then
1> E—i. The cardinal intervening in the second term is thus bounded by C(Inr — Ine) where C
is an absolute constant. Consequently, we have

A(B.) <e+eln <£> <e(l—no) < 6o,

because £(1 — In 9)0*0‘7”*1 =017 —91=*Inh < 2 as < ¢;. But since X7 is Ahlfors-David, we
have A(B) =~ r and (7.2) follows.
It remains to consider the case when 0 € B. But the same argument still works, only the
notations have to be slightly modified because, this time, the origin belongs to the connected
component Cy of B. Thus, there is in this case the same number of components C; and C/, and
it is the distance d(C{,0) that plays a role in the argument instead of d(Cj, 0). Apart from this,
the argument is mostly unchanged, so we do not elaborate on it here.

It remains to prove (RLD). Let B = B(z,r) be a ball in X7 as before. Let 0 < R < 2r,
w € X7. We prove that

€

(7.5) A(B.N B(w,R)) < <E>QA(B(w,R)),

Once again, when €/R > ¢, the result is trivial, so we can assume that ¢/R < ¢;. Now, observe
that we can apply exactly the same argument as above. The only difference is that instead of
estimating the total number p of connected components C; of B, we now have to estimate the
number of these connected components that intersect B(w, R). But by the same argument as
before, this number is bounded by (In R) as soon as R > 1 (and the result is trivial when R < 1).
Going through with the argument, this provides the bound

£ (63

A(B. N B(w,R)) < (E) R.

But since X7 is Ahlfors-David, we have A(B(w, R)) ~ R and (7.5) follows.

(5) Applying Proposition 5.2, (5) is a direct consequence of (4), but to better understand this
example, we will give a direct proof here. Fix z € Xp, r > 0, 1 < v < 400, set B = B(z,r),
and let f € L¥(B), f supported on B, g € L* (2B\B), g supported on 2B\B. Remark that
because of Proposition 2.6, we could limit ourselves to the case when v = v/ = 2, but we
will keep on working with undefined exponents to show that they do not play any part in our
argument and that the latter does not rely on any specific geometry brought by L? integrability.
Assume as before that for example 0 ¢ B, the argument is unchanged when 0 € B, only the
notations have to be adapted. We adopt the same notations as in (4): denote by C;, respectively
C]’~, 0<1i<p 0< 5 < p+1, the different connected components of B, respectively B¢,
starting from the one closest to the origin. Set Iy; = {t > 0 | y(t) € Ci—1} for 1 <i < p+1,
Ijy1 ={t >0 [ ~(t) € C;N(2B\B)} for 0 < j < p+ 1. We want to estimate the following

quantity
_ f(@)g(y) .
HU) = [, o BB e g A (HAD)

As Xp is Ahlfors-David, and applying (7.1), we have
_ F@IW) 1 x Al = S FO®)90 () 40,
o) Hito= [ /ZB\B Ty G =30 3 / / 0 g,

i=0 j=
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FIGURE 2. Layer decay property (LD) in the space Xp.

becaus/e |v(t)] = 1 for everly t > 0. Set Ji: fo~,g=gon, fE€ L, supported on Uf:ll Iy,
g € LV, supported on U?io Inji1, with ||f]l, = Ifllv, 9]l = l|lgll.s. Let again ko > 0 be such

that 2% < dist(Cp,0) < 2¥0+! (remember that we have assumed |z| > r). Because of the fact
that |7/(¢)| = 1 for every ¢t > 0, observe that we have, by (7.4), forevery 1 <i <p+1,0<j <p,

|Ioi| = A(Ci_1) < A(Ci_1 UCY_ ) < 2Fo4l, Lj1] < A(C)) < A(CUCH) S 24,
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For j = p+ 1, remark that as for 0 < i < p, C; C B(0,2%0%2+2) we have B C B(0,2F+2P+2) Tt
follows that 2B C B(0, 3x2k0+2P+2) " As a matter of fact, if d(z, ) < 2r, then |z| < d(z, 2)+|z| <
2r+|z| < 3|z| < 3x2k0F2P+2 hecause we have assumed |z| > r. Thus, since X7 is Ahlfors-David,
it follows that

|I2p13] < A(2B\B) < A(B(0,3 x 2kot2p¥2)) < ooy,

Finally, it is easy to see that if j ¢ {i — 1,4}, we have dist(I2;, I2j11) = 2¥0[4" — 47|. Now, set

- v -
fi= ([ 1Fora) e #tpr1p. with 1l = 17 = 171

1/
gj:</I |§(s)|V’ds> € ({0,..,p+1}), with |[(g;)ill = IFl = llglls-
2j+1

Split the sum in (7.6) for the neighboring I}, and the ones that are far from one another: we have

AR ()15 (s) am (®)l[a(s)]
dtd + / / - 2 dtds
LEDD O B N e TR VD D N M e

= Hl(f’g) + H2(fa )
For Hy, apply (H) on R and then the Cauchy-Schwarz inequality to get

1w 1/
p+1 p+1 p+1
D DED DRSS DOEDDRNS I DORD DN 1
i=1 je{i—1,i} i=1 je{i-1,i} 3=0 j&;jpﬁjl}
S Al lgll
To estimate Ho, write
p+1 1 1
) < I v gi|Ipiaq|v
BLDSd D G I%IM T Ty Ml 93 g
=1 j¢{i—1,}
p+1
4 40
S D momle
=1 j¢{i— 12}

By symmetry, we will be done if we can bound for example the sum for j > i. But if j > i
observe that 4" — 47 | =4"(477" — 1) 2 47. Applying the Cauchy-Schwarz inequality, write then

> |j 4U|f@g]N S fga v

1<i<p+1,5>i 1<i<p+1,j>i

v v
j—i Jj—i
S E it E R
1<i<p+1,j>i 1<i<pt1,j>i
1 4
v !
_J=i ro_J 4
S § fZV § Y/~ § g‘;/ 477 § 437
1<i<p+1  j>i 2<j<p+1 1<i<j
1
v 4
/
v v
s> # > | S flllgl
1<i<p+1 2<j<p+1

Finally, one gets H(f,g) < ||fll.]lgll.7, and thus X7 satisfies the Hardy property (HP).
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O

Consequently, the space X satisfies (RLD) and (HP), but neither (HB), (M) nor (RAD). As
we have already pointed out before, there is a tangible difference between the definitions of layer
decay and annular decay properties. Thus, it is not surprising to find out that these properties
are not equivalent. We now have a counterexample for most of the false implications in Theorem
2.5. It only remains to build a counterexample to prove that (LD) # (RLD) to complete the
proof.

Remark 7.2. Slightly modifying the construction, basically just by truncating the space X,
one can get a much simpler example of a space satisfying (RLD) but not (RAD). Indeed, let
X5 ={y(t) | 0 <t <tg} U[8,+oo| where [8,+0c[ denotes the half-line on the real axis. Then
the argument in (3) obviously still holds and X7, does not satisfy (RAD). On the other hand, it
is immediate to see that for any given ball B of X/, Card(B\B) < 6, and (RLD) follows easily.

8. COUNTEREXAMPLES AND END OF THE PROOF OF THEOREM 2.5

We now present some variations of the space X7 in order to provide a space where the Hardy
property cannot be satisfied. It was originally inspired from the curve of Tessera, but is actually
in the end only marginally connected to it. Still in the complex plane, consider the space formed
by the union of the segment [0, 1] on the real axis, the half circle of center 0 and radius 1 in the
half-plan Sz > 0, and the half-line | — 0o, —1] on the real axis. Parameter this curve so that it
is traveled at constant speed. This is someway a truncation of the space Xp. Now introduce
a small perturbation e of the half-circle: for ¢ € [0, 7], set p(t) = 1 + €(t), where € is a rapidly
oscillating function in the neighborhood of the origin, and set

(t+1,0) for —1<t<0,
Xe={y(@)|t>—-1}, with ~(t) = ¢ (p(t)cost,p(t)sint) for 0<t<m,
(m—t,0) for t>m.

Choose an oscillating function €, ensuring that X, keeps finite arclength: e(t) = a(t) sin(b(t)) for
functions a, b appropriately chosen.

8.1. Exponential oscillation. Let
1
ei(t)=e & sin(we%*%),

and set X; = X,,. See Figure 3 for a representation of the space X;.

Remark that choosing t% instead of % would not change anything in the following. Observe that
with this choice of €, v is C! and |y/| is uniformly bounded below and above, which obviously
makes of (X7,d,A) an Ahlfors-David space. In the following of this section, B(z,r) will always
denote the ball in R? of center z and radius r. For a ball B in R? centered at a point of X; C R?,
we will denote by BX! the corresponding ball in the space Xi. Let B® = B(0,1).

Proposition 8.1. (1) X1 does not satisfy the layer decay property (LD).
(2) X1 does not satisfy the Hardy property (HP).
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FIGURE 3. A representation of the space X;.

Proof. We prove that neither of these properties are satisfied for the ball B%X1.

(1) Let ¢ > 0. Remark that if v(t) € B%X1\ B%X1 then €(t) = 0. Denote by t; these points with
(tx)ken a sequence decreasing to zero, and to = w. Then we have

B2 = {y(t) | Ik €N d(v(t).7(t)) < e}

Because of the uniform boundedness of |7/| above and below, observe that we have
ABY) = [{t€[0,7] | 3k |t —t] <e},

On the other hand, for k£ > 1, we have

SE I A S RN
e we = RT f _ —.
e N S e

Thus, if k > %, and t <t < % then ¢y —txr1 < e. It implies that (¢) stays inside BYX1 for

ne’
all the ¢t < C_ for some constant C' < +oo. We obtain
> 1o, C > 1 .
- —Ine||™ —Ine

—1Ine

1
A(BYX1) > Ht €[0,7] | Ik > R [ty —t| < s}

It follows that there cannot be any upper bound of the form &” for A(B&*"), and (LD) cannot
be satisfied.

(2) Let 1 < v < 400. Let f € L¥(B%X1), f supported on B%X1 ¢ e L¥ (2B%X1\B0X1) ¢
supported on 2B%%X1\ B%X1 Denote by Iy, k > 0 the connected sets of ¢ for which () € B%X1,
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Lok, =|tok, tars1[, and Iopi1,p > 0 the connected sets of ¢ for which v(¢) € 2B%X1\B%X1 [, 4 =
[t2p+1, t2pt2]. By the Ahlfors-David property of X, we have
/ / 9) qsdt]
telyy Js€lopya - 8

f(x)g(y)
/Box1 /]30X1\BOX1 Az, y) ———=dA(y)dA(z

where f fov,g=gon, fe L”, supported on Up>olok, g € v supported on Up>0l2p41, and

| f’ |_

k,p>0

£l = £l 13l = llgll,s, because |7/| = 1. Now, assume that f,§ are constant and positive
on each Iy, Iop11. Set

- /v -
sz(/l If(t)l”dt> e M), with [(ile = 17,

1/
9p = (/ |§(5)|V/d5> € fy/(N), with H(gp)pHW = [|g|lo-
I2p+1

Remark that if p, &k > 1 with p ¢ {k,k — 1}, and ¢ € Io, s € Igp41, then

R < In(p/k)]|

— ¢t <
5=t 5 Inp lnk: ~ lnplnk

We thus have
Inplnk ~ ~
H(f,9)| 2 e [ Afoe [ te)s
Z | ln(p/k)| telsy, 8612p+1

k,p>1

p¢{k,k—1}
Inplnk 1 1
= Z fk9p| )||f2k| [ apa] 7
k,p>1
p¢{k,k—1}
But since 1
L=l -t ~ ——
Il = Tt =l oy l(lnl)2’

there exists N € N* such that if [ > N, then |[;| > 21(1 pz- It follows that

(np)'+(ink)'~
H(f,9)| 2 fugr— 5
p;{%wl} Yk (/)

It is easy to see that this is an unbounded operator. Fix 0 < n < 1/2, and set for example for
k,p>=N

f 1 1
=1 Y= T —
k%(lnk)%Jr" : L’(lnp) el

Then

1 (lnp)v 1
2 PTG ~ 2 )’

p>k+1 p>k+1 p(lnp) v In(p/k)

>/+OO dt _/+°° du
k1 t(lnt)%Jr"ln(t/k) 1+1 ulnuln(kzu)%*??

1 /3 du
> N
In(3k)»*" Ji41 ulnu

< |In(n(1 +1/k))|
(In k)%Jrn k—+o00
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It follows that

2
(Ink)=v 1 1
H >3 bk =Y = oo,
k>N k>N
Thus (H) cannot be satisfied for any 1 < v < 400. O

Remark 8.2. Observe that although the layer decay property is not satisfied here, we still have

A(B2X) e 0. Indeed, ),>1 B?’/Zl = BOX1\B%X1 but this set is of measure 0 as it is
e— =

countable. Thus, we have

A(BOX\B®X1) =0 = lim A(B%").

n—+o00 1/n

Observe furthermore that it is always the case in this kind of example with a continuous function

¢, because B%X<\ B%Xe must necessarily be a countable set, hence of measure zero. Indeed,

BO:Xe\ BOX¢ is the set of points y(tg) for which e(ty) = 0 and for every n > 0, there exists
0 < & < n such that €(typ +¢) < 0. By continuity of €, we deduce from this that for every point

v(tg) € BOXe\ BY%Xe  there exists ¢o € Q with €(go) < 0 and |tg — qo| as small as one wants.
We can thus construct an injection from B9Xe\B%X¢ to Q and it follows that BO:Xe\BOXe s
countable, hence of measure zero.

8.2. Polynomial oscillation. This time, let b(t) = ”72 : choose

e(t) = Ay (%)ZSSin (?) ,

with Ag a sufficiently small constant to be specified later, and construct a space X5 as before.
Again, (X2,d,A) is an Ahlfors-David space (and thus a space of homogeneous type).

Proposition 8.3. (1) Xy does not satisfy the Hardy property (HP).
(2) Xy does satisfy the layer decay inequality (LD), but not the relative layer decay inequality
(RLD).

Proof. (1) We prove again that (H) is not satisfied for the unit ball B%*2. Let us use the
same notations as before. For functions f € L2(B%X2), f supported inside B®*2 and g €
L?(2B%X2\ B%X2) ¢ supported inside 2B%%2\ B®X2  we have

_ f(1)g(s)
|H(f’ g)| - Z /telzk /8612p+1 ‘t_ S‘ dsdt

k,p>0

This time, we have for k > 1, t, = T, and thus for I > 1, we have |[;| = l(lil) > l% Besides, if

p.k>1with p ¢ {k,k — 1}, and t € Iy, s € Igpy1, then
11!

¢t > 2=

-2

> Pk
Ip — k|

Assume again that f, g are constant and positive on each Ioy, I,11, and set

- 1/2 -
fk:(/l !f(t)\2dt> e PON), with [(fixle = |l
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1/2
9p = (/ |§(8)I2d8> € A(N), with |(gp)pllez = [19llo-
I2p+1
Then, we have

frg
Hfolz Y o5
5= Ip—kl

p@{k,k—1}
But it is well known that this operator is unbounded on ¢2. It follows that (H) cannot be satisfied
for v = 2. Thus, X3 does not satify (HP), nor (RLD) because of Proposition 5.2.

(2) Let € > 0. We are going to prove (LD) for all the balls BX2(z,7) centered at a point z € X»
of radius » > 0. We classify these balls in three categories, each of which will be taken care of
differently: first there are the balls B(z,r) of radius r > 1/2, then there are the balls B(z,r)
of radius 0 < 7 < 1/2 tangential to the ball B” at the point of affix 1, and finally the balls
B(z,r) of radius 0 < r < 1/2 non tangential to the ball B® at the point of affix 1. We begin by
taking care of the first category. We first show that Xs satisfies (LD) for the unit ball B%X2, for
some exponent 1 < 1. Indeed, remark that if & > e=1/2, then |I| = |ty — tes1| < k% Se, and it
implies that () stays inside BY*? for all the ¢ < Ce'/2 for some uniform constant 0 < C' < +oo.
Besides, observe that we have

Card {k: eN|k< 5—1/2} <ol

and that for each one of the corresponding ¢, there is a contribution of at most € to A(Bg ’XQ).
Thus, we have

A(BYX2) < [[0,Ce'?]| 4 ¢ x Card{k eEN|Ek S 8_1/2} el pexe V2 <2

Since X5 is Ahlfors-David, we have A(B%*2) < 1, and (LD) follows.

Now, observe that this extends to all the balls B = B(z,r) of radius r > 1/2. As a matter
of fact, remark that we necessarily have A(BX2) < A(BY2X?) < £1/2. Indeed, there are at
most two elements in BX2\BX2 outside of {y(t) | 0 < t < w}. And it is also easy to see that
BX2\BX2{~(t) | 0 < t < 7} can be injected inside BOX2\ B%X2_ Thus the preceding argument
still applies. It follows that

o5 (5) e 5 (5)

because r > 1/2. But since X is Ahlfors-David, we have A(B*2) = r and (LD) follows.

Now, we consider the balls B = B(z,r) with 2z =1 —r and 0 < r < 1/2, tangential to B? at
the point of affix 1. Let C denote in R? the circle of center z and radius r. Switching to polar
coordinates, for ¢ > 0 sufficiently small (t < t;,.x = arctan 1), denote by M(t) = (t,v(t)) the
point of the circle C farthest from the origin, and let u(t) = 1 — v(t) (see Figure 4). Then v(t)
satisfies the following equation

v(t)? — 20(t)(1 — 7)cost + (1 —r)? = r?,
so that we have
u(t)? + 2u(t)[(1 — ) cost — 1] + 2(1 — )[1 — cost] = 0,
hence
uw(t)=1—(1—r)cost —[(1 —r)2cos?t+1—2(1 —r)]"/2.
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FIGURE 4. Existence of a separation between C and the unit circle.

There exists tg > 0 such that for every 0 < t < tg, cost < 1 — % and t* < t2. Then, for every
0<t<tpand 0 <r <1/2, we have

2 2 1/2
)2 1- === [a-na - Gr e -]
-7, ) 2 #4 1/2
>r4——t2 - |(1-r)?1—- =4+ =) +2r—1
e (BB SRR
1/2
- 0=rPp (1=r?,
> - —r1 ¢
T [ 2r2 1672
- T(1-1)% " —7 17(1—7)% ,
> —tP—r|1— t > t—r|l1- ¢
T+ r[ 1672 Zr "1 162
_ .2
> 76#9 > itQ.
32r 16

Furthermore, since u(t) clearly is an increasing function, if tg < t < tpax, we have u(t) > t2.
Now, as |e(t)| < Ag(t/m)3, it is clear that if Ag < l%t%, then v(t) stays outside of B for every
0 < t < 7. Thus, B*2 reduces to the open segment |1 — 2r, 1[ which is connected. It implies that
Card(BX2\B%2) < 2, and consequently, we have

A(BX) S 2 5 () ABY),
as, once again, by the Ahlfors-David property of X we have A(BX2) ~ r.

It remains only to consider the balls B = B(z,7) of radius 0 < r < 1/2 non tangential to
the ball BY at the point of affix 1. But it is immediate to see that the number of connected
components of such a ball BX? is at most 2: BX? is a connected set in most cases, but there can
be two connected components if z = y(7) with 0 < 7 < 7 is small and r is small enough (then
1 ¢ BX2 but v(t) € BX2 for some —1 < t < 0). Thus, as for the balls of the previous category,
we have Card(BX2\BX2) < 4, and

MB?) S 42 5 () AB™).

r

Putting all this together, we have proven that X satisfies (LD) for n = 1/2. O
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The space X3 is thus a counterexample to the implication (LD) = (RLD). The proof of Theorem
2.5 is now complete.

7r1+a

Remarks 8.4. e Choosing b(t) = Tz with a > 0, and a(t) accordingly, would give a space
very similar to Xy, satisfying the same properties. Actually, the choice of a does not
really matter as long as it ensures that + keeps finite arclength.

e One could pick similar examples for other types of decreasing functions b. This range of
examples shows that the Hardy property, as well as the relative and non relative layer
decay properties, are very unstable, as it suffices to apply a slight perturbation to the

initial space, where they were satisfied, to lose them.
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