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PLANE WAVEGUIDES WITH CORNERS IN THE
SMALL ANGLE LIMIT

MONIQUE DAUGE AND NICOLAS RAYMOND

ABSTRACT. The plane waveguides with corners considered here aréténfirshaped strips
with constant thickness. They are parametrized by the& spkning angle. We study the
eigenpairs of the Dirichlet Laplacian in such domains whuegirtangle tends t6. We provide
multi-scale asymptotics for eigenpairs associated withlthvest eigenvalues. For this, we
investigate the eigenpairs of a one-dimensional model hvban be viewed as their Born-
Oppenheimer approximation. We also investigate the Dichaplacian on triangles with
sharp angles. The eigenvalue asymptotics involve powettseofube root of the angle, while
the eigenvector asymptotics include simultaneously tvadescin the triangular part, and one
scale in the straight part of the guides.

1. INTRODUCTION AND MAIN RESULTS

1.1. Motivations and related questions. Quantum waveguides refer to meso- or nanoscale
wires (or thin sheets) inside electronic devices. They aambdelled by one-electron Schro-
dinger operators with potentials having high contrast eirtkialues. In many situations, such
Schrodinger operators can be approximated by a simpletamperator with Dirichlet condi-
tions on the boundary of the wire$1]. The presence of bound states is an undesirable effect
which is nevertheless frequent and useful to predict. Theeskaplace-Dirichlet problems
arise for TE modes in electromagnetic waveguidgs [

This is a well-known fact, from the papers]] 7, 8], that curvature makes discrete spectrum
to appear in waveguides. Moreover the analysis of this sp@ctan be accurately performed
in the thin tube limit (in dimensioR? and3, see L1, Section 5]). In fact, this asymptotical
regime corresponds to a semiclassical limit so that thedstatechniques oflg] could have
been used to investigate that problem.

Curvature inducing discrete spectrum, this is then a nagurastion to ask what happens
in dimension2 when there is corner (infinite curvature): does discretetspm always ex-
ist? This question is investigated with ttheshape waveguide irnP] where the existence of
discrete spectrum is proved. For an arbitrary angle tos,dkistence is proved ir3] and an
asymptotic study of the ground energy is done whgoes to7 (whered is the semi-opening
of the waveguide). Another question which arises is thered of the lowest eigenvalues in
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the regimef — 0. This problem is analyzed ir6] through matched asymptotic expansions
and electromagnetic experiments. This is precisely thestiprewe tackle in this paper: We
are going to prove rigorous and complete asymptotics foethenpairs in plane waveguides
with corner (also called “broken strips”) &¢ends to). We have provided inl[0] numerical
experiments by the finite element method for this situatom t

For the case of dimension 3, we can cite the papé} hich deals with the Dirichlet
Laplacian in a conical layer. In this case, there is an irdinimber of eigenvalues below the
essential spectrum. The other initial motivation for thegemt investigation is our previous
work [4] in which we study the Neumann realization &3 = {(s,¢) € R? : ¢ > 0} of the
Schrodinger operatord? — 92 + (t cos § — ssin 0)? in the regime) — 0 (see alsog1, 19)). It
turns out that the lowest eigenfunctions of this operatercancentrated near the cancellation
line of the potential as it is confirmed by numerical expenisevhich also enlighten the link
between a confining electric potential and a strip with Dilet boundary conditions.

While performing our analysis of plane waveguides with essnwe will precisely study the
Dirichlet problem on an isosceles triangle with a small anglhis subject is already dealt with
in [14, Theorem 1] where three-term asymptotics is proved forwelowest eigenvalues by
using the asymptotics of zeros of Bessel functions. Finakycan mention the paperkd, 16]
whose results provide two-term asymptotics for the thimmbband also$] which deals with
a regular case (thin ellipse for instance).

1.2. The Dirichlet Laplacian on the broken guide. Basic properties of its spectrum. Let
us denote by(x;,z,) the Cartesian coordinates of the plane anddby (0,0) the origin.
The positive Laplace operator is given by)? — 92. The domains of interest are the “broken
waveguides” which are infinite V-shaped open sets: For agjeghe (0, Z] we introduce
(1.1) Qp = {(xl,xg) € R?: zytanf < |1y < (xl + L@) tan@} )

S1n
Note that its width is independent frofnnormalized tar, andd represents the (half) opening
of the V, see Figl. The limit case wher@ = 7 corresponds to a straight strip. The aim of this
paper is the investigation of the lowest eigenvalues opttetiveDirichlet LaplacianABfgr in
the small angle limit — 0.

FIGURE 1. The broken guide€), (heret) = %). Cartesian and polar coordinates.
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The operatoﬁgfgr IS a positive unbounded self-adjoint operator with domain
Dom(Agy) = {v € Hy(Q) 1 Av € L*(Qp)}.

The boundary of) is not smooth, it is polygonal. The presence of the non-coneener with
vertex0 is the reason for the spaBem(Ag") to be distinct fromi> N Hj (). Nevertheless
this domain can be precisely characterized as follows. & @itnoduce polar coordinatés, )
centered at the origin, with = 0 coinciding with the upper pait, = x; tan ¢ of the boundary
of Q. Let y be a smooth radial cutoff function with support in the regignan 6 < |z,| and
x = 1 in a neighborhood of the origin. We introduce the explsitgular function

(1.2) Vg1, 22) = x(p) o7 sin "2, with w = 2(x — 6).
w

Then there holds, see the classical refereng@sl|/]:
(1.3) Dom(Agy) = H? N Hy () @ [Ysing]

where|[sns] denotes the space generated/Qy,.

We gather in the following statement several importantiprielary properties for the spec-
trum of AQ". All these results are proved in the literature. We briefjiéate hereafter what
are the main arguments of the proofs, and where details césubd.

Proposition 1.1. (i) If 6 = 7, AB‘; has no discrete spectrum. Its essential spectrum is the
closed intervall, +o00).

(i) For any @ in the open interval0, 7) the essential spectrum GXB‘; coincides with
[1, +00).

(iii) Foranyd < (0, 7), the discrete spectrum mgi; is nonemptyandfinite. In other words,
Agr has at least one eigenvalue beloybut a finite number of them.

(iv) Foranyd < (0, %) and any eigenvalue in the discrete spectrum&@i;, the associated
eigenvectorsg) are evenwith respect to the horizontal axis!(x1, —z2) = ¥ (21, x9).

(v) Foranyf e (0, 3), letjuguin(0), n = 1,. ., be then-th Rayleigh quotient ahg". Then,
for anyn > 1, the functiord — (6., () is continuous and increasing.

Proof. (i) is a straightforward consequence of the separationidbies in(2, , = R x (0, 7).

(ii) is a consequence of the fact that outside a compact(geis the union of two strips
isometric to(0, +00) x (0, 7).

(i) The fact that there are eigenvalues below the essesgectrum is known sincel]. See
also in [LO, §4] another proof based on a more general argument develogéd,i7, 8] for
waveguides with curvature. The fact that there is only adinitmber of such eigenvalues is
proved in [LO, §5] using a similar method ag®, Theorem 2.1].

(iv) Since the domain and the operator are invariant by tihhensgtryz, — —x-, the eigen-
vectors are even of odd with respect to the horizontal axisa®gument of monotonicity for
Dirichlet eigenvalues excludes the odd eigenvectors, 5&&2.2] for details.
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(v) The monotonicity of the Rayleigh quotients is a consempeeof the previous point and a
suitable change of variable which transform the operatrin a domain depending ahinto
an operator depending @on a fixed domain, seé.(), §3] for details. O

1.3. Other related operators in two dimensions.

1.3.1. The half-guide.As a consequence of the parity properties of the elgen\@ofahD"
cf. point (iv) of Propositioril.1, we can reduce the spectral problem to the half-guide

(14) Q;_ = (.Tl,l’g) € Qy: 19 > 0} .

We define the Dirichlet part of the boundary &y, = 9Q, N 99, and the corresponding
variational space (the form domain)

Huw(Q5)={v e HY(Qf): ¢ =0 on dp;$ }.
Then the new operator of interest, denotedﬁtig‘%f, is the Laplacian with mixed Dirichlet-
Neumann conditions oft; . Its domain is:
Dom(AM'X) ={v € Hyu(Q) : Ay € L*(QF) and d¢p =0 on x5 = 0}.

Then the operator&Dlr andA'\"'X have the same eigenvalues belbwand the eigenvectors of
the latter are the restriction f@* of the former.

1.3.2. Rescaling of the half-guiddn order to analyze the asymptotiés— 0, it is useful to
rescale the integration domain and transfer the dependanéanto the coefficients of the
operator. For this reason, let us perform the followingdinehange of coordinates:

(1.5) r=x1V2sin0, y=x,v2cos0,

which maps2; onto Qj;/ﬁt which will serve as reference domain, see EigThat is why we
set for simplicity

(1 6) Q - Q /47 8D|rQ aD“«Q /4, and Hl:\l/llx(Q> = {w (- H1<Q) : w = O on aDirQ}-

Neumann Neumann

FIGURE 2. The half-guide; for # = Z and the reference domain

Then, A'V"X is unitarily equivalent to the operator defined@ty:

(1.7) Deui(0) := —25sin%0 9> — 2 cosd 85,



hal-00663021, version 1 - 25 Jan 2012

PLANE WAVEGUIDES WITH CORNERS IN THE SMALL ANGLE LIMIT 5

with Neumann condition op = 0 and Dirichlet everywhere else on the boundaryof\We
let h = tan 0 ; after a division by2 cos? #, we get the new operator:

(1.8) Leui(h) = —h*02 — 02,
with domain:
Dom(Laui(h)) = {¢ € Hyp() = Laui(h)y € L*() and 9,1 =0 on y = 0}.

1.3.3. The triangles.We will also need to introduce the triangular end of this veaude:
(19) Trig = {(1'1,1'2) EQy: 11 < 0}
and the corresponding Dirichlet Laplacian denoted&%ﬁ{e.

Prior to the investigation of,;(h), we are to going to stud{,(k) which denotes the
same operator-h>0; — 9; with Dirichlet conditions on the triangular enfti of the model
waveguide?, /4

(1.10) Tri = {(x,y) eR*: —mvV2 <z <Oandly| <z + 7T\/§} :
1.4. Born-Oppenheimer approximation and models.

1.4.1. Schibdinger operators in one dimensioim the analysis ofZ1;(h) and Lgy(h), we
will see that its so-called Born-Oppenheimer approxinratdl play an important role:

(1.11) Heo,cui(h) = —h*0% + V (),
where
i hens € (—v/2,0)
— whenx &€ (—m ,U),
Vi) = et w2y
5 whenz > 0.

This effective potential” is obtained by replacing-9 in the expression of¢.i(h) by its
lowest eigenvalue on each slice @Qfat fixedz. Whenh goes to zero, the behavior of the
ground eigenpairs ok go cui(h) is driven by the structure of the potential near its minimum,
attained atr = 0: In a neighborhood of = 0, V' can be approximated by its left and right
tangents, which provides the approximate potentgl defined by

1 1
= - z  whenx € (—7v/2,0),
8  4mv/?2
Vapp(x) = f\/_
5 whenz > 0.

After the change of variables = +/2z/(37) and the change of parameter= 4h/(37/3),
we find the correspondence

3 1
(1.12) — B202 + Vapp(2) ~ g,Htoy(li) [z;0,] + 3
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where the toy model operatét.., (x)[z; 0] is defined as:

—z whenz <0,
1 whenz > 0.

This toy model invites us to recall the properties of the Aiperator.

(1.13) Hioy(K) = —K202 + W(z) with W(z) = {

1.4.2. The Airy function and its zerod.et us recall the basic properties of the Airy operator,
i.e. the Dirichlet realization o.?(R_) of the operator-9? — ~. This is standard that this
(positive) operator has compact resolvent. Thus, its sppeotan be described as an increasing
sequence of eigenvalues tending#oo. Let us use the traditional notatidgki for the Airy
function. We recall that it satisfies:

—Ai" + zAi = 0.

All along this paper, we will us@ the reverse Airy function, i.eA(z) = Ai(—z). We recall
that A does not vanish oiR _, is exponentially decreasing when— —oc and that its zeros
(which are simple) form an increasing sequence of positivelrers tending te-oo.

Notation 1.2. Then-th zero ofA will be denoted by:a(n).

If (X, %,) is an eigenpair of the Airy operator, we have — zi, = A, hence the equation
—{ — (z + A\)n = 0. We deduce that there exists a numbiexr) so that:

Ua(z) = c(ANA(z + ).

With those remarks, we can see that the spectrum of the Aieyadpr is{za(n),n > 1} and
these eigenvalues are simple.

1.4.3. Born-Oppenheimer approximation on the triangknally, let us introduce the Dirich-
let realization onl.?((—7+/2,0)) of:

7T2

1.14 Heomi(h) = —h*0? + ————.

(1.14) Bo,Ti(h) Pt et av2?

This operator is the Born-Oppenheimer approximation ofojperatorL+,;(h) on the triangle
Tri and will be the first order approximation &fgo (/) defined in (.11).

1.5. Asymptotic expansions of eigenvaluesWe can now state the main results of this paper.

1.5.1. Toy model in one dimensio.he lowest eigenvalues of the toy modé&lX3 admit
analytic expansions with respecttd’® (whenx is small enough):

Theorem 1.3. For all N, € N, there exists:; > 0 such that, forx € (0, xg), there exists
at leastN, eigenvalues of{.., (x) belowl. Denoting by, , (%) the increasing sequence of
these eigenvalues, we have the converging expansionsfor < N, and x small enough:
“+00
Moy (K) = K23 Z a;nk/®  with first coefficientag,, = 2a(n).
=0
The corresponding eigenvectors have expansions in poet§avith the scales /~% when
z < 0andz/h whenz > 0, see(2.7)-(2.9).
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1.5.2. Triangles. The lowest eigenvalues of the triangle, admit expansions at any order
in powers of9'/3. We first state the result for the scaled operat@r(h) introduced in§1.3.3

Theorem 1.4. The eigenvalues d(h), denoted byt ,,(h), admit the expansions:
- . 1
Mig(h) ~ Y Biah with B, ==, B, =0, and Ba, = (4mV2)"32a(n),
h—0 >0 8

the terms of odd rank being zero fpr< 8. The corresponding eigenvectors have expansions
in powers ofh!/? with both scales:/h?/3 andx/h, see(4.14).

In terms of the physical domaifriy, we deduce immediately from the previous theorem
that the eigenvalues af?; , denoted by ,,(¢), admit the expansions:

. _ 1 _
pin(0) ~ > B0 with R, = T B, =0, and B, = 2(47v/2)"*24(n),
i>0

the coefficient ﬁn having the same properties as thg,. Performing the dilatation:
i’l = Sin261’1 i’g = sin29x2,

we transformTri, into a new isosceles triangle with angle= 26 and two sides with length=
2m. Let us denote by:+ («) its Dirichlet eigenvalues. It is easy to see that the eige@za
satisfy the relation:

:uTri,n(‘g) = (Sin a>2ﬂﬁ,n<a)7
so that we find back the result af4, Theorem 1].
Remarkl.5. As it will be seen in the proof, the existence of a non-zerdfaent 53, ,, at the

order9 in the expansion of\r (k) reduces to the evaluation of an integral, séd.. If
Bo.n # 0, there is a nonzero odd term afté(a?/?) in the asymptotics ofi~ , (a).

1.5.3. Broken guidesFinally, the lowest eigenvalues of the waveguide also adrpainsions
in powers off'/3. We first state the result for the scaled operdatey; () introduced in {.8):

Theorem 1.6.For all Ny, there existg, > 0, such that forh € (0, hy) the N, first eigenvalues
of Leui(h) exist. These eigenvalues, denoted\by (), admit the expansions:

. ) 1 _
)\Gui,n(h> h:O Z’ijhj/g with Yon = g, Yin = 0, and Yo,n = (47T\/§) 2/3ZA(TL>

>0

and the term of ordek is not zero. The corresponding eigenvectors have expassiqgowers
of h!/3 with the scale:/h whenz > 0, and both scales/h? andx/h whenz < 0, seg(5.11).

Deducing the eigenvalues in the waveguities an obvious consequence of this theorem:
1 By the notatiom\(h) o 250 ¢;h7? (with a positivep) we mean that for any positive integénwe have
Yo i

the estimate
IA(R) = Y o< <y ¢ih??| < Cy hTT1P for h small enough.



hal-00663021, version 1 - 25 Jan 2012

8 MONIQUE DAUGE AND NICOLAS RAYMOND

Corollary 1.7. For all Ny, there exist#, > 0, such that fol¥ € (0, 6,) the N, first eigenvalues
of Agr exist. These eigenvalues, denotediby (), admit the expansions:

, 1

. ~ A pi/3 i A A A —2/3

Heuin(0) ~ Z;%V”@J with 9, = 7, 1, =0, and 73, = 2(47v/2) 7324 (n)
J

and the term of ordeff is not zero. The corresponding eigenvectors have expassigowers

of '/3 with terms independent éf and with terms at the scalg #'/? whenz; < 0,.

1.6. Organization of the paper. In Section2 we investigate the one dimensional toy model
H.oy (1) through a construction of quasimodes and an ODE analysedtion3 we study the
Born-Oppenheimer approximatidtgo 1i(2) based on quasimode construction and Agmon
estimates. This leads in Sectidrio results on the Dirichlet problem on a triangle with small
angle: Through a projection method we can reduce the asalysiimensioril. Finally, in
Section5, we perform again a construction of quasimodes for the wadegand introduce

in particular Dirichlet-to-Neumann operators to solve antmission problem; we complete
the proof by comparing with the triangle case. We concludepaper by discussing relations
between the eigenvector asymptotics and the reentraneicsimgularity. We also discuss the
extension of our results on X-shaped waveguides (crossiamgst wires).

1.7. Notation and terminology. The L? norm will always be denoted by - ||, in general
without mention of the integration domain. For a sulbfset R and a poinp € R, dist(.S, p)
is the distance betweehandp, i.e.infc s |s — p|.

We denote bys (A) the spectrum of a self-adjoint operatdyby S..(A) its essential spec-
trum, and byS;s(A) its discrete spectrum. An eigenmode (or eigenpail & a pair(\, )
with ¢ in the domain of4, such thatdy) = \vy; then) is the eigenvalue and the eigenvector.
A quasimode for is a pair(), 1) such that| A — M| < e|+|| with e small; \ is the quasi-

eigenvalue and the quasi-eigenvector. The spectral theorem impliesdatS(A), \) < e.

Domain Notation Variables | Main operators
Scaled Triangle | Tri (1.10 z,y) (1.9 | Lri(h) = —h*0; — 02
Rectangle Rec (4.2 u,t) (4.2) | Lrec(h) (4.3
Half-strip Hst = R_ x (=1,1) | (s,1) (4.5 | X2, Loh*/3 (4.7)

0,1) (4.5 | X, Nuyh' (4.9

) (19 | Loulh) = —h202 — 2
> L,;h%/3 Notation5.2
: >; N35'h? Notation5.2
,7) (5.2 | X2, N3£h? Notation5.2

Scaled half-guide (2 (1.6)
Left half-strip Hlef = R_ x (0,1)

xz,

<

S

~
~—

(
(
(
(
(
(
(
(

o
o

Right half-strip | Hrig =R, x (0,1)

TABLE 1. Main notation for domains, variables and operators.
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2. TOY MODEL IN ONE DIMENSION

This subsection is devoted to the proof of Theorkfdevoted to the spectral asymptotics
of the operatort..,(x) defined in {.13. This proof is divided into two steps. First, we
construct quasimodes f6.., (), and second, we show that the lowest quasi-eigenvalues are
the approximations of the lowest eigenvalue$#f, (~) of the same rank.

2.1. Construction of quasimodes.In this section we prove in particular the following:

Proposition 2.1. For all N, € N*, there exist$;, > 0 andC' > 0 such that forx € (0, ro):

(2.1) diSt(Gdis(Htoy(ff))’ KZ/SZA(H)) <Ck, n=1,---N,.

Proof. The basic tool for the proof is the construction of quasinsoaled the application of the
spectral theorem. Convenient quasimodes are given by pssviers in<'/® of profilesat the
scales

(2.2) s=#k"2%2 when z <0 (left)y and o =r"'z when z >0 (right).
More precisely we look for quasi-eigenfunctiongsin the form:

o U (s) K3 when z <0
wﬁ(z)N{Zgzo |f,J()

(2.3) |
>0 Prigi (o) k3 whenz>0,

and quasi-eigenvalues in the form:

(2.4) o, ~ K3 Zaj/fj/g as x—0.

j>0
The continuity conditions at = 0 provide the formal identities:
{ ijo Wier,;(0) R = ijo Prig,;(0) K13
)2 ijo 95 Wet,5(0) AN Ejzo 95 Prig,;(0) K3,
and the formal eigen-equation is

(2.6) — KP(2) + W(2)Yu(2) = auth(2) 2z ER.

(2.5)

e Determination ofy,. Collecting the terms im?? in (2.6) and using 2.3)-(2.5) we obtain:

rig,0(0> = 07

{ — 0 5(0) + Prigo(0) =0 for 0 >0, and @
— W o(s) — sWiero(s) = agWiero(s) for s <0, and Wierp(0) = Prig(0).

We deduce first thad,; o = 0 and thusVl,,(0) = 0. This implies thaty, is a zero of the
reverse Airy functiorA. At this stage we can choose a positive integeakea, = za(n) and
U0 as the corresponding normalized eigenfunctjon.
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e Determination ofy;. Collecting the terms im;, we get the equations:
{ P + Prig1 =0 foro >0, and @/, ,(0) = U ,(0),
—Wiee

rig,1
— sWUier1 — aoWier1 = aqWierp fors <0, and Wier1(0) = Pyig1(0).
We find first:
(I)rig,l(a) = —‘I’fef,o(o)e_”-
Moreover we obtain the existence of a numbgrand of an exponentially decreasitdg.s ;
solution of the second equation with the help of the follogiemma:

Lemma 2.2. Letn > 1. We denote by, an eigenvector of the operaterd? — s associated

with the eigenvaluex(n) and normalized in.>(R_). Let f = f(s) be a real function with

exponential decay and lete R. Then there exists a uniquec R such that the problem:
(—8? —5— zA(n)) g=f+agm in R_, withg(0) =c,

has a solution with exponential decay. There holds

o= cgl(0) / £(5) g(s) ds.

e Further terms. A similar procedure can be reproduced at each step, praytiaconstruc-
tion of @, ;, thena; and ¥, ;, for any;j > 2.

e Expressions for quasimodeRelying on the previous iterative constructions we canaet f
all integerJ > 0
J+2

> s () " when =<0
@n  wWE=qm .
Z Dyig,j (E) K7+ Wit 712(0) k72 X(E) when z > 0,

wherey is a smooth cutoff function equal tb near0. By construction,zp,[f] and its first
derivative are continuous in = 0. Moreoverz/),[;l lis exponentially decreasing as— +oc.
Therefore it belongs to the domain&f,, (x). With this remark and taking the error introduced
by x into account, we get for alt, > 0:

J+2
(2.8) H (’Htoy(/-c) — g3 (za(n) + Z a]—/{‘]/g))@by

J=1

’ < C(J,n, ko) KB Vi < k.

Hence

H (’Htoy(/-c) — /{2/32A(n)) @DHH < C(n, ko) Kk, VK < Ky,
and the spectral theorem applies. In particular,<f@mall enough, the discrete spectrum of
Hioy (k) IS NOt EMPLY SINCE oo (Hroy (k) = [1, +00). O

Remark2.3. We have proved in fact more than Propositibh The expressior(7) of quasi-
modes and corresponding estimat2$)will provide an asymptotic expansion for the eigen-
vectors ofH.., (x), once one knows Propositi@i below.
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2.2. Localization of the lowest eigenvaluesWe now want to refine Propositi¢hl by prov-
ing that the\,,, ,,(x) are power series with respectid’ and whose coefficients are given by
(2.4). We begin to prove the following proposition:

Proposition 2.4. For all N, € N*, there exists:;, > 0 andC > 0 such that forx € (0, ko):
(2.9) | Atoy,n(K) — H2/3ZA(7L)| <Ck, n=1,---N,.

Proof. Let IV, € N*. As a consequence of Propositidri, we have in particular that, for all
k€ (0, ko), the first N, eigenvalues\., ,,(x) (denoted by\,, for shortness) exist and satisfy:
(2.10) Anl < C(No) w2, k€ (0,k0), n=1,---No.

Let us denote by),, an eigenfunction associated wikh so that(v,,, ¢,,) = 0if n # m. For
z < 0 we have:

_szg - an = )\nwn

Thus, there exists a coefficienf(x) such that:

(2.11) Un(2) = ca(R)A(K™2P2 + 5723),), 2<0.
For z > 0 we have the equationx?y! = \,v,, hence the existence df («) such that:
(2.12) Un(2) = dp(k)e™ #1720 250

The transmission conditions at= 0 imply:
cn(K)AETEN,) = do(k),  cn(k)RYPN (K723N,) = —d,(K)V/1 — A,

This implies:

L1/3

(2.13) A(k™23N,) = B Eow

AN (K723 N,).
We infer:
IA(K™23N,)| < C(N) 3.
Sincex~%3)\, is bounded, see(10, and the zeros of the Airy function being isolated and
simple, we deduce that forallc {1,--- , Ny}, there exist® = p(n, ) such that:

|/-c_2/3)\n —za(p)| < C(NQ)KJl/g.

Note thatp is bounded too. It remains to prove that= n for x small enough. In view
of Proposition2.1, it suffices now to prove than i is small enough and # m (with n,

m < Np), the integere(n, k) andp(m, k) are distinct. Let us prove this by contradiction.
Since the considered sets of integersn andp are finite, the negation of what we want to
prove can be written as

dm,n,p €N, Vkr; >0, Jx € (0,k1) suchthat p(m,x)=p(n,k) =np.
The eigenfunctions can be taken in the form:
A(/{_2/3z + 5_2/3)\]-) when z <0

Vi(z) = » for j=m,n,
’ A(k=23)) e " *VIN whenz >0,
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and we have
(W, ) = / A(™232 + k7 2BA)AGR 32 + k72BN,) dz + O(K°?) = 0.
2<0
A rescaling leads to<:

S C(NQ)/{

/ Az + k72BN ) Az 4+ 723\ dz
2<0

By assumptions 23\, = za(p) + O(xY?) andx=2/3\,, = za(p) + O(x'/3). Forj = n,m,
A being Lipschitz on(—oo, M] for all M, there existd(Ny) > 0 such that for alk < 0:

A(z + 5725);) — A(z + 2a(p))| < D(No)&'3,  for j=m,n,
so that:

| MG AAG A da = [ Rl d:
2<0

z<0

We deduce:

Vk1 >0, dJk € (0,x1) suchthat

/ A%(z + za(p)) dz
z<0
which leads to a contradiction and ends the proof of Projposit 4. O

2.3. Proof of Theorem 1.3. Let us observe that Propositi@m allows to separate the firdf,
eigenvalues when < r. Let us write§ = x'/3. We let:

An(8) 1= 62 oy (0%),
1/3

so that\,,(4) is uniformly bounded for. = 1, ..., Ny ands < &,

12

0.8

0.6

0.4

0.2

Essential spectrum
0 First eigenvalues

Analytic extension

i i
0.5 1 15

FIGURE 3. The first two eigenvalues,, ; and\, » as functions o = /3.
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T T
Essential spectrum
First eigenvalue
Analytic extension

1.005 -

Essential spectrum
Second eigenvalue

0.995

0.99

ook 0.985}

FIGURE 4. The eigenvalues,,, ; (left) and\, » (right) as functions ob =
/3, zoom near the bottom of the essential spectrum.

We rewrite .13 in the form:

o 5 )y
(2.14) A (8)) = = A (A, (0)).
1 —0%2X1,(9)
We know thatA is analytic and, using again the simplicity of its zeros, ve® @apply the
analytic implicit function theorem near = 0 and for alln € {1,---, Ny}, which, together

with (2.7)-(2.8) and Propositior2.4, ends the proof of Theoreth3,

Remark2.5. From (2.14), we can deduce that the,(9) are solutions of the analytic equation:

(2.15) (1= 02N)AN)2 = 2A (V)2 =0

This equation provides an analytic extension of the fumstio +— f\n(é), hence of\., ., =
§2X,,(6), in the sense of analytic curves. We represent in FigBieesi4 the first two eigenval-
ues and their analytic extensions. Taking the continuity mnotonicity of the eigenvalues
with respect tod into account, we can see that any branch which start§ by A\(§) =

52zp + O(6%) represents an eigenvalue whilg)) is less thatl. Beyond1, the Rayleigh quo-
tient stays= 1, but the curve\(d) has an analytic extension as a continuation of a branch of
roots of the equatior2(15).

3. BORN-OPPENHEIMER APPROXIMATION FOR THE TRIANGLE

This section is devoted to the analysis#to 1i(2) defined in (.14. We are going to
prove:

Theorem 3.1. The eigenvalues Gigo 1+i(h), denoted bY\go 14 . (2), admit the expansions:

- S| . )
)\BO,Tri,n(h) h:O Z 53"”]12]/3, with 50,n = g and 51,n = (477'\/5) 2/3ZA(H).
Jj=0
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Again, the proof is essentially organized in two steps. Ttret fitep is the construction of
guasimodes which proves that quasi-eigenvalues are ddsesteigenvalues. The second step
uses Agmon type exponential localization for true eigetvsdo prove that true eigenvalues
are close to quasi-eigenvalues.

3.1. Quasimodes.In this subsection, we construct quasimodes and prove tpopition:

Proposition 3.2. For all N, € N*, there existg,, > 0 andC > 0 such that forh € (0, ho):

(3.1) dist <6dis(HBO,Tri(h)), é + h2/3(47r\/§)‘2/3zA(n)) <CRY3 n=1,---N,.

Proof. The proper scale in is h*/? as can be seen by approximating the potential ia 0
by its tangent and recognizing the Airy operator. Thus, wi eeinstruct quasimodes,, as
functions ofs = h=2/32: We look for quasimode§)\;, 1) in the form of series

A~ > BhPEand gy (x) ~ ) W(s)h
§>0 j=0

in order to solveHgo 1i(h)Yn = Apty in the sense of formal series. A Taylor expansion at
x = 0 of the potential” yields:

. 1 1
H ,ihw—h28§+§ Vied, with Vp=- and V; = — ,
so.1ii() < 7t 073 NG
which, in s variable, becomes
1 . .
(3.2) Hpo,mi(h) ~ gt W= 2+ Vis) + > WPV,

j>2
The construction of the term% and¥; is similar (even simpler) than for Propositi@riL

e The expansiond.2) yields that3, = %, and collecting the terms ik?/3 and we obtain:

1
8 1
s

(3.3) —U(s) — yo—ys; To(s) = /1 Tg(s) Vs <0 and Fy(0) = 0.
Thus for any chosen positive integewe can taked; = (47v/2)%/3z4(n) together with
(3.4) Uy(s) = A((47T\/§)_1/3s + 2a(n)).

e Collecting the terms in*/? we obtain

—U"(s) 4+ VisWy(s) — B0y (s) = B0y — Vas®T, Vs <0 and W(0) = 0.
The compatibility condition states thas (¥, Uy) = V5(s2¥,, Uy). This determines, and
implies the existence of a unique solutin € L?(R_) such that ¥, ¥,) = 0.

e This procedure can be continued at any order and deternihe®;) at each step. This
construction depends on the choice of the integand can be done for any positive integer

e To conclude, we consider a smooth non-negative cutoff fangt'*" satisfying:
35) \()=1 forze (

™

V2

,+oo> and x*(z)=0 forz < —m,
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and introduce for any > 0 the quasmod(aﬁ ) with:
J
(3.6) E:BWB and ¢! X< }:%@WQMW

Thanks to this cut-ofﬁﬁ,[;]] satisfies Dirichlet condition ir-7+/2, and in0 by construction.

Using the exponential decay of— W;(h~*3z) and the definition ofl; andBj, we get for
anyhy > 0 the existence of'(n, J, hy) > 0 such that:

3.7) Hmmmmy-MwWHgamgmmW“W,Vhem%y

This proves the existence of quasimodes at any order andlengdeoof of Propositio.2 [

3.2. Agmon estimates.In this subsection, we prove Agmon estimates (Se€’]) for the
eigenfunctions oHgo 1i(h). The role of Agmon estimates is to replace an explicit knogte
of the solution at infinity like in2.11)-(2.12 by suboptimal exponential estimates.

Here we prove two kinds of estimates: nea= 0 and near: = —m+/2. In the analysis of
triangles (cf. Sectiod.2), we will meet the same estimates. Let us consider an eigefpa))
of Hgo mi(h). The Agmon identity writes, for some Lipschitz functiénto be determined:

0
(3.8) / h?10,(e®Y)|? + V(2)|e®y|* — h?|®'e®|? — N (e®)|* dz = 0.
_W\/i
It is a consequence of PropositiBr2 that the lowestV, eigenvalues\ of Hgo 1.i(h) satisfy:
(3.9) A — 3] < Tyh*?,

for some positive constat depending onVy.

3.2.1. Agmon estimates near= 0. We use 8.8) and the convexity oV to get the inequality:

0
[ e+ (8 = \f)|e%|2 R P? — A|(e%) 2 dar < 0.

V2

With (3.9), we deduce:

0 x
/ C T P — B2 — OB () 2 dar < 0.
) 47?\/§

This leads to the choice
®(z) = nh |z
for a numbem > 0 to be chosen small enough. We get:

0 Ed 9 5 2/3 P12
. 4W\/§—Zn\x|—0h le®|* dx < 0.

Forn small enough, we obtain the existencejaf 0 such that:

0
/ (|| — Chz/g) le®y)? dx < 0.
/2

-7V 2
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Splitting the integral into the parts7v/2 < 2 < —Dh*? (where® is unbounded) and
—Dh?? < x < 0 (where® is bounded) withjD — C' = d > 0, we find:

—Dh?/3 —Dh?/3
/ d h*3e®y|? do < / (i|z| — Ch*?) |e®y|* dw

T2 —7mV/2

0

0
g/ (i|z| + Ch*3) |e*y|? dw < éh2/3/ |2 da.

—Dh2/3 —Dh2/3
We deduce the proposition:
Proposition 3.3. LetI'y > 0. There exist,, > 0, Cy > 0 andn, > 0 such that forh € (0, h)
and all eigenpair(\, 1) of Hgo () satisfying A — 1| < Tyh?*?, we have:

0 3/2
/ moh~al?/ (\W + \h2/38xw\2) dz < Collv]*.

—V2

3.2.2. Agmon estimates near= —m+/2. We use again3.8) and @.9):

0 2 1
12(0, (e® 2+< T __) P12 _ B2 012 — CRZ3|(e®0)12 da < 0.
[P+ (T = g ) K R Rty P <
We take:

®(z) = —ph 'In (D' (z + ﬂ\/ﬁ)),
where we choosg € (0, 5) so that there holds:

0
/ (@ )@ VD) - é) P — CW3 (™) 2 de < 0,
_7“/5

andD > 0 large enough so that
2

T 2)D2—1>0
(4 P g8~

Then we split the integral into the partsry/2 < 2 < —mv/2 + D (where® is unbounded)

and—7v2 + D < z < 0 (where® is bounded) and the same procedure as in the previous

paragraph leads to the proposition:

Proposition 3.4. LetI'y > 0 andp, € (0, 3). There exist, > 0, C; > 0 such that for any
h € (0, ho) and all eigenpair(\, /) of Hgo (k) satisfyingA — 1| < I'oh?/?, we have:

0
/ (o + 72 ([l + |h Ol ) de < ol
—V2

3.3. Proof of Theorem 3.1 Let us fix NV, and consider théV, first eigenvalues of{go 1i(h)
denoted by\,, = Ago min(h). For eachn € {1,--- Ny}, we choose a normalized, in the
eigenspace of,, so that(¢,,, ¥,,,) = 0 for n # m. Let us introduce the space:

QENo(h) = span(qﬁl, e 7¢N0)'
We recall that, forh small enough,3.9) holds. We can write:

HBO,Tri (h)wn - )\nwn
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so that (the),, are orthogonal ir.> and for the quadratic form), for aff € &, (h):
Qeomrin(¥) < Awollv1”

For e, small enough we introduce a smooth cutoff functioheing0 for |z + 7v/2| < ¢, and
1 for |x + 7r\/§| > 2¢¢. PropositiorB.4implies that:

Qo 1in(X®) < (Any + O(h%))|Ixv|*.
Then, the convexity of the potential allows to write:

1 1
<(_h2a§ - e g) w,w> < (Ohmgy + OB |2

where we have used the convexity. The dimensiop®f, (1) is NV, so that, with the properties
of the Airy operator and the mini-max principle, we get:

1
3 + (4mV2) P2 (No) < Ay + O(R™).

This is true for all fixedV, and, combined with Propositidh2, provides the separation of the
lowest eigenvalues dfgo 1:i(h):

1
ABo.Trin(h) — (§ + h2/3(47r\/§)_2/3zA(n))‘ < ChY/3,

Finally, with (3.6)-(3.7), we obtain Theorer.1

4. TRIANGLE WITH DIRICHLET BOUNDARY CONDITION

The aim of this section is to prove Theordm. As usual, the proof will be divided into two
main steps: a construction of quasimodes and the use ofudeigenfunctions of1,;(h) as
quasimodes for the Born-Oppenheimer approximation inrdadebtain a lower bound for the
true eigenvalues.

We first perform a change of variables to transform the tliango a rectangle:

(4.1) u=r¢€ (—mV2,0), t= e (—1,1).

Yy
T+ 7r\/§
so thatTri is transformed into
(4.2) Rec = (—7v/2,0) x (=1, 1).

The operatoi+,;(h) becomes:

t 2 1
@3 L)t 0) = (0~ mma) g o

with Dirichlet boundary conditions ofiRec. The equationCr;(h)iy, = Briby, is transformed
into the equation

Lrec(h)iby = Buibn - with Oy (u, t) = 1y, (2, ).
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4.1. Quasimodes. This subsection is devoted to the proof of the following msipon.

Proposition 4.1. There are sequencgs; ,,);>o for any integem > 1 so that there holds:
Forall Ny € RandJ € N, there existd, > 0 andC' > 0 such that forh € (0, hy)

J
(4.4) dist <6dis (L1i(R)), Zﬁj,nhj/?’) <ChYHYB o =1,..-Ny.

7=0
Moreover, we haves,,, = 1, 81, = 0, andBs,, = (47v/2)"*3za(n).
Proof. We want to construct quasimodg$,, 1,) for the operatotC+,i(h) (0., d,). It will be

more convenient to work on the rectandtec with the operatorCre.(h)(u,t; d,, ;). We
introduce the new scales

(4.5) s=h"?y and o=h"lu,

and we look quasimodé€g),, zﬁh) in the form of series

(46) 5h ~ Z thj/?) and @Eh(uv t) ~ Z (‘Ilj(sv t) + (I)j(gv t))h]/g
§>0 j=0

in order to soIveCRec(h)zﬂh = ﬁhzﬂh in the sense of formal series. As will be seen hereafter, an
Ansatz containing the scake ?*u alone (like for the Born-Oppenheimer operattso 1i(h))

is not sufficient to construct quasimodes fat..(h). Expanding the operator in powers/gf?,

we obtain the formal series:

182

om2

(4.7)  Lrec(h)(h¥3s,t; h=2/%0,,0,) ~ Z Lo;h*7%  with leading term £, = —

>0

and in powers of:

: . . 1
(4.8)  Lrec(h)(ho,t; h™'0,,0,) ~ Y Nyh?  with leading term Nj = —97 — ﬁaf.
j>0
In what follows, in order to finally ensure the Dirichlet catiohs on the triangldri, we will
require for our Ansatz the boundary conditions, for any N:
(4.9 U;(0,t) 4+ ®;(0,¢) =0, —-1<t<1
(4.10) W;(s,21) =0, s<0 and ®;(o,+1)=0, o <0.

More specifically, we are interested in the ground ene\rgyé of the Dirichlet problem for
L, on the interval—1, 1). Thus we have to solve Dirichlet problems for the operatdys-
andL, — 1 on the half-strip

(4.11) Hst = R_ x (—1,1),

and look forexponentially decreasing solutiariBhe situation is similar to that encountered in
thin structure asymptotics with Neumann boundary condgiorl he following lemma shares
common features with the Saint-Venant principle, see fangde P, §2].
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Lemma 4.2. We denote the first normalized eigenvectofepbn H] ((—1,1)) by co:

colt) = cos (%t) .

Let ' = F(o,t) be a function inL?(Hst) with exponential decay with respect ¢oand let
G € H*?*((—1,1)) be a function ot with G(4-1) = 0. Then there exists a uniquec R such
that the problem

(/\/ - %) ®=F in Hst, ®(0,+1)=0, ®(0,t)=G(t)+vco(t),

admits a (unique) solution if/?(Hst) with exponential decay. There holds

/ /_1 (0,t) oco(t) dodt — /G(t)co(t)dt.

The following two lemmas are consequences of the Fredhabmaltive.

Lemma 4.3. Let F = F(s,t) be a function inL?(Hst) with exponential decay with respect to
s. Then, there exist solution(¥) such that:

1 .
(EO — g) U =Fin Hst, W(s,£1)=0

if and only if (F'(s,-),co), = 0 for all s < 0. In this case¥(s,t) = Ut (s, t) + g(s)co(t)
whereU+ satisfies ¥ (s, -), c0>t = 0 and has also an exponential decay.

Then, we will also need a rescaled version of Lenthia

Lemma 4.4. Letn > 1. We recall that:a(n) is the n-th zero of the reverse Airy function, and
we denote by

oy = A((4mV2) s + 2a(n))

the eigenvector of the operaterd? — (4w+/2)~'s with Dirichlet condition onR_ associated
with the eigenvaluéir/2)=2/325(n). Let f = f(s) be a function inZ?(R_) with exponential
decay and let € R. Then there exists a uniqukec R such that the problem:

(02— 5 = (mVD)25aa0) ) = T+ i i R withg(0) = ¢

has a solution in7?(R_) with exponential decay.

Now we can start the construction of the terms of our Ansa®).(
e Terms ink’. The equations provided by the constant terms are:
LoWo = BoWo(s,t), NoPo= BoPo(s,t)

with boundary conditions4(9)-(4.10 for j = 0, so that we choosg, = 1 andU(s,t) =
go(s)co(t). The boundary conditiond(9) provides: ®((0,t) = —go(0)co(t) so that, with
Lemma4.2, we getgy(0) = 0 and®, = 0. The functiongy(s) will be determined later.
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e Terms inkh!'/?. Collecting the terms of ordér'/?, we are led to:
(Lo—Bo)¥1 =1 Vo — L1Vy = 1Ty, (Ng— Bo)P1 = 51Dy — NP1 =0

with boundary conditions4(9)-(4.10 for j = 1. Using Lemmat.3 we find3; = 0, Uy (s, t) =
gl(S)Co(t), 91(0) =0 and<I>1 =0.

e Termsink??. We get:
(Lo — fo)Wy = F2¥g — L2Tg, (Ny— Bo) P2 =0,

whereL, = —0° + i 0? and with boundary condition#(9)-(4.10 for j = 2. Lemma4.3

provides the equation invariable
((B2%g — L2Po(s,)),c0), =0, s<0.

Taking the formulaly = go(s)co(t) into account this becomes

puan(s) = (02 - (%)

S
471'\/5) 90

This equation leads to tak® = (47v/2)?/3z4(n) and forg, the corresponding eigenfunction
9(n)- We deduce Ly — ()W, = 0, then getly (s, t) = ga(s)co(t) with go(0) = 0 and®, = 0.

e Terms inh3/3. We get:
(Lo — Bo)V¥s = B3Vo + BoWy — LoV, (Ny — By)Ps = 0,

with boundary conditions4(9)-(4.10 for j = 3. The scalar product with, (Lemma4.3)
and then the scalar product with (Lemma4.4) provideg; = 0 andg; = 0. We deduce:
W3(s,1) = gs(s)co(t), andgz(0) = 0, @3 = 0.

e Terms inh*/3. We get:
(Lo — Po)Wy = BaWo + BoWy — LsTg — L3y, (Ny — Fo)Ps =0,

where

V2
T
and with boundary conditiongt(9)-(4.10 for ; = 4. The scalar product with, provides
an equation forg, and the scalar product withy, determiness,. By Lemma4.3 this step
determinesl, = Ui + co(t)g4(s) with a non-zerol; andg,(0) = 0. Since by construction
<\Ifj(0, s c0>t = 0, Lemma4.2yields a solutionb, with exponential decay. Note that it also
satisfies(®4(a, -), ¢p), = O forall o < 0.

3
£4 = t@tas — mszatz,

e Terms inh®/3. We get:
(EO - BO)\I]5 = 55\:[]0 + 52\:[]3 - £2\Il37 (-/\/E] - BO)(I)5 = 07

and with boundary conditiond (9)-(4.10 for j = 5. We findS; = 0, g3 = 0, ¥5 = g5(s)co(t),
95(0) = 0, (I>5 = 0.
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e Terms ink5/3. We get:

(Lo — Lo)Vs = LsWo + BaVs + SoWy — LoWy — LyTy,  (Ny — o) Ps = 2Dy,

21

and with boundary conditiongt(9)-(4.10 for j = 6. This determinesl, g4, Vg = Vi +

co(t)gs(s), gs(0) = 0, andd¢ with exponential decay due to the orthogonalitylqfto c;.
e Termsinh™/3. We get:
(Lo — Bo)¥7 = Br¥o + BoVs — LaVs, (N — fo)Pr = — N30y,

where
2

™2

g
N o

t0,0; + 02,

and with boundary conditiond (9)-(4.10 for j = 7. We takes; = 0, g5 = 0, V7 = g7(s)co(t).
Then, Lemmat.2induces a value for the trage(0) so that there exisi®; with an exponential

decay. Note that if there holds:
(4.12) / (o) (0, 1) oco(t) dodt £ 0,
Hst

we would deduce by Lemm@2thatg;(0) # 0.
e Terms inh®/3. We get:

(Lo — Bo)Vs = PsVo+ BV + BaVy + foVWs — LsWog — LeWo — L4V — LoV,
(No — Bo)Ps = B4Py + B2Ps.

This determines, gs and¥g = Uz + ¢gs, the traceys(0) and the exponentially decreasing

solution®sy.

e Terms inkh?3. We get:

(Lo — Po)Wg = BoVg + BoU7 — LoWq,  (Ny — Bo) Dy = Loy — N3P

We find Sy, g7 and then¥y = Uy + cog9 andge(0), ®9. Note that ifg;(0) # 0, i.e. if (4.12

holds, we would deduce that # 0.

e Continuation. The construction of the further terms goes on along the sams.| This

leads to define the quasimodes b (h):

J
(4.13) Bl =" g,
=0

J
4.14 T =) S (0 (o, —2 (5 ) ) ¥"
(4.14) Yr = x"(2) - ”(h2/3’x+7r\/§>+ ]<h’x+7ﬁ/§) 7

j=

wherey'¢f is defined in 8.5). The conclusion follows from the spectral theorem.
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4.2. Agmon estimates.On our way to prove Theoreh.4, we now state Agmon estimates
like for Hgo mi(h). Let us first notice that, due to Propositidri, the lowest eigenvalues of
L+ (h) still satisfy an estimate like3(9). It turns out that we have the following lower bound,
for all ¢ € Dom(Qvip):

2

Qrin(t) > / R0, + — | dady.

Tri (—i—f)

Thus, the analysis giving PropositioAs3 and 3.4 applies exactly in the same way and we
obtain:

Proposition 4.5. LetI'y > 0. There exist, > 0, Cy > 0 andn, > 0 such that forh € (0, hg)
and all eigenpair(\, 1) of L(h) satisfying|A — 1| < I'yh?/%, we have:

/ et ([ 4 20,012 ) dady < Gl
Tri

Proposition 4.6. LetI'y > 0. There exist, > 0, Cy > 0 andp, > 0 such that forh € (0, hg)
and all eigenpair(\, 1) of L(h) satisfying|A — £| < I'yh?/%, we have:

/ (o +mvVD P ([0 + 1k 8l dady < Gl
Tri

4.3. Approximation of the first eigenfunctions by tensor products. In this subsection, we
will work with the operatotCg.. (1) rather tharC+,;(h). Let us consider the firsY, eigenvalues

of Lrec(h) (shortly denoted by,,). In each corresponding eigenspace, we choose a normalized

eigenfunction),, so that(i,,, ¢,,,) = 0 if n # m. As in Sectior8.3, we introduce:

&, (h) = span(iy, ..., Uy,).
Let us definel$.. the following quadratic form:

~ 1 - 1, -
Rec(w) /Rec (ﬁ|8ﬂp|2 - §‘¢|2> (U+7T\/§) dudt,

associated with the operatdf,,. = Id, ® (—507 — ) on L?(Rec, (u + mv/2)dudt). We
consider the projection on the eigenspace associatedhétbigenvalué of —#@2 —

Moth(u, t) = (3(u, ), ¢o), co(t)

where we recall thaty(¢) = cos (4¢). We can now state a first approximation resullt:

1
3

Proposition 4.7. There exist, > 0 andC > 0 such that forh € (0, h,) and ally € €y, (h):

0 < Qpec(¥) < CH*P|JY)?
and
1(1d = To) || + [|0,(1d — To)b|| < CRY? (]
Moreoverll : &y, (h) — (&€, (h)) is an isomorphism.
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Proof. If ¢ = 1,,, we have:

QRec,h(@En) = )\anv;nHZ

From this we infer:

Qrecn(Vn) < (% + Ch2/3) 412

Thg orthogonality of the,, (in L and for the quadratic form) allows to extend this inequality
tow < QENO (h)
Qneald) < (§+ 007 ) 1P

This clearly implies:
Rec(¢) < Ch2/3||¢H2

I1y¢) being in the kernel of%__, we have:
%ec(&) = Rec((Id HOMD)
If we denote byu, the second eigenvalue of theD operator——(?2 — =, we get by the

min-max principle:
Rec(Id = o)) > puol|(Id — TIo ).
Now the conclusions are standard. O

4.4. Reduction to the Born-Oppenheimer approximation. In this section, we prove The-
orem1.4 by using the projections of the true eigenfunctiongy,,) as test functions for the
Born-Oppenheimer approximation. Let us consider an eigierp, 1)) of Lt:(h) such that

(3.9 holds. We let)(u, t) = ¢(z,y). Then,(\, ) satisfies:
2 (62_ 2t0,,0; 2t0, N 202 ) - 1

u—l—7rxf (u+7mv2)2  (u+mV2)? (u + 7/2)2

The main idea is to determine the (differential) equatidisfad byH0¢. In other words we

will compute and control the commutator between the operata the projectiodl,. For

that purpose, a few lemmas will be necessary. The first one esamate established in the
original coordinategz, y) in the triangleTri:

Lemma 4.8. For all k£ € N, there existi, > 0 andC' > 0 such that we have, fdr € (0, ho):

————=—} = M.

/ (2 + 7v/2) 10,0 dedy < Clle|1%
Tri

Proof. The equation satisfied hy is:
(—h*02 — 02)h = M.
Multiplying by (= +7+/2)~*, taking the scalar product with and integrating by parts we find:

[ o mv o0 dudy <€ [ (ot mvDF(0F + 2+ 7D w001 dody
Tri

Tri
Using the Agmon estimates of Propositib with po/h > k + 1 we deduce the lemma.
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We can now prove:

Lemma 4.9. There exist, > 0 andC' > 0 such that we have, fdr € (0, ho):

|{(w+mv) 0,00, ®)) || < CnB.

tHLQ(du)
Proof. Integrating by parts in for any fixedu € (—7+/2,0), we find:

1

{(w+ wv3) 10,00, clt)) | <€ [ (et wvB ol dt

-1

1 1/2
<C (/ (u+7r\/§)_2|8uw|2dt) :
-1
To have the lemma, it remains to prove that

/ (u + 7V2) 20,9 dudt < Ch‘2/ || dudt.
Rec

Rec

We have
. o 2
/ (u+ 7v2) 2|01 |* dudt = / (z 4+ mv2)73 (890 + L) Y| dxdy
Rec Tri T+ 77\/§
and we apply Lemma&.8to control the term ird,. We end the proof using the Agmon esti-
mates of Propositiod.6. O

The same kind of computations yields:

Lemma 4.10. There exist, > 0 andC > 0 such that we have, far € (0, ho):

< Cll4l.

L2(du)

H <(u +V2) 20,0, co(t)>

t

Finally, we have:

Lemma 4.11. There exist, > 0 andC > 0 such that we have, far € (0, ho):

H<(u+7r\/§)‘2t20t2@ﬁ, co(t)> < |19

tHL2(du)
From Lemmasgt.9, 4.10and4.11, and from Propositiod.7, we infer:

Proposition 4.12.LetT'y > 0. There exist, > 0 andC' > 0 such that forh € (0, ho) and all
eigenpair(\, v) of Lt,;(h) satisfying A — 1| < T'yh*?, we have:

71‘2

1,292 - N
H( " a"+4(u+7r\/§)2 )\) Hoy

' < Ch|Tod.
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e Proof of Theorenl.4 We deduce, from Propositich12 foralln € {1,---, Ny}:

7.(.2

1292 N

From this inequality, we infer, for alp € &y, (h):

2
Rt —) My
' ( Y d(u+ m/2)2 o
Qo Tin(Toth) < (Areing (B) + Ch)|| T |-
It remains to apply the min-max principle to thg dimensional spacH,& y, (k) (see Propo-
sition4.7) and Theoren3.1to get the separation of eigenvalues. Then, the conclusitowfs
from Propositiord. 1

< (Mo (h) + OR) || Tt .

< (Ao (h) + Ch) |t |

and thus:

5. APPLICATION TO THE WAVEGUIDE

In this section, we prove Theorein6. Firstly, we construct quasimodes and secondly we

use Agmon estimates reduce to the triangle case. On th&€lgfth) writes, in the coordinates
(u,t) defined in 4.1):

t ? 1
5.1 LE(h) = —h? <8u - 78) -
( ) GLII() u—|—7T\/§t (u—|—7’ﬁ/§)2t
and on the right, we let:
Yy—x

5.2 =z, —
(5.2) u=x, T 3
and the operator writes:

- 1 S

rig _ 712 _ T 92
(5.3) L& (h) =—h <8u —m/i(l) 27T287.

The integration domain i6-7v/2, +00) x (0,1) = Qs U Qg Where:
Qier = (—7V/2,0) x (0,1) andQyig = (0, +-00) x (0,1).
The boundary conditions are Dirichlet i co) x {0} U (—7v/2, 00) x {1} and Neumann on
(—7v/2,0) x {0}.
5.1. Quasimodes. The aim of this subsection is to prove the following proposit

Proposition 5.1. For anyn > 1, there exists a sequen¢eg; ,,) such that, for allN, € N and
J € N, there existg, > 0 andC > 0 such that forh € (0, hy):

J
(5.4) diSt(6dis (Leu(h)), Z%,nhj/3) < CRUHVB . p=1,...N,.

=0

Moreover, we haveyy, = &, 71, = 0 andy,, = (47v2) 7325 (n).
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5.1.1. Preliminaries.

e Ansatz, boundary and transmission conditiofrsorder to construct quasimodes ¢, (1)
of the form(~,,, ¥4), we use the coordinatés, ¢) on the left andu, 7) on the right and look

for quasimodesj]h(u t,7) = Yp(x,y). Such quasimodes will have the form on the left:
(5.5) ier(u, ) ~ Y W (Wieg i (WP, b) + Breg i (h 1, 1))
7>0
and on the right:
(5.6) Yig(u, 7) ~ > BP0 (W, 7)
7>0
associated with quasi-eigenvalues:
Vi ~ Z%’hj/g-
3>0

We will denotes = h~?/3y ando = h~'u. Sincew;, has no jump across the line= 0, we
find thatys andi)y; should satisfy two transmission conditions on the line 0:

t 0
(0,1) = ig(0,¢) and (9, — ——=0; | ¥er(0,8) = | Oy — —= ) ¥ig(0, 1),
0. = eg0.) and (0= =0 ) vus(0.0) = (0, - ) vl
forall t € (0,1). For the AnsatzeH(.5-(5.6) these conditions write for ajl > 0
(5.7)  Wier j(0,1) + Pier (0, 1) = Pyig (0, 7)

126 to,

5.8) 0, Prer (0,1) + O Wier + 1(0, 1 Bras - 5(0, 1) — 2 Wiee - 4(0,1
(5.8) tef, (0, ) tef,j—1(0,1) — 3 e —3(0,t) — 3 et 3(0,1)
0
= 0,Dyie (0,1t — P, 0,t
g]( ) 7T\/§ g,J— 3( )

where we understand that the terms associated with a negadigx are).

Notation 5.2. We still sets = h~%3u ando = h~'u. Like in the case of the triang[€ri, the
operatorsC s andﬁg%“, cf. (5.1-(5.3), written in variableg s, t) and(o, t) expand in powers
of h?/3 andh, respectively. Now we have three operator series:

o LE(h) (W3, t;h72130,,0,) ~ Y.~ La;h*/%. The operators are the same asTeir
but they are defined now on the half-stHfef := (—o0,0) x (0, 1).
o L& (h)(ho,t;h10,,0;) ~ 3o N55'h? defined orHlef.
o L& (h)(ho, T3 h™'0,,8;) ~ 32 N3Fh/ defined orHrig := (0,00) x (0, 1).
We agree to incorporate the boundary conditions on the tiiid sides oHlef in the defini-
tion of the operator;, N}, and V"%
e Neumann-Dirichlet,U(s,0) = 0 and¥(s,1) =0 (s < 0) for £;,
e Neumann-Dirichlet,®(s,0) = 0 and¥(o, 1) = 0 (o < 0) for N,
e Pure Dirichlet®(c,0) = 0 and¥(, 1) = 0 (o > 0) for N},
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Note that
1 . 1
(5.9) /\/g‘*f = 63, — %@2 and N = 63, — —9%.

22T

e Dirichlet-to-Neumann operatorddere we introduce the Dirichlet-to-Neumann operators
T"e andT'*f which we use to solve the problems in the varialiles). We denote byl the
interface{0} x (0, 1) betweerHrig andHlef.
On the right, and with NotatioB.2, we consider the problem:
1

(/\/O”g — §) P =0 in Hrig and ®,,(0,t) = G(t)

whereG ¢ HSO/Q(I). Since the first eigenvalue of the transverse pan/gf — < is positive,
this problem has a unique exponentially decreasing saidtjg. Its exterior normal derivative
—0,®,ig oN the linel is well defined ini~1/2(1). We define:

TEG = 0,Prig = — 0, Prig.

We have: .
(178G, G) = Qug(®rig) > ClIG a1,
00

On the left, we consider the problem:

( o — %)cblef =0 in Hlef and ®.(0,t) = G(¢)

whereG € Hy\*(I).

ForallG € H30/2(I) such thall,G = 0, this problem has a unique exponentially decreasing
solution®,. Its exterior normal derivative, ® s on the linel is well defined inf—'/2(1).
We define:
TG = 0, Pes = 0y Pies.
We have:
(TG, G) = Qief(Prer) > 0.

Proposition 5.3. The operator™& + T'I1, is coercive onHy!*(I) with IT; = Id — II,. In
particular, it is invertible fromH,/,*(I) onto H='/2(I).

This proposition allows to prove the following lemma whishn the same spirit as Lemma
4.2, but now for transmission problems éifef U Hrig (we recall that(t) = cos(51)):
Lemma 5.4. Let Fief = Fis(o,t) and Fyi; = Fyg(o, 7) be real functions defined oHlef

and Hrig, respectively, with exponential decay with respectrtolLet G° € Hy/*(I) and
H € H~'%(I) be data on the interfacé = OHlef N OHrig. Then there exists a unique

coefficient{ € R and a unique tracé: < H30/2(I) such that the transmission problem
(VEF = 1) @ief = Fier in Hlef, Dier (0, 1) = G(t) + GO(t) + Ceolt),
(NG® — 1) Dy = Fyyg in Hrig, B,0(0,1) = G(t),
Oy Pier(0,1) — 0, Prig(0,2) = H(t) on I,
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admits a (unique) solutiof®, ®;) with exponential decay.

Proof. Let (9, (o) be the solution provided by Lemnda2 for the dataF" = Fis andG = 0.
Let % be the unique exponentially decreasing solution of thelprob

rig
. 1 .
(AG® = 5)@h = Fig in Hrig,  @%,(0.6) = 0.

rig — rig
Let H° be the jump), 7, (0, 1) — 9, ¢ (0, t). If we define the new unknownis);, = @, — oy,
and®., = &r — P, the problem we want to solve becomes

(Nsef—é)%:o i Hief,  ®(0,1) = G(t) + (¢ = Co)eo(t),
(N~ D)aty=0 i Hrg al0.0 =0

0,®L (0,t) — 0,®L¢(0,t) = H(t) — H(t) on I.

rig
Using Propositiors.3we can set = (T"&+T"*11,)~*(H — H,), which ensures the solvability
of the above problem. O

5.1.2. Construction of quasimodes.

e Terms of orde’. Let us write the “interior” equations:

lef : LoVt 0 = Yo Vlef,0
lef,, N @it 0 = Y0Pier 0
rlg . N(;ng)rig,(] = ’YO(I)ri&(] .

The boundary conditions are:
Wier,0(0,1) + Prer,0(0, ) = Prig (0, 1),
OrPief,0(0,1) = 0y Prig.0(0, 7).
We get:
Y =5, Yiero = go(s)co(t).
We now apply Lemm&.4with Fies = 0, Fyig =0, Gy = 0, H = 0to get
G=0 and (=0.

We deduce®sy = 0, Prigo = 0 and, sincel = —go(0), go(0) = 0. At this step, we do not
have determined, yet.

| —

e Terms of order!/?. The interior equations read:

lef, : LoVier1 = Y0Vier,1 + 71 Vier,0
lef, : (;efq)lef,l = Yo Pier,1 + V1 Plef 0
rg : Ng8@rig1 = 70Prig1 + 71 Prig.0-

Using Lemma&4.3, the first equation implies:
11 =0, Wi1(s,t) = gi(s)co(t).
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The boundary conditions are:
91(0)co(t) + Prer,1(0, 1) = Prig1(0, ),

96(0)co(t) + OpPier,1(0, 1) = Oy Prig 1 (0, 1).
The system becomes:

1
|f02 < IEF__>(I)e :07
€ 0 3 lef,1
- 1
rg : (/\/Or'g - §><I>r;g,1 = 0.

We apply Lemm.4with Fiee = 0, Fiig = 0, Go = 0, H = —g((0)co(t) to get:
G = —g,(0)(T"& + T 1) ¢y
SinceG = ¥y ; and( = —g1(0), this determine®ies 1, Pig 1 @andg; (0).

e Terms of orde?/3. The interior equations write:

lef, : LoWieto + LoWier 2 = Z VW ief &
I+k=2
lef,, : N(;Efq)lefﬂ = Z %(I)|ef,k
I+k=2
e rig 1
ng: -/\/0 (I)rig,2 = g(brig,%

with
, 1
LoWer 0 = —gg (s)co(t) + ——=sg0(5)07 (o).

/2
Lemma4.3and then Lemmad.4imply:
1
47T\/§=5’90 = 7290-

Thus,~, is one of the eigenvalues of the Airy operator ag@&n associated eigenfunction. In
particular, this determines the unknown functions of trevjmus steps. We are led to take:

\I/|ef72(8, t) = \IIIJe_ef,2 + gg(S)Co(t), with \IIIJe_f,2 =0

(5.10) gl —

and to the system:

lef,, - Qﬁd—é)®¢2:0
rg : (/\/Orig — %)(I)rigz = 0.

Using Lemmeb.4, we find
G = —g;(0)(T"8 + T 1) cy.

This determine®,;; 5, Pief 2 andgo(0). The functiong, is still unknown at this step.
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e Further terms.Let us assume that we can wrifgs , = ‘Iféka + gr(s)co(t) for 0 < k <

j and that(gx)o<k<;j—2 and (Vg )o<k<; are determined. Let us also assume tat (0),
(Vk)o<k<jr (Prigk)o<k<j—1, (Pref k)o<k<;—1 are already known. Finally, we assume tha0),
Qif ;, Prig ; are known once;_; is determined and that all the functions have an exponential
decay.

Let us collect the terms of ordéf’*1)/3, The interior equations write:

J+1 J+1
lef : E Ek‘l’lef,jﬂ—k = E Vk‘I’|ef,j+1—k
k=0 k=0
j+1 J+1
X lef _
lef, E N Dief j1—k = § Vi Pref j+1-k
k=0 k=0
J+1 J+1
P rig _
rig : g N EPyig jy1-k = E Vi Prig j+1-k
k=0 k=0

We examine the first equation and notice tiat= 0 andy; = 0 so that¥ ¢ ; does not appear.
We can write this equation in the form:

1
<£0 —_ —) lef,j+1 = —£2m|ef’j—1 - '72‘Il|ef,j—1 - 7j+1\:[l|ef70

8
J+1 J

- E ﬁk‘I’|ef,j+1—k— E %‘I’|ef,j+1—k-
k=4 k=3

We apply Lemmat.3and we obtain an equation in the form:
" 1 —
—Gj1 — msgj—1 —Y29i-1 = f + Vj+190,

wheref andg;_;(0) are known. Then, Lemmé&4applies and provides a unique valueypf,
such thay;_; has an exponential decay. From the recursion assumptioteduee tha; (0),
Dief ;, Prig ; @are now determined. Lemmaa3 uniquely determine@éﬂjﬂ such that:

Wief j11 = \I]IJe_f,j+1 + 9j+1(5)00(t)-
We can now write the system in the form:

1
lef, : (/\/'(;ef — §>®|ef,j+1 = Flet
. ri 1
rg ( 0 e — é)q)rig,j—i-l = Fg,

whereFi, Fig have an exponential decay. The transmission conditiongar@.7)—(5.9):
Dief j+1(0,1) = Prig j11(0,) — Wier j11(0, 1)
= (I)rig,j+1(07 t) - ‘I’éf,jﬂ(oa t) - gj+1(0)00(t)
and

05 Prer j+1(0,1) — Do Prig j11(0, 1) = H(t) = —g;(0)co(t) + H(t),
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where H is known. We can apply Lemma4 which determinesb,i ;+1, Pier j+1 (With an
exponential decay) ang_(0) onceg; is known.

e QuasimodesThe previous construction leads to introduce:
J+2 u u
Z <\II|ef7j (W, t) -+ (b|ef’j (E, t)) hj/g when u <0
G.11a) O (ut) =4 07
Z@rigvj( ™) W 4w <h> Ryn(r)  whenu >0,
=0

where the correction term

(5.11b) R;u(7) = 05V ier142(0, 7)R7/3
J+2 iy

_Z ( 0, (wlefj (0,7) + Pier; (0, 7 )) hﬂ/3+z s Dig (0, 7) WI/®

is added to maka) satisfy the transmission conditioh.g). Here we have used a smooth
cutoff functiony"® being1 near0. By constructlonwh] defined by the identity

(5.11c) W@ y) = X () 4y 1)
belongs to the domain of¢,;(h). Using the exponential decays, for dlle N we get the
existence of,y > 0, C(J, ho) > 0 such that forh € (0, ho):

(et 32t < e

5.2. Agmon estimates and consequence#n this last subsection, we prove Theorérf. For

that purpose, we first state Agmon estimates to show thattieigenfunctions are essentially
living in the triangleTri so that we can compare the problem in the whole guide with the
triangle.

Proposition 5.5. Let (), ¢) be an eigenpair of (1) such thafA — 1| < Ch?/®. There exist
a >0, hy > 0andC > 0 such that for allh € (0, ), we have:

/ 6ah’1x<|w|2 n |h8x¢|2> daxdy < C|l9|*.
x>0

Proof. The proof is left to the reader, the main ingredients beirgmS formula and the fact
that Hgo cui iS @ lower bound of¢, (k) in the sense of quadratic forms (see the analysis of
Propositions3.3and3.4). See also]0, Proposition 6.1] for a more direct method. OJ

e Proof of Theoreni.6. Let ¢! be an eigenfunction associated with,; ,(h) and assume
that they are orthogonal in.(2), and thus for the bilinear forme,,; ;, associated with the
operatorLey(h).

We choose € (0, ) and introduce a smooth cutoffat the scalé:' = for positivex
X"(z) = x(zh*™") with y=1if 2<% x=0if 2>1
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and we consider the functiong+". We denote:

QENO(h) = span(Xh@D{l, S Xh,l?b]}ifo)'
We have:
Qauin (V1) = Auin (B[ U0
and deduce by the Agmon estimates of Propos#ién
Qauin (X)) = (Aauin(h) + O(hX)) Ix ||,
In the same way, we get the "almost’-orthogonality, fiof m:
Beuin(X "0, X"0h,) = O(h™).
We deduce, for all € &y, (h):
Qcuin(v) < (Aauing () + O (%)) vl
We can extend the elements@f, (h) by zero so thaQg.ix(v) = Q. , (v) for v € €y, (h)
whereTri_;, is the triangle with vertice$—m+/2,0), (h'~5,0) and (h'=%, h1=¢ + 7v/2). A

dilation reduces us to: ,
hl—e -
1+ —R29? — O
( ™2 ) ( )
on the triangleTri. The lowest eigenvalues of this new operator admits the dwends
L+ za(n)h?/3 — Ch'=* ; in particular, we deduce:

1
)\GUino(h) > é + ZA(No)hZ/S — Chl=.

This provides the separation of the eigenvalues and, joitit Rroposition5.1, this implies
Theoreml.6.

5.3. Conclusion.

5.3.1. Back to the physical coordinate3he two-term asymptotics
(5, ) Luco + BV (@ (0, ) Lo + BF5(0, 7)1

provides us with the leading behavior of the eigenvectorthénscaled half-guid€). It is
interesting to come back to the physical domain and to inéerhis two-term asymptotics
in the original variablegz;, ;). We have to chain formulad §) giving (z,y), (4.1) giving
(u,t), (5.2 giving (u, 7), and @.5) giving s ando. We have also to take the relatibn= tan 0
into account.

Returning to sectiob.1.2and more particularly to5(10 — and Lemmal.4, we find that
lef _ -1/3 W_t
U (s, 1) A<(47r\/§) s+ zA(n)> cos ( 5 )
Coming back to physical variablés,, x5) we find that

U (s,1) = A((%)l/gm + zA(n)> cos <% — %) +0(6*) as 60— 0.
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As for the term®; := ®'1, o + @;‘g]lo>0, we find that there exists a profiley independent
of # such that
D1 (0, tLyco + TLyso) = @i (i1, 22) + O(6?) as 0 — 0.

Herei; = x; and

Txy COS 0 .
—_— if 21 <0,
Gy =4 T+ T sin @
Tocosl — xysind if z; > 0.

This profile ®; is exponentially decreasing @ — +oco. It is solution of a transmission
problem with smooth data for the Laplace operator on theitefstripR x (0, 7) with mixed
Neumann-Dirichlet conditions on the bottom sitle= 0, and Dirichlet oni, = 7. Hence, it
is piecewiseld? modulo the addition of a multiple of the singular funct'rgbfilng, cf. (1.2).

The consequence of this is that the coefficient of the sim'gwafing for a normalized eigen-
vector of AS" behaves a&)(6'/%) asf — 0.

5.3.2. X-shaped waveguide®©ur results provide without any difficulty the structure bét
eigenpairs of lowest energy in the small angle limit whendbmain is formed by the union
of two infinite strips of same width crossing with an angl2d. The two non-convex corners
of this structure are at the distang€; = O(f~'). This X-structure can be viewed as a
double symmetric V-structure and the eigenmodes can berooted from the V-structure
eigenmodes since they interact very weakly (their lowelesis®9'/%). Nevertheless they do
interact by an exponentially small tunnelling effect whwbuld be interesting to investigate.
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