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HIGH ORDER CHAOTIC LIMITS OF WAVELET SCALOGRAMS UNDER
LONG-RANGE DEPENDENCE

M. CLAUSEL, F. ROUEFF, M. S. TAQQU, AND C. TUDOR

ABSTRACT. Let G be a non-linear function of a Gaussian process { X };cz with long-range
dependence. The resulting process {G(X¢)}iez is not Gaussian when G is not linear. We con-
sider random wavelet coeflicients associated with {G(X¢)}+cz and the corresponding wavelet
scalogram which is the average of squares of wavelet coefficients over locations. We obtain
the asymptotic behavior of the scalogram as the number of observations and scales tends to
infinity. It is known that when G is a Hermite polynomial of any order, then the limit is
either the Gaussian or the Rosenblatt distribution, that is, the limit can be represented by
a multiple Wiener-I1t6 integral of order one or two. We show, however, that there are large
classes of functions G which yield a higher order Hermite distribution, that is, the limit can
be represented by a a multiple Wiener-1t6 integral of order greater than two. This happens
for example if G is a linear combination of a Hermite polynomial of order 1 and a Hermite
polynomial of order ¢ > 3. The limit in this case can be Gaussian but it can also be a
Hermite distribution of order ¢ — 1 > 2. This depends not only on the relation between the
number of observations and the scale size but also on whether ¢ is larger or smaller than
a new critical index ¢*. The convergence of the wavelet scalogram is therefore significantly
more complex than the usual one.
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1. INTRODUCTION

Denote by X = {X;}icz a centered stationary Gaussian process with unit variance and
spectral density f(A),\ € (—m, 7). Such a stochastic process is said to have short memory
or short-range dependence if f(\) is bounded around A = 0 and long memory or long-range
dependence if f(A) — oo as A — 0. We will suppose that {X;};cz has long memory with
memory parameter 0 < d < 1/2, that is,

FO)~ A2 (0 as A= 0 (1)

where f*(\) is a bounded spectral density which is continuous and positive at the origin. This
hypothesis is semi—parametric in nature because the function f* plays the role of a “nuisance
function”. It is convenient to set

FO) = 1=, Ae(-m7]. (2)
Since the process X is defined only if ffﬁ F(AN)dX < 0o, we need to require d < %
Consider now a process {Y; }1ez, such that
(AKY), =G(Xy), teZ, (3)

for K > 0, where (AY); = Y;—Y;_1, {X; }+ez is Gaussian with spectral density f satisfying (2)
and where G is a function such that E[G(X;)] = 0 and E[G(X;)?] < co. While the process
{Y;}4cz is not necessarily stationary, its K—th difference AXY; is stationary and is the output
of a non—linear filter G with Gaussian input.
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We shall study the asymptotic behavior of the wavelet scalogram of {Y;}cz, that is, the
average of squares of its wavelet coefficients. As shown in Flandrin [1992], Abry and Veitch
[1998], Veitch and Abry [1999] and Bardet [2000] in a parametric context, the normalized
limit of scalogram can be used to estimate the long memory exponent d defined in (1). See
also Abry et al. [2011] for recent empirical studies.

In the semi—parametric context, the case where the function G is linear was firstly con-
sidered in Moulines et al. [2007] and the case where G is a Hermite polynomial of arbitrary
order was studied in Clausel et al. [2011b]. The case where G(X}) is the so—called “Rosen-
blatt process” was studied by Bardet and Tudor [2010] and is somewhat analogous to the one
where G is the second Hermite polynomial. Our goal is to show that for more complicated
functions G, one can obtain new types of limits.

We have referred to Hermite polynomials a number of times. This is because they form a
basis for the space of functions G and thus appear naturally in our setting. Since the function
G satisfies E[G(X)] = 0 and E[G(X)?] < o for X ~ N(0,1), G(X) can be expanded in

Hermite polynomials, that is,
o0

ax) =Y “H,X). (4)

q
q=1 ¢

One sometimes refer to (4) as an expansion in Wiener chaos. The convergence of the infinite
sum (4) is in L?(Q),

g =E[G(X)Hy(X)], ¢=1, (5)
and
Hfa) = (a1e¥ 2 (7))

are the Hermite polynomials. These Hermite polynomials satisfy Hy(z) = 1, Hy(x) = z, Ha(x) =
22 — 1 and one has
1

B{H, (), (X)) = [ Hy(a) iy (2) =
Observe that the expansion (4) starts at ¢ = 1, since
co = E[G(X)Ho(X)] = E[G(X)] =0, (6)

by assumption. Denote by g9 > 1 the Hermite rank of G, namely the index of the first
non—zero coefficient in the expansion (4). Formally, go is such that

e_IQ/zdx = q!]l{q:q/} .

go = min{q > 1, ¢, # 0} . (7)
One has then
oo 2
¢ 2
—le[G(X) | <o0o. (8)
4=q0 T

We will focus on the wavelet coefficients of the sequence {Y;}icz in (3). Since {Y;}iez is
random so will be its wavelet coefficients which we denote by {W;, j > 0, k € Z}, where j
indicates the scale and k the location. These wavelet coefficients are defined by

Wik =Y hj(yk—1)Y;, (9)
tez

where 7; 1 0o as j 1 0o is a sequence of non—negative decimation factors applied at scale j, for
example v; = 27 and h; is a filter whose properties are listed in Appendix B. We follow the
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engineering convention where large values of j correspond to large scales. Our goal is to find
the distribution of the empirical quadratic mean of these wavelet coefficients at large scales
j — oo, that is, the asymptotic behavior of the wavelet scalogram

1
Snjj = — Z sz,k ’ (10)
"i =0
adequately centered and normalized as the scale j and the number of wavelets coefficients n;
available at scale j both tend to infinity.
The reduction theorem of Taqqu [1975] states that if G(X;) is long-range dependent then

the limit in the sense of finite-dimensional distributions of E,[:fl G(X) adequately normal-
ized, depends on the first term in the Hermite expansion of G. In other words, there exist
normalization factors a,, — oo as n — oo such that

[nt]
1 1 c
— ) G(X and — qu (X&)
an Z_: (Xk) a £ Z g0(Xk)
have the same non—degenerate limit as n — oo.
We are interested here, however, in the asymptotic behavior of the wavelet scalogram Sy, ;
n (10). We want to find exponents o > 0 and v > 0 such that as n; and j tend to oo,

{n?’}/j_usnj+u7j+wu € Z} ) (11)
tends, after centering, to a limit in the sense of the finite-dimensional distributions in the
scale u. This is a necessary and important step in developing methods for estimating the
underlying long memory parameter.

The limit of the sequence Sy, ; will be related to the so—called Hermite process. The
Hermite process is a self-similar stochastic process, with stationary increments and long range
dependence. The Hermite process of order ¢ lives in the gth Wiener chaos, that is, it can be
written as an iterated multiple integral of order ¢ with respect to white noise. We refer to
Definition 2.1 below for the precise representation.

We will see that, in the scalogram setting, the reduction theorem mentioned above does
not hold anymore. For example if G(X;) = H1(X;) + Hy, (X¢), ¢1 > 3 then the Hermite rank
is go = 1. But the limit of the normalized scalogram is not necessarily the same as that of
Hy(X;) = X;. This is essentially due to the fact that the scalogram involves squares and, in
addition, depends on two parameters j and n; which both tend to co.

In Clausel et al. [2011b], the case

G(Xy) = Hy(Xy), ¢>2,

was studied and it was shown that in this case the limit is a Rosenblatt process (see Defi-
nition 2.1). In the present paper we study other classes of functions G for which different
Hermite processes appear in the limit. For example, for the process

G(Xy) = Hi(Xy) + Hyy (Xy), @1 >3,

considered above, the limit of (11) may be either Gaussian, a Hermite process of order ¢; — 1
or a Rosenblatt process depending on the specific circumstances. We will show the existence
of a critical index ¢} and of critical exponents v, such that when ¢; < ¢, then :

e the limit is Gaussian if nj <77,
e the limit is a Hermite process of order ¢; — 1 if ’y;-’ <ng K ’Y}/’
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e the limit is a Rosenblatt process if v} '« nj,

where a; < b; means that a; = o(b;) as j — oo.

We will also study interesting cases where the function G has a Hermite rank greater than
two.

The paper is organized as follows. Long range-dependence and the multidimensional
wavelet scalogram are introduced in Section 2. The main results are stated and illustrated
in Section 3. The chaos decomposition of the scalogram is given in Section 4. The study of
the leading terms is done in Sections 5 and 6. The proofs of the main theorems are given in
Section 7 while Section 8 contains some technical lemmas. Basic facts about the Wiener chaos
are gathered in Appendix A and Appendix B lists the assumptions on the wavelet filters.

2. LONG—RANGE DEPENDENCE AND THE MULTIDIMENSIONAL WAVELET SCALOGRAM

The Gaussian sequence X = {X;}ez with spectral density (2) is long-range dependent
because d > 0 and hence its spectrum explodes at A = 0. Whether {H,(X¢)}+ez is also
long-range dependent depends on the respective values of ¢ and d. We show in Clausel et al.
[2011a], that the spectral density of {H,(X})}iez behaves like |\ 70+(@) as A — 0, where

6+(q) = max(5(¢),0) and &(q) =qd—(¢—1)/2. (12)

Hence ¢4 (q) is the memory parameter of {H,(X;)}iez. Therefore, since 0 < d < 1/2,
{H,(X¢)}tez, ¢ > 1, is long-range dependent if and only if

0(q) >0 (1/2)(1 —-1/q) <d < 1/2, (13)
that is, d must be sufficiently close to 1/2. Specifically, for long-range dependence,
g=1=d>0, ¢g=2=d>1/4, ¢q=3=d>1/3, ¢q=4=d>3/8. (14)
From another perspective,
0(q) >0<=1<¢g<1/(1-2d), (15)

and thus {H,(X¢)}+ez is short-range dependent if ¢ > 1/(1 — 2d).
We shall suppose that the Hermite rank of G is gy > 1, that is the expansion of G(X})
starts at go. We always assume that {Hg, (X;)}ez has long memory, that is,

@ < 1/(1—2d). (16)

The condition (16), with go defined as the Hermite rank (7), ensures such that {AXY },c7 =
{G(X¢)}tez is long-range dependent (see Clausel et al. [2011a], Lemma 4.1). We are mainly
interested in the asymptotic behavior of the scalogram Sy, ;, defined by (10) as n; — oo
(large sample behavior) and j — oo (large scale behavior). More precisely, we will study the
asymptotic behavior of the sequence

Njyu—1
. 1 Jt+u
Snj+u,j+u = Snj+u7j+u - E(Sng'+U7j+U) = n]—_l_ E : (Wj2+u,k - E(sz-l-%k)) ) (17)
k=0

adequately normalized as j,n; — oo.
There are two perspectives. One can consider, as in Clausel et al. [2011a], that the wavelet
coefficients W, ;. are processes indexed by u taking a finite number of values. A second
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perspective consists in replacing instead the filter /; in (9) by a multidimensional filter hy ;, ¢ =
1,---,m and thus replacing W in (9) by

Wik = Z hej(vik — )Yy .
teZ

We adopted this second perspective in Clausel et al. [2011b] and we also adopt it here since it
allows us to compare our results to those obtained in Roueff and Taqqu [2009] in the Gaussian
case.

We use bold faced symbols W ;, and h; to emphasize the multivariate setting and let

h] - {hf,j7 = 17 7m}7 W],k = {Wf,j,ku = 17 7m} ’

with
Wik=> hi(yk—t)Yi=> hj(y;k—t)A™"G(Xy), j >0k e Z. (18)
teZ teZ
We then will study the asymptotic behavior of the sequence
n;—1
_ 1 <
Snj,j = n_] Z (sz,k - E[Wik]) ) (19)
k=0

adequately normalized as j — oo, where, by convention, in this paper,
2 2
Wij = {W£7j7k7 {= 1, e ,m} . (20)
The squared Euclidean norm of a vector x = [z1,..., 2,7 will be denoted by |x|? = 22 +
It turns out that the asymptotic behavior of S;,; ; depends on how the subsequence of Her-
mite coefficients ¢y, ¢ > 1 which are non-vanishing is distributed. We denote this subsequence
by {cq, }eer where L is a sequence of consecutive integers starting at 0,
£cC{0,1,2,...}, (21)
with same cardinality as the set of non-vanishing coefficients, and (g¢)ec . is a (finite of infinite)
increasing sequence of integers such that
go = index of the first non—zero coefficient c,,
¢ = index of the (¢4 1)th non—zero coefficient, ¢>1.

Examples
1) If

c
G(X:) = et Hi(Xy) + 3—?"H3(Xt) :
where ¢; # 0, c2 =0, c3 #0, ¢g =0 for ¢ > 4, then g9 =1, ¢y = 3 and £ = {0, 1}.
2) If

C C C
G(Xy) = 2—2!H2(Xt) + o Hy(Xy) + = Ha(Xe)

3! 4!
where ¢; =0, c2 #0, c3 #0, ¢4 # 0, ¢y =0 for ¢ > 5, then ¢o = 2, ¢1 = 3, g2 = 4 and
L=1{0,1,2}.
3) If
¢
G(Xy) = Z; q—‘in(Xt) ;
q:

where ¢, #0 for ¢ > 1thengo=1,¢1 =2,...,and £L=1{0,1,2,--- }.
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4) 1f
C
G(Xy) = ﬁqu(Xt) :

where cq, # 0 and ¢, = 0 for ¢ # qo, then £ = {0}.

While ¢y is always equal to 0 (see (6)), the assumption (7) ensures that ¢4, # 0 and hence
that £ always contains the index 0, so that £ is never empty. In particular, we may write

c
(A%Y), = G(Xy) = LH,(X;), teZ, (22)
teL
where, if £ is infinite, the sum converges in the L? sense.
We set

I={tel :t+1€L,q1—q =1}, (23)
J = {(61762) € £2 : El < 627 qeq 7& 1 and qes — 4y 2 2} ) (24)
that is, ¢/ and gy take consecutive values when ¢ € I and ¢, and gy, differ by two or more

when (¢1,02) € J. The structure of these two sets is particulary important. The set I could
be empty (there are no consecutive values of g¢) or not empty. Then we set

to = {min([) >0, when [ is not empty , (25)

0 1, when [ is empty .
When ¢ is finite (that is, I is not empty), gy, is the smallest index ¢ such that two Hermite

coefficients ¢y, cg4+1 are non-—zero. It will be involved in the normalization. We define, in
addition,

mo=min({{ € L, ¢ >3})>0. (26)
Thus g, is the smallest index ¢ such that ¢, is non-zero with ¢ > 3.
Examples
1) If

c c
G(X}) = et Hi(Xy) + 2—2'H2(Xt) + ﬁH4(Xt) )

where ¢; # 0, ¢ca # 0, c3 = 0,¢c4 # 0,¢4 = 0 for ¢ > 5 then £ = {0,1,2}, I = {1},
lo=1,mop=4and J={(2,4)}.
2) If
c c c
G(Xy) = 5 Ha(X0) + 5 Ha(Xy) + 37 Ha(Xo)
where ¢; =0, cg #0, ¢3 #0, ¢4 # 0, ¢g = 0 for ¢ > 5, then £ = {0,1,2}, I = {2,3},
lp=2,mp=3and J={(2,4)}.
3) If
G(Xy) = et Hi(Xy) = e1 Xy
where ¢; # 0 and ¢, = 0 for ¢ > 2, then £ = {0} and both I and J are empty.

We are interested in the asymptotic behavior of the normalized scalogram §nj ,j defined
in (19). This behavior depends on the sets J and I. These sets affect both the rate of
convergence and the limit distribution of the rescaled sequence. The limit (see Section 3) will
be expressed in terms of the Hermite processes which are defined as follows :
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Definition 2.1. The Hermite process of order q and index

(1/2)(1 —=1/q) <d < 1/2, (27)
is the continuous time process
" oei(urtug)t . .
Zga(t) = /Rq e lug -+ ug| ™ AW (ug) - - dW (uy), t €R.. (28)

It is Gaussian and called Fractional Brownian Motion when ¢ = 1 and 0 < d < 1/2. It is
non Gaussian and called Rosenblatt process when ¢ = 2 and 1/4 < d < 1/2. The marginal
distribution of Zg q(t) at t = 1 is called the Hermite distribution of index q. It is called a
Rosenblatt distribution when q = 2.

The multiple integral (28) is defined in Appendix A. The symbol fﬂgq indicates that one
does not integrate on the diagonal u; = u;, j # i. The integral is well-defined when (27)
holds or equivalently when,

1<q<1/(1-2d),
because then it has finite L? norm. This process is self-similar with self-similarity parameter
H=dq+1-q/2=406(q)+1/2 € (1/2,1),

that is for all a > 0, {Z,4(at)}ier and {aZ, 4(t)}icr have the same finite dimensional
distributions, see Taqqu [1979].

3. MAIN RESULTS

We shall now state the main results and discuss them. They are proved in the following
sections. We start with the assumptions

Assumptions A {W;;, j > 1,k € Z} are the multidimensional wavelet coefficients defined
by (18) , where
(i) {Xi}iez is a stationary Gaussian process with mean 0, variance 1 and spectral density
f satisfying (2).
(ii) G is a real-valued function whose Hermite expansion (4) satisfies condition (16),
namely ¢o < 1/(1 — 2d), and whose coefficients in Hermite expansion satisfy the
following condition : for any A > 0

cg=0(e) asq— 0. (29)

(iii) the wavelet filters (h;);>; and their asymptotic Fourier transform he. satisfy (W-a)—
(W-c) with M vanishing moments. See details in Appendix B.

We shall focus on the asymptotic behavior of the scalogram for two basic classes of functions

G.

e The first class involves functions G with Hermite rank greater or equal to 2 and with
two consecutive terms in the Hermite expansion, both of which having long-range
dependence. The result is stated in Theorem 3.1.

e The second class involves functions G with Hermite rank equal to 1 with no two
consecutive terms with long-range dependence. The results are stated in Theorems 3.2
and 3.3.

Other classes are left for future work.
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3.1. G has a Hermite rank greater or equal to 2. Consider functions G of the form

C2 Cqp Cqgy+1
= - H. .4+ Hg 0 " H R
G(z) 51 o(x) + -+ 2o e () + (G0 + 1! gey+1(2) +

where ¢; = 0. Some of the ¢;, ¢ > 2 may be zero as well. More precisely assume that
q > 2, (30)

that is, that the Hermite rank of G is 2 or more. Also assume that (a) there exists two
consecutive terms and that (b) both are long range dependent. Assumption (a) implies that
the set I in (23) is not empty. Since the index gg, (see (25)) of the first of these two consecutive
terms could be gp > 2, we have gy, > 2. The index of the second of these consecutive terms
is g, +1 > 3. Assumption (b) will be satisfied if this second term is long-range dependent,
that is

q,+1<1/(1—-2d), (31)
by (15). We note that this situation implies the following boundaries for the parameter d:
1/3<d<1/2,
as indicated in (27).
Set
v=2q,+1—2q. (32)

The following theorem provides the limit of (19) for two different cases, depending on
whether the limit of nj_lyg-’ when j — 400 is null or infinite. It involves K > 0 defined
in (3), qo in (7), 0(q) is defined in (12), £y in (25). The integer M is the number of vanishing
moments of the wavelet filters and appears in Appendix B.

Theorem 3.1. Suppose that Assumptions A hold with M > K + 6(qp). Suppose moreover
that the Hermite expansion of G satisfies (30) and (31).

Then two limits in distribution of the centered multidimensional scalogram S, ; in (19),
suitably normalized, are possible. They involve the Hermite processes in Definition 2.1 evalu-
ated at time t = 1. Thf coefficients involve £y and the multidimensional deterministic vector
L,, whose entries [Lq(hyoo)]e=1,....m are defined as

- oo (s + - +ug)® vy, o
L,(h = : ||u duq - - - dug , 33
alheoc) /Rq lug + - - 4 ug[2K Z.:1| | ' ! (33)

which is finite for any ¢ < 1/(1 —2d). Then
(a) If nj < vj then, as j,nj — oo,
12020+ Kg (8 % 1
ny TS, ety @ (0 L] Z2a(1)
(b) If v < nj then, as j,n; — oo,
1-2d)/2 _—(8(aee)+6(ag +D)+2K) g (L)  Car, Caey+1 *
n§ )/ v, 9o/t Sn;.j 2%(277)‘”0 f (0)%“/2 Ly, Z1,4(1) .

Remarks.
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1. Using (132) with M > K and « > 1/2, the integral in (33) is finite for any positive
integer ¢ < 1/(1 — 2d), see Lemma 5.1 in Clausel et al. [2011a]. Thus, under Condi-
tions (30) and (31), the vectors Lg,—1 and L, appearing in the limits of Cases (a)
and (b) have finite entries.

2. In case (a), the limit is a deterministic vector times the non-Gaussian Rosenblatt
random variable Z; 4(1), that is, the Rosenblatt process Z 4(t) defined in (28) and
evaluated at time ¢ = 1. In case (b), the limit is a deterministic vector times the
Gaussian random variable Z; 4(1), that is, Fractional Brownian motion Z; 4(t) defined
in (28) and evaluated at time ¢t = 1.

3. In the case where n; ~ Cypyy as j — oo for some Cj > 0, the scalogram is asymptoti-
cally a linear combination of a Rosenblatt and a Gaussian variable. Indeed, using the
results of Section 6, one can see that the scalogram is the sum of two terms having
the same order, both converging in the L? sense respectively to a Rosenblatt and a
Gaussian variable.

Proof. This theorem is proved in Section 7.1. O

In the framework of wavelet analysis as in Moulines et al. [2007], we have v; = 2/ and the
number n = n; of wavelet coefficients available at scale j, is related both to the number N
of observations Yi,---,Yxn of the time series Y and to the length T of the support of the
analyzing wavelet. More precisely, one has (see Moulines et al. [2007] for more details),

nj=29(N-T+1)-T+1]=279N+0(1), (34)

where [z] denotes the integer part of « for any real x. Note that the assumption n; — oo
when j — oo is equivalent to N — oo faster than 27. Moreover, for any v > 0,

n; <2 = 279N « 2V <= N < 2+ when N — oo . (35)

Examples. We now illustrate Theorem 3.1 through three examples :
(i) G = Hy, with go > 2.
(i) G = Hyy + Hgo1 with go > 2, go +1 < 1/(1 — 2d).
(iil) G = Hyy + Hyor1 + Hy, with go > 2, qo+ 1 < 1/(1 — 2d) and with q; — (g + 1) > 2,
that is, J = {(q0 + 1, q1)}-
In all cases, the integer qg denotes the Hermite rank of G.
Let us elaborate on the conditions on d and the resulting limits for these examples. For
simplicity, we assume that the scalogram S, ; is univariate.

Example (i). When G = Hy, with g9 > 2, I and J are both empty. Since I is empty
one can regard {y and consequently gy, and v as infinity, which suggests that we are in
case (a), independently of the growths of n; versus 7; as j — co. The asymptotic behavior of
the scalogram of this example is treated by Theorem 3.1 in Clausel et al. [2011b] under the
condition gy < 1/(1 —2d). Indeed, the obtained rate of convergence is the same as in case (a)
of Theorem 3.1 and the limit is also Rosenblatt. This also corresponds to the limit obtained
by Bardet and Tudor in the case where Y itself is the Rosenblatt process (see Theorem 4
of Bardet and Tudor [2010]).

Example (ii). Suppose G = Hy, + Hyy41, with g9 > 2 and g9 +1 < 1/(1 — 2d). Then
J is empty and I = {qo}. The Hermite rank of G is gp and thus coincides with g;,. As a
consequence, by (32), v = 1. Let us use Eq. (35) to relate the asymptotic behavior to the
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number of observation N and the analyzing scale index j. Since v = 1, we get that the
asymptotic behavior of the scalogram S, ; depends on whether, as j, N — oo,

N<2¥ orif 29 <« N .
Let us explain how these two regimes show up in the limit. The wavelet coefficients of Y can
be expanded as follows

Wi = W) 4wt
where Wj(‘io), W;?@OH) belong respectively to the chaos of order gy and gg + 1. Then,

WE, = (W0 + WR) + (2w Pw o)

The term [I/[/].(‘ﬁ))]2 behaves as in the case G = H,, and is asymptotically Rosenblatt as
proved in Clausel et al. [2011b]. The term [Wj(iOH)P is asymptotically negligible as proved in

Proposition 5.1. The term W]-(%O)W]-(%OH), on the other hand, turns out to be asymptotically
Gaussian. The asymptotic behavior of the scalogram then depends on whether the Rosenblatt
term or the Gaussian term is leading. This depends on the limit of N/2%. Hence, both limits

stated in Theorem 3.1 may occur:
e If 272N — 0, the term corresponding to [I/[/j('ff)]2 is leading and the scalogram Sy, ;
of Y is asymptotically Rosenblatt.
o If 272N — o0, the terms corresponding to WJKiO)WJ(iO+1) are leading and the scalo-

gram Sy ; of Y is asymptotically Gaussian.

Example (iii). Suppose G = Hy, + Hyy+1 + Hy with g0 > 2, g0 +1 < 1/(1 — 2d) and
¢1— (g +1) > 2. Then I = {q0}, J = {(90,491),(q0 + 1,q1)}. Observe that in this case, J
is not involved in the limit of Sy, ; and the behavior of the scalogram is similar to that of
Example (ii). Thus, the two limits of Theorem 3.1 may occur.

3.2. The Hermite rank of G equals 1. Here we assume that
Go=13<qg<1/(1-2d) and f{y=o0. (36)

In particular, this condition implies d > 1/3, thus d € (1/3,1/2). By definition of ¢y in (25),
the last condition in (36) means that there are no terms with consecutive indices in the
Hermite expansion. Thus

C C
G=cH+ 5Hy + S Hy, + -
qr: qz:

where for any £ € £, qs+1 —q¢ > 2. In this case the following critical index plays an important

role :
N 1

N=2F 50 ag)
It will also be useful to relate the number of available wavelet coeflicients n = n; to 7 where
v takes the following three values :

(1 —2d)(q: — 1) 1-2d ¢ -1
I 2@ -1 T 2d- 1/2(‘11 D=
As shown in the following lemma, the relations between 14,5 and v3 depend on whether
q1 < (qjorq=>q:

(37)

(38)

141
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Lemma 3.1.

o If 1 < qi then v1 <o <us.
L Ile ZQT theny3§y2 SVI-

Proof. To prove Lemma 3.1, observe that

(1—-2d)(q1 — 1) (1—2d)(q1 — 1) 1
= = = 2d—=-<1-(1-2 —1
S 7 | ) R 2d — 1/2 d=g<1-(-2d)@a-1
= a<l+—F—r=4a,
and
1-2 -1 -1 2d — 1 2d — 1
VQZ( d)(ql )<V3=q1 < q—3< 2<:>q1<3+ 22(]1k

2d —1/2 @ -3 1—2d

The next theorems indicate the limits in the various cases. We first consider the case where
q1 is lower than the critical index gj.

Theorem 3.2. Suppose that Assumptions A hold with M > K+d. Suppose moreover that the
Hermite expansion of G satisfies (36) and assume that q1 < qi, where g7 is defined in (87).
Then three limits of the multidimensional scalogram Sy, j in (19), suitably normalized, are
possible :
(a) If vi® < n; then as j,nj — oo,
2

_ _ — L & — *
8, S et T O e Zaa()

(b) Ifvi* < nj <7;° then as j,n; — oo

(1-20(q1—1))/2_—(26(E)+2K)< (L) dmeicy
n; o T g =)

c) If n; < ~¥* then as j,m; — oo,
J i J

L5 (0)] T I2Ly Z,, 1 4(1)

n1-/27-_(2d+2K)§ (ﬁ—>) A N(O,I),

J 3 nj.J
where I' is defined as
(f*(0))?

D = L ——1 / > A+ 2pr| 2 (isohisc) A+ 2pm)| dX, 1<i i’ <m. (39)
T
T | peZ

2

Remark 3.1. In case (a), the limit is a deterministic vector times the non-Gaussian Rosen-
blatt random variable Z; 4(1). In case (b), the limit is a deterministic vector times a Hermite
random variable of order g1 — 1 > 3 — 1 = 2, which can be represented by a multiple Wiener
integral of order 3 or more (see Definition 2.1).

In the case where n; ~ 007}/ % as j — oo for some Cy > 0, the scalogram is asymptotically
a linear combination of a Rosenblatt and a Hermite random variable. This is because it is
the sum of two terms both converging in L? after normalization (see Section 6). On the other
hand if n; ~ C’m}’l as j — oo for some Cy > 0, the situation is complicated. This is because
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the scalogram is the sum of two terms of same order, one converging in L? to a Hermite
random variable, the other converging only in law to a Gaussian random variable.

Proof. This theorem is proved in Section 7.2. O
We now consider the case where ¢ is greater than the critical exponent ¢j.

Theorem 3.3. Suppose that Assumptions A hold with M > K+d. Suppose moreover that the
Hermite expansion of G satisfies (36) and assume that q1 > ¢}, where g} is defined in (37).

Then two limits of the multidimensional scalogram gn,j in (19), suitably normalized, are
possible :

(a) If nj <~ then as j,nj — oo,
_ — L
n;/zvj (2d+2K)Snj,j “ AN(O,T),
where I' is as in Theorem 3.2 (a).
(b) If v;* < nj then as j,n; — oo,
1—2d_—20@)+K)g €)%
gy T8 = ﬁ(%)‘“_1 [ (0)]" Lgy—1 Zo,a(1) -

Remark 3.2. As in the case of Theorem 3.2, the case where n; ~ Cofy;»/2 as j — 00, seems
quite complicated to deal with.

Proof. This theorem is proved in Section 7.2. g

Example. We now illustrate Theorem 3.2 and 3.3. Our setting is still that of Moulines et al.
[2007] as above.
The memory parameter d is assumed to belong to (3/8,1/2). Consider the case where

G:Hl—l-qu,

with 3 < ¢1 < 1/(1 — 2d). We will prove in the sequel that the wavelet coefficients of Y can
be expanded as
VVj7 = W](jc) + Wj(il) ,
1)

where Wj(k is Gaussian and W(‘ﬁ)

; belongs to the chaos of order ¢;. Then,

1 1
WJZ,]&: = [W‘]'(7k)]2 + [Wj(gfl)]2 + 2W](,k) Wj(ggl) .

The empirical mean of the terms [W]-(QP behaves as in the Gaussian case and is asymptotically

Gaussian. The empirical mean of the terms [W]-(?;)P behaves as in the case G = H,, with

q1 > 2 and is asymptotically Rosenblatt. Finally the empirical mean of the terms 2Wj(}2 W;il)

belongs to the chaos of order g — 1 > 2. The asymptotic behavior of the scalogram then
depends on which of the three terms is leading.

To see what happens, let N be as before the number of observations and assume that
v; =27, Let nj ~ N277 as j — oo as in (34). Distinguish two cases : ¢1 < ¢} and ¢1 > ¢}
where ¢7 is defined in (37).

If ¢1 < qf, the three possibilities stated in Theorem 3.2 can occur :

o if 277FTDN — 0 as N,j — 0o, then the term corresponding to [W].(QP is leading
and the scalogram Sy, ; of the process {Y;}ic7 is asymptotically Gaussian (case (c)).
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o if 277N 5 50 and 279tV N — 0 as N,j — oo, then the term corresponding
to 2W].(72)W(Q1) is leading and the scalogram S, ; of {Y;} belongs asymptotically to
the chaos of order ¢ — 1 > 2 (case (b)).
o if 277N 5 50 as N, j — oo, then the term corresponding to [W](ql)] with ¢ > 3
is leading and the scalogram S,,. ; of {Y;} is asymptotically Rosenblatt (case (a)).
If we now assume that ¢; > ¢}, we are in the setting of Theorem 3.3 and the term corre-

(1)

sponding to 2W ik W](il) is always negligible. Then only two different situations can occur :

o if 277(2*tUN 5 0 as N,j — oo, then the term corresponding to [Wj(k)] is leading

and the scalogram S, ; of {Y;} is asymptotically Gaussian (case (a)).
o if 277N — 50 as N, j — oo, then the term corresponding to [Wj([f;)P is leading
and the scalogram S, ; of {Y;} is asymptotically Rosenblatt (case (b)).

4. THE BASIC DECOMPOSITION

Our goal is to investigate the asymptotic behavior of S, ;. as defined in (19) when j —
+00. As in Clausel et al. [2011b], our main tool will be the Wiener-It6 chaos expansion

of §nj7j which involves multiple stochastic integrals ]A'q, q = 1,2,.... These are defined in
Appendix A. In this case, the situation is more complex than in the case G = H,, since
as proved in Clausel et al. [2011a], the wavelet coefficients W, defined in (18), admit an
expansion into Wiener chaos as follows :

N G (@
q=1

where Wg.q,z is a multiple integral of order ¢q. Then, using the same convention as in (20), we
have

00 2
c Cq Cq'
Wi S (5 (wi) e S S S ()
q=1 7 q¢'=2 q=1
where the convergence of the infinite sums hold in L'(£2) sense.

) (9)

Each Wg.qk is a multiple integral of order ¢ of some multidimensional kernel f.? e that is
WL = L7 (42)

Now, using the product formula for multiple stochastic integrals (125), one gets, as shown in
Proposition 4.1 that, for any (n,j) € N2,

n—1

_ 1

Snj=— § W2, —E[W? ]
k=0

q /
Cq &' q)\(4 (9.4'p)
+2> ) P > @2m)P p! (p) (p) S, (43)
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/ : N q(@d'p) :
where, for all ¢,¢' > 1 and 0 < p < min(q,¢’), S,,; " is of the form

S(q 7p) _ q+q 2p(gflqdq 7p)) (44)

(qq 7p)_

We call ¢ + ¢’ — 2p the order of the summand S, For any n,j,q,q,p, the function

éﬁ”@x&%&ww@ﬂ_m Rﬁqnﬁdﬁmdhwmwn%d%

1 n—
£ = 15 (195,40 (45)
k=0
where the operation ®,, is defined in (126) for each entry. The expansion in Wiener chaos of
S,,,; implies that

LI ST SEORED S AR S (46)
with
(0) pay ( )
S B (e @
LeL, qp#]
qe, Cae -l qe qe (qey,9e5:p)
_2 1 2 p!< 1>< 2> 27TpSnZ»17Z27 , 48
z Z:qanFo p p( /Snj 48
2 c1e ! I\ (¢
22322 Z ?zzp!<>< )( )pS( 7Qe7p)
teliisme 1 p=0 \P/\P
_ 9 Z <Clcqes(l,ge,0) " 2mercq, S(1,95,1)> (49)
(elBmo N (ge =1t ™
3) _ qu _ Cqp41 @+1 (qe,9¢+1,p)
R o1 G e

ZEI

The sets £, I and J are defined in ( ), (23) and (24) respectively and the index my,
defined in (26), is such that g, > 3.

Let us comment on the decomposition (46). The sum X,

(0 )

that is multiple integrals of order 2(¢ — p). Then this Sum after subtracting its expectatlon
has only summands of order 2,4,6,... in the Wiener chaos.

p)

contains terms of the form S(q &P

The sum E( ) contains multiple mtegrals of orders g+¢ —2p withq#1,¢ #1,p<qA{
)

and |¢—¢'| > 2. That means that all the summands in 227 ; are of order greater than or equal

to 2.
The sum E( ) contains multiple integrals of orders g+ ¢’ —2p with ¢ = 1, ¢ > ¢, > 3 and

=0or 1. All the summands in E( ) are then of order greater than or equal to ¢, —1 > 2.

The last sum E( ) contains terms Of the form S'¢ ]q+1 P) that is multiple integrals of order
g+(q+1)—2p= 2q +1—2p. When p=gq, g+ 14 ¢g—2q = 1, thus one can have components
in the first Wiener chaos, that is Gaussian terms.
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We will see that Zgg» + ES; will converge to a non-Gaussian limit, more precisely to a

random variable in the second Wiener chaos. The sum Egz will also converge to a non-
Gaussian limit, more precisely to a random variable in the Wiener chaos of order ¢, — 1.

Finally Z( ) will tend to a Gaussian limit.
Remark 4.1. It is the presence of Z( ). which creates the possibility of having as limit a
multiple integral of order greater than 2 Thus, starting with a process

G(Xy) = Hi(Xy) + Hg, (Xe)

with ¢; > 4, then ¢, = ¢1 and one may obtain as limit of the scalogram a Hermite process
of order ¢ — 1 > 3.

Let us formalize the above decomposition of S,, ; and give a more explicit expression for
the function g(qq ?) in (45). The next proposition is a generalization of Proposition 6.1
of Clausel et al. [2011b].

Proposition 4.1. For all j, {W 1}rez is a weakly stationary sequence. Moreover, for any
(n,j) € N2, S, can be expressed as (43) where the infinite sums converge in the L'(2) sense.

The function g(qq ’p)(g), E= (&, .., &grq—2p) € RIHT=2 in (44), equals

gﬁlq,]q ?) (5) = Dn(’yj{gl +oeee £q+q’—2p}) X Hgi_f/_ZD[ V f(é.i)]]'(—w,ﬂ) (51)] (51)
~(p) .. .
X 'Lij (51 + + éq—p, gq—p—l—l + + £q+q’—2p) .

Here f denotes the spectral density of the underlying Gaussian process X and

I
— 1IRu __
D (u) = ” E e = n(l—an) (52)
k=0

denotes the normalized Dirichlet kernel. Finally, for £1,& € R, if p # 0,

R§p)(€1,§2)=/(mr (Hf ) a4 0y — &) AP, (53)

and, if p=0,

AP (€1, 6) = b9 (e)h M (&) (54)

Notation. To simplify the notatlon, for any mteger pand qi,...,q, € Z4 we shall denote by
Yq1,.qp, the COT T8 — CP function defined, for all y = (y1,...,Ygq 4 4q,) € CHT TP by

q1 q1+q2 q1+-+qp
Xar,ay (Y E Yi E Yis s E vi | - (55)
= i=q1+1 1=q1++qp—1+1

Note that, for p = 1, one simply has Zq(y) =y1+-+yg
With this notation, (44) and (53) become respectively

S(qq 7= q+q'—2p (D © Xgtq—2p(7j X fﬂ BT ’zg‘p) Eq—p,q’—l’) ’

AP(€1,6) = /(_W ] £EP ) B (2,00 + €)h (S,(0) — &) dPA i p £ 0, (57)

k) )p
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where o denotes the composition of functions, A = (A,---,\,) and fEP(A) = fF(A1) -+ f(\p)
is written as a tensor product.

Proof of Proposition 4.1. For sake of simplicity we can assume that W is a vector of length
m = 1 since the case m > 2 can be deduced by applying the case m = 1 to each entries. We
must give an expansion in Wiener chaos of the one dimensional scalogram S, ; — E(S,, ;) in
our setting. Using (10), (41), (42) and the product formula (125) of Proposition A.1, we have
as in Proposition 6.1 of Clausel et al. [2011b]

o0 qAq

CqCq q\(d\+ :
Snj = Z q' [/1| (27T)pp!< >< >Iq+q’ 2p (95{;] p)) . (58)
¢,q'=1 T4 5 P/ \P
where
(@dp) _ 1 = (D= (@)
gn’] E Z f 7k ®pf.]7k :
k=0

By (124),

F9(©) = exp o, (ihy6) (RS 0 3,(6)) (7°9(9)) 2120 (©) £ €RI.  (59)

Ifg+q —2p#0,let £ = (&1, ,&g+q—2p)- As in Clausel et al. [2011b] using (126), we get
that gfg;-q #) is a function with q + ¢ — 2p variables given by

n—1
g (e Zexp oSt -2p(ik73) X [V FL(rm] TP (€) X B 0 Sgpgrp(€) -
" =0

The Dirichlet kernel D,, appears when one computes the sum %zz;é exp oY g —op(ikv;€).
This implies the formula (51).

In addition, the chaos of order zero appears in the expression (58) of Sy, ; in the terms with
p=q = ¢ since I;4y_o, = Ip. In this case, a similar argument as in Clausel et al. [2011b]
leads to

1 00 62 n o) C2
2 LEWR) = 3 i X BAWIR ) = BWjol*) = E(Sng)
qg=1 k=1 q=1
by (40) and (41). Therefore, in the univariate case m = 1, S, ; = Sn; — E(S,,;) can be
expressed as stated in (43). The generalization to the case m > 2 is straightforward. 0

We prove in Section 6 that

e The leading term of E(O) + ZS; is (277)40_1S(q°’q°’q° Y (see Propositions 6.1

and 6.2) where

(*1)

* q1 if qgo = 17
9 = { qo otherwise. (60)

Note that Sg]g’qa’qo_l) always is in the 2nd Wiener chaos.

e The leading term of 2;23 is 27T(Cl qff) S( ’qmo’l) (see Propositions 6.3 and 6.4), which

is in the (g, — 1)-th Wiener chaos.
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. . ) 1, e
e The leading term of ZJS’; is 26%0;#“(271)‘150 Silqé.o a1ty (see Propositions 6.5 and
b 0 b2

6.6), which is Gaussian.
Hence, for the two classes of functions considered in Sections 3.1 and 3.2, we have to com-
pare at most four terms : SS,’]-I’O), nga,qg,q;;—l), SEZ?O’%H’I)), SS”-qu’l) which are respectively
asymptotically Gaussian, Rosenblatt, Gaussian and in the chaos of order ¢, — 1.
Our three theorems are based on the study of the asymptotic behavior of each sum (see

Section 6 below). We first establish some preliminary results.

5. PRELIMINARY RESULTS

5.1. L? bounds. To identify the leading terms, using the same approach than in Clausel et al.
[2011b] we will give an upper bound for the L? norm of the multidimensional terms Sgg’f,’p ),
q,q', p defined in (44) and (56). Here, the main difficulty is that unlike the case where G = Hy,
we have to deal with an infinity of terms. We have also to obtain more precise bounds than
in Clausel et al. [2011b]. In the following, for any random vector Z, the L?(Q2) norm of Z is

denoted by

I1zll; = (= [1Z1])"* . (61)
(Recall that |Z| denotes the Euclidean norm of Z.) Our goal in this section is to specify how
\|S£Z’]gl’p)||2 depends on ¢, q" and p. The difficulty is that the sum S,, ; contains long-memory
and short—-memory terms having then different normalization factors. To recover all the cases,
we shall use not only d4(¢) and 6(q) defined in (12) but also

d-(q) = max(=6(q),0) , ¢=0, (62)
so that § = 04 — J_ and d4,d_ are nonnegative. In particular, §(0) = 04(0) = 1/2 and
d_(0) =0.

As in Clausel et al. [2011b], the expression (56) of Silq”qu’p ) involves the kernel Egp ) defined

in (57) and we have to distinguish the two cases p # 0 and p = 0. The following notations
will be used in the sequel. For any s € Z and d € (0,1/2), set
S
As(a) = TJ(a)' 2%, Va = (a1, ,as) €N°. (63)
i=1
For any q,¢',p > 0, set

min (1 —64(q—p)—0+(¢d —p),3) ifp#0,
alad ) = {0 =0 g i (64
3 itp=0,
1
Bla.p) = max (36) + 610~ )~ 3.0) (65)
Notice that for any ¢ > 0, 8(q,0) = d;(q). Define the function € on Z4 as
0 if for any s € {1,--- ,p}, s(1 —2d 1,
1 if for some s € {1,--- ,p}, s(1—2d)=1.

The index K is defined in (3) and the index M is defined in (129), and, as noted in Appendix B,
the filter h;(¢) has null moments of order 0,1,...,M — 1.

Proposition 5.1. Suppose that Assumptions A hold. Let € be the function defined in (66).
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(i) There exists some C > 0 whose value depends only on d and f* such that for any
n,j>2and any 0 <p<gq<g

ISPy < O Aalg — p,p) /2 Aa(d — p.p) /2@ P) (log n)(1+7—20)

y 7}2K+B(q,p)+6(q P) (log ,Yj)?)s(q’) .

(i) In addition, assume that M > K + max(d4(q),0+(q")). Then there exists some C' > 1
whose values depend only on d and f* such that for any q,q',n,j

(67)

0) atd — 2K+6 +64(q’ /
HS qq H omn Al(q)1/2A1(ql)l/2n 1/2,7j +(@)+6+(d) (10g7j)€(q) . (68)
Proof. As above, we can take m = 1 without loss of generality. In what follows, C,C4,- -
are positive constants that may change from line to line. The following function &’ defined on
R, is used in the sequel,

e'(a) = Lay(a) = {;EZ; i (1) i)ftlciejwlisg. o)

We first observe that if p = 0, the bound (67) is a consequence of (68). This follows by
observing that As(q,0) = A1(q), a(q,¢’,0) = 1/2, B(q,0) = i+ (q) and that the log exponents
in (67) are all larger than that in (68). Hence, to prove the result, we show that (i) holds for
p > 0 and then prove (ii), successively.

Proof of (i) for p > 0. Set r = g — p and ' = ¢’ — p. The starting point of the proof is the
Sﬁg}q/’p ) given by (56). Thereafter we follow the same approach as in the

proof of Proposition 7.1 of Clausel et al. [2011b], using Lemma 8.3 to bound the kernel Rgp )

integral expression of

involved in the integral expression of S (q]q *) instead of Lemma 10.1 of Clausel et al. [2011b],
replacing 2r, (r,r), d(p) with » + ', (r,7’), 0+(p) and adding if necessary a logarithmic
correction.

We obtain the following inequality, similar to (7.2) and (7.3) in Clausel et al. [2011b],

e
where, for any j,n
/“/J”T /'YJ”T Jn-yjﬂ(ul; 2dlr)Jr1ﬁjﬂ(’U1; 2d1rr)du1dvl
Inj < u 26+(p) "
fay) 7 (1|12

)25+(p)
and where J;.y,x(u1;2d1,) and Jyv .7 (v1;2d1,) are defined in Lemma 8.1.
We now use inequality (105) of Lemma 8.1 successively with p = r, a = 7, 51 = u; and
p=r1',a="m, s1 =vi. Asin (7.4) in Clausel et al. [2011b], we get that

|2 _ , o
r(f}q m)‘ } < Cfp(p!)2(1‘2d)’yj 2426(r)+26( )+46+(P),Y;}K(log 'yj)2€(p)fn,j 7 (70)

)
YT

B (1 + o} (14

I ; S C?‘—l—T’(T'r/')l—Qd 267(7’)4-2(57(7’/)( +E(T’)+2£(p)

nj 5 (rtr )y log v;)*")
/ ]l(—ﬂr,wr)(:_;)]l(—ﬂr’,ﬂr’)(%Nul|_26+(T)|’U1|_26+(Tl)du1 dvy
R2 (

)™ (1]

where Cy > 1 denotes a constant depending only on d.

204+(p) ’
1+ 7 |{us + v1}])? (1+fyj )
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The next step relies on the inequality [{z}| < |z| on R and on the 2r—periodicity of x — {x}.
We then get that

I, < C§+r’(7q!7,/!)1—2d,yj—257 (r)—26— (T/)(log ,Yj)s(r)+€(r')+2s(p)j .

n,J] »

with

9

A / |ul|—26+(7“)|U1|—26+(r’)du1 dvy
" Cymymz (L nf{un + v })2(1 4 Jug )20+ @) (1 4 vy [) 20+ @)

which corresponds to (7.5) in Clausel et al. [2011b]. )
The bound of I, ; is obtained using the decomposition I,, ; = A + 2B with

- / ’ull_%*(r)‘Ul‘_25+(rl)dul dvy
~ s W nl{un + o PO+ TP+ for PP
and
B = f:/ Jug |72+ oy | 7204 ) duy doy
= Ja® (L4 n [{ur + v )AL+ fur )20+ P(1 + oy )20+ #) 7
where
A_ES) = {(’Z,Ll,'Ul) € (_’Yjﬂufyjﬂ-)za "LLl + v — 2778‘ S 7T} ’
with s € {—v;,---,7;}. This decomposition is similar to the one used in the proof of Propo-

sition 7.1 in Clausel et al. [2011b] and is obtained by partitioning (—~;m,~;m)? using the
)

domains Ag.s .
We now bound separately A and B, as in Clausel et al. [2011b]. We get that there exists

some C' > 0 such that if 204 (r) + 204 (r") > 1,
A< Cn—2+25(r)+25(r’)

and if 204 (r) + 261 (r") < 1,

A< Cn_l(log n)a’(26+(r)+26+(7”)) max(1_25+(7“)_25+(7’l)_45+(p)70)

’, (log )¢/ O+ () +261 (") 4464 (7))

where the function €’ has been defined in (69). Further for some C > 0

B < O~y (=204 (1)=204 () O)+max(1-264 (")=2010).0) (g 1 12" 51 (4254 () 4/ (284 (07) 4254 @)

log 7;
As in Clausel et al. [2011b], we deduce that there exists some C' > 0 depending only on
d4+(r), 64 (r"), 04 (p), d such that

n7j

< Op ™6 )-8 ().D) (Jog ) 26+ (1) 420 ()

max(1—-2(6+ (r)+0+(p)),0)+max(1-2(5+ (r')+6+ (p)),0)

7 (log ;)7 5+ (254 () +/ (251, () 425, ()

Observe now that for any fixed d, there exists only a finite number of possible values for
d4(r),04+(r"),0+(p) and then a finite number of possible values for C. Then, provided we
replace C' by its maximum possible value, we can assume that C' does not depend on 4 (7),

G4(r'), 04(p)-
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The bound on I,, ; and (70) yields

15402 SC%{Az(q—p,p)mAz(q/—p,p)l/zvan‘mi“(1—5+<q—p)—6+(q'—p),1/2)

v thaX(l/2—5+ (p)—=6+(q—p),0)+max(1/2—6+ (p) =6+ (a"~p),0)
J
v 7j—1+5+(q—;v)+5+(q’—:z>)+25+(:v)

x (log )= (20+(r)+20:())

(log ,Yj)[ﬁ’(25+ (r)+26+ (p))+€' (204 (r')+254 (p))+e(r)+e(r')+2e(p)] /2 7

Inequality (67) corresponds to this bound with exponents of ~;, log n and log ~; simplified as
follows.

The exponent of v; is obtained by observing that —1 4 04(¢ — p) + d4+(¢' — p) + 204+ (p) =
(=1/2464(g—p)+04+(p))+ (—1/24+04+(¢ —p) +6+(p)) and using max(—a,0)+a = max(a,0)
with a = =1/2+64(¢ —p) + 04+(p) and a = —1/2 + 61(¢' — p) + 64 (p) successively.

The log exponents are obtained by observing that, since r < ', g(r) + e(r’) + 2e(p) <
2(e(r") + e(p)) < 4e(r’ V p). In addition €' (26,(m) + 25, (m’)) = 0 iff m +m' # 1/(1 — 2d)
and equals 1 otherwise. Thus /(254 (m) + 264 (m’)) < e(m + m') and we get

e'(204(r) + 261 (p)) < e(q), and £'(204(r") +204(p)) < e(d) -
Finally, since ¢ is non—decreasing and ¢ < ¢, 7' Vp < ¢,
£'(204(r) + 201 (p)) + £'(204. (') + 204.(p)) + 42(r' v p) < £(q) +£(q') + 42(¢) < 62(¢') -
Proof of (ii). Here, p = 0 and thus Agp ) = ’H§K)®2. The same approach as in the proof of

Proposition 7.2 in Clausel et al. [2011b] leads to the following inequality which corresponds
o (7.12) in Clausel et al. [2011b] : there exists C' > 0 not depending on n, j, q,¢" such that

B[S OP) < 0y @HOOT0ZEIN L = oy @O0, (71)
where
qv;m gy
Inj = / g(u,v) Jgrm(usdy - ,d)Jq/,,Yjﬂ(v;d,--- ,d)dudvy
=—qym Jv=—g'y;m

with Jp, o defined as in Lemma 8.1 and with g(u,v) defined for all (u,v) € R? by,

LIyl o PO
[+ [y {u/3 ) (1 + [y {o/s )P

As in the case p # 0, we can use the bound (105) of J,, , and the inequality [{u}| < |ul.
We get that

L < ol (q!q/!)1—2d,7]25— (9)—0-(d))

9(u,v) = (1 + |nfu + v}) (72)

2M—2K —25, (q) 2M—2K 26, (¢')

(w{%}

(M+«

a5 /q 77 ‘%{%} udv
— T ) v

== (1l o)) (14 (2 ) T (14 o2

As in the proof of Proposition 7.2 of Clausel et al. [2011b], we then obtain that

=—qy;7

> 2(M+a) -
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The conclusion follows from (71) and (73). O

5.2. Asymptotic behavior of the leading terms. We now investigate the exact asymp-
totic behavior of the terms that will turn out to be leading in the sum (43).

Let us first suppose that the bounds in Proposition 5.1 are sharp enough to determine
which terms are leading. Since 7; — oo and n = n; — oo, those for which the bounds
have the largest exponents (g,p) and 3(¢’,p) and the lowest exponent (g, ¢, p) are more
likely to dominate, in particular, if 6, (p), d+(q¢ — p), 6+(¢' — p),0+(p) + d+(q — p) — 1/2,
d0+(p)+0+(¢ —p)—1/2and 1/2 — (1 — 64(¢ — p) — 0+(¢' — p)) are all positive. Using (15),
if p > 0, this happens for 0 < p,q—p,¢ —p,¢,¢,q—p+¢ —p <1/(1 — 2d), that is (taking
q < ¢’ without loss of generality),

0<p<qg<q¢d<1/(1—-2d) and 0<q+q¢ —2p<1/(1—2d). (74)
In particular, for such a triplet (p,q,q’), we have £(¢') = (¢ + ¢ — 2p) = 0 so that bounds
in (67) and (68) involving logarithms will not appear in these terms. We shall check afterwards
(in Section 6) that indeed, in all the cases we consider, either such a term is leading in the
sum (43), or the leading term is Sillj”lj’o) (¢ = ¢ =1 and p = 0). The bounds established in
Proposition 5.1 will be sharp enough for this goal.

This is why, in the following, we shall only determine the asymptotic behaviors of ng’lj’o)

and of S%”qj/’p ) under Condition (74), when j,n; — oo.

Proposition 5.2. Suppose that Assumptions A hold with M > K + 6(1) = K + d and that
7; is even for all j. Let (n;) be any diverging sequence of integers. Then as j — oo,

1/2 —2(d+K) «(1,1,0) (£)
P =P (O (75)
where I" is defined by (39).
Proof. This is a direct application of Theorem 3.1 case (a) in Clausel et al. [2011b]. O

We now consider the case where Condition (74) is satisfied.

Proposition 5.3. Let q,q" and p be non-negative integers such that (74) holds. Assume that
Assumptions A hold with M > K and let (n;) be any diverging sequence of integers. Then,
as j — oo,
— —p)— [ —2(K+6 ., ('C) * /
(n7;)" d(g—p)—d(q p)%_ (K+ (p))sg?j p) &) [£*(0)](at+d)/2 Ly Zorq—2pa(l) (76)
where Zgyy_opq is the Hermite process defined in (28) and L, is defined in (33).

Proof. The proof follows the same line as the proof of Proposition 8.1 in Clausel et al. [2011b].
Therefore we only explain how to adapt this proof to our setting. Set r = g+¢'—2p. Using (56)
and that, for all g € L2(R"),

(9) £ (ny) 2L (g(-/ (n,)))

we have
) /7 d T T T
ng’jq P2 (n;) I, <Dn 0 Bgyq—2p(+/m) X []1(—73'”7%”)]@ (+/n) x fj) ’ (77)
where, for all £ € R”,

£(n7,6) = VI (€) xRY 0 Sy p(6) -
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The rest of the proof consists in proving the L? convergence of the It6 integral in (77),
adequately normalized. This is done in the proof of Proposition 8.1 in Clausel et al. [2011b)]
with ¢ —p=¢ —p =1 (hence r = 2). The same proof applies in our setting but results in
a multiple integral of order r with r > 2. In particular, if » > 2 the asymptotic limit is not
Rosenblatt but an r-order Hermite process. O

6. LEADING TERMS

Recall the decomposition (46) of S,, ; using sums »@ =W 2(2)- and B© ; The aim of

n,5° n,5°
50 L 5x0 5@

this section is to identify the leading terms of the three following sums : nj.j SPTID MR

2(3) under the conditions specified in Sections 3.1 and 3.2.

nj.j
6.1. Leading term of 2( ) ;T 2(1) Recall that the two sums Ei)],ES}’j are defined in
equations (47), (48) and that %, deﬁned in (60), equals ¢y if g = 1 and equals gg otherwise.
(1)

Therefore gy > 2. We shall prove that, if ¢j < 1/(1 — 2d), the main term in Egg-),j +3 "y is
62* % * ok ok _ *
ﬁ(zw)qo—lsgg’%’% 1), and has rate njl-_2d’yj 20@)+5) e following proposition is used

to show that the remainder terms are negligible.

Proposition 6.1. Suppose that Assumptions A hold with M > K + 6(q;) and that
g <1/(1—2d),

where ¢ is defined in (60). Let (n) be a divergz’ng sequence. Then, when j — oo,

—2
i (S

( ) rp [8EP), | S0, (79)

1-2d_ —2(6(g5)+K) ~ (@ a,
nj ’Yj q9 Z ( > ” tuq;zp” _)07 (79)
LeL,qe>qg p=
c c qeq
=2 Z20) ) g L N ) (‘Jél) (‘”2>( )P ||s‘”1"”2’p 2] =0. (80)
(b1,02)e] 4" p P

Proof. We first note that, since ¢ > 2 by definition and ¢ < 1/(1 — 2d) by assumption, we
have 1/4 < d < 1/2.

As in the proof of Proposition 5.1, we prove the result in the case where m = 1 without
loss of generality. We thus use non bold faced symbols.

We first prove (78). Since there is a finite number of terms in the sum appearing on the left-
hand side of (78), it is sufficient to show that each term converges to 0. Let p € {0,...,¢5—2}.
We apply Proposition 5.1 with ¢ = ¢’ = ¢j. Since ¢§ < 1/(1 — 2d) and thus e(qj) = 0,
Inequality (67) reads

7]—2(5(% )+K) HS 407407P)||2 < C% Ay(qf, — p, p)n~*96:967) (log 1)*(2(@%5 7)) 7]?(5(48’?)—5(%‘)) _

By (109) and (112) in Lemma 8.2, we have (g, ¢, p) > min(2(1 — 2d),1/2) and 5(q5,p) <
d+(q5) = 9(q5)- Hence,

7]-_2(5(q5)+K)||57(5§7q67p)|| < C’qOA2( —p,p)n — min(2(1-2d),1/2) (log n)° (2(g5-p))
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Since d € (1/4,1/2), we have n~™n((1=2d).,1/2)(]og 1)@ ~P) = o(n??~1). Thus Inequal-
ity (78) holds.

We now prove (79). We apply (67), in the cases g =¢ =g, 0 <p < g —2and ¢ = ¢ = ¢,
p = q¢ — 1, successively. Then for some C' > 0, for any ¢ € £ such that g, > ¢; and for any
0 <p<gqy— 2 one has,

—2(8(g})+K _ - 2 p)—6(qg
v (0(qg)+ )”57(5;,%10)”2 < C%As(qo — p,p)n a(qe,qe,p) (log n)E(Q(q‘ p)) ,Yj(ﬁ(Qe D) (qO))(log ’Yj)g .
On the other hand, since d > 1/4, £(2) = 0. Thus in the case where p = gy— 1, the exponent of
log n vanishes. Moreover, in this case, by (110) in Lemma 8.2, a(qy, g¢, p) = min(1—2d,1/2) =
1 — 2d. In the alternative case p < g, — 1, we use (109) in Lemma 8.2, which gives

n~46ap) (Jog ) Rlae=P) < = min2(1-2d),1/2) (1g6 )S2eP) < p2d-1

for n large enough, since 2(1 —2d) > 1 — 2d and 1/2 > 1 — 2d. Hence in all the cases, the
terms in n can be bounded by C'n??~1. As for the terms in 7vj, we use that, by (112) in
Lemma 8.2, 5(qr,p) < 64(qr) < 04(q5 +1), since go > g5+ 1 and ¢4 is non-increasing. Hence
we get that

—2(8(g)+K _ 2(64 (gx+1)—6(q
/yj (0(qg)+ )||57(g§_742,p)”2 < quA2(qz —p,p)n2d 1 ,yj( +(g5+1) (40))(10g,7j)3 ’

where C' > 0 may have changed from the previous line. Hence, summing over ¢ € L such that
g > qp and all p € {0,...,q, — 1}, we get that

@—1 2 2
—2d_ —2(8(q5 ¢
-2 2O | 575 S (1) 2y 155,
a>q5 p=0 (g¢!) p
264 (g5 +1)—5(a3)) X = @\’
< NI g 5,8 S S om0y S phen (M) Mot pip) . (51)
/=1 ’ p=0

By definition of Ay in (63), for any integer ¢ and any 0 < p < ¢,

2
p! (Z) Ax(g—p,p) = (p!)—2d(q!)2((q _p)!)—l—2d < (q!)g(p!)_2d ' (52)

Hence the sum over p in the right-hand side of (81) is bounded by (g,!)? up to a multiplicative

constant. In turn, the sum over ¢ > 1 is bounded, up to a multiplicative constant, by

S ¢z, (2mC)%, which is finite by Condition (29). Finally we observe that, since d(¢j) >

d(gs + 1) and 0(gg) > 0, we have
2(0+(g5+1)~5(qg))
J

as ;5 — oo. Hence Inequality (79) holds.

We finally prove that (80) holds. Inequality (67) for (¢1,¢2) € J with ¢ = q¢,,¢' = qu, and
p < qp, implies that

(logv;)* =0,

_ % qp, +ap
o 2(5(‘10)+K)‘|S£f§17w27p)‘|2 S C 12 2

J

Aa(qe, — p,p)*As(qe, — pp)'/?

- —2p) _ B(qe, ,p)+B(gey,p)—25(q) 3
x n = 001:90P) (Jog )= T2 =2P) v; @ = *"(log;)” . (83)
We first bound the terms that depend on n. First suppose that p = ¢q,, and ¢z, = q¢, + 2.

In this case, the exponent of logn vanishes, since €(2) = 0 for d > 1/4, and by (107) in
Lemma 8.2, the exponent of n a(qy,, qe,,p) > 1 — 2d. Hence, in this case, the terms in n are
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bounded by n?¢~!. Otherwise, if p < g, or qs, > gy, + 2, we observe that for (£1,43) € J, we
have p < g, — 3 and hence, by definition of « in (64) and since J; is non-increasing,

o(qe,, qey,p) > 1/2 —67(3) =min(1/2,1/2 — (3d — 1)) >1—2d ,

since 1/4 < d < 1/2. Whatever the exponent of logn, we again obtain that the terms in n
are bounded by n?¢~1, up to a multiplicative constant:

sup n=olae1:065.9) (Jog )40+ =20) — <n2d_1) _ (84)
(€1,£2)€J,0<p<qq,

We now bound the terms that depend on 7; in (83). By (112) in Lemma 8.2, we have
B(q,p) < 04(q) for 0 < p < q. Thus B(qe,,p) + B(qe,,P) — 6(q5) < 64(qe,) + 91 (qe,) — 20(q5).
Since § is non-increasing, g;, > ¢ and gp, > gy, + 2 we deduce that 04 (ge,) < 0+(g5) = 0(g5)
and 04 (ge,) < 04(g5+2) < 6(g;). Hence the exponent of v; is bounded by a negative constant
and

7@(qzl :2)+B(qeq:p)—5(q5) (

sup logv;)? =0 asj— oco. (85)

(€1,£2)€J,0<p<qe,
In view of (83), (84) and (85), the proof of (80) follows from the bound

e 2

IS I qp, +a
Z [qr, || ‘1‘32‘0 oy Zp! (2m)P H (q;) [Aa(qe, — p,p)]"? < o0, (86)

I I
(01,62)€J U e p=0 i=1

which we now prove. By the Cauchy—Schwartz inequality, we have

qeq 2 2 qeq 2 1/2
> ritenr I (q;) st = <TT | 30" ey (q;) Aaae, — o)

We may replace gy, by gy, in the previous upper bound, since ¢;, < q,. Likewise the sum
over (j1,j2) € J in (86) is bounded by the sum over (j1,j2) € N2. Hence (86) follows from

1/2
oo Q¢ 2
c
> @CW > (h? (2m)? <q€) Ao(ge —pp) | <00,
—0 =0 p
which is a straightforward consequence of (82) and the fact that, by Condition (29),
“+oo
> leg | (2nC)#/? < oo .
(=1
This concludes the proof. O

We now focus on the leading term of the sum »© 4 xW

nj,J n; 7j :

Proposition 6.2. Under the same assumptions as Proposition 6.1, we have, as j — 00,

|20 20K (o) L ) ) @) |G DT
TL] ’Y] <2n],j +2”]J> — W'f (O) OLqS_l ZZd(l) . (87)
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Proof. We apply Proposition 5.3 with ¢ = ¢’ = ¢f and p = ¢ — 1. Since
26(1) +26(qp — 1) — 1 = 26(qp) ,

we get that
_ *( )qo_l ok ok ( )qo_l *
n}_zd ; 2(8(q)+K) 287)85137%,(10 1) (E_Q Wf*(o)qollqé—l Zya(l) . (88)

The left-hand side in (88) corresponds to the term ¢y = ¢ and p = ¢§ — 1 of Zgoj)d. in (47).
The terms of Eg?’j with ¢o = ¢f and p < ¢ — 1 are gathered in the left-hand side of (78).
The terms of Eg?’j with go > ¢ are gathered in the left-hand side of (79). Finally the left-
hand side of (80) corresponds to 25}3_)7 ; in (47). Hence, by Proposition 6.1, all these terms are
negligible and (87) holds. O
6.2. Leading term of Zgj)’ ;e In this section, we investigate the asymptotical behavior of the

sum 2(2_) defined in (49). We shall prove that, if ¢, < 1/(1 — 2d), the leading term of this

—(1-26(gmg —1))/2 _ 8(gmq)+d+2K
J 75
show that the remalnder terms are negligible.

C1Cqm,, S(17qm0 1)

sum 1is 271'( )l and has rate n. . To this end we first
mo T

Proposition 6.3. Assume that Assumptions A hold with M > K + d and that
Imo < 1/(1 —2d) ,

where @, is defined by (26).
Let (n;) be a diverging sequence. Then, as j — oo,

1/2=0(qgmo—1) _—8(qmg)—d—2K c1C 40,0
n; 0 v 0 Z ngz” n]’q]e )”2 -0, (89)
>mg
1/2—=6(gmy—1) —8(gmg)—d—2K cic 1,q0,1
ny T T %ZZ ISyl | o0 (90)
>mg

Proof. Observe that 6, (1) = d. We apply (68) in Proposition 5.1 with ¢ = 1 and ¢’ = ¢y.
Thus there exists some C' > 0 such that for any ¢ > mg

_ 1 _
v 3(gmg)—d— 2KHS 10,0 ”2 < C%(qzl)lﬂ—d n—l/2,yj+(4£) 6(qm0)(10g’}/j)6(q0 ) (91)
Since by assumption ¢, < 1/(1 — 2d), we have €(gm,) = 0 and 04 (¢m,) = 6(gm,). Thus the
terms involving «; vanish in the right-hand side of (91). If £ > mg, we have 0;(qr) < 6(gm,)
and these terms are o(1) as j — oco. Hence, for j large enough, and for any ¢ > my,

_ 1) —6(gm qett —d — _
n1/2=6(amg 1),Yj (Gmg)—d— 2K”S(17q57 B SC‘“Q (qg!)l/Q d ,=8(amg—1)

Using that 6(gm, — 1) > 6(gm,) > 0, and that, by Condition (29),

= qpt1
> CTr e (g)VP < oo,

l=mg

we obtain the limit (89).
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We now show that (90) holds. Applying (67) with ¢ = 1, ¢/ = g and p = 1, we get that
there exists some C' > 0 such that for any ¢ > my,
1,q¢,1 e+l d —a - 1,1 1) +2K
”Sf%‘jqe )”2 S C 3 {(q@ _ 1)]}1/2 dn (1,qe,1)(10g n)a(‘n 1),}/‘76( )+B(QZ )+ (log’}’])g . (92)
The definition of @ and 8 by Equations (64) and (65), implies that
a(l,qe,1) =1/2—=64(q0 — 1), B(1,1) =d, B(qe, 1) = max(d + d4+(q — 1) — 1/2,0) .
Since £ > my, one has d; (¢ — 1) < 34 (¢mg+1 — 1). Thus

n-_a(l’ql’l)(log nj)s(qz—l) < n;/2_5+(‘1m0+1_1)

] ogny = o (80

J
Observe now that for ¢ > mg, we have ¢y — 1 > g, and thus

1,1)+ 42K d+2K+ d+64 (gmg)—1/2,0 d4+2K+6(qm,
,7]@( )+B(gqe,1) (logyj)?’ S’Yj max(d+04 (gmg)—1/ )(logvj)?’:o(vj (g o)) .

Now, using the last two displayed equations, (92) and Condition (29), we obtain the limit (90),
which concludes the proof. O

2)

njvj‘

We now deduce the asymptotic behavior of X
Proposition 6.4. Under the same assumptions as Proposition 6.3, we have as j — oo

1-26(gmg —1))/2  —(6(qmy ) +d+2K cy 4Amcicq,, .
e O O 0 B i O L 2, 1) (93)
mo .

where Ly is defined in (33) and Zy,_1 4 is the Hermite process defined in (28).

n

Proof. We apply Proposition 5.3 with ¢ = 1, ¢ = ¢, and p = 1. For these values, since
dmo < 1/(1 —2d), Condition (74) is satisfied. The exponents of n and ; in the left-hand side
of (76) respectively read

1-05(qg—p)—0d(¢ —p) =1-05(0) = 6(gme — 1) = 1/2 = 6(gme — 1)
and
1—36(g—p) —3(d —p) — 2K = 26(p) = —0(gm,) —d — 2K .
Hence we get that

1 (1=28(amy =1))/2

—(8(gmg ) +d+2K) o(1,qmg,1) (£)
j 7 ’ Snjj

’C' *

=)otV Z, (1) (94)
Finally we observe that this term corresponds to the second term of the summand in (49)
with index £ = gy, up to the multiplicative constant 4reicq,, /(@me —1)!. All the other terms
are negligible by Proposition 6.3. Thus the limit (93) holds. d
6.3. Leading term of ZS;)’ I In this section we investigate the asymptotic behavior of ZS’;
defined in (50). We first bound the sum over indices £ = ¢y and p # ¢4, and the one over
indices ¢ > ¢y and p € {0,...,q;}. The two sums will turn out to be negligible.

Proposition 6.5. Assume that Assumptions A hold with M > K + 6(qq,) and
Qo +1<1/(1—2d). (95)



hal-00662317, version 1 - 23 Jan 2012

28 M. CLAUSEL, F. ROUEFF, M. S. TAQQU, AND C. TUDOR

Let (n;) be a diverging sequence. Then, as j — oo,

qoy—1
1—2d
5 —(0(geg)+6(gey +1)+2K) Cqpy  Cqey+1 qe qey + 1 (qeq 99 +1,p)
n;? 7, ’ ’ E, 070 )(27T)pp'< 0>< ’ IS ng,(} ’ 2| =0,

/ p—0 qfo (QZO +1)!
(96)
124 (§(gq,)+6 1
nj 2 ’Y] ( (QZ())JF (QZO+1)+2K) Z Z qu qui )pp' <qf> <QZ + >H £L(1Je7}qe+17p)“2 N O )
el\{to} p= o 6\ P
(97)

Proof. Observe that, since g, > 1, the assumption gg, + 1 < 1/(1 — 2d) implies that d €
(1/4,1/2).

We first prove Inequality (96). Since there is only a finite number of terms in the left
hand side of Inequality (96), we only have to prove that each term tends to 0. We apply
Proposition 5.1 with ¢ = gy, ¢ qgo +1 and p < g4, — 1. For these values of ¢,¢' and
p, under Condition (95), we have £(¢') = 0, and by (111) and (112), we have «a(q,q’,p) >
min(3(1/2 — d),1/2), B(g,p) < 0+(qe,) = 5(%) and B(q',p) < 64+ (qe, +1) = 6(qe, +1). Thus
Equation (67) yields

n(l_zd)/27]._(5(q‘0)+5(q‘0+1)+2K)\|S£Z€g’q20+1’p)||2 —0 (n_ min(1-2d,d) log(n)) )
Since d € (1/4,1/2), we obtain (96).

We now prove (97). We apply Proposition 5.1 with ¢ = ¢4, ¢ = g/ + 1 and p < gy for some

e I\ {l}. In this case Inequality (67) reads

(0ot 40latg HI42K) ot 1)
j | I

< CUF 3Ny (gp — p.p) 2 Aa(ge + 1 — p,p) 2 W0 LR Jog ()2t 1=20)

% VJ(B(Q@P)‘&QQ))+(5(Qe+17p)—5(%0+1))(log ’Yj)3 . (98)
We observe that for n large enough,
n—oe(%‘lz-i-l,p) log(n)a(2qe+l—2p) < n—(1—2d)/2 ) (99)

Indeed, on the one hand, if p = ¢, then €(2¢p + 1 —2p) = e(qr +q + 1 — 2q¢) = (1) = 0 and
alq,qe+1,q0) > (1 — 2d)/2 (108). On the other hand, if p < gy, since d > 1/4, (107) implies
that a(qe,qe +1,p) > 1 — 2d.
In addition, by (112) one has for any p < g, B(qe,p) < 04+(qe). Thus, for any ¢ > ¢y and
any p < qy,

(B(ge:p)—6(aey))+(B(qe+1,p)—0(qey +1)) (
J

log %)3 < 7](‘5+(qz)—5(qz0))Jr(5+(t1z+1)—5(qz0+1))(log 7]‘)3

< o) 0O e T (10 )3 — o(1) . (100)

As in the proof of Proposition 6.1, the Cauchy—Schwartz inequality and Condition (29) imply
that

[NIES

2wt/ 2¢, ¢ 2z +1
Z( : ST Zp!<qz> (qu >A2(QZ ,p)7A2(qe +1—p,p)
p=0

| |
& e+ ) p
Applying this, (98), (99) and (100), we obtain (97). O
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The following result can now be established.
Proposition 6.6. Under the same assumptions as Proposition 6.5, we have as j — oo

— Cq, C
n§1—2d)/27j (5(420+1)+5(420)+2K)2£i)7_ (ﬁ_Q 2(27)% qfongl'o'i'l [f*(O)q‘0+1/2quo]Zl,d(1) ‘
o

Proof. We apply Proposition 5.3 with ¢ = ¢’ — 1 = ¢4, and p = ¢4,. Indeed we have, under
Condition (95),0< q¢=qr, < ¢ =qi,+1<1/(1—2d) and q+q' —2p = qo, + qo, + 1 —2q¢, =
1 <1/(1 —2d). Thus Condition (74) holds. We obtain that, as j — oo,
1-2d)/2 _—(8(qey)+0(qeq +1)+2K) (aeq.9e5+1.a (E
”5 / o Sy o B (0) w0 2L, 121 4(1) - (101)

3 )

n;

Using this limit, Proposition 6.5 and the definition of 3,” . in (50), we conclude the proof. [

7. PROOFS OF THEOREMS 3.1, 3.2 AND 3.3

7.1. Proof of Theorem 3.1. In the setting of Theorem 3.1, one has gy > 2 and thus ¢; =0
and ¢ = qo > 2. Thus 2(2) and S(l’l’o) vanish in (46) and the asymptotic behavior of S, i
)

results from Eg;’j + ESJ_)J- and E;j{ ; given in Proposition 6.2 and 6.6, respectively. These
propositions apply because we assume (31) and M > K + 6(qp) in Theorem 3.1. Now the
ratio of the convergence rates appearing in these propositions reads

1/2—d_—(6(aeg)+8(qeg +1)+K) v\ /2

" j = (" :
Hence Case (a) of Theorem 3.1 corresponds to
B _ (0) 1)
=0 =op (2, +20)))

and Case (b) to
(0) m _ ®3)
Xt = (E ) .

nj 2J

The proof of Theorem 3.1 follows. O

7.2. Proof of Theorems 3.2 and 3.3. Here Condition (36) holds, so that g9 = 1, ¢1 <
1/(1—2d) and ¢y = oo (or equivalently I is an empty set). In particular Z( ) ; vanishes in (46)

and the asymptotic behavior of Sn ,j is obtained from those of S(l’l’o), 2513) j +E(1) and 2(2)
Since moreover M > K +d, Proposition 5.2 applies. Using the deﬁnmon of g5 in (60) we have
¢ = q1, and since M > K +d > K + §(q;) Propositions 6.2 also applies. Finally, observing
that here myq defined in (26) equals 1 and that M > K + d, Proposition 6.4 applies. Thus,
using (46), it only remains to compare the convergence rates in these propositions.

We first prove Theorem 3.2. Recall that, by Lemma 3.1, since ¢; < ¢, one has
<y <uvyg,
where these three indices are defined in (38). In Figure 1, we provide pairwise comparisons of
the rates of convergence of S( ’1’0), E( ) ;T E( ) and E( ) . We obtain domains separated by
the three curves n; = 7] ,Nj = 7}/2
terms among the three and separates the plane (y;,7;) in two domains, where one of the two
terms dominates the other. We indicated the dominating term by G for the asymptotically

’1’0) , R for the asymptotically Rosenblatt term E(O) + 2( ) ;and H for the

and n; = J . Each curve is concerned with a pair of two

Gaussian term S, (1



hal-00662317, version 1 - 23 Jan 2012

30 M. CLAUSEL, F. ROUEFF, M. S. TAQQU, AND C. TUDOR

Vi

FIGURE 1. Pairwise comparisons of the rates of convergence of ng’}j’o) (G),

Eg?’j + Egj)’j (R) and »®@ (H) in the plane ~y; versus n;.

TL],]

term 255;)7 ; belonging asymptotically to a chaos of order greater than 2. We get three domains
where one term dominates over the other two:

. 7;-'3 < nj: since the domain lies both on the left-hand side of the curve n; = 7}-’ % and

on the left-hand side of the curve n; = 7;2, R dominates H and R dominates G, hence

R dominates H and G. That is, the two terms Sg’;’o) and Efj)’j are both negligible
with respect to ZS?’ ;T 21(11],)’ i By Proposition 6.2, we obtain Case (a) of Theorem 3.2.

° 'y;l < nj K 7;73: since the domain lies both on the right-hand side of the curve
n; = ’y;-'?’ and on the left-hand side of the curve n; = ’y}jl, H dominates R and
H dominates G, hence R dominates R and G. That is, the two terms S,%’;’O) and

Eg?’j + ESJ_)J- are both negligible with respect to Efj)’ ;- By Proposition 6.4, we obtain
Case (b) of Theorem 3.2.
o nj K 7;1: G dominates H and R, that is, the two terms »@

ng,

1) (2)

( ) ;T Enj’j and an

1,1,0
Sn]my

are both negligible with respect to . By Proposition 5.2, we obtain Case (c) of

Theorem 3.2.

This completes the proof of Theorem 3.2.
The proof of Theorem 3.3 is similar except that the assumption ¢; > ¢} implies that

r3 <y <.

The domains of convergence are now obtained from Figure 2. O

8. TECHNICAL LEMMAS

The following lemma is used in the proof of Proposition 5.1 and in that of Lemma 8.3.
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Vi

FIGURE 2. Domains of convergence for Theorem 3.3

Lemma 8.1. Define, for all a > 0 and p; € (0,1),
Jra(s1;81) = |s1]77, s1 €R,
and, for any integer p > 2 and = (S1,---,5p) € (0,1)P,
(p—1)a
Jp,a(sl;ﬂ) :/
so=—(p—1)a
Then
(i) if f1+ -+ B, >p—1, we have

Cp(B) :=sup sup (Isl|_(”_1_(61+"'+6”))Jp,a(sl;ﬁ)) < o0

a>0 |s1|<pa

(i1) if b1+ -+ PBp =p — 1, we have

1
C,(B) :=sup sup ( J,
p( ) a>0 |s1]|<pa 1+ log(pa/]sll) P

(iit) if there exists ¢ € {2,...,p — 1} such that B+ -+ B, = p — q, we have

a(31§/8)> < o0,

1 +log(pa/|s1])

Cp(B) :=sup sup < 1 a—(q—l—(51+"'+5q1))Jp,a(81;ﬁ)> <00,

a>0 |s1|<pa

/ H\s,l—s\ﬁll\slﬁpdsl, .ds2, s1€R.
Sp=—a ;_

31

(102)

(103)

(w) if 1+ + B, <p—1and forallge {1,...,p— 1}, we have By +---+ Bp #p —q,

we have

Cp(B) :==sup sup (a_(p_l_(ﬁﬁ“"wp))Jp,a(sl;ﬁ)) < 00

a>0 |s1|<pa
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Moreover, in the case where all the components of B are equal to b € (0,1), there exists a
constant ¢ > 0 depending only on b such that

supcP(p))P~! C,(b1,) < o0, (104)
p>1

where 1, denotes the p—dimensional vector with all entries equal to 1.

Remark 8.1. As in Clausel et al. [2011b], all the cases can be compactly written as

= 01— (BrttBy) 4 | g, (D= 1=(BrtBy)) -
: Tp,a(51: )
(1+ log(pa/|s1]))

where ¢ = 1 if there exists ¢ € {1,--- ,p} such that B, +---+ 5, = p— ¢ and € = 0 otherwise,
and z4 = max(x,0), z— = max(—x,0). Now, observing that
(p—1=2pd)+ = (p(1 —2d) — 1)1 = (=20(p))+ = 20_(p) ,

and, similarly, (p — 1 — 2pd)_ = 264 (p), Inequality (104) with b = 2d € (0,1) implies there
exists a constant ¢ > 0 depending only on d such that for any a > 0, |s1]| < pa

Tpa(s1;2d1,) < & (p)' 40 P[5, |72+ ) (1 4 log(pa/|s1]))*?) (105)
where (p) is here defined by (66), which corresponds to the e above in the case f; = -+ =
Bp = 2d.
Proof. Observe first that for all p > 1,

(p—1a
Jpa(s1;B) = / o) |59 — 81|77 Jp_1.4(s2; 8') dsa (106)
so=—(p—1)a

Cp(B) =sup sup
a>0 |s1|<pa

where 8 = (B2,...,0p). The finiteness of the bounds C,(8) for any integer p and any
B € (0,1)P is then proved by induction on p in the different cases in Lemma 9.3 of Clausel et al.
[2011D].

Finally we show the uniform bound (104), that is, that C,(b,...,b) = O(c](p!)}7?) as
p — oo for any fixed b € (0,1). We provide a proof only in the case where 1/(1 — b) is not
an integer (to avoid cases (ii) and (iii)). The proof is similar in the other case. Hence we
use the induction step described in Case 1 above. Observe that there exists some integer pg
depending only on b, such that for any p > py we have (p — 1)b < p — 2, which corresponds
above to fBa + -+ B, < p— 2 (case (iv)). Hence using the induction assumption (106), the
finiteness of Cj, in case (iv) and the fact that |s;| < pa, we get that there exists some positive
constant ¢ depending only on b such that,

(p—1a
Jpa(s13b,---,0) < Cp_i(b,---,b) aP~2~(p—1)b / |sg — 81|_bd82
—(p—1)a
< Cpalbye b @ (eb)((2p — 1)a)' )
_ <c(b)pl_b Cpr(b,... ,b)) aP—1Pb

This yields that for any p > po(b), Cp(b,...,b) < c(b)p'=® Cp_1(b,...,b). Since this holds for
any p > po(b), the bound (104) follows by induction. O

The following lemma provides bounds of a and 3 defined in (64) and (65). It is used in
the proofs of Propositions 6.1, 6.3 and 6.5.
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Lemma 8.2. One has
(1) Assume that d > 1/4. Then for any (q,q') € N?

inf alq,q,p)) >1-2d,
OSPSmiH(qVq’—ZqAQ’)( (0.0 p)) -

In any case,
a(q,q,min(g Vg —1,9Aq)) >1/2—d.
(2) For any q € N

inf (a(q,q,p)) > min(2(1 — 2d),1/2) .

0<p<q—2
Further,
a(q,q,q — 1) = min(1 — 2d,1/2) .
(8) For any q € N

inf (a(¢g+1,¢,p)) > min(3/2(1 —2d),1/2) .

0<p<g—1
(4) For any q € N

S (B(g,p)) < 04(q) -

Proof. (1) Let us fix (¢,q¢') € N? and assume that ¢’ < q. Since the map

m — 04 (m) = max(dm — (m —1)/2,0) ,

is non-increasing with range in [0,1/2], one has for 0 < p < min(q — 2,¢’)

a(q,¢,p) = min(1 — 6, (¢ — p) — 64(¢' — p),1/2) > min(1 — 6,(2) —1/2,1/2) .

Ifd>1/4, 04(2) =2d — 1/2 and thus
a(q,q,p) > min(1 —2d,1/2) =1 —2d ,

which proves (107). Finally, if p=¢ —1 and p < ¢/,

a(q,q,p) = min(1 — 64 (¢ — p) — 64(¢' — p),1/2) > min(1 — 6,(1) — 1/2,1/2)
=min(1/2 —d,1/2) =1/2 —d ,

which proves (108).
(2) Let us fix ¢ € N, then for any p < ¢ — 2,

a(q,q,p) = min(1 — 6, (¢ —p) —d4(q —p),1/2) > min(1 —26,(2),1/2) .

33

(107)

(108)

(109)

(110)

(111)

(112)

If d <1/4, 6+(2) = 0 and we get a(q,q,p) > 1/2 > min(2(1 — 2d),1/2). If d > 1/4,

204(2) =26(2) =4d — 1 and

a(q,q,p) > min(l — (4d — 1),1/2) = min(2(1 — 2d),1/2) ,
which gives (109). To prove (110), we observe that if p = g — 1,
a(q,q,p) = min(1 —264(1),1/2) = min(1 — 2d,1/2) .
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(3) Let us fix ¢ € N, then for any p < ¢ — 1,
Oé(q + 17 (Lp) = min(l - 5+(q +1 _p) - 5+(q _p)v 1/2) 2 min(l - 5+(2) - 5+(1)7 1/2)
=min(l —d—04(2),1/2) .
Ifd <1/4, 64(2) = 0 and a(q + 1,¢,p) > min(l — d,1/2) = 1/2. If d > 1/4,
0+(2) =2d —1/2 and (111) follows from
alg+1,q,p) > min(l —d — (2d — 1/2),1/2) = min(3(1 — 2d)/2,1/2) .
(4) If B(q,p) = 0, then B(q,p) < d+(q). Now consider the case where
B(g,p) = max(34(p) +d4(q —p) = 1/2,0) >0,
that is, 04 (p) + 94+ (¢—p) —1/2 > 0. In this case, d4(p) and d4 (g —p) are both positive
(since 0 < 04(-) < 1/2) and they respectively equal 6(p) and 6(q —p). Then we obtain
max(d4(p) +0+(¢ —p) —1/2,0) = é(p) +d(¢ —p) = 1/2=4(q) ,
which again implies (112).
g

The following result provides a bound of Rg-p ) defined in (53), in the case where p > 0. It is a
refinement of Lemma 10.1 of Clausel et al. [2011b]. It is used in the proof of Proposition 5.3.

Lemma 8.3. Suppose that Assumptions A hold and let p be a positive integer. Then there
exists some C > 0 neither depending on p nor j such that for any (£1,&) € R?,

(i) if for any s € {1,--- ,p}, s(1 —2d) # 1 then,

’Y?(é+ (p)+K)

(1+ % {& D@ (1 + 5 {&})0+ @)
(ii) if there exists s € {1,--- ,p} such that s(1 — 2d) = 1, then,
R (€ €] < CTh! 7 43 log(ay) (114)

Remark 8.2. In Case (ii) of Lemma 8.3, we have p > 1/(1 — 2d), hence 04 (p) = 0. Equa-
tions (114) and (113) can thus be written as a single bound, namely,

20+ )+E)

(14 v[{& )+ P (1 + y5{&}

RP) (€1, €2)| < CP(p)1 2 (113)

7P (€1,6)] < CP(p) 2

where £(p) is defined by (66).

gy (os2) . (115)

Proof. By (2m)-periodicity of E§-p) (&1,&2) along both variables & and &, we may take &1,&, €
[—7,m]. The remainder of the proof shows that (115) holds for such (&1, &2).
Note that by assumption,
FO) <C N,
where C' > 0 only depends on f*. Using (137), (53) and (103) with
pi =%+ Ap)

we get

man Ty (113 2d 1,)d
’Eg_p)(fl,—&)] gcp,Y?(KM(p))/ J i R p)du _—
i [l (L5 H /g + &)
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Then, by (105), there exists C' > 0 not depending on 7, p such that, for all (£1,&) € [—, 71]?,

R0 (€1, —&)| < CP(p) 122K +20)+3- () /m” Jpa |72+ ) (1 + log (pyym/|pa [))*®) dul '
’ ’ o Ty (U /g + 63D

Using that 6(p) = 0+(p) — 0—(p) and the Cauchy—Schwartz inequality, to obtain (115), it is
sufficient to show that, for all £ € (—m, 7],

/WT |72+ ) (1 + log (py;m /| |))FP dyny
—pyym (T4 yj {pa /vy + E}])2UE+e)

where C' is a positive constant.

If 6(p) > 0 the rest of the proof is similar to that of Lemma 10.1 in Clausel et al. [2011D]
and is thus omitted.

We now take d4(p) = 0, so that (116) becomes

/p'““ (1 +log(pyym/|p )P dp
g (L[ {pa /s + €3])20 )
The denominator in the integral is a (27;)-periodic function of 1, hence the integral over
[—py;m, py;m] is bounded by the sum of at most p + 1 integral of the form
(1 +log(pyym/|p )P dp

(14 [y —y|)2EF

where k € Z and A(y) = [—py;m, py;7) N (y — 7,y + ;7). We observe that I(y) is maximal
at y = 0 where it takes value

< O plogp (147;1€]) "2+ @ (log v,)*®) | (116)

< C plogp (log ’yj)e(p) , (117)

I(=v;€ + 2ky;m)  with I(y)=/
Aly)

W (1 + log(pyym/|pm ) P _ (1 + [log (| )))*®dpu
0= [ ) < (1+ log(pym) @ [

e (L 2K ’ oo (1 ]2
Since the last integral in the previous display is finite for e(p) = 0,1, we finally obtain (117).

O

APPENDIX A. INTEGRAL REPRESENTATIONS

It is convenient to use an integral representation in the spectral domain to represent the
random processes (see for example Major [1981], Nualart [2006]). The stationary Gaussian
process { Xy, k € Z} with spectral density (2) can be written as

T o T QiM x1/2 A) o~
X, = / M FL2(0)ATT (A) = / Hff_u(‘d)dwu), leN. (118)

This is a special case of

7o) = [ a@ai¥ (o) (19)
where W() is a complex—valued Gaussian random measure satisfying, for any Borel sets A
and B in R, E(W(A)) =0, E(W(A)W(B)) = |AN B| and

W(A) = W(—A).
The integral (119) is defined for any function g € L*(R) and one has the isometry

- [ loto)Pa.
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The integral I(g), moreover, is real-valued if

9(x) = g(=x) -

We shall also consider multiple It6—Wiener integrals

"

To) = [ a0 AT () -3

where the double prime indicates that one does not integrate on hyperdiagonals \; = +\;,7 #
J. The integrals ]A'q(g) are handy because we will be able to expand our non—linear functions
G(X}) introduced in Section 1 in multiple integrals of this type.

These multiples integrals are defined for g € ﬁ(Rq, C), the space of complex valued func-
tions defined on RY satisfying

g(—m,--- 7_xq) = 9(33‘1,"' 7$q) for ($17"' 733!1) € R? ) (120)

lgll22 = /R glen, - ag)Pday - day < oo . (121)
q

Hermite polynomials are related to multiple integrals as follows : if X = fR g(a;)dW(m) with

= [z 9*(x)dz =1 and g(z) = g(—x) so that X has unit variance and is real-valued,
then

1"

Hy(X) = I,(9°7) = /R g(1) -+ glag)dW (21) - AW (zy) . (122)
q
Since X has unit variance, one has for any ¢ € Z,
50 =1, ([ o o)

1

= / MO o (F2(60) o x fU2(E,)) AW () AWV (E,) -
(—m,m]a
Then by (40), we have

K ~
W) = 30k — 01, (X)) = T,(£9) (123)
LET

with
f](i)(&’... &) = elFEttta) o ﬁyf)(gl o E)YE) - f1/2(§q)]l®q (), (124)

because

DA +v~+5q)h§_K) (yjk —0) = enkErt+&) Y™ iul +v~+€q)h§,K)(u)
LEL UEZ
- ei“/jk(51+"'+5q)ﬂ§K) (fl S fq) ,

by (127).

The following proposition can be found in Peccati and Taqqu [2011], Formula (9.7.32). It
is an extension to our complex—valued setting of a corresponding result in Nualart [2006] for
multiple integrals in a real-valued setting.
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Proposition A.1. Let (q,q_’) € N2, Assume that f,g are two symmetric functions belonging
respectively to L2(RY) and L2(RY) then the following product formula holds :

LT = S (D) (5) a0 (125)

p=0 p

where for any p e {1,--- ,qANq'}
(f@;,g)(tl, T 7tq+q’—2p) = (27T)p f(tlv s tg—p, s)g(tq_p+1, s lgrg'—2ps —s)dps : (126)
RP

APPENDIX B. THE WAVELET FILTERS

The sequence {Y;}icz can be formally expressed as
YV, =AKGQ(X,), teZ.

The study of the asymptotic behavior of the scalogram of {Y;};cz at different scales involve
multidimensional wavelets coefficients of {G(X¢)} ez and of {Y;}iez. To obtain them, one
applies a multidimensional linear filter h;(7),7 € Z = (h;¢(7)), at each scale j > 0. We shall
characterize below the multidimensional filters h;(7) by their discrete Fourier transform :

~ . 1 [~ .
B = Y hyme ™ Aema, by = o [ BeNanrez. (2
T
TEL -
The resulting wavelet coefficients W 5., where j is the scale and k the location are defined as
Wik => hj(yk—t)Yi =Y hj(yk—)AG(X,), j > 0,k €7, (128)
teZ teZ

where y; 1 00 as j T 00 is a sequence of non-negative scale factors applied at scale j, for
example y; = 2/. We do not assume that the wavelet coefficients are orthogonal nor that
they are generated by a multiresolution analysis. Our assumption on the filters h; = (h; )
are as follows :

(W-a) Finite support: For each ¢ and j, {h;¢(7)}rez has finite support.
(W-b) Uniform smoothness: There exists M > K, a > 1/2 and C' > 0 such that for all j >0
and A € [—m, 7],

C A

h\) < —L 2 129
By 2m-periodicity of iALj this inequality can be extended to A € R as
1/2 M
~ - {A
B ()] < 7 17 {A} (130)

=)

where {A} denotes the element of (—m, 7] such that A — {\} € 27Z.
(W-c) Asymptotic behavior: There exists a sequence of phase functions ®; : R — (—m, 7]

and some non identically zero function }Aloo such that

lim (7 %Ry (75" A) = B (V) (131)

j—+oo

locally uniformly on A € R.
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In (W-c) locally uniformly means that for all compact K C R,

sup 7]-_1/2ﬁj(7]-_1)\)e@j()‘) - floo()\) —0.
AEK

Assumptions (129) and (131) imply that for any A € R,

ooyl < 0P (132)
T (LA A

Hence hoo has entries in L2(R). We let hog be the vector of L2(R) inverse Fourier transforms

of hy oo, that is

Boe() = §(h)(©) = [ hocle ™S at ¢ R, (133)
R4
is defined for any f € L*(R?,C).

Observe that while h; is 2r—periodic, the function h,, has non-periodic entries on R.
For the connection between these assumptions on h; and corresponding assumptions on the
scaling function ¢ and the mother wavelet ¢ in the classical wavelet setting see Moulines et al.
[2007]. In particular, in that case, one has heo = $(0)1).

A more convenient way to express the wavelet coefficients W ;, defined in (128) is to
incorporate the linear filter A% in (128) into the filter h; and denote the resulting filter

hg-K) . Then

Wi =Y b (k- )G(Xy) (134)
teZ
where
PE) VY (1 amiIN-KT
B = (1 e ) Fhy() (135)
is the discrete Fourier transform of th). Using (130) we get,
R . )\}‘M—K )
U ( < oyt . AER,j>1. 136
O] < T e 10
In particular, since we assume if M > K, we get
(K 1/24K e .
RO < oy @A, AeR =1 (137)

By Assumption (129), h; has null moments up to order M — 1, that is, for any m €
{0, M —1},

> ht)m=0. (138)

teZ

Observe that AXY is centered by definition. However, by (138), the definition of W ; only
depends on AMY . In particular, provided that M > K + 1, its value is not modified if a
constant is added to AXY, whenever M > K + 1.
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