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Abstract

Let (X, Yi)ier be a discrete or continuous-time Markov process with state space

X x R? where X is an arbitrary measurable set. Its transition semigroup is assumed to
be additive with respect to the second component, i.e. (X, Y:)ter is assumed to be a
Markov additive process. In particular, this implies that the first component (X;)er is
also a Markov process. Markov random walks or additive functionals of a Markov process
are special instances of Markov additive processes. In this paper, the process (Y;)ier is
shown to satisfy the following classical limit theorems:

(a) the central limit theorem,

(b) the local limit theorem,

(c) the one-dimensional Berry-Esseen theorem,

(d) the one-dimensional first-order Edgeworth expansion,
provided that we have sup,¢ g 1jnr Er,0[|Y:|*] < oo with the expected order a with re-
spect to the independent case (up to some € > 0 for (¢) and (d)). For the statements
(b) and (d), a Markov nonlattice condition is also assumed as in the independent case.
All the results are derived under the assumption that the Markov process (X¢):er has an
invariant probability distribution =, is stationary and has the IL?(7)-spectral gap prop-
erty (that is, (X¢)ten is p-mixing in the discrete-time case). The case where (Xi)ier is
non-stationary is briefly discussed. As an application, we derive a Berry-Esseen bound
for the M-estimators associated with p-mixing Markov chains.

subject classification : 60J05, 60F05, 60J25, 60J55, 37A30, 62M05

Keywords : Markov additive process, central limit theorems, Berry-Esseen bound, Edge-
worth expansion, spectral method, p-mixing, M-estimator.

1 Introduction

In this paper, we are concerned with the class of Markov Additive Processes (MAP). The
discrete and continuous-time cases are considered so that the time parameter set T will denote
N or [0,400). Let X be any set equipped by a o-algebra X' and let B(R?) be the Borel o-
algebra on R? (d > 1). A (time homogeneous) MAP (X;,Y;)ser is a (time homogeneous)
Markov process with state space X x R¢ and transition semigroup (Q¢)ter satisfying: vt € T,
Y(z,y) € X x R V(A, B) € X x B(RY),

Qe(z,y; A X B) = Qi(x,0; A x B —y). (1.1)
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In other words, the transition semigroup is additive in the second component. It follows from
the definition that the first component (X;)er of a MAP is a (time homogeneous) Markov
process. The second component (Y;)ier must be thought of as a process with independent
increments given o(Xs, s > 0). We refer to [15] for the general structure of such processes.
Note that a discrete-time MAP is also called a Markov Random Walk (MRW). In stochastic
modelling, the first component of a MAP is usually associated with a random environment
which drives or modulates the additive component (Y;)ier. The MAPs have been found to
be an important tool in various areas as communication networking (e.g. see [2, 71, 72]),
finance (e.g. see [1, 3, 56]), reliability (e.g. see [17, 37, 64, 70]), ...Some important instances
of MAP are:

e in discrete/continuous-time : (Xy,Y;)ser where (Y;)ier is a R%valued additive func-
tional (AF) of the Markov process (X¢)ier. Therefore any result on the second compo-
nent of a MAP applies to an AF. Basic discrete and continuous-time AFs are respec-
tively

t t
Yo =0,Vte N, Y, = Zf(Xk); Vit € [0,+o0[, Y= / &(Xs)ds (1.2)
k=1 0

where ¢ is a R%valued function satisfying conditions under which Y; is well-defined for
every t € T. When (X;)er is a regular Markov jump process, then any non-decreasing
AF has the form (e.g. [16])

/0 G(Xo)ds+ > &(X, X,)

s<t

where X;_ = lim,_,; s<¢ X, §1 and & are non-negative measurable functions such that
&(x,xz) = 0 for every € X. General representations and properties of AFs may
be found in [5, 77, and references therein|. Such AFs are basically introduced when
some kind of “rewards” are collected along with the dynamics of the Markov process
(Xt)ter through the state space X. Thus, Y; is the accumulated reward on the finite
interval [0,¢]. Even if the state space X is a finite set, the numerical computation of
the probability distribution of such AFs is not an easy task (e.g. see [9, 82]).

e in discrete-time: the Markov renewal processes when the random variables Y;, t € N|
are non-negative; if we consider a hidden Markov chain (X¢, Z;)en, where the so-called
observed process (Z;)en is R%-valued (Zy = 0), then (X3, 2221 Zr)ten is a MAP.

e in continuous time: the Markovian Arrival Process where (Xi)ier is a regular jump
process and (Y;)ier is a point process (see [2]), which includes the so-called Markov
Modulated Poisson Process.

Seminal works on MAPs are [21, 22, 59, 69, 75] and are essentially concerned with a finite
Markov process (Xi)ier as first component. The second component (Y;);er was sometimes
called a process defined on a Markov process. When X is a finite set, the structure of MAPs
are well understood and an account of what is known can be found in [2, Chap XI|. In
this paper, we are concerned with Gaussian approximations of the distribution of the second
component Y; of a MAP. Central limit theorems for (Y;):er may be found in [7, 27, 30, 50, 51,
59, 61, 75, 83, 84] under various assumptions. Here, such results are derived when (X;);eT has
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an invariant probability measure 7, is stationary and has the IL?(7)-spectral gap property (see
conditions (AS1-AS2) below). Moreover, standard refinements of the central limit theorem
(CLT) related to the convergence rate are provided. Before, notations and assumptions used
throughout the paper are introduced.

Let (X;,Y;)ter be a MAP with state space Xx R? and transition semigroup (Q4)ser. (X, X)
is assumed to be a measurable space equipped with a o-algebra X. In the continuous-time
case, (X¢, Yy)ier is assumed to be progressively measurable. (X;)ier is also a Markov process
with transition semigroup (P;)ier given by

Pz, A) == Q(x,0; A x RY).

Throughout the paper, we assume that (X;):er has a unique invariant probability measure
denoted by 7 (Vt € T, moP; = m). We denote by LL?(7) the usual Lebesgue space of (classes of )
functions f : X — C such that ||f|l2 :== /7 (|f]?) = (Jy |f|2dm)1/? < oo. The operator norm
of a bounded linear operator T' on L2(7) is defined by ||T||2 := supy rer (n):||flloa=13 17 (F)ll2-
We appeal to the following conditions.

AS1. (Xy)ier is stationary (i.e. Xo ~ 7).

AS?2. The semigroup (P))ier of (X¢)ter has a spectral gap on L2(x):

[P —Jj2 = 0, (1.3)

lim |
t—+o00

where 11 denotes the rank-one projection defined on 1L2() by: ILf = 7(f)1x.
AS3. The process (Yi)ier satisfies the moment condition

sup  Ero[|Y:]] < o0 (1.4)
te(0,1]NT
where |-| denotes the euclidean norm onRY and E, o is the expectation when (Xo, Yp) ~ (7, d).

In the discrete-time case, notice that the moment condition (1.4) reduces to (AS3d)
Erol|Y1]%] < o0 (AS3d)

and that condition (AS2) is equivalent to the p-mixing property of (X;)ien, with p-mixing
coefficients going to 0 exponentially fast [81]. Condition (AS2) is also related to the notion
of essential spectral radius (e.g. see [86]).

Under (AS1-AS2), we show that the second component (Y;)ier of the MAP satisfies, in
discrete and continuous time, the following standard limit theorems :

(a) the central limit theorem, under (AS3) with the optimal value o = 2;

(b) the local limit theorem, under (AS3) with the optimal value o = 2 and the additional
classical Markov non-lattice condition;

(c¢) the one-dimensional Berry-Esseen theorem, under (AS3) with the (almost) optimal value
(a>3);

(d) a one-dimensional first-order Edgeworth expansion, under (AS3) with the (almost) opti-
mal value (o > 3) and the Markov non-lattice condition.

These results correspond to the classical statements for the sequences of independent and
identically distributed (i.i.d.) random variables, with the same order @ (up to € > 0 in (c)
and (d)). Such results are known for special MAPs satisfying (AS2) (comparison with earlier
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works is made after each statement), but to the best of our knowledge, the results (a)-(d)
are new for general MAPs satisfying (AS2), as, for instance, for AF involving unbounded
functionals.

Here, the main arguments are

e for the statement (a): the p-mixing property of the increments (Y11 — Y;)er of the
process (Yi)ier (see Proposition 3.1). This result, which has its own interest, is new to
the best of our knowledge. The closest work to this part is a result of [38] which, by
using ¢-mixing properties, gives the CLT for MAPs associated with uniformly ergodic
driving Markov chains (i.e. (P;)ier has a spectral gap on the usual Lebesgue space
L*°(7)). Condition (AS2) is less restrictive than uniform ergodicity (which is linked to
the so-called Doeblin condition).

e For the refinements (b-d) : the Nagaev-Guivarc’h spectral method. The closest works to
this part are, in discrete-time the paper [49] in which these refinements are obtained for
the AF: Y; = Y% _, £(X}), and in continuous-time the work of Lezaud [62] which proves,
under the uniform ergodicity assumption, a Berry-Esseen bound for the integral additive
functional (1.2). Here, in discrete-time, we borrow to a large extent the weak spectral
method of [49]: this is outlined in Proposition 4.2, which gives a precise expansion
(close to the i.i.d. case) of the characteristic function of Y;. For continuous-time MAPs,
similar expansions can be derived from the semigroup property of the Fourier operators
of the MAP. Proposition 4.2, and its continuous-time counterpart Proposition 4.4, are
the key results to establish limit theorems (as for instance the statements (b-d)) with
the help of Fourier techniques.

The classical (discrete and continuous-time) models for which the spectral gap prop-
erty (AS2) is met, are briefly reviewed in Subsections 2.2-2.4. The above limit theorems
(a)-(d) are valid in all these examples and open up possibilities for new applications. First,
our moment conditions are optimal (or almost optimal). For instance, in continuous time,
the Berry-Esseen bound in [62] requires that & in the integral (1.2) is bounded, while our
statement (c) holds true under the condition m(|¢[3*¢) < co. Second, our results are true for
general MAPs. For instance, they apply to Y; = 22:1 &(Xk—1,Xg). This fact enables us
to prove a Berry-Esseen bound for M-estimators associated with p-mixing Markov chains,
under a moment condition which greatly improves the results in [76].

The paper is organised as follows. The L?()-spectral gap assumption for a Markov process
is briefly discussed in Section 2 and connections to standard ergodic properties are pointed
out. In Section 3, the CLT for (Y;)ieT under (AS1)-(AS3) with o = 2 is derived. The func-
tional central limit theorem (FCLT) is also discussed. Section 4 is devoted to refinements of
the CLT. First, the Fourier operator is introduced in Subsection 4.1, the characteristic func-
tion of Y; is investigated in Subsection 4.2, and our limit theorems are proved for discrete-time
MAPs in Subsection 4.3. Their extension to the non-stationary case is discussed in Subsec-
tion 4.4. The continuous-time case is studied in Subsection 4.5. The statistical application
to M-estimators for p-mixing Markov chains is developed in Section 5.

Finally, we point out that the natural way to consider the Nagaev-Guivarc’h method in
continuous-time is the semigroup property of the Fourier operators of the MAP (see Subsec-
tion 4.1 for details). To the best of our knowledge, this property, which is closely related
to the additivity condition (1.1) defining a MAP, has been introduced and only exploited in
[50].
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2 The L%(r)-spectral gap property (AS2)

2.1 Basic facts on property (AS2)

We discuss the condition (AS2) for the semigroup (P;)ier of (X¢)ier. It is well-known that
(Py)ter is a contraction semigroup on each Lebesgue-space LP(7) for 1 < p < +oo, that is: we
have || P||, < 1forallt € T, where ||-||,, denotes the operator norm on L?(7). Condition (AS2),
introduced by Rosenblatt [81] and also called strong ergodicity on L?(7), implies that (P;)¢er
is strongly ergodic on each LP(7) (1 < p < 400), that is |, — ||, — 0 when ¢ — +o0.
Moreover, (AS2) is fulfilled under the so-called uniform ergodicity property, i.e. the strong
ergodicity on L*°(w). These properties, established in [81], can be easily derived from the
Riesz-Thorin interpolation theorem [6] which insures, thanks to the contraction property of
Pt, that

1P, 10, < 17— 103, [P — 5™ < 2 min {2~ 10[3, |12 - T ), (2)

where p1,p2 € [1,+00] and p € [1,4+00] satisfy 1/p = a/p1 + (1 — «)/p2 for some « € [0, 1].
Indeed, assume that Condition (AS2) holds. Then Inequality (2.1) with (p1 = 2,p3 = +00)
and « € (0,1) gives the strong ergodicity on LP(w) for each p € (2,400). Notice that the
value p = 400 is obtained with o = 0, but in this case, the uniform ergodicity cannot be
deduced from (AS2) and (2.1). In fact the uniform ergodicity condition is stronger than
(AS2) (see [81]). Next Inequality (2.1) with (p; = 2,p2 = 1) and « € (0, 1) gives the strong
ergodicity on LP(m) for each p € (1,2). The value p = 1 is obtained with o = 0, but the
strong ergodicity on L!(7) cannot be deduced from (AS2) and (2.1). Finally, if the uniform
ergodicity is assumed, then Inequality (2.1) with (p1 = +o00,p2 = 1) and a = 1/2 yields
(AS2).

Also notice that the strong ergodicity property on LP(7) holds if and only if there exists
some strictly positive constants C' and e such that we have for all ¢t € T:

| P — M, < Ce . (2.2)

Indeed, if ko := ||Pr —II||, < 1 for some 7 € T (which holds under the strong ergodicity
property), then we have for all n € N*: | P, 11|, = || P} —I1||, = ||[(Pr—1II)"||, < k{. Writing
t = w+n7 withn € N* and w € [0,7), we obtain: ||, —II||, = || P, (PP —1I)|, < k) < Ce
with C' := 1/kp and € := (—=1/7) In kg. The converse implication is obvious. Thus, the strong
ergodicity property on IL?(7), i.e condition (AS2), is equivalent to require IL?(7)-exponential
ergodicity (2.2), that is the L?(7)-spectral gap property.

In the next subsection, Markov models with a spectral gap on L2(7) arising from stochastic
modelling and potentially relevant to our framework are introduced. Assumption (AS2) can
be also met in more abstract settings, as for instance in [41] where the L2-spectral gap
property for classic Markov operators (with a state space defined as the d-dimensional torus)
is proved.

2.2 Geometric ergodicity and property (AS2)

Recall that (Xi)ien is V-geometrically ergodic if its transition kernel P has an invariant
probability measure 7 and is such that there are r € (0, 1), a finite constant K and a m-a.e
finite function V : X — [1, +00] such that

Vn>0, m—aec z€X, sup{|P"f(z)—7(f), [:X=C,|f|<V}<KV(z)r". (VG)

5
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In fact, when (X})en is ¢-irreducible (i.e. ¥(A) > 0= P(x, A) > 0,Vz € X) and aperiodic
[67], condition (VG) is equivalent to the standard geometric ergodicity property [78]: there
are functions r : X — (0,1) and C : X'+ [1,400) such that: for all n € N, 7 —a.e. z € X|

[P () =7 ()| py = sup {|P"f(z) —7(f)], f:X = C,|f| <1} < Cla)r(z)"

There is another equivalent operational condition to geometric ergodicity for w-irreducible
and aperiodic Markov chains (X)en, the so-called ¢ drift-criterion”: there exist a function
V:X — [1,400], a small set C' C X and constants § > 0,b < oo such that

PV < (1-6)V +blc.

We refer to [67] for details and applications, and to [57] for a recent survey on the CLT for the
additive functionals of (X;)ien in (1.2). Now, the transition kernel P is said to be reversible
with respect to 7 if

m(dx)P(z,dy) = w(dy)P(y,dx)

or equivalently if P is self-adjoint on the space IL?(r). It is well known that a V-geometrically
ergodic Markov chain with a reversible transition kernel has the IL?(r)-spectral gap property
[78]. Moreover, for a v-irreducible and aperiodic Markov chain (X;);en with reversible tran-
sition kernel, (V-)geometric ergodicity is shown to be equivalent to the existence of a spectral
gap in L2(7), and, when Xg ~ p, we also have [78, Th 2.1],[80]

1P () = 7 gy < gl = ]y ™ ()

where 7 := limy, oo (||[P" — HHQ)IM and | — W‘LQ(W) = ||du/dm — 1||5 if well-defined and oo
otherwise. Note that the reversibility condition is central to the previous discussion on the
IL2(r)-spectral gap property. Indeed, there exists a 1)-irreducible and aperiodic Markov chain
which is geometrically ergodic but does not admit a spectral gap on L?(r) [43].

Such a context of geometric ergodicity and reversible kernel is relevant to the Markov
Chain Monte Carlo methodology for sampling a given probability distribution, i.e. the target
distribution. Indeed, the basic idea is to define a Markov chain (X;)ieny with the target
distribution as invariant probability measure 7. Then a MCMC algorithm is a scheme to draw
samples from the stationary Markov chain (X;);en. But, the initial condition of the algorithm,
i.e. the probability distribution of Xy, is not 7 since the target distribution is inaccessible.
Therefore the convergence in distribution of the Markov chain to 7 in regard of the probability
distribution of Xy must be guaranteed and the knowledge of the convergence rate is crucial
to monitor the sampling. Thus, central limit theorem for the Markov chains and quantitative
bounds as in (R) are highly expected. Geometric ergodicity of Hasting-Metropolis type
algorithms has been investigated by many researchers. Two standard instances are the full
dimensional and random-scan symmetric random walk Metropolis algorithm [25, 55, and
references therein|. Note that the first algorithm is also referred to as a special instance of
the Hasting algorithm and the second one to as a Metropolis-within-Gibbs sampler. Let 7 be
a probability distribution on R? which is assumed to have a positive and continuous density
with respect to the Lebesgue measure. The so-called proposal densities are assumed to be
bounded away from 0 in some region around zero (the moves through the state space X are
based on these probability distributions). These conditions assert that the corresponding
transition kernel for each algorithm is ¢-irreducible, aperiodic and is reversible with respect
to m. Geometric ergodicity for the Markov chain (X;);en (and so the existence of a spectral
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gap in IL2(7)) is closely related to the tails of the target distribution 7. For instance, in the
first algorithm, it can be shown that 7 must have an exponential moment [55, Cor 3.4]. A
sufficient condition for geometric ergodicity in case of super-exponential target densities, is
of the form [55, Th 4.1]
2 Vi),
lz|—+oo 2| |V ()]

For the second algorithm, sufficient conditions for geometric ergodicity are reported in [25]
when the target density decreases either subexponentially or exponentially in the tails. A
very large set of examples and their respective merit are discussed in these two references.
We refer to [79, and references therein| for a recent survey on the theory of Markov chains in
connection with MCMC algorithms.

2.3 Uniform ergodicity and hidden Markov chains

As quoted in the introduction, a discrete-time MAP is closely related to a hidden Markov
chain. Standard issues for hidden Markov chains require to be aware of the convergence rate
of the hidden Markov state process (X;)ien. One of them is the state estimation via filtering
or smoothing. In such a context, minorization conditions on P are usually involved. The
basic one is: there exists a bounded positive measure ¢ on X such that for some m € N*:

VreX,VAE X, P™(z,A)> p(A). (UE)

It is well-known that this is equivalent to the uniform ergodicity property or to condition
(VG) with V(z) = 1 [67, Th 16.2.1, 16.2.2]. Recall that uniform ergodicity gives the L?(r)-
spectral gap property (AS2), but the converse is not true. Another minorization condition is
the so-called “Doeblin condition”: there exists a probability measure ¢ such that for some
m, e < 1and § > 0 [20]

o(A) >e=VzeX, P"(z,A)> (Do)

It is well known that, for ergodic and aperiodic Markov chains, (Dp) is equivalent to the
uniform ergodicity. We refer to [14, and the references therein| for an excellent overview of
the interplay between the Markov chain theory and the hidden Markov models.

2.4 Property (AS2) for continuous time Markov processes

The Markov jump processes are a basic class of continuous-time Markov models which has
a wide interest in stochastic modelling. The L2(7)-exponential convergence has received
attention a long time ago. We refer to [18] for a good account of what is known on ergodic
properties for such processes. In particular, the L?()-spectral gap property is shown to be
equivalent to the standard exponential ergodicity for the birth-death processes:

38 > 0 such that V(i,5) € X*,3C; >0, |Pi(4,j) — ;| < Ciexp(—ft) t— +o0

where (P;(4,7))i jex is the matrix semigroup of (X;);>0. This is also true for the reversible
Markov jump processes. Hence, in these cases, criteria for exponential ergodicity are also valid
to check the IL?(7)-exponential convergence. Moreover, explicit bounds on the spectral gap are
discussed in details in [18]. For the birth-death processes, we also refer to [58, and references
therein]) where explicit formulas are obtained for classical Markov queuing processes. The



hal-00661990, version 1 - 22 Jan 2012

birth-death processes are often used as reference processes for analyzing general stochastic
models. This idea was in force in the Liggetts’s derivation of the L?-exponential convergence
of supercritical nearest particle systems [63]. The interacting systems of particles are also a
source of examples of processes with a L2-spectral gap. We refer to [63] for such a discussion on
various classes of stochastic Ising models. In physics and specially in statistical physics, many
evolution models are given by stochastic ordinary/partial equations. When the solutions are
finite/infinite dimensional Markov processes, standard issues arise: existence and uniqueness
of an invariant probability measure, ergodic properties which include the rate of convergence
to the invariant measure with respect to some norm. Such issues may be included in the
general topic of the stability of solutions of stochastic differential equations (SDEs). Thus,
it is not surprising that ergodic concepts as the V-geometric ergodicity and Lyapunov-type
criteria associated with, originally developed by Meyn and Tweedie [67] for studying the
stability of discrete-time Markov models, have been found to be of value (e.g. see [32, and
references therein]). Here, we are only concerned with the L?(7)-exponential convergence so
that we only mention some results related with.

An instance of IL?(7)-spectral gap can be found in [28] where the following SDE is consid-
ered

1
dX; = =5 b(Xp)dt +dW,  Xp=w¢€ R?

where (W;)i>0 is the standard d-dimensional Brownian motion and b(-) is a gradient field
from R to R? (with suitable properties ensuring essentially the existence of a unique strong
solution to the equation, which has a unique invariant probability measure). When b(-) is
a radial function satisfying b(z) ~ Clz|* for & > 1 when z — 400, then the semigroup is
shown to be ultracontractive and to have a L?(r)-spectral gap [28].

Another instance of IL?(r)-spectral gap is related to the R-valued Markov process solution
to
dX; = b(Xt) dt + CL(Xt) dW; (23)

where (W;)¢>0 is the standard 1-dimensional Brownian motion and Xy is a random variable
independent of (W});>0. Standard assumptions ensure that the solution of the SDE above is a
positive recurrent diffusion on some interval and a (strictly) stationary ergodic time-reversible
process. Under additional conditions on the scale and the speed densities of the diffusion
(Xt)e=0 [29, (A4) and reinforced (A5), Prop. 2.8], the transition semigroup of (Xi);>o is
shown to have the L?(7)-spectral gap property (explicit bounds on the spectral gap are also
provided). The basic example studied in [29] is when a(z) := cz” and b(x) := a8 — ) with
v €[1/2,1], a, 8 € R. Conditions ensuring the L?(7)- spectral gap property are provided in
terms of these parameters. Applications to some classical models in finance are discussed.
Note that statistical issues for continuous-time Markov processes as the jump or diffusion
processes, are related to the time discretization or sampling schemes of these processes. This
often provides discrete-time Markov chains which inherit ergodic properties of the original
continuous-time process. Thus we turn to the discussion on the discrete-time case (e.g.
see [19] for the jump processes, [29] and the references therein for the (hidden) diffusions).
Finally, the context of the stochastic differential equation (2.3) can be generalized to Markov
H-valued processes solution to infinite dimensional SDEs, where H is a Hilbert space. A
good account of these generalizations can be found in [33, and references therein)].
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3 The p-mixing property and central limit theorems

Let (X, Y:)ter be a MAP taking values in X X R4, E(x,o), Ero are the expectation with
respect to the initial conditions (Xo, Yy) ~ (d.,90) and (Xo, Yy) ~ (7, d¢) respectively. First,
basic facts for MAPs are proposed. Second, they are used to show that, for a discrete-time
MAP, the increment process (Y, — Y,_1)nen+ is exponentially p-mixing under (AS1-AS2).
Then, a CLT is obtained under conditions (AS1-AS2) and the expected moment condition
(AS3) (i.e. (AS3d)) with o = 2.

3.1 Basic facts on MAPs

Let FEX’Y) = 0(Xy, Yy, u<t), FX :=0(X,, u<t)and F} := o(Y,, u < t) be the filtration
generated by the processes (X, Y} )ier, (X¢)ter and (Yi)ieT respectively.

The additivity property (1.1) for the semigroup (Q¢)¢cT reads as follows for any measurable
(C-valued) function g on X x R? and any a € R%:

Qt(9)a = Qt(ga) (3.1)
where g, (x,y) := g(x,y+a) for every (z,y) € XxR%. Let us introduce the following notation:
@S(x;dajl x dy1) = Qs(x,0;dxy x dyy).

Then, we have:
Lemma 3.1. For any C-valued function g on X x R? such that E[|g(Xy,Yy)|] < oo for every
u € T, we have:

Elg(Xstt, Yeie) | -FgX’Y)] = Qt(9v.)(Xs,0) = ét(gys)(Xs)’ (3.2)

or in terms of the increments of the process (Yi)ier:
Elg(Xstt, Yot — Ys) | ng’Y)] = Qi(9)(Xs,0) = @t(g)(Xs) = IE(XS,O) [9(X¢, Y1)]. (3.3)

Proof. The two formula are derived as follows:

Elg(Xstt, Yste) | ]:gX’Y)] = Elg(Xstt, Yort) | X5, Y5] (Markov property)
= Qi9)(Xs,Y5)
= Qil9r)(Xs,0)  (from (3.1))
= Qulgv,)(Xs);
Elg(Xere, Yoyr — Ya) | FE) = Blg(Xaqs, Vegs — Ya) | X, Y] (Markov property)

Elg—v, (Xsys, Yoqr) | X, Y5]

Q1(90)(X5,0) = Q(9)(X;)  (from (3.2))
= Ex,0l9(X:, V7).

Lemma 3.2. For everyn > 1, any C-valued function g such that for every0 < uy < --- < uy,

E[‘g(Xu17Yu17Xu27Yu2 - Yula"' 7Xun7Yun - Yunfl)’] < o0
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we have for any s > 0 and t1,...,t, > 0:
Elg(Xsst,, Yoys, — Yo X Y, —Y FXY)
[9(Xstty Ystty Sy DS by LYty s+t ti) | Fs ]

= /@s(Xs;d$1 X dz1) H@s($i_1;d:pi X dz;)g(T1, 21, -« y Ty Zn)
i=2
= (2 Q1,)(9)(X,)- (3.4)

Proof. Lemma 3.1 gives the case n = 1. Let us check that Formula (3.4) is valid for n = 2.
This can help the reader to follow the induction.

Elg(Xsstr, Yorts — Yo, Xortrtta, Yortitts — Yagns) | FEEY]
XY
=E [E [.g(XS-i-tle;—i-tl - Y;7Xs+t1+t27 Y;+t1+t2 - }/S+t1) | ]:g—i-tl )] | ng,Y)}

=E [E [9(Xstt0s Yoty = Yoo Xottrttos Yortirts = Yortr) | Xottrs Yornr ] | ng’Y)]
- E[/Q(Xs—i-tla}/:s—i-tl - X/VS;‘T27y2 - n-ﬁ-h)@tz (Xs—i-tla}/:?-i-tl; de X dy2) ’ ng’Y)]
=E[ / 9(Xstty, Yart, — Voo 2, 22)Quy (X3 da % d2o) | FEOY)] (using (1.1))

= /@tl(Xs;dznl X dzl)/@t2 (x1;dzo X dz9)g(x1, 21, %2, 22) (using (3.3))

= (Qu ® Q1,)(9)(Xs)-
Let us now complete the induction. Assume that Property (3.4) is valid for n — 1. Then

E[g(XS-i-tl 9 }{9+t1 - }{97 v 7XS+Z?:1 tw}/ts-i-zzb:l ti 5/34_2?;11 ti) ‘ ng,Y)]

Xy
=E [E [9(Xoqty, Yoty — Ysr oo s Xsayr b Yoryp o — Yoyyona i) | ngl )] | ng’”]

=E [(,§2éti)(g(Xs+t1,}/s+t1 —Ys, ,)) (Xs+t1) | ]:gX’Y) (induction)

= (Qu ® (égétl))(g) (Xs)  (using (3.3)).

]
Corollary 3.1. Under (AS1), the following properties hold.
1. The process (Yi)ier has stationary increments, i.e.
Erol9(Yegt, — Vs, .- Yoy 4 — Y8+2y;11 tz)] = 7T((®?Qvtz)(9)) (3.5)

does not depend on s for any function g as in Lemma 3.2.

2. If E;o[|Yal] < 0o for every w € T, then:

¥(s,t) € T?, Enxo[Yore] = Exp[Ye] + ErolYs].

10
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3. (&, := Yy, — Yy_1)nen+ is a stationary sequence of R%-valued random variables and if h is
a C-valued function such that Exo[|h(&1,...,&)[*] =1, then QF™(h) € L*(x) with

1QT™(m)]2 < 1, (3.6)
where @i@” denotes the n-fold kernel product 'Q%l@l'

Proof. Take the expectation of (3.4) with respect to the probability mesure 7:

)]

7

EW,O [g(}/;"rtl - Y., Y:s—i-Z?:l (7 }/;+Z?;11 t

= Bro (3, 00)@0X0)] = Bero | (£ @) @)(X0)
= Erp [( él @ti)(g)(Xo)] (invariance property of 7).

The second property is deduced from the stationarity of the increments of (Y;)ier. Indeed,
we can write Ex o[Y:] = Ex o[Ysqt — Ys] = Er 0[Ysqt) — Exo[Ys]. That (§,)nen+ is a stationary
sequence of random variables follows from (3.5) with s = 0,¢; = --- = ¢, = 1. The last
property follows from (3.4) and the Jensen inequality

1QS" 113 = |Ec.o) [2(&rs- - &) 113 < Enp[lh(&r,. ... &)%) = 1.
]

Lemma 3.3. Let &, :=Y,, —Y,—1 forn € N* (recall that Yo =0 a.s.). Let f and h be two C-
valued functions such that B o[|f(&1,...,&)]?] < 0o and Ero[|h(&ntt, - - - s Engtrm)|?] < 00
for (t,n,m) € (N*)3. Under (AS1), the covariance has the following form

COVW,O(f(fla s 76”); h(§n+t7 s 7§n+t+m)) - EW,O |:f(§17 s 7§n)(Pt—l - H) (é(lgm—i_l(h)) (Xn)}
(3.7)

~ m—+1 ~
where QY™ denotes the (m + 1)-fold kernel product '®1 Q1.

Proof. Apply formula (3.4) with E,, o) to the specific function g(z1, 21, . . ., Tnit4ms Zntt+m) =

flz1,.00y2n)

X h(Zntty .-y Znttem) With t,n,m > 1:

B0y [fEL - E)BEntts - s Engirm)] = QF™HH (g) ()
n+t+m

= / Qi(wydey x dz1) [[ Qulwicasdai x dzi)g(an,. .. zngim)
(XXRd)7L+t+m =9
= / Qvl(l‘;d$1 X le)HQVl(l‘i_l;dl‘i X dzi)f(zl,... ,Zn)
(XXRd)n i=2
n+t—1 _
X Q1(i—1;dx; X dz;
/(XXRd)tl izl;l—:i-l | )
n+t+m _
></ H Q1(xi—1;dx; X dzi)h(zntty - -y Zntttm)-
(XxRd)ym+1 i—nt

11
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The second term reduces to th,l Hj;f;} @1 (z;_1;dx; x RY) = th71 HZ"I;;} Py(zi_q;dx;) =
Js Pr—1(2n; dyqi—1). The third is QY™ (h)(2nt4—1). Then we have

E(x,o) [f(&, con )Mt - 7£n+t+m)]
= /(X e Q1(z;dry % dzl)H@l(xi—Mdﬂfi x dzi)f (21, -, 2n) Pt (QE™ (1)) ()

=2
= Eqo [f(gl,...,gn)Pt_l(@?m“h)(Xn)} (using (3.4) with E,q)).

Then, integrating against the probability measure 7 () gives

B[ (€ eh(nsts o Enveem)] = Bro [1(E1,- - &)P(@F T R)(X0)] - (38)
Since H(Qv?mﬂ(h)) (x) = F(@?m+l(h)) for every x € X, we obtain

EW,O |:f(£17 o 7£H)H(é?m+l(h)) (XTL):| = EW,O[f(gb o 75”)]W(@(1®m+1(h))
= En,O[f(€17 cee 7§n)]E7r,0[h(§n+t7 cee 7§n+t+m)]

where the last equality follows from (3.5). O

Remark 3.1. We can prove a continuous-time counterpart of Lemma 3.3. But, we restrict
ourself to the discrete-time version because this is the version we need in the paper.

3.2 p-mixing property of (Y, — Y, _1),>1 for discrete-time stationary MAPs

Let us recall some basic facts on the p-mixing of a (strictly) stationary sequence of random
variables (&, )nen+ (e.g. see [11]). For any p € N* and ¢ € N* U {oo} with p < ¢, G :=
(&, ..., &) denotes the o-algebra generated by random variables &,...,§,;. The p-mixing
coefficient at horizon ¢ > 0, denoted by p(t), is defined by

plt) := sup sup {|Corr(f;h)| f € LX(GY),h € L*(G5y)} - (3.9)

where Corr(f;h) is the correlation coefficient of the two random variables f and g. In fact,
p-mixing coefficient may be computed as follows from [11, Prop 3.18]: for ¢t > 0

p(t) = sup sup Sup{|C0rr(f;h)| felL?Gy),he Lz(gZI?m)}. (3.10)
neN* meN*

The stationary sequence (&, )nen+ is said to be p-mixing if

lim p(t) = 0.

t——+o0

We know from condition (AS2) that (X, )nen is p-mixing [81]. In the special case when
Y, == > 1 &(Xy), it is clear that (Y, — Y,—1),>1 is also p-mixing from [11, p. 28]. We
extend this fact to general (Y},)nen in the next proposition.

Proposition 3.1 (p-mixing). Under (AS1-AS2), the stationary sequence (&, := Y, —Yn_1)nen-
s p-mixing at an exponential rate: there exists € > 0 such that

p(t) = O(exp(—ct)).

12
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Proof. For the sake of simplicity, assume that d = 1. First, note that the random variables
f and h in (3.10) can be assumed to be of L?-norm 1. Thus, we just have to deal with
covariances. Recall that (&, := Y, — Y;,_1)nen+ is known to be stationary under (AS1) from
Corollary 3.1. The o-algebra G} and QZI?m in the mixing coefficients will be relative to
the stationary sequence (&,)nen+. Second, let us consider two L?-normed random variables
[, .., 86) € LAHGY), h(&nsts- - Enviem) € LEHGRET™). For any m > 1, the map z +—
@?mﬂ(h)(a:) belongs to L%(7) and we have H@?mﬂ(h)ﬂg < 1 from Corollary 3.1 (see (3.6)).
Since P; and II are contractions on L2(7), we have (P,_; — H)(@?mﬂ(h)) € L2(m).

The Cauchy-Schwarz inequality and the last comments allow us to write from (3.7)

Cov(fih)* < Bag [IF(€1s &) ] o [Py = I(QF™ () (X0 |
=Ero “(Pt_1 — H)(Qv?m"'l(h)) (X0)|2] (7 is Pp,-invariant)

= |[(Pi—1 — I)(QE™* (n) |I2
< P - 13 QY™ (R)])5  (since QT (k) € L2 ()
< P =T (since [|QE™ T (R)]2 < 1).

Therefore, it follows that for every t > 1:
sup {|Corr(f; )| f € L*(GT),h € L2(Gnt™™)} < [|[Pie1 — 1J2

The right hand side term in the inequality above does not depend on m and n, so that we
obtain from (3.10)
p(t) < [[FP—1 — 102

The proof is completed by using the exponential estimate (2.2) of ||P,_; — II||2 under (AS2).
O

3.3 Central limit theorem for the Markov additive processes

In a first step, we consider a discrete-time X x R%-valued MAP, (X,,,Y;)nen, for which
the driving Markov chain (X,),en is assumed to satisfy (AS1-AS2). Recall that Condition
(AS3d) for a =2 is

Emo [|Y1|2] < oQ.

This condition implies that E, o[|Y1|] < oo, and we suppose that E; o[Y7] = 0 for convenience
(if not, replace Y;, by Y,, — E; o[Y,,] =Y, — nE; o[Y1] from Corollary 3.1).

We know from Proposition 3.1 that (Y,+1 — Yy )nen is stationary and is exponentially p-
mixing when (AS1-AS2) hold. Then, under the expected moment condition E. o[|Y1|?] < oo,
the CLT for (Y, )nen+ follows from [52, 73] (e.g. see [11, Th 11.4]). To the best of our
knowledge, Theorem 3.1 for general MAP is new. The notation N (0,0) stands for the Dirac
distribution at 0.

Theorem 3.1. Under (AS1-AS2) and (AS3d) for o =2, (Yn/\/N)nen converges in distribu-
tion when n — +oo to the d-dimensional Gaussian law N(0,X), where ¥ is the asymptotic
covariance d X d-matriz

1
S o= lim~Erg [V Y]

where the symbol x denotes the transpose operator.

13
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That (Y,,/v/")nen satisfies the CLT under the condition E. o[|Y1|?] < oo was known in
some cases. Such standard situations are recalled in the two next remarks (with d = 1 to
simplify).

Remark 3.2 (Martingale method). If there exists a measurable function £ : X — R such that
Y, — Y1 = £(X,,) and E; [|V1]?] = 7(€2) < oo, then (Y;,/+/N)nen converges in distribution
to the Gaussian law N(0,02) where 0 = m(€2) + 23 /% w(€P%) € [0,+00). This result
follows from the Gordin-Lifsic theorem [34]. Indeed, (AS2) implies that (X,,)nen is ergodic
and that there is a solution §~ € L2(n) to the Poisson equation: §~ — Pé = . Then, the
difference martingale method of [34] can be used to obtain the CLT.

Remark 3.3 (Uniform ergodicity). Recall that the Markov chain (X,,)nen is said to be uni-
formly ergodic if lim,, 4o ||P" — II||cc = 0. This property implies (AS2) (but is stronger)
and is fulfilled if and only if (X, ),en is ergodic, aperiodic and satisfies the Doeblin condition
(Dyp). In addition, for an aperiodic and ergodic Markov chain (X,)n,en, Doeblin’s condition is
equivalent to the uniform mixing (or ¢-mixing) property, and then, the ¢-mixing coefficients
go to 0 at least exponentially fast (see [10, 81]).

Set &, =Y, — Y1 If (X,)nen is uniformly ergodic and if E, o[Y}?] < oo, then the real
number o2 = B o[¢?] + 23V Erolé1 & is well-defined in [0, +o0). If 02 > 0, then the
sequence (Y;,/v/)nen converges in distribution to A(0,02) [38]. This CLT is established
as follows: the stationarity and the uniform ergodicity of (X,,)nen extend to the sequence
(&n)nen, and the ¢-mixing coefficients of (&, )nen also go to 0 at an exponential rate (see [38,
Rk. 4, Lem. 1]). The proof is completed using [53, Th.18.5.2].

The CLT for a continuous-time MAP (X;,Y;);>0 is deduced from the discrete-time state-
ment.

Theorem 3.2. Under (AS1-AS2) and (AS3) with o = 2, (Y;/\/t)i>0 satisfies a CLT.

Proof. For t € [0,400), we set t = n + v, where n is the integer part of ¢ and v € [0,1). We

can write:

Yo (V) ViYa

ViVt Vi vn
Recall that (Q¢)¢>0 is the transition semigroup of (X, Y;)i>0. It is easily checked that the
MAP (X:,Y;)i>0 “sampled” at discrete instants, (X, Yy )nen, is a discrete-time MAP with
transition kernel @ := @ which satisfies (AS1-AS2) and (AS3d). Therefore, (Y,,/v/n)nen
satisfies a CLT thanks to Theorem 3.1. Finally, the sequence ((Y; — Y;,)/v/t)i>0 converges in
probability to 0 from the Tchebychev inequality and condition (AS3d):

]P’mo{]Y} -Y,| > \/%E} = ]P’mo{\Yv\ > \/ZE} (stationary increments)

(3.11)

Ero[|Yol?]  subye() Ero[Yol?]
< 0.
- te? - te? t—+o0
Therefore, (Y;/v/);>0 satisfies a CLT from (3.11). O

Remark 3.4 (FCLT). Proposition 3.1 allows us to deduce from [8, Th. 19.2] that a functional
central limit theorem also holds (d = 1). That is, under the assumptions of Theorem 3.1, we

have: v
|nt] L

as random elements of D[0,00), the Skorokhod space of cadlag functions on R, and where
(Bt)>0 is a Brownian motion with zero drift and some variance parameter. Let us give some
comments on the FCLT relevant to our context.

14
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(a) The case of a discrete-time MAP (X,,, Y, )neny with (X,,)nen satisfying the Doeblin con-
dition is covered by [38]. (Yj)nen is shown to be ¢-mixing and a FCLT for ¢-mixing
sequences is used. We extend their approach to our case of L?-spectral gap.

(b) Under (AS1-AS2) and the expected moment condition of order 2, Maigret [65] has es-
tablished a FCLT for (Y, := £(X,—1,Xn))nen+ in the specific case where (X,,)nen is
Harris-recurrent. It is worth noticing that Condition (AS2) cannot be compared with
the Harris-recurrence property.

(c) If (Xi)i>0 is a stationary ergodic Markov process with a strongly continuous transition
semigroup (P)¢>0 on L?(r), the following convergence holds for any f € L?(x) such that
m(f) =0 [7, Th. 2.1, Prop. 2.3] (see also [84] in the Harris-recurrent case):

1 nt £
() evams) i s

where (By);>0 is a Brownian motion with zero drift and some variance parameter. Set
Y, = fot £(Xs)ds. Since ¢ € L?(mr), we have E, o[|Y;[?*] < w(|¢]?) for every ¢ € (0,1], thus
(AS3) with @ = 2 is true. Then, the convergence result above is easily deduced from
(3.12) using the discrete-time stationary MAP (X,,,Y,,),>1 introduced in the proof of
Theorem 3.2.

(d) Glynn and Whitt deal with the integral functional of a regenerative process in [30, 31].
Their results apply to a Markov process which is a specific instance of a regenerative pro-
cess. Conditions for the CLT (FCLT) to hold are expressed in terms of a second moment
on the increments Y, := OT ' €(X)ds of the process (Y;)i~o over a regeneration cycle of
length 77 (and an additional condition of negligeability in probability of supg<s<p, |Ys).

The fact that we only consider the Markov case makes our conditions easier to check.

4 Refinements of the central limit theorem for MAPs

Let (X, Y;)ier be a MAP taking values in X x R?. The canonical scalar product on R? is
denoted by (-, ). The Fourier operators associated with (X¢, Y;)ier are introduced in the next
subsection and are shown to satisfy a semigroup property. In the discrete-time case, precise
expansions of the characteristic function of the additive component Y; can be deduced from
[49] under (AS2). They are central to the derivation of our limit theorems in this section.
Limit theorems are first considered for discrete-time MAPs. A local limit theorem, a Berry-
Esseen bound and a first-order Edgeworth expansion are obtained. The continuous-time case
is addressed thanks to the basic reduction to the discrete-time case used for the CLT.

4.1 Fourier operators. A semigroup property

For any ¢t € T and ¢ € R?, we consider the linear operator S;(¢) acting (in a first step) on
the space of bounded measurable functions f : X — C as follows:

Vo eX, (Si(0)f) (@) = Epg [ f(X)]. (4.1)

Note that S;(0) = P;. In the discrete-time case, S1(¢) corresponds to the Fourier operator
which was first introduced by Nagaev [68] in the special case when Y, = >~} £(X}) (see

15
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[42, 44] and the reference therein), and was extended to discrete-time MAPs in [4, 40] to
prove local limit theorems and renewals theorems (see also [26]). All these works are based
on the following formula (see Proposition 4.1 below):

VCeRLYREN,  (Su(Q)f)(@) = E)[e“M f(X0)] = (S1(0)"f) (@) (4.2)

This formula clearly reads as the semigroup property: Sp,1,(¢) = Sm(¢) o Sp(¢). In the
continuous-time, it seems that the operators S¢({) were first introduced in [50] for investigat-
ing AF's of continuous-time Markov processes on a compact metric state space X. In [50], P,
was assumed to have a spectral gap on the space of all continuous C-valued functions on X,
and (S¢(¢))+>0 was thought of as a semigroup (see (SG) below) on this space.

Here, in view of (AS2), the above mentioned semigroup property has to be considered on
the Lebesgue spaces LP(7) (1 < p < o0).
Proposition 4.1. For allt € T and ¢ € R%, S;(C) defines a linear contraction on LP(r), and
we have:

V¢ eRY, V(s,t) € T2 Sips(¢) = 5i(¢) 0 Su(Q). (SG)
In particular, Relation (4.2) holds for all f € LP(m).

Proof. The first assertion is easy to prove. Next, for any ¢ € R? and f € LP(7), let us
set: g(x,y) := f(z)e"¥ with z € X and y € R%. Then, using the Markov property and
Lemma 3.1:

(St+s(Q) f)(x) == Ez0) [ CYirsd £( X, )]
= o) [Bwole" ) f(Xins) | FE) = B0 [(Qy,) (X5, 0)]
= Eold“7(Quo) (X, 0)] = Egg) |4 Ex, o[ (X)) ]|
= Eo) [ (SHO)NHX)] = (Ss(Q)(S:(Q)f)) ()

the third equality results from: gy, (x,y) = f(x) eXOWHYs)) = ¢iGYs) g(z,y). This gives the
semigroup property (SG). The last assertion is obvious. O

4.2 Expansions of the characteristic function of the additive component

Here we assume that (X, Yy )nen is a discrete-time MAP taking values in X x R? (possibly
derived from a continuous-time MAP) such that the driving Markov chain (X, ),en is station-
ary and satisfies (AS2). This last property ensures that S1(0) has good spectral properties,
and the iterates S1(¢)™ occurring in (4.2) are studied using the Nagaev-Guivarc’h spectral
method which consists in applying the perturbation theory to the Fourier operators Si(()
for small (. However using the standard perturbation theorem requires strong assumptions
on Yj. Here we shall appeal to the weak spectral method introduced in [45] and based on
the Keller-Liverani perturbation theorem [60]. This method is fully developed in the Markov
framework in [49, see references therein]. In the sequel, F (@) denotes the partial derivative of
order £ of a C-valued function F defined on an open subset of R
Conditions (AS1-AS2) are assumed to hold throughout the subsection.

Proposition 4.2. Let mg € N*. Under condition (AS3d) for some o > my, there exists a
bounded open neighborhood O of ¢ = 0 in RY such that we have for all f € L*(7) with any
5> =

a—mg °

VneN, V(€ O, Ergle" M f(X,)] = A" LG f) + Ra(C ) (4.3)
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where X(+), L(-, f), Rn(-, f) are C-valued functions of class C™ on O, with \(0) = 1 and
L(0, f) = w(f). Moreover, we have the following properties for £ =0,...,mgy:

— sup|[LO(¢, f)] < o0 (4.4a)
CeO
— 3k e (0,1), sup RV, f)] = OK"). (4.4b)
CeO

If f :=1x, we have R,(0,1x) = 0.

When Y, = >, £(Xk), the above properties are proved in [49, Sect. 7.3] by using (4.2)
and some operator-type derivation arguments. For a general additive component Y,,, the
method is the same! using Lemmas 4.1 and 4.2 below which slightly extend [49, Lem. 4.2,7.4].
Mention that, by using the same lemmas, Proposition 4.2 can also be deduced from [35] which
specifies the method introduced in [36, 45] to prove Taylor expansions of A(+), L(-, f), Ru(-, f)
2

The operator norm in the space £(ILP,L”") of the linear bounded operators from LP(7) to
LY (7) is denoted by || - |-

Lemma 4.1. If 1 < p/ < p, then the map { — S1(¢) is continuous from R to L(ILP,1LP).

Proof. We have for ¢ € R%, {; € R? and f € ILP(r), thanks to Hélder’s inequality

/

P

(S1(¢) — S1(C0))f($)‘p, = ‘E(sc,O) G ¥ F(X1)] —E@o e (Co.11) f(X1)]
E e |01 — 17| £(X0)” ]

< 2B [min {1,1(¢ — o, YOI (X))

IN

the last inequality resulting from the classic inequality [’ — 1] < 2min {1, |a|}. An integra-
tion with respect to 7w and the use of Holder’s inequality give

T(1(S1(C) = S1(Co)) FIP) < 2B o[ min {1, (¢ — Go, Y1)} PV 07PN =P 1) (5 P]P /P

< 2V Hmin {17 1(¢ = Co, Y1>‘}H1()pp/)/(p_p/) |!f”£l7
since 7 is invariant. Thus, we deduce that ||S1(¢)—51(Co)lp,pr < ZH min {1, [(¢—Co, Y1>|}H(pp,)/(p_p,)
goes to 0 when |( — (o] — 0 from Lebesgue’s theorem. O

Lemma 4.2. Assume that (AS3d) holds for some o > mg (mg € N*), and let 1 < j < my.
If p > 1 and p; = ap/(a+ jp) > 1, then ¢ — Si(C) is j-times continuously differentiable

from RY to L(LP,1L77), and supcega 7 (C)lp.py < Enol[1]71/2.
Proof. For the sake of simplicity, we suppose that d = 1. Below we consider any ¢ € R,
o € Rand f € LP(m). For 1 < j < my, define (formally) the following linear operator:

veeX, (SYOf) (@) =Eqg[vi)y ¢ £(X1)].

!See the beginning of the appendix. In particular, mention that A(¢) is the dominant eigenvalue of Si(¢),
L(¢,-) is related to the associated eigenprojection, and k can be chosen as kK = (e™° + 1)/2 where € > 0 is
defined in (2.2).

2 As observed in [35], the passage from the Taylor expansions to the differentiability properties can be
derived from [13].
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First we have: . j
[SP () (@) < By [V 1£(X0)PP]

so that, from Holder’s inequality,
17 (lpw; < EnoIil*]"™

Second, define A := 59‘1)(4) — 59_1)({0) — (¢ —<o) S@(go). Then, for j € {1,...,mg— 1},
we have thanks to the classic inequality |e* — 1 — ia| < 2|a|min {1, ]a| }

|Af(@)[P7 < 2P3]C = GolP B0y [min {1, (¢ = Co)Val}™ [YaPP7 [ f(X0)[P] -
It follows from Holder’s inequality that the operator norm satisfies

1A lpp, < 21¢ = Col [lmin {1,1(¢ = C)Y1l} Ml ;-

This proves that Sij _1)(') is differentiable from R to L(LP,ILP7), and that its derivatives is
S%j ), Finally, we obtain:

1(SY)(¢) = SV (o)) f (@) [P < 279y 0y [min {1,](C — Co) Vi Y (VPP |f(X0)[P]

from which we deduce that the operator norm satisfies

1S7(¢) = S (C0) Ipp; < 2 ||min {1,](¢ — Go)Yal} Ml

Thus Si(+) is j-times continuously differentiable from R to £(L?,LP7).

alj’

O

Next, let us return to our probabilistic context. Let V and Hess denote the gradient and
the Hessian operators respectively. In the following proposition, the d-dimensional vector
VA(0) and the symmetric d x d-matrix HessA(0) are related to the mean vector E  o[Y1] and
the asymptotic covariance matrix associated with the sequence (Y;, — nE; o[Y1])/v/n.
Proposition 4.3.

(1) If (AS3d) holds for some o > 1, then VA(0) = iE  o[Y7].
(ii) If (AS3d) holds for some o > 2, then the following limit exists in the set of the non-
negative symmetric d X d-matrices:

Y = lim % Ero [ (Yo — nEro[Y1]) (Yo — nEro[Y1])" ] = —HessA(0).

Proof. Assume that d = 1 for the sake of simplicity (for d > 2, the proof is similar by using
partial derivatives). By differentiating at ¢ = 0 the equality E, o[¢®*] = \(¢)" L(¢, 1x) +
R, (¢, 1x) of Proposition 4.2, we obtain:

iBro[Yn] = n A (0) + LW (0, 1x) + RV (0, 1x).

Since Ex o[Y;] = nExo[Y1] (from Corollary 3.1), we deduce that )\(1)(0) = and lim, E; o[Y;,]/n =
iExo[Y1] from (4.4b). To prove (ii), assume for convenience that E;o[Y;] = 0. Then
AN (0) = 0, and differentiating twice the above equality at ¢ = 0 gives: —E,o[V;?] =
n A (0)+ L2)(0, 1x) +R£L2)(0, 1x). We obtain the desired property by using again (4.4b). O
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4.3 Refinements of the CLT for discrete-time MAPs

In this subsection, (X, Yy )nen is a MAP taking values in X x R?, with a driving Markov

chain (X, ),en satisfying (AS1-AS2). The assumptions below imply that E [|Y1]] < oo, and

for convenience we suppose that E; o[Y1] = 0 (if not, replace Y,, by Y;, — nE; o[Y1]).
Theorems 4.1 to 4.3 below have been established in [49] for additive components of the

form Y,, = > 7_;&(Xk). To the best of our knowledge, the present extensions to general
MAP are new.

4.3.1 A local limit theorem

The classical Markov nonlattice condition is needed to state the local limit theorem (LLT):

Nonlattice condition. There is no a € R%, no closed subgroup H in R, H # R%, and no
bounded measurable function B : X — R? such that: Y1+ B(X1)—B(Xo) €a+H Prg—a.s.

This condition is equivalent to the following operator-type property. For each p € (1,00) and
for all compact subset K of R\ {0}, there exists p € (0,1) such that:

sup [51(¢)" [l = O(p"). (4.5)
CeK
This result is established in [49, Sect. 5] for additive functionals. The proof for general MAPs
is similar. Since E, o[e*{¢Y)] = 7(S1(¢)"1x) by (SG), it follows that

sup [Exrofe! ]| = O(p").
(eK

Theorem 4.1. The assumptions of Theorem 3.1 are supposed to be satisfied, so that (Y, //n)nen+
converges in distribution to a d-dimensional Gaussian vector with covariance matriz 3. Let

us assume that 3 is a definite positive matriz. Finally, suppose that the nonlattice condition

is true. Then, we have for all compactly supported continuous function g : R — R:

lim Vdet> (27m)% Erolg(Yn)] = / g(x)dx.
n—-+oo Rd

Proof. Thanks to (4.3) with f := 1x, Theorem 4.1 can be established as in the i.i.d. case: use
Proposition 4.2 to control L(-, 1x) and R, (¢, 1x) and, as in [12], use the nonlattice condition

and the following second-order Taylor expansion of A(-), which follows from Theorem 3.1 and
from [46, Lem. 4.2]:

Lemma 4.3. Assume that Conditions (AS2) and (AS3d) with oo = 2 hold and that E; o[Y1] =
0. Then the function A(-) in Equality (4.3) satisfies the following second-order Taylor expan-
sion®:
AQ) = 1= (¢, 3¢)/2 + o(I¢).
O
Remark 4.1. We mention that a local limit theorem has been obtained in [66] for the process
(Y, := > 1_1 Zk)nen~ associated with a stationary hidden Markov chain (X,,, Zy, )nen. In [66],

(Xn)nen is only assumed to be an ergodic stationary Markov chain so that the additional
conditions for the local limit theorem to hold are more involved than those of Theorem 4.1.

3A direct application of Proposition 4.2 gives this expansion, but under Condition (AS3d) with a > 2.
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4.3.2 Rate of convergence in the one-dimensional CLT

Here we suppose that d = 1. Under the condition E, [|Y1]?*¢] < oo, the asymptotic variance
o? of Proposition 4.3 is defined by o2 := lim,, E, o[Y,?]/n.
Theorem 4.2. Under Conditions (AS1-AS2) and (AS3d) for some a > 3 and if 0% > 0,

then there exists some constant B > 0 such that

where ®(+) is the distribution function of the Gaussian distribution N(0,1).

VYn>1, sup
aeR

(4.6)

Proof. Here, the functions \(-), L(-) := L(-,1x) and R,(:) := R,(+, 1x) in Proposition 4.2 are
three times continuously differentiable on O and satisfy the following properties:

sup,eo | L(u) — 1]/u| < oo (from (4.4a) and L(0) =1)
SUpueco |Rn(u)/u|l = O(k™) (from (4.4b) and R, (0) = 0)

Mu) = 1 - oc%u?/2 4+ O(u?) for u small enough (since AV (0) = 0 and A (0) = —¢?
from Proposition 4.3).

Then, we can borrow the proof of the Berry-Esseen theorem of the i.i.d. case (see [23]). O

Remark 4.2. The details of the previous proof are reported in [48, Th.2] for the additive
functional Y;, = > )| £(X}, Xi—1) of a V-geometrically Markov chain. They are the same in
our context. In fact, by writing out the arguments of [48, Th. 2], we can derive the following
more precise property: the constant B in (4.6) depends on the sequence (Y,)nen, but only
through o2 and E, o[|Y1|>¢]. Of course, this control is not as precise as in the i.i.d. case [23],
but it is enough to obtain interesting statistical properties as in [24, 48] or in Section 5.
Remark 4.3. Let us consider the specific case Y, —Y,,_1 = {(X,,) for some real-valued measur-
able function ¢. Under Conditions (AS1-AS2), if the real number o2 defined in Remark 3.2
is positive, then we have (4.6) under the expected moment condition 7(|¢]3) < oco. This
follows from [47, Cor. 3.1] which is based on the spectral method and martingale difference
arguments (see also [49, Sect. 6]). Note that the moment condition 7(|¢[?) < oo is optimal
according to the i.i.d. case [23].

Remark 4.4. Let (X,,)nen be a p-mixing Markov chain. The additive functionals of (X, )nen

involved in the M-estimation of Markov models (see (5.5)) are of the form V;, = >~ §(Xp—1, X).

Since (X,,, Y, )nen is a MAP, Theorem 4.2 applies provided that £ : Xx X — R is a measurable
function such that E. o[¢(Xo, X1)] = 0 and E; o[ [£(X0, X1)[>T¢] < oo for some £ > 0. This
will be supported by the statistical result of Section 5.

Finally let us state a first-order Edgeworth expansion.
Theorem 4.3. Assume that Conditions (AS1-AS2) and (AS3d) hold for some o > 3, that
o2 is positive and the nonlattice condition is true. Then, there exists p3 € R such that:

Pr Sap=¢@ ——=(1- — 4,
70{0_\/5_61} (a)+60'3\/ﬁ( 0)77(@)+0<\/ﬁ> ( 7)
where n(-) is the density of the Gaussian distribution N(0,1).

20



hal-00661990, version 1 - 22 Jan 2012

Other limit theorems can be stated under Condition (AS2) as, for instance, a multidi-
mensional Berry-Esseen theorem in the Prohorov metric (see [49, Sect. 9]), and the multidi-
mensional renewal theorems (see [39]). Although Proposition 4.2 extends to the case when
the order of regularity mg is not integer, it does not allow to deal with the convergence of
Y, (properly normalized) to stable laws, since we assume o > mg (in place of the expected
condition & = my). For an additive functional Y,, = > ;' £(Xj), a careful examination
of the proof of Lemmas 4.1 and 4.2 shows that this limitation could be overcame under a
condition of the type : & € L?(r) = P¢ € Lﬁ/(ﬂ') with 3’ > 3. Anyway mention that, under
Condition (AS2) and the previous condition on £, convergence to stable laws is obtained in
[54, Section 2.3] by using a “martingale approximation” approach. A natural question is to
ask wether the last condition on £ is necessary.

4.4 The non-stationary case

Under (AS2), we discuss the extension of the previous results to the non-stationary case. Let
w be the initial distribution of (X,,)nen. The careful use of [49, Prop. 7.3] allows us to extend
Proposition 4.2 as follows. Under condition (AS3d) * with o > mg, and under the following
assumption on p

(NS) pu is a bounded linear form on L"(7) with r such that 1 < r < as/(a + mgs),

where s > /(v — my), all the conclusions of Proposition 4.2 remain true when 7 is replaced
by u, namely: for some bounded open neighborhood O of ¢ = 0 in R?, we have for f € L*(n)

VneN, V(e O, Euole' M f(X,)] = MO)™ L, £ 1) + Ru(C, fo 1), (4.8)

with C-valued functions A(-), L(-, f, ), Rn(+, f, 1) satisfying the same properties as in Propo-
sition 4.2. Tt is worth noticing that A(+) is the same function as in (4.3), contrary to L(, f, i)
and R, (-, f, ) which both depend on .

Condition (NS) means that p is absolutely continuous with respect to 7 with density
¢ € L (r) where ' = r/(r — 1) is the conjugate number of r. It is easily checked that
" > as/((a —mp)s — ) > 1. Note that the bigger is the exponent « in Condition (AS3d),
the closer to 1 is the allowed value of .

Proposition 4.3 extends to the non-stationary case as follows.
(i) If (AS3d) and (NS) hold with mg = 1, then VA(0) =i lim,, E, o[Y,]/n.

(ii) If (AS3d) and (NS) hold with mg = 2, then the conclusions of Proposition 4.3(ii) remain
true with p in place of .

Using the decomposition (4.8) (with f := 1x), we obtain as in the stationary case the following
statements.

1. Under (AS2), (AS3d) with a = 2 and p satisfying condition (NS) with my = 1: the
CLT, and the LLT under the additional non-lattice condition.

“In this non-stationary case, we only require condition (AS3d) with the stationary distribution 7 and the
mean vector remains Er o[Y1].
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2. Under (AS2), (AS3d) with @ > 3 and p satisfying condition (NS) with my = 3: the
Berry-Esseen bound, and under the non-lattice condition, the first order Edgeworth
expansion (4.7) with the additional term —b,n(u)/(cy/n), where b, is the asymptotic
bias: b, = lim, E, o[Yy] (see [49] for details).

For instance, let us sketch the proof of the CLT. Equality (4.8) with f := 1x gives

Eyole MV = X(¢/VR)™ L(C/Vn L, 1) + Ra(C/v/m, 1, 1),

Since my = 1 we have lim,, L({/\/n,1x, ) = 1 and lim,, R,(¢/v/n, 1x, ) = 0. Finally, the
second-order Taylor expansion of Lemma 4.3 shows that lim,, A\({/y/n) = exp(—({, 2()/2).

In general, the previous statements 1. and 2. do not apply to the case when the initial
distribution p is a Dirac mass (which is not defined on L"(7)). However, when the state
space X of the driving Markov chain is discrete, these statements are valid with any initial
distribution 0, provided that m(x) > 0 (because ¢, is then a continuous linear form on each

LP(7r) = ¢P(m)).

4.5 The continuous-time case

In this section, we consider the case where T = (0, +00). The process (X¢);~0 is assumed to
satisfy Conditions (AS1-AS2). Let us mention that the moment condition (AS3) reduces to

Vo € (0,1], Ero[|Ys|*] <o

when the semigroup (Q;):>o is strongly continuous on L2((7,0)) (so is (P;);>0 on L%(r)).

All the theorems of the previous subsection are extended to (Y;)¢~o. Recall that Theo-
rems 4.1 to 4.3 concern the multidimensional local limit theorem, the one-dimensional Berry-
Esseen theorem, the one-dimensional first-order Edgeworth expansion respectively. For the
sake of simplicity, we still assume that E o[Y7] = 0.

Theorem 4.4. The conclusions of Theorems /.1 to 4.3 are valid for (Y}/\/Z)DO under the
same assumptions, up to the following change: the moment condition (AS3d) is reinforced
(with the same condition on «) in (AS3):

sup Emo[lela] < 0.
ve(0,1]

Note that the extensions to the non-stationary case presented in Subsection 4.4 can be
adapted to the continuous-time case.

When Y} is defined by Y; := fg £(Xs) ds, any moment condition of the type sup,¢jo.1] Ex,0 [Y,]] <

oo (a > 1) is fulfilled if we have 7(|¢]%) < co. Indeed:
1 1
Vv € [07 1]7 EW,O [‘Yv‘a] < Eﬂ,O |:/ IS(XS)’O[ d3:| = / Eﬂ,O Ug(XS)‘a] ds = W(’S‘a)‘
0 0

Note that the nonlattice condition used in Theorem 4.4 is the same as in the discrete-time
case (see Subsection 4.3.1) and plays the same role. Indeed, writing t = n + v where n is the
integer part of ¢, we know that E [e’ ©Y] = 7(S1(¢)"(S»(¢)1x)). Using (4.5) and the fact
that S, is a contraction on LP(7) (p € (1,400)), it follows that

sup |Ex, [e! <C’Yt>” =O(p"). (4.9)
(eK
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We prove Proposition 4.4 below which is the continuous-time version of Proposition 4.2.
Then, combining Proposition 4.4 with relation (4.9), the Fourier techniques of the i.i.d. case
can be used to extend Theorems 4.1-4.3 to (Y;/v/t)i>0
Proposition 4.4. Let mg € N*. Write time t as t = n + v where n is the integer part of
t. Under condition (AS3) for some a > my, there exists a bounded open neighborhood O of
¢ =0 in R? such that we have for all f € L*(n) with any s > a/(a — mo):

Wt € (0,400), V¢ €O, Erg[e M f(Xy)] = Q)" L(C, S0(C)f) + R (¢, S0(0) ),

where A(-), L(-,-) and Ry(-,-) are the functions of Proposition 4.2. Moreover, the C-valued
functions L, ¢(C) := L((, Sv(g)f) and Ry, , ¢(¢) :== Ry, ((, Sv(g)f) are of class C"™ on O, and
we have the following properties for £ =0,...,mq:

sup Ly (0)] < oo
Ce0,vel0,1]

Ik e (0,1),  sup RV (O] = O(s").
Ce0,ve(0,1]

Note that we have A\(0) =1, L, £(0) = w(f), and Ry 41,(0) = 0.

Proof. From (4.1) and (SG), we obtain for any ¢ € R, f € L? (1 < p < 00):

(4.10)
and the desired expansion then follows from Proposition 4.2. The two following (straight-
forward) extensions of Lemmas 4.1-4.2 are needed to establish the others assertions. Let
t € (0,400).

Lemma 4.4. If 1 < p' < p, then the map { — S;(C) is continuous from R% to L(ILP,LP).

Lemma 4.5. Assume that E; o[|Y;|*] < oo for some o > mg (mg € N*), and let 1 < j < my.
If p> 1 and pj :== ap/(a + jp) > 1, then ¢ — Si(C) is j-times continuously differentiable
from R to L(LP,LP1), and supcega|S7” (O)llpp, < Enoll Vel

The regularity properties (in ¢) of the functions L((, SU(C)f) and R, (C, Sv(g)f) are not a
direct consequence of those stated in Proposition 4.2 because of the additional term S,(¢)f.
To that effect we need a careful use of the operator-type derivation procedure. This part is
postponed in Appendix A on the basis of [49]. O

5 A Berry-Esseen theorem for the M-estimators of p-mixing
Markov chains

The M-estimators are a general class of estimators in parametric statistics. This covers the
special cases of maximum likelihood estimators, the least square estimators and the minimum
contrast estimators. In the i.i.d. case, a modern treatment on M-estimation is reported in
[85, Chap. 5], and a Berry-Esseen bound for M-estimators is obtained in [74]. In a statistical
framework, such a bound has to be uniform in the parameters. Pfanzagl’s method, which is
applied to Markov data in [48], requires a preliminary result on the rate of convergence in
the CLT for additive functionals, with a precise control of the constants with respect to the
functional (cf Remark 5.1). Earlier extensions of [74] to the Markov context are discussed in
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[48]. For p-mixing Markov chains, the closest work to ours is [76]. Our main improvement
is on the moment conditions which are now close to those of the i.i.d. case. A detailed
comparison is presented at the end of the section.

Let © be any nonempty parameter set. For a Markov chain (X,,),en with state space X
and transition kernel Py which depends on @ € ©, we introduce the uniform L?(r)-spectral
gap (i.e. the uniform p-mixing) property.

(M) The Markov chain (X,)nen has a uniform 1L2(7)-spectral gap with respect to the pa-
rameter set © if

1. for all 6 € O, (X,,)nen has a unique Py-invariant distribution my;
2. for all 0 € ©, (X,,)nen s stationary (i.e. Xo ~ 7y );

3. its transition kernel satisfies Condition (AS2) in a uniform way with respect to 0,
namely there exist C > 0 and r € (0,1) such that

Vo €©, Vn > 1, HPGn_H9H2§CK/n7
where My(f) := mo(f) 1x for f € L2(n)

In order to derive a Berry-Esseen bound for the M-estimators of (X,,)nen satisfying (M),
we need a uniform Berry-Esseen bound for some specific additive functionals of the Markov
chain (X, )nen. In the next subsection, we propose such a uniform Berry-Esseen bound for
the second component of a general parametric MAP. This result will be applied to the MAPs
associated with these specific additive functionals (see Remark 5.1).

5.1 A uniform Berry-Essen bound for the second component of a para-
metric MAP

Here we propose a refinement of Proposition 4.3 and Theorem 4.2. Let us introduce the
following condition.

(A) For every 0 € ©, (X, Yn)nen is a X x R-valued MAP, Y, is Pg-integrable and centered
(z'.e. Eg[Yl] = 0)

Below, the driving Markov chain (X,,)nen is assumed to satisfy condition (M). Thus, the
notation Py stands for the underlying probability measure, which depends on 6 through the
transition kernel Qg of (Y,, X, )nen and the initial (stationary) distribution (mg,0). Eg[']
denotes the associated expectation.

Theorem 5.1. Assume that Condition (A) is true for the MAP (X,,Yn)nen and that the
driving Markov chain (Xp)nen satisfies Condition (M). If My := suppee Eg[|Y1]*1¢] < o0
with some € > 0, then 02(0) = lim,, Ey[Y,2]/n is well-defined and is finite for each 6 € O, the
function o?(-) is bounded on ©, and there exists a positive constant Cy such that

Eg[V2]| _ Cy

o}(0) - = < — (5.1)

Vn > 1, sup
0O

The constant Cy depends on the sequence (Yy,)nen, but only through the constant M.

If the two following additional conditions hold true

de >0, M;:= SupE9[|Y1|3+€] < 00 (5.2)
USC]
:= inf o(0 .
0o := inf o(6) > 0, (5.3)
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then there exists a positive constant By such that

The constant By depends on the sequence (Yy,)nen but only through og and the constant Ms.

< Br (5.4)

YO eO, Vn>1, sup <7

aeR

Recall that the proofs of Proposition 4.3 and Theorem 4.2 are based on Proposition 4.2.
Here, for any fixed # € ©, Proposition 4.2 applies and gives an expansion of Eg[e!$Y" f(X,,)],
but for a neighbourhood Oy of ( = 0, some C-valued functions Xg(-), Lg(-, f), Ron(:, f),
and some kg € (0,1), which all may depend on 6. Consequently, in order to prove The-
orem 5.1, we must establish that, under Conditions (M), (A) and the moment condition
SUPgco E9[|Y1|m0+5] < o0, all the conclusions of Proposition 4.2 are fulfilled in a uniform
way with respect to @ € ©. This job has been done in [48, Sect. II1.2] in the context of
V-geometrically ergodic Markov chains. The arguments in the present setting are the same
up to the following changes: replace the uniform V-geometrical ergodicity assumption of [48]
by Assumption (M), and replace the domination condition (D,,,) of [48] by the moment
condition supycg Eq [\Yllm”e] < 00. The previous assumptions allow us to extend Lemmas
4.1-4.2, and so Proposition 4.2, in a uniform way in 6 € ©.

Remark 5.1. In the next subsection, Theorem 5.1 will be applied as follows. Given a
Markov chain (X,,)nen satisfying Condition (M) with respect to ©, we consider the MAP
(X0, Yn(p))nen where Y, (p) depends on some parameter p € P and is of the form

Ya(p) =Y 90 Xe—1, Xi)-
k=1

The property of the constant C'y in Theorem 5.1 ensures that Inequality (5.1) is uniform in
p and ¢ when M := sup p g Eg[|Y1(p)|*T¢] < oo (of course, the asymptotic variance in
(5.1) is replaced by some o2(6,p)). In the same way, the Berry-Esseen bound (5.4) is uniform
in p and 6 when Mj := sup p 5. Eo [1Y1(p)>*¥] < o0 and inf p yeq0(6,p) > 0.

Note that these comments extend to a general MAP (X,,,Y},)nen which may depend on
some parameter «y via its probability distribution and its functional form, provided that the
bounds Ms, M3, 0g in Theorem 5.1 are uniform in ~.

Remark 5.2. The conclusions of Theorem 5.1 are also valid when Xy ~ g with ug of the
form py = ¢pdmg, provided that supycg ||pgll» < oo, with r" defined as in Subsection 4.4
(case mg = 3).

5.2 A Berry-Esseen bound for the M-estimators of p-mixing Markov chains

Throughout this subsection, © is some general parameter space and (X, ),>0 is a Markov
chain with state space X satisfying the uniform LZ?(7)-spectral gap condition (M). The
underlying probability measure and the associated expectation are denoted by Py and Egyl].
Recall that (X,,)nen is assumed to be stationary under (M). Let us introduce the additive
functional of (X,,)n>0

My () = % S Fla, Xi1, Xp) (5.5)
k=1

where o = «(f) € A is the parameter of interest, F'(-,-,-) is a real-valued measurable function
on A x X? and A is an open interval on the real line. Function F is assumed to satisfy the
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following moment condition
sup { Eg[|F(a, X0, X1)[]], 0 €0, a € A} < . (5.6)

Set My(a) := Eg[F (v, Xo,X1)]. We assume that, for each § € O, there exists a unique
ag = ap(f) € A, the so-called true value of the parameter of interest, such that we have
My(a) > Mp(ay), Yoo # ap. To estimate g, we consider the M-estimator &, defined by

M, (&) = min M, .
n(0n) glelﬁ n()
Also assume that, for all (z,y) € X2, the map o +— F(a, z,y) is twice continuously differen-

tiable on A. Let FM) and F® be the first and second order partial derivatives of F' with
respect to a. Then

1 < 1
_ = 1) (2) —— E (2
= E_ FY (o, X1, Xk), M# () = - kle (o, Xpo—1, Xk). (5.7)
We shall appeal to the following assumptions.

(VO) There exists some real constant € > 0 such that

sup [Eg UF (a X(),Xl)|3+€ + ‘F(Q)(a,Xo,Xl)PJre } < 00.
0€O, acA

(V1) V€0, EgFV (ag, X, X1)] =0 and ag = ag(0) is the unique parameter value for
which this property is true;

(V2) m(h) := Eg[FP (g, Xo, X1)] satisfies eingm(H) > 0;
€

(V3) vn > 1, MY @,) = 0.

Notice that (VO0) gives supgcg m(f) < oo. Set Yrgl)(a) = nM,Sl)(oz) and Yrgz)(a) =
n M («). Then, thanks to Theorem 5.1 applied to MAPs (X, v,V (@))nen and (X, y,? (@))nen,
the conditions (V0)-(V2) enable us to define the asymptotic variances:

o2(0) = lim - Eg[Y{V(00)’]  o3(0) = lim - By [ (¥, (ag) — nm(0))*]

n n n o n

and we know that supycg 0;(f) < oo for j = 1,2. The following additional conditions are
also required:

(V4) infpece aj(ﬁ) >0 forj=1,2.

(V5) There exist n > 2 and a measurable function W > 0 such that supgeg Eg[W"] < oo
and

V(a,d') € A2, Y(z,y) € B, |[FO(a,2,y) - FO(d,2,y)| < |a—d/| (W(z)+W(y)).

(V6) There exists a sequence ~y, — 0 such that

supPo{ |t — ao| > d } < ym,
0c®
with d := infge@ m(@)/(4(E9 [W(Xo)] + 1)) .
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Theorem 5.2. Assume that the Markov chain (X,)nen satisfies Condition (M), that F
satisfies Condition (5.6), that the M —estimator &, is defined as above, and finally that Con-
ditions (VO-V6) are fulfilled. Set 7(0) := 01(0)/m(0). Then there exists a positive constant
C such that

Vn > 1, supsup
0O ueR

1
<C|— .
- <ﬁ " 7")
Thanks to Theorem 5.1, the proof of Theorem 5.2 borrows the adaptation of Pfanzgal’s

method given in [48]. One of the main difficulties in this method is to obtain a Berry-Esseen
bound for the additive functionals Y, (p) := >"}_; 9(p, Xx—1, Xj) with p := (v, q, ) and
0)
Xyt Xp) = FO (ag, X1, Xp) + = 2L
g(p7 k—15 k) (Oéo, k=1, k) + \/am(e)

for |v| < 2y/Ing. Observe that we have from (V0-V2):

P, {% (@ — 00) < u} T

(FP (g, Xg—1, X3,) — m(0))

sup Eo[ |9(p, Xo, X1)|*™* ] < o0.
{(v,9):]v|<2y/Ing}, 0€O©

Then, Remark 5.1 gives the desired Berry-Esseen bound for (Y,,(p))nen in a uniform way over
the parameter (6,p).

When the X,,’s are ii.d., Theorem 5.2 corresponds to Pfanzagl’s theorem [74] up to
the following changes: in [74], mp is the common law of the X,,’s; the additive functional
is My(e) = (1/n) 3 }_; F(a, Xi); we simply have 03(0) = Eg[F1 (0, X()?] and 03(0) =
Eo[(FP (0, Xo) —m(0))?], and finally Assumption (V0) is replaced by the weaker (and opti-
mal) moment condition: supgeg Eq[|FW (8, Xo)[> +|F P (0, X0)[*] < oco.

Earlier extensions of [74] to the Markov context are discussed in [48]. Let us compare our
result with that of [76], in which the family of transition probabilities Py is assumed to satisfy
a uniform Doeblin condition with respect to § € ©. This condition corresponds to a uniform
[L>°-spectral gap condition with respect to © which is stronger than our Condition (M) (see
Subsection 2.1). Let us mention that the moment condition on F(!) and F®?) in [76] is the
following (a(6) = 6 in [76]):

sup [Ey |:‘F'(1)(9,)((),)(1)‘3 + |F(2)(9,X0,X1)‘3 ‘ Xy = az} < Q.
zeX,0eO

Because of the supremum over x € X, this condition is in general much stronger than our
moment condition (VO0) (despite the order 3+¢ in (VO0) instead of 3). To see that, neglect the
role of 6 and consider a functional f on X. Then the difference between the condition used in
[76] and (VO0) is comparable to that between sup,cx E[|f(X1)]? | Xo = 2] and E.[|f(X71)[>*¢]
(or, equivalently, between the supremum norm ||P(|f|?)||cc and the norm |[|f|/34e of f in
L3%4()). Consequently, Theorem 5.2 applies to the models considered in [76] but requires
weaker moment conditions.

Remark 5.3. The conclusion of Theorem 5.2 holds true when Xy ~ g and pg satisfies the
condition given in Remark 5.2. In this case, if F' is such that

sup  Eo[|F(a, Xo, X1)|7] < o0
0eO, acA

for some € > 0, then My(«) = Eg[F (v, X0, X1)] can also be defined by (see Subsection 4.4):
My(@) = lim Eg,, (M (@),
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6 Conclusion

In this paper, we propose limit theorems for the second component (Y;)ier of a discrete
or continuous-time Markov Additive Process (MAP) (X;,Y;)ier when (X;)ier has a L2(n)-
spectral gap. The derivation of the CLT is based on a p-mixing condition strongly connected
to the IL?(r)-spectral gap property. The results related to the convergence rate in the CLT are
developed from the weak spectral method of [49]. Note that here the discrete and continuous-
time cases are covered in a unified way. In this context, the semigroup property (SG) for
the family of operators (S,;(())teT defined by (S¢(¢)f)(x) := Eg 0 [¢’ (C.Ys) f(Xy)] (¢ e RY,
x € X) has a central role. We mention that this semigroup property is essentially true only
for MAPs. The impact of the results is expected to be high for models involving a L2(r)-
spectral gap, since the limit theorems are valid for general (discrete and continuous time)
MAPs, and under optimal (or almost optimal) moment conditions. This is illustrated in
Section 5 where a Berry-Esseen bound for the M-estimator associated with p-mixing Markov
chains, is derived under the (almost) expected moment condition.

A Additional material for the proof of Proposition 4.4.

Here, we study the regularity properties of the functions ¢ L(C7 SU(C)f) and ( — R, (C, SU(C)f)

involved in the decomposition of Proposition 4.4.
1) Let us recall that we have (see (4.2))

V¢ eRLYR €N, Eqo[e!©¥) £(X,)] = 7(S1(O)"f).
and, for ¢ in some open neighbourhood O of ¢ = 0, (see [49, 7.2])

S1(Q)" = AO"I(C) + N ()",

where A(() is the dominant eigenvalue of S1(¢), II({) is the associated rank-one eigenprojec-
tion and N(() is a bounded linear operator on each LP(7) 1 < p < oo. Both equalities imply
that

Ero[e"C¥™ f(X,)] = MO " (IIQ) ) + m(N ()™ f). (A1)

Furthermore the eigenprojection II(¢) and the operators N ()™ are defined as in the standard
perturbation theory by

MO = § -5(0) " dee  NO = ¢ 2" (2= $1(Q) de,

- 2im Jp, - 2im Jr,

where these line integrals are considered respectively on some oriented circle I'; centered at
z = 1, and on some oriented circle I'y centered at z = 0, with radius k < 1 where « is (for
instance) (1 4 exp(—¢))/2 with ¢ defined in (2.2).

2) Let us return to the continuous-time case. We obtain from (4.10) and (A.1)

Vi€ O, Erple' O £(X0)] = MO)"m (IO (S0(¢).S)) +m (N ()" (Su(C)f))-

Thus, we can write with the notations introduced in Proposition 4.4

vte O, L(¢,Su(Q)f) = m(I(C)(Su(O)f)),  RulC,8u(Q)f) = m(N()"(S:(C)f))-
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Therefore, we only need to study the regularity of the map ¢ — (z — 51(4))_1 0 S,(¢) on
O for controlling that of the map ¢ — Er [ei@’m f (Xt)] on O (and, as a result, proving
Proposition 4.4).

3) Recall that [ - [|,,» denotes the operator norm in the space L(ILP,1L”") of the linear
bounded operators from LP(7) to L (7). The notation W (-) € C’(6,0’) means that there
exists a bounded open neighborhood V of ¢ = 0 in R such that:

VCe Vv, W(¢) e L(LY, L) and W : V — L(L?,LY) has a continuous j-order differential
on V.

Let us introduce the maps U : ¢ + (z — S1(¢))" and V : ¢ = S,(¢). We are going to apply
the next obvious regularity property. Let 1 < 0012 < O2me+1 < -+ < 01 < 0y < oo (note
that L% c L% C ... C L%2mo+1 € LP2m0+2), and assume that we have:

U € C%(02mg+1, 02mo+2) N C (G2mo—1, B2me+2) N -+ N C™0 (03, Oamg2) N C™ (01, 02 12)
Ve 60(90, 91) N 61(91, 93) n---N Cmo_l(el, 92m0_1) ncmo (91, 92m0+1).

Then UV € C™° (90, 92m0+2).

4) Let us introduce the following (non-increasing) maps from [1, +00) to R:

ab ab
T()(@) = Oé—|-€09 and T1(9) = o +9

where g9 will be defined in (A.4). Let § > 1. Lemma 4.4 and the continuous inclusions
between the Lebesgue spaces show that

To(0) > 1 = YO € [1,Th(0)], Su(-) €C°(0,6). (A.2)
On the same way, Lemma 4.5 gives for j = 1,...,my:
T(0) > 1 = V0’ € [1,T{(0)], Su() € C7(6,0)), (A.3)

and the derivatives in the last property are uniformly bounded in v € [0,1] on any bounded
open neighborhood of { = 0.
Now set 6y := s, 01 := Ty(s), and observe that the assumption on s (i.e. s > a/(a —my))
is equivalent to 77" (6p) = aby/(a + moby) > 1, so that there exists 9 > 0 such that
a90

(ToT0)™ To(01) = (ToT)™ To(To(00)) = — Y T S TR 1. (A.4)

Define
92 = T0(91), 93 = T1T0(91), 94 = TQTlT()(@l), . ,92m0+2 = (T()Tl)mOTo(Ql),

namely: 92]' = (ToTl)j_lTo(el) for j = 1,...,mp + 1, and 02j+1 = Tl(ToTl)j_lTo(el)
for j = 1,...,mg. Note that 02,,4+2 = 1. From (A.2)-(A.3), V() := S,(-) satisfies the
regularity properties stated in part 3), and the corresponding derivatives (on any bounded
open neighborhood of ¢ = 0) are uniformly bounded in v € [0, 1].

Next, setting I := {01,0a,...,02m12}, it follows from (A.2)-(A.3) (with v = 1) that
condition C(myg) of [49, 7.1] holds, so that the conclusions reported in [49, p.48] are true:
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(Ho) if 0 € I and Ty(0) € I, then ¢ — (2 —S1(¢))~! € C(0,To()) uniformly in z € ToUTY.

and for £ =1,...,my:

J4
(Hg) If 0 € ﬂ [To_l(T()Tl)_k([)ﬂ(TlTo)_k([)], then ¢ — (Z—Sl(C))_l ect (9, (TOTl)ZTO(H))
um’forﬁz:lg(/) inzelogUly.

Therefore U(-) := (z — S1(+)) ! satisfies the regularity properties stated in part 3).

5) Finally, we deduce from the property of part 3) that there exists a neighbourhood V
of ¢ = 0 in R? such that the map ¢ — (z—S1(¢))"" 0 Sy(¢) is mo-times continuously
differentiable from V to £(IL*(7),L!(7)) uniformly in z € Ty UT'; and furthermore we have
for £=0,...,mg:

sup {H(<z ~ 510 0 8u(¢) ], ; z€ToUTy, (€O, ve O, 1]} < 0.
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