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In this article, we recall the methods generally followed to compute
stresses, and then develop a simple alternative. In order to improve the
accuracy and stability with very few elements, we improve the proposed
method to a second one. The latter method is then assessed on two exam-
ples to compute interface stresses of a sandwich structure. The robustness
of the method is terms of convergence speed, accuracy and stability is
demonstrated. The simplicity of formulation and implementation is also
emphasized.
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1 Introduction

Progress in materials science have led to the industrial use of more and more
new materials. Among these materials, sandwich materials only begin to make
great strides and to be appreciated in the field of transport (automotive, aero-
nautics, shipbuilding and railroads) or civil engineering. Nevertheless, their
numerical modelling still suffers from a lack of accuracy.

A sandwich structure is a 3-layer laminated one, whose layers have very dif-
ferent geometrical and mechanical properties:

– the skins, which are generally thins and very stiff, work in membrane;
– while the core, which is thick and has low stiffness and density, is subjected
to shear efforts.

Every material which can be obtained in a thin skin shape is acceptable for
the skins and every material with low density is acceptable for the core, so
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that sandwich materials cover an extremely wide domain, and are therefore
difficult to study in a global way.

Nevertheless, whatever the chosen materials may be, we shall restrain our
study to the following assumptions concerning the conditions for the physical
existence of interfaces between the different layers:

– the displacement field must be continuous:
· the continuity of the normal component at the interface implies that there
is no disbond;

· the continuity of the tangential component that there is no sliding;
– with these hypotheses on the displacements, the vector T (Ti = σijnj is the
normal trace of the stress tensor along a surface (3D) or a curve (2D) with
outgoing normal vector of components nj) must be continuous at interfaces
too.

The values of interlaminar stresses (and especially of transverse shear stress,
since the core is essentially subjected to shear loading) are of great importance
for designers. Thus, it is to be noticed that it is necessary:

– to accept totally different mechanical and geometrical properties in each
layer: this is the definition of a sandwich;

– to take effects of transverse shear into account: experiments show that sand-
wiches often fail in delamination, i.e. due to transverse shear loading. Nu-
merically, this component can reach high values;

– to eliminate the plane stress assumption used in the classical laminate the-
ory: it has been observed that the out-of-plane component (i.e. in the direc-
tion of the thickness) is not equal to zero. Even, if its value remains small
compared to others components, it is sufficiently high in the core, where the
rigidity in this direction is low, to induce important effects.

In this article, we do not treat failure modes, particular to sandwich structures,
which are described by Teti and Caprino1 for example. We only study sandwich
structures in the case of three-dimensional linear elasticity theory.

2 Finite element modelling

The problem is to ensure the continuity of only some components of the stress
tensor at interfaces (the vector T ), so that the physical coherence of the in-
terface and the force equilibrium state will be verified.
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First, we must remark that it is possible to use “special elements” for the
computation of highly heterogeneous structures:

– mixed elements of Reissner’s type, or hybrid mixed Pian and Tong based
elements2: their main advantage is to directly yield the continuity of the
stress tensor; their disadvantages are that all components of the stress tensor
are continuous which is excessive;

– “interface elements” have been developed from Reissner’s formulation, by
relaxing superabundant continuities by removing excessive components (i.e.
by adding conditions between components) or by moving some degrees of
freedom to the interior of the element, so that they do not enter the assembly
process. Such elements perfectly fit the requirements, but are extremely
difficult to developp (it does not exist a systematic method to generate
them). For these method, one can refer to the PhD thesis of Aivazzadeh3

for example;
– “hybrid sandwich elements”, based on different functional modified using
Lagrange multipliers have also been developed. They fit the requirements
and are more easy to develop than the previous one (it can be done sys-
temaically). Nevertheless, the global stiffness matrix is not always symetri-
cal: see for example 4,5.

All these special elements have the same main disadvantage: they lead to a
stiffness matrix which is bigger (more variables than the displacement method
since we add nodal stresses) and no more definite-positive, which means that
the computation time is increased.

In order to use the most efficient algorithms, it is necessary to conserve
a definite-positive stiffness matrix: in other words, it is more judicious to
use a classical modelling using displacements elements and an efficient post-
processing method. In this case, it is therefore necessary to modify the way
of deriving nodal stresses from nodal displacements in order to ensure the
continuities and the accuracy.

When using classical (displacement) elements, it is not possible to reach di-
rectly the nodal stresses, i.e. nodal stresses have to be recovered from the
nodal displacements using the following formula:

τ = NσDLNuq (1)

where τ is the vector of nodal stresses, Nσ andNu the matrices of shape func-
tions for stresses and displacements respectively, D the generalized Hooke’s
matrix relating stresses to strains, L the matrix of the differential operator
relating strains to displacements and q the vector of nodal displacements.
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However, the method corresponding to relation (1) has been shown to be
numerically the worst6. Hence, instead of using this relation, finite elements
programs generally minimize the difference between the direct computation
and the mixed formulation (Reissner’s solution).
It means that one tries to minimize the difference between nodal stresses
computed from displacements:

σu = DLNuq (2)

and stresses obtained in a “mixed” way:

σm = Nστ (3)

This minimization process is generally expressed using a least squares formulation6:
∫
Ω
(σm − σu)

2 dΩ = 0 (4)

where Ω is the studied volume (3D) or surface (2D), or using the “stress
projection” method7 (also known as L2-projection):

∫
Ω

tNσ (σm − σu) dΩ = 0 (5)

which yields a matrix system of the following form:

Mστ = Pu

with:
Mσ =

∫
Ω

tNσNσ dΩ

and
Pu =

∫
Ω

tNσDLNuq dΩ

from which nodal stresses can be found as:

τ = Mσ

−1Pu (6)

In these equations, Nσ = Nu is generally used.

It is to be noticed that the minimization process can be performed over the
whole structure (global) or element by element (local), as explained in 6. Nev-
ertheless, Hinton and Campbell have shown that it does not worth it to do
a global minimization (which implies a big matrice representing the whole
structure), because the local process converges towards the same solution and
only involves small matrices6.

It is also known that the displacements formulation together with, for example,
a least squares method needs a very fine and regular mesh to converge towards
the right value.
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3 “direct local Reissner” method

Taking the aformentioned points into account, we come to the conclusion that
it would probably be simpler and faster to find the stress field using directly
Reissner’s formulation in each element, instead of minimizing a difference be-
tween two solutions.

Hence, the Reissner’s formulation can be decoupled in order to be used as a
post-processing method, and performed only locally. It this case, nodal stresses
are computed from displacements using the following relation:

τ = A−1Bq (7)

with:

A = +
∫
Ω

tNσSNσ dΩ

B = +
∫
Ω

tNσLNu dΩ

where S = D−1 is the compliance matrix.

With such a formulation, we do not need any more to speak about “conver-
gence”, since we calculate Reissner’s solution. We shall refer to this method
as the “direct local Reissner” method.

4 “local Reissner”

All of the methods presented, i.e. least squares, stress projection or direct local
Reissner, work perfectly and converge towards the Reissner solution, although
not with the same speed. However, this was not studied.

An other problem appearing is the “averaging problem”: with the methods
presented above, nodal stresses are reached within each element. The results
have then to be averaged at nodes belonging to more than one element. It can
lead to very inaccurate results when the material properties varie from one
element to an other (i.e. at an interface).

The present problem is to accuratly compute stresses at the bonded interface
between two very different materials, and if possible to speed up the conver-
gence compared to methods presented in the previous sections.
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Fig. 1. Sandwich beam

The “averaging problem” emphazises the key of the problem: the choice of the
volume or surface of interest, Ω.

– if Ω is the whole structure, the process is global and involves a big matrice;
– if Ω is one single element, the process is local, but we face the averaging
problem.

For this reason, we propose to use the formulation of the “direct local Reissner”
method, but only where it is needed: this method is applied only locally, along

the interfaces, on two adjacent elements (one belonging to the core, the other
to a skin), so that we only deal with small matrices. So, Ω is the volume (or
surface) represented by two elements on each side on the interface.

This method will be referred to as the “local Reissner” method.

We can already point out the mains features of the local Reissner method:

– we use a direct computation of stresses from displacements (not a minimiza-
tion process);

– we directly reach nodal stresses (and not stresses located at Gauss points,
from where there are extrapolated, and then averaged);

– we only have small matrices, which means that it becomes easy to program
the method and to implement it in existing finite elements codes. Results
presented in the next sections have been obtained with a macro command
implemented in the FEM package Ansys.

5 Example 1: sandwich beam

We now illustrate the effective improvement yielded by the local Reissner
method.

Let us consider a simply supported sandwich beam subjected to an uniform
pressure on its top face, as shown in figure 1. The skins are made of CFRP
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Fig. 2. Convergence of σzz

T300-914 (Exx = 125 GPa, Eyy = Ezz = 10 GPa, νxy = νyz = νxz = 0.3
(major Poisson ratios), Gxy = Gyz = Gxz = 5 GPa) and the core of foam
(E = 340 MPa and ν = 0.40). The total length is L = 24 mm and the total
height H = 2 mm. The width is taken equal to 1 mm. The core represents
80% of the total height of this symmetrical sandwich. The applied pressure is
q = −1 N/mm2. By symmetry, only one half of the beam has been modelled.

Since it is known that the displacements method enables us taking this kind of
materials into account, and can lead to an accurate representation of stresses,
even at interfaces, if a very fine and regular mesh is used, our reference mesh
is likely to be: 4 elements through the thickness of each skin, 32 through the
thickness of the core, and 400 longitudinal cuts of the half beam, so 16000
elements will be used. It permits to reach Pagano’s solution9.

The point of interest for our study is the point A shown on figure 1, at coor-
dinate x = L/4 and at the interface between the top skin and the core.
At this point, the quantities of interest are the components of stresses: inter-
laminar components σxz and σzz must be continuous, whereas the component
σxx does not have to satisfy this continuity (and in this case, must be discon-
tinuous).

Convergence results concerning the interlaminar stresses σzz and σxz are illus-
trated in figures 2 and 3.

Only results corresponding to the later method, the local Reissner method,
are presented. They are compared with results obtained with the well known
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Fig. 3. Convergence of σxz

software Ansys 5.3, which uses a least squares minimization in each element
and nodal averaging to compute the nodal stresses from displacements.

Only a very coarse meshing is used for the following reasons:

– with such “limit cases” it is possible to see the stability and convergence
speed of the methods;

– only very few elements permit to have a very good accuracy of displace-
ments, one of the most important quantity in design. We shall use only 1
element through the thickness of each layer. Only the number of longitudi-
nal cuts of the half beam, ncuts, will vary in the study (with only 2 cuts,
the error concerning displacements is less than 2%);

– this case is simple. During the design stage, calculations are always effectu-
ated using very few elements. But engineers hope (and it should be so) that
it is sufficient to have a correct accuracy, even for stresses.

One important factor entering the accuracy of results is the ratio Es/Ec of
Young modulus of the skins over Young modulus of the core, in the working
direction (which depends on the chosen example).

Figure 4 illustrates the stability of the local Reissner when the Es/Ec increases.
For this purpose, we plot the interlaminar shear stress σxz as a function of
the ratio Es/Ec on the presented sandwich beam, but composed of isotropic
materials for the skins and the core.

Others examples, such as a sandwich plate or an adhesive joint, can be found
in 5 and 8.
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Fig. 4. σxz at high Es/Ec ratios

To conclude this example, it is important to emphasize that with the utilized
mesh the local Reissner method, in all cases:

– leads to more accurate results;
– increases the convergence speed;

which it is particularly important for designers who generally use relatively
coarse meshes. In other words, the robustness of the local Reissner method
has been demonstrated on this example.

6 Example 2: U-type beam

We shall now briefly focus on the stability of the local Reissner method. For
this purpose, let us consider the U-type beam presented in figure 5.

H = 2 mm and L = 20 mm are constants, but the radius Rint varies from
5 mm to 0.125 mm (leading to a ratio R/H between 3 and 0.5625). This is
the important point of the study since we know that decreasing this ratio is
equivalent to getting closer to a singularity.

Once again, the core represents 80% of the total height of this symmetrical
sandwich. But isotropic materials are used (to simplify the interpretation of
results). The skins are made of aluminum (Es = 70000 MPa and νs = 0.34)
and the material of the core varies : νc = 0.40 is constant, but Ec takes the
following values: 340 MPa (epoxy), 34 MPa (foam), 140 MPa (foam) and
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Fig. 5. U-type beam

70 MPa (soft foam). The applied lateral force is F = 1 N/mm (the thickness
of the beam is equal to 1 mm). By symmetry, only one half of the beam has
been modelled.

This example is intended to prove the stability of local Reissner method when
the ratio R/H becomes small at the same time that the ratio of Young moduli
Es/Ec becomes higher (see figure 4).

The meshes used are the following:

– reference: 2 elements through the thickness of each skin, 16 through the
thickness of the core, nrcuts longitudinal cuts for the inner quarter of circle,
2 × nrcuts for the outer quarter of circle, and ncuts longitudinal cuts for
the length L.

– computations: 1 element through the thickness of each skin, 2 through the
thickness of the core, and nrcuts longitudinal cuts for both inner and outer
quarters of circle, and ncuts longitudinal cuts for the length L.

The values used for ncuts and nrcuts for the different values of R/H ratio are
given in table 1. They permit to obtain meshes having the same shape as in
figure 6.
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Table 1
parameters of meshes

Rint R/H reference computation

ncuts nrcuts ncuts nrcuts

5 3 50 20 25 8

3 2 50 20 25 8

2 1.5 50 20 25 6

1 1 50 12 25 6

0.75 0.875 50 12 25 6

0.5 0.75 50 12 25 6

0.25 0.625 60 8 30 4

0.125 0.5625 60 8 30 4

a) reference b) computation

Fig. 6. mesh of the quarter of circle (case Rint = 0.75)

We only retain points A, C and F , shown in figure 5, in the results, and we
only look at σ12 or σ22 (interlaminar stresses: arabic numbers ‘1’ and ‘2’ denote
local coordinate system whereas ‘x’ and ‘y’ were used for global coordinate
system) when both R/H and Es/Ec varie.

In the figures presenting the results (figures 7 to 10), the following legend is
used:
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Fig. 7. σ12 at point A
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Results concerning point A are given in figures 7 and 8. σ22 at point C and
σ12 at point F are reported in figures 9 and 10 respectively.
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Fig. 9. σ22 at point C
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Fig. 10. σ12 at point F

All these figures (7 to 10) perfectly illustrate the fact that the local Reissner
method is not sensitive to the singularity.

– Figure 7 shows that σ12 at point A is always close to zero, whereas Ansys

(least squares and nodal averaging) gives values up to 4 MPa.
– Figure 8 illustrate the fact that σ12/σ

ref
12 at point A remains close to one,

even if it gets a little bit worst when approaching the singularity, whereas
Ansys strongly diverges. The same conclusion can be drawn for figure 9
presenting σ22/σ

ref
22 at point C.

– Contrary to the others figures, figure 10 presenting σ12/σ
ref
12 at point F ex-
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hibits numerical problems at higher R/H ratios. These problems are not
encountered when using the local Reissner method, which gives results re-
maining close to one.

To conclude this example, we can say that in all cases the local Reissner
method:

– leads to more accurate results;
– is quite insensitive to numerical problems accuring with Ansys.

7 Conclusions

In this article, we have seen that the computation of interface stresses can be
improved:

– In section 3, we presented the “direct local Reissner” method, which is an
alternative to the stress projection method or the least squares method for
determining nodal stresses from nodal displacements;

– In section 4, we improved the last method to the “local Reissner” on two
elements, yielding more stable and accurate results for stresses, especially
at interfaces of multi-layered materials.

The last method, local Reissner, is particularly interesting when dealing with
multi-layered materials having very heterogeneous mechanical and geometrical
properties, such as sandwiches structures.

From the treated examples, we can conclude that the local Reissner method:

– speed up the convergence (which permits to use coarse meshes);
– is more accurate;
– more stable (quite insensitive to numerical problems).

It is also important to notice its simplicity of formulation and of implementa-
tion, even in existing finite element programs.

The last point is that the present formulation can be applied every time that
an interface between two different materials is encountered, the method having
been shown to be particularly robust when the differences in the mechanical
properties between the layers is very important.
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The present method is an interesting tools for engineers involved in the design
of structures using any highly-heterogeneous multilayered materials.
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