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Abstract. We define and study the notion of ample metric generics for a Polish topological group,
which is a weakening of the notion of ample generics introduced by Kechris and Rosendal in [KR07].
Our work is based on the concept of a Polish topometric group, defined in this article. Using Kechris
and Rosendal’s work as a guide, we explore consequences of ample metric generics (or, more generally,
ample generics for Polish topometric groups). Then we provide examples of Polish groups with ample
metric generics, such as the isometry group Iso(U1) of the bounded Urysohn space, the unitary group
U(ℓ2) of a separable Hilbert space, and the automorphism group Aut([0, 1], λ) of the Lebesgue measure
algebra on [0, 1]. We deduce from this and earlier work of Kittrell and Tsankov that this last group has
the automatic continuity property, i.e., any morphism from Aut([0, 1], λ) into a separable topological
group is continuous.

1. Introduction

This paper presents a technique to study “large” Polish groups1. These groups, which typically appear
as automorphism groups of highly homogeneous structures, may have some surprising properties; an
example could be the small index property, which states that any subgroup of index strictly less than
the continuum is open. Another interesting possible attribute of such groups is the Bergman property:
whenever G acts by isometries on a metric space, all the orbits are bounded. Or one could think of
extreme amenability (all continuous actions on compact sets have fixed points), the Steinhaus property
(which implies that any morphism from G to a separable group H is continuous). . . the list could go on
and on.

In their paper [KR07], Kechris and Rosendal continued work initiated by Hodges, Hodkinson, Lascar
and Shelah in [HHLS93] and introduced the notion of ample generics for a Polish group G: G has ample
generics if for any n there exists a tuple ḡ = (g0, . . . , gn−1) ∈ G whose diagonal conjugacy class

ḡG = {(kg0k
−1, . . . , kgn−1k

−1) : k ∈ G}

is co-meagre in Gn. Kechris and Rosendal showed that this notion provides a unified approach to some
of the properties discussed above, as any Polish group with ample generics must have the small index
property and the Steinhaus property (among others). Ample generics is also closely related to the
Bergman property. Finally, having ample generics is a strong condition, and Polish groups with ample
generics are relatively rare.

Frustratingly, Polish groups with ample generics are even scarcer than one would hope: at the moment
all known examples are subgroups of S∞, the permutation group on the set of integers. It is a standard
fact that the closed subgroups of S∞ are exactly (up to a homeomorphic isomorphism) the automorphism
groups of countable logical structures, and as such are far from covering the whole variety of Polish groups
(for example, they are totally disconnected). General Polish groups are, on the other hand, exactly the
automorphism groups of Polish metric structures, in the sense of continuous logic, a generalisation of
first order logic introduced by A. Usvyatsov and the first author in [BU10]. We thus find ourselves doing
some kind of transition from a discrete setting to a metric one, and it may be worthwhile to see how
model theory has handled the same transition.

In metric model theory (see [BBHU08] for a general survey) it is a recurrent practice to take some
object which, in the discrete setting, would be purely topological (most commonly, a type space), add
some natural distance which refines the topology, and then adapt definitions to take this additional
distance into account (since the topology alone need no longer provide enough information). This goes
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back to Iovino’s definition of λ-stability in Banach spaces [Iov99], as well as to Henson’s version of
the Ryll-Nardzewski Theorem for metric structures (unpublished by its author, but see [BU07]). The
formalism of topometric spaces which we use here is introduced in [BU10, Ben08], where it is used to
define a generalisation of the Cantor-Bendixson analysis, for the purpose of defining local stability and
ℵ0-stability in metric structures. One sanity check which such modifications must pass is that for a
discrete distance the modified definitions should coincide with the classical ones.

In the situation at hand, the automorphism group of a metric structure G = Aut(M) is equipped
with the topology τ of point-wise convergence, as in the discrete case, and at the same time can be
equipped with the distance ∂ of uniform convergence (which is discrete for a discrete structure, so passes
unnoticed). The topology τ is a group topology, and is Polish whenever M is Polish; the distance ∂ is
bi-invariant (so in particular, induces a group topology), refines τ , and is not in general separable. If a
Polish group (G, τ) is not given as an automorphism group, it still admits a coarsest bi-invariant distance
refining the topology τ of G. One is thus led to study triplets (G, τ, ∂) where (G, τ) is a Polish group
and ∂ is a bi-invariant distance which refines τ (and satisfies an additional compatibility condition, see
Section 2); such triplets will be called Polish topometric groups. Even in the case of a pure Polish group
(G, τ), taking the induced bi-invariant distance ∂u into account will allow us to retrieve information
about (G, τ).

We say that a Polish topometric group (G, τ, ∂) has ample generics if it admits diagonal conjugacy
classes whose ∂-closures are τ -co-meagre. If (G, τ, ∂u) has ample generics we say that (G, τ) has ample
metric generics. The reader will notice that this passes our sanity check requirement.

First, this relaxation of the definition of ample generics allows new examples. Indeed, in Section 6 we
provide examples of groups G without ample generics (in fact, in which all diagonal conjugacy classes
are known to be meagre), which do have ample metric generics. Such groups include the isometry group
of the universal Urysohn space, the group of measure-preserving automorphisms of the unit interval, and
the unitary group of a complex Hilbert space.

Second, the relaxed definition allows results similar to those in [KR07], discussed in Section 4. Our
main automatic continuity result is the following.

Theorem. Let (G, τ, ∂) be a Polish topometric group with ample generics, H a separable topological
group and ϕ : G → H a morphism such that ϕ : (G, ∂) → H is continuous. Then ϕ : (G, τ) → H is
continuous.

This theorem, along with work of Kittrell and Tsankov [KT10], and the fact that the group
Aut([0, 1], λ) of measure preserving transformations of the unit interval has ample metric generics, yields
the following result.

Theorem. Let ϕ : Aut([0, 1], λ) → H be a morphism, with H a separable topological group. Then ϕ is
continuous when Aut([0, 1], λ) is endowed with its usual Polish topology.

From this and [Gla] one may deduce the following result.

Theorem. The group Aut([0, 1], λ) has a unique topology which is Hausdorff, second-countable, and
compatible with its group structure (namely, its usual Polish group topology).

We should note here that Kallman [Kal85] had already proved that Aut([0, 1], λ) admits a unique
Polish group topology compatible with its algebraic structure.

The structure of most of our arguments is very similar to those of Kechris and Rosendal; in some
proofs in Sections 3 and 4 of the paper, whenever one replaces ε by 0 one obtains an argument that
appears verbatim in [KR07]. For the convenience of the reader, we still present the proofs in full detail.

2. Preliminaries

2.1. Polish spaces and groups. Recall that a Polish space is a separable topological space X which
is completely metrisable, i.e., admits a compatible complete distance. Some times we want the distance
on X to be fixed: by a Polish metric space we mean a complete separable metric space (X, d).

Whenever (X, d) is a metric space, one can consider its isometry group Iso(X, d), the group of distance-
preserving bijections from X onto itself, equipped with the (group) topology of point-wise convergence.
When (X, d) is a Polish metric space, Iso(X, d) is a Polish group, i.e., a topological group which is
Polish as a topological space. Note that, by the Birkhoff-Kakutani theorem, any Polish group admits a
compatible left-invariant distance (which need not be complete).

A major tool in the study of Polish spaces is the Baire category theorem. Recall that a subset A
of a topological space is meagre if it is a countable union of nowhere-dense sets. It is co-meagre if
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its complement is meagre, or equivalently, if it contains a countable intersection of dense open sets.
The Baire category theorem asserts that, in a Polish space, any co-meagre set is dense. This notion
is particularly useful in Polish groups, because of Pettis’ theorem, which asserts that whenever G is a
Polish group and A is a subset of G that is co-meagre in some non empty open set then A·A−1 contains
a neighbourhood of 1G. We shall make frequent use of this theorem below. Let us point out two well-
known consequences of Pettis’ theorem: first, if H is a subgroup of a Polish group G which is co-meagre
in some non empty open subset of G, then H is open in G. Second, if ϕ : G → H is a continuous, bijective
morphism between two Polish groups, then ϕ is a homeomorphism.

We need to recall some other classical notions of descriptive set theory. If X is a Polish space and
A ⊆ X , one says that A is Baire-measurable if there exists an open subset O of X such that A∆O is
meagre. These sets form a σ-algebra that contains the Borel subsets of X . Whenever a Baire-measurable
set is non meagre it must be co-meagre in some non empty open set, and this fact is frequently used
below, often in conjunction with Pettis’ theorem. Another important property of Baire-measurable sets
is the Kuratowski-Ulam Theorem.

Fact 2.1 (Kuratowski-Ulam Theorem). Let X and Y be Polish spaces and let A ⊆ X × Y be Baire-
measurable. For x ∈ X let Ax = {y : (x, y) ∈ A}. Then A is co-meagre in X × Y if and only if Ax

is co-meagre in Y for all x in a co-meagre set, and in any case Ax is Baire-measurable for all x in a
co-meagre set.

Given an ambient space X , the notation ∀∗x P (x) means that the set {x ∈ X : P (x)} is co-meagre in
X . Then the first assertion of the Theorem can be restated as

∀∗(x, y) (x, y) ∈ A ⇐⇒ ∀∗x ∀∗y (x, y) ∈ A.

The σ-algebra of Baire-measurable sets of a Polish space X contains (if X is uncountable) sets that
are non Borel. In particular, any analytic subset of X is Baire-measurable. Recall that a subset A of
X is analytic if there exists a Polish space Y and a Borel subset B of X × Y such that A is equal to
the projection of B on the first coordinate. In what follows, we shall use two facts about analytic sets,
besides their Baire-measurability: the intersection of countably many analytic subsets of a Polish space
X is still analytic; and whenever X,Y are Polish metric spaces, A ⊆ X is analytic and f : X → Y is
continuous, the set f(A) is an analytic subset of Y .

For information about Polish spaces and groups, and about descriptive set theory, the reader is invited
to consult [Gao09], [Kec95] and the bibliographical references therein.

2.2. Topometric groups. We define the main objects of study of this paper.

Definition 2.2. We say that a triplet (X, τ, ∂) is a topometric space if X is a set, τ is a topology on
X and ∂ is a distance such that the topology induced by ∂ refines τ in such a way that ∂ is τ -lower
semi-continuous, i.e., the set {(x, y) : ∂(x, y) ≤ r} is closed for all r.

A topometric group is a triplet (G, τ, ∂) which is a topometric space and is such that (G, τ) is a
topological group and ∂ is bi-invariant.

(Topometric spaces were originally introduced in [BU10, Ben08].)

Example 2.3. Let (G, τ) be a metrisable group and let dL be a compatible left-invariant distance on G.
We then define

∂u(g, h) = sup
k∈G

dL(gk, hk).

One can check that ∂u is bi-invariant, refines τ , and is coarsest such (up to uniform equivalence).
Moreover, (G, τ, ∂u) is a topometric group, and if G is Polish then ∂u is complete (even though dL
need not be).

By analogy with distances, one could say that a uniformity on a group is bi-invariant if it is generated
by bi-invariant entourages. Then every topological group admits a coarsest bi-invariant uniformity
refining its topology, and if the group is metrisable then so is the corresponding bi-invariant uniformity,
being given by ∂u as above.

By a convenient abuse of notation, we shall tend to ignore the distinction between any two uniformly
equivalent distances. Specifically, whenever (G, τ) is a Polish group and ∂ is a distance that generates
the coarsest bi-invariant uniformity refining τ , we shall write ∂ = ∂u, even though of course there are
many different distances that generate this uniformity.
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Remark 2.4. It is important to point out that some distances we consider (and most bi-invariant distances,
such as ∂u) need not be separable. Such distances will be denoted throughout by ∂, to emphasise the
fact that these are not the distances one is used to considering when dealing with Polish spaces and
groups. For example, if (G, τ) is the unitary group U(ℓ2) equipped with the strong operator topology,
then ∂u is (equivalent to) the non separable operator norm.

Definition 2.5. A topometric action of a Polish group (G, τG) on a topometric space (X, τ, ∂) is a
continuous group action (i.e., (g, x) 7→ g·x is continuous) which acts by ∂-isometries. Whenever G
acts topometrically on X , we shall consider the diagonal action of G on Xn, which is also naturally a
topometric action on Xn (Xn being endowed with the product topology and the supremum metric).

An interesting aspect of the metric in topometric spaces is that it enables us to enlarge sets slightly:
if (X, τ, ∂) is a topometric space, A ⊆ X and ε > 0 then we define

(A)ε = {x ∈ X : ∂(x,A) < ε}.

In the following, we focus on Polish topometric spaces and groups, that is to say we only consider
topometric spaces and groups whose topology is Polish. In this setting, our technical assumption on
∂ implies in particular that it is a Borel function from X × X to R, and so it is easy to check that,
whenever A ⊆ X is analytic and ε > 0, (A)ε is also analytic. Indeed, (A)ε is equal to the projection on
the first coordinate of the following subset of X ×X :

{

(x, y) ∈ X ×X : x ∈ X and y ∈ A and ∂(x, y) < ε
}

.

This set is analytic, and the projection of an analytic subset of X × X is an analytic subset of X .
Consequently, the uniform closure of any analytic subset of X is again analytic.

2.3. Metric logical structures. Let us begin with a convention that we shall follow throughout the
paper: whenever (M,d) is a metric space and n ∈ N, we endow Mn with the supremum metric, which
we also denote by d.

Definition 2.6. A metric structure M is a complete bounded metric space (M,d), along with a family
(Pi)i∈I of continuous predicates, i.e., uniformly continuous bounded maps Pi : M

ki → R, and a family
(fj)j∈J of functions, i.e., uniformly continuous maps fj : M

ℓj → M (where ki, ℓj ∈ N). We always
assume that the distance function d is included in our list of predicates.

The structure is said to be Polish if the underlying metric space is, that is, if M is separable.
If M and N are metric structures, an isomorphism ϕ : M → N is a bijection ϕ : M → N which

preserves all the predicates (including the distance) and functions. If M = N then it is an automorphism.

The functions of a metric structure are in some sense superfluous, since we may always replace a
function f(x̄) with the predicate Gf (x̄, y) = d(f(x̄), y) without changing the automorphism group (a
structure involving no functions is said to be relational). For structures which arise “naturally”, however
(e.g., some of those mentioned in Section 6), it is convenient to allow functions as well as predicates.

Fact 2.7. Let M be a Polish metric structure with universe (M,d), and denote by G = Aut(M) its
automorphism group, endowed with the point-wise convergence topology τ . Then G is a closed subgroup
of Iso(M,d) and is therefore a Polish group.

Let ∂M
u denote the distance of uniform convergence on G, namely

∂M
u (g, h) = sup

x∈M
d(gx, hx).

Then the topology τ is naturally refined by the bi-invariant distance ∂M
u , and (G, τ, ∂M

u ) is a topometric
group.

The following is less immediate. We state it without proof, for the sake of completeness, and shall
not make any real use of it (the crucial point is that by the metric Ryll-Nardzewski Theorem, the
ℵ0-categoricity assumption implies that the action of G on M is approximately oligomorphic, as per
Definition 4.12).

Fact 2.8. Assume M is a Polish metric structure whose continuous first order theory is ℵ0-categorical,
and let (G, τ, ∂M

u ) = Aut(M) as above. Then ∂M
u defines the coarsest bi-invariant uniformity refining

τ , i.e., ∂u = ∂M
u .

Conversely,
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Definition 2.9. If A ⊆ M is complete and closed under functions, we may equip A with the induced
structure from M in the natural way, making it a metric sub-structure of M. In the case of an arbitrary
subset A ⊆ M , we let 〈A〉 be the closure of A under functions, observing that the (complete) metric

closure 〈A〉 is again closed under functions, and is therefore a metric sub-structure.
We say that two tuples ā and b̄ in Mn have the same quantifier-free type if there exists an isomorphism

ϕ : 〈ā〉 → 〈b̄〉 sending each ai to bi, observing that if such an isomorphism exists then it is unique. Notice
that if M is relational, then this is the same as saying that for every predicate P taking k arguments
and every {j0, . . . , jk−1} ⊆ {0, . . . , n− 1} one has P (aj0 , . . . , ajk−1

) = P (bj0 , . . . , bjk−1
).

A metric structure M is approximately ultrahomogeneous if for any n-tuples ā and b̄ with the same
quantifier-free type and any ε > 0 there exists g ∈ Aut(M) such that d(gai, bi) ≤ ε for all i < n.

Fact 2.10. Any Polish group G is isomorphic (as a topological group) to the automorphism group of
some approximately ultrahomogeneous Polish metric structure M in a countable language, such that in
addition ∂u = ∂M

u .

Sketch of proof – see [Mel10]. Let G be a Polish group, and d be a left-invariant distance compatible

with the topology of G. We denote by Ĝ the metric completion of (G, d), and let G act on Ĝ by left-

translation, and on Ĝn by the diagonal product of this action. For any n, and any G-orbit O in Ĝn, we
let RO : Ĝn → [0, 1] be defined by

RO(x̄) = d(x̄,O).

This is a uniformly continuous function on Ĝ, and one can consider the relational Polish metric structure

G = (Ĝ, d, {RO}).

It is then standard to check that G is the automorphism group of G, that ∂u = ∂G
u , and that G is

approximately ultrahomogeneous.
Since the distance to any orbit can be obtained as a uniform limit of distances to orbits in any given

dense family, and since the family of orbits in Ĝn is separable, we can have essentially the same structure
in a countable language. In addition, we can always truncate the distance at one, thereby making it
bounded (however, while the boundedness of predicates is important when dealing with actual continuous
logic, compactness, ultra-products, and so on, when dealing solely with automorphism groups it is of
little or no significance). �2.10

A word of caution is in order here: there may be more than one way to present a given Polish group
(G, τ) as the automorphism group of some Polish metric structure M. Attached to each such structure
M comes a topometric structure (G, τ, ∂M

u ), and different structures may induce different metrics on G.
Fact 2.10 merely assures us that the canonical uniform distance can be obtained in this manner.

Metric logical structures, as presented here, were defined in [BU10] as a basis for the semantics of
continuous first order logic (the reader may also consult [BBHU08] for a general survey regarding metric
model theory, for whose purpose continuous logic was introduced). Since we shall not use the logic of
these structures in this paper, the basic vocabulary presented above should be enough to understand
what follows.

3. Ample generics for topometric groups

We start by recalling:

Definition 3.1. Let G be a topometric group acting on a topometric space X . The action has ample
generics if for any n ∈ N and any ε > 0 there exists some x̄ ∈ Xn such that (G·x̄)ε is co-meagre in Xn.

Let us make a few observations about this definition. First, since G acts by ∂-isometries, we have for
all x̄, ȳ ∈ Xn and ε > 0,

x̄ ∈ (G·ȳ)ε ⇐⇒ ȳ ∈ (G·x̄)ε =⇒ (G·x̄)ε ⊆ (G·ȳ)2ε ,

whereby, denoting by · ∂ the ∂-closure,

ȳ ∈ G·x̄
∂

⇐⇒ G·x̄
∂
∩G·ȳ

∂
6= ∅ ⇐⇒ G·x̄

∂
= G·ȳ

∂
.

If the action of G on X has ample generics, the remarks above show that for all ε > 0 there is a co-meagre
set of x̄ ∈ Xn such that (G·x̄)ε is co-meagre; taking the intersection for all rational ε > 0, we obtain

that there is a co-meagre set On in Xn such that G·x̄
∂

is co-meagre for all x̄ ∈ On. In particular, having
ample generics is equivalent to having orbits in each Xn whose ∂-closure is co-meagre.
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Elements of On are called generics. If x̄, ȳ ∈ On then G·x̄
∂

and G·ȳ
∂

must intersect since they are

both co-meagre, whereby G·x̄
∂
= G·ȳ

∂
. For similar reasons, if x̄ ∈ On and ȳ ∈ G·x̄

∂
then G·x̄

∂
= G·ȳ

∂

and thus ȳ ∈ On. We conclude that On = G·x̄
∂

for any x̄ ∈ On.
We shall not really be interested in general topometric actions of Polish topometric groups; rather,

we shall focus on the action of G on itself by conjugation.

Definition 3.2. Let (G, τ, ∂) be a Polish topometric group. We say that (G, τ, ∂) has ample generics if
the topometric action of G on itself by conjugation has ample generics. If ∂ = ∂u, we simply say that
(G, τ) has ample metric generics.

Notice that since ∂u is always coarser than (or equivalent to) ∂, if (G, τ, ∂) has ample generics then
so does (G, τ, ∂u). In other words, a Polish group (G, τ) has ample metric generics if and only if there
exists ∂ such that (G, τ, ∂) is a topometric group with ample generics.

Our next goal is to extend the techniques of Kechris and Rosendal to the topometric setting. We first
need to establish a few technical lemmas, extending [KR07, Lemmas 6.6 and 6.7]. The proofs are very
similar, but require one to keep account of some ε’s.

Convention 3.3. For the rest of this section, G is a Polish topometric group acting on a Polish topo-
metric space X , and we assume that the action has ample generics. As above, we let On ⊆ Xn denote

the set of generic tuples, recalling that this is a co-meagre set, equal to G·x̄
∂

for any x̄ ∈ On.

Lemma 3.4. Under our assumptions,

On =
{

x̄ ∈ Xn : ∀∗y ∈ X (x̄, y) ∈ On+1

}

.

Proof. Let the set on the right hand side be denoted by D. Clearly On ⊇ D, and D is G-invariant. By
the Kuratowski-Ulam Theorem D is co-meagre, and in particular non empty, so all we need to show is
that D is ∂-closed. Indeed, let (x̄k) be a sequence in D ∂-converging to x̄ ∈ Xn. Then

∀k ∀∗y ∈ X (x̄k, y) ∈ On+1.

Since the intersection of countably many co-meagre sets is co-meagre,

∀∗y ∈ X ∀k (x̄k, y) ∈ On+1.

Since On+1 is ∂-closed, this implies that x̄ ∈ D, and the proof is complete. �3.4

Lemma 3.5. Let A,B ⊆ X be such that A is not meagre and B is not meagre in any non empty open
set. Then if x̄ ∈ Xn is generic and V is an open neighbourhood of the identity of G, there exist for any
ε > 0 some y0 ∈ A, y1 ∈ B, h ∈ V such that (x̄, y0) and (x̄, y1) are generic and ∂

(

h·(x̄, y0), (x̄, y1)
)

< ε.

Proof. Fix an open neighbourhood V of 1G, n ∈ N, a generic x̄ ∈ Xn and ε > 0. Let

Gx̄,ε = {g ∈ G : ∂(g·x̄, x̄) < ε}, E = {y ∈ X : (x̄, y) ∈ On+1}.

By Lemma 3.4, E is co-meagre, so we may choose y0 ∈ E ∩ A. Notice that for any y ∈ E we have

(x̄, y) ∈ On+1 = G·(x̄, y0)
∂
, so there exists g ∈ Gx̄,ε such that ∂(y, g·y0) < ε. Thus we have

E ⊆ (Gx̄,ε·y0)ε =
⋃

g∈Gx̄,ε

(

(gV ∩Gx̄,ε)·y0
)

ε
.

Since V is open and Gx̄,ε has a countable basis, there must exist a sequence (gn) ⊆ Gx̄,ε such that

E ⊆
⋃

n

(

(gnV ∩Gx̄,ε)·y0
)

ε
.

Since E is co-meagre, there exists some n such that
(

(gnV ∩Gx̄,ε)·y0
)

ε
is non-meagre, and hence

(

(V ∩

Gx̄,2ε)·y0
)

ε
is also non-meagre. Since this set is analytic it must be Baire-measurable and so it is co-

meagre in some non empty open subset of X , so it must intersect B∩E. Let y1 ∈
(

(V ∩Gx̄,2ε)·y0
)

ε
∩B∩E

and let h ∈ V ∩Gx̄,2ε be such that ∂(h·y0, y1) < ε.
Then (x̄, y0) and (x̄, y1) are generic, h ∈ V , ∂(h·x̄, x̄) < 2ε and ∂(h·y0, y1) < ε, which is enough. �3.5

Lemma 3.6. Let (An), (Bn) be two sequences of subsets of X such that for any n An is not meagre and
Bn is not meagre in any non empty open set. Let also (rn) be a sequence of strictly positive reals. Then
there exists a continuous map a 7→ ha from 2N into (G, τ) such that if a↾n = b↾n and a(n) = 0, b(n) = 1
then ∂(ha·An, hb·Bn) < rn.
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Proof. First, fix a sequence of strictly positive reals (εn) such that for all n

2
∑

m≥n

εm < rn.

Let d be a complete distance in G inducing τ . We denote by 2<ω the set of finite binary sequences; for
s ∈ 2<ω we denote its length by |s|.

We now define for any s ∈ 2<ω elements hs ∈ G and xs ∈ X in such a way that

(i) x̄s = (xs↾
1
, . . . , xs) is generic.

(ii) xs0 ∈ A|s| and xs1 ∈ B|s|.
(iii) hs0 = hs.
(iv) d(hs, hs1) < 2−|s|.
(v) ∂(hs0·x̄s0, hs1·x̄s1) < ε|s|.

We proceed by induction on |s|, starting with h∅ = id and x∅ arbitrary since it is never used. Now
assume that hs and x̄s are given. Applying Lemma 3.5, we can find xs0, xs1 and fs such that x̄s0, x̄s1

are generic, d(hs, hsfs) < 2−|s|, xs0 ∈ A|s|, xs1 ∈ B|s|, and finally ∂(fs·x̄s1, x̄s0) < ε|s|. Then hs0 = hs

and hs1 = hsfs will do.
Once the construction is done, for every a ∈ 2N we can let ha = lim ha↾n , so the map a 7→ ha is

continuous. It follows from the properties above that ∂(hs·x̄s, hsi·x̄s) < ε|s| for either value of i ∈ {0, 1},
and the same hold a fortiori if we replace xs with any initial segment thereof. Therefore, for all m < n,

∂(ha↾n ·x̄a↾m , ha↾m ·x̄a↾m) ≤
∑

m≤k<n

εk <
∑

m≤k

εk.

Fixing m and letting n → ∞, and since ∂ is lower semi-continuous, we obtain

∂(ha·x̄a↾m , ha↾m ·x̄a↾m) ≤
∑

k≥m

εk.

Now let a, b ∈ 2N and assume that a↾n = b↾n = s, a(n) = 0, b(n) = 1. Then

∂(ha·An, hb·Bn) ≤ ∂(ha·x̄s0, hb·x̄s1) ≤ ∂(hs0·x̄s0, hs1·x̄s1) + 2
∑

k>n

εk ≤ εn + 2
∑

k>n

εk < rn,

completing the proof. �3.6

4. Consequences of ample generics

4.1. Automatic continuity for topometric groups. Recall the following definitions from [RS07].

Definition 4.1. If G is a group, we say that A ⊆ G is σ-syndetic if G is covered by countably many
left-translates of A. A topological group G has the Steinhaus property if there exists some integer k such
that, whenever A is symmetric, σ-syndetic, we have 1G ∈ Int(Ak).

This notion was introduced in [RS07] to study automatic continuity properties of homomorphisms. It
is easy to see that if G is a topological group with the Steinhaus property, then any homomorphism from
G to a second countable topological group H is continuous (see Proposition 4.3 below). We introduce a
topometric analogue of this property.

Definition 4.2. A topometric group has the Steinhaus property if there exists some integer k such that,
whenever A is symmetric, σ-syndetic, we have 1 ∈ Int

(

(Ak)ε
)

for all ε > 0 (the interior being with
respect to the topology). We shall then say that G is Steinhaus with exponent k.

Proposition 4.3. Let (G, τ, ∂) be a Polish topometric group with the Steinhaus property, and H be
a secound countable topological group. Assume that ϕ : (G, ∂) → H is a continuous morphism. Then
ϕ : (G, τ) → H is continuous.

Proof. Let G be Steinhaus with exponent k. Let V be a neighbourhood of 1H and pick some symmetric
neighbourhood W of 1H such that W k+1 ⊆ V . Then there exists some ε > 0 such that (1G)ε ⊆ ϕ−1(W ).
Also, since ϕ−1(W ) is σ-syndetic, we know that

1G ∈ Int
(

(ϕ−1(W )k)ε
)

⊆ (1G)ε·ϕ
−1(W )k ⊆ ϕ−1(W k+1) ⊆ ϕ−1(V ).

Thus ϕ−1(V ) is a τ -neighbourhood of 1G, which suffices for showing that ϕ : (G, τ) → H is continuous.
�4.3
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Corollary 4.4. If (G, τ, ∂) is a Polish topometric group with the Steinhaus property then for any Polish
topology τ ′ such that (G, τ ′, ∂) is also a topometric group we must have τ = τ ′.

Theorem 4.5. Let G be a topometric Polish group with ample generics. Then G is Steinhaus with
exponent 10.

This is a corollary of the following result (again an analogue of a theorem due to Kechris and Rosendal),
which we shall also use in Section 4.3.

Theorem 4.6. Let G be a Polish topometric group with ample generics. Let kn ∈ G and An ⊆ G for
n ∈ N, such that

⋃

n∈N
knAn is co-meagre in G. Then there is some n such that for all ε > 0,

1g ∈ Int
(

(A−1
n AnA

−1
n A−1

n AnA
−1
n AnAnA

−1
n An)ε

)

.

Proof. If there is some n such that (A−1
n AnAnA

−1
n An)ε is co-meagre in some non empty open set for all

ε > 0, then Pettis’ theorem yields the desired result. We may therefore assume there exists for each n
some rn > 0 such that (A−1

n AnAnA
−1
n An)rn is not co-meagre in any non empty open set. We may also

assume that each An is non meagre, and repeated in the sequence infinitely often.
Let Bn = Gr (A−1

n AnAnA
−1
n An)rn , and apply Lemma 3.6 to (An), (Bn), (rn) to obtain a continuous

map a 7→ ha from 2N into G as stated there. If a, b ∈ 2N are distinct, say a↾n = b↾n and a(n) = 0,
b(n) = 1, then ∂(haAnh

−1
a , hbBnh

−1
b ) < rn. Since ∂(An, Bn) ≥ rn and ∂ is bi-invariant, we must have

ha 6= hb. Therefore a 7→ ha is injective, and being continuous from a compact space to a Hausdorff one,
it is a homeomorphic embedding, with image H = {ha : a ∈ 2N}. Let also A =

⋃

n knAn, which is, by
hypothesis, co-meagre. Since the map (g, h) 7→ g−1h is open and continuous from G × H into G, and
the inverse image of a co-meagre set by such a map is co-meagre, Kuratowski-Ulam yields

∀∗g ∈ G ∀∗h ∈ H g−1h ∈ A.

In particular, there exists g ∈ G such that

∀∗h ∈ H h ∈ gA.

Then there exists n such that {a ∈ 2N : ha ∈ gknAn} is non-meagre. In particular, its closure cannot
have empty interior and so this set must be dense in Vt = {a ∈ 2N : t ⊆ a} for some t ∈ 2<ω. Choose
m > |t| such that An = Am, and let s be any extension of t of length m. Then there exist a and b
such that a↾m = b↾m = s, a(m) = 0, b(m) = 1 and ha, hb ∈ gknAn = gknAm. Set ha = gknh1 and
hb = gknh2. Then

h−1
b haAmh−1

a hb = h−1
2 h1Amh−1

1 h2 ⊆ A−1
m AmAmA−1

m Am.

Thus, ∂(h−1
b haAmh−1

a hb, Bm) > rn, contradicting the choice of ha, hb and completing the proof. �4.6

As far as automatic continuity theorems go, one can actually do better. Remember that a group G
has uniform Souslin number κ if κ is the least cardinal such that, for any neighbourhood V of 1G, G
can be covered by less than κ many left translates of V . Equivalently, κ is the least cardinal such that
for any open neighbourhood V of 1H there do not exist κ disjoint left translates of V . The techniques
of [KR07] yield the following theorem.

Theorem 4.7. Let (G, τ, ∂) be a Polish topometric group with ample generics, H a topological group
with uniform Souslin number < 2ℵ0 , and ϕ : G → H a morphism that is continuous from (G, ∂) into H.
Then ϕ is continuous from (G, τ) to H.

Proof. Let G,H,ϕ be as in the statement of the theorem, and let W be a neighbourhood of 1H . Choose
some symmetric open neighbourhood V of 1H such that V 21 ⊆ W , as well as ε > 0 such that (1G)2ε ⊆
ϕ−1(V ). Finally, let A = ϕ−1(V 2).

We first claim that A is non meagre. Indeed, if A were meagre then there would be, by the Kuratowski-
Mycielski Theorem (see [Kec95, 19.1]), a Cantor set C ⊆ G such that g−1h /∈ A for any g 6= h ∈ C.
Since

ϕ(g)V ∩ ϕ(h)V 6= ∅ ⇐⇒ ϕ(g−1h) ∈ V 2 ⇐⇒ g−1h ∈ A,

there would be uncountably many disjoint left translates of V in H , contradicting the assumption on its
uniform Suslin number.

If (A5)ε is co-meagre in some non empty open set, then by Pettis’ theorem (A10)2ε contains a neigh-
bourhood O of 1G. By choice of V and ε, one has

ϕ(O) ⊆ ϕ(A10)V ⊆ V 21 ⊆ W.
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Towards a contradiction, let us therefore assume that G r (A5)ε is non meagre in every non empty
open set. Applying Lemma 3.6 to A, G r (A5)ε and ε, we can find ha ∈ G for a ∈ 2N such that if
a↾n = b↾n, a(n) = 0, b(n) = 1 then

∂
(

h−1
b haAh

−1
a hb, Gr (A5)ε

)

< ε.

Since A covers G by fewer than 2ℵ0 left translates, there are distinct a, b ∈ 2N and some g ∈ G such that
ha, hb ∈ gA. Say a↾n = b↾n, a(n) = 0 and b(n) = 1, and let ga, gb ∈ A be such that ha = gga, hb = ggb.
Then

h−1
b haAh

−1
a hb = g−1

b gaAg
−1
a gb ⊆ A5.

Hence ∂(A5, Gr (A5)ε) < ε, a contradiction, which concludes the proof. �4.7

4.2. A weak small index property for topometric groups. Recall that a Polish group G has the
small index property if any subgroup H ≤ G of index strictly less than 2ℵ0 is open. Kechris and Rosendal
proved that a Polish group with ample generics must have the small index property. In our context,
their techniques yield the following result.

Proposition 4.8. Assume (G, τ, ∂) is a Polish topometric group with ample generics. Then any ∂-closed
subgroup of G of index strictly less than 2ℵ0 is open.

Said differently, the ∂-closure of a subgroup of index strictly less than 2ℵ0 is open (hence clopen). This
result is not very useful, for most groups we have in mind are connected, and thus do not have any open
subgroups. So, for these groups, Proposition 4.8 merely says that they have no ∂-closed subgroups of
index < 2ℵ0 . Since the proof is a straightforward adaptation of Kechris and Rosendal’s proof, we don’t
include it and content ourselves with stating the above Proposition for the record.

4.3. Bergman property for groups with a bi-invariant metric.

Definition 4.9. An abstract group G has the Bergman property if whenever W0 ⊆ W1 ⊆ . . . ⊆ Wn . . .
is an increasing, exhaustive sequence of subsets of G there exist n and k such that G = W k

n . If k above
can be chosen independently of the sequence (Wn), then we say that G is k-Bergman.

In [Ber06], G. Bergman proved that S∞ has the Bergman property. It was noticed independently
by Y. de Cornulier and V. Pestov that the Bergman property is equivalent to each of the following
statements:

(i) Any left-invariant pseudo-metric on G is bounded
(ii) Any action by isometries of G on a metric space X has bounded orbits.

In [Ros09b], C. Rosendal introduced a variant of the Bergman property for topological groups, which
he dubbed property (OB); a topological group has this property if it satisfies the following condition:

Whenever G acts by isometries on a metric space X in such a way that for all x the
mapping g 7→ g·x is continuous, the action of G has bounded orbits.

Let us now introduce a new, and closely related, property.

Definition 4.10. Let G be a group endowed with a bi-invariant (and, as usual, not necessarily separable)
distance ∂.

We say that (G, ∂) has the metric Bergman property if whenever (Wn) is an increasing, exhaustive
sequence of subsets of G then for any ε > 0 there exists n and k such that (Wn)

k
ε = G (where (Wn)

k
ε

can only be parsed as
(

(Wn)ε
)k

). If k above can be chosen independently from the sequence (Wn) and
ε, then we say that (G, ∂) is metrically k-Bergman.

Notice that (W k)ε ⊆ (W )kε ⊆ (W k)kε, so (G, ∂) is metrically k-Bergman if and only if, under the same
hypotheses, there exists n such that (W k

n )ε = G. If ∂ is discrete then the metric (k-)Bergman property is
equivalent to the ordinary (k-)Bergman property, and can therefore be seen as a generalisation thereof.
The equivalences above become:

Proposition 4.11. Let G be a group endowed with a bi-invariant distance ∂. Then the following are
equivalent:

(i) (G, ∂) has the metric Bergman property.
(ii) Whenever d is a left-invariant pseudo-metric on G such that for some ε > 0, the set {g : ∂(g, 1) <

ε} is bounded in d, d must be bounded on G.
(iii) Whenever (G, ∂) acts by isometries on a metric space (X, d) in such a way that for all x there

exists ε > 0 with ∂(g, 1) < ε =⇒ d(x, gx) ≤ 1/ε, all G-orbits are bounded in (X, d).
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Proof. It is easy to check that the last two conditions are equivalent, so we only show that (i) and (ii)
are equivalent.

(i) =⇒ (ii). Let d be a left-invariant pseudo-metric on G, and M ∈ N such that ∂(g, 1) < 1/M =⇒
d(g, 1) ≤ M. Let Wn = {g : d(g, 1) ≤ n}; by the metric Bergman property for (G, ∂) there are n and
k such that G = (Wn)

k
1/M , where (·)ε is with respect to ∂. Now, (Wn)1/M = Wn·(1)1/M ⊆ Wn+M , so

G ⊆ W k
n+M , whereby d(g, 1) ≤ (n+M)k for all g ∈ G.

(ii) =⇒ (i). Let (Wn)n be an increasing, exhaustive sequence of subsets of G, and ε > 0. Then
(Wn ∩ W−1

n )n is still exhaustive, and so one can assume without loss of generality that each Wn is
symmetric and W0 = {1}. One can define a left-invariant pseudo-metric d on G by setting

d(f, g) = inf{k1 + . . .+ kn : g
−1f = h1 . . . hn, hi ∈ (Wki

)ε}.

By definition, d(f, 1) ≤ 1 for all f ∈ (1)ε and so d is bounded. This is only possible if there is some k
and some n such that G = (Wk)

n
ε , which shows that (G, ∂) has the metric Bergman property. �4.11

Note that the Bergman property for G implies the metric Bergman property for (G, ∂), which in turn
implies property (OB) for (G, ∂).

Definition 4.12. Let G act by isometries on some Polish metric space M . We say that the action is
approximately oligomorphic if for any n ∈ N and any ε > 0 there exist b̄1, . . . , b̄k ∈ Mn such that for
each x̄ ∈ Mn there exists j ∈ {1, . . . , k} and g ∈ G satisfying d(g·b̄j , x̄) ≤ ε.

The action of the isometry group of the Urysohn space U1 of diameter 1 on U1 is an example of
approximately oligomorphic action2.

We then have the following analogue of [KR07, Theorem 6.19].

Theorem 4.13. Suppose (X, d) is a Polish metric space and G is a closed subgroup of Iso(X, d) whose
action on (X, d) is approximately oligomorphic. Let τ denote the topology of point-wise convergence, ∂
denote the metric of uniform convergence, and assume that (G, τ, ∂) has ample generics. Then (G, ∂) is
metrically 21-Bergman.

Proof. Let Wn be an increasing, exhaustive sequence of symmetric subsets of G, and let ε > 0. By
Theorem 4.6, there is some n such that (W 10

n )ε is a neighbourhood of 1. Rosendal [Ros09b, Theorem 5.2]
proves that G is Roelcke-precompact (this is also an easy consequence of the Ryll-Nardzewski theorem in
continuous logic), i.e., for any neighbourhood V of 1 there is a finite subset F of G such that G = V FV .
We may apply this to (W 10

n )ε, find m ≥ n such that F ⊆ Wm, and then

G ⊆ (W 10
m )εWm(W 10

m )ε ⊆ (W 21
m )2ε.

Since ε was arbitrary, this concludes the proof. �4.13

We note that the uniformity generated by ∂ may not be the coarsest bi-invariant uniformity refining
τ (it may be strictly finer).

5. A criterion for ample generics

Having shown consequences of topometric ample generics, it is time to provide a criterion for their
existence. We prove a sufficient condition, which says roughly that if M is a Polish metric structure,
with some countable dense “nice substructure” N , and in addition, viewing N as a discrete structure,
Aut(N ) has ample generics, then Aut(M) has ample generics as a topometric group3.

Let us first recall the characterisation of co-meagre sets via Banach-Mazur games (see [Kec95, Chapter
I, Section 8]). If X is a topological space and A is a subset of X , the Banach-Mazur game G(A) is the game
where two players I, II take turns playing non empty open sets Ui, Vi in such a way that Ui+1 ⊆ Vi ⊆ Ui

for all i ∈ N. Player II wins a run of this game if
⋂

Ui ⊆ A, else Player I wins. Schematically, a run of
G(A) may be represented as follows:

I U0 U1 ⊆ V0 . . . Un+1 ⊆ Vn . . .

II V0 ⊆ U0 . . . Vn ⊆ Un . . .

2See the next section for a definition and a brief discussion of Urysohn spaces.
3In subsequent work [Ben] the first author proves a necessary and sufficient condition for a topometric automorphism

group to have ample generics, generalising the criterion appearing in [KR07].
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A strategy σ for one of the players (say, Player II), is what one would expect: σ gives Player II a unique
way to respond to any move by Player I. A strategy is winning if following it ensures victory.

Fact 5.1. If X is a Polish space and A ⊆ X then Player II has a winning strategy in G(A) if and only
if A is co-meagre in X.

Theorem 5.2. Let (X, τX , ∂X) be a Polish topometric space, (Y, τY ) a Polish topological space, and
f : (Y, τY ) → (X, τX) a continuous map with τX-dense image such that for every open U ⊆ Y and ε > 0,
the set (fU)ε ⊆ X (in the sense of ∂X) is open as well. Assume also that for every open V ⊆ X and
ε > 0, the set (V )ε ⊆ X is open.

Then, if A ⊆ Y is co-meagre then so is fA
∂X

⊆ X.

Proof. Let A ⊆ Y be co-meagre. Let A ⊇
⋂

On where each On ⊆ Y is a dense open set, noticing that
then (fOn)ε is a dense open set in X . Let us also fix a complete metrisation dY of τY .

It will be enough to show that for every ε > 0, (fA)2ε is co-meagre in X . For this it will be enough
to construct a winning strategy for Player II of G

(

(fA)2ε
)

, which we now do.
Our strategy will construct a sequence of open sets Wn ⊆ Y and always play the open set Vn =

Un ∩ (fWn)ε, making sure it is also non empty. We start with W0 = O0, noticing that V0 = U0 ∩ (fO0)ε
is non empty. For n > 0 we have Un ⊆ (fWn−1)ε. Then Wn−1 ∩ f−1[(Un)ε] is open and non empty,
and thus we may choose Wn ⊆ Y open non empty such that Wn ⊆ Wn−1 ∩ f−1[(Un)ε] ∩ On and
diamdY

(Wn) < 2−n. Again, Vn = Un ∩ (fWn)ε, is non empty.
Now assume that x ∈

⋂

Un for some run of the game. Then for each n there is yn ∈ Wn such that
∂(fyn, x) < ε. By the way we chose the Wn, we have A ⊇

⋂

Wn = {y} where y = lim yn. Since ∂ is
topologically lower semi-continuous we have ∂(x, fy) ≤ ε. Thus x ∈ (fA)2ε, i.e.,

⋂

Un ⊆ (fA)2ε, and
our strategy is winning. Thus (A)2ε is co-meagre, as desired. �5.2

Now, to our criterion.

Definition 5.3. Let M be a Polish metric structure with universe (M,d). We say that a (classical)
countable structure N is a countable approximating substructure of M if the following conditions are
satisfied:

• The universe N of N is a dense countable subset of (M,d).
• Any automorphism of N extends to a (necessarily unique) automorphism of M, and Aut(N ) is

dense in Aut(M).

As usual, we view Aut(M) as a Polish topometric group by endowing it with the topology of point-wise
convergence and the metric of uniform convergence. Similarly, we endow Aut(N ) with the Polish group
topology of point-wise convergence in the discrete set N , which refines the topology induced as a subset
of Aut(M), and is, in general, strictly finer (for example, as soon as Aut(N ) ( Aut(M)).

We say that N is a good countable approximating substructure if in addition,

• For every open subset U ⊆ Aut(N ) (in the topology of Aut(N )!) and ε > 0, the set (U)ε, as
calculated in Aut(M), is open there.

The following two are immediate.

Lemma 5.4. Let (G, τ, ∂) be a Polish topometric group. Then, for any open subset U of G, (U)ε = (1)ε·U
is open in G.

Lemma 5.5. Let M be a Polish metric structure, and N be a countable approximating substructure.
For any open subset U of Aut(M), U ∩Aut(N ) is open in Aut(N ).

And we conclude,

Theorem 5.6. Let M be a Polish metric structure and let N be a good countable approximating sub-

structure of M. Then, for every co-meagre subset A of Aut(N )n, the set A
∂
, as calculated in Aut(M)n

is co-meagre there. In particular, if Aut(N ) has ample generics then Aut(M) has ample generics as a
topometric group.

Proof. Immediate from the observations above and Theorem 5.2. �5.6
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6. Examples

We can now provide examples of natural Polish groups with ample metric generics which are not closed
subgroups of S∞, and which do not have ample generics. We also provide one example of the opposite,
namely a Polish group which has does have ample generics (and a fortiori ample metric generics), even
though ∂u is not discrete (so for this specific example, the considerations of the present paper just
complicate things).

The first three examples are given as automorphism groups of familiar Polish structures: the Urysohn
sphere U1, the Hilbert space ℓ2 and the (measure algebra of) the standard probability space [0, 1]. Using
Theorem 5.6 we prove for each such M that (G, τ, ∂) = Aut(M) has ample generics, where ∂ denotes
the metric of uniform convergence, instead of the cumbersome ∂M

u . Since the intrinsic uniform distance
∂u of each such G coarsens ∂, it follows in each case that (G, τ) has ample metric generics. Moreover, in
all three examples, conjugacy classes are known to be meagre: this is a theorem of Kechris for Iso(U1)
(see [Ros09a]), a result variously attributed to Rokhlin or Del Junco for Aut([0, 1], λ), and a theorem of
Nadkarni for U(ℓ2) (see [Kec10, Chapter I.2] for both).

In fact, each of U1, ℓ2 and the probability algebra associated to ([0, 1], λ) is ℵ0-categorical, meaning
that in each case the action of G on M is approximately oligomorphic. By Fact 2.8 it follows that
∂u = ∂, and in each case the same can be shown by a straightforward verification. By Theorem 4.13
(plus the fact that each group has ample metric generics, which we prove below) we obtain that in each
case (G, ∂) has the metric Bergman property.

The fourth and last example is SN
∞, and like all known examples of Polish groups with ample generics,

embeds as a closed subgroup of S∞.

6.1. The isometry group of the bounded Urysohn space. Recall that the Urysohn space of dia-
meter 1 U1 is the unique, up to isometry, metric space of diameter 1 which is both universal for Polish
metric spaces of diameter at most 1 and ultrahomogeneous, i.e., isometries between finite subsets ex-
tend to isometries of the whole space. For information about this space, we recommend consulting the
volume [LPR+08]. Its isometry group is a Polish topometric group, when equipped with the topology of
point-wise convergence and the metric of uniform convergence

∂(g, h) = sup
{

d(gx, hx) : x ∈ U1

}

.

The countable counterpart of U1 is the rational Urysohn space of diameter 1 QU1, which is both
ultrahomogeneous and universal for countable metric spaces with rational distances and diameter at
most 1.

The relationship between these two spaces is simple: U1 is the completion of QU1. In particular,
QU1 is dense in U1 and any isometry of QU1 extends uniquely to an isometry of U1. A theorem due to
S. Solecki [Sol05], combined with the techniques of Kechris and Rosendal, implies that the automorphism
group of QU1 has ample generics (this is pointed out in [KR07]). Finally, the classical techniques for
building isometries of the Urysohn space (for example, a straightforward adaptation of [CV06, Lemma 3])
show that whenever

U =
{

g ∈ Iso(QU1) : gai = bi for i < n
}

is some basic open subset of Iso(QU1), one has

(U)ε =
{

g ∈ Iso(U1) : d(gai, bi) < ε
}

.

Hence (U)ε is open in Iso(U1) and all the conditions of Theorem 5.6 are satisfied, from which we may
deduce that (Iso(U1), τ, ∂) has ample generics. As mentioned earlier, it follows that (Iso(U1), ∂) has the
metric Bergman property.

Let U denote the full (i.e., unbounded) Urysohn space. We equip Iso(U) with the topology τU of
point-wise convergence, as usual, as well as with the distance ∂U of uniform convergence, say truncated
at one to ensure finiteness. Then (Iso(U), τU, ∂U) is again a Polish topometric group, and the same
arguments readily adapt to show that it has ample generics, so in particular Iso(U) has ample metric
generics. On the other hand, since Iso(U) acts transitively on U, it is clear that (Iso(U), ∂U) does not
have the metric Bergman property (since the action of Iso(U) on U is not approximately oligomorphic,
Theorem 4.13 does not apply). Thus we obtain that (Iso(U), ∂U) and (Iso(U1), ∂) are not isomorphic
topological groups.

A natural question is then: are Iso(U) and Iso(U1) isomorphic as abstract groups? We conjecture
that Iso(U1) is simple, which would imply that the two groups are not isomorphic, but do not know how
to prove it.
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6.2. The unitary group of a separable Hilbert space. The situation is a bit more complicated
in U(ℓ2), the unitary group of the complex Hilbert space ℓ2(N). Since ℓ2 is unbounded, we consider
instead its closed unit ball, equipped with functions x 7→ αx for |α| ≤ 1 and (x, y) 7→ x+y

2 , from which
ℓ2 can be recovered. The automorphism group of the unit ball is again U(ℓ2); the topology of point-
wise convergence is the strong operator topology (or the weak one, since they agree on U(ℓ2)), and the
distance of uniform convergence is ∂(S, T ) = ‖S − T ‖.

Everything we need here has been worked out by Rosendal [Ros09b]. Let Q denote the algebraic
closure of Q, and consider the countable subset Qℓ2 of ℓ2 made up of the sequences with finite support
and all coordinates in Q. The crucial fact here is that, since the norm of an element of Qℓ2 belongs to Q,
one can carry out the usual constructions of Hilbert space geometry (most importantly, Gram-Schmidt
orthonormalisation) inside Qℓ2. This is used in [Ros09b] to prove that the automorphism group of Qℓ2
has ample generics.

Using the Gram-Schmidt orthonormalisation procedure, it is not hard to prove that (U)ε is open for
any basic open subset U of U(Qℓ2) (we cannot, however, give a simple explicit formula as in the previous
example). Hence U(ℓ2), with its usual Polish topology, has ample metric generics.

6.3. The group of measure-preserving bijections of [0, 1]. Denote by λ the Lebesgue measure on
the unit interval [0, 1]. We view its automorphism group Aut([0, 1], λ) as the automorphism group of the
Polish metric structure (MALG, 0, 1,∧,∨,¬, d), where MALG denotes the measure algebra on [0, 1] and
d(A,B) = λ(A∆B) (see [Kec95]). The distance of uniform convergence is:

∂(g, f) = sup
{

λ(fA∆gA) : A ∈ MALG
}

.

In ergodic theory, one often uses instead of this ∂ the distance ∂′ defined by

∂′(g, f) = λ(supp gf−1).

It is well-known that these two distances are equivalent, indeed that ∂ ≤ ∂′ ≤ 2∂. It is also not difficult
to check that ∂′ is lower semi-continuous (i.e., that if λ(supp g) > r, then λ(supp f) > r for all f in some
neighbourhood of g). We may therefore use ∂′ instead of ∂ whenever convenient.

This time, the approximating substructure is the countable measure algebra A generated by dyadic
intervals. Kechris and Rosendal proved in [KR07] that its automorphism group has ample generics; also,
A is dense in MALG and any automorphism of A extends to a measure-preserving automorphism of
[0, 1].

To check the final condition of Theorem 5.6, we use ∂′ instead of ∂. It is enough to observe that,
whenever B is a finite subalgebra of A with atoms B1, . . . , Bn, and U is the open subset of Aut(A)
defined by

U = {g ∈ Aut(A) : ∀B ∈ B g(B) = B}

then one has (where (U)ε is in the sense of ∂′ rather than of ∂)

(U)ε =

{

g ∈ Aut([0, 1], λ) :

n
∑

i=1

λ(Bi r g(Bi)) < ε

}

.

Thus (U)ε is indeed open in Aut([0, 1], λ), and we see that Aut([0, 1], λ) has ample metric generics.
It was pointed out to us by T. Tsankov that the techniques used by Kittrell and Tsankov [KT10] to

prove an automatic continuity theorem for the full group of an ergodic, countable, measure-preserving
equivalence relation readily apply to show the following. For the sake of completeness, a proof of this
appears as Appendix A.

Fact 6.1. Any morphism from (Aut([0, 1], λ), ∂) into a separable topological group is continuous.

Combining this with our result that Aut([0, 1], λ) has ample metric generics, we obtain

Theorem 6.2. Any morphism from Aut([0, 1], λ), endowed with its usual Polish topology, into a separable
topological group is continuous.

In addition, E. Glasner [Gla] has recently shown that the usual Polish topology of Aut([0, 1], λ)
is minimal, i.e., Aut([0, 1], λ) has no Hausdorff group topology strictly coarser than its usual Polish
topology. Combined with the automatic continuity property, this yields

Theorem 6.3. There is a unique separable Hausdorff group topology on Aut([0, 1], λ) that is compatible
with its algebraic structure, namely, its usual Polish topology.

We should note here that Kallman [Kal85] was the first to prove, in the eighties, that Aut([0, 1], λ)
has a unique Polish group topology compatible with its algebraic structure.
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6.4. The group S
N

∞. We conclude with an example of a different flavour, of a Polish group (G, τ) with
ample generics, for which ∂u is not discrete. In particular, ∂u need not be the finest distance for which
ample generics exist: here (G, τ, ∂) has ample generics, with ∂ being the discrete metric, even though it
is strictly finer than ∂u.

The example we consider is S
N

∞. Indeed, we express N as a disjoint union of infinitely many infinite
sets N =

⋃

n An, and obtain a homeomorphic embedding S
N

∞ →֒ S∞ by letting the nth copy of S∞ act

on An. The usual compatible left-invariant distance on S∞, dL(f, g) = 2−min{n : f(n) 6=g(n)}, induces one
on S∞ via this embedding. Then ∂u on S

N
∞ is:

∂u(f, g) = sup
h∈SN

∞

d(fh, gh) = 2−k(f,g), where k(f, g) = min
⋃

{An : f↾An
6= g↾An

}.

This distance is not discrete. On the other hand, SN

∞ has ample generics since S∞ does, by the following.

Proposition 6.4. Let (Gi)i∈I be an at most countable family of Polish groups, and G =
∏

Gi. Then G
has ample generics if and only if each Gi has ample generics.

This adapts to the topometric context: let (Gi, τi, ∂i) be an at most countable family of Polish topo-
metric groups, and G =

∏

Gi endowed with the product topology τ and the metric

∂
(

(gi), (hi)
)

= sup
{

∂i(gi, hi) : i ∈ I
}

.

Then (G, τ, ∂) has ample generics iff (Gi, τi, ∂i) has ample generics for all i.

Proof. We only give the proof of the first statement, since the topometric version is a straightforward
adaptation.

Note first that, since cooordinate projections induce surjective open morphisms from each Gn onto
Gn

i which map diagonal conjugacy classes onto diagonal conjugacy classes, the existence of co-meagre
diagonal conjugacy classes in Gn immediately implies the existence of co-meagre diagonal conjugacy
classes in each Gn

i .
Now, assume that each Gi has co-meagre diagonal conjugacy classes. For our purposes, it is enough

to note the following easy fact: whenever (Xi)i∈I is an at most countable family of Polish spaces, and
(Ai)i∈I are such that each Ai is co-meagre in Xi,

∏

Ai is co-meagre in
∏

Xi. Applying this with Xi = Gn
i

and Ai equal to the co-meagre diagonal conjugacy class in Gn
i , we obtain the desired result. �6.4

As an aside, let the discrete structure M consist of N equipped with predicates for the An. Then
S

N
∞ = Aut(M), and uniform convergence is discrete, providing an example where ∂M

u 6= ∂u.

Appendix A. Automatic continuity for Aut([0, 1], λ)

We explain in this appendix how to use the techniques of [KT10] to prove Fact 6.1. As before,
G = Aut([0, 1], λ), where λ denotes the Lebesgue measure. We equip it with the bi-invariant, lower
semi-continuous distance ∂ (referred to as ∂′ in Section 6.3)

∂(g, f) = λ ({x : gx 6= fx}) = λ(supp g−1f).

We prove the following result, which implies Fact 6.1 (see Definition 4.1 and the comments following
it).

Proposition A.1. (G, ∂) is 38-Steinhaus.

Proof. Let W ⊆ be σ-syndetic, and let us prove that W 38 contains a neighbourhood of 1.
We may assume that W is symmetric, and fix elements gn ∈ G such that G =

⋃

n∈N
gnW . We also

fix a measurable partition (Bn)n∈N of [0, 1], all of whose elements have strictly positive measure. For
any measurable B ⊆ [0, 1], let HB = {S ∈ G : suppS ⊆ B}.

Claim. There exists n ∈ N such that

∀T ∈ HBn
∃S ∈ W 2 S↾Bn

= T ↾Bn
.

Proof of claim. We first prove that there exists n such that

∀T ∈ HBn
∃S ∈ gnW S↾Bn

= T ↾Bn
.

If such were not the case, we could find for all n some Tn ∈ HBn
such that no element of gnW coincides

with Tn on Bn. We may then glue all the Tn’s together to define T ∈ G by setting T (x) = Tn(x) for all
x ∈ Bn. Such a T would not belong to any gnW , contradicting the definition of the sequence (gn).

Since id ∈ HBn
and (gnW )−1(gnW ) = W 2, our claim follows. �Claim
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We fix n as in the first claim and let B = Bn.

Claim. The set W 2 contains a non trivial involution S whose support is contained in B and has measure
less that λ(B)/2.

Proof of claim. Indeed, pick any non trivial involution T ∈ HB whose support has measure less than
λ(B)/4, and consider the subgroup Γ of HB made up of all elements U such that

∀b ∈ B U(b) ∈ {b, T (b)}.

The subgroup Γ is uncountable, so there must exist m such that gmW contains two distinct elements U, V
of Γ. Then S = UV = U−1V ∈ W 2 is an involution and λ(suppS) ≤ λ(suppU) + λ(supp V ) ≤ λ(B)/2,
as desired. �Claim

We fix such an S, as well as C ⊆ B such that suppS ⊆ C and λ(C) = 2λ(suppS).

Claim. We have HC ⊆ W 36.

Proof of claim. We first note that any involution T in HC whose support has the same measure as that
of S is conjugate to S in HC , so by our first claim we may find V ∈ W 2 such that V (C) = C and
(V SV −1)↾C = T ↾C . Since S and T are equal to the identity outside HC , this actually implies that
V SV −1 = T , and so any involution of HC whose support has the same measure as that of S belongs to
W 6.

It is easy to see that any involution of HC is the product of two involutions of HC whose support has
the same measure as that of S; hence any involution in HC belongs to W 12. Since Ryzhikov [Ryz85]
proved that any element of HC is the product of at most 3 involutions, we are done. �Claim

We are now ready to conclude the proof: consider a sequence (Tn) of elements of G such that ∂(Tn, 1) →
0. Let Dn = suppTn and D =

⋃

m gmDm. It will be enough to show that there exists m such that
Tm ∈ W 38, and without loss of generality (going to a sub-sequence if necessary) we may assume that
∑

λ(Dn) ≤ λ(C), hence λ(D) ≤ λ(C).
Then we may find A ⊆ C such that λ(A) = λ(D). Pick some S ∈ G such that S(A) = D; there exists

m such that S ∈ gmW , and we let T = g−1
m S ∈ W . We have T (A) ⊇ Dm, hence T−1TmT ∈ HA ⊆ HC ⊆

W 36. Then Tm belongs to WW 36W = W 38, and we are done. �A.1
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