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Abstract

Turbulent transonic flow past a flat-sided symmetric airfoil with an elliptic nose is studied
numerically. Solutions of the RANS equations are obtained with ANSYS CFX-13 solver using
SSG Reynolds-stress and k−ω SST turbulence models. The solutions reveal flow bifurcations
in a narrow band of the free-stream Mach number at zero angle of attack. Flow sensitivity
to both stationary and time-dependent variations of the angle of attack is analyzed.

Keywords: local supersonic regions, shock waves, instability, bifurcations, self-exciting
oscillations

1 Introduction

In 1990s and 2000s, numerical simulations based on the Euler and RANS equations unveiled
instability of shock waves on airfoils whose curvature is small enough in the midchord region
[1, 2, 3]. Such airfoils admit flow bifurcations and jumps of the lift coefficient under slight
variations of the free-stream conditions. Recently, Kuzmin [4, 5, 6] demonstrated bifurcations
of turbulent flow past simple symmetric airfoils constituted by elementary curves.

In this paper, we employ ANSYS CFX-13 finite-volume solver and the SSG Reynolds stress
turbulence model in order to verify results obtained in [6] for a flat-sided airfoil with an elliptic
nose.

2 Formulation of the problem and a numerical method

We consider the airfoil constituted by an elliptic arc, two parallel segments, and two circular
arcs of radius R [6]:

y(x) = ±0.045
√

(2− x/0.3)x/0.3 , 0 ≤ x ≤ 0.3 ; (1)

y(x) = ±0.045 , 0.3 ≤ x ≤ 0.7 ; (2)

y(x) = ∓b±
√

b2 + 0.32 − (x− 0.7)2, 0.7 ≤ x ≤ 1 ; (3)

where b = R − 0.045 and R = 1.0225 (see Fig. 1). Hereinafter, (x, y) are Cartesian coordinates
that are non-dimensionalized by the airfoil length L = 0.5 m.

A lens-type computational domain is bounded by two circular arcs Γi: x(y) = (−1)i(−105+√
1452 − y2), −100 ≤ y ≤ 100, i = 1, 2. The width and height of the domain are 80 and 200

lengths of the airfoil chord, respectively.
On the inflow part Γ1 of the boundary, we prescribe the static temperature T∞ = 250 K

and flow velocity components U∞, V∞, where V∞ = U∞tanα and α is the angle of attack. On
the outflow part Γ2, the static pressure p∞ = 108, 040 Pa is imposed. The turbulence level is
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Figure 1: Sketch of the airfoil (1)–(3).

1% on Γ1 ∪ Γ2. The no-slip condition and vanishing flux of heat are used on the airfoil. Initial
state is either the uniform free-stream or a non-uniform flow field obtained previously for other
values of U∞ and α on Γ1.

We use the standard value of 28.96 kg/kmol for the molar mass, the value of 1004.4 J/(kg
K) for specific heat at constant pressure, and 1.831× 10−5 kg/(m s) for the molecular dynamic
viscosity. It follows from the above that the specific heat at constant volume is 717.3 J/(kg K),
and the sound speed a∞ is 317.02 m/s.

Unstructured surface meshes were generated with ANSYS Workbench platform [7]. The
meshes were composed of quadrangles in a vicinity of the airfoil and triangles outside it. Mesh
points were clustered at the shock waves locations, in the wake, and in the boundary layer. A
distance from the first grid point to the airfoil was set to 4 × 10−6L. This provides the non-
dimensional distance y+ ≈ 1 in the region of the boundary layer separation from the airfoil. As
CFX-13 solver needs 3D meshes with at least one cell in the z−direction, they were generated
by an extrusion of the 2D meshes.

Solutions of the Reynolds-averaged Navier-Stokes equations were obtained with CFX-13
solver [7] using a second-order accurate high-resolution discretization scheme for convective
terms [8]. An implicit second-order accurate backward Euler scheme was employed for the
time-stepping.

3 Verification of the numerical method

First, the method was applied to a benchmark problem on oscillatory transonic flow past a 18%
thick circular-arc airfoil at zero angle of attack and Re = 1.1× 107. Flow oscillations arise due
to instability of the shock-induced boundary-layer separation in the aft region. A comparison of
our computational results with available experimental and numerical data [9, 10] showed a good
agreement. For instance, at M∞ = 0.75 the calculated amplitude of lift coefficient oscillations
was 0.30 when the classical k−ω SST turbulence model was employed, and 0.36 when the SSG
Reynolds stress model was used. The latter agrees well with the amplitude of 0.37 obtained
numerically in [9] using the Spalart-Allmares and Baldwin-Lomax turbulence models.

For gradually decreasing M∞, computations demonstrated an onset of flow oscillations over
the circular-arc airfoil in the range as follows:

0.723 ≤ M∞ ≤ 0.780, α = 0.

A slight discrepancy with the test observations [10], which showed the flow oscillations at 0.732 ≤
M∞ ≤ 0.777, can be explained by a special adaptation of test section used in the experiments. In
fact, the experiments were performed in a wind-tunnel with a small size of the test section whose
walls were adapted to simulate streamlines over the airfoil in infinite atmosphere at M∞ = 0.775.
Therefore, at smaller values of M∞, the adaptation inadequately simulated the streamlines and
admitted an adverse influence of the walls on the flow.
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Figure 2: Maxima CL,max and minima CL,min of the lift coefficient oscillations in time as functions
of U∞ in asymmetric flow over airfoil (1)–(3) at zero angle of attack. Computations are performed
on four different meshes using the classical k − ω SST turbulence model.

Figure 3: Maxima CL,max and minima CL,min of the lift coefficient oscillations in time as functions
of U∞ in asymmetric flow over airfoil (1)–(3) at zero angle of attack. Computations are performed
using three different models of turbulence and for inviscid flow.
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Figure 4: Mach number contours in an asymmetric flow past the airfoil (1)–(3) at an instant t
for U∞ = 273.5 m/s, α = 0, Re = 1.1× 107.

For the flat-sided airfoil (1)–(3), numerical solutions of the problem formulated in Section 2
also showed self-exciting oscillations of the separated boundary layers in the aft region. Figure
2 presents maxima and minima of the lift coefficient in the course of periodic oscillations of an
asymmetric flow past airfoil (1)–(3) at α = 0. These results were obtained using the classical
k − ω SST turbulence model and four different meshes. A technique for achieving asymmetric
regimes at zero angle of attack is described below in Section 4.

As seen from Fig. 2, the bifurcation band of U∞, in which there exists asymmetric flow at
α = 0, depends insignificantly on the mesh refinement. At the same time, the amplitude of
lift coefficient oscillations is sensitive to the mesh. Indeed, at the right end of the bifurcation
band, about U∞ = 274 m/s, computations on meshes composed of 127,348 or 47,704 elements
yield considerable amplitudes, whereas computations on meshes of 169,394 or 93,814 elements
demonstrate no oscillations.

Employment of the k − ϵ turbulence model instead of k − ω SST caused a decay of the
oscillations for all meshes. In this case, the dependence of CL on U∞ looks like the one for the
inviscid flow (see the dashed curve in Fig. 3).

On the other hand, employment of the SSG Reynolds stress turbulence model, which has
six additional transport equations [11], enhances the amplitude of the lift coefficient oscillations.
Moreover, the results obtained using this model on meshes of 169,394 and 127,348 elements are
close enough (see Fig. 3).

One can conclude from the above that the SSG Reynolds stress turbulence model along with
the mesh of 169,394 elements describe most adequately the oscillations of CL for airfoil (1)–(3).
Therefore we used them for a detailed analysis of the transonic flow in the next section.

4 Numerical results for flow past airfoil (1)–(3) at zero angle of
attack α = 0

In order to attain the asymmetric flow regime respective to Figs. 2 and 3, the solver was first run
at the uniform initial and boundary conditions determined by α = 0.1 deg, U∞ = 273.5 m/s.
After 0.2 s (physical time), the angle α was switched to zero on Γ1 and the run was continued
for 0.5 s. In the case of SSG Reynolds stress turbulence model, the obtained flow with three
local supersonic regions at α = 0, U∞ = 273.5 m/s is illustrated in Fig. 4. That flow was used
as an initial state for computation of asymmetric flow fields step-by-step at smaller and larger
values of U∞. At each step, it takes about 0.5 s in order to attain periodic oscillations of CL.
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The obtained bifurcation band is as follows:

272.1 ≤ U∞,m/s ≤ 274.6 (0.8583 ≤ M∞ ≤ 0.8662). (4)

Figure 5: Margins of the lift coefficient oscillations versus U∞ for the airfoil (1)–(3) at α =
0, Re = 1.1× 107: (a) asymmetric flow regimes, (b) symmetric flow regimes.

Maximum and minimum of the lift coefficient oscillations in this asymmetric regime are indicated
by squares in Fig. 5a. A typical dependence of CL on time is displayed in Fig. 6.

Figure 6: Dependence of the lift coefficient on time in an asymmetric flow past the airfoil (1)–(3)
at U∞ = 273.5 m/s, α = 0, Re = 1.1× 107.

In the band (4), there exists another asymmetric flow, with a single supersonic region on the
lower surface and a double supersonic region on the upper surface of the airfoil (see the sketch
on the right in Fig. 5a). This flow regime was obtained in a similar way by using the uniform
initial and boundary conditions determined by U∞ = 273.5 m/s and the negative α = −0.1 deg.

5



Figure 5b presents margins of the lift coefficient oscillations for flows that are symmetric
about the axis y = 0 on average in time. Computations were performed using the uniform
free-stream at α = 0 as an initial state. For 273 ≤ U∞,m/s ≤ 274, a symmetric flow past
airfoil (1)–(3) does not exist because of the intrinsic instability of closely spaced local supersonic
regions.

The Reynolds number based on L = 0.5 m and U∞ = 273.2 m/s is 1.1×107. The frequency
of lift coefficient oscillations is about 160 Hz for the asymmetric flow regimes and the symmetric
regime at 270 ≤ U∞,m/s ≤ 272.9. Meanwhile, for the symmetric flow at larger velocities (see
Fig. 5b), the frequency increases from 147 Hz to 169 Hz as U∞ increases from 274.1 to 277 m/s.

Figure 7: Margins of the lift coefficient oscillations versus stationary variations of the angle of
attack α in case of the reduced distance from the inflow boundary Γ1 to airfoil (1)–(3): (a)
U∞ = 270 m/s, (b) U∞ = 276 m/s.

5 Dependence of the lift coefficient on the angle of attack α

In case of time-dependent angle of attack, the computational mesh must be refined in the region
between the inflow boundary Γ1 and the airfoil in order to provide a good accuracy of the
unsteady flow simulation. To avoid a dramatic increase of the total number of mesh nodes, we
displaced the inflow boundary downstream and set it at a distance of 4 chord lengths from the
airfoil, Γ1 : x(y) = 1248 −

√
12522 − y2, −100 ≤ y ≤ 100. A hybrid mesh of 94, 183 elements

was generated in the modified domain. As in Section 4, we employed the SSG Reynolds stress
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turbulence model and boundary data T∞ = 250 K, p∞ = 108, 040 Pa.

Figure 8: Lift coefficient as a function of time for the airfoil (1)–(3) at the unsteady angle of
attack; (a) U∞ = 270 m/s, (b) U∞ = 276 m/s.

The modification of the computational domain shifted the bifurcation band (4) to smaller
values of U∞:

269.7 ≤ U∞,m/s ≤ 272.7. (5)

First, we examined a dependence of CL on stationary changes of α. Figure 7a depicts the
calculated lift coefficient as a function of the angle α at the free-stream velocity U∞ = 270 m/s.
As seen, slight changes of α in a vicinity of zero can result in considerable jumps of CL, from
−0.2 to 0.2 and vice versa. This is caused by a joint effect of the oscillating boundary layers in
the aft region and alternate coalescence/rupture of local supersonic regions on both sides of the
airfoil.

Figure 7b presents CL as a function of α at a larger velocity, U∞ = 276 m/s. It can be seen
that variations of CL under the same changes of α are crucially reduced. This is due to the fact
that, on each side of the airfoil, the single supersonic regions persist and don’t rupture unless
|α| exceeds 0.97 deg.

Finally, we imposed a time-dependent angle of attack α(t) that switches between 0.3 and−0.3
deg every 0.16 s, with a period T = 0.32 s (see Fig. 8). This means that the vertical component
V∞ of the free-stream velocity switches between about 1.4 and −1.4 m/s if U∞ = 270÷276 m/s.
Figure 8a shows considerable variations of the lift coefficient CL(t) calculated at U∞ = 270 m/s.
An increase of U∞ to 276 m/s entails a dramatic reduction of the variations (Fig. 8b). In the
latter case, the frequency of lift coefficient oscillations concerned with the unsteady boundary-
layer separation turns out to be high, 1750 Hz. That is why, to make visible crowded maxima
and minima of the plot CL(t), the time interval in Fig. 8b has been limited to just one period T .
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6 Conclusion

A comparison of three turbulence models, k − ω SST, k − ϵ, and SSG Reynolds stress, showed
that the latter is most appropriate for the numerical simulation of the oscillatory transonic flow
past airfoil (1)–(3). The study confirmed that there exist bifurcation bands of the free-stream
velocity U∞ and angle of attack α, in which airfoil (1)–(3) admits up to three different flow
regimes, and slight changes of U∞ or α can result in considerable jumps of the lift coefficient.

Acknowledgement.
This work was supported by the Russian Foundation for Basic Research under a grant no. 11-

08-00643a.

References

[1] Jameson A., Airfoils admitting non-unique solutions of the Euler equations. AIAA Paper,
1991, no. 91-1625, 1-13

[2] Hafez M., Guo W., Some anomalies of numerical simulation of shock waves. Part II: effect
of artificial and real viscosity. Computers and Fluids, 1999, 28, 721-739

[3] Kuzmin A., Aerodynamic surfaces admitting jumps of the lift coefficient in transonic flight.
In: Computational Fluid Dynamics Review 2010. World Scientific Publishing Co., Singa-
pore, 2010.

[4] Kuzmin A., Self-sustained oscillations and bifurcations of transonic flow past simple air-
foils. J. Applied Mechanics and Technical Physics, 2008, 49, 919-925

[5] Kuzmin A., Bifurcations of transonic flow past flattened airfoils. E-print.
http://hal.archives-ouvertes.fr/hal-00433168/en/ , CNRS, Villeurbanne, France, 2009

[6] Kuzmin A., Bifurcations of transonic flow past simple airfoils with elliptic and wedge-shaped
noses. J. Applied Mechanics and Technical Physics, 2010, 51, 16-21

[7] ANSYS Products. http://www.ansys.com/Products/

[8] Barth T.J., Jesperson D.C., The design and application of upwind schemes on unstructured
meshes. AIAA Paper 89-0366, 1989.

[9] Geissler W., Ruiz-Calavera L.P., Transition and turbulence modelling for dynamic stall
and buffet. 4th Internat. Symp. on Engineering Turbulence Modelling and Measurements.
Corsica. France. 1999. P. 1-10.

[10] McDevitt J.B., Levy L.L., Deiwert G.S., Transonic flow about a thick circular-arc airfoil.
AIAA J., Vol. 14. NO. 5, 1976. P. 606-613.

[11] Speziale C.G., Sarkar S., Gatski T.B., Modeling the pressure-strain correlation of turbu-
lence: an Invariant Dynamical Systems approach. J. of Fluid Mechanics, Vol. 227, 1991. P.
245-272.

8


