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Abstract : Determining the number of relevant dimensionghie eigen-space of a
graph Laplacian matrix is a central issue in mgmctal graph-mining applications.
We tackle here the sub-problem of finding the “tigimensionality of Laplacian
matrices, especially those often encountered indthreains of social or biological
graphs: the ones underlying large, sparse, unedeahd unweighted graphs with a
power-law degree distribution. We present hereapglication of a randomization
test to this problem. We validate our approach firsan artificial sparse and power-
law type graph, with two intermingled clusters,rtten two real-world social graphs
(“Football-league”, “Mexican Politician Network”)where the actual, intrinsic
dimensions appear to be 11 and 2 respectively illugrate the optimality of the
transformed dataspaces both visually, and numérioglmeans of a decision tree.
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1. Introduction

Spectral methods have been recently considerethpariant approach for
extracting knowledge from graphs. For example, spkegraph clustering
has been considered by many authors a most prampath to “better”
clustering techniques (Von Luxburg, 2007). Or sp@atharacteristics have
been considered relevant clues for finding out pgranotifs” in biological
applications (Banerjee2008). Not to mention the scientific (and
economic...) importance of spectral centrality @edi such as PageRank
(Brin & Page, 1998) for the study of social netwsrkf'wo main questions
arise when using graph spectral methods:

What transformation of the dataspace is most rekevar this task?
Though the case is far from closed, a consensistseiir considering the
dominant eigenspace of one or another of the tjightlated “graph
Laplacian” matrices as the relevant one.
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How many major dimensions must be considered ia transformed
dataspace for conveniently observing features diopeing graph mining
operations? This last problem is the one we trgdpe with in the present
paper. Many answers have been proposed, mainljhenntore general
framework of rectangular datatables, but most efrthrely on the empirical
evidence of a “gap” in the scree-plot of the eigdne sequence, whether
visual or based on numerical indices such as secdifiérences
(Cattell,1966), or on specific statistical modefen untrue in the case of
large and sparse graphs encountered in most oédbml or biological
application domains (Bouveyron et 2009).

Whereas statistical comparisons with “null models&. randomized
versions of a graph, attract a growing interestdsks such as graph motifs
discovery (Milo et al.,2002), no proposal has been advanced, to our
knowledge, on the problem of delimiting by meansafgorous statistical
methodology the relevant eigen-subspace of a giaehwill limit here our
investigations to the unoriented and unweighteglgga

In section 2 we will present a few related conttidms. In section 3 we
will describe our general TourneBool randomizatieat and specify it in
the case of unoriented and unweighted graphs.chiose4 we will focus on
eigenspace approaches in graph studies, and vidflybrecall precursor
contributions as well as state-of-the-art well-Bbshed results. Section 5
will expose the use of the TourneBool test for iimgdout the relevant eigen-
subspace of a graph. Three applications will enguesection 6 we will
describe our process for generating an artificieludter sparse graph with a
major realistic feature, i.e. a power-law globastdbution of the nodes
degrees, and the one-dimensional eigen-spaceingstridom our test. The
second and third applications in section 7 invdahe well-known “football
league” social graph (Girvan & Newma&)02) first, where the TourneBool
test delineates an eleven-dimensional relevant negpee, visually
displaying the main 12-conference loosely interf@dgstructure as well as
the deviations from this structure. A decision tneenerically confirms these
nuanced results. And second, the “Mexican politieiaetwork” appears to be
strongly structured in a two-dimensional intrinsembedding. As a
conclusion, we will claim that the resultant eigearse is a stable groundwork
for building further representations, whatever dataing method is used.

2. Related approaches

The authors of contribution (Milo et a2002) compare an oriented graph
to its randomized counterparts (same number ofiadd ingoing/outgoing
degree distribution) in order to detect significdivected subgraphs termed
“network motifs”. As their objective, far from oyrgs mainly focused on
detecting elementary building blocks in biologicetworks, they impose



hal-00630409, version 1 - 10 Oct 2011

Relevant Eigen-Subspace of a Graph

further constraints on their randomized null mogdsigch as embedding the
same repartition of 3-motifs as in the original giravhen extracting 4-
motifs. The authors of contribution (Banerjg808) have other bio-inspired
objectives, such as the discovery of motif joinirggsduplications when
comparing graphs. They show that the full spectrthe graph laplacians,
and the resulting spectral plots, include charattertraces of these events.
They explore properties of the whole graph spectod,properties of null
models spectra, or of dominant parts of the spectru

In (Lelu & Cadot,2010) we have compared word-text binary matrices to
their randomized versions, in order to bring outdvlnks (and anti-links)
in the two inter-texts and inter-words derived dn@plrhough tightly related
to our present method and tools, none of theseoappes deals with the
problem of finding out the “right” reduced repretsion space of a graph.
The contribution (Gionis et al2007) deals, as we do, with the problem of
finding out the number of relevant eigen-dimensions rectangular binary
matrix, but presents a heuristic approach basedumique randomized matrix.

3. The Tournebool randomization test

3.1 General case: testing any numerical property for ay binary matrix

TourneBool (Cado2005) is a method for generating random versions of

a binary datatable with prescribed margins, and ¢hsuing test for
validating any statistics conducted on it. It isb® noted that the principles
of generation of random matrices with prescribedgng seem to have
been discovered independently several times, inowsr application
domains: ecology (Connor E & Simberloff, 1979; Co&bChen, 2003),
psychometrics (Snijders2004), combinatorics (Rysef,964), sociology
(Roberts,2000). The contribution (Cado2006) legitimates the rigorous
permutation algorithm based on rectangular “fliggp”, and shows that any
Boolean matrix can be converted into any otherwitle the same margins
in a finite number of cascading flip-flops, i.e.ngpositions of elementary
rectangular flip-flops: at the crossings of rowsarid i2, and columns j1 and
j2, a rectangular flip-flop keeping the margins lieged is possible if the
(i1,j1) and (i2,j2) values are 1 whereas the ()1gj(i2,j1) values are 0.

As is the case for all other randomization testarfM, 1997), the general
idea comes from the exact Fisher test (Fish®86), but it applies to the
variables taken as a whole, and not pairwise. Tipeflbps preserve the
irreducible background structure of the datatalddet break up the
meaningful links specific to a real-life data tabeonsider for example a
text vs. words incidence matrix: if some words appe nearly all the texts,
they will appear as such in all the simulated moafyitoo, and no link
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between these words will ensue. Now consider a fewg texts
systematically comprising none of these considdredquent words: the
simulated matrices will not reproduce this intaregtfeature, which will
only be brought to light by comparison to the oraione. In this way,
comparing with simulations allows one to depart llaekground structural
part of a linkage out of the other part, the one ase interested in. The
background structure depends on the applicationatlgnand also on the
distributions of the margins. For example, mostenftsxwords datatables
have a power-law distribution of the words, andireoimial-like one for the
number of unique words in the texts. This backgdosinucture induces our
“statistical expectation” of no links conditionatly the type of corpus. Getting
rid of the background structure enables this metioodrocess any type of
binary data, both (1) taking into account the mraabdistributions, (2) doing
this without any need to specify the statisticatigls of these distributions.

When using this algorithm, one must fix the valoéshree parameters:
the number of rectangular flip-flops for generatingn-biased random
matrices, the number of randomized matrices, tphaalisk. The two last
parameters are fixed in accordance with the usaaipcomises: on the
computer science side, the trade-off between spaddquality - the more
simulated matrices, the higher the quality of eation, but the longer the
computation time, too... For large matrices, we tesask for 100 or 200
simulations. On the statistical side, the tradebeffiveen the alpha and beta
risks: the smaller the alpha value, the lesseridiikeof extracting links due
to the sole chance, but also the greater the siaf rejecting significant
and meaningful links. Our experience is to fix tlaue to the usual 5% or
1%. As for the first parameter (the number of eletasy flip-flops), our rule
of thumb is to start with four times the numberooies in the matrix, and
adjust it, if necessary, considering the sequemfi¢heocomputed Hamming
distances. It is to be noted that the permutagstst from which emanate the
randomization tests, have been proven to be the¢ ‘ipowerful” ones, i.e. to
minimize the beta risk for a given alpha risk (Biioeke & Finne,1996).

3.2 Application to graphs

As it is, the TourneBool test is akin to be applieé@djacency matrices of
bipartite, unoriented, unweighted graphs, as thezevo elements of such
matrices include two symmetric rectangular binaratnmes, and this
structure is akin to be reproduced when generatamglom versions as
described above. For generating randomized versanthe adjacency
matrix of an unoriented, unweighted graph, furtbenstraints have to be
imposed at the step of enabling or not a rectandglifaflop: the square
matrix must be kept symmetric and its diagonal gmpt
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4. Eigen-spaces for graph mining

To the best of our knowledge, the first applicat@neigen-analysis to
graphs dates back to (BenzéctR73), when Correspondence Analysis
(C.A.) was applied to adjacency matrices. Let uslighat C.A. (Lebart et
al., 1984; Greenacr2p07) relies on the eigen-analysis of a ma@ilssued
from any two-way correspondence maiixin the case of a undirected and
unweighted graphX is binary and s¥mmetr «:; IS symmetric, t00):

Q =Dr""XD¢ Y (1)

whereDr andDc are the diagonal matrices of the row and coluntaigo
The eigen-decomposition §f writes:

Q =UAV (2

whereA\ is the diagonal matrix of the eigenvaluas..(A_. = 1, L being
the number of connected components; A .3 >... >Ar > 0, R being the
rank of X). U andV are the eigenvector matrices for the rows andneogu
respectively. The C.A. factofs and G ensue, by means of products by
diagonal matrices:

F =x 1/2 D, 125 A G = X”1/2 DC-1/2V A (3)

where x..is the grand total oX. In (Benzécril973) Benzécri has shown
analytical solutions for simple graphs such assing meshes. In (Lebart,
1984) Lebart has generalized to contiguity analysisd illustrated by
showing that theR2, F3) factor plane representation of the contiguitypgira
between French counties reconstitutes the appeaddribe France map.

An independent research track starting with (Ch8§8y) has defined two
“normalized graph Laplacians”, namely the symmetb@placian [ — Q),
where | is the identity matrix, andi...A. = 0, L being the number of
connected components; (A5+1< .<Ar, R being the rank oX, and the
“random walk” variantl - D, X. Note that the dominant eigenvector of
(Dr* XY (more precisely ofx (D, X)' + (L/N)(1-a)11’ for the sake of
“imposing” the presence of one sole connected carapi) is the PageRank
centrality index (Brin & Page, 1998).

Spectral graph clustering consists of grouping tlogles in a K-
dimensional major eigen-subspace — for a review\see Luxburg, 2007) —
and is an increasingly active research line. Tokoawledge and up to now,
the problem of determining the number K, when tistrihution of degrees
is non-Gaussian, has not received more satisfaatmswers than the scree-
plot visual or second-difference heuristics (C8t666), visually prominent
in the case of small graphs, but difficult to patoi practice in the case of
large ones.

5. Determining the relevant eigen-subspace of a grapkith Tournebool

A well-established result in data analysis staked the relevant, noise-
filtered information lies in the dominant eigen+akents of a data matrix
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(Chung,1997). In the case of th® matrix, Benzécri, Chung and many
others have shown that the value of its first eigdure, of multiplicity L (L
belng the number of connected components), is Ome.same is true of the
D, X matrix the representation space of which seentsetpreferred by
many authors. Thus our test sets apart the caﬂ;ﬂsaﬂomlnant eigenvalue,
of value one in the randomized versionsbr D, X too, and answers to
the sequence of questions: does the (L+1)th, (b-r2)I. eigenvalues
significantly exceed their randomized equivalen@u? test then writes:

. Generate a sufficient sample ( X1, X2, ... Xp) of randomized versions
of the original matrix X0 (e.g. 200 matrices).

*  Extract the full sequence of singular values of Q@or D! X0, in
decreasing order.

*  For each k-order eigen-space, starting from k = L +1, compare the k-th
singular value of Q@ or Drl! X0 to the set of corresponding k-th singular
values in the sample: if the current singular value Ak is greater than or
equal to the randomized one located at the signific ance threshold (e.g. than
the third one at the 99% threshold, here), it is de emed significantly
diverging from randomness, and the algorithm goes o nwith k =k + 1.

When the algorithm stops, the value k-L-1 is theehsion number of
the relevant eigenspace.

6. Validation: artificial graph adjacency matrix

We will focus on trying to reproduce two charadgcs that stand out
from the general experience of real-world sociabmiogical graphs: 1) a
power-law distribution of their degrees; 2) clusteuctures which are by no
way all-or-none phenomena: they rather amount togressive, fuzzy
memberships around dense data-cores. In other wdtdsers are generally
intricate, entangled, and by no way orthogonal.

Figure 2 — At left: The two-clusteMO random adjacency matrix with minimum degree 4, and
power-law degree distributiort right : The “scree-plot” of the 50 first eigenvalues ged from
MO (solid red line) compared to the variation intésvaf its randomized counterparts. By
construction, the first eigenvalue of atipg(d°)* M stochastic matrix is 1.
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6.1Data generation:

We will first build such intertwined clusters inelsimplest case of two
clusters, by generating a one-cluster table, gagerding a full (750, 800)
“ones" matrix and a full (750, 660) “zeros" onegrtihcreating another (750,
1460) matrix by randomly permuting the columns, amdntually stacking
the two matrices into a (1500, 1466) one. The s@cstep consists in
“morphing"” this matrix so as to fit to some prebed relative column and
row sum profiles (e.g. a power-law distribution tbe column sums, and a
binomial one for the row sums): the process of ra#teng a global
stretching or expanding for each column vector sota fit to the
corresponding prescribed sum profile, then doing $lame for the row
vectors, lets the transformed datatable converga teal positive matrix
embedding a (distorted) memory of the initial stowe. The third step
consists in turning this table binary, first by madizing it (i.e. dividing by its
maximum value), then by considering each value gutagnal to a probability
for drawing a value “one”; the resulting (1500, @i@able comprises many
empty columns, or columns summing to 1 or 2; imal Cleansing process, we
remove these columns in order to prevent side tsffemd we now vyield a
(1500, 836) binary matriX0 with a power-law distribution of the column sums.
The last phase consists in building a symmetricgpdawv binary adjacency
matrix starting from the symmetric (836, 836) ma#i0 = X0’ X0, on the
same principles: morphing and prunif@ into a symmetric power-law real
matrix with an empty diagonal, then “binarize” ¥ Imeans of the above-
described probabilistic process.

Figure 3— At left: The 2-cluster intertwined structure in matk#0, highlighted by sorting the
rows and columns along th# values At right: The 828 nodes in th&J2, U3) plane.

The final result is 80 (828, 828) adjacency matrix with minimum degree
4 (see Figure 2, left) and a power-law degreeidigion.

6.2 Results

Eigenspace test: Figure 2 (right) shows the “spteg- of the 50 first
eigenvalues 000, compared to the plot of the 99% confidence irgkeof
its 200 randomized counterparts generated by Tbowie As jumps out
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from the figure, the only “first” (i.e. second) gular value dominates their
confidence intervals, emphasizing the 2-clusterertmtined structure,
visually evident when sorting the rows and colunateng theU2 values
(figure 3, left).

7. RELEVANT EIGEN-SUBSPACE OF REAL-WORLD SOCIAL
GRAPHS

7.1 The Football-league graph

The graph of the regular-season Division | collégball game for the
year 2000 (&RvAN & NEWMAN, 2002) is an interesting small real-life test
social network in that it includes the “theoreticabcial structure made of
12 regional “conferences”, in addition to the urswgsed structure
emanating from the 115-node graph. The TourneBest twith 200
randomized adjacency matrices, at the 99% confaelémeshold results in
the scree-plot shown in Figure 4: the eleven “fiigenvalues (N°2 to
N°12, as there is a single connected componefiemgtaph) of the original
D,Y MO matrix clearly dominate the confidence “corridoof its 200
randomized counterparts.
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Figure 4— The scree-plot of the singular values for thetBalb-league social graph (solid line in
red). The dotted lines delimit the 99% confidenterval, the solid blue ones delimit the minimum to
maximum observed variation interval. By constructitine first eigenvalue of angiiag(d®)* M
stochastic matrix is 1.

Figures 5 and 6 display th&Z, U3) and (11, U12) planes in which
conferences appear with different colors. Eye-catclevidence in these
example plots show that all-or-none clustering ltssas well as nuanced
remarks about deviations out of the theoreticalcstire, depending on the
conference, may be pulled out from this represgmtain contrast, th&13
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to U15 factors display no outstanding evidence of intetqdsle structures.
An important remark is that this dataspace “normesli the group
phenomena, whatever the number of concerned indilgd small striking
phenomena are highlighted in the same way as teggds.

Factor 2 and Factor 3

—e— Atlantic Coast

[~~~ —=— Big East
Big Ten
Big Twelve

—*— Conference USA|

—e— Independents
—+— Mid-American
= Mountain West

L2
o
=]

Pacific Ten
Southeastern

—=— Sun Belt
Western Athletic

Figure 5. The U2, U3 plane. Each conference has its own color, anideawith this color
connects its teams, from the first one to thedast

Factor 11 and Factor 12

—e— Atlantic Coast
—=— Big East

Big Ten

Big Twelve
—x— Conference USA|
—e— Independents
—+— Mid-American
—=— Mountain West

Pacific Ten

Southeastern
—=— Sun Belt
Western Athletic

Figure 6— The 11, U1) plane. Each conference has its own color, arideawith this color
connects its teams, from the first one to thedast

We have quantitatively tested this remark, perfogna grid-optimized
decision tree in the 11-dimensional eigen-subsp&@able 1 shows which
conferences may be accurately, if not perfectlgonstructed, starting from
the eigen-subspace, and which may not (e.g. theéeflandents” or “Sun
Belt” conferences).
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TABLE I . RULES ISSUED FROM A DECISION TREE IN THE 11-D REVANT EIGEN-
SUBSPACE U2:U12 FOR RECONSTITUTING THE 12 FOOTBALL-
CONFERENCES (T,TP,FP stand for True, True Posiliuge Negative respectively).

Conf Rul Number of

onferences ules T TP | FP | F-score
0-Atlantic Coast U5<-0.146 9 9 0 1
1-Big East U10<-0.136 8 8 0 1
2-Big Ten U6>0.1 & U3>0.05 11 11 0 1
3-Big Twelve U4>0.115 12 12 0 1
4-Conference USA | U7<-0.1 & U10>0.1 10 9 0 0.95
5-Independents U11<-0,01& U12>0.12 5 2 0 0.57
6-Mid-American U2>0.05 & U3>0.1 13 13 0 1
7-Mountain West U9>0.16 8 8 0 1
8-Pacific Ten U2<-0.132 10 10 0 1
9-Southeastern U3<-0.131 12 12 0 1
10-Sun Belt 3.U11+2.U12>0.7 7 7 3 0,82
11-Western Athletic | U6>0.06 & U7<-0,1 10 8 1 0,84

7.2 The Mexican politicians network

The social graph « Mexican Politician Network hitf://vlado.fmf.uni-
lj.si/pub/networks/data/esna/Mexican.hthmking 35 Mexican politicians at
the end of the 20th century, has been studied @\(by et al.2004) and is
available online. Some of them are belong to tmyait is interesting to
investigate whether this belonging is, or is nostraicturing feature of the
global network of the political power in this cognt

Figure 9— At left: The scree-plot of the singular values for the Manipoliticians social graph
(solid line in red). The black dotted lines delirttie 99% confidence interval; the pale green ones
delimit the minimum to maximum observed variatioterval. At right: The (2, U3) plane. In red:
Army officers; Boxes: a decision tree solution maxing the Augmented Rand Index when

comparing to the Army/civilian partitioning.

Figure 9 (left) ensues from the TourneBool testhatconfidence threshold
of 99%, on 2000 randomized adjacency matrices: tthe « major »
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eigenvalues (N°2 and N°3, as this graph comprisesique connected
component) of th& = D*? MO D™ matrix are clearly dominating the
« confidence corridor » issued from the 2000 cpoasing matrices. Figure
9 (right) shows the projection of the 35 politiccaim the U2, U3 plane
which constitutes the entire intrinsic space of tgraph. Army officers
appear in red: a three-pole organization appeatsally, one pole is dense,
mainly including army officers, except two (cenjraivilian politicians (F.
Madero, E. Portes Gil), and the two others maioiypprise civilians.

8. Conclusions, perspectives

We have shown that the TourneBool randomizatioh ¢aesceeded in
finding out the most relevant reduced dataspacegfaphs of known
structure: an artificially generated 828 nodes lgrapdowed with a 2-cluster
structure and a power-law degree distribution gaesto a one-dimensional
relevant eigen-subspace; the real-life exampleFafotball league” social
network with 12 categories gave rise to an eleveredsional relevant
eigen-subspace. Another social graph (“Mexicantip@ns”) with three
structuring poles gave rise to a two-dimensionigvant eigen-subspace.

Having a robust estimate of the “right dimensiayalof a graph opens
many perspectives:

* It provides a lower bound for the “real numbefpossible clusters,
which is a precious help for many graph clustenreghods.

e |t gives a stable base for deriving the “bestsgae reconstitution”
of the adjacency matrix, in order to identify fottws links akin to be
filtered and potential links particularly consistevith the logics at work in
the studied network - a useful feature for reconueesystems.

It opens the way to coping with other long-time gieg problems, such
as: are there real distinct clusters in large, idipfgraphs, or progressive
gradients, or multi-scale structures, or a mixhafse elements? How many
of them, in what proportions? Our current resedirehis dealing with these
yet unsolved problems.
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