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Controllability and observability of an artificial
advection-diffusion problem
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Abstract

In this paper we study the controllability of an artificial advection-diffusion system through the
boundary. Suitable Carleman estimates give us the observability on the adjoint system in the one
dimensional case. We also study some basic properties of our problem such as backward uniqueness
and we get an intuitive result on the control cost for vanishing viscosity.
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Introduction

Artificial advection-diffusion problem In the present paper we deal with some advection-diffusion
problem with small viscosity truncated in one space direction. Our interest for the linear advection
diffusion equation comes from the Navier-Stokes equations, but it arises also in other fields as, for example,
meteorology. For a given viscosity € > 0, the incompressible Navier-Stokes equations can be written as

{ fe+(fV)f —eAf+Vp=0
div(f) =0

where f is the velocity vector field, p the pressure, V the gradient and A the usual Laplacian. Considering
the flow around a body, we have that f is almost constant far away from the body and equal to a. Then,
our system can be approximated by the Oseen equation

{ fi +(@V)f —eAf+Vp=0
div(f) =0
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(see, for instance, [7, page 309, (1.2)]). Consequently, we get the following equation for the vorticity
uy + a.Vu — eAu = 0.

In the sequel, we assume for simplicity that a is the nth unit vector of the canonical basis of R"”.

When one computes the solution of this problem, one can only solve numerically this problem on a
bounded domain. A good way to approximate the solution on the whole space may be given by the use
of artificial boundary conditions (see [6, 7]). For any T > 0, we hence consider the following control
problem on Q = R"~! x (—L,0) (L some positive constant) for real-valued functions u, v

Ut + Oz, u —eAu=0 in (0,7)
e(u + Oyu) = v on (0,7) x Ty,
e(ur + Opu) +u=0 on (0,T)
u(0,.) = ug in £,

(S0)"

where T'g := R""! x {0} and I'; := R"~! x {—L} forms a partition of the boundary 9. Here we have
denoted 0, the partial derivative with respect to x,, and 0, the normal derivative.
In the sequel, we shall focus on the one-dimensional problem

Ut + Uy — €Uz, =0 in (0,T) x (=L, 0),
X

() e(ur + dyu) =v on (0,7) x {0},
v e(ur + Opu) +u=0 on (0,7)x {—L},
u(0,.) = uo in (—L,0).

We are interested in the so-called null controllability of this system
for given ug, find v such that the solution of (S,,) satisfies u(7") = 0.

Using classical duality arguments, we will be interested in the observability of the adjoint system at x = 0.
Let us first introduce the adjoint system

Pt + P + EPxa = 0 in (OaT) X (—L,O),
(S/) E(wt*ay )7@:0 on (O,T) X {0}7
ot — O =0 on (0,T) x {—L}.
o(T,.) = ¢r in (—L,0).

The observability inequality corresponding to the previous controllability property is:
there exists C' > 0 such that [|(0,.)||x < Cllo(.,0)[|z20,7) Yer € X, (1)

where the space X will be defined below. We refer the reader unfamiliar with the links between observ-
ability and controllability to the seminal book [8].

One can notice that, when the viscosity e vanishes, our heat system (S,) tends to a transport system
with Dirichlet boundary condition on I';. This phenomenon of degeneration of a parabolic problem to a
hyperbolic one has been studied in several papers: see, for instance, [2] (one dimensional heat equation)
and [5] (Burgers equation). Similar results of interest can also be found in [1].

Main results In dimension n, we define X as the closure of D(Q) for the norm

1
2

lullx == (NullZ2qq) + ellulom)
One notes that X may be identified to L?(Q2) @ L*(09) (that is L?(Q2) @ R? if n = 1).

We will denote by Cops(e) the cost of the null-control, which is the smallest constant C' which fulfills
the observability estimate (1). Our main result is the following;:

Theorem 1 Assume T, L > 0.
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o There exists C > 0 such that the solution of problem (S') satisfies (1). Consequently, for every
up € X, there exists a control v € L?(0,T) with

[vll 20,7y < Clluollx
such that the solution of the problem (S,) satisfies u(T) = 0.

o Furthermore, if T/L is large enough, the cost of the null-control Cops(g) tends to zero exponentially
ase—0:

3C, k > 0 such that  Cops(e) < Ce /e,

Remark 1 One can in fact obtain an observability result for the adjoint system at x = —L, that is

(0, )llx < Clle(, =L)l 2 (0.1

for any ¢ solution of (S”). This provides some controllability result for the direct system on I'y: one can
find a function v depending continuously on ug so that the solution of

Ut + Uy — gy =0 dn (0,T) x (=L, 0),

ug + Opu =0 on (0,T) x {0},
e(ur +Opu) +u=v on (0,T)x {—L},
u(0,.) = ug in (—L,0),

satisfies w(T,.) = 0. Despite the fact that it is more physical to control our system at T'y, we have chosen
to present here the result for the system (S,) since its proof, less obvious, requires more computations.

Remark 2 The fact that the control cost vanishes tells intuitively that the state is almost null for T /L
big enough. This is to be connected with the fact that, for € = 0, the system is purely advective and then
that, for T > L, its state is null.

In some context of inverse problems (be able to know the origin of a polluted river for instance), it
can be interesting to know if the observation of the solution of the direct problem on the boundary part
Ty or I'y can allow us to recover the initial data. The corresponding result is presented now and will be
proved at the end of the first section.

Proposition 2 Let T > 0 and € > 0. If the solution of (So) with initial data ug € X satisfies u =0 on
(0,T) x 'y, then ug = 0. However, there is no constant C > 0 such that the following estimate holds

luollx < Cllul; =L)llz20.m)  Vuo € X. (2)

Remark 3 Using Remark 1, one can also obtain a similar result at x = 0.

The rest of the article is organized as follows: in the first section, we show the well-posedness of
the direct and the adjoint problems using some semi-groups approach. In the second section, we adapt
Carleman inequality to the case of our one-dimensional problem. The third section is intended to explain
how to get observability in the one-dimensional case and the equivalence between observability and
controllability.

Notations:

A < B means that, for some universal constant ¢ > 0, A < ¢B.
A ~ B means that, for some universal constant ¢ > 1, ¢ 'B < A < ¢B.

1 Well-posedness and basic properties of systems

In this section, we work in dimension n.
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1.1 Homogeneous problems

We will use some semi-group results to show existence and uniqueness of the homogeneous direct problem
(that is (Sp)™). This will enable to define solutions of the system (Sp)™ as a semigroup value. We define
H = (X,].|x),V = HY(Q) endowed with the usual norm ||.|| and we consider the bilinear form on V

defined by
a(uy,ug) = E/ Vui.Vug + / O, urus + / ULUS.
Q Q ry
Using the Riesz representation theorem, one can define an operator A such that
Vur,ug € X, a(uy,ug) =< —Auy,us >x
and D(A) = {u € X; —eAu+ 0,,u € L*(Q),0,u € L*(9N)} equipped with the graph norm

a(u,v
llullpay = |lullx +  sup u
veviioy [Ivllx

(S0)™ might now be written in the following abstract way

u = Au in X,
u(0,.) =wuo in X.
tA)

Proposition 3 Let ¢ > 0. Then A generates a continuous semi-group (e"*);>0 on X.

Proof Using the Hille-Yoshida theorem, we will show that 4 is a maximal monotone operator.

e First, Green-Riemann formula gives

1
< Auyu>x= —5/ Vul? - —/ lul2,
Q 2 o0

so the monotonicity is proved.
e Given v € X, we have to solve (I — A)u = v, that is to find u € D(A) such that

Vu' € X, < (I — Au,u’ >x=<v,u >x .

(3)

The left-hand side term of this equation is a continuous bilinear form B on the space V while
the right-hand side term is a continuous linear form L on V. Moreover, using (3), one can easily

compute

1
B(u,u) = ||ull% +€/ [Vul* + —/ Jul* > min{1, }{|ul]?,
Q 2 o0

which show that B is coercive on V. Consequently, Lax-Milgram theorem shows that there exists
u € V such that B(u,u’) = L(u'), Vu' € V. Using test functions v’ € D(f2) additionnaly gives

u € D(A) and our proof ends.

O

In particular, for every initial data ug € X, we have existence and uniqueness of a solution u € C(R*, X)
to (Sp)™. We will call these solutions weak solutions opposed to strong solutions i.e. such that ug € D(A)
and which fulfill u € C(R*,D(A)) N C(RT, X). One can notice that, using the density of D(A) in X, a

weak solution can always be approximated by a strong solution.
Let us introduce the adjoint system in dimension n

or+0p,p+eAp=0 in (0,T)
(S/)n E(Cpt — 8V(P> —p= 0 on (0, T) X Fo,
ot —Oup =0 on (0,7
o(T,.) = er in Q.
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One can show that it may be written in the following abstract way

o+ Ap=0 in X,
o(T,.)=pr inX.

In the same way as above, the adjoint operator A* is shown to be maximal monotone with domain D(A*).
Thus, for every initial data o7 € X, we have existence and uniqueness of a solution ¢ € C(RT, X) to
(S")™ given by means of the backward semigroup (e(T=94"),5. We will also speak of weak solutions or
strong solutions in this situation.

1.2 Nonhomogeneous direct problems
We consider a slightly more general system

U+ Oy, u —eAu=f in (0,7T)
(S )n E(Ut + ayu) = Jo on (0, T) X Fo,
f:90.91 e(ug +dyu)+u=g1 on (0,T)
u(0,.) = ug in £,

with f € L2((0,T) x Q), go € L*((0,T) x ') and g1 € L*((0,T) x T'1). We consider a function g on 9
such that g =¢g; on T'; (i =0,1).

Definition 4 We say that v € C([0,T],X) is a solution of (Sfge.q)" if. for every function
¢ eC([0,T],H*(Q)) NC([0,T],X), the following identity holds

/OT/Qu(tpt+8zngp+5A<p)+/OT/BQu(E(tpt—autp)—lr[)(p)—l—/OT/thp—l—/OT/BQggo

- [ w(T)p(T) — [ upp(0) + ¢ /6 uT)e(r) /6 unpl0).

Proposition 5 Let T > 0, ug € X, f € L2((0,T) x Q), go € L?((0,T) x T'g) and g1 € L*((0,T) x I'y).
Then (S¢,g0,9:)" pPOssesses a unique solution w. Moreover, one has the following estimate

[ull Lo 0,7y, %) < C(T'€) (I[uollx + 1 fllz2(0,myx0) + 19l L2(0,1)x09)) -
with C(T, e) only depending on T and ¢.

Proof Using the Riesz representation theorem, we first define F'(¢) € X such that

< F(t),u >X=/Qf(t)u+/mg(t)u, Yu € X.

It is now easy to check that u is solution to (Sy,g,,4,) if and only if
¢
u(t) = e“ug +/ e=9AR(s)ds, Vte[0,T].
0

Finally, using classical estimates of the norm of e, this expression is well-defined and we obtain the
required estimate. O

We now focus on some regularization effect for our general system and for some technical reasons we
want to have some explicit dependence of the bounds on . The result is given below.

Lemma 6 Let e € (0,1), f € L?((0,T) x Q), go € L*((0,T) x ') and g1 € L*((0,T) x I'y).

o Let ug € X. Then if u is the solution of (Sf40.9.)", u belongs to L?((0,T), H'(2)) N C([0,T], X)
and

51/2HUHL2((O,T),H1(Q)) + llullzoo 0,1y, x) < Cllluollx + I fllz2c0,m)x0) + lgllz20,r)x00))  (4)

for some C' > 0 only depending on T.
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o Let now ug € H(Q). Then u € L?((0,T),D(A)) NC([0,T], H(Q)), us € L?((0,T), X) and

2| oo 0.1, 51 @)y + (AUl 20,7y x Q) + 19l L2(0.7)x09)) + 1wt ]l L2 (0. 7,5)

(5)

C
< Zijp (luollw @) + 1/ ll2q0,m)<0) + 191l 20,1 %00

where C' > 0 only depends on T'.
Proof

e First, we multiply our main equation by u and we integrate on 2. An application of Green-Riemann
formula with use of the boundary conditions gives the identity

u ul“+e¢e | |Vu fu—|— gu,
sl [ iee [ vu 5

which immediately yields

d
G+ [l 20 [ 190 <l + 171 + lolcon
Finally, Gronwall’s lemma yields (4).

e Now, we multiply the main equation by u; and we integrate on €2, which, using Green-Riemann
formula and the boundary conditions provide the identity

(L) S (L) o
ot + [ onwnet 55 ([ 0a?) 4 55 (1) = [us [ o,
~ [ w5 [ 1VuP - Slul

and, using again Young’s inequality, we have

1
[ et [ gu < Ghully + €O + lln):
Q o0

We have thus proven the following inequality

ok +2e ([ 1902) 425 [ <2 [ 1908 0 (lolaom + 1) ©

Gronwall’s lemma and (4) provide

Now

C T
[ vk <5 ( / <||f<t>||i2<m+||g<t>|%zwm>dt+|uO||%p(Q>>, ™)

for t € (0,7). We now inject this into (6) to get the second part of the required result

C T
el 20,7y, %) < . </O (FOZ 20 + l9ONIF2(00))dt + ||U0|12Hl(sz)> :

Writing the problem as

—Au=21(f—u—0,u) in(0,T)xQ,
au———ut OD(O,T)Xro,
au:gl—ut—%u on (0,7) x I'y,

we get that u € L2((0,7), D(A)) and the existence of some constant C' > 0 such that
|Aull 20,1y %) + 0wl L2((0,7)x802)

C
< ;(||f||L2((0,T)xsz) +lg9ll2c0,1)x00) + lullL2(0,1), 51 () + llwell L2(0,7), x))

which gives the last part of the required result (5).
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O

Remark 4 Working on the mon-homogeneous adjoint problem and wusing the backward semigroup
eT=DA" " one is able to show that the estimates of Lemma 6 hold for the system

ot + 0, p+elp=f in(0,T) x Q,

(S elpe —0vp) —p=g0 on (0,T) x T,
f,90,91 (ot — ) = g1 on (0,7T)

o(T,.) =pr in Q.

1.3 Backward uniqueness

We will show here the backward uniqueness of systems (Sp)™ and (S")", thanks to the well-known result
of Lions-Malgrange ([10]) and the regularization effect.

Lemma 7 Let ug € X and § € (0,T). Then, the solution u of (So)™ satisfies u € C([0,T], D(A)).

Proof Our strategy is to show that u € L?((5,T); H*(2)) and u; € L*((5,T); H*(Q)). This easily
implies that u € C([5,T]; H*()).

We first select some regular cut-off function 6, such that 61 =1 on (6/2,7) and 61 = 0 on (0,6/4). If
u1 = f1u, we have that

Ut + Op,u1 —eAug = 0w in (0,7) x Q,
e(urs + Oyur) = ebiu on (0,7) x Ty,
e(ure + Oyur) +up =ebju on (0,7) x Ty,
u1(0,.) =0 in Q,

that is u; satisfies (Sp;y,co1u,co00)"- An application of Lemma 6 gives that u; € L*((0,T),D(A)) and
w1 € L2((0,T), X). This implies in particular that u € L*((5,T), D(A)).

We now focus on u; and we select another cut-off function 65 such that 62 =1 on (6, 7) and 62 = 0 on
(0,8/2). We write the system satisfied by fau and we differentiate it with respect to time. One deduces
that ug = (f2u); is the solution of

(S / 1" / " / " )n.
0Lus+05 u,e(0hur+05u),e(05ur+65 u)

Using that 05| < |61], Lemma 6 gives that us € L2((0,7), D(A)) that is uy € L%((6,T), D(A)).

Proposition 8 Assume that u is a weak solution of (So)™ such that u(T) = 0. Then uy = 0.

Proof If 0 < < T, then Lemma 7 shows that u(d) € D(A). We will now apply Théoreme 1.1 of [10] to
u as a solution of (Sp)™ in the time interval (0,7 to show that u(d,.) = 0. The bilinear form a defined
in (3) can be split into two bilinear forms on V' defined by

a(uy, uz) = ao(t,ur,us) + a1 (t, ur, us)
with

ao(t,ul,UQ):E/ Vui.Vusg, al(t,ul,uQ) :/(')mnuluQ—i—/ U1 U.
Q Q I

The four first hypotheses in [10] (see (1.1)-(1.4) in that reference) are satisfied since u € L?(5,T;V) N
HY(6,T; H) (from Lemma 6 above), u(t) € D(A) for almost every t € (6,T), uy = Au and u(T,.) = 0.
On the other hand, it is clear that ap and a; are continuous bilinear forms on V' and that they do not
depend on time t. It is also straightforward to see that

Vu €V, ao(t,u, u) + |ull % > min{1,e}|ul?
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and, for some constant C' > 0,
Vu,v € V, |ay(t, ur, uz)| < Clluallluz x-

This means that Hypothesis I in that reference is fulfilled. We have shown that w(d,.) = 0, which finishes
the proof since
ug = lim u(d) = 0.

§—0

O

Remark 5 The result also holds for the adjoint system: if ¢ is a weak solution of (S")™ such that
©(0) =0 then pr = 0. The proof is very similar to the one above and is left to the reader.

1.4 Proof of Proposition 2

The fact that u = 0 on (0,7) x I'; implies ug = 0 is a straightforward consequence of the backward
uniqueness of system (Sp)™. Indeed, similarly as (1), one can prove the observability inequality

[T, )l x S Nullz2 0.1y xr)s

(see Remark 6 below), which combined with Proposition 8 gives ug = 0.
To show that (2) is false, we first need to prove some well-posedness result of (Sp)" with ug in a less
regular space. For s € (0,1/2), we define X as the closure of D(2) for the norm

%
e = (lelre oy + elluliom)

where H*(Q) (resp. H*(0R2)) stands for the usual Sobolev space on  (resp. 9f2). One easily shows that
X* is a Hilbert space. We now denote X ~° the set of functions us such that the linear form

uy € D(Q) —< up,up >x

can be extended in a continuous way on X®. If u; € X7% wus € X°® we denote this extension by
< U, U2 >_5s-

If ug € X %, we say that u is a solution by transposition of (Sy)" if, for every f € L2((0,T) x )

T
/ / Uf+ < anSD(Oa ) >—s,s: 0;
0 Q

where ¢ is the weak solution (see Remark 4) of

¢t +0p, 0 +elp=f in(0,T)x
e(pr —0up) — =0 on (0,7) XFO,
wr—0,p =0 on (0,7) x T'y,

o(T,.)=0 in .

(S%,0,0)"

Using the Riesz representation theorem and continuity (see Remark 4) of
FeL((0,T) x Q) — ¢(0,.) € H'(9),

it is obvious that, for any ug € X ~*, there exists a solution by transposition of (Sp)", u € L?((0,T) x §2),
such that

lullL20,m) <) S lluollx—s-

Moreover, if ug € X = X°, Lemma 6 shows that the solution u satisfies

lull L2¢0,m), 11 () S llwollxo-
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If one uses classical interpolation results (see [9]), one can deduce that for every 6 € (0,1/2), for any
up € X739 = [X, X ~°];_g, there exists a solution v € L2((0,7), H'~%(Q)) such that

||u||L2((O,T),H1*9(Q)) S Nluoll x ¢

Using classical trace result, we have that

HUHLZ((O,T)X(%Z) ,S ||U0||X—se. (8)

On the other hand, estimate (2) imply in particular that
luollx < llullz20,myxry)  Vuo € D(Q). (9)

Finally, (8) and (9) yields the contradictory inclusion X ~%¢ < X. [

2 Carleman inequality in dimension 1

In this paragraph, we will establish a Carleman-type inequality keeping track of the explicit dependence
of all the constants with respect to 7" and . As in [4], we introduce the following weight functions:

A — @) en(®@)

n(@)i=2L+w, altz)= Zm—y, b= mm—py

where \ > €2l
The rest of this paragraph will be dedicated to the proof of the following inequality:

Theorem 9 There exists C > 0 and so > 0 such that for every e € (0,1) and every s > so(eT + 2T?)
the following inequality is satisfied for every pr € X:

83/ ¢3€—2804|(p|2+s/ ¢€_28a|@m|2+33/ ¢3€—23a|(p|2
(0,T)x(=L,0) (0,T)x(=L,0) (0,7)x{0,—L}

< 057 6745a+25a(.,7L)¢7|80|2'
(0,7)x{0}

Here, ¢ stands for the solution of (S") associated to @r.

Remark 6 One can in fact obtain the following Carleman estimate with control term in I'y

83/ ¢3672sa|<p|2+8/ ¢672sa|¢z|2+83/ ¢3€725a|90|2
(0, T)x(—L,0) (0,T)x(—L,0) (0, T)yx{0,—L}

< 087/ e—4sa+25a(.,0)¢7|(‘0|2-
(0,T)x{-L}

simply by choosing the weight function n(x) equal to x — —x + L. The proof is very similar and the
sequel will show how to deal with this case too.

In order to perform a Carleman inequality for system (S’), we first do a scaling in time. Introducing
T := €T, §(t,x) = @(t/e,x) and the weights G(t,x) = a(t/e,x), ¢(t,x) := H(t/e,x); we have the
following system

¢t+571¢x+¢zz =0 in g,

(@ —e10,p)—p=0 on oy,

Py —e 10,p=0 on o1,

Pli=T = PT in (—L,0).

(11)

if ¢:=(0,T) x (=L,0) , 0 := (0,T) x {—L,0}, 5g := (0,T) x {0} and oy := (0,T) x {~L}. We will now
explain how to get the following result.
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10

Proposition 10 There exists C > 0, such that for every e € (0,1) and every s > C(T + 7172 4
51/3T2/3), the following inequality is satisfied for every solution of (11) associated to ¢ € X :

53/&36_28&|¢|2+3/&6_28&|(‘51|2+33/§53€_25d|(‘5|2 < 057/ 6_4S&+28&(.7_L)§£7|¢|2- (12)
q q e [of)

Observe that Proposition 10 directly implies Theorem 9.
All along the proof we will need several properties of the weight functions:

Lemma 11
o |G| ST¢?, |awe| S TP, |G| S T?9%,
® Gy =—0, Ayy = —0.

There are essentially two steps in this proof: the first one consists in doing a Carleman estimate very
similar to that of [4]; in the second one, we will study the boundary terms appearing in the right hand
side due to the boundary conditions. We will perform the proof of this theorem for smooth solutions, so
that the general proof follows from a density argument.

We will first estimate the left hand side terms of (12) like in the classical Carleman estimate (see [4]).
We obtain:

Proposition 12 There exists C > 0, such that for every ¢ € (0,1) and every s > C(T + e 'T? +
el/3T72/3) the following inequality is satisfied for every solution of (11) associated to o € X :
s g q Y Y YT

53/&3672Sd|¢|2+S2/¢;€72Sd|cﬁm|2+871/&716725&(|¢II|2+|¢,5|2)
q q q
+83/ (536725&|¢|2 5 85/ (55672Sd|g5|2 + 525/ (5672s&|¢t|2.
o1 o) ago
Proof B
Let us introduce 1 := @e~*%. We state the equations satisfied by 1. In (0,T) x (—L,0), we have the

identity
Py + Pyyp = Psy,

where
Pli/} = 1/}75 + 25&I1/}1 + 571"/)96; (14>
P21P = wzz + SQ@?AP + Sdﬂb + 5_185411#, (15)
and
P?ﬂ/} = 7565mx1/}

On the other hand, the boundary conditions are:
52(¢t+5&t¢7571(wz+56‘zw>> -4 =0 onz=0, (16>

e(r + sa)) + gy + sG,0 =0 on x = —L. (17)
We take the L? norm in both sides of the identity in ¢:

IP1pl|Z2(g) + 1Pt l|72(g) + 2(P1h, Pat) L2(g) = | Pstbll 72y (18)
Using Lemma 11, we directly obtain

| Pyl S 5° / PP,
q

We focus on the expression of the double product (P1v), P21)12(4). This product contains 12 terms
which will be denoted by Tij(z/J) for 1 <i<3,1<j <4. We study them successively.
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e An integration by parts in space and then in time shows that, since ¢(0,.) = ¢(T,.) = 0, we have

Ta) = [ e =5 [ W)t [ vt [ vy

/gowmt/mmt.

Now, we use the boundary condition (16). We have

Thanks to the fact that ¥(0,.) =¥ (T,.) = 0, the same computations can be done on x = —L using
(17) so we obtain the following for this term:

Tu(w) 2 ~<1% [ $lui - Ts [ &luf
e Integrating by parts in time, we find

dr&zthﬂz;

2
Ti2(v) = %

S~
O
8o
<
N
I
\
»
no
S~

Tuaw) = 5 [ alloP) =5 [ aulvl,
q q

and using Lemma 11, we get

e Now, integrating by parts in space, we have

Tor () =s/qam<|wz|2>w - —s/qamwuus/ao @W—s/m ol

Thanks to Lemma 11 (the choice of 7 is important here), the last term is positive. Using the
boundary condition (16) and Lemma 11, we finally get

Ton() 2 8 / Flal? — 5° / Pl — 25T / Fll? + s / Flbal? — 2 / Sl
q a0 oo o1 oo

e An integration by parts in space provides

() = 5° / &3 (f2)e = 357 / el + 5 /

q q 4

R
[¢] g1

This readily yields
Toa(4) zs3/&3|¢|2+53/ 453|¢|2—s3/ B
q o1 oo
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e Again an integration by parts in space gives
L) = [ aidu0P)e = = [@aaalvP + s [ ddalul =5 [ audulof
q q oo o1
Using Lemma 11, we obtain
T) 2~ [ Sl =T [ S =T [ S
e The last integral concerning the second term in the expression of Py is

Toa() = e's? / & (16P).

q

After an integration by parts in space, we get

Tos(e) > 2571 / FPlpf? — e 1s? / Fll?.
q g1

We consider now the third term in the expression of Pjv. We have

,1 71
Ta) =3 [z = [l

e Now, we integrate by parts with respect to = and we have

1 -1
e R

> 5152/&2|w|25—21s2/ PP,
q g1

e Then, using another integration by parts in = we obtain

—1 N B N ~
Tos) = g [ Gevl)e 2 7o [l = s [ G- s [ o
q o1 oo

e Finally, arguing as before, we find
g2 - _ —
() = oo [ oo = S [ape -7t [ a2 - [ d
a

Putting together all the terms and combining the resulting inequality with (18), we obtain

[Pl F2g) + 1Pl 72g) + 11 () + Lo (¥2) S J1() + Jo () + () + L)

where the main terms are
@) =" [ Sl es [ FWE b =s [l s [ ol
o1 o1
the right hand side terms are
@) = Ts e ls?) [ Pl + (2T 45T [ FP
q q

+<sT+82€‘1+s‘1Ts)/ é2lwl2+<32f+ssf2)/ PP,
o1 g1

(19)
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and

szt):e%/ Flunl?, J3<wm>=e—1/ 2

and the control terms are

L) =e s [ G+ (T4 e Ts) [ PP+ (PP w2l [ B+ 2072 [ S,

Let us now see that we can absorb some right hand side terms with the help of the parameter s.

e First, we see that the distributed terms in J; (1) can be absorbed by the first term in the definition
of I, (¢) for a choice of s > e~ 1/2T3/2 4 =172,

e Second, we use the second term of I;(3) in order to absorb the integrals in the second line of the
definition of J;(1)). We find that this can be done as long as s > ¢ 'T2 + ¢~ 1/27%/2 gince ¢ < 1.

e Next, we observe that, provided s > e =172, the second term in Jy (1, ) absorbs J3(t),).
Moreover, we observe that all the control terms can be bounded in the following way:

LWl [ Sl
oo
as long as s > T(1 + e~ 'T), using that £ < 1.

Next, we use the expression of P11 and Pa1) (see (14)-(15)) in order to obtain some estimates for the
terms 1, and ., respectively:

Lo 2 <8 PP 5T [ 9T P s [ PR S8 ot + [ [P
/ e s/q|| / e / Py s/q|| /q|1|

for any s > e 172 and

T 0
—1 T—1 . 2 < 3 73 2 TQ 73 . 2 -2 2 e 2
s /q<z> I |Ns/0/_L¢|w| s /q¢>|w|+s s/q¢|w|
+5 1 [ 7Y PP S8 [ Gl + 8% [ Bt + [ [Pa)?,
S/q|2|5/q||5/q||/q|2|

for s > T + e T2,
Combining all this with (19), we obtain

s [SEFE 4 a) 457 [ (nal? + )+ 5 [ BluP
q q g1
ss [ Pl s [ duk,
oo g0
for s > T(1+e'T).
Finally, we come back to our variable ¢. We first remark that ¢, = e =*%(p, + sq;gb) and so

7 —2s@|~ |2 7 2 3 231452
/¢ Bl ss/qu +s/q¢ P2

Then, we have that 1, = e~ *¥(p; — sd;(), hence

—1 &71725&*‘25 —1 &717/) 2+ T? &3,‘/)25 —1 &717/) 2+3 &3’1/12
/ |wt|s/q|t|s/q||s/q|t|s/q||
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for s 2 T. Analogously, one can prove that
T ~ ~ ~ ~ ~
s [ [arte o 5t [6 s [P+ [l
0 Jq q q q
for s > T2

We combine this with (20) and we obtain the required result

53/&3672Sd|¢|2+5\/$€725d|¢z|2+571/(571€72Sd(|¢11|2+|¢t|2>+53\/ g?)3672507|¢|2
q q q o1

(21)
5 S5/ &56_25d|¢|2 +€28/ g56—2507“2”27
[ox) g0
for s > T(1 + e 'T) + &'/3T?/3 and using that
5253T2/ $5e_28&|¢|2 < 55/ ¢~$5e_28&|<,23|2
[ox) g0
which is true for s > T (recall that € < 1). O
With this result, we will now finish the proof of Proposition 10.
Estimate of the boundary term In this paragraph we will estimate the boundary term
628/ &672sd|¢t|2.
oo
After an integration by parts in time, we get
2 T osaa 2 £ T =256\ |52 2 1 —2sd = ~
s [ et = s [ G Nulel ~ s [ de 5
g0 ago a0 (22)

57’%25253/ gz7;56—256¢|¢|2+€2!S/ 956_28&|95||¢tt|;
[of) g0

for s 2 T + T2. In order to estimate the second time derivative at # = 0, we will apply some a priori
estimates for the adjoint system. Indeed, let us consider the following function

((t,m) = 0(t) @y i= e * ¥R G5/2 (1 —L)py(t, ).

Then, this function fulfills the following system

Ct + 571(1 + CII = 9,5(,515 in (O’TL) X (_La O),
(G —e7'0,() = ¢ =e%0ipr on (0,T) x {0},

G —e10,C = 0y on (0,T) x {~L},
Q=1 =0 in (—L,0).

Using Remark 4 for (¢,2) — ((et, z) we find in particular

1P < [PiaR+e [ @k
o q o

5/9%42 s/|9t|2|¢t|2+52/<9t>2|¢t|2.
o q o

Integrating by parts in time in the last integral, we have

~ ~ ~ — 9~ € ~
[ #1eul s (100102 42 [(@02leP +e2 [ 00072162 ) + 5 [ 16l
o q o o o

This directly implies that
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From the definition of #(¢) and multiplying the previous inequality by s=3, we find that (since ¢ < 1)
6573/(67255‘&75)(.,—L)|<,5tt|2 < 72 <S1/¢;1625&|¢t|2 +52T25/(g536255‘)(.,L)|¢|2>
o q o
s (s [ al 4 [Eerh-nier) @
a o
for s 2 eT. Using Cauchy-Schwarz inequality in the last term of the right hand side of (22), we obtain

28/ 95672Sd|95||95tt| 561?72873/(6725&(575>('77L>|¢tt|2+€3T285/ 674s&+25&(.,7L)(57|¢|2
oo [ed

go

Combining this with (23) and (21) yields the desired inequality (12). O

3 Observability and control

In this section, we prove Theorem 1.

3.1 Dissipation and observability result

Our first goal will be to get some dissipation result. Even if we will only use this result in dimension one,
we present it in dimension n for the sake of completeness.

Proposition 13 For every e € (0,1), for every time t1,ta > 0 such that to — t1 > L and for every weak
solution ¢ of (S")", the following estimate holds

ot < exp {0 ot

Proof We first consider a weight function p(t,z) = exp(Zz,) for some constant r € (0, 1) which will be
fixed later. We will first treat the strong solutions case and, using a density argument, we will get the
weak solutions case.

We multiply the equation satisfied by ¢ by pp and we integrate on 2. We get the following identity:

s ([ 97) == [ o000 = |
s plel™ ) = =5 | POz, (l¢l") —€ | pplep.
th( Q i 2 Ja (o) Q

We then integrate by parts in space, which due to Vp = Lpe,, provides

1 r 2 1 2 / 2
2//) O, (I21*) 26/p|<p| 5 (/Foplwl . plel™ ),

*E/prAsazs/pIVsoIQ /pazn(lwl ) — </F pwamnsaf/F pw’%w)
2
/pIVsDI2 /p|<p|2 3 (/ plwlz—/ p|<p|2) —6(/ psoc%m—/ psoc%nso)-
Fg Fl FU F1

Using now the boundary conditions for ¢ and summing up these identities, we finally get

d r(l—r
— (/ plwlz) > rd=r) )/plwl2+ (1 *T)/pwl? *26/0%%
dt \Jo € Q r r

On the other hand, it is straightforward that

d
U <€/Fp|sﬁl2> —25/ PPLP,

and
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and, consequently, using that r € (0,1), we have obtained

4 (IWVeTem1%) = =21 /a0e 0l

Gronwall’s lemma combined with exp(—ZL) < p(-) <1 successwely gives

VA0l < exp (== - ) ) IVETptel
and )
et < oxp (=2 (L= )le2 = 1) = 71 ) ot

We finally choose
_ta—t1— L
2(te — t1)
which gives the result. 0

€ (0,1),

We will now use this dissipation estimate with our Carleman inequality to get the desired result.

Proposition 14 Ifn =1, % is sufficiently large and € sufficiently small, then the observability constant
where C', k are some positive constants.

Cobs () is bounded by
k
Cexp (——)
€
Proof

e We begin with estimating both sides of the Carleman inequality obtained above. We use the same
notations as above and we define m = A\ — 2 and M = \ — e*. We first get

T , 2M — 4 r
89/0 e—4sa(.,0)+25a(.,—L)(¢9|(p|2)(.,0) 5 87(ET)_14 exp (%) /O |(,0|2(-,0)-

on [T E}, we have the following estimate from below

On the other hand, using that ¢ > T

1
(eT)?
for the left hand-side of the Carleman inequality (12)

(B ([ [ [T e,

Consequently we get that

_ 4s(M —m T T
lellrynsrmn S 52 exn () [Fip oy =0 [ 1o2(.0),
0 0

We now choose s «~ (¢1)2 + (¢T'). The above constant C' is consequently estimated by
6—46(}/6 /S ec’/e
for ¢ > ¢ and ¢ well-chosen.

e We now deduce the result using dissipation estimates. We have just proven

, T
||80||2L2((T/4,3T/4);X) See /0 |<P|2-
We now use the dissipation property with ¢t = 0 and t; =t € ]%, 3L [ We easily get, provided

4
T > 4L,
T (T —4L)?
§exp T8l (0 )”X H‘PHL? ((T/4,3T/4);X)>

1 4L T
which gives the result with k = 3 (1 — ?> (T —4L) — ¢’ > 0 provided that 7> 8+ 32¢'.



hal-00377059, version 2 - 8 Oct 2011

17

3.2 Proof of Theorem 1

To show the controllability result for (S,), we will adopt some minimization strategy inspired by the
classical heat equation.

Proposition 15 A necessary and sufficient condition for the solution of problem (S,) to satisfy w(T) =0
s given by:

T
Vor € X, < QD(O,.),UQ >x= / (p(.,O)’U.
0
where @ is the solution of problem (S’) with final value or.

Proof We apply the definition of solution to u against ¢ strong solutions of (S”), which gives

T
/ o(,0)v =< ¢(0,.),up >x — < or,u(T,.) >x
0

and we get the desired equivalence by approximation of weak solutions by strong solutions. O

Proposition 16 The following properties are equivalent
e 101 > 0,Vor € X; [|0(0,.)||x < Cille(.,0)|l2(0,7) where ¢ is the solution of problem (S'),

e 30y > 0,Yug € X,3v € L*(0,T) such that ||v| 20,1y < Colluollx and the solution u of problem
(Sy)satisfies u(T) = 0.

Moreover, C; = Cs.

Proof (=) Let ug € X. We define H as the closure of X for the norm defined by

el = Nl 0)llzz 0.1,

where ¢ is the corresponding solution of (S”). Using the observability assumption and backward unique-
ness (Proposition 8), one sees that it is indeed a norm on X.
We define a functional J in the following way

1

J(or) = 5/0 ©*(.,0)— < ©(0,.),up >x .

J is clearly convex and our assumption imply that J is continuous on H. Moreover, thanks to our
observability assumption, J is coercive. Indeed, one has:

1
J(pT) = §H<PT||%1 —Cllerlln
for o7 € H.

Thus J possesses a global minimum @pr € H, which gives, writing Euler-Lagrange equations,

Vo € H/O 0(0)6(,0) =< (0,), 10 >x - (24)

According to Proposition 15, we have shown the existence of an admissible control defined by v = ¢(.,0).
Moreover, choosing o7 = @7 in (24), we obtain the following estimate

[oll 220,y < lluollx[1#(0, ) x-

Using our hypothesis, we are done.
(<) If v is an admissible control with continuous dependence on wug, Proposition 15 gives us, for every
or € X,

T
< 0(0,.), 10 >X=/ (., 0)v.
0
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Choosing now ug = ¢(0) gives us the estimate

(0, )% < Callerlluollx

that is
(0, )llx < Caller|n-

Conclusion and open problems

The question of controllability in higher dimension is open and seems to be hard to obtain using Carleman
estimates. Another approach to obtain the observability estimate in the n-dimensional case could be
similar to the one of Miller (see [11, Theorem 1.5]) but it seems that our problem is not adapted to that
framework (one can check that the link between the one-dimensional problem and the general one is not
as simple as it may seem, see Appendix A below).

If n =1, one can wonder what is the minimal time to get a vanishing control cost when the viscosity
goes to zero. The intuitive result would be L, but it seems that Carleman estimates cannot give such a
result.

A On Miller’s trick

In this paragraph, we detail why we cannot apply Miller’s method to obtain observability in dimension
n. We refer the reader to the abstract setting of [11, Section 2] (see more specifically Lemma 2.2 in that
reference).

We denote by Qy or €, the domains (resp. X; or X,, the function spaces, A; or A, the evolution
operators) in dimension 1 or n. The observability operator in dimension one is defined by

0, P eliz=0y
! X1 — L2(691) '

where 1(,—0} is the characteristic function of {z = 0}.
With similar notations, it is obvious that the observability operator on the part of the boundary 'y =
R"~1 x {0} is given by

0. . v wlr,
"X, — L2(09Q,)

and coincides with the tensorial product I @ O; between the identity of L?(R"~!) and O;.
We have now the following result.

Proposition 17 We define the natural “difference” between A, and A; by
B:we L*(R"Y) — eAw e LR
(A" denotes the standard Laplacian on R™™!) with domain
D(B) = H*(R"1).
Then A,, does not extend A4y QI +1Q B.

Proof We compute for u; € D(A;), w € D(B) and 1 € X1, ¢ € L?>(R""!) the scalar product
< (A1 @T+T1®B)(u1 ®@w),p1 ® ¢ >x,. This value is successively

< Ajui, 1 >x, < w, ¢ > [2(Rn—1) + <ui, e >x, < Bw, ¢ > r2(Rn—1)
= (le ((50%71 - aZn)ul)(pl - fagl ((au + 1{1:7L})u1)901) fRn—l ’LU¢

+ (le u1p1 + Efaﬂl ulgal) € Jgn1 (A P)w

=< -A’n,(ul & 'LU), ©1 ® ¢ >Xn +€2 fa(zn (Al(ul & w))(pl ® ¢



hal-00377059, version 2 - 8 Oct 2011

19

and our claim is proved. O
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