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Abstract

We investigate the asymptotic behaviour of a generalised sine kernel acting on a finite
size interval

[−q ; q
]
. We determine its asymptotic resolvent as well as the first terms

in the asymptotic expansion of its Fredholm determinant. Further, we apply our results
to build the resolvent of truncated Wiener–Hopf operators generated by holomorphic
symbols. Finally, the leading asymptotics of the Fredholm determinant allows us to
establish the asymptotic estimates of certain oscillatorymultidimensional coupled in-
tegrals that appear in the study of correlation functions ofquantum integrable models.
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1 Introduction

The sine kernel

S (λ, µ) =
sin x

2 (λ − µ)

π (λ − µ)
, (1.1)

is a very important object in mathematical physics. In particular, the Fredholm determinant of
the integral operatorI −S acting on some intervalJ ⊂ R appears in random matrix theory [21].
In the bulk scaling limit, detJ [I − S] stands for the probability [22] that a matrix belonging to
the Gaussian unitary ensemble has no eigenvalues inxJ. The kernel (1.1) also appears in the
theory of quantum integrable systems. In particular, the determinant detJ

[
I + γS

]
, γ being a

parameter, describes various zero–temperature correlation functions of the impenetrable Bose
gas [40, 33].

In all these interpretations of the sine kernel, one is interested in the largex behaviour of
its Fredholm determinant. The first attempt to analyze thex→ +∞ asymptotics of detJ [ I − S]
goes back to Gaudin and Mehta [21, 22]. In 1973, Des Cloizeauxand Mehta [18] showed that

log det[ −1 ;1 ] [I − S] = − x2

8
− 1

4
log x+O(1) , x→ +∞ . (1.2)

Three years later, using Widom’s formula [44] for the asymptotics of Toeplitz determinants sup-
ported on an arc, Dyson [19] gave a heuristic derivation of the constant termsc0 and proposed a
recursive method to compute the subleading coefficientsc1, c2, . . . in the asymptotic expansion:

log det[ −1 ;1 ] [I − S] = − x2

8
− 1

4
log x+ c0 +

c1

x
+

c2

x2
+ . . . . (1.3)

However, the forementioned results were heuristic. It was only in 1994 that Widom [45] man-
aged to prove rigorously the first term in the asymptotics (1.2):

d
dx

log det[ −1 ;1 ] [ I − S] = − x
4
+ o(1) . (1.4)

One year later, this analysis was extended to the multiple interval case [46]. While Widom
studied the asymptotic behaviour of the Fredholm determinant by operator techniques, Deift,
Its and Zhou applied the Riemann–Hilbert problem (RHP) formulation for integrable integral
operators [30] to the sine kernel acting on a union of intervals ∪ℓJℓ and proved the existence of
the asymptotic expansion (1.3). However, their method did not allow them to obtain an estimate
for the constantc0, as they inferred the asymptotic expansion of log detJ [I − S] from that of

Px = x
d
dx

log det [I − S] . (1.5)

The first proofs of Dyson’s heuristic formula forc0 appeared in the independent, and based on
completely different methods, works of Ehrhardt [20] and Krasovsky [38] andmore recently in
[15].

We would like to point out that there is a very nice connectionof the sine kernel to the
Painlevé V equation [33], asPx solves this equation. The link between Painlevé V andPx
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was also investigated in [13] in the framework of RHP. It was shown that one can deduce this
Painlevé equation directly from the RHP data.

This article is devoted to the study a generalisation of the sine kernel (1.1). This kernel, that
we will refer to as the generalised sine kernel (GSK), is of the form

V (λ, µ) =
γ
√

F (λ) F (µ)

2iπ (λ − µ)
[
e+ (λ) e− (µ) − e− (λ) e+ (µ)

]
, (1.6)

where

e±(λ) = e±[ixp(λ)+g(λ)]/2. (1.7)

We will be more specific about the functionsF, p andg later on.
Various particular cases of the kernel (1.6) already appeared in the literature. These par-

ticular kernels were mostly used for the description of correlation functions of matrix models
or quantum integrable models equivalent to free fermions (see e.g. [43, 41, 27, 28, 36, 9, 10,
29, 31, 8]). In the present paper we consider a rather generalcase, only based on the analytic
properties of the functionsF, p andg. The GSK (1.6) plays a crucial role in the study of cor-
relation functions of (non free-fermion) quantum integrable systems [35]. It is also useful for
the asymptotic analysis of truncated Wiener–Hopf operators with Fischer–Hartwig singularities
[37].

We investigate here the largex asymptotic behaviour of the Fredholm determinant of the
GSK in the framework of RHP. Our work is a natural extension ofan unpublished analysis by
Deift, Its and Zhou of the sine kernelI + γS by RHP. This kernel was also analysed by RHP in
[8].

This article is organized as follows. In Section 2, we announce the main results of the paper,
namely,

• the largex asymptotic behaviour of the Fredholm determinant of the integral operator
I + V, cf. (1.6);

• the asymptotic resolvent of some Wiener–Hopf operators connected to (1.6);

• the asymptotic behaviour of coupled multiple integrals involving a cycle of kernelsV
(1.6) versus some holomorphic symmetric functions.

The proof of the asymptotic behaviour of log det[I + V] is given in the core of the paper
(Sections 3, 4, 5 and 6). More precisely, in Section 3, we recast the problem into a certain RHP.
In Section 4, we transform this initial RHP into a RHP that caneasily be solved asymptotically.
This asymptotic solution is presented in Section 5 and used in Section 6 to obtain the leading
and the first subleading terms of log det[I + V] in the x→ +∞ limit.

In Section 7, we apply these results to truncated Wiener–Hopf operators. We show how
one can use the asymptotic resolvent of the generalised sinekernel to construct asymptotic
resolvents of truncated Wiener–Hopf operators acting on [−x ; x ], with x large. This asymptotic
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resolvent is used to reproduce the low magnetic field behaviour of the so-called dressed charge
arising in the theory of quantum integrable models solvableby the Bethe ansatz [6].

Section 8 is devoted to the study of the asymptotic behaviourof some particular type of
coupled multiple integrals which can be obtained in terms ofthe GSK. This is in fact our main
motivation to study the GSK: indeed, from the knowledge of the asymptotic behaviour of this
type of multiple integrals one can obtain the asymptotic behaviour of quantum integrable models
correlation functions, as it is done in [35].

Finally, in Section 9, we consider the case of further modifications of the GSK, in particular
those useful for the correlation functions of the integrable Heisenberg spin chains [35].

Some properties of confluent hypergeometric functions and proofs of several lemmas are
gathered in the appendices.

2 Problem to solve and main results

2.1 generalised sine kernel: assumptions and notations

Let I + V be the integral operator with kernel (1.6) and acting onL2 ([−q ; q
])

.
We assume that there exists some open relatively compact neighbourhoodU of

[−q ; q
]

such that the functionsp, F andg, as well as the parameterγ, satisfy the following properties:

• F andg are holomorphic onU, the closure ofU;

• p is holomorphic and injective onU, p
([−q ; q

]) ⊂ R, and p stabilizes the upper half
planeH+ (resp. the lower half planeH−), i.e. p (U ∩H±) ⊂ H±;

• γ ∈ D0,r = {λ ∈ C : |λ| < r}, wherer is such that|rF | < 1 and arg(1+ γF) ∈ ] −π ; π [ on
U.

We study the largex expansion of the Fredholm determinant ofI + V under these assump-
tions. This will be done by asymptotically solving a certainmatrix RHP. It will become clear
in the next section that the assumptionp

([−q ; q
]) ⊂ R is tantamount to imposing the associ-

ated RHP to be of oscillatory nature. Moreover, the casep (U ∩H±) ⊂ H∓ is obtained by the
negation(γ, g (λ)) 7→ (−γ,−g (λ)).

Note thatγ plays here the role of a regularisation parameter; in particular it should be
stressed that our method does not allow to reach the|γF | = 1 case corresponding to (1.3) which
requires a different analysis [20, 38, 15].

Before presenting the main result of this article, let us introduce some convenient notations.
First, we define two auxiliary functions used in the article:

ν (λ) =
−1
2iπ

log(1+ γF (λ)) , (2.1)

κ(λ; q) ≡ κ(λ) = exp



q∫

−q

ν (λ) − ν (µ)
λ − µ dµ


. (2.2)
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Note thatκ is a function of the two parametersλ andq, although we will sometimes omit the
dependence on the second parameter.

Finally, we will use the following simplified notations for the values of the functionsp and
ν and of their derivatives at the points±q:

p± = p(λ)
λ=±q

, p′± = p′(λ)
λ=±q

, etc. (2.3)

ν± = ν(λ)
λ=±q

, ν′± = ν
′(λ)

λ=±q
, etc. (2.4)

2.2 The main results

We now give the asymptotic behaviour of the Fredholm determinant in thex→ +∞ limit:

Theorem 2.1. Let V be the GSK(1.6) with p, g, F andγ satisfying the assumptions of Sec-
tion 2.1. Then, in the x→ +∞ limit, log det[I + V] behaves as

log det[I + V] = log det[I + V](0) + o(1), (2.5)

with

log det[I + V](0) = −ix

q∫

−q

ν(λ)p′(λ) dλ − (ν2
+ + ν

2
−) log x−

q∫

−q

ν(λ)g′(λ) dλ

+ log


G(1, ν+) G(1, ν−) κν+ (q; q)

(
2qp′+

)ν2
+
(
2qp′−

)ν2
− κν− (−q; q)

 +
1
2

q∫

−q

dλdµ
ν′(λ)ν(µ) − ν(λ)ν′(µ)

λ − µ , (2.6)

in which we have used the notations of Section 2.1. The BarnesG-function [3, 2] admits the
integral representation:

G (z+ 1) = (2π)
z
2 exp


−z(z− 1)

2
+

z∫

0

tψ (t) dt


, ℜ(z) > −1, ψ(z) =

Γ′(z)
Γ(z)

, (2.7)

and we denote G(1, z) ≡ G(1+ z)G(1− z).

Using the perturbation theory for singular integral equations one can refine the theorem and
obtain sub-leading corrections. Although, in principle, nothing opposes to derive the next sub-
leading corrections, the computations become more and moreinvolved. We have proved the
structure of the first corrections to the equation (2.6).

Proposition 2.1. Let V be the GSK(1.6)with the conditions of Section 2.1. The leading asymp-
totics log det [I + V](0) of log det [I + V] as defined in Theorem 2.1 has non-oscillating and os-
cillating corrections.

Let 0 < δ < q be such that the disks D±q,δ of radiusδ centered at±q fulfill D±q,δ ⊂ U. Let
ε = 2 sup∂Dq,δ∪∂D−q,δ

∣∣∣ℜ(ν)
∣∣∣. Then the first non-oscillating corrections are of the form

N1

x
+O

(
1

x2(1−ε)

)
, (2.8)
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with

N1 = i
∑

σ=±

ν2
σ

p′σ

{
2σν′σ log x+ σ

d
dq

loguσ + p′σ
d
dq

(
νσ

p′σ

)
− ν−σ

q

}
. (2.9)

The first oscillating corrections are of the form

O1

x2
+O

(
1

x3(1−ε)

)
. (2.10)

and the leading oscillating coefficient is given by

O1 =
ν−ν+

(2q)2 p′+ p′−

∑

σ=±1

(u+
u−

)σ
x2σ(ν++ν−) eiσx(p+−p−) , (2.11)

where we have introduced

u+ = eg(q) Γ(1− ν+)
Γ(1+ ν+)

{
(2qp′+)

ν+

κ(q; q)

}2

, (2.12)

u− = eg(−q) Γ(1+ ν−)
Γ(1− ν−)

{
(2qp′−)

ν−κ(−q; q)
}−2

. (2.13)

Remark2.1. The GSK depends only on the combinationixp(λ)+g(λ) (see (1.7)). Therefore the
Fredholm determinant and its asymptotics can only depend onthis combination. This observa-
tion allows us to obtain the complete asymptotic expansion depending on the functiong(λ) from
the asymptotic expansion of the Fredholm determinantI +V corresponding tog = 0. Namely, it
is enough to replace in the obtained formulaep(λ) by p(λ)− i

xg(λ) and then expand into negative
powers ofx.

It is quite interesting to apply the latter proposition in order to obtain the first few terms of
the asymptotic expansion of det [I + V]. The reason why we draw the reader’s attention to these
asymptotics is because they present a very interesting structure: the leading oscillating terms in
the asymptotic expansion are just given by the sum of the leading asymptotics evaluated atν
shifted by 1 or−1. This structure of the asymptotics seems to restore, at least partly, the original
periodicityν→ ν + n, n ∈ Z, of the Fredholm determinant ofI + V.

Corollary 2.1. Let I+V be the GSK as above,det [I + V](0) [ν] the leading asymptotics of its
Fredholm determinant just as in Theorem 2.1, N1 and O1 as in Proposition 2.1. Note that we
have emphasized the structure ofdet [I + V](0) [ν] as a functional ofν. Then the oscillating
corrections O1 can be reproduced from the non-oscillating part via the shift of ν by±1:

det [I + V](0) [ν]
O1

x2
= det [I + V](0) [ν + 1] + det [I + V](0) [ν − 1] . (2.14)

This structure of the first terms of the largex asymptotic expansion for det [I + V] leads us
to raise the following conjecture on the structure of the asymptotic series :

Conjecture 2.1. The asymptotic expansion of the Fredholm determinantdet [I + V] of the GSK
restores the periodicityν → ν + n, n ∈ Z, of the determinant. In particular, this asymp-
totic expansion contains all theZ-periodized terms with respect toν of the leading asymptotics
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det [I + V](0) [ν]. Thus, all the oscillating terms can be deduced from the non-oscillating ones.
More precisely, let

A [ν] (x) ∼ det [I + V](0) [ν]

(
1+

C1
(
log x

)
[ν]

x
+ · · · + CM

(
log x

)
[ν]

xM
+ . . .

)
(2.15)

stand for the formal asymptotic series corresponding to thenon-oscillating part of the asymp-
totic series forlog det [I + V]. There Ck (X) [ν] are polynomials of degree k in X whose coeffi-
cients are functionals inν. Moreover each of the Ck’s has no oscillating exponents of the type
e±ixp± . Then the formal asymptotic series fordet [I + V] is given by

det [I + V] ∼
∑

n∈Z
A [ν + n] (x) . (2.16)

This conjecture is supported by (2.14) and also by the results of [42] where several sub-
leading corrections to the asymptotics of the Fredholm determinant of the pure sine-kernel were
computed.

The first application of the asymptotic behaviour of the GSK we consider in this article con-
cerns the asymptotic inversion of truncated Wiener–Hopf operators. We will prove in Section 7
the following proposition:

Proposition 2.2. Let I+K be a truncated Wiener–Hopf operator on] −x ; x [, acting on functions
g ∈ L2(R) as

[
(I + K) .g

]
(t) = g (t) +

x∫

−x

K
(
t − t′

)
g
(
t′
)
dt′ . (2.17)

The kernel K is defined by its Fourier transform F:

K (t) = F −1 [F] (t) , (2.18)

and we suppose that there existsδ > 0 such that

• F admits an analytic continuation to
{
z :

∣∣∣ℑ(z)
∣∣∣ ≤ δ

}
;

• ξ 7→ F (ξ ± iδ) ∈ L1 (R);

• the analytic continuation of1+ F never vanishes for
∣∣∣ℑ(z)

∣∣∣ ≤ δ.

Then the resolvent I− R of I+ K fulfills

R(λ, µ) =
∫

R

dξ dη
4π2i

F(ξ)

{
α+(η)
α−(ξ)

eix(ξ−η) − α+(ξ)
α−(η)

e−ix(ξ−η)
}

ei(µη−λξ)

ξ − η +O
(
e−2δx

)
, (2.19)

whereα(λ) is given by

α (λ) = exp


− 1

2iπ

∫

R

log(1+ F(µ))
dµ
µ − λ


. (2.20)
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Our main motivation to study the asymptotics of log det [I + V] comes from the theory of
one dimensional quantum integrable models. Indeed, the generating function of the zero tem-
perature two-point correlation functions (at distancex) of different quantum integrable models
[35] has a series expansion in terms of cycle integrals of thetype

In [Fn] =
∮

Γ([ −q ;q])

dnz
(2iπ)n

q∫

−q

dnλ

(2iπ)n Fn

(
{λ}
{z}

) n∏

j=1

eix(p(zj)−p(λ j))
(
zj − λ j

) (
zj − λ j+1

) . (2.21)

Here the functionFn is holomorphic in some open neighbourhood of
[−q ; q

]2n and symmetric
in the n variables{λ} (we setλn+1 ≡ λ1) and in then variables{z}; Γ ([−q ; q

])
is a counter

clockwise closed contour around
[−q ; q

]
inside this neighbourhood.

In Section 8, using the above results for the GSK, we prove thefollowing asymptotic ex-
pansion ofIn [Fn] in the x→ +∞ limit :

Proposition 2.3. LetFn andIn [Fn] be as above. Then for x→ +∞,

In [Fn] =
1

2iπ

q∫

−q

dλ
{
ixp′(λ) + ∂ǫ

}Fn

(
{λ}n

{λ + ǫ}, {λ}n−1

)

ǫ=0

+
∑

σ=±

(
bn − cn log

(
2qp′σx

))Fn

(
{σq}n
{σq}n

)

+
n

(2π)2

∑

σ=±

n−1∑

p=1

q∫

−q

dλ

Fn

(
{σq}n
{σq}n

)
− Fn

(
{σq}p , {λ}n−p

{σq}p , {λ}n−p

)

p (n− p) (q− σλ)

+
n

2(2π)2

n−1∑

p=1

q∫

−q

dλdµ
(n− p) (λ − µ)

{
∂ǫFn

(
{λ + ǫ} , {λ}p−1 , {µ}n−p

{λ + ǫ} , {λ}p−1 , {µ}n−p

)

−∂ǫFn

(
{µ + ǫ} , {µ}p−1 , {λ}n−p

{µ + ǫ} , {µ}p−1 , {λ}n−p

)}

ǫ=0

+ o(1) , (2.22)

with

cn =
(−1)n−1

(n− 1)!

∂nν2
0

∂γn

∣∣∣∣∣∣∣
γ=0

, bn =
(−1)n−1

(n− 1)!
∂n logG (1, ν0)

∂γn

∣∣∣∣∣
γ=0

, ν0 =
i

2π
log(1+ γ), (2.23)

and where{λ}n denotes the set formed by n copies of the same parameterλ.

Moreover, in Section 8 we will also describe the form of the sub-leading corrections to this
result.

2.3 Comparison with known results

There are several results in the literature concerning the asymptotic behaviour of the Fredholm
determinant det

[
I + γS

]
. This determinant corresponds to the GSK withp = id, F = 1 andg =
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0. It is clear that we reproduce the answer concerning the leading asymptotics of det
[
I + γS

]

analyzed in [7] and [4].

As observed in [33],x
d
dx

log det
[
I + γS

]
satisfies the fifth Painlevé equation. The authors

of [33] used this property to obtain an asymptotic expansionof log det
[
I + γS

]
. This fact was

also exploited by the authors of [42] in order to derive the first few terms in the sub-leading
asymptotics of the latter quantity. Their result reads

x
d
dx

log det[I + γS] = −4ixν0 − 2ν2
0 − i

ν3
0

x

+ i
ν2

0

4x



(
Γ (−ν0)
Γ (ν0)

)2

(4x)4ν0 e4ix −
(
Γ (−ν0)
Γ (ν0)

)2 e−4ix

(4x)4ν0

 , (2.24)

with ν0 given in (2.23) andq = 2. It is straightforward to see that in such a limitN1 = iν3
0 and

O1→
ν2

0

(2q)2

e2iqx (2qx)4ν0

(
Γ (−ν0)
Γ (ν0)

)2

+
e−2iqx

(2qx)4ν0

(
Γ (ν0)
Γ (−ν0)

)2
 , (2.25)

which reproduces the oscillating terms (2.24) after setting q = 2 and taking theq derivative.

3 The initial Riemann–Hilbert problem

The GSK (1.6) belongs to a special algebra of integral operators, the so-called integrable integral
operators. This algebra was first singled out in [30] and thenstudied more thoroughly in [13].
It is well known that many properties of these integrable operators can be obtained from the
solution of a certain RHP.

In this section, we formulate our problem in terms of a RHP that we then asymptotically
solve.

3.1 Notations

An important property of completely integrable integral operators is that their resolvent still lies
in the same algebra. However, before presenting the formulafor the resolvent we introduce
some quite useful vector notations. Namely, let

|ER (λ) 〉 = γ
√

F (λ)
2iπ

(
e+ (λ)
e− (λ)

)
, 〈EL (λ) | =

√
F (λ)

(
−e− (λ) , e+ (λ)

)
, (3.1)

so that the kernelV has a simple expression in terms of|ER (λ) 〉 and〈EL (λ) |:

V (λ, µ) =
〈EL (λ) | ER (µ)〉

λ − µ . (3.2)

Observe that

〈EL (λ) | ER (λ)〉 = 0, (3.3)
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and, hence, the kernelV is not singular atλ = µ .
Let | FR (λ) 〉 be the solution to the integral equation:

| FR (µ) 〉 +
q∫

−q

V (λ, µ) | FR (λ) 〉dλ = |ER (µ) 〉 , (3.4)

and 〈 FL (λ) | be the solution to the corresponding dual equation. It is convenient to write
| FR (λ) 〉 as well as its dual〈 FL (λ) | in a form similar to|ER (λ) 〉 and〈EL (λ) |:

| FR (λ) 〉 = γ
√

F (λ)
2iπ

(
f+ (λ)
f− (λ)

)
, 〈 FL (λ) | =

√
F (λ)

(
− f− (λ) , f+ (λ)

)
. (3.5)

Then the resolvent of the kernelV defined byI − R= (I + V)−1 reads:

R(λ, µ) =
〈FL (λ) | FR (µ)〉

λ − µ =
γ
√

F(λ)F(µ)

2iπ (λ − µ)
[
f+(λ) f−(µ) − f+(µ) f−(λ)

]
. (3.6)

3.2 The Riemann–Hilbert problem associated to the GSK

Proposition 3.1. Let V be the GSK(1.6) understood as acting on L2 ([−q ; q
])

, and such that
det [I + V] , 0. Then, there exists a2× 2 matrixχ (λ) such that

| FR (λ) 〉 = χ (λ) |ER (λ) 〉, 〈 FL (λ) | = 〈EL (λ) |χ−1 (λ) . (3.7)

The matrixχ (λ) is the unique solution of the RHP:

• χ is analytic onC \ [−q ; q
]

;

• χ(λ) = O

(
1 1
1 1

)
log

∣∣∣λ2 − q2
∣∣∣ for λ→ ±q;

• χ(λ) →
λ→∞

I2 =

(
1 0
0 1

)
;

• χ+ (λ) Gχ (λ) = χ− (λ) for λ ∈ ]−q ; q
[
.

The jump matrix Gχ for this RHP reads

Gχ (λ) =

(
1− γF (λ) γF (λ) e2

+ (λ)
−γF (λ) e2

− (λ) 1+ γF (λ)

)
= I + 2iπ|ER (λ) 〉〈EL (λ) | . (3.8)

Finally, χ and its inverse can be expressed in terms of| FR (λ) 〉 and of its dual〈 FL (λ) |:

χ(λ) = I2 −
q∫

−q

| FR(µ) 〉〈EL(µ) |
µ − λ dµ, χ−1(λ) = I2 +

q∫

−q

|ER(µ) 〉〈 FL(µ) |
µ − λ dµ. (3.9)
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−q

q

+

−

Figure 1: Original contour for the RHP.

We emphasize that the big O symbol, O

(
1 1
1 1

)
, is to be understood entrywise. Moreover,

χ± (µ) stands for the non-tangential limit ofχ (λ) whenλ approaches a pointµ belonging to the
jump curve from the left, resp. right, side of the contour (see Fig. 1).

Proof — The unicity of the solution to this RHP is proved along the same line as in [39]. The
proof of existence of the solution is based on the equivalence between RHP and singular integral
equations which, in the case of the above RHP, implies

χ (λ) = I2 +

q∫

−q

dµ
λ − µχ+ (µ) |ER (µ) 〉〈EL (µ) | , λ ∈ C \ [−q ; q

]
. (3.10)

The solution to this equation can be expressed in terms of theresolvent kernelI − Rof I + V

χ (λ) = I2 +

q∫

−q

dµ
λ − µ

{
|ER 〉. (I − R)

}
(µ) 〈EL (µ) | . (3.11)

In its turn, the resolvent kernel exists as det [I + V] , 0. Moreover, the explicit construction
of the resolvent through a Fredholm series shows that(λ, µ) 7→ R(λ, µ) is analytic inU × U.
Hence, so is| FR (µ) 〉 =

[
|ER 〉. (I − R)

]
(µ). The estimate|χ| = O

(
log

∣∣∣λ2 − q2
∣∣∣
)
, λ → ±q

follows from the integral representation (3.11) supplemented with the fact that both〈EL | and
| FR 〉 are smooth on

[−q ; q
]
.

Applying (3.9) to|ER(λ)〉 and〈EL(λ)| we obtain the equations (3.7). Hereby one can easily
check that due to the orthogonality condition (3.3) the transform (3.7) is continuous across
[−q, q]. �

It is also possible to express logarithmic derivatives of det [ I + V] either in terms of the
resolventRof I + V or in terms ofχ. Indeed, we have the

Lemma 3.1. The derivative oflog det [I + V] with respect to x is related to the following trace
involving the matrixχ

∂x log det [I + V] =
∮

Γ([ −q ;q ])

dλ
4π

p(λ) tr
[
∂λχ (λ)σ3χ

−1 (λ)
]
, (3.12)

withσ3 =

(
1 0
0 −1

)
andΓ

([−q ; q
])

defined as in (2.21), whereas its derivatives with respect to
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γ and q are expressed in terms of the resolvent as

∂γ log det [I + V] =

q∫

−q

dλ
γ

R(λ, λ) , ∂q log det [I + V] = R(q, q) + R(−q,−q) . (3.13)

Proof — The last two equations are easily proved by the multiple integral series expansion of
log det [I + V]. We shall only focus on the equation relating thex derivative of log det [I + V]
to χ. Clearly

∂x log det [I + V] =

q∫

−q

[∂xV. (I − R)] (λ, λ) dλ , (3.14)

with

∂xV (λ, µ) = −
∮

Γ([ −q ;q ])

dz
4π

p (z)
(z− λ) (z− µ)

〈EL (λ) |σ3|ER (µ) 〉. (3.15)

So that, using the representation (3.6) of the resolventR in terms of〈 FL | and| FR 〉 and the fact
that〈 FL(µ) |σ3 | FR(λ) 〉 = tr

[
σ3| FR(λ) 〉〈 FL(µ) |

]
, we get

∂x log det [I + V] = −
∮

Γ([ −q ;q ])

dz
4π

p (z)

q∫

−q

dλ
〈EL (λ) |σ3|ER (λ) 〉

(z− λ)2

+ tr



∮

Γ([ −q ;q ])

dz
4π

p (z)

q∫

−q

dλdµ | FR (λ) 〉〈EL (λ) |

×
(

1
λ − z

− 1
λ − µ

)
σ3
|ER (µ) 〉〈 FL (µ) |

(µ − z)2


. (3.16)

Using the integral expressions (3.9) forχ andχ−1, we obtain

∂x log det [I + V] = −
∮

Γ([ −q ;q])

dz
4π

p (z)

q∫

−q

dλ
〈EL (λ) |σ3|ER (λ) 〉

(z− λ)2

+ tr



∮

Γ([ −q ;q ])

dz
4π

p(z)

q∫

−q

dµ (χ(µ) − χ(z))σ3
|ER(µ) 〉〈 FL(µ) |

(µ − z)2



=

∮

Γ([ −q ;q ])

dz
4π

p (z) tr
{
∂zχ (z)σ3χ

−1 (z)
}
, (3.17)

where we used (3.7). �
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It is worth noticing that formula (3.12) is particularly effective whenp is a rational function
as then the contour of integration can be deformed to the poles of p (including the pole at∞).
The integrals can be then easily calculated. In particular,in the casep (λ) = λ, we have the
following result:

Corollary 3.1. Letχ1 be the first non-trivial coefficient of the expansion ofχ around∞, i.e.

χ (λ) = I2 +
χ1

λ
+ o

(
1
λ

)
. (3.18)

Then

∂x log det [I + V] |p=id= −
i
2

tr {χ1σ3} . (3.19)

Proof — −tr (σ3χ1) is the residue of the pole at infinity ofλ 7→ λ tr
{
∂λχ(λ)σ3χ

−1(λ)
}
. �

In this way, we recover one of the formulae derived for the sine kernel [13], but also for
more general kernels as in [27, 28, 31]. We emphasize that (3.19) is valid not only for the sine
kernel as it was originally derived, but also for the generalised sine kernel withp = id.

4 Transformations of the original RHP

In this section we perform several transformations on the RHP forχ so as to implement Deift–
Zhou’s steepest descent method [14]. The first substitutionmaps the RHP for the matrixχ into
a RHP for a matrixΞ whose jump matrix has 1 on its lower diagonal entry. This jumpmatrix is
then easily factorized into upper/lower triangular matrices. This factorization allows us todefine
another RHP for an unknown matrixΥ whose jump matrices are already exponentially close to
identity uniformly away from the endpoints±q. It remains to construct the parametrices atq
and−q. These parametrices enable us to define a matrixΠ satisfying a RHP with jump matrices
uniformly I2 + o(1) whenx→ +∞.

4.1 The first stepχ→ Ξ
Let

α (λ) = exp



q∫

−q

ν (µ)
µ − λ dµ


= κ (λ)

(
λ − q
λ + q

)ν(λ)

. (4.1)

Then clearly,α (λ) solves the scalar RHP

α− (λ) = α+ (λ) (1+ γF (λ)), λ ∈ [−q ; q
]
, α(λ)→ 1 at λ→ ∞ . (4.2)

The functionsκ (λ) andν (λ) were already introduced in (2.2) and (2.1). In the following, we
shall also use another representation for the functionα(λ) :

α (λ) = κp(λ)
[ p(λ) − p+
p(λ) − p−

]ν(λ)
, (4.3)
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whereκp is defined as

logκp(λ; q) ≡ logκp(λ) =

q∫

−q

(
ν (λ)

p′ (µ)
p (λ) − p (µ)

− ν (µ)
λ − µ

)
dµ . (4.4)

We specify that we chose the principal branch of the logarithm, i.e. arg∈ ] −π ; π [. Due to our
assumptions onγ, F andp, Morera’s theorem implies that the functionsν, logκ and logκp are
holomorphic onU . Moreover we have|ℜ(

ν (λ)
)| < 1/2, ∀λ ∈ U. Indeed

ν (λ) =
i

2π
log |1+ γF (λ)| − 1

2π
arg(1+ γF (λ)) , (4.5)

and we have assumed that arg(1+ γF) ∈ ] −π ; π [.
We use the functionα to transform the RHP forχ. Let us define the matrixΞ (λ) according

to

Ξ (λ) = χ (λ)

(
α (λ) 0

0 α−1 (λ)

)
. (4.6)

This new matrixΞ (λ) satisfies the following RHP:

• Ξ is analytic onC \ [−q ; q
]
;

• |Ξ(λ)| = O

(
1 1
1 1

) ∣∣∣λ2 − q2
∣∣∣±σ3ℜ(ν±) log

∣∣∣λ2 − q2
∣∣∣ for λ→ ±q ;

• Ξ(λ) →
λ→∞

I2 ;

• Ξ+(λ) GΞ(λ) = Ξ−(λ) for λ ∈ [−q ; q
]
.

Here the new jump matrixGΞ reads

GΞ (λ) =

(
1+ P(λ)Q(λ) P(λ)eixp(λ)

Q(λ)e−ixp(λ) 1

)
, (4.7)

and

P(λ) =
γF(λ)

1+ γF(λ)
α−2
+ (λ) eg(λ) = −2ieiπν(λ) sinπν(λ)

α2
+ (λ)

eg(λ), (4.8)

Q(λ) = − γF(λ)
1+ γF(λ)

α2
−(λ) e−g(λ) = 2ieiπν(λ) sinπν(λ)

eg(λ)
α2
− (λ) . (4.9)

The solution of this RHP forΞ exists as it can be constructed fromχ. Moreover it is unique
as seen by arguments similar to those providing uniqueness of the solution to the RHP forχ.
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4.2 The second stepΞ→ Υ
As already mentioned, the jump matrixGΞ admits an explicit factorization into a product of
upper and lower triangular matrices:

GΞ = M+ M− . (4.10)

The matricesM± are given by

M+ (λ) =

(
1 P (λ) eixp(λ)

0 1

)
, M− (λ) =

(
1 0

Q (λ) e−ixp(λ) 1

)
, (4.11)

and can be continued toU ∩H+, resp.U ∩H−, where we recall thatH± is the upper/lower half
plane andU is the domain of holomorphy of all the functions appearing inthe RHP. Then we
draw two new contoursΓ± in p (U) and define a new matrixΥ(λ) according to Fig. 2.

−q
b

q
b

Γ−

Γ+
Υ = Ξ

Υ = ΞM+

Υ = ΞM−1
−

.

p−1

b b

p− p+

p (HI )

p (HII )

p (HIII )

HI

HII

HIII

Figure 2: ContoursΓ+ andΓ− associated with the RHP forΥ.

As readily checked,Υ (λ) is continuous across
]−q ; q

[
and thus holomorphic in the interior

of Γ+∪Γ−. We have thus removed the cut along
[−q ; q

]
and replaced it with cuts alongΓ+∪Γ−.

The matrixΥ solves the following RHP:

• Υ is analytic inC \ Γ+ ∪ Γ− ;

• Υ(λ) = O

(
1 1
1 1

) (
|λ ∓ q|±ℜ(ν±) |λ ∓ q|∓ℜ(ν±)

0 |λ ∓ q|∓ℜ(ν±)

)
log |λ ∓ q| , λ −→

λ∈HI

±q;

• Υ(λ) = O

(
1 1
1 1

) (
|λ ∓ q|±ℜ(ν±) 0
|λ ∓ q|±ℜ(ν±) |λ ∓ q|∓ℜ(ν±)

)
log |λ ∓ q| , λ −→

λ∈HI I

±q;

• Υ(λ) = O

(
1 1
1 1

)
|λ ∓ q|±σ3ℜ(ν±) log |λ ∓ q| , λ −→

λ∈HI I I

±q;
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• Υ(λ) →
λ→∞

I2;

•
{
Υ+ (λ) M+ (λ) = Υ− (λ) for λ ∈ Γ+ ,
Υ+ (λ) M−1

− (λ) = Υ− (λ) for λ ∈ Γ− ,

where the domainsHI , HII , HIII are shown on the Figure 2.
Clearly, the solution of the RHP forΥ exists and is unique. Hence, the matricesΥ andχ are

in a one to one correspondence.
Note that, except in some vicinities ofq and−q, the jump matricesM+ andM−1

− for Υ are
exponentially close to the identity matrix. Therefore, to study the asymptotic solution of the
RHP, it is enough to study the local problems in the vicinities ofq and−q.

4.3 Parametrix around−q

We first present the parametrixP on a small diskD−q,δ ⊂ U of radiusδ and centered at−q, that
is an exact solution of the RHP:

• P is analytic onD−q,δ \ {Γ+ ∪ Γ−} ;

• P(λ) = O

(
1 1
1 1

) (
|λ + q|−ℜ(ν−) |λ + q|ℜ(ν−)

0 |λ + q|ℜ(ν−)

)
log |λ + q| , λ −→

λ∈HI
−q ;

• P(λ) = O

(
1 1
1 1

) (
|λ + q|−ℜ(ν−) 0
|λ + q|−ℜ(ν−) |λ + q|ℜ(ν−)

)
log |λ + q| , λ −→

λ∈HI I
−q ;

• P(λ) = O

(
1 1
1 1

)
|λ + q|−σ3ℜ(ν−) log |λ + q| , λ −→

λ∈HI I I

−q ;

• P(λ) = I2 +O

(
1

x1−ε

)
, uniformly for λ ∈ ∂D−q,δ,

•
{
P+ (λ) M+ (λ) = P− (λ) for λ ∈ Γ+ ∩ D−q,δ,

P+ (λ) M−1
− (λ) = P− (λ) for λ ∈ Γ− ∩ D−q,δ.

Here ε = 2sup
∂D−q,δ

∣∣∣ℜ(ν)
∣∣∣ < 1. The canonically oriented contour∂D−q,δ is depicted in Fig. 3.

The RHP forP admits a class of solutions. Each element of this class is related to another
one through a left multiplication by a holomorphic matrix that is uniformly I2 +O

(
1/x1−ε

)
on

∂D−q,δ. In order to construct the solutionP to this problem, we first focus on the simpler case
where the functionsF, g andκp are constant. Then the solution to the RHP forPconst can be
obtained by the differential equation method [26, 11, 12]. This leads to the solution

Pconst(λ) = Ψ (λ) L (λ)
[
ζ−q

]−νσ3
e

iπν
2 . (4.12)

Hereζ−q = x (p (λ) − p−), ν = i log (1+ γF) /2π,

Ψ (λ) =


Ψ

(
−ν, 1;−iζ−q

)
ib12Ψ

(
1+ ν, 1; iζ−q

)

−ib21Ψ
(
1− ν, 1;−iζ−q

)
Ψ

(
ν, 1; iζ−q

)
 , (4.13)
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−qb

Γ+

Γ−

ℜ(λ)

ℑ(λ)

Figure 3: Contours in the RHP forP.

and finally

b12 (λ) = −i
sin [πν] Γ2 (1+ ν)

πκ2
p
[
x (p+ − p (λ))

]2ν eixp−+g, (4.14)

b21 (λ) = −i
πκ2

p
[
x (p+ − p (λ))

]2ν

sin [πν] Γ2 (ν)
e−ixp−−g . (4.15)

Ψ (a, c; z) denotes Tricomi confluent hypergeometric function (CHF) ofthe second kind (see
Appendix A). It solves the differential equation

zy′′ + (c− z) y′ − ay= 0 . (4.16)

Recall thatΨ has a cut alongR−. Note that this choice for the cut ofΨ implies the use of the
principal branch of the logarithm:−π < arg(z) < π. The expression for the piecewise constant
matrix L depends on the region of the complex plane. Namely,

L (λ) =



I2 −π/2 < arg
[
p (λ) − p−

]
< π/2,

(
1 0
0 e−2iπν

)
π/2 < arg

[
p (λ) − p−

]
< π,

(
e−2iπν 0

0 1

)
−π < arg

[
p (λ) − p−

]
< −π/2.

(4.17)

The reader can check using the monodromy properties of Tricomi CHF (A.4) and (A.5) that
the jump condition for constant functionsF andg are satisfied by the matrixPconst. Moreover
the asymptotic expansion forΨ (a, c; z) atz→ ∞ allows one to check thatPconst has the correct
behaviour at infinity. We remind that this parametrix also appeared recently in the work [32].

In order to extend this result to the case of arbitrary holomorphic functionsF (λ), g (λ) and
κp (λ), it is enough to add theλ dependency in all places where these functions appear. One
ends up with the following solution to the RHP forP :

P (λ) = Ψ (λ) L (λ)
[
ζ−q

]−ν(λ)σ3
e

iπν(λ)
2 . (4.18)
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Hereζ−q = x (p (λ) − p−),

Ψ (λ) =


Ψ

(
−ν (λ) , 1;−iζ−q

)
ib12(λ)Ψ

(
1+ ν (λ) , 1; iζ−q

)

−ib21(λ)Ψ
(
1− ν (λ) , 1;−iζ−q

)
Ψ

(
ν (λ) , 1; iζ−q

)
 , (4.19)

with

b12 (λ) = −i
sin [πν (λ)] Γ2 (1+ ν (λ))

πκ2
p (λ)

[
x (p+ − p (λ))

]2ν(λ)
eg(λ)+ixp− = −iν (λ) u (λ; x) , (4.20)

b21 (λ) = −i
πκ2

p (λ)
[
x (p+ − p (λ))

]2ν(λ)

sin [πν (λ)] Γ2 (ν (λ))
e−ixp−−g(λ)

= −i
ν (λ)

u (λ; x)
, (4.21)

and finally

u (λ; x) =
Γ (1+ ν (λ))
Γ (1− ν (λ))

{
κp(λ) xν(λ) [p+ − p (λ)

]ν(λ)
}−2

eixp−+g(λ). (4.22)

In the above formulae we have explicitly stressed the dependence of the functionsb12, b21

andν onλ. Finally, the matrixL (λ) is given by (4.17) withν replaced by the functionν (λ).
This construction originates from the observation that thereplacementsF 7→ F (λ), g 7→

g (λ) and κp 7→ κp (λ) preserve the jump conditions as the latter hold pointwise. Of course,
once the parametrixP is guessed it is not a problem to check directly that it solvesthe RHP
in question. The asymptotic behaviour is inferred from (A.6), whereas the jump conditions can
be verified thanks to (A.4) and (A.5). Furthermore, due to thedefinition of the matrixL, the
solution is continuous across the line arg

[
p (λ) − p−

]
= π and thus analytic in the whole domain{

λ ∈ C;ℜ [
p (λ) − p−

]
< 0

}
.

4.4 Parametrix around q

The RHP for the parametrix̃P aroundq reads

• P̃ is analytic onDq,δ \ {Γ+ ∪ Γ−} ;

• P̃(λ) = O

(
1 1
1 1

) (
|λ − q|+ℜ(ν+) |λ − q|−ℜ(ν+)

0 |λ − q|−ℜ(ν+)

)
log |λ − q| , λ −→

λ∈HI
q ;

• P̃(λ) = O

(
1 1
1 1

) (
|λ − q|+ℜ(ν+) 0
|λ − q|+ℜ(ν+) |λ − q|−ℜ(ν+)

)
log |λ − q| , λ −→

λ∈HI I
q ;

• P̃(λ) = O

(
1 1
1 1

)
|λ − q|σ3ℜ(ν+) log |λ − q| , λ −→

λ∈HI I I
q ;

• P̃(λ) = I2 +O

(
1

x1−ε̃

)
uniformly for λ ∈ ∂Dq,δ;

•
{
P̃+ (λ) M+ (λ) = P̃− (λ) for λ ∈ Γ+ ∩ Dq,δ,

P̃+ (λ) M−1
− (λ) = P̃− (λ) for λ ∈ Γ− ∩ Dq,δ.
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qb

Γ+

Γ−

ℜ(λ)

ℑ(λ)

Figure 4: Contours in the RHP for̃P.

andε̃ = 2 sup∂Dq,δ

∣∣∣ℜ(ν)
∣∣∣ < 1 . The solution of the RHP for the parametrix̃P aroundq can be

formally obtained from the one at−q through the transformationq → −q andν → −ν on the
solution to the RHP forP. Indeed, the two RHP are identical modulo this negation.

Just as for the parametrix around−q, we focus on the solution

P̃ (λ) = Ψ̃ (λ) L̃ (λ) ζν(λ)σ3
q e−

iπν(λ)
2 , (4.23)

whereζq = x
[
p (λ) − p+

]
, and

Ψ̃ (λ) =


Ψ

(
ν (λ) , 1;−iζq

)
ib̃12 (λ)Ψ

(
1− ν (λ) , 1; iζq

)

−ib̃21 (λ)Ψ
(
1+ ν (λ) , 1;−iζq

)
Ψ

(
−ν (λ) , 1; iζq

)
 . (4.24)

Here

b̃12(λ) = i
sin[πν(λ)] Γ2(1− ν(λ))

πκ2
p(λ)

[x(p(λ) − p−)]
2ν(λ)eg(λ)+ixp+ = iν(λ)ũ(λ; x),

b̃21(λ) = i
πκ2

p(λ) e−g(λ)−ixp+

sin[πν(λ)] Γ2(−ν(λ)) [x(p(λ) − p−)]2ν(λ)
= i

ν(λ)
ũ(λ; x)

,

and

ũ (λ; x) =
Γ (1− ν (λ))
Γ (1+ ν (λ))


xν(λ) [p (λ) − p−

]ν(λ)

κp(λ)



2

eixp++g(λ). (4.25)

Just as for the parametrix around−q, the matrixL̃ (λ) depends on the quadrant of the complex
plane:

L̃ (λ) =



I2 −π/2 < arg
[
p (λ) − p+

]
< π/2,

(
1 0
0 e2iπν(λ)

)
π/2 < arg

[
p (λ) − p+

]
< π,

(
e2iπν(λ) 0

0 1

)
−π < arg

[
p (λ) − p+

]
< −π/2.

(4.26)
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4.5 The last transformationΥ→ Π
Let

Π (λ) =



Υ(λ)P̃−1(λ) for λ ∈ Dq,δ,

Υ(λ)P−1(λ) for λ ∈ D−q,δ,

Υ(λ) for λ ∈ C \
{
Dq,δ ∪ D−q,δ

}
.

(4.27)

Introduce the curveC = {Γ+ ∪ Γ−}∩
{
Dq,δ ∪ D−q,δ

}
. ThenΠ is continuous acrossC \{q,−q}.

SinceΠ is holomorphic in a vicinity ofC , we have thatΠ is holomorphic inDq,δ ∪ D−q,δ \
{q,−q}. This, in turn, due to the estimates forP, P̃ andΥ around the points±q, ensures that
the singularities at these points are of a removable type. HenceΠ is holomorphic on the disks
Dq,δ ∪ D−q,δ. Finally, we see thatΠ satisfies the following RHP:

• Π is analytic inC \ ΣΠ (cf Fig. 5) ;

• Π (λ) = I2 +O (1/λ) for λ→ ∞;

•



Π+ (λ) M+ (λ) = Π− (λ) for λ ∈ Γ′+,
Π+ (λ) M−1

− (λ) = Π− (λ) for λ ∈ Γ′−,
Π+ (λ)P (λ) = Π− (λ) for λ ∈ ∂D−q,δ,

Π+ (λ) P̃ (λ) = Π− (λ) for λ ∈ ∂Dq,δ.

The solution to the RHP forΠ, exits and is unique as seen by standard arguments.

b−q b q

Γ′+

Γ′−

ΣΠ = Γ
′
− ∪ Γ′+ ∪ ∂D−q,δ ∪ ∂Dq,δ

Figure 5: ContourΣΠ appearing in the RHP forΠ.

The jump matrices forΠ are uniformly exponentially close toI2 in x on Γ′− ∪ Γ′+ and uni-
formly I2 +O

(
xε−1

)
on∂Dq,δ ∪ ∂D−q,δ, with ε = 2 sup∂Dq,δ∪ ∂D−q,δ

∣∣∣ℜ(ν)
∣∣∣. As a consequence,I2

is the unique solution of the RHP, up to uniformly O
(
xε−1

)
corrections. In addition, using the

equivalence between singular integral equations and RHP, the asymptotic expansion ofΠ can
be obtained by a Neumann series. This will be done in the upcoming section.
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5 Asymptotic solution of the RHP

In this Section we asymptotically solve the above RHP forΠ.
We derive an asymptotic expansion into negative powers ofx for the jump matrices forΠ,

and use it to prove the existence of an asymptotic series forΠ. The corresponding asymptotic
series forχ follows readily. One can finally infer the asymptotic behaviour of the resolvent of
the GSK up to any order in 1/x.

5.1 Asymptotics of the jump matrices

Denote the jump matrices forΠ by I2+∆ (λ). Then the matrix∆ (λ) has the asymptotic expansion
in the limit x→ +∞:

∆ (λ) =
M∑

m=1

∆(m) (λ; x)
xm + o

(
x−M−1+ε

)
, (5.1)

with ε = 2 sup∂Dq,δ∪ ∂D−q,δ

∣∣∣ℜ(ν)
∣∣∣.

The explicit form of the matrices∆(n) (λ; x) depends on the position ofλ in the contour
ΣΠ: they vanish to any order in 1/x on Γ′+ ∪ Γ′−, whereas the asymptotic expansion for∆ on
∂Dq,δ ∪ D−q,δ follows promptly from the asymptotic expansion of Tricomi CHF (A.6). More
explicitly, for anyn ∈ N∗,

∆(n) (λ; x) =



∆
(n)
(−) (λ; x)

[
p (λ) − p−

]n for λ ∈ ∂D−q,δ,

∆
(n)
(+) (λ; x)

[
p (λ) − p+

]n for λ ∈ ∂Dq,δ,

0 for λ ∈ Γ′+ ∪ Γ′−.

(5.2)

We have separated the jump matrices into their pole parts
[
p (λ) − p±

]−n and regular parts∆(n)
(−)

and∆(n)
(+) , with

∆(n)
(−)

(λ; x) =
in

n!


1 −n u(λ; x)

ν(λ)
n

ν(λ)u(λ; x)
1



(
(−1)n (−ν(λ))2

n 0
0 (ν(λ))2

n

)
(5.3)

for λ ∈ ∂D−q,δ, and

∆(n)
(+)

(λ; x) =
in

n!


1

nũ(λ; x)
ν(λ)

− n
ν(λ)ũ(λ; x)

1



(
(−1)n (ν(λ))2

n 0
0 (−ν(λ))2

n

)
(5.4)

for λ ∈ ∂Dq,δ . Here we use the standard notation(ν)n = Γ (ν + n) /Γ (ν) and u (λ; x), resp.
ũ (λ; x), have been defined in (4.22), resp. (4.25). Thus, the matrices∆(n) depend onx, but their
entries are a O(xε).
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5.2 Asymptotic expansion forΠ

Using the equivalence between RHP and singular integral equations we can expressΠ in terms
of its boundary value from the “+” side of the contourΣΠ

Π (λ) = I2 +
1

2iπ

∫

ΣΠ

Π+(s)∆(s)
ds
λ − s

. (5.5)

In its turnΠ+(λ) belongs toL2 (ΣΠ) and fulfills the linear singular integral equation of Cauchy
type

Π+(z) = I2 +C+ΣΠ [Π+∆] (z) . (5.6)

Recall that the Cauchy operator onL2 (ΣΠ) is defined as

C+ΣΠ [g](z) = lim
t→z+

CΣΠ [g](t) and CΣΠ [g](t) =
1

2iπ

∫

ΣΠ

g(s) ds
t − s

, t < ΣΠ . (5.7)

The notationt → z+ stands for the non-tangential limit oft approachingz from the ”+ ” side of
the contourΣΠ. Recall that the Cauchy operator is bounded: i.e. there exists a constantc2 such

that, for any functiong ∈ L2 (ΣΠ), one has
∥∥∥∥C+ΣΠ

[
g
]∥∥∥∥ ≤ c2 ‖g‖, where‖.‖ is the canonicalL2 (ΣΠ)

norm.
The matrixΠ+ can be asymptotically approximated by the following series:

Proposition 5.1. LetΠ(k)
+ be defined recursively according to

Π
(k)
+ =

k∑

p=1

C+ΣΠ
[
Π

(k−p)
+ ∆(p)

]
with Π

(0)
+ = I2. (5.8)

Then, for any integer M> 0, there exists a constant C(M) > 0 such that
∥∥∥∥∥∥∥∥
Π+ −

M−1∑

p=0

x−pΠ
(p)
+

∥∥∥∥∥∥∥∥
≤ C(M)

xM(1−ε) . (5.9)

Proof — Let us prove this statement by induction onM. For M = 1 we have that

‖Π+ − I2‖ =
∥∥∥C+ΣΠ [(Π+ − I2)∆] +C+ΣΠ [∆]

∥∥∥ ≤ c2 ‖Π+ − I2‖ ‖∆‖ + c2 ‖∆‖ . (5.10)

Therefore, forx large,

‖Π+ − I2‖ ≤
c2 ‖∆‖

1− c2 ‖∆‖
≤ C(1)

x1−ε . (5.11)
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Let us now suppose that the result holds up toM. Then,
∥∥∥∥∥∥∥
Π+ −

M∑

k=0

x−kΠ(k)
+

∥∥∥∥∥∥∥
=

∥∥∥∥∥∥∥∥
C+ΣΠ

Π+∆ −
M∑

k=1

x−k
k∑

p=1

Π(k−p)
+
∆(p)



∥∥∥∥∥∥∥∥

=

∥∥∥∥∥∥∥∥
C+ΣΠ

Π+
∆ −

M∑

k=1

x−k∆(k)

 +
M∑

p=1

Π+ −
M−p∑

k=0

Π(k)
+

x−k

∆
(p)x−p



∥∥∥∥∥∥∥∥

≤ c2 ‖Π+‖C∆M x−M−1+ε +

M∑

p=1

c2

∥∥∥∆(p)
∥∥∥ x−p C(M − p) x(p−M−1)(1−ε)

≤ C(M + 1)

x(M+1)(1−ε) , (5.12)

for some constantsC∆M andC(M + 1). We used the fact that all∆(p) are inL2 (ΣΠ) and that
‖Π+‖ is bounded in virtue of (5.11). �

Let us now extend this result for pointsλ being uniformly away from the contourΣΠ. Define
the matrices

Π(0)(z) = I2, Π(p)(z) =
p∑

k=1

CΣΠ
[
Π

(p−k)
+ ∆(k)

]
(z), p > 0, (5.13)

Π(z; M) =
M∑

p=0

x−pΠ(p)(z), (5.14)

which are analytic away fromΣΠ. Then we have the following result:

Proposition 5.2. Let K be any compact subset ofC \ ΣΠ. Then,∀k ∈ N, ∀M ∈ N⋆,

∣∣∣∂k
λΠ (λ) − ∂k

λΠ(λ; M − 1)
∣∣∣ ≤ k! C(M) lgth(ΣΠ)

d(K,ΣΠ)k+1xM(1−ε) , λ ∈ K. (5.15)

Here |.| denotes the usual max norm|Π| ≡ maxi, j

∣∣∣Πi, j

∣∣∣, d(., .) is any distance onC and lgth(ΣΠ)
is the length of the curveΣΠ.

Proof — Let k ∈ N, M ∈ N⋆, then
∣∣∣∣∣∣∣∣
∂k
λΠ(λ) −

M−1∑

p=0

x−p ∂k
λΠ

(p)(λ)

∣∣∣∣∣∣∣∣

≤

∣∣∣∣∣∣∣∣∣
k!
2iπ

∫

ΣΠ

ds

(λ − s)k+1


Π+(s)∆(s) −

M−1∑

p=1

x−p
p∑

l=1

Π
(p−l)
+ (s)∆(l)(s)



∣∣∣∣∣∣∣∣∣

≤ k! C(M) lgth(ΣΠ)

xM(1−ε) dk+1 (K,ΣΠ)

due to (5.9). �

25

en
sl

-0
02

83
40

4,
 v

er
si

on
 3

 - 
5 

O
ct

 2
01

1



5.3 The functions f± to the leading order

We now perform the transformations fromΠ back toχ.
The solution to the RHP of Proposition 3.1 reads

χ(λ) = Π(λ) χ(0)(λ) . (5.16)

We callχ(0) the zeroth order solution (i.e. obtained forΠ = I2). In the vicinities of the endpoints
of

[−q ; q
]
, χ(0) is given as

χ(0)(λ) =


P(λ) M−1

+ (λ)α(λ)−σ3 , λ ∈ D−q,δ ∩
{
0 < arg[p(λ) − p−] < π/2

}
,

P̃(λ) M−1
+ (λ)α(λ)−σ3 , λ ∈ Dq,δ ∩

{
π/2 < arg[p(λ) − p+] < π

}
.

Similarly, on
[−q ; q

]
, and uniformly away from the endpoints,

χ(0)(λ) = M−1
+ (λ)α+(λ)−σ3, λ ∈ ]−q+ δ ; q− δ [ .

In theℑ (λ) = 0+ limit and forℜ (λ) ∈ [−q ; q
]
,

M−1
+ α

−σ3
+

(
e+ (λ)
e− (λ)

)
= (α+e−)

−σ3

(
e2iπν

1

)
, (5.17)

so that, forλ ∈ ]−q+ δ ; q+ δ
[
,


f (0)
+ (λ)
f (0)
− (λ)

 = eiπν(λ)
[
α−1
+ (λ) e+ (λ) eiπν(λ)

]σ3

(
1
1

)
, (5.18)

where we have explicitly written all the dependence onλ.
Whenλ ∈ [−q ;−q+ δ

]
, we should multiply the latter expression byP. Using the decom-

position (A.7) of Humbert CHF into a sum of two Tricomi CHF we get


f (0)
+ (λ)
f (0)
− (λ)

 = e
iπν
2

(
e+(λ)
κp (λ) ζνq

)σ3

Γ (1+ ν)Φ

(
−ν, 1;−iζ−q

)

Γ (1− ν)Φ
(
ν, 1; iζ−q

)
 , (5.19)

with ζq = x
[
p+ − p (λ)

]
andζ−q = x

[
p (λ) − p−

]
.

Analogously, forλ ∈ [
q− δ ; q

]
,


f (0)
+ (λ)
f (0)
− (λ)

 = e
iπν
2

(e+(λ)ζν−q

κp (λ)

)σ3

Γ (1− ν)Φ

(
ν, 1; iζq

)

Γ (1+ ν)Φ
(
−ν, 1;−iζq

)
 . (5.20)

Note that the piecewise expressions for the functionsf (0)
± (λ) are in fact analytic in a vicinity

of their respective domain of validity, although they have been obtained by taking the limit ofλ
approaching a point in

[−q ; q
]

from the upper half plane. More precisely, the formula (5.19)
holds onD−q,δ, (5.20) onDq,δ, and (5.18) on the connected component of the interior ofΣπ

containing
[
δ − q ; q− δ ]. This observation follows from (3.3), but of course it can bechecked

by a direct computation based on the expression for the matrix χ in the lower half plane.
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5.4 Integral bounds for the resolvent

We now introduce a functionR(0) (λ, µ) and show that it is a good approximation of the resolvent
in the sense that

tr
(
R− R(0)

)
= O

(
xε−1

)
. (5.21)

Such estimates are necessary for the integration of theγ-derivative of log det [I + V].

Definition 5.1. LetΠτ (λ) denote the solution of the RHP given in Subsection 4.5 whose jumps
are on circles of radiusτ and on the corresponding curvesΓ′+ andΓ′−.

We can then write the solution of the RHP forχ asχ (λ) = Πτχ
(0)
τ . Thereχ(0)

τ do not depend
explicitly on τ. The radiusτ only determines which patch we should use for the definition of
the matrixχ(0)

τ . Moreover the whole combinationΠτχ
(0)
τ does not depend on the radiusτ at all.

Hence, we can represent the exact resolvent as

R(λ, µ) = 〈EL (λ) |
[
χ

(0)
τ (λ)

]−1 Π−1
τ (λ)Πτ (µ)

λ − µ χ
(0)
τ (µ) |ER (µ) 〉 . (5.22)

There, without altering the value ofR(λ, µ), we can chose different values ofτ depending on
the point we consider. This is quite useful as we can take one value of the radiusτ in order to
have estimates around±q and another one to perform estimates in the bulk

[
δ − q ; q− δ ]. This

will become clearer during the proof of the proposition below.

Definition 5.2. Let us fixδ, q > δ > 0 and define what we call the diagonal zeroth order
resolvent

R(0) (λ, λ) =
γF (λ)

2iπ

(
∂λ f (0)
+ (λ) f (0)

− (λ) − ∂λ f (0)
− (λ) f (0)

+ (λ)
)
, (5.23)

where the functions f(0)
± (λ) are given by(5.18)for λ ∈ [

δ − q ; q− δ ], (5.19)for λ ∈ [−q ; δ − q
[

and (5.20)for λ ∈ ]
q− δ ; q

]
. Similarly, | FR;(0) (λ) 〉 and〈 FL;(0) (λ) | are defined in terms of the

same functions f(0)
± .

We stress that the radiusτ previously introduced to build the exact solutionΠτ(λ)χ(0)
τ (λ)

andδ appearing in the definition are, a priori, unrelated.

Proposition 5.3. Let R(λ, µ) be the exact resolvent of the generalised sine kernel. Then

tr
(
R− R(0)

)
= O

(
xε−1

)
, (5.24)

where theO is uniform inγ ∈ D0,r .

Proof — According to the preceding observations we have, forλ ∈ [−q ;−q+ δ
[ ∪ ]

q− δ ; q
]
,

R(λ, λ) = R(0) (λ, λ) + 〈 FL;(0) (λ) |Π2δ (λ) ∂λΠ2δ (λ) | FR;(0) (λ) 〉, (5.25)

and

R(λ, λ) = R(0) (λ, λ) + 〈 FL;(0) (λ) |Πδ/2 (λ) ∂λΠδ/2 (λ) | FR;(0) (λ) 〉, (5.26)
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for λ ∈ [
δ − q ; q− δ ]. The advantage of using two different matricesΠ for the corrections

of R(λ, λ) with respect to the zeroth order resolventR(0) (λ, λ) is that the corrections are always
analytic on the whole domain where they are considered. One does not need to take into account
thatΠδ (λ) has a jump acrossλ = ± (q− δ). This might be problematic as, for instance, the
integral of∂λΠ (λ) on

[−q ; δ − q
]

might be ill-defined. Moreover the uniform estimates that
we have derived for the matrixΠ (λ) only hold uniformly away from the jump contour. As we
will only integrate the terms containingΠ2δ on

[−q ; δ − q
[ ∪ ]

q− δ ; q
]
, we will be in this

situation. The same holds for the terms involvingΠδ/2. However, we would not be able to
use the uniform estimates (5.2) for∂λΠδ when integrating it on

[−q ; δ − q
]
, as we would not

always be uniformly away from the boundary of the jump contour for Πδ.
With this way of understanding the corrections we have

tr
(
R− R(0)

)
=

( δ−q∫

−q

+

q∫

q−δ

)
dλ 〈 FL;(0) (λ) |Π2δ (λ) ∂λΠ2δ (λ) | FR;(0) (λ) 〉

+

q−δ∫

δ−q

dλ 〈 FL;(0) (λ) |Πδ/2 (λ) ∂λΠδ/2 (λ) | FR;(0) (λ) 〉. (5.27)

Let us start by the bulk part of integral, i.e. the part on
[
δ − q ; q− δ ]. From the explicit

form for f (0)
± on

[
δ − q ; q− δ ] given in (5.18) we see that these functions are uniformly O(1).

Moreover, the uniform estimates for the matricesΠδ/2 (λ) for λ uniformly away from the jump
contour guarantee that

〈 FL;(0) (λ) |Πδ/2 (λ) ∂λΠδ/2 (λ) | FR;(0) (λ) 〉 = O
(
xε−1

)
, (5.28)

the O
(
xε−1

)
being uniform inγ, at least forγ small enough.

The situation at the boundaries is a little more complex. We only consider the right boundary
as the other case is treated similarly. We still have thatΠ2δ (λ) = I2 +O

(
xε−1

)
and∂λΠ2δ (λ) =

O
(
xε−1

)
uniformly on

[
q− δ ; q

]
. However the functionsf (0)

± (λ) are no longer uniformly a
O(1) on this interval. We should thus estimate the following integral

∑

σ,σ′=±

q∫

q−δ

f (0)
σ (λ) f (0)

σ′ (λ) Gσ,σ′ (λ) dλ (5.29)

with Gσ,σ′ (λ) = O
(
xε−1

)
being related to the entries ofΠδ/2 (λ) ∂λΠδ/2 (λ). The situation being

similar for all the possible choices ofσ andσ′, we explain the mechanism for(σ,σ′) = (+,+).
The asymptotics of Humbert CHF guarantees that

Φ (a, 1;±it) =
c±
|t|a (1+ o(1)) t → +∞ (5.30)

for some computable constantsc± depending ona. These constants are continuous with respect
to a belonging to an open neighbourhood ofν

([
q− δ ; q

])
, and so is the o(1) term. Hence, there

exist ana independent constantC such that
∣∣∣∣(1+ |t|)ℜ(a)Φ (a, 1;±it)

∣∣∣∣ ≤ C . (5.31)
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Indeed the latter function is continuous onR and has a finite limit at∞. Moreover the constant
C can be chosen in such a way that the estimate holds fora belonging to some small vicinity of
ν
([

q− δ ; q
])

. Hence, by explicitly extracting thexε−1 factor coming fromG+,+ (λ) we get that,
for some constantC′,

∣∣∣∣ f (0)
+ (λ) f (0)

+ (λ) G+,+ (λ)
∣∣∣∣ ≤ C′xε−1ϕx (p (λ) − p+) , (5.32)

with ϕx (t) = x2ℜ(ν(λ)) (1+ x |t|)−2ℜ(ν(λ)). The functionϕx (t) fulfills

|ϕx (p (λ) − p+)| ≤ C̃ |p (λ) − p+|−2ℜ(ν(λ)) (5.33)

as, for anyα ∈ R, t 7→ tα/ (1+ tα) is bounded. The latter function is integrable on
[
q− δ ; q

]

(we consider the case
∣∣∣ℜ (ν)

∣∣∣ < 1/2). Thus the integrals in (5.29) do eventually yield O
(
xε−1

)

contributions. �

One can prove, in a very similar way, the estimates for the Hilbert–Schmidt norm of the
resolvent. Namely,

Proposition 5.4. Under the assumptions of the previous proposition,
∥∥∥R− R(0)

∥∥∥
2 = O

(
xε−1

)
(5.34)

with ‖.‖2 being the Hilbert–Schmidt norm.

5.5 Asymptotic expansion of the resolvent

We now prove that the asymptotic expansion forΠ can be used to obtain an asymptotics expan-
sion for the diagonal of the resolventR(λ, λ). We derive point-wise bounds for the latter as this
quantity appears in theq-derivative of the Fredholm determinant:

∂q log det [I + V] = R(q, q) + R(−q,−q) . (5.35)

We need to estimate the error when we replace the exact resolvent R by the approximate one
R(0). The magnitude for the error term follows from the followingresult:

Proposition 5.5. Letχ(0) be the solution of the RHP forχ up to the leading order in x, that is to
say the one obtained fromΠ = I2 and corresponding to the contourΣΠ with disks D±q,δ having
radiusδ. Define the leading vectors〈 FL;(0) | and | FR;(0) 〉 as

〈 FL;(0) (λ) | = 〈EL (λ) |χ(0)(λ)−1, | FR;(0) (λ) 〉 = χ(0)(λ) |ER (λ) 〉 , (5.36)

and the leading order of the resolvent by

R(0) (λ, µ) =
〈FL;(0) (λ) | FR;(0) (µ) 〉

λ − µ . (5.37)

Then

R(λ, λ) = R(0) (λ, λ) +
k∑

p=1

R(p) (λ, λ)
xp +O

(
xε

x(k+1)(1−ε)

)
, (5.38)
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for λ uniformly away fromΣΠ and belonging to
[−q ; q

]
. Here,

R(0) (λ, λ) = −〈FL;(0) (λ) | ∂λFR;(0) (λ)〉, (5.39)

R(p) (λ, λ) = −〈 FL;(0) (λ) | Π̂(p)(λ) | FR;(0) (λ) 〉, p > 0, (5.40)

in which

Π−1 (λ; k) ∂λΠ (λ; k) =
k∑

p=1

Π̂(p)(λ) x−p +O

(
1

x(k+1)(1−ε)

)
. (5.41)

Proof — Clearly,

R(λ, µ) =
〈FL;(0)(λ) | FR;(0)(µ)〉

λ − µ + 〈 FL;(0)(λ) |Π
−1(λ)Π(µ) − I2

λ − µ | FR;(0)(µ) 〉,

→
λ→µ
−〈FL;(0)(λ) | ∂λFR;(0)(λ)〉 − 〈 FL;(0)(λ) |Π−1(λ) ∂λΠ(λ)| FR;(0)(µ) 〉.

The corrections to the leading order for the resolvent are given here by the second term.
The inversion operator onM2 (C): u 7→ u−1 is continuously differentiable around the iden-

tity I2. Thus there exists an open neighbourhoodW of the identity matrixI2 and a constant
C > 0 such that,∀ A, B ∈ W, one has

∥∥∥A−1 − B−1
∥∥∥ ≤ C ‖A− B‖. Here‖.‖ denotes any matrix

norm. The matricesΠ (λ) andΠ (λ; k) belong toW for x sufficiently large, as they both go toI2

in the x→ +∞ limit for λ uniformly away fromΣΠ, and we get, from Proposition 5.2,
∥∥∥Π−1 (λ) ∂λΠ (λ) − Π−1 (λ; k) ∂λΠ (λ; k)

∥∥∥
≤ C ‖Π (λ) − Π (λ; k)‖ ‖∂λΠ (λ)‖

+C (‖Π (λ)‖ + ‖Π (λ) − Π (λ; k)‖) ‖∂λΠ (λ) − ∂λΠ (λ; k)‖

≤ C̃ (k)

x(k+1)(1−ε) ,

for some constant̃C(k). Thus, uniformly away fromΣΠ and on the real axis, one has

∣∣∣〈 FL;(0)(λ) |Π−1(λ) ∂λΠ(λ) − Π−1(λ; k) ∂λΠ(λ; k)| FR;(0)(λ) 〉
∣∣∣ = O

(
xε

x(k+1)(1−ε)

)
. (5.42)

In the last equality, we used the fact thatf (0)
± are at most of order O(xε) on the real axis, as

follows from their behaviour around±q. �

6 Leading asymptotic behaviour oflog det [I + V]

In this Section, we prove the result of Theorem 2.1; that is tosay, we compute the leading
asymptotic behaviour det[I + V](0) of det[I + V] up to o(1) corrections in thex → +∞ limit.
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More precisely, we show that

log det [I + V](0) = 2

q∫

−q

dλ ν(λ) log′[e−(λ)] +
∑

σ=±
log


G(1, νσ) κσνσ (σq; q)

(2qp′σx)ν
2
σ



+
1
2

q∫

−q

dλdµ
ν′(λ) ν(µ) − ν(λ) ν′(µ)

λ − µ . (6.1)

This result will be obtained by two different methods based on the integration of equations
(3.13). The first one, which uses the derivative of the Fredholm determinant overγ, is based
on the uniformness of the asymptotic expansion for the resolvent for γ small enough. It is
worth mentioning that this way is technically quite involved. The second method deals with the
derivative of the Fredholm determinant overq. Although we have not been able to provide a full
rigorous proof for it, we would like to draw the reader’s attention to this method as it is much
more direct and simple.

6.1 The leading asymptotics from theγ-derivative method

Due to Proposition 5.3, the proof of the leading asymptoticsof the Fredholm determinant from
the first equation (3.13),

∂γ log det [I + V] =

q∫

−q

dλ
γ

R(λ, λ) , (6.2)

only necessitates the use ofR(0) (λ, λ) defined in (5.37). Recall thatR(0) (λ, λ) has different
leading asymptotics in the bulk

]−q ; q
[

and near the boundary. Letδ > 0 be sufficiently small.
Then

R(0)(λ, λ)
γ

=



R(0)
q (λ, λ) λ ∈ [

q− δ ; q
]
,

R(0)
bk (λ, λ) λ ∈ [−q+ δ ; q− δ ] ,

R(0)
−q (λ, λ) λ ∈ [−q ;−q+ δ

]
,

(6.3)

where

R(0)
bk (λ, λ) =

F(λ)
2iπ (1+ γF(λ))

2∂λ loge+(λ) − 2∂λ log

κp(λ)

(
p+ − p(λ)
p(λ) − p−

)ν(λ)

 ,

R(0)
−q (λ, λ) = −νϕ (

ν; x
[
p− p−

]) {
2ν′ log x− 2∂λ

[
ν log(p+ − p) − 2∂λ logκp

]

+ ν′
[
ψ (1+ ν) + ψ (1− ν)] + g′

}
+ ixνp′τ

(
ν; x

[
p− p−

])
+ νν′ρ

(
ν; x

[
p− p−

])
,

R(0)
q (λ, λ) = −νϕ (

ν; x
[
p+ − p

]) {
2ν′ log x− 2∂λ

[
ν log(p− p−) − 2∂λ logκp

]

+ ∂λν
[
ψ (1+ ν) + ψ (1− ν)] + g′

}
+ ixνp′τ

(
ν; x

[
p+ − p

]) − νν′ρ (
ν; x

[
p+ − p

])
.
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Hereψ(z) = d
dz logΓ(z) and we have introduced the shorthand notations

ϕ (ν; t) = Φ (−ν, 1;−it)Φ (ν, 1; it) ,

ρ (ν; t) = (∂1Φ) (ν, 1; it)Φ (−ν, 1;−it) + (∂1Φ) (−ν, 1;−it)Φ (ν, 1; it) ,

τ (ν; t) = −Φ (−ν, 1;−it)Φ (ν, 1; it) + (∂zΦ) (−ν, 1;−it)Φ (ν, 1; it)

+ Φ (−ν, 1;−it) (∂zΦ) (ν, 1; it) .

Moreover, in order to lighten the above expressions and similar ones in the following, we omit
the explicit dependence on the argumentλ of the different functions involved (likeν, p, and
their derivativesν′, p′, etc.).

We can now split the integration contour into three parts

q∫

−q

R(0) (λ, λ)
dλ
γ
=

−q+δ∫

−q

dλ
γ

R(0)
−q (λ, λ) +

q−δ∫

−q+δ

dλ
γ

R(0)
bk (λ, λ) +

q∫

q−δ

dλ
γ

R(0)
q (λ, λ) . (6.4)

The bulk integral is carried out straightforwardly. The integrals over the vicinities of the end-
points are more involved. Consider, for instance, the integration over

[−q ;−q+ δ
]
.

Using the asymptotic series for Humbert CHFΦ (A.9) and the equations (A.10), (A.11) we
get that

ϕ (a; t) − eiπa ,

ρ (a; t) +
eiπa

Γ (1− a) Γ (1+ a)

{
2 logt − ψ (1− a) − ψ (1+ a) − 4ia

1+ t

}
,

τ (a; t) + eiπa
(
1− 2ia

1+ t

)
,

are uniformly Riemann integrable onR+ in the sense of the definition of Lemma B.1 (See
Appendix B). Using the integration Lemma B.1 as well as the estimates for the integrals ofτ
andϕ (A.10), (A.11), we find

−q+δ∫

−q

R(0) (λ, λ) dλ = −
−q+δ∫

−q

dλ eiπν

Γ (ν)Γ (1− ν)
{
2ν′ log x− 2∂λ

[
ν log(p+ − p)

]

+ν′ (ψ (ν) + ψ (−ν)) + g′
}

+

−q+δ∫

−q

dλ eiπνν′

Γ (ν)Γ (1− ν)

{
2 log

[
x (p− p−)

] − ψ (−ν) − ψ (ν) +
4iν

1+ x (p− p−)

}

+ ix

−q+δ∫

−q

dλ p′ν

{
2iν

x (p− p−) + 1
− 1

}

+
ν−eiπν−

Γ (1− ν−)Γ (ν−)
{2− ψ (ν−) − ψ (−ν−)} + o(1) . (6.5)
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Here the o(1) is with respect to the successive limitsxδ → +∞ andδ → 0. The two terms
proportional to logx compensate each other. The remaining part of the first three lines of (6.5)
is an O(δ) and can thus be dropped. The integral in the last two lines of (6.5) is evaluated thanks
to the second integration Lemma B.2 (see Appendix B). We get,

−q+δ∫

−q

R(0) (λ, λ) dλ = −i

−q+δ∫

−q

eiπνp′

Γ (ν) Γ (1− ν)dλ

+
eiπν−ν−

Γ (ν−) Γ (1− ν−)
{−2 log

[
x (p (δ − q) − p−)

]
+ 2− ψ (ν−) − ψ (−ν−)

}
+ o(1) . (6.6)

The integration over
[
q− δ ; q

]
can be treated similarly. The result reads

q∫

q−δ

R(0) (λ, λ) dλ = −i

q∫

q−δ

eiπνp′

Γ (ν)Γ (1− ν)

+
ν+eiπν+

Γ (ν+)Γ (1− ν+)
{−2 log

[
x (p+ − p (q− δ))] + [

2− ψ (ν+) − ψ (−ν+)
]}
+ o(1) . (6.7)

So that,

q∫

−q

R(0) (λ, λ) dλ =

q∫

−q

γF
2iπ (1+ γF)

[
ixp′ + g′ − 2∂λ logκp

]
dλ

+

q−δ∫

δ−q

ν log

(
p+ − p
p− p−

)
∂λ

{
γF

1+ γF

}
dλ
iπ
−

[
γνF

iπ (1+ γF)
log

(
p+ − p
p− p−

)]q−δ

δ−q

+
γν−F−

2iπ (1+ γF−)
{
2 log

[
x (p (δ − q) − p−)

] − 2+ ψ (ν−) + ψ (−ν−)
}

+
γν+F+

2iπ (1+ γF+)
{
2 log

[
x (p (q− δ) − p+)

] − 2+ ψ (ν+) + ψ (−ν+)
}
+ o(1) , (6.8)

where we used
eiπν

Γ (ν) Γ (1− ν) = −
γF

2iπ (1+ γF)
. Using the integral representation for the Barnes

G-function (2.7), it is not a problem to see that

q∫

−q

R(0) (λ, λ)
dλ
γ
= ∂γ



q∫

−q

ν ∂λ loge− dλ + log


G (1, ν+) G (1, ν−)
[
x (p+ − p−)

]ν2
++ν

2
−





+ 2

q∫

−q

∂γν ∂λ logκp dλ − 2

q∫

−q

[
∂λ∂γν

]
ν log

(
p+ − p
p− p−

)
dλ . (6.9)
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Now we should recast the last line as a derivative with respect to γ. We have

2

q∫

−q

[
∂γν∂λ logκp −

[
∂λ∂γν

]
ν log

(
p+ − p
p− p−

)]
dλ

= ∂γ log


κν+ (q; q)
κν− (−q; q)

(
p+ − p−
2qp′+

)2ν2
+
(

p+ − p−
2qp′−

)2ν2
−


+
∑

σ=±

[
σ∂γνσ logκ (σq; q) − σνσ∂γ logκ (σq; q)

]

− 2

q∫

−q

[
∂γ∂λν

] [
logκ + ν log

(
q− λ
q+ λ

)]
dλ . (6.10)

It remains to apply the identity

∂γ

q∫

−q

ν′ (λ) ν (µ) − ν′ (µ) ν (λ)
2(λ − µ)

dλdµ = −2

q∫

−q

[
∂γ∂λν

] [
logκ + ν log

(
q− λ
q+ λ

)]
dλ

+
∑

σ=±

[
σ∂γνσ logκ (σq; q) − σνσ∂γ logκ (σq; q)

]
. (6.11)

Indeed, we have for the r.h.s. of (6.11)

RHS=

q∫

−q

(
ν+∂γν − ν ∂γν+

q− λ +
ν−∂γν − ν∂γν−

q+ λ

)
dλ

+

q∫

−q

ν (µ) ∂γ∂λν (λ)

{
1

λ − µ + i0
+

1
λ − µ − i0

}
dλdµ

=
1
2

q∫

−q

∑

σ=±

(
νσ∂γν + ν∂γνσ

) { 1
q− σλ + i0

+
1

q− σλ − i0

}
dλ

+

q∫

−q

ν (µ) ∂γν (λ)

{
1

(λ − µ + i0)2
+

1

(λ − µ − i0)2

}
dλdµ . (6.12)

There we have regularized all the integrands and then performed an integration by parts. On the
other hand, one has for the l.h.s. of (6.11)

LHS =

q∫

−q

[
∂γν (µ) ∂λν (λ) + ν (µ) ∂γ∂λν (λ)

] { 1
λ − µ + i0

+
1

λ − µ − i0

}
dλdµ . (6.13)

Taking the last integral by parts we arrive at (6.12).
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Thus, the l.h.s. of (6.8) is presented as a derivative with respect toγ. Since the asymptotic
expansion is uniform inγ we can integrate this result from 0 toγ. As log det [I + V] |γ=0= 0 we
get the desired result.

6.2 The leading asymptotics from theq-derivative method

The method we use here is based on the second equation in (3.13),

∂q log det [I + V] = R(q, q) + R(−q,−q) . (6.14)

For the purpose of this sub-section, we assume that
∣∣∣ℜ (ν (λ))

∣∣∣ < 1/4. Indeed we are then able to
use the pointwise estimates for the resolvent established in Proposition 5.5. Such a restriction on∣∣∣ℜ (ν (λ))

∣∣∣ could be relaxed by much more refined estimates. Recall that one has forλ uniformly
away from the boundaryΣΠ corresponding to disks of radiusδ,

∣∣∣R(λ, λ) − R(0) (λ, λ)
∣∣∣ ≤ C (q)

x1−2ε
≤ C (q)

x1−2e
, with e = 2sup

U

∣∣∣ℜν
∣∣∣ , (6.15)

so that theq anti-derivative ofR(q, q) +R(−q,−q) − R(0) (q, q) −R(0) (−q,−q) will be a o(1) in
the x→ +∞ limit.

Equation (6.3) allows us to determine the value of

R(0) (λ, λ) = −〈FL;(0) (λ) | ∂λFR;(0) (λ)〉

=
γF(λ)
2iπ

f (0)
+ (λ) f (0)

− (λ)
{
∂λ log f+ − ∂λ log f−

}
(6.16)

at both endpointsq and−q.
Consider, for instance,R(0) (−q,−q). We have, forλ ∈ D−q,δ,

R(0) (λ, λ) = −ν(λ)Φ
(
−ν, 1;−iζ−q

)
Φ

(
ν, 1; iζ−q

) {
2∂λ loge+(λ)

− 2∂λ
[
logκp(λ) + ν(λ) logζq

]
+ ν′(λ)

[
ψ (1+ ν) + ψ (1− ν) ]

− ix p′(λ)


(∂zΦ)

(
ν, 1; iζ−q

)

Φ
(
ν, 1; iζ−q

) +
(∂zΦ)

(
−ν, 1;−iζ−q

)

Φ
(
−ν, 1;−iζ−q

)


−ν′(λ)


(∂1Φ)

(
ν, 1; iζ−q

)

Φ
(
ν, 1; iζ−q

) +
(∂1Φ)

(
−ν, 1;−iζ−q

)

Φ
(
−ν, 1;−iζ−q

)



, (6.17)

where, so as to lighten the formula, we have omitted the argument λ of ν(λ) whenν appears
as an argument of another function (hereψ or Φ). The symbol∂z stands for the derivative of
a CHF with respect to its variable, whereas∂1 stands for the derivative with respect to its first
argument. Recall also thatζ−q = x

[
p (λ) − p−

]
andζq = x

[
p+ − p (λ)

]
.

It is remarkable that the last two terms involving derivatives of CHF vanish in theλ → −q
limit. The resulting expression can be further simplified thanks to the identities:

logκp(λ) = logκ(λ) + ν(λ)

{
log

( q− λ
p+ − p(λ)

)
− log

(
λ + q

p(λ) − p−

)}
, (6.18)

ν(λ) ν′(λ)
[
ψ(1+ ν) + ψ(1− ν)] = ∂λ logG(1, ν) + 2ν(λ) ν′(λ), (6.19)
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Thus, we obtain

R(0) (−q,−q) = −2ν−
[
∂λ loge+(λ)

]
λ=−q
+ 2ν′−ν− log x

+ 2ν′−ν− log(2qp′−) −
ν2
−
q
+ ν2
−

p′′−
p′−
− 2ν−ν

′
− + 2ν−

[
∂λ logκ(λ)

]
λ=−q

, (6.20)

where we have used the notations (2.3), (2.4).
The final aim is to integrate (6.14) over the variableq. One should keep in mind that the

function κ(λ) ≡ κ(λ; q) is actually a function of the two parametersλ andq. Therefore, one
should replace partialλ derivatives atλ = ±q by totalq derivatives thanks to

d
dq

[log κ(−q; q)] = −∂λ logκ(λ; q)
λ=−q
+ ∂q logκ(λ; q)

λ=−q
. (6.21)

ThenR(0) (−q,−q) is almost a totalq derivative:

R(0) (−q,−q) = −2ν−
[
∂λ loge+(λ)

]
λ=−q
+

d
dq

log


G (1, ν−)
(
2qp′−x

)ν2
−



− 2ν−
d
dq

[
logκ (−q; q)

]
+ ν−

(ν+ − ν−)
q

. (6.22)

Similar calculations based on the expressions (5.20) forf (0)
± aroundq lead to

R(0) (q, q) = −2ν+
[
∂λ loge+(λ)

]
λ=q
+

d
dq

log


G (1, ν+)
(
2qp′+x

)ν2
+



+ 2ν+
d
dq

[
logκ (q; q)

] − ν+
(ν+ − ν−)

q
. (6.23)

Hence, we have

∂q log det [I + V] = 2
∑

σ=±
νσ

[
∂λ loge−(λ)

]
λ=σq
+

d
dq

log


G (1, ν+) G (1, ν−)

(
2qp′−x

)ν2
−
(
2qp′+x

)ν2
+



+ 2
∑

σ=±
σνσ

d logκ(σq; q)
dq

− (ν+ − ν−)2

q
+ o(1) . (6.24)

It remains to express the last line as a totalq-derivative thanks to Lemma B.3. After an
integration with respect toq of (6.24) we arrive to

log det [I + V] = 2

q∫

−q

dλ ν(λ) log′[e−(λ)] + log


G(1, ν+) G(1, ν−) κν+ (q; q)

(
2qp′+x

)ν2
+
(
2qp′−x

)ν2
− κν−(−q; q)



+
1
2

q∫

−q

dλdµ
ν′(λ) ν(µ) − ν(λ) ν′(µ)

λ − µ +C + o(1), (6.25)
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whereC is aq-independent integration constant still to be determined.
One can give arguments that this constant should be alsoγ-independent. Indeed, the asymp-

totic expansion of the Fredholm determinant, being a functional of the holomorphic function
γF(λ) in U, can depend on this function either in the integral form withintegration over [−q; q],
or through the values ofγF and of its derivatives at the ends of the integration contour−q and
q. In both cases the result should depend onq. Hence, theq-independent constantC can not
depend onγF(λ) and, thus, it isγ-independent. We can then fix the constantC by settingγ = 0
in the asymptotic formula. This yieldsC = 0. A rigourous proof of this equality within this
q-derivative method is however still missing. Indeed, although the above statement (about the
functional form of the asymptotic expansion of the Fredholmdeterminant) is clear in the case
of one-dimensional oscillatory integrals without saddle point, its generalisation to the needed
series of multiple oscillatory integrals would require additional work.

6.3 The first corrections to the leading asymptotics of the Fredholm determinant

We close this section by deriving the sub-leading corrections from thex-derivative (3.19) of
log det [I + V]. This will constitute the proof of Proposition 2.1.

In order to prove the claim of the Proposition 2.1, one has to derive the first two sub-leading
corrections for the matrixΠ. As one might expect the computations are, by far, simpler that
those necessary to fix the constant. We also would like to point out that one can obtain the
sub-leading asymptotic of det [I + V] by theq-derivative method. However, the computations
are quite involved, so we omit the presentation of this method.

We derive the first term in the 1/x expansion of log det [I + V] thanks to (3.12):

∂x log det [I + V] =
∮

Γ([ −q ;q ])

dλ
4π

p(λ) tr
[
∂λχ (λ)σ3χ

−1 (λ)
]
, (6.26)

where we chose the contourΓ
([−q ; q

])
to lie outside of the contourΣΠ but still in the region

of holomorphy forp. There the solution for the RHP forχ has a simple form:

χ (λ) = Π (λ) α−σ3 (λ) . (6.27)

In order to derive the first correction to the leading asymptotics, it is enough to consider the first
two terms in the asymptotic expansion forΠ(λ):

Π (λ) = I2 +
Π(1) (λ)

x
+
Π(2) (λ)

x2
+O

(
x3(ε−1)

)
. (6.28)

There, as follows from (5.15), the O is uniform on the whole contourΓ
([−q ; q

])
. Thus

∂x log det [I + V] = −
∮

Γ([ −q ;q ])

dλ
2π

p (λ)
∂λα (λ)
α (λ)

+
1
x

∮

Γ([ −q ;q ])

dλ
4π

p (λ) tr
[
σ3 ∂λΠ

(1) (λ)
]

+
1
x2

∮

Γ([ −q ;q ])

dλ
4π

p(λ) tr
{
σ3

[
∂λΠ

(2)(λ) − Π(1)(λ)∂λΠ
(1)(λ)

]}
+O

(
x3(ε−1)

)
. (6.29)
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The first term in this expansion will yield the leading correction. Indeed,

−
∮

Γ([ −q ;q ])

dλ
2π

p (λ)
∂λα (λ)
α (λ)

=

∮

Γ([ −q ;q ])

dλ
2π

p′ (λ) logα (λ) = −i

q∫

−q

dλ p′ (λ) ν (λ) . (6.30)

Here we shrunk the contour to
[−q ; q

]
and used the jump condition forα.

In order to evaluate the higher order corrections in (6.29) we need to derive the expressions
for the matricesΠ(1) = CΣΠ

[
∆(1)] andΠ(2) = CΣΠ

[
Π

(1)
+ ∆

(1) + ∆(2)] outside ofΣΠ. An elementary
computation of residues yields:

∂λΠ
(1) (λ) = −

∆
(1)
(+) (q; x)

(λ − q)2 p′+
−
∆

(1)
(−) (−q; x)

(λ + q)2 p′−
, (6.31)

as well as

∂λΠ
(2) (λ) − Π(1) (λ) ∂λΠ

(1) (λ)

= −
∑

σ=±

(
∂λ∆

(2)
(σ)

)
(σq; x) + ∆(1)

(σ) (σq; x)
(
∂λ∆

(1)
(σ)

)
(σq; x)

[
(λ − σq) p′σ

]2

+
∑

σ=±

2∆(2)
(σ) (σq; x) +

[
∆

(1)
(σ) (σq; x)

]2

2(p′σ)2

{
p′′σ

p′σ (λ − σq)2
− 2

(λ − σq)3

}

+

[
∆

(1)
(+) (q; x) ,∆(1)

(−) (−q; x)
]

2q p′+p′−(λ − q)(λ + q)
. (6.32)

Thus the 1/x term in (6.29) gives the coefficient of logx in (2.6). Indeed,
∮

Γ([ −q ;q ])

dλ
4π

p (λ) tr
[
σ3 ∂λΠ

(1) (λ)
]
=

1
2i

tr
[
σ3∆

(1)
(−) (−q; x) + σ3∆

(1)
(+) (q; x)

]

= −
(
ν2
+ + ν

2
−
)
. (6.33)

We now focus on the last term in (6.29). It yields, after anx integration, the first correction
to (2.6). A straightforward computation leads to

∮

Γ([ −q ;q ])

dλ
2iπ

p (λ) tr
{
σ3

[
∂λΠ

(2) (λ) − Π(1) (λ) ∂λΠ
(1) (λ)

]}

=
p+ − p−
4q2p′−p′+

tr
{
σ3

[
∆

(1)
(+) (q; x) , ∆(1)

(−) (−q; x)
]}

−
∑

σ=±

1
p′σ

tr
{
σ3

[(
∂λ∆

(2)
(σ)

)
(σq; x) + ∆(1)

(σ) (σq; x)
(
∂λ∆

(1)
(σ)

)
(σq; x)

]}
. (6.34)

The first term corresponds to the oscillating correction:

tr
{
σ3

[
∆

(1)
(+) (q; x) , ∆(1)

(−) (−q; x)
]}
= 2ν+ν−

{
ũ (q; x)

u (−q; x)
− u (−q; x)

ũ (q; x)

}
. (6.35)

38

en
sl

-0
02

83
40

4,
 v

er
si

on
 3

 - 
5 

O
ct

 2
01

1



The last term gives the non-oscillating one:

tr
{
σ3

(
∂λ∆

(2)
(σ)

)
(σq; x)

}
= −2

dν3
σ

dq
, (6.36)

and

∑

σ=±

1
p′σ

tr
{
σ3 ∆

(1)
(σ) (σq; x)

(
∂λ∆

(1)
(σ)

)
(σq; x)

}

=
2
p′+
ν2
+∂λ

(
log ũ (λ; x)

)
λ=q
+

2
p′−
ν2
−∂λ

(
logu (λ; x)

)
λ=−q

=
∑

σ=±

2ν2
σ

p′σ

{
2σν′σ log x+ σ

d
dq

loguσ +
p′σ
νσ

d
dq

(
ν2
σ

p′σ

)
− ν−σ

p′−

}
, (6.37)

with

u+ = eg(q) Γ(1− ν+)
Γ(1+ ν+)

{
(2qp′+)

ν+

κ(q; q)

}2

, (6.38)

u− = eg(−q) Γ(1+ ν−)
Γ(1− ν−)

{
(2qp′−)

ν−κ(−q; q)
}−2

. (6.39)

Putting all this together we obtain

∂x log det [I + V] = −i

q∫

−q

dλ ν (λ) p′ (λ) − ν
2
+ + ν

2
−

x
− 2i

log x− 1

x2

∑

σ=±

ν2
σ

p′σ

dνσ
dq

− i

x2

∑

σ=±

ν2
σ

p′σ

{
σ

d
dq

loguσ + p′σ
d
dq

(
νσ

p′σ

)
− ν−σ

q

}

+
i (p+ − p−) ν−ν+

(2q)2 p′+p′−x2

{
u+
u−

x2(ν++ν−)eix(p+−p−) − u−
u+

x−2(ν++ν−)eix(p−−p+)
}

+ O

(
eix(p+−p−)

x3(1−ε) ,
1

x3(1−ε)

)
. (6.40)

The first two terms reproduce the already known answer for theleading asymptotics. The re-
maining ones reproduce the first oscillating and non-oscillating corrections as given in Proposi-
tion 2.1. Note that for the oscillating terms, one only should integrate the exponent with respect
to x as all the other terms will give subdominant contributions.

7 Applications to truncated Wiener–Hopf operators

Truncated Wiener–Hopf operators appear in many domains of mathematical physics such as
scattering or diffusion processes. Moreover, many observables (dressed energy, momentum
or dressed charge) related to quantum integrable models aresolutions of integral equations of
truncated Wiener–Hopf type (2.17).
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Let us recall that a truncated Wiener–Hopf operator can be interpreted as an integral operator
I + K on L2 (R) such that it acts onL2 (R) functions according to

(I + K) .ϕ (t) = ϕ (t) +

x∫

0

dt′K
(
t − t′

)
ϕ
(
t′
)
dt′. (7.1)

The kernelK is characterized in terms of its Fourier transformF:

K(t) = F −1 [F] (t) , with F −1[F](t) =
1
2π

∫

R

dξ F(ξ) e−itξ , ∀F ∈ L1(R). (7.2)

The study of truncated Wiener–Hopf operators is equivalentto a 2× 2 matrix RHP. Another
facet of this equivalence is the correspondence between a truncated Wiener–Hopf operator and
the GSK acting onR in which p = id andg = 0. Indeed, it is easy to see that

K.ϕ = F −1 ◦ Ṽ ◦ F [
ϕ
]
, (7.3)

whereṼ acts inL2 (R) with a kernel

Ṽ(ξ, η) = F (ξ)
eix(ξ−η) − 1
2iπ (ξ − η) . (7.4)

The operator identity

I + K = F −1.
(
I + Ṽ

)
F , (7.5)

together with the facts that̃V is trace-class andF ±1 are continuous, ensures the equality between
the Fredholm determinants:

det [I + K] = det
[
I + Ṽ

]
. (7.6)

The kernel̃V is related to

V (ξ, η) =
√

F (ξ) F (η)
sin(x (ξ − η) /2)

π (ξ − η) (7.7)

by a similarity transformation. Hence,

det [I + K]L2(0,x) = det [I + V]L2(R) . (7.8)

7.1 The Akhiezer–Kac formula

Our study of the generalised sine kernel allows us to recoverthe Akhiezer–Kac formula describ-
ing the largex behaviour of Fredholm determinants of truncated Wiener–Hopf operators:

Theorem 7.1(Akhiezer–Kac [1, 34]). Let I+K be a truncated Wiener–Hopf operator as above
and such that
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• F is analytic in an open neighbourhood U ofR ;

• F goes sufficiently fast to 0 at±∞ ;

• 1+ F (ξ) does not vanish on U.

Then

log det [I + K] = xτ(0)+ E[F] + o(1), with E[F] =

∞∫

0

t τ(t) τ(−t) dt, (7.9)

in which

τ(t) =
1
2π

∫

R

log(F(ξ) + 1) e−itξ dξ . (7.10)

Proof — The largex asymptotics of det [I + K] follows from (7.8) after taking theq → +∞
limit in the leading asymptotics for the corresponding generalised sine kernel (2.6). This limit
may seem a little heuristic as we did not specify any estimates in q for the small o terms with
respect to the leading asymptotics. However, the validity of such a limit may either be seen
by refining all the estimates obtained in the previous section or by considering the RHP forχ
(3.1) on the whole real line from the very beginning. We shallmake the second approach more
explicit in the forthcoming subsection 7.2. Here we formally take theq → +∞ limit in the
leading asymptotics of Theorem 2.1.

One should notice that, in the asymptotic formula (2.6), allthe terms evaluated at the end-
points vanish due to the fact thatν (±q) logq → 0 whenq → +∞, which is a consequence of
the sufficiently fast decrease ofF at infinity. Hence, the only constant contributionE[F] to the
asymptotics of log det [I + K] is given by the integral

E [F] = lim
q→+∞

1
2

q∫

−q

ν′ (λ) ν (µ) − ν (λ) ν′ (µ)
λ − µ dλdµ . (7.11)

Let us recast the constantE [F] in a more standard form. We have

E [F] = − 1

8π2

∫

R

dξ dη
log′ (F(ξ) + 1) log (F(η) + 1) − log′ (F(η) + 1) log(F(ξ) + 1)

ξ − η

=
i

16π2

∫

R

dξ dηdxdy

{
1

ξ − η + i0
+

1
ξ − η − i0

}
τ(x)τ(y) (x− y) eixη+iyξ .

41

en
sl

-0
02

83
40

4,
 v

er
si

on
 3

 - 
5 

O
ct

 2
01

1



Let H be the Heaviside function, then

E [F] = − 1
8π

∫

R

dηdxdy τ (x) τ (y) (x− y)
(
eiη(x+y)H (y) − eiη(x+y)H (−y)

)

= −1
4

+∞∫

0

dyτ(y) τ(−y) (−2y) +
1
4

0∫

−∞

dyτ(y) τ(−y) (−2y)

=

+∞∫

0

dyτ(y) τ(−y) y ,

which ends the proof of Theorem 7.1. �

It happens that this correspondence between truncated Wiener–Hopf operators and gener-
alised sine kernels can be pushed further so as to obtain the asymptotic behaviour of Fredholm
determinants of truncated Wiener–Hopf operators with symbols having Fischer–Hartwig type
discontinuities. Considering the GSK for finiteq corresponds to the asymptotic behaviour of
a determinant whose symbol has two jumps. The case of symbolshaving general Fischer–
Hartwig type singularities is studied in [37, 16, 17]. The results for the case of Toeplitz, Han-
kel and Toeplitz+ Hankel determinants with Fisher–Hartwig singularities appeared recently in
[16, 17].

7.2 The resolvent of truncated Wiener–Hopf operators

Proposition 7.1. Let I + K be a truncated Wiener–Hopf operator on] −x ; x [ ,

[
(I + K).g

]
(t) = g(t) +

x∫

−x

K(t − t′) g(t′) dt′, with K(t) = F −1[F](t). (7.12)

Suppose that there existsδ > 0 such that

• F admits an analytic continuation to
{
z :

∣∣∣ℑ(z)
∣∣∣ ≤ δ

}
;

• ξ 7→ F (ξ ± iδ) ∈ L1 (R);

• the analytic continuation of1+ F does not vanish on U.

Then the resolvent I− R of I+ K fulfills

R(λ, µ) =
∫

R

dξdη

4iπ2
F(ξ)

{
α+(η)
α−(ξ)

eix(ξ−η) − α+(ξ)
α−(η)

e−ix(ξ−η)
}

ei(µη−λξ)

ξ − η +O
(
e−2δx), (7.13)

where

α(λ) = exp



∫

R

ν (µ)
µ − λdµ


, and ν(λ) =

i
2π

log(1+ F(λ)) . (7.14)
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Proof — The GSK associated toI + K through the transformationF −1 ◦ [ I + V] ◦ F = I + K
acts on the whole real axis with the kernel

V (ξ, η) = F(ξ)
ei(ξ−η)x − ei(η−ξ)x

2iπ (ξ − η) . (7.15)

Just as for the leading asymptotics of log det [I + K] (see Section 7.2), one can obtain the
leading asymptotic of the resolvent ofV just by taking formally the limitq → +∞ in all the
expressions derived in the first part of the article. Note that in this process all power law cor-
rections vanish: they are computed as contour integrals around±q and, sinceF approaches 0
sufficiently fast at infinity, the residues at±q vanish in theq→ +∞ limit. However, in order to
justify this limit, one should also check that all the uniform estimates still hold forq→ +∞.

An alternative way is to consider from the very beginning a RHP for χ on the whole real
axisR. This is actually much simpler, than the RHP on a finite interval. Then it is enough
to perform the first two transformations described in Section 4 so as to obtain jump matrices
that are already uniformly close toI2 up to exponentially small corrections inx. Moreover, the
jump matrices for this RHP are given byM+ andM−1

− (4.11), so that they approach the identity
matrix atλ → ∞ just as fast asF goes to zero at infinity. As expected, there is no need for
parametrices, and the corrections are immediately exponentially decreasing withx. It means
that, up to uniformly exponentially small corrections, theresolventRV of V is given by

R(0)
V (ξ, η) =

F (ξ)
2iπ (ξ − η)

{
α+ (η)
α− (ξ)

eix(ξ−η) − α+ (ξ)
α− (η)

e−ix(ξ−η)
}
, (7.16)

where as usualα (λ) is given by (7.14). Note that the integral in (7.14) is well defined in virtue
of the assumptions made onF.

We should now take the Fourier/inverse Fourier ofRV in order to getR. To this end, we must
justify that the sub-leading corrections do admit a Fouriertransform in two variables. Recall the
exact expression for the resolvent:

RV (λ, µ) = R(0)
V (λ, µ) + 〈 FL;(0) (λ) |Π

−1 (λ)Π (µ) − I2

λ − µ | FR;(0) (µ) 〉 . (7.17)

Here, the matrixΠ is defined in terms ofΠ+ (λ), the limiting value ofΠ on ΣΠ whenλ ap-
proaches a point ofΣΠ from the “+” side of the contour:

Π (λ) = I2 +

∫

Γ+

dz
λ − z

Π+ (z)

(
0 1
0 0

)
F (z)α−2

+ (z)

1+ F (z)
e2ixz

+

∫

Γ−

dz
λ − z

Π+ (z)

(
0 0
1 0

)
F (z)α2

− (z)

1+ F (z)
e2ixz . (7.18)

TheL1 integrability ofF as well as the asymptotic conditionΠ (λ) −→
λ→+∞

I2 guarantee that the

integrals are well defined. Thus one readily infers from (7.18) the asymptotics ofΠ on the real
axis:

Π (λ) = I2 +
e−2δxC
λ
+O

(
e−2δx

λ2

)
, (7.19)
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whereC is some constant matrix and where we have explicitly extracted the exponential decay
in x of the matrixC. Hence using the boundedness off (0)

± on the real axis we obtain that

RV (λ, µ) = R(0)
V (λ, µ) + e−2δxC

F (λ)
λµ
+ o

(
e−2δxF (λ)

λµ

)
. (7.20)

Hence the corrections admit a Fourier transform inλ and an inverse Fourier transform inµ as
oscillatory integrals. Therefore, taking the Fourier transform does not change the nature of the
corrections. �

It is clear that, up to a similarity transformation, a Wiener–Hopf operator on [−a ; b ] has the
same generalised sine kernel as the same operator acting on [0 ;a+ b ]. Therefore our method
works for any interval, of course up to a similarity transformation on the resolvent (7.16) ofV.
We chose here to present this less standard form of Wiener–Hopf operators as it fits better the
forthcoming application.

We apply our asymptotic inversion formula for truncated Wiener–Hopf operators acting on
a symmetric interval [−x ; x ] to re-derive some formulas concerning the low magnetic field be-
haviour of the so-called dressed charge [6]. This function,traditionally denotedZ(λ), describes
the intrinsic magnetic moment of an elementary excitation above the ground state in the XXZ
spin-1/2 model. It satisfies the following integral equation:

Z(λ) +

x∫

−x

dµK(λ − µ) Z(µ) = 1, with K(λ) =
sin 2ζ

2π sinh(λ + iζ) sinh(λ − iζ)
. (7.21)

K is often called the Lieb kernel andζ ∈ ] 0 ; π [ is some real parameter describing the coupling
of the model. The large parameterx is a function of the external longitudinal magnetic field; it
goes to infinity when the magnetic field vanishes.

For the study ofZ, one should distinguish two domains in the interval [−x ; x ]: the bulk, i.e.
the region|λ| ≪ x, and the boundariesλ ∼ ±x. While the asymptotic value ofZ(λ) in the bulk
(|λ| ≪ x) is enough to describe the intrinsic magnetic moment of elementary excitations, the
value ofZ at the boundaries (±x) determines the critical exponents of the two-point functions
of the model [23, 24, 25, 5]. As we will see, the bulk and the boundary behaviour of the dressed
charge differ fundamentally.

First, let us note that, setting directlyx = +∞ in (7.21), one can solve explicitly the integral
equation forZ by taking the Fourier transform: one obtains in this case that Z(λ) is equal to a
constant valueZ(λ) = π/

[
2(π − ζ)] on the whole real axis.

Let us now consider the limitx → ∞ in (7.21) in a more accurate way, namely, takingx
large but finite, and use the method described above. LetK̂ be the Fourier transform ofK,

K̂ (ξ) ≡ F [K] (ξ) =
sinh

[
ξ (ζ − π/2)

]

sinh(ξζ/2)
. (7.22)
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Then in virtue of Proposition 7.1,

Z (λ) = 1−
x∫

−x

R(λ, µ) dµ (7.23)

= 1−
∫

R

dξ
2iπ

K̂ (ξ)
ξ

{
α+ (0)
α− (ξ)

ei(x−λ)ξ − α+ (ξ)
α− (0)

e−i(x+λ)ξ
}
. (7.24)

First let us study the bulk limit i.e.|λ| ≪ x. Using the jump equation satisfied byα±:[
1+ K̂(λ)

]
α+(λ) = α−(λ), we recast the integrand as

Z (λ) = 1−
∫

R

dξ
2iπ

K̂ (ξ)
[
1+ K̂ (ξ)

]
(ξ − i0+)

{
α+ (0)
α+ (ξ)

ei(x−λ)ξ − α− (ξ)
α− (0)

e−i(x+λ)ξ
}

=
1

1+ K̂ (0)
−

∫

R

dξ
2iπ


K̂(ξ + iζ/2)

1+ K̂(ξ + iζ/2)

α+(0)
α+(ξ + iζ/2)

e(x−λ)(iξ−ζ/2)

ξ + ζ/2

− K̂(ξ − iζ/2)

1+ K̂(ξ − iζ/2)

α−(0)
α−(ξ − iζ/2)

e−(x+λ)(iξ+ζ/2)

ξ − ζ/2

 . (7.25)

Here we have separated the integral into two parts and then moved the contour to the upper/lower
half-plane. This gives a pole contribution fromξ = i0. The integral appearing in (7.25) is clearly
a O

(
e−(x−|λ|)ζ/2

)
. So that, in the bulk,

Z(λ) ∼ 1

1+ K̂ (0)
=

π

2(π − ζ) , (7.26)

up to exponentially small corrections. As expected, we recover the value ofZ obtained in the
case of an infinite interval. Note that the corrections become larger and larger as we approach
any of the endpoints±x.

Let us now study the behaviour of the dressed charge at the boundaries. Since the kernelK
is even, so isZ. We can thus focus on a single boundary, sayλ = x. We have,

Z(x) = 1−
∫

R

dξ
2iπ (ξ − i0+)

K̂(ξ)
α+(0)
α−(ξ)

− K̂(ξ)

1+ K̂(ξ)

α−(ξ)
α−(0)

e−2ixξ

 . (7.27)

As before, the integral of the second term gives an exponentially small contribution O
(
e−xζ

)
.

The integral of the first term is explicitly computable. Using once again the jump equation
satisfied byα±(ξ), we have,

Z(x) = 1− α+(0)
∫

R

dξ
2iπ

α−1
+ (ξ) − 1+ 1− α−1

− (ξ)
ξ − i0

+O
(
e−xζ

)

= 1− α+(0)
∫

R

dξ
2iπ

α−1
+ (ξ) − 1
ξ − i0

+O
(
e−xζ

)

= α+(0)+O
(
e−xζ

)
. (7.28)
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We have computed the remaining integral by residues, sinceα−1
± (ξ) − 1 = O

(
ξ−1

)
for ξ → ∞ in

the respective half plane of holomorphy.
For an even kernel like the Lieb onêK(ξ) = K̂(−ξ), and then it follows from the integral

representation (7.14) ofα thatα+(ξ) = α−1
− (−ξ). This means that 1+ K̂(0) = α−2

+ (0). Hence, for
x large enough

Z(x) ∼
√

1

1+ K̂(0)
=

√
π

2(π − ζ) , (7.29)

and the value ofZ(λ) at the boundary is the square root of its value in the bulk up to exponentially
small corrections. In the limitx→ +∞ this correspondence becomes exact.

8 Asymptotics of multiple integrals

We have already mentioned that the asymptotic expansion of the Fredholm determinant of the
GSK can be used for the asymptotic analysis of correlation functions of quantum integrable
models. For a relatively wide class of integrable systems, the correlation functions can be
presented as series of multiple integrals of a special type [35]. These series can be summed up
to Fredholm determinants for the models equivalent to free fermions. In the general case, such a
reduction to determinants is not known. However, the asymptotic behaviour of individual terms
of the series can be derived from the asymptotics of the Fredholm determinant of the GSK. In
the present section we consider this problem.

More precisely, our purpose is to derive the largex asymptotic behaviour of the following
type of integrals (cycle integrals):

In [Fn] =
∮

Γ([ −q ;q])

dnz
(2iπ)n

q∫

−q

dnλ

(2iπ)n Fn

(
{λ}
{z}

) n∏

j=1

eix(p(zj)−p(λ j))
(
zj − λ j

) (
zj − λ j+1

) . (8.1)

In this expression,Fn is a holomorphic function of 2n variablesλ1, . . . , λn, z1, . . . , zn in Un×Wn,
in which U and W are open neighbourhoods of

[−q ; q
]
, andΓ

([−q ; q
])

denotes a closed
counter clock-wise contour inW surrounding

[−q ; q
]

with index 1. We moreover assume that
Fn is symmetric separately in then variablesλ1, . . . , λn and in then variablesz1, . . . , zn. Finally,
we agree uponλn+1 ≡ λ1.

8.1 Leading asymptotic behaviour ofIn [Fn]

Let us first suppose that the functionFn is of the special (factorized) type

F (ϕ,φ)
n

(
{λ}
{z}

)
=

n∏

i=1

[
ϕ(λi)φ(zi )

]
, (8.2)

whereϕ is a one-variable holomorphic function inU andφ is a one-variable holomorphic func-
tion in W, non-vanishing onW. For two such functionsϕ andφ we introduce the associated
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GSKV(ϕ,φ) given by (1.6) provided the identificationF(λ) = ϕ(λ)φ(λ) andeg(z) = φ(z) is made.
Then, the integral (8.1) can be expressed in terms of log det

[
I + V(ϕ,φ)] as

In
[F (ϕ,φ)

n
]
=

q∫

−q

dnλ

n∏

k=1

V(ϕ,φ)(λk, λk+1)

=
(−1)n−1

(n− 1)!
∂n
γ log det

[
I + V(ϕ,φ)]

γ=0
. (8.3)

In this specific case, it is straightforward to obtain the leading asymptotic behaviour of the
multiple integral (8.3) in the largex limit thanks to the results of the previous sections.

This remark leads us to the following definition:

Definition 8.1. Let U, W be two open neighbourhoods of
[−q ; q

]
, and letH(U) (resp.H(W))

be the set of holomorphic functions on U (resp. on W). Let also

S̃U,W
n =


p∑

ℓ=1

F (ϕℓ ,φℓ)
n ; p ∈ N, (ϕℓ, φℓ) ∈ H(U) ×H(W) andφℓ

[ −q ;q ]
, 0

 , (8.4)

in whichF (ϕ,φ)
n denotes a pure factor function of2n variables defined in terms ofϕ andφ as in

(8.2). We define the linear functional I(0)
n on S̃U,W

n as

I (0)
n

[F (ϕ,φ)
n

]
=

(−1)n−1

(n− 1)!
∂n
γ log det

[
I + V(ϕ,φ)](0)

γ=0
, (8.5)

and by imposing linearity on functions
∑p
ℓ=1F

(ϕℓ ,φℓ)
n . Here V(ϕ,φ) denotes the generalised sine

kernel(1.6)with F(λ) = ϕ(λ)φ(λ) andeg(z) = φ(z), andlog det
[
I +V(ϕ,φ)](0) denotes the leading

asymptotics of the Fredholm determinantlog det
[
I + V(ϕ,φ)] as in Theorem 2.1.

It is easy, using the expression (2.6) of log det
[
I +V(ϕ,φ)](0), to obtain an explicit expression

for I (0)
n

[F (ϕ,φ)
n

]
:

I (0)
n

[F (ϕ,φ)
n

]
=

q∫

−q

dλ
2iπ

ϕn(λ)φn−1(λ)
(
ixp′(λ)φ(λ) + φ′(λ)

)

+
∑

σ=±

(
bn − cn log

(
2qp′σx

) )
[ϕ(σq)φ(σq)]n

+
n

4π2

∑

σ=±

n−1∑

p=1

q∫

−q

dλ
[ϕ(σq)φ(σq)]n − [ϕ(σq)φ(σq)]p [ϕ(λ)φ(λ)]n−p

p (n− p) (q− σλ)

+
n

8π2

n−1∑

p=1

q∫

−q

dλdµ
(n− p) (λ − µ)

{
∂λ[ϕ(λ)φ(λ)] [ϕ(λ)φ(λ)]p−1 [ϕ(µ)φ(µ)]n−p

− ∂µ[ϕ(µ)φ(µ)] [ϕ(µ)φ(µ)]p−1 [ϕ(λ)φ(λ)]n−p
}
, (8.6)
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wherebn andcn are given by (2.23). Thex→ +∞ asymptotics of the Fredholm determinant are
uniform inγ to any fixed ordern in ∂n

γ. This means that

In
[F (ϕ,φ)

n
]
= I (0)

n
[F (ϕ,φ)

n
]
+ o(1) . (8.7)

In the next proposition we show thatI (0)
n can be extended into a linear functional on the space of

holomorphic functionsFn (not necessarily of the formF (ϕ,φ)
n ) that are symmetric inn variables

λ1, . . . , λn andn variablesz1, . . . , zn separately. This extension ofI (0)
n , as we prove below, is the

good way to evaluate cycle integrals (8.1) with such arbitrary symmetric functionsFn.

Proposition 8.1. Let U and W be open neighbourhoods of
[−q ; q

]
, and letSymn(U,W) be the

set of holomorphic functionsFn on Un × Wn of 2n variablesλ1, . . . , λn, z1, . . . , zn, symmetric
in the n variablesλ1, . . . , λn and in the n variables z1, . . . , zn separately. Then I(0)

n extends
to a continuous linear functional onSymn(U,W) endowed with the topology of the sup norm
convergence on compact sets.

Proof — I(0)
n

[F (ϕ,φ)
n

]
contains at most first order derivatives of the functionsϕ andφ. Now recall

that, for any compactsK, P such that1 K ⊂
◦
P andP ⊂ U

∀ k ∈ N, ∃ ck such that∀φ ∈ H (U) ,
∥∥∥φ(k)

∥∥∥
0;K ≤ ck ‖φ‖0;P , (8.8)

where‖.‖0;K = supz∈K |.| is the sup norm with support on the compactK. In consequence,I (0)
n is

continuous oñSU,W
n . The latter is dense inSU,W

n , with

SU,W
n =


p∑

ℓ=1

F (ϕℓ ,φℓ)
n ; p ∈ N, (ϕℓ, φℓ) ∈ H(U) ×H(W)

 . (8.9)

HenceI (0)
n extends by density to a continuous linear functional onSU,W

n . Due to the density
Theorem C.1 (See Appendix C), we have thatSU,W

n is dense inSymn(U,W). ThereforeI (0)
n

extends to a linear functional onSymn(U,W). �

Corollary 8.1. Let U and W be open neighbourhoods of
[−q ; q

]
, and letFn ∈ Symn(U,W).

1Here
◦
P is the interior of P
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Then,

I (0)
n

[Fn
]
=

1
2iπ

q∫

−q

dλ
{
ixp′(λ) + ∂ǫ

}Fn

(
{λ}n

{λ + ǫ}, {λ}n−1

)

ǫ=0

+
∑

σ=±

(
bn − cn log

(
2qp′σx

))Fn

(
{σq}n
{σq}n

)

+
n

(2π)2

∑

σ=±

n−1∑

p=1

q∫

−q

dλ

Fn

(
{σq}n
{σq}n

)
− Fn

(
{σq}p , {λ}n−p

{σq}p , {λ}n−p

)

p (n− p) (q− σλ)

+
n

2(2π)2

n−1∑

p=1

q∫

−q

dλdµ
(n− p) (λ − µ)

{
∂ǫFn

(
{λ + ǫ} , {λ}p−1 , {µ}n−p

{λ + ǫ} , {λ}p−1 , {µ}n−p

)

−∂ǫFn

(
{µ + ǫ} , {µ}p−1 , {λ}n−p

{µ + ǫ} , {µ}p−1 , {λ}n−p

)}

ǫ=0

. (8.10)

There{λ}n denotes the set formed by n copies of the same parameterλ.

Proof — Apply Theorem C.1 to (8.6). �

Finally, we have the following largex asymptotic behaviour for integrals of the form (8.1)
(which seems hardly attainable through a direct analysis ofthe multiple integrals):

Theorem 8.1. Let U and W be open neighbourhoods of
[−q ; q

]
, and letFn ∈ Symn(U,W).

Then, when x→ +∞, the integralIn
[Fn

]
(8.1)behaves as

In
[Fn

]
= I (0)

n
[Fn

]
+O

(
logn x

x

)
, (8.11)

the explicit expression of I(0)
n

[Fn
]

being given in Corollary 8.1.

The whole difficulty of the proof is to show that the small o(1) in (2.5) is preserved by the
density procedure formulated in Theorem C.1. This is nontrivial since the series converging to
Fn may not converge absolutely. We need therefore, so as to prove this theorem, to study more
precisely the sub-leading corrections and to see how they pass through all the steps described
above. This will be done in the next subsection.

8.2 Study of sub-leading corrections

In this subsection, we study the behaviour of the sub-leading corrections to log det[I+V](0) when
the above procedure is applied. In particular, we will show that they indeed remain subleading,
which will prove Theorem 8.1. In fact we will prove an even more general result:
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Theorem 8.2. Let U and W be open neighbourhoods of
[−q ; q

]
, and letFn ∈ Symn(U,W).

For any positive integer M, there exists a continuous linearfunctional I(M)
n such that

In
[Fn

]
= I (M)

n
[Fn

]
+O

(
logn x

xM+1

)
whenx→ +∞. (8.12)

The explicit expression forI (M)
n can be obtained by some perturbative computations that

become more and more involved with the growth ofM. We will nevertheless obtain the general
structure forI (M)

n , showing that it can be decomposed in terms of non-oscillating and oscillating
contributions, with oscillating factors of the formeimx(p+−p−), m ∈ Z∗:

I (M)
n

[Fn
]
= I (0)

n
[Fn

]
+

M∑

N=1

1
xN

I (N; nosc)
n [Fn] +

M∑

N=2

1
xN

I (N; osc)
n [Fn] , (8.13)

= I (0)
n

[Fn
]
+

M∑

N=1

1
xN

I (N; nosc)
n [Fn] +

∑

m∈Z∗
|m|≤M/2

eixm(p+−p−)
M∑

N=2|m|

1
xN

I (N; m)
n [Fn] , (8.14)

I (N; nosc)
n [Fn] (resp. I (N; osc)

n [Fn]) being given in terms of the functionFn and of its derivatives
up to orderN (resp. up to orderN − 2) evaluated at±q or integrated from−q to q.

8.2.1 General strategy

In the previous subsection, we have defined the functionalI (0)
n from the leading asymptotic

part log det[I + V](0) (2.6) of the GSK. More precisely, we have seen in Corollary 8.1 that
∂n
γ log det [I + V](0) |γ=0 yields the functional(−1)n−1 (n− 1)! I (0)

n [Fn] after the density proce-
dure, as explained in Proposition 8.1 and Theorem C.1, is applied. In order to estimate the
corrections toI (0)

n
[Fn

]
for the largex behaviour of cycle integralsIn

[Fn
]

of lengthn (8.1), we
have to take into account the corrections log det [I + V]sub to log det[I + V](0),

log det [I + V] = log det [I + V](0)
+ log det [I + V]sub, (8.15)

and to analyze the effect of the density procedure on then-th γ-derivative of the subleading part
∂n
γ log det [I + V]sub |γ=0. We will show in particular that it preserves the small o(1) with respect

to thex→ +∞ limit, i.e. that∂n
γ log det [I + V]sub |γ=0 can only generate o(1) corrections.

In the spirit of Definition 8.1, we therefore introduce the:

Definition 8.2. Let U, W be two open neighbourhoods of
[−q ; q

]
. We define the linear func-

tional Isub
n on S̃U,W

n as

Isub
n

[F (ϕ,φ)
n

]
=

(−1)n−1

(n− 1)!
∂n
γ log det

[
I + V(ϕ,φ)]sub

γ=0
, (8.16)

and by imposing linearity on functions
∑p
ℓ=1F

(ϕℓ,φℓ)
n . Here, as in Definition 8.1,F (ϕ,φ)

n denotes
a factorized function of2n variables defined in terms ofϕ andφ as in (8.2), and V(ϕ,φ) denotes
the generalised sine kernel(1.6)with F(λ) = ϕ(λ)φ(λ) andeg(z) = φ(z).
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According to the scheme presented in the previous subsection, the next steps will be:

• to obtain a convenient representation forIsub
n

[F (ϕ,φ)
n

]
: this means in particular to obtain

the form ofn-th γ-derivatives of log det[I +V]sub in terms of the functionsF andg, to set
g(z) = logφ(z) andF(z) = ϕ(z)φ(z), and to estimate this result in the largex limit;

• to apply the density procedure: one should first extend by density and continuity the
functional Isub

n to the spaceSU,W
n ; then, for any holomorphic functionFn in 2n variables

λ1, . . . , λn, z1, . . . , zn, symmetric separately in the variablesλ and in the variablesz, one
has to consider a sequence(ϕk, φk) such that

∑N
k=1F

(ϕk,φk)
n → Fn so as to be able to define

and characterizeIsub
n

[Fn
]

and to see how it behaves in the largex limit;

• to refine the procedure in order to get an asymptotic expansion of Isub
n

[Fn
]
.

8.2.2 γ-derivatives of log det[I + V]sub

As in Section 6.3, we will obtain the corrections to log det[I + V](0) through thex-derivative
path, starting from formula (3.12) that we recast as

∂x log det [I + V] = −i

q∫

−q

dλ p′(λ) ν (λ) +
∮

Γ([ −q ;q])

dλ
4π

p(λ) tr
{
[∂λΠ(λ)] σ3Π

−1(λ)
}
. (8.17)

Here, as in Section 6.3, we have chosen the counter clock-wise contourΓ
([−q ; q

])
to lie in

U and to encircleΣΠ, which means thatχ(λ) = Π(λ)α−σ3(λ) on Γ
([−q ; q

])
. Integrating this

equation with respect tox, we obtain

log det [I + V]sub=

x∫

+∞

dx′
∮

Γ([ −q ;q ])

dλ
4π

p(λ)

{
tr

{
[∂λΠ (λ)] σ3Π

−1 (λ)
}

+
1
x′

∫

ΣΠ

tr
{
∆(1) (z; x′) σ3

}

2iπ (λ − z)2
dz

}
. (8.18)

The convergence of this integral will be proved later on. We recall that the second term in
(8.17) produces also, when integrated overx, the logx term appearing in the definition (2.6)
of log det [I + V](0) (see (6.33)). We have therefore substracted the corresponding contribution
(second term of (8.18)) in the definition of log det [I + V]sub.

In order to obtain then-th γ derivatives of this expression, we have to compute theγ-
derivatives of∂λΠ(λ) and ofΠ−1(λ), which in their turn follow from those of the jump matrix
∆(λ).

• γ-derivatives of∆

In order to determine then-th γ-derivative atγ = 0 of the jump matrix∆ (z), it is convenient
to express it in the following form:

∆(z) = κ−σ3(z) ∆̃(z) κσ3(z) . (8.19)
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Here, the matrix̃∆(z) depends onγ only through the combinationγF(z), whereasκ±σ3(z) de-
pends onγ through the combination

∫ q

−q
dµ

[
ν (z) − ν (µ)

]
/(z− µ).

It is easy to compute the multipleγ-derivative of∆̃(z) atγ = 0. It is given as

∂n
γ ∆̃(z)

γ=0
= Adeσ3 g(z)/2

[
∂n
γ∆0(z)

]
γ=0
· Fn(z). (8.20)

In this expression, AdX[Y] stands for the usual adjoint action of the matrixX on the matrixY,
and∆0 denotes the jump matrix∆ at F ≡ 1 andg ≡ 0.

It remains to compute theγ-derivatives ofκ±σ3 (z). They follow from the Faa-di-Bruno
formula:

∂n
γ κ
±σ3(z)

γ=0
=

n∑

p1,...,pn=0
Σn

s=1sps=n

n! (±σ3)Σ
n
s=1ps

n∏
s=1

ps!

n∏

s=1


(−1)s

2iπs

q∫

−q

Fs (z) − Fs (µ)
z− µ dµ



ps

. (8.21)

Therefore, gathering these informations and applying Leibnitz’s rule, we obtain that

∂n
γ ∆ (z)

γ=0
=

∑

p+p0+q=n
p0≥1

n∑

p1,...,pn=0
Σn

s=1sps=p

n∑

q1,...,qn=0
Σn

s=1sqs=q

Cp
n Cq

n−p p! q!
n∏

s=1
(ps)! (qs)!

× Adeσ3 g(z)/2

[
(−σ3)Σ

n
s=1ps · ∂p0

γ ∆0(z)
γ=0
· (σ3)Σ

n
s=1qs

]

× Fp0(z)
n∏

s=1


(−1)s

2iπs

q∫

−q

Fs(z) − Fs(µ)
z− µ dµ



ps+qs

=
∑

p0+Σsps=n
p0≥1

δ
({pi })(z; x) Fp0(z)

n∏

s=1



q∫

−q

Fs (z) − Fs (µ)
z− µ dµ



ps

. (8.22)

Note that, in the first line, we have extended for conveniencethe sum over parametersps andqs

up ton, since anyway, due to the constraint,ps ≤ p andps = 0 if s> p (resp.qs ≤ q andqs = 0
if s> q).

In the last line, we have changed the order of summations and incorporated all theF inde-
pendent prefactors into the definition of the matrixδ({pi }) (z; x). More precisely,

δ
({pi }) (z; x) =

n∏

s=1

(
(−1)s

2iπs

)ps ∑

p+q=n−p0

∑

Σn
s=1sqs=q

Cp
n Cq

n−p p! q!
n∏

s=1
(qs)! (ps − qs)!

× Adeσ3 g(z)/2

[
(−σ3)Σ

n
s=1(ps−qs) · ∂p0

γ ∆0(z)
γ=0
· (σ3)Σ

n
s=1qs

]
. (8.23)

From the properties of the jump matrix∆0(z), it is easy to see that the diagonal entries of the
matricesδ({pi }) (z; x) are a O

(
x−1), whereas their off-diagonal ones are a O

(
logp0 x/x

)
uniformly

on the contoursΣΠ.
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• γ-derivatives of∂λΠ

Let us recall the integral representation for∂λΠ (λ), which is a direct consequence of (5.5),

∂λΠ (λ) = − 1
2iπ

∫

ΣΠ

dz

(λ − z)2
Π+ (z)∆ (z) . (8.24)

Therefore, theγ-derivatives of∂λΠ(λ) can be directly obtained from the ones of∆(λ) and of
Π+(λ).

Recall thatΠ+(λ) satisfies the following integral equation onM2

(
L2 (ΣΠ)

)
:

(
I −C∆ΣΠ

)
[Π+] = I2 , (8.25)

where the operatorC∆
ΣΠ

is defined by

C∆ΣΠ [M] ≡ C+ΣΠ [M∆] , ∀M ∈ M2

(
L2 (ΣΠ)

)
. (8.26)

This matrix Cauchy operator is invertible, at least forx large enough. Indeed, using the conti-
nuity of the scalar Cauchy operator:

∃ c2 > 0 such that, ∀g ∈ L2 (ΣΠ) ,
∥∥∥C+ΣΠ

[
g
]∥∥∥

L2(ΣΠ)
≤ c2 ‖g‖L2(ΣΠ) , (8.27)

one gets that the operator norm
∣∣∣∣
∥∥∥∥C∆ΣΠ

∥∥∥∥
∣∣∣∣ fulfills:

∣∣∣
∥∥∥C∆ΣΠ

∥∥∥
∣∣∣ ≤ c2 ‖∆‖M2(L2(ΣΠ)) −→x→+∞

0. (8.28)

Moreover,C∆
ΣΠ

being a holomorphic function ofγ we have that, forx large enough, (I −C∆
ΣΠ

) is
invertible and that its inverse is also a holomorphic function ofγ. In particular, (8.25) implies

∂γΠ+ =
(
I −C∆ΣΠ

)−1 ◦
(
∂γC

∆
ΣΠ

)
[Π+] . (8.29)

A straightforward induction shows that there exist some coefficientsc({pi })
r ∈ Z such that

∂n
γΠ+ =

n∑

r=1

∑

Σr
i=1pi=n

c
({pi })
r

(
I −C∆ΣΠ

)−1 ◦
(
∂

p1
γ C∆ΣΠ

)

◦
(
I −C∆ΣΠ

)−1 ◦
(
∂

p2
γ C∆ΣΠ

)
◦ · · · ◦

(
I −C∆ΣΠ

)−1 ◦
(
∂

pr
γ C∆ΣΠ

)
[Π+] . (8.30)

This expression simplifies atγ = 0 as∆|γ=0 = 0 andΠ+ |γ=0 = I2. Hence,

∂n
γΠ+

γ=0
=

n∑

r=1

∑

Σr
i=1pi=n

c
({pi })
r

(
∂

p1
γ C∆ΣΠ

)
◦
(
∂

p2
γ C∆ΣΠ

)
◦ · · · ◦

(
∂

pr
γ C∆ΣΠ

)
[ I2] . (8.31)

We can slightly deform the different contoursΣΠ, so as to regularize the explicit integral rep-
resentation for the above chain of operators. Namely, recalling the construction of the jump
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contours for the matrices occurring in the different transformations applied to the RHP forχ,
we are able to write

∂n
γΠ+

γ=0
=

n∑

r=1

∑

Σr
i=1pi=n

c
({pi })
r

(
∂

p1
γ C∆
Σ

(1)
Π

)
◦
(
∂

p2
γ C∆
Σ

(2)
Π

)
◦ · · · ◦

(
∂

pr
γ C∆
Σ

(r)
Π

)
[ I2] . (8.32)

There, the contoursΣ(i)
Π

are such that the− side ofΣ(i−1)
Π

is at small but non vanishing distance

from the+ side of Σ(i)
Π

, with the exception of a finite number of points of intersection (cf.

Fig. 6). The matrix∆ corresponding to the contourΣ(i)
Π

is equal toM±1
± − I2 on Γ

′(i)
± , toP − I2

on ∂D−q,δi , and toP̃ − I2 on ∂Dq,δi . We emphasize that, already in (8.32), one can use the
integral representation for the Cauchy operators without turning to boundary values. Indeed,
the integrand appearing in (8.32) is already integrable onΣ

×(r)
Π
≡ Σ(1)

Π
× · · · × Σ(r)

Π
.

b−q b q

Γ
′(i−1)
+

Γ
′(i−1)
−

Γ
′(i)
+

Γ
′(i)
−

δi−1

δi

Figure 6: Encased ContoursΣ(i)
Π

(in the casep = id).

Finally, one infers from (8.32), from (8.22) and from the integral representation for∂λΠ
(8.24) that, whenλ ∈ Γ ([−q ; q

])
, there exist some recursively computable coefficients c̃({pℓi })r

such that

∂n
γ∂λΠ (λ)

γ=0
= −

n∑

r=1

∑

pℓ0≥1, pℓ1,...,pℓn≥0
Σr
ℓ=1p̄ℓ=n

c̃
({pℓi })
r

∫

Σ
×(r)
Π

drz
(2iπ)r

δ
({pri }) (zr ; x) . . . δ({p1i }) (z1; x)

(λ − z1)2
r∏
ℓ=2

(zℓ−1 − zℓ)

×
r∏

ℓ=1


Fpℓ0 (zℓ)

n∏

m=1



q∫

−q

Fm (zℓ) − Fm (µ)
zℓ − µ



pℓm

. (8.33)

In this expression, the integration is performed over the skeletonΣ×(r)
Π
= Σ

(1)
Π
× · · · × Σ(r)

Π
, and

the second summation is performed over integerspℓ j , 1 ≤ ℓ ≤ r, 1 ≤ j ≤ n, with 1 ≤ pℓ0 ≤ n
and 0≤ pℓ j ≤ n for j ≥ 1, and such thatΣr

ℓ=1p̄ℓ = n, in which we have introduced the notation
p̄ℓ = pℓ0 + Σn

j=1 jpℓ j.
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• γ-derivatives ofΠ−1

All the above observations also hold for the inverse matrixΠ−1 (λ). IndeedΠ−1
+ satisfies the

integral equation

Π−1
+ (λ) = I2 +

tC∇ΣΠ
[
Π−1
+

]
, (8.34)

in which

tC∇ΣΠ [M] ≡ C+ΣΠ [∇M] , ∀M ∈ M2(L2(ΣΠ)) , (8.35)

and the matrix∇ is defined2 by the equationI2 + ∇ = (I2 + ∆)−1. In other words,∇ is the
adjugate of∆ (we remind that we consider 2× 2 matrices and that det [I + ∆] = 1). Hence, one
easily sees that, forn ≥ 1,

∂n
γ

[
Π−1

]
(λ)

γ=0
=

n∑

t=1

∑

Σt
ℓ=1p̄ℓ=n
pℓ0≥1

c̃
({pℓi })
t

∫

Σ
×(t)
Π

dtz

(2iπ)t

̺({p1i }) (z1; x) . . . ̺({pti }) (zt; x)

(λ − z1)
t∏

ℓ=2
(zℓ−1 − zℓ)

×
t∏

ℓ=1


Fpℓ0 (zℓ)

n∏

m=1



q∫

−q

Fm (zℓ) − Fm (µ)
zℓ − µ



pℓm

, (8.36)

where̺({pℓi }) (z; x) is the adjugate matrix ofδ({pℓi}) (z; x).

• γ-derivatives of log det [I + V]sub

From the expressions (8.18), (8.33) and (8.36), it is easy tosee that there exist some combi-
natorial coefficientsC({pℓi})

r,t ∈ Z (with C({p1i })
1,0 = −δp10,n) such that

∂n
γ log det [I + V]sub

γ=0
=

∑

1≤r+t≤n
r≥1, t≥0

∑

pℓ0≥1, pℓ1,...,pℓr+t≥0
Σr+t
ℓ=1p̄ℓ=n

C
({pℓi})
r,t

∮

Γ([ −q ;q ])

dλ
4π

p(λ)
∫

Σ
×(r+t)
Π

dr+tz

(2iπ)r+t

×

x∫
+∞

dx′ tr
({pℓ j })
r,t ({zj}; x′)[g]

(λ − z1)2 (λ − zr+1)
r∏
ℓ=2

(zℓ−1 − zℓ)
r+t∏

ℓ=r+2
(zℓ−1 − zℓ)

×
r+t∏

ℓ=1


Fpℓ0 (zℓ)

n∏

m=1



q∫

−q

Fm (zℓ) − Fm (µ)
zℓ − µ

dµ



pℓm

, (8.37)

2We stress that this matrix∇ has nothing to do with the differential operator usually denoted by∇.
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in which, in the termst = 0, the empty product(λ − zr+1)
∏r+t

ℓ=r+2 (zℓ−1 − zℓ) should be under-

stood as 1. In this expression,tr
({pℓ j })
r,t ({zj}; x′)[g] corresponds to the following trace:

tr
({p1 j })
1,0 (z; x′)[g] = tr

{
σ3 ∂

n
γ

[
∆0(z; x′) − 1

x′
∆

(1)
0 (z; x′)

]
γ=0

}
, (8.38)

tr
({pℓ j })
r,t ({zj}; x′)[g] = tr

{
δ

({pri })(zr ; x′) . . . δ({p1i })(z1; x′) σ3

× ̺({pr+1i })(zr+1; x′) . . . ̺({pr+ti })(zr+t; x′)
}

if r + t > 1. (8.39)

In (8.38),∆(1)
0 (z; x′) corresponds to the first term in the asymptotic expansion (5.1) of∆0(z).

Remark8.1. We have gathered in the termr = 1, t = 0 the contribution of the second term in
(8.18), as well as the term that would correspond to the contribution of only one jump matrix∆
in the first term of (8.18). Note that, in this termr = 1, t = 0, the only non-zero contribution
comes from the diagonal elements of∆, hence from the sequencep10 = n, p1 j = 0 for j ≥ 1

(indeed we haveC({p1i })
1,0 = −δp10,n).

Remark8.2. It is easy to see from these expressions that the integrals over x′ are convergent.
Indeed, it follows from the asymptotic expansion of the matrices∆0 that

∂n
γ

[
∆0(z; x) − 1

x
∆

(1)
0 (z; x)

]
γ=0
= O

(
logn x

x2

)
(8.40)

uniformly on the integration contour, so that an integration of the trace (8.38) is convergent. We
emphasize that the trace (8.39) is at least O

(
(log x)n/x2) uniformly on the integration contour:

indeed, each of the matricesδ({pℓ j }) or ̺({pℓ j }) is uniformly a O
((

log x
)pℓ0 /x

)
; in addition, the

trace (8.39) involves a product of at least two such matricessincer + t ≥ 2. These estimates
guarantee that the integrals overx′ in (8.37) are well defined.

8.2.3 Application of the density procedure and proof of Theorem 8.1

In order to be able to apply the density procedure, we should express more explicitly the func-
tional dependence of∂n

γ log det
[
I + V(ϕ,φ)]sub |γ=0 onF (ϕ,φ)

n .

TheF-dependence of∂n
γ log det

[
I+V

]sub |γ=0 has already been explicitly extracted in (8.37),

and all theg-dependence is contained in the tracestr
({pℓ j })
r,t ({zj}; x′)[g]. Using the structure of the

matricesδ({pℓi }) (z; x) andρ({pℓi }) (z; x), one can be more precise concerning thisg-dependence.
Indeed, it follows from (8.23) that there exist some coefficients D

[{pℓ j },{ǫ j }]
r, t

({
zj
}
; x

)
which are

piecewise smooth on the integration contour such that

tr
({pℓ j })
r,t ({zj}; x)[g] =

∑

ǫ1,...,ǫr+t∈{±1,0}
Σǫi=0

D
[{pℓ j },{ǫ j }]
r, t

({
zj
}
; x

)
exp


r+t∑

ℓ=1

ǫℓ g (zℓ)

 . (8.41)

56

en
sl

-0
02

83
40

4,
 v

er
si

on
 3

 - 
5 

O
ct

 2
01

1



Note that these coefficientsD
[{pℓ j },{ǫ j }]
r, t

({
zj
}
; x

)
are at least O

((
log x

)n
/x2

)
uniformly on the inte-

gration contour. Integrating these coefficients with respect tox, and defining

D̃
[{pℓ j },{ǫ j }]
r, t

({
zj
}
; x

)
= C

({pℓ j })
r,t

x∫

+∞

dx′D
[{pℓ j },{ǫ j}]
r, t

({
zj
}
; x′

)
, (8.42)

which are at least O
((

log x
)n
/x

)
uniformly on the integration contoursΣ(i)

Π
, one gets

∂n
γ log det [I + V]sub

γ=0
=

∑

1≤r+t≤n
r≥1, t≥0

∑

Σr+t
ℓ=1p̄ℓ=n
pℓ0≥1

∮

Γ([ −q ;q ])

dλ
4π

p(λ)
∫

Σ
×(r+t)
Π

dr+tz

(2iπ)r+t

×
∑

ǫ1,...,ǫr+t∈{±1,0}∑
ǫi=0

D̃
[{pℓ j },{ǫ j }]
r, t

({
zj
}
; x

)

(λ − z1)2 (λ − zr+1)
r∏
ℓ=2

(zℓ−1 − zℓ)
r+t∏

ℓ=r+2
(zℓ−1 − zℓ)

×
r+t∏

ℓ=1


Fpℓ0 (zℓ) eǫℓg(zℓ)

n∏

m=1



q∫

−q

Fm (zℓ) − Fm (µ)
zℓ − µ

dµ



pℓm

. (8.43)

We stress that each e±g(zℓ) may only appear in combination with at least oneF (zℓ) (aspℓ0 ≥ 1):
F (zℓ) e±g(zℓ). This guarantees that the functional above is continuous with respect to the sup
norm on the space of symmetric functions inn variableszandn variablesλ.

Before applying the density procedure, let us introduce onemore useful notation. Define
the finite difference operatorð(m)

z (µ) by its action on pure product functions

ð
(m)
z (µ) · Fk(z) = Fk(z) − Fk−m(z) Fm(µ) . (8.44)

This action naturally extends to symmetric functions ofn variables

ð
(m)
zℓ (µ) · Fn

[{
{zi}p̄i

}
i=1,...,r

]
= Fn

[{
{zi}p̄i

}
i=1,...,r

]
− Fn

[{
{zk}p̄k

}
k,ℓ

, {µ}m , {zℓ}p̄ℓ−m
]
. (8.45)

We remind here that ¯pℓ = pℓ0 + Σn
s=1spℓs, with

∑r+t
ℓ=1 p̄ℓ = n. We have moreover used the

notation{zℓ}p̄ℓ , which means that the variablezℓ is repeated ¯pℓ times, and
{
{zi}p̄i

}
i=1,...,r

, which
means that the variablez1 is repeated ¯p1 times, z2 is repeated ¯p2 times, . . . ,zr is repeated
p̄r times. The purpose of introducing such finite difference operator is to recast products of
functionsFm (zℓ) − Fm (µ) appearing in (8.43) into a more compact form. Namely,

n∏

m=1



q∫

−q

Fm (zℓ) − Fm (µ)
zℓ − µ

dµ



pℓm

=

n∏

m=1



q∫

−q

ð
(m)
zℓ (µ) · Fm (zℓ)

zℓ − µ
dµ



pℓm

=

n∏

m=1

pℓm∏

j=1

q∫

−q

dµℓ,m, j
zℓ − µℓ,m, j



n∏

m=1

pℓm∏

j=1

ð
(m)
zℓ (µℓ,m, j)


· F p̄ℓ−pℓ0 (zℓ) .
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Therefore, settingeg(z) = φ(z) andF(z) = ϕ(z)φ(z), we get

∂n
γ log det

[
I + V(ϕ,φ)]sub

γ=0
=

∑

1≤r+t≤n
r≥1, t≥0

∑

Σr+t
ℓ=1p̄ℓ=n
pℓ0≥1

∮

Γ([ −q ;q ])

dλ
4π

p(λ)
∫

Σ
×(r+t)
Π

dr+tz

(2iπ)r+t

×
∑

ǫ1,...,ǫr+t∈{±1,0}∑
ǫi=0

D̃
[{pℓ j },{ǫ j }]
r, t

({
zj
}
; x

)

(λ − z1)2 (λ − zr+1)
r∏
ℓ=2

(zℓ−1 − zℓ)
r+t∏

ℓ=r+2
(zℓ−1 − zℓ)

×
r+t∏

ℓ=1

n∏

m=1

pℓm∏

j=1



q∫

−q

dµℓ,m, j
zℓ − µℓ,m, j

ð
(m)
zℓ (µℓ,m, j)


·

r+t∏

ℓ=1

{
ϕp̄ℓ (zℓ) φ

p̄ℓ+ǫℓ(zℓ)
}
. (8.46)

It follows immediately from the density procedure formulated in Theorem C.1 thatIsub
n

can be extended into a linear functional onSymn(U,W). Its action on a holomorphic function
Fn ∈ Symn(U,W) is given as

Isub
n [Fn] =

(−1)n−1

(n− 1)!

∑

1≤r+t≤n
r≥1, t≥0

∑

Σr+t
ℓ=1p̄ℓ=n
pℓ0≥1

∮

Γ([ −q ;q ])

dλ
4π

p(λ)
∫

Σ
×(r+t)
Π

dr+tz

(2iπ)r+t

×
∑

ǫ1,...,ǫr+t∈{±1,0}∑
ǫi=0

D̃
[{pℓ j },{ǫ j }]
r, t

({
zj
}
; x

)

(λ − z1)2 (λ − zr+1)
r∏
ℓ=2

(zℓ−1 − zℓ)
r+t∏

ℓ=r+2
(zℓ−1 − zℓ)

×
r+t∏

ℓ=1

n∏

m=1

pℓm∏

j=1



q∫

−q

dµℓ,m, j
zℓ − µℓ,m, j

ð
(m)
zℓ (µℓ,m, j)


· Fn

( { {zℓ}p̄ℓ
}
1≤ℓ≤r+t{ {zℓ}p̄ℓ+ǫℓ
}
1≤ℓ≤r+t

)
. (8.47)

The sum appearing in (8.47) is finite, and since each integrand is a O
(
logn x/x

)
, Isub

n [Fn] is
itself a O

(
logn x/x

)
. Hence Theorem 8.1 follows directly, since

In [Fn] = I (0)
n [Fn] + Isub

n [Fn] . (8.48)

8.2.4 Asymptotic expansion ofIsub
n [Fn] and proof of Theorem 8.2

In order to prove the existence of an asymptotic series of forIn [Fn], i.e. for Isub
n [Fn], we should

be more precise on the structure of the coefficientsD̃r,t, i.e. show that they themselves admit an
asymptotic expansion. Let us recall that these coefficients are obtained from the traces (8.41)
involving the matricesδ({pℓ j}) (zℓ; x) and̺({pℓ j}) (zℓ; x). The latter being obtained from the jump
matrix∆0.

Clearly, all terms corresponding to an integration on the contoursΓ
′(i)
± yield exponentially

small corrections. Thus in what concerns the proof of an asymptotic expansion we can only
focus on integrations along the contours∂D±q,δi . We decompose the relevant contour

[
∂Dq,δ ∪

∂D−q,δ
]×(r+t) into sums of elementary skeletons∂D×(r+t)

σq,δ ≡ ∂Dσ1q,δ1 × · · · × ∂Dσr+tq,δr+t , where
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eachσi takes values in{±1}:
∫

Σ
(r+t)
Π

dr+tz

(2iπ)r+t =
∑

σi=±

∫

∂D(r+t)
σq,δ

dr+tz

(2iπ)r+t +O
(
x−∞

)
. (8.49)

The matricesδ({pj }) (z; x) (8.23) admit an asymptotic expansion into inverse powers ofx on
∂Dq,δ∪∂D−q,δ. This fact follows from the asymptotic expansion of∆0(z). The latter is obtained
by taking adequatea-derivatives ata = 0 or 1 of the asymptotics series (A.6) forΨ (a, 1;z)
whenz→ ∞. This is licit as, for fixedM, the O

(
z−M−1) estimate in the asymptotic series (A.6)

is uniform with respect toa and since we perform a finite number of derivative with respect to
a. This asymptotic expansion takes the following form:

δ
({pj }) (z; x) =



M∑
k=1

Adeσ3 [ixp++g(z)]/2

[
δ

({pj },k)
+ (z; X+)

]

xk (p (z) − p+)
k

+O

(
logp0 x

xM+1

)
, z ∈ ∂Dq,δ ,

M∑
k=1

Adeσ3 [ixp−+g(z)]/2

[
δ

({pj },k)
− (z; X−)

]

xk (p (z) − p−)k
+O

(
logp0 x

xM+1

)
, z ∈ ∂D−q,δ ,

(8.50)

the corrections being uniform on the contours. There the diagonal entries of the matrices
δ

({pj },k)
± (z; X±) are some constants (i.e.x and z independent), whereas the off-diagonal ones

are polynomials of degreep0 in the variableX± = log
[±x (p (z) − p∓)

]
.

An exactly similar structure holds for̺({pj }) (z; x) as it is adjunct toδ({pj }) (z; x). Hence,
on the skeleton∂Dσq,δ = ∂Dσ1q,δ1 × · · · × ∂Dσr+tq,δr+t , the trace (8.41) can be expanded in the
following form:

tr
({pℓ j })
r,t ({zj}; x)[g] =

M+1∑

N=2

1
xN

N∑

k1,...,kr+t=1
Σki=N

∑

ǫ1,...,ǫr+t∈{±1,0}
Σǫi=0

Dr, t

[
{pℓ j}, {ǫi}
{σi}, {ki}

] ({zi} ; log x
)

×
exp

{
r+t∑
ℓ=1

ǫℓ
[
g (zℓ) + ixpσℓ

]}

r+t∏
ℓ=1

(
p (zℓ) − pσℓ

)kℓ
+O

(
logn x

xM+2

)
. (8.51)

There we have explicitly factored out the dependence on the oscillating factor exp
{
ixΣℓǫℓpσℓ

}
.

In this expression, the coefficientsDr, t are piecewise smooth on the integration contour and are
polynomials of degreeΣℓ |ǫℓ | pℓ0 in log x.

We set, forN ≥ 2,

x1−N
D̃

(0)
r, t

[
{pℓ j}, {ǫi}
{σi}, {ki}

] ({zi} ; log x
)
= C

({pℓ j })
r,t

x∫

+∞

dx′

(x′)N
Dr, t

[
{pℓ j}, {ǫi}
{σi}, {ki}

] ({zi} ; log x′
)

(8.52)
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when
∑
ǫℓpσℓ = 0, and

eix
∑

pσℓ ǫℓ
M∑

k=N

x−k
D̃

(k)
r, t

[
{pℓ j}, {ǫi}
{σi}, {ki}

] ({zi} ; log x
)
+O

(
logn x

XM+1

)

= C
({pℓ j })
r,t

x∫

+∞

dx′

(x′)N
Dr, t

[
{pℓ j}, {ǫi}
{σi}, {ki}

] ({zi} ; log x
)
eix′

∑
pσℓ ǫℓ (8.53)

otherwise. Note at this stage that, due to the constraint
∑
ǫi = 0, there exist some integerm, 0

such that eix
∑

pσℓ ǫℓ = eixm(p+−p−).
We then insert the result of integration into the expressionfor Isub

n [Fn], rearrange the asymp-
totic expansion into decreasing powers ofx and separate the oscillating and non-oscillating
parts. We obtain

Isub
n [Fn] =

M∑

N=1

1
xN

I (N; nosc)
n [Fn] +

M∑

N=2

1
xN

I (N; osc)
n [Fn] +O

(
logn x

xM+1

)
, (8.54)

where

I (N; nosc)
n [Fn] =

∑

r,t
{pℓ j },{ǫi}

∑

σ1,...,σr+t=±
Σǫℓpσℓ=0

N+1∑

k1,...,kr+t=1
Σki=N+1

I
(0)
r, t

[
{pℓ j}, {ǫi}
{σi}, {ki}

] (
log x

)
[Fn] , (8.55)

I (N; osc)
n [Fn] =

∑

r,t
{pℓ j },{ǫi}

∑

σ1,...,σr+t=±
Σǫℓpσℓ,0

N∑

s=2

s∑

k1,...,kr+t=1
Σki=s

e
ix

r+t∑
ℓ=1

ǫℓpσℓ
I

(s)
r, t

[
{pℓ j}, {ǫi}
{σi}, {ki}

] (
log x

)
[Fn] .

(8.56)

In these expressions,
∑

r,t
{pℓ j },{ǫi}

≡
∑

1≤r+t≤n
r≥1, t≥0

∑

pℓ0,...,pℓn
pℓ0≥1, Σr+t

ℓ=1p̄ℓ=n

∑

ǫ1,...,ǫr+t∈{±1,0}
Σǫi=0

(8.57)

and the functionalIr, t is given by

I
(s)
r, t

[
{pℓ j}, {ǫi}
{σi}, {ki}

] (
log x

)
[Fn] =

(−1)n−1

(n− 1)!

∮

Γ([ −q ;q ])

dλ
4π

p(λ)
∫

∂D×(r+t)
σq,δ

dr+tz

(2iπ)r+t

×
D̃

(s)
r, t

[
{pℓ j}, {ǫi}
{σi}, {ki}

] ({zi} ; log x
)

(λ − z1)2 (λ − zr+1)
r∏
ℓ=2

(zℓ−1 − zℓ)
r+t∏

ℓ=r+2
(zℓ−1 − zℓ)

r+t∏

ℓ=1

1
(
p(zℓ) − pσℓ

)kℓ

×
r+t∏

ℓ=1

n∏

m=1

pℓm∏

j=1



q∫

−q

dµℓ,m, j
zℓ − µℓ,m, j

ð
(m)
zℓ (µℓ,m, j)


· Fn

( { {zℓ}p̄ℓ
}
1≤ℓ≤r+t{ {zℓ}p̄ℓ+ǫℓ
}
1≤ℓ≤r+t

)
. (8.58)
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The coefficientsD̃r, t being polynomials of degree
∑
ℓ |ǫℓ| pℓ0 in log x, this ends the proof of

Theorem 8.2 concerning the existence of the asymptotic expansion of cyclic integrals to any
order in 1/x.

As it is presented, the form of this asymptotic expansion maylook quite involved. Note
however that the integrals over the contours∂D×(r+t)

σq,δ in (8.58) can be computed; they are ex-
pressible in terms of partial derivatives of the functionFn at±q (see Appendix D). It is proved
in Appendix D that the non-oscillating termI (N; nosc)

n [Fn] of orderN can be expressed in terms
of derivatives ofFn of total order not higher thanN, whereas the order of such derivatives does
not exceedN−2 in the case ofI (N; osc)

n [Fn]. This property is useful in [35], when we sum up the
asymptotic behaviour of a whole class of cycle integrals of the form (8.1) to obtain the asymp-
totic behaviour of correlation functions. To perform this summation we use the knowledge of
the number of partial derivatives applied toFn. We finally point out that the integral overλ
produces derivatives of the functionp(λ) evaluated at±q.

9 More general kernels

In the applications to quantum integrable models, one sometimes needs to use some modified
versions of the GSK.

Consider the operatorI + Vθ acting on
[−q ; q

]
with kernel

Vθ (λ, µ) =
√

F (λ) F (µ) θ′ (λ) θ′ (µ)
e+ (λ) e− (µ) − e− (λ) e+ (µ)

2iπ [θ (λ) − θ (µ)]
, (9.1)

wheree± andF are defined as in (1.7). We assume in addition thatθ is a biholomorphism ofU
onto its image, thatθ

([−q ; q
]) ⊂ R andθ (U ∩H±) ⊂ H±.

Then the asymptotic behaviour of log det[I + Vθ] when x→ ∞ follows from Theorem 2.1.
More precisely, we have the following corollary:

Corollary 9.1. Let Vθ be as above. Then

log det [I + Vθ] = 2

q∫

−q

dλ ν(λ) log′[e−(λ)] +
∑

σ=±
log


G(1, νσ) θ′(σq)ν

2
σ Kσνσ(σq; q)

[(
θ(q) − θ(−q)

)
p′σx

]ν2
σ



+
1
2

q∫

−q

dλdµ
ν′(λ) θ′(µ) ν(µ) − ν(λ) θ′(λ) ν′(µ)

θ(λ) − θ(µ)
+ o(1) , (9.2)

where

ν(λ) =
−1
2iπ

log(1+ γF(λ)) , K(λ; q) = exp



q∫

−q

ν(λ) − ν(µ)
θ(λ) − θ(µ)

θ′(µ) dµ


, (9.3)

and, as before, p′± = [∂λp(λ)] |λ=±q, ν± = ν (±q).
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Proof — The change of variablesθ (λ) = ξ maps the kernelVθ on the one of the GSK

V(ξ, η) =
√

F ◦ θ−1(ξ) F ◦ θ−1(η)
e+ ◦ θ−1(ξ) e− ◦ θ−1(η) − e− ◦ θ−1(ξ) e+ ◦ θ−1(η)

2iπ (ξ − η) .

This kernel acts on
[
θ (−q) ; θ (q)

]
which is, a priori, a non symmetric interval. However, it is

enough to apply the transformationλ 7→ λ− (θ (q) + θ (−q)) /2 so as to recover the symmetry of
the interval. Then, it remains to enforce the inverse transformations on the asymptotic formula
for the Fredholm determinant ofV. �

Let us write explicitly the asymptotics (9.2) in the case of the kernel

Vsh(λ, µ) = γ
√

F(λ) F(µ)
e+(λ) e−(µ) − e−(λ) e+(µ)

2iπ sinh(λ − µ)
, e±(λ) = e±[ixp(λ)+g(λ)]/2,

as it plays a crucial role in the analysis of the asymptotic behaviour of the two-point functions
in the massless phase of theXXZHeisenberg chain [35]. In this case, equation (9.2) reads

log det [I + Vsh] = 2

q∫

−q

dλ ν(λ) log′[e−(λ)] +
1
2

q∫

−q

dλdµ
ν′(λ) ν(µ) − ν(λ) ν′(µ)

tanh(λ − µ)

+
∑

σ=±


log

G(1, νσ)
[
sinh(2q) p′σx

]ν2
σ

+ σνσ

q∫

−q

dλ
νσ − ν(λ)

tanh(σq− λ)


+ o(1) . (9.4)

It is clear that the last equation can be used in order to obtain an analog of the asymptotic
expansion for multiple integrals of the type (8.1) where therational functionsz− λ are replaced
by the hyperbolic sinh(z− λ). Namely, let

Ish
n [Fn] =

∮

Γ([ −q ;q ])

dnz
(2iπ)n

q∫

−q

dnλ

(2iπ)n Fn

(
{λ}
{z}

) n∏

j=1

eix(p(zj)−p(λ j))

sinh
(
zj − λ j

)
sinh

(
zj − λ j+1

) . (9.5)
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Then under the conditions of Corollary 8.1 one has the following asymptotic estimate

Ish
n [Fn] =

1
2iπ

q∫

−q

dλ
{
ixp′(λ) + ∂ǫ

}Fn

(
{λ}n

{λ + ǫ}, {λ}n−1

)

ǫ=0

+
∑

σ=±

(
bn − cn log

(
sinh(2q)p′σx

))Fn

(
{σq}n
{σq}n

)

+
n

(2π)2

∑

σ=±

n−1∑

p=1

q∫

−q

dλ

Fn

(
{σq}n
{σq}n

)
− Fn

(
{σq}p , {λ}n−p

{σq}p , {λ}n−p

)

p (n− p) tanh(q− σλ)

+
n

2(2π)2

n−1∑

p=1

q∫

−q

dλdµ
(n− p) tanh(λ − µ)

{
∂ǫFn

(
{λ + ǫ} , {λ}p−1 , {µ}n−p

{λ + ǫ} , {λ}p−1 , {µ}n−p

)

−∂ǫFn

(
{µ + ǫ} , {µ}p−1 , {λ}n−p

{µ + ǫ} , {µ}p−1 , {λ}n−p

)}

ǫ=0

+ o(1) . (9.6)

Conclusion

We have obtained in this article the leading asymptotic expansion of the Fredholm determinant
of the GSK. As we have mentioned, our main motivation is to apply this result to the asymp-
totic analysis of the correlation functions of quantum integrable models, using in particular the
asymptotic study of multiple integrals performed in Section 8. This is done in [35].

Another development is to extend the above analysis so as to handle truncated Wiener–
Hopf operators with symbols having Fischer–Hartwig type discontinuities. The corresponding
results are published in [37]. The results for the case of Toeplitz, Hankel and Toeplitz+ Hankel
determinants with Fisher-Hartwig singularities appearedrecently in [16, 17].

Let us also point out some unsolved problems. One of them concerns the derivation of the
asymptotics of the Fredholm determinant of the GSK via the method based on its derivative
over endpointq. It would be important to obtain a complete justification of this method, since
it is rather powerful and at the same time relatively simple.

Another problem is to prove the conjecture on theZ − ν periodicity for the asymptotic ex-
pansion of the Fredholm determinant. If this property does hold, then all oscillating corrections
can be obtained from the non-oscillating ones via a simple shift of ν by integer numbers. This
could lead to a much simpler way to compute sub-leading corrections for such determinants.
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A Some properties of confluent hypergeometric function

For generic parameters(a, c) the Tricomi confluent hypergeometric functionΨ (a, c; z) is one of
the solutions to the differential equation

zy′′ + (c− z) y′ − ay= 0 . (A.1)

It satisfies the properties:
• Differentiation:

Ψ′(a, c; z) =
a
z

[
(a− c+ 1)Ψ(a+ 1, c; z) − Ψ(a, c; z)

]

=
1
z

[
(a− c+ z)Ψ(a, c; z) − Ψ(a− 1, c; z)

]
. (A.2)

• Monodromy:

Ψ(a, 1;ze2miπ) = Ψ(a, 1;z)
(
1−meiπa(ǫ+1) +meiπa(ǫ−1)

)

+
2πimeiπaǫ+z

Γ2(a)
Ψ(1 − a, 1;−z), (A.3)

whereǫ = sgn
(ℑ(z)

)
. In particular,

Ψ(a, 1;ze2iπ) = Ψ(a, 1;z)e−2iπa +
2πie−iπa+z

Γ2(a)
Ψ(1− a, 1;−z), ℑ(z) < 0, (A.4)

Ψ(a, 1;ze−2iπ) = Ψ(a, 1;z)e2iπa − 2πieiπa+z

Γ2(a)
Ψ(1− a, 1;−z), ℑ(z) > 0. (A.5)

• Asymptotic expansion:

Ψ(a, c; z) ∼
∞∑

n=0

(−1)n
(a)n(a− c+ 1)n

n!
z−a−n, z→ ∞, −3π

2
< arg(z) <

3π
2
, (A.6)

with (a)n = Γ (a+ n) /Γ (a).
We have the following recombination between the Tricomi CHFΨ (a, c; z) and the Humbert

CHFΦ (a, c; z)

Φ (a, c; z) =
Γ (c)
Γ (c− a)

eiǫaπΨ (a, c; z) +
Γ (c)
Γ (a)

eiǫπ(a−c)+zΨ (c− a, c;−z) , (A.7)

whereǫ = sgn
(ℑ(z)

)
, and

Φ (a, c; z) =
∞∑

n=0

(a)n

(c)n

zn

n!
. (A.8)
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Such a recombination formula allows to obtain the asymptotic expansion of the Humbert CHF:

Φ (a, c; z) =
Γ (c)
Γ (c− a)

(
eiπǫ

z

)a M∑

n=0

(a)n (a− c+ 1)n

n! (−z)n +O
(
|z|−a−M−1

)

+
Γ (c)
Γ (a)

ezza−c
N∑

n=0

(c− a)n (1− a)n

n!zn + O
(∣∣∣ezza−1−c−N

∣∣∣
)
. (A.9)

One can estimate integrals involving a product of two CHF as below, either by using La-
place–type integral representations for the functionsΦ (a, c; z) andΨ (a, c; z) or applying the
method given in [37]. The latter uses Erdelyi’s representation of Laplace transforms of products
of CHF in terms of Lauricella function adjoint to some asymptotic expansion of Lauricella
function. In any case, the result reads:

+∞∫

0

dt
{
e−iπaϕ (a; t) − 1

}
= −2ia, (A.10)

+∞∫

0

dt

{
e−iπaτ (a; t) + 1+

2ia
t + 1

}
= 2ia − a

[
ψ (a) + ψ (−a)

]
, (A.11)

and the Riemann integrability of the integrands is part of the conclusion. We remind the defini-
tion of the functionsτ (a; t) andϕ (a; t):

ϕ (ν; t) = Φ (−ν, 1;−it)Φ (ν, 1; it) , (A.12)

τ (ν; t) = −Φ (−ν, 1;−it)Φ (ν, 1; it) + (∂zΦ) (−ν, 1;−it)Φ (ν, 1; it)

+ Φ (−ν, 1;−it) (∂zΦ) (ν, 1; it) . (A.13)

B Three preparatory Lemmas

Here we prove three preparatory integration lemmas used in Section 6.

Lemma B.1. LetR (u, t) be a function of two variables defined on I× R+, where I is an open
interval ofR containing0. Suppose that the partial applications u→ R (u, t) are C 1 (I ) for all
but finitely many t’s and that t→ R (u, t) is Riemann integrable uniformly in u, i.e.:

∀ρ > 0, ∀M > 0, ∀u0 ∈ I , ∃υ > 0 such that

u ∈ ] −υ + u0 ; υ + u0 [ ∩ I , k ∈ {0, 1} ⇒

∣∣∣∣∣∣∣∣

+∞∫

M

dt
[
∂k

1R (u, t) − ∂k
1R (u0, t)

]
∣∣∣∣∣∣∣∣
≤ ρ. (B.1)

Then for g∈ C 1 (I )

δ∫

0

xg(t)R (t, xt) dt = g (0)

+∞∫

0

R (0, t) dt + o(1) (B.2)

where the smallo(1) is with respect to the successive limit xδ→ +∞ andδ→ 0.
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Proof — One has

δ∫

0

x
(
g (t)R (t, xt) − g (0)R (0, xt)

)
dt =

δ∫

0

dy

xδ∫

xy

∂y
[
g (y)R (y, t)

]
dt . (B.3)

Consider a function

g : (y, a, b) 7→
b∫

a

dt∂y
[
g (y)R (y, t)

]
(B.4)

on the compact set [ 0 ;δ ] × R+ × R+. g is clearly continuous on the interior and the uni-
form Riemann-integrability ofR (y, t) guarantees that it is continuous in an neighbourhood of
(∗,+∞, ∗), (∗, ∗,+∞) and(∗,+∞,+∞). Hence,|g| is bounded, say byB, as continuous function
on a compact set. Thus,

∣∣∣∣∣∣∣∣∣

δ∫

0

dy

xδ∫

xy

∂y
[
g (y)R (y, t)

]
dt

∣∣∣∣∣∣∣∣∣
≤ δB, (B.5)

which ends the proof of Lemma B.1. �

Lemma B.2. Let g∈ C 1 (I ) for some open interval I containing0, then

δ∫

0

g (t) xdt
1+ xt

= g (0) log xδ + o(1) , (B.6)

whereo(1) stands with respect to the successive limits xδ→ +∞ andδ→ 0.

Proof — We have

δ∫

0

g (t)
xdt

1+ xt
= g (0) log(xδ + 1) +

δ∫

0

dt

t∫

0

dy
g′ (y) x
1+ xt

(B.7)

= g (0) logδx+ o(1) +

δ∫

0

dyg′ (y) log

(
xδ + 1
xy+ 1

)
. (B.8)

But,
∣∣∣∣∣∣∣∣∣

δ∫

0

dyg′ (y) log

(
δ + 1/x
y+ 1/x

)
∣∣∣∣∣∣∣∣∣
≤ sup

[ 0 ;δ ]

∣∣∣g′
∣∣∣ × (

δ − log(δ + 1/x) /x
) −→
δ→0

0 , (B.9)

which ends the proof of Lemma B.2. �
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Lemma B.3. Let κ be defined in terms ofν as in(2.2), and set

H(q) =
1
2

q∫

−q

dλdµ
ν′(λ) ν(µ) − ν′(µ) ν(λ)

λ − µ +
∑

ǫ=±
ǫνǫ logκ(ǫq; q). (B.10)

Then,

2ν+
d
dq

[
logκ (q; q)

] − 2ν−
d
dq

[
logκ (−q; q)

] − (ν+ − ν−)2

q
=

dH (q)
dq

. (B.11)

Proof — Using (2.2), one can express the derivative ofH (q) as

dH (q)
dq

=
∑

ǫ=±
ν (ǫq)

q∫

−q

dµ
ν′ (ǫq) − ν′ (µ)

ǫq− µ +
∑

ǫ=±
ǫν (ǫq)

d
dq

[
logκ (ǫq; q)

]
. (B.12)

Thus, proving (B.11) amounts to establishing the equality

∑

ǫ=±
ǫν (ǫq)

d
dq

[
logκ (ǫq; q)

] − (ν+ − ν−)2

q
=

∑

ǫ=±
ν (ǫq)

q∫

−q

dµ
ν′ (ǫq) − ν′ (µ)

ǫq− µ . (B.13)

The latter follows from an integration by parts:

∑

ǫ=±
ǫν (ǫq)

d
dq

[
logκ (ǫq; q)

]

=
∑

ǫ=±
ǫνǫ


ν′ǫ +

ν+ − ν−
2q

+ ǫ

q∫

−q

dµ
ν (µ) − νǫ − ν′ǫ (µ − ǫq)

(µ − ǫq)2



=
∑

ǫ=±
ǫνǫ


ν′ǫ +

ν+ − ν−
2q

+
ν−ǫ − νǫ + 2ǫqν′ǫ

−2ǫq
+ ǫ

q∫

−q

dµ
ν′ (µ) − ν′ǫ
µ − ǫq



=
(ν+ − ν−)2

q
+

∑

ǫ=±
νǫ

q∫

−q

dµ
ν′ (µ) − ν′ǫ
µ − ǫq .

This ends the proof. �

C The density Theorem

Theorem C.1. Let U, W be two open neighbourhoods of
[−q ; q

]
, and letFn

(
{λ}
{z}

)
be a

holomorphic function on Un × Wn, symmetric separately in the n variablesλ and in the n
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variables z. Then, for any compact subsets K (resp. P) of U (resp.W) there exists a sequence(
ϕp, φp

)
p∈N inH (K) ×H (P) such that

Fn

(
{λ}
{z}

)
=

+∞∑

p=0

n∏

i=1

ϕp (λi) φp (zi) uniformly on Kn × Pn . (C.1)

Proof — Let K andP be as above.
Let X = Kn × Pn/ ∼, where the relation∼ is defined as follows:(λ, z) ∼ (λ′, z′) if there

exists a couple of permutations(σ, π) ∈ Gn × Gn such that(λσ, zπ) = (λ′, z′), whereλσ stands
for

(
λσ(1), . . . , λσ(n)

)
. SinceGn × Gn is a discrete group, its action onKn × Pn is by definition

proper, i.e.∀L ⊃ Kn × Pn

{
(σ, π) ∈ Gn ×Gn : Lσ,π ∩ L = ∅} is discrete. (C.2)

This ensures thatX is a compact Hausdorff topological space. Moreover the spaceC (X,C) of
continuous functions on X is canonically identified with thespace of continuous functions on
Kn × Pn that are symmetric in the first or the lastn variables.

Define the subspaceS of C (X,C) as the subset of functionsF (ϕ,φ)
n of the form

F (ϕ,φ)
n

(
{λ}
{z}

)
=

n∏

i=1

ϕ (λi)φ (zi) , (C.3)

where(ϕ, φ) ∈ H (K) ×H (P), and letS be theC∗-algebra generated byS. We have thatS and
henceS separates points inX. Indeed, let(λ, z) and(µ, y) be any two representatives inKn×Pn

of two distinct points inX. Thus

• there existsλi ∈ K such that exactlyp of then coordinates of then-tupleλ are equal to
λi , whereas exactlyq of then coordinates of then-tupleµ are equal toλi , with p , q;

• or there existszi ∈ P such that exactlyp of then coordinates of then-tuplez are equal to
zi , whereas exactlyq of then coordinates of then-tupley are equal tozi , with p , q.

The situation is similar in the case of the firstn and lastn variables, therefore we only treat the
first case. By Lagrange interpolation there exist a polynomial Q such that, for any coordinate
λk of λ and any coordinateµk of µ satisfyingλk , λi andµk , λi ,

Q (λk) = Q (µk) = 1 and Q (λi) = 2. (C.4)

The function

F (Q,1)
n

(
{λ}
{z}

)
=

n∏

p=1

Q
(
λp

)
∈ S (C.5)

separates the projections of(λ, z) and(µ, y) on X. ThusS is aC∗-subalgebra ofC (X;C) that
separates points. It then follows by the Stone-Weierstrasstheorem thatS = C (X;C).
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Let Fn be holomorphic onUn ×Wn and symmetric in the first and in the lastn variables.

There exists compact setsKǫ ⊂ U andPǫ ⊂ W such thatK ⊂
◦

Kǫ andP ⊂
◦

Pǫ . Here,
◦

Kǫ stands
for the interior ofKǫ . Thus the restriction ofFn to Kn

ǫ × Pn
ǫ also belongs toC (Xǫ ;C), with

Xǫ = Kn
ǫ × Pn

ǫ/ ∼, and therefore there exists
(
ϕ̃p, φ̃p

)
p∈N in C (Kǫ ;C) × C (Pǫ ;C) such that

Fn

(
{λ}
{z}

)
=

+∞∑

p=0

n∏

i=1

ϕ̃p (λi) φ̃p (zi) uniformly on Kn
ǫ × Pn

ǫ . (C.6)

In particular the sequence converges uniformly toFn on (∂Kǫ)
n × (∂Pǫ)

n, the latter set being
compact. Therefore we have

N∑

p=0

∫

∂Kǫ

dnµ

(2iπ)n

∫

∂Pǫ

dny
(2iπ)n

n∏

i=1

ϕ̃p (µi) φ̃p (yi)

(µi − λi) (yi − zi)
=

N∑

p=0

n∏

i=1

ϕp (λi)φ (zi)

−→
N→+∞

∫

∂Kǫ

dnµ

(2iπ)n

∫

∂Pǫ

dny
(2iπ)n

Fn ({µ} | {y})
n∏

i=1
(µi − λi) (yi − zi)

= Fn ({λ} | {z}) , (C.7)

uniformly in (λ, z) ∈ Kn × Pn. Moreover,

ϕp (λ) =
∫

∂Kǫ

dµ
2iπ

ϕ̃p (µ)

µ − λ and φp (z) =
∫

∂Pǫ

dy
2iπ

φ̃p (y)

y− z
(C.8)

are holomorphic inK, resp.P. �

D Form of the sub-leading terms inI sub
n

In this appendix, we focus on the general structure of the sub-leading asymptotics of cyclic
integrals. We show that the 1/xN term in the non-oscillating part can be obtained as an action
of at mostN partial derivatives of the functionFn followed by an evaluation at±q or by an
integration over [−q; q].

In principle, the contour integrals defining (8.58) can be computed to the end. However,
the result is quite intricate, and we do not need, for the further applications, the formula in its
whole generality. Indeed, we are interested in a particularsub-class of such integrals. More
precisely we shall focus on the sub-class that is susceptible to produce the highest possible
derivatives of the functionFn. Here, by highest derivative we mean the total degree of all the
partial derivatives that might act on the integrand. This subclass is identified in the upcoming
lemma.

Lemma D.1. Let r, t ∈ N with r + t ≥ 1 label negationsσ1, . . . , σr+t ∈ {±}. Also introduce
sufficiently small numbers0 < δ1 < · · · < δr+t < q as well as positive integers k1, . . . , kr+t.
Finally, let G∈ H

(
Dσ1q,δ1 × · · · × Dσr+tq,δr+t

)
and

G({σi },{ki })
r, t [G] =

∫

∂D×(r+t)
σq,δ

dr+tz

(2iπ)r+t

r∏

ℓ=2

1
zℓ−1 − zℓ

r+t∏

ℓ=r+2

1
zℓ−1 − zℓ

r+t∏

ℓ=1

1

(zℓ − σℓq)kℓ
G({z}) . (D.1)
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with ∂D×(r+t)
σq,δ ≡ ∂Dσ1q,δ1 × · · · × ∂Dσr+tq,δr+t .

Then, the integralG({σi },{ki})
r, t [G] can be computed as some combinatorial sum involving

derivatives of G at the pointsσiq, the maximal order of such derivatives being equal to

r+t∑

i=1

ki − nr − nt + δr,0 + δt,0 − 2. (D.2)

Here nr , resp. nt, is the number of times the sequence(σ1, . . . , σr), resp. (σr+1, . . . , σr+t),
changes sign, andδr,0, δt,0 denote the usual Kronecker symbols.

Proof — Let us prove the claim by induction onr + t.
First, for r + t = 1, (D.2) is obviously satisfied. Indeed,

G(σ,k)
1,0 [G] = G(σ,k)

0,1 [G] =
1

(k− 1)!

(
∂k−1

z G
)
(σq). (D.3)

Let us now assume that the result holds for any functionG up to some value ofr + t. We
will prove that it also holds forr + t + 1.

Note first thatG({σi },{ki})
r, t

[
G
]
= G({σ̃i },{k̃i })

t, r
[
G̃
]
, in whichG̃, {σ̃i}, {k̃i} are obtained fromG, {σi},

{ki} by a reordering of the variables. Hence, it is enough to provethe claim forGr+1, t. We will
have to distinguish two cases, depending on whetherr + 1 = 1 or r + 1 > 1.

In the caser + 1 = 1, it is easy to see that

G({σi },{ki })
1, t [G] =

1
(k1 − 1)!

G(σ2,...,σt+1,k2,...,kt+1)
0, t

[
∂k1−1

z1
G

(
σ1q, {zi}t+1

i=2

)]
, (D.4)

which means thatG({σi },{ki})
1, t [G] can be expressed in terms of derivatives ofG of maximal order

(∑t+1
i=2 ki − 1− nt + δt,0

)
+ (k1 − 1), hence the result.

Let us now consider the caser + 1 > 1. We have

G({σi },{ki })
r+1, t [G] =

1
(k1 − 1)!

∫

∂D×(r+t)
σq,δ

r+t+1∏

ℓ=2

dzℓ
2iπ

r+1∏

ℓ=3

1
zℓ−1 − zℓ

r+t+1∏

ℓ=r+3

1
zℓ−1 − zℓ

r+t+1∏

ℓ=2

1

(zℓ − σℓq)kℓ

× ∂k1−1
z1

(
G({z})
z1 − z2

)

z1=σ1q

= −
∫

∂D×(r+t)
σq,δ

r+t+1∏

ℓ=2

dzℓ
2iπ

r+1∏

ℓ=3

1
zℓ−1 − zℓ

r+t+1∏

ℓ=r+3

1
zℓ−1 − zℓ

r+t+1∏

ℓ=2

1

(zℓ − σℓq)kℓ

×
k1−1∑

k=0

1
k!

1

(z2 − σ1q)k1−k

(
∂k

z1
G
) (
σ1q, {zi}r+t+1

i=2

)
. (D.5)

At this point one should distinguish between the two possible cases:σ1σ2 = 1 orσ1σ2 = −1.
We first assumeσ1σ2 = 1 (i.e. that there is no change of sign betweenσ1 andσ2), and set
Ĝ+k

(
z2, . . . , zr+t+1

)
= ∂k

z1
G
(
z1, . . . , zr+t+1

) |z1=σ1q. Then

G({σi },{ki })
r+1, t [G] = −

k1−1∑

k=0

1
k!
G({σi }r+t+1

2 ,{k2+k1−k}∪{ki }r+t+1
3 )

r,t

[
Ĝ+k

]
. (D.6)
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The latter can be expressed in terms of derivatives ofG of maximal orderk +
(
k2 + k1 − k +∑r+t+1

i=3 ki − nr − nt + δt,0 − 2
)
=

∑r+t+1
i=1 ki − 2− nr+1 − nt + δt,0.

We now assume thatσ1σ2 = −1. This leads to

G({σi },{ki })
r+1, t [G] = −

k1−1∑

k=0

1
k!
G({σi }r+t+1

2 ,{ki }r+t+1
2 )

r,t

[
Ĝ−k

]
, (D.7)

where the function

Ĝ−k
(
z2, . . . , zr+t+1

)
=
∂k

z1
G
(
z1, . . . , zr+t+1

) |z1=σ1q

(z2 + σ2q)k1−k
(D.8)

is holomorphic inside the integration contour∂Dσ2q,δ2 × · · · × ∂Dσr+tq,δr+t . Once again, the result
will be expressed in terms of derivatives ofG and the maximal order of these derivatives will be
k1 − 1+

( ∑r+t+1
i=2 ki − nr − nt + δt,0 − 2

)
=

∑r+t+1
i=1 ki − nr+1 − nt + δt,0 − 2, which ends the proof

of Lemma D.1. �

RemarkD.1. The integral can be explicitly computed using the recurrence formulas (D.6) and
(D.7). In particular, in the simplest caseσ1 = · · · = σr andσr+1 = · · · = σr+t, we have

G({σi },{ki })
r, t [G] = (−1)r+t−δr,0−δt,0

∑

u1,...,ur+t
uℓ ∈ Γℓ

r+t∏

ℓ=1

1
uℓ!

∂
ur+t
zr+t . . . ∂

u1
z1

G ({z})
zi=σiq

, (D.9)

in which the parametersuℓ are summed over setsΓℓ defined as

Γℓ =

{
0, . . . ,

ℓ∑

j=1

k j −
ℓ−1∑

j=1

u j − 1

}
, Γr+ℓ =

{
0, . . . ,

r+ℓ∑

j=r+1

k j −
r+ℓ−1∑

j=r+1

u j − 1

}
, (1 ≤ ℓ < r),

(D.10)

Γr =

{ r∑

j=1

k j −
r−1∑

j=1

u j − 1

}
, Γr+t =

{ r+t∑

j=r+1

k j −
r+t−1∑

j=r+1

u j − 1

}
. (D.11)

Corollary D.1. The subleading terms of order N in the asymptotic expansion(8.54) for the
cycle integralIn[Fn] are obtained in terms of derivatives of the functionFn. More precisely,
the non-oscillating term I(N; nosc)

n [Fn] involves derivatives ofFn of total order at most equal to
N, whereas the oscillating one I(N; osc)

n [Fn] involves derivatives ofFn of total order at most equal
to N− 2.

Proof — In order to apply Lemma D.1 to the integral over∂D×(r+t)
σq,δ in (8.58), let us set

G ({z}) =
D̃

(s)
r, t

[
{pℓ j}, {ǫi}
{σi}, {ki}

] ({zi} ; log x
)

(λ − z1)2 (λ − zr+1)

r+t∏

ℓ=1

(
zℓ − σℓq

p(zℓ) − pσℓ

)kℓ

×
r+t∏

ℓ=1

n∏

m=1

pℓm∏

j=1



q∫

−q

dµℓ,m, j
zℓ − µℓ,m, j

ð
(m)
zℓ (µℓ,m, j)


· Fn

( { {zℓ}p̄ℓ
}
1≤ℓ≤r+t{ {zℓ}p̄ℓ+ǫℓ
}
1≤ℓ≤r+t

)
. (D.12)
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The poles atz1 = λ andzr+1 = λ being outside of the skeleton∂D×(r+t)
σq,δ , this function is indeed

holomorphic in a vicinity of the polydiscD×(r+t)
σq,δ .

Applying the result of Lemma D.1 to this function and using the fact that
∑

ki = N + 1 in
(8.55), it follows immediately that the expression ofI (N; nosc)

n [Fn] cannot involve derivatives of
the functionFn of order higher thanN. This maximal order of derivatives corresponds tot = 0
and∀ i σi = σ with σ = ± in (8.55).

Similarly, as in (8.56)
∑

ki ≤ N, I (N; osc)
n [Fn] cannot involve derivatives ofFn of order

higher thanN − 1. Moreover, due to the constraints
∑
ǫℓ = 0 and

∑
ǫℓpσℓ , 0, it follows that

the variablesσi have to take both values+ and−, which means that eithert ≥ 1 or nr ≥ 1 in
(D.2) (we recall thatr ≥ 1). HenceI (N; osc)

n [Fn] cannot involve derivatives ofFn of order higher
thanN − 2. �
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