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Abstract

In [18], a new family of distributions is introduced, depending on two parameters 7 and 6,
which encompasses Pareto-type distributions as well as Weibull tail-distributions. Estimators
for 6 and extreme quantiles are also proposed, but they both depend on the unknown param-
eter 7, making them useless in practical situations. In this paper, we propose an estimator of
7 which is independent of 6. Plugging our estimator of 7 in the two previous ones allows us to
estimate extreme quantiles from Pareto-type and Weibull tail-distributions in an unified way.
The asymptotic distributions of our three new estimators are established and their efficiency
is illustrated on a small simulation study and on a real data set.
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1 Introduction

Let Xi1,...,X, be a sequence of independent and identically distributed random variables with
a cumulative distribution function F' and let X;, < -.-- < X, ,, denote the order statistics as-
sociated to this sample. The Gnedenko theorem [20] insures that for a large class of cumulative
distribution functions, the maximum X, ,, (after proper renormalization) converges in distribution
to an extreme-value distribution with shape parameter v. Depending on its sign, three possible
maximum domains of attraction for F' are possible: Fréchet (y > 0), Gumbel (y = 0) and Weibull
(v < 0). Since distributions in the Weibull maximum domain of attraction have a finite right tail,
in most applications this maximum domain of attraction is not relevant. In this paper, we focus
on the Fréchet and Gumbel maximum domains of attraction.

Distributions in the Fréchet maximum domain of attraction can be characterized through their
survival function F = 1 — F as F(z) = 2~ '/7L(z) where v > 0 and L is a slowly varying function
at infinity i.e. L(Az)/L(x) — 1 asx — oo for all A > 1. F is said to be regularly varying at infinity
with index —1/v. This property is denoted by F € R_; /4 (see [6] for more details on regular
variations theory) and F'is called a Pareto-type distribution. To make inference on the distribution
tail, most approaches consist of using the k,, upper order statistics X,,_p, +1,n < -+ < X, , since
the tail information is only contained in the extreme upper part of the sample. Here, (k) is an
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intermediate sequence of integers i.e. such that

lim k, =occ and lim k,/n =0.
n—oo n—oo

A large part of the extreme-value literature is devoted to the estimation of the tail-index v > 0,

the most known estimator being the Hill estimator [24]. It can be equivalently defined in terms of

log-excesses log(Xn—i+1,n/Xn—k,+1,n) Or in terms of log-spacings log(X,—it1,n/Xn—in):

kn—1 kp—1
1 < Xn7i+17n 1 < . aniJrl,n
Halhn) = 1§:h%( ):k 1§:Zbg<;c_.)~ o

Xn—kn+1,n i—1

At the opposite, there is no simple representation for distributions in the Gumbel maximum
domain of attraction. However, an interesting subset of the Gumbel maximum domain of attrac-
tion is the Weibull tail-distributions family. It encompasses for instance Weibull, Gaussian and
gamma distributions. Let us recall that a cumulative distribution function F' has a Weibull tail if
F(x) = exp (—H(z)), where H (t) := inf{z, H(x) >t} € Rs. The function H* is the so-called
generalized inverse of H. The tail of such distributions is driven by the shape parameter § > 0
called the Weibull tail-coefficient. Many papers are dedicated to the estimation of the Weibull
tail-coefficient. A first family of approaches [2, 3, 7, 13] is based on the log-excesses while a second
one relies on the log-spacings [5, 11, 16, 17, 19, 21, 22]. All these estimators are thus similar to the
Hill statistic (1).

In order to understand the similarity between most estimators of the Weibull tail-coefficient
and the Hill estimator, a new family of distributions has been proposed in [18]. These distributions
depend on two parameters 7 € [0,1] and 6 > 0. More specifically, letting K, (y) = fly u®*~Ldu where
x € R, the considered family of survival distribution functions is given by:

(A1(,0)) F(z) = exp(—K; (log H(x))) for x >z, > 0 with 7 € [0, 1].

Here, H is an increasing function such that H € Ry where # > 0. The parameter 7 allows us to
represent a large panel of distribution tails ranging from Weibull-type tails (in this case 7 = 0 and
6 coincides with the Weibull tail-coefficient ) to distributions belonging to the Fréchet maximum
domain of attraction (in this case 7 = 1 and 6 corresponds to the tail index 7).

In [18], an estimator of § based on the Hill statistic is also introduced:

o o Hn(kn)
Irrlln) = ot ) @

with, for all ¢ > 0,
pelt) = [ (oo 0) = Ko (®)e da,
0

and an estimator of the extreme quantile x,, = FO (pn) with p, — 0 as n — oo is derived:

~

By e = Xty 5D (Onr () [ (108 (1/pn)) — K- (l0g(n/ky))]) (3)

We refer to [14, 26, 15] for applications of extreme quantiles respectively in reliability, hydrology

and finance. The asymptotic distributions of @L,T and z, 5  are established in [18]. Let us

highlight that estimators (2) and (3) are only of theoretical interest since, in practical situations 7
is unknown, and therefore, they cannot be used.

This paper builds on the work of [18]. We propose an estimator 7,, of 7, independent of 6.
Replacing 7 by 7,, in (2) and (3) yields two new estimators which can be computed in practical
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situations. As a result, we are able to estimate extreme quantiles from Pareto-type and Weilbull
tail-distributions in an unified way. The asymptotic normality of our three new estimators is also
established.

The paper is organized as follows. The estimators are defined in Section 2, their asymptotic
properties are established in Section 3. The behavior of the extreme quantile estimator is illustrated
on simulated data in Section 4 and on a real data set in Section 5. Proofs of the main results are
presented in Section 6 while proofs of auxiliary results are postponed to the Appendix.

2 Definition of the estimators

Let us first describe the construction of an estimator of 7. Let (k) and (k],) with k/, > k, be two

intermediate sequences of integers such that @\nT(kn) L. gand O, (kL) Lo 1t straightforwardly
follows that

é\n,‘r(k‘n) _ Hy,(ky) pir(log(n/ky,)) N
On (k)  Hn(ky) pr(log(n/kn))
Introducing for all ¢ > ¢’ > 0 the function defined by ¥(.;t;¢') : R — (—oo,exp(t —t')) and
(x;t,t) = pa(t)/pa(t'), it follows that

T o(rilos(n/hy). og(n/K,).

Moreover, it can be shown (see Lemma 3 in Section 6) that v (.;log(n/k,),log(n/kl)) is a bijection
from R to (—o0, k], /kn). As a consequence, the following estimator of 7 is considered:

»n
H, (k) < ky,
Hy(kL) ~kn )’

o= 0 (G stostn /). ou(n/42) ) 1§ (4)

Hn(k7)

where 1{.} is the indicator function. It is thus possible to plug 7;, in (2) to obtain a new estimator

of 0:
n Hn(kn)

O () = e TR)

Similarly, replacing 7 and éw by their estimates in (3) yields a new estimator of extreme quantiles:

(5)

Ty e = X1 @D (B, () [K, (08(1/p) = Kz, (l0g(n/))]) (6)
The asymptotic normality of the three new estimators 7,, é\n’?n and :fp" P - is established in the

next section.

3 Asymptotic properties

Let us recall that, under (A1(7,0)), HS € Ry, i.e. there exists a slowly varying function at infinity
¢ such that H* (t) = t%4(t). To establish the asymptotic normality of the three estimators (4), (5)
and (6), a second-order condition on ¢ is necessary:

(A2(p)) There exist p < 0 and b(x) — 0 such that uniformly locally on A > Ay > 0

log (ég(g\xx))) ~ b(z)K,(\), when z — oo,

with |b] asymptotically decreasing.
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It can be shown that necessarily |b| € R,. The second order parameter p < 0 tunes the rate of
convergence of £(A\x)/¢(x) to 1. The closer is p to 0, the slower is the convergence. Condition
(A2(p)) is the cornerstone in all the proofs of asymptotic normality for extreme value estimators.
It is used in [4, 23, 24] to prove the asymptotic normality of several estimators of the extreme value
index. Let logy(.) = log(log(.)). The first theorem establishes the asymptotic normality of 7,:

Theorem 1 Suppose that (A1(7,0)) and (Az(p)) hold. If (k,) and (k) are two intermediate
sequences of integers such that

kn/k,, — 0, +/kl,b(exp K, (logn/k})) — 0,

Vkn (logy(n/ky,) —logy(n/k},)) = 0o and log(n/k},) (logy(n/ky,) — logy(n/k},)) = o,
then
Vi (10g5(n/kn) — logy (n/k})) (7o — 7) 5 N(0,1).

Let us note that the asymptotic normality of 7,, is established for all § > 0 and 7 € [0,1] in an
unified way. In this sense, the asymptotic behavior of this estimator is more a consequence of
the log-spacings property than of a tail behavior (which can be exponential for 7 = 0 as well as
polynomial for 7 = 1). In our second result, it is established that an,?,, inherits from the asymptotic
normality of 7,,.

Theorem 2 Suppose the assumptions of Theorem 1 hold. If, moreover,

Vkn (logy(n/kn) —logy(n/k},)) /logy(n/kn) — 00,  (logy(n/kn) —logy(n/k,)) /logy(n/kn) — 0
then

Vky (logy(n/kn) —log,(n/ky,))
logy (n/kn)

It appears that the estimation of 7 has a cost in terms of rates of convergence. Condition
(logy(n/ky) — logy(n/kL)) /logy(n/ky) — 0 implies that GnT converges slower than 6, ,, see
Lemma 5 in Section 6. One can also prove that, if 7 = 0, then the conditions of Theorem 2
imply zlog(z)b(z) — 0 as © — oco. As a consequence, if 7 = 0 and p > —1, it is not possible to
choose sequences (k,,) and (k},) satisfying the above assumptions. Now, if 7 € (0,1] or if 7 = 0
and p < —1, a possible choice for the two intermediate sequences is log(k,) = aK,(log(n)) and
log(k,) = o/ K- (log(n)) with the following restrictions on (a,a’) € R:

(5,17?”(1%) — 9) 4 A(0,02).

O<a<d <2/(2p-1) if 7=1
O<a<d <=2 if O0<7<1 (7)
2<a<a <-2p if 7=0.

Finally, in the case where 7 = 0 and p = —1, the existence of sequences (k) and (k],) depends on
the underlying distribution.
The last result is dedicated to the asymptotic distribution of the extreme quantile estimator.

Theorem 3 Suppose the assumptions of Theorem 2 hold. If, moreover,

Vkn(logy(n/ky)~logy(n/ky,)) /logs(1/pn) — 00, (log(n/kn))' T [K-(log(1/pn))— K7 (log(n/kn))] = oo,

log(1/pn)
logy (/) [K~(0g(1/pn)) — K- (log(n/kn))] / /1 log(u)u™du — 0,

Og(n/kn)
then

VEn (103 (n/ky) — logy (n/ 1)) (Awn o 1> N0, 6%),

fllog 1/pn) log w)u™tdu

Ty,
og(n/kn) Pn
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A possible choice for the order p,, of the extreme quantile (satisfying the assumptions of the above
theorem) is given by logs(1/p,) = [logy(n)]* where a@ > 1. The finite sample performances of
T _ are illustrated in the next section.

pnaen,Tn

4 A small simulation study

In this section, our extreme quantile estimator (6) is compared to the Moment estimator of Dekkers
et al. [9] on simulated data. Let us emphasize that the Moment estimator is designed to work in
any domain of attraction.

The comparison is achieved on eight different distributions:

e three Pareto-type distributions (7 = 1): the absolute value of the standard Cauchy distribu-
tion (f# = 1 and p = —2), standard Pareto distribution (# = 2 and p = —o0), the absolute
value of the Student distribution with two degrees of freedom (0§ = 1/2 and p = —2),

e three Weibull tail-distributions (7 = 0): the absolute value of the standard Gaussian distri-
bution (6 = 1/2 and p = —1), a Weibull distribution with 2 as shape parameter (§ = 2 and
p = —o0) and a Gamma distribution with 2 as shape parameter (§ =1 and p = —1),

e two log-Weibull tail distributions (7 = 1/2), see [18], paragraph 2.2: the standard lognormal
distribution (§ = v/2/2 and p = 0) and the distribution with survival function F(z) =
exp(—(272log(x) + 1)), x > 0 (6 = v/2/2 and p = —c0).

In the following, we take p, = 1073 and simulate N = 100 samples (X}, ;);=1

,,,,, ~ of size n = 500.
For each sample X, ;, the estimator 7, 5 . is computed for kI, = 3,...,500 and k, = |ck,|
with ¢ = 0.1. This value has been chosen on the basis of intensive Monte-Carlo simulations. With
such a choice, both our estimator and the Moment estimator depend on only one intermediate
sequence of integers (k). For all the considered distributions, the mean-squared errors associated
to the estimators are computed as functions of k!, and are reported on Figures 1 and 2. It appears
that our estimator outperforms the Moment estimator for almost all the values of k/,. Also for
kI, > 50, the mean-squared errors associated to our estimator are almost constant as a function of
k!, whatever the distribution is.

5 A real data set

The performance of our estimator (6) is illustrated through the analysis of extreme events on the
Nidd river data set, which is common in extreme values studies, see for instance [8]. It consists of
154 exceedances of the levels 65m3s~! by the river Nidd (Yorkshire, England) during the period
1934-1969 (35 years). There is no general agreement on a maximum domain of attraction for this
dataset. In [10], a Fréchet maximum domain of attraction is assumed and heavy tailed-distributions
are considered as a possible model for such data. However, according to [25], the Nidd data may
reasonably be assumed to come from a distribution in the Gumbel maximum domain of attraction.
This result was in accordance with [12] where it has been shown that a Weibull tail-distribution
could be considered for such a data. The estimation of 7 is therefore of great interest. The
estimated values of 7 and @ are depicted on Figure 3 as functions of k], (recall that k,, = [0.1%],|).
It appears that the estimators become stable for k], > 80 with 7,, ~ 1 and gn?(kn) ~ 0.3. These
results indicate that the data may be assumed to come from a distribution in the Fréchet maximum
domain of attraction. They are in accordance with the ones obtained by Bayesian methods [10],
Figure 7 where the tail index is also estimated at 0.3.
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The standard quantity of interest in environmental studies is the N-year return level, defined as
the level which is exceeded on average once in N years. Here, we focus on the estimation of the 50-
and 100- year return levels. In Figure 3, our extreme quantile estimator is compared to the Moment
estimator, plotting the associated N-year return level as a function of &/, for N = 50 and N = 100.
It appears that both estimators yield similar results. Choosing k!, > 50, we obtain an estimation of
the 50-year return level which belongs approximately to the interval [340m3s~!,375m3s~ 1], and an
estimation of the 100-year return in [400m3s~1,470m3s~!]. Again, these results are in accordance
with the the credibility intervals obtained in [10], Table 1.

6 Proofs
We first give some preliminary lemmas. Their proofs are postponed to the appendix.

6.1 Preliminary lemmas

In the following, C is a compact subset such that [0,1] C C C (—00,2). The first lemma is a
standard result on the behavior at infinity of the Laplace transform.

Lemma 1 Let z € C and h, € C®(R*). Set i =min {j € N/hY(0) £ 0}. If

sup |n( (y)] < o,

zeC
y>0
then
lim sup ti+17ba;(t) - hg) (O)’ =0,
t—o0 zeC

with hy(t) = f0+°o exp(—tu)h, (u)du is the Laplace transform of hy.

Lemma 1 is the key tool for establishing the uniform asymptotic expansions of u, and Ou,/0x
given in Lemma 2:

Lemma 2 For all x € C and t > 0, we have

()  lim sup

-1
t—)oowec €T

uz@)l‘o,

2 11 (t) — log(t) s (2)

{tz—2 -1

=0.

SRS

As a consequence of the above expansions, some important properties of ¢ can be derived in the
two next lemmas:

Lemma 3 For allt >t' >0 and x € R, we have
(i) x = ¥(xz;t,t') is an increasing function,
(i) lim (z;t,t') = exp(t — t').
T—r 00

Lemma 4 For allz € C andt > t' > 0, we have

0 ’ o / Lo 1 ’
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In order to be self-contained, we quote two results from [18]. They establish the asymptotic
normality of 6, » and fp 7. _ in the particular case where 7 is known.

Lemma 5 (Theorem 1, [18]). Suppose that (A1(7,0)) and (Ax(p)) hold. If (k) is an intermedi-
ate sequence such that \/ky, b(exp K, (log(n/ky))) — 0, then

~

Vn (9”’Ték") - 1) L5 N(0,1). (8)

Lemma 6 (Theorem 2, [18]). Suppose the assumptions of Lemma 5 hold with A = 0. If, moreover,

(log(n/kn))' "7 (K (log(1/pn)) — K (log(n/ky))) — oo

then,

~

Vin o Tontnr | _d 2
K- (log(1/pn)) —KT(log(n/kn))l g( o ) — N(0,6%).

The next lemma establishes that § can be replaced by @\nT(k;) in (8) without changing the asymp-
totic distribution.

Lemma 7 Suppose that (A1(7,0)) and (Az(p)) hold. Let (k) and (k) be two intermediate
sequences of integers such that \/k! b(exp K (logn/k})) — 0 and k,/k,, — 0. We have

On,r(K7,)

\/E (gn,f(k") _ 1) i)-/\/'(o’ 1)'

The last lemma quantifies the effect of estimating 7 in @”(kn)

Lemma 8 Suppose that (A1(7,0)) and (Az(p)) hold. Let (k) and (kl,) be two intermediate
sequences of integers such that

Fn/ky, = 0, vk (l0gy(n/kn) — logs(n/ky,)) / Togy(n/kn) = oo,

VELb(exp K-(logn/kl)) — 0 and log(n/k,) (logy(n/ky,) —logs(n/kl,)) — co.
We have

VEn(logy(n/kn) —logy(n/k})) [ 0nz, (kn) -\ 4
logy (/) ( = 1) — N(0,1).

n,7\vn

6.2 Proofs of the main results

Proof of Theorem 1 — Our aim is to prove that P (v, (7, — 7) < s) — ®(s), as n — oo, for all
s € R where ® is the cumulative distribution function of the standard Gaussian distribution and
v, = Vkn (logy(n/ky) —logy(n/k),)). To this end, introducing the event E,,(s) = {v, (7, —7) < s},

we have
i e(siol (B ) (5 ) or s {13 < 1)

TV (s) + TP (s).
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The two terms are studied separately. First, note that,

Holkn) _ K\ o Onr(ka) _ K pr(log(n/EL))
(Hn(kil) - kn> - <§m(kg = krnur(log(n/kn))>
_ K, pr(log(n/ky,))
= (C" 2 vk (k - (log(n /) 1) ) ’
where, from Lemma 7,
L é\n,T(k‘n) _ d
G = Vkn (5 ) 1) 5 N(0,1). (9)

Letting

log(n/ky)

and denoting by ®,, be the cumulative distribution function of ¢,, Lemma 2(i) entails

P (Hn<kn> > ’f) =1 - ®,(8,) = (@ = 2,)(8,) + 1~ B(B,).

H’fb(k ) o k’fb

According to our assumptions, we have lim 3, = co and thus lim ®(3,) = 1. Moreover, by [15],
n—oo n—oo

page 552,
(® = @n)(Bn) < sup[@(z) = Du(z)] = 0,
fAS
leading to
Hy(kn) _ k 1
P (Hn(k’) > kn) — 0 and thus TV (s) — 0.

Let us now focus on

Hn kn, k!
From the definition of 7;, given in (4) and recalling that, from Lemma 3(i), ¢(.; log(n/k,),log(n/k.))
is an increasing function, we obtain

10() = P ({F < ulr + s vstontn/ o) dogtn/ ki) o { ) < )
= P (gzgzzg < min <1/J(T + 8/vp;log(n/ky),log(n/k.)) ,kz>)
Lemma 3(ii) thus yields
T®(G) = P (g:gkni Y(T + 8/vn;log(n/ky), log(n/kl) )
_ <Hn( n) < MT+s/vn(10g<n/k5n))>
Hy (k) ™ frtso, (log(n/k})) )

and, from (9), we have

(2 (g) = pr(log(n/ky,)) Hrss/v, (log(n/kx)) B
L) (C" < Vhn (uf (log(n/kn)) fir+s/v, (log(n/k,)) 1))

( fﬂT Ei me (7 + 5/ vn; log(n/kn), log(n/ k) —w(n1og<n/kn>,1og<n/k;>>1).
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A first order Taylor expansion leads to

s pr(log(n/ky,)) 0 ,
P < — ¢ (10;log(n/ky), log(n/k, ,
(6 < oy o 7)) o) st o)
where 79 = 7 + sng /v, with g € (0,1). Since 79 — 7 it follows that, for n large enough, 79 < 2
and Lemma 4 thus entails

T(2) (s) =

n

o iy (lo8(n/k,)) 1 (log(n/ ) |

L) P(C”S t1ry (05 (1/K2)) 1 (108 (n o)) (”O(log(n/%) <log2<n/kn>log2<n/k;>>>>>
B Sum(k>g(n//~C ) pir(log(n/k;,)) o
- P(“ t1ny (08 (/%)) (10 )) - “”)

Besides, Lemma 2(i) shows that

oy g/, )) i (log(n/k)) __ (log(/k)N™ ™ [ Cam\ )
et helontoiy = onturiey) o) =sesw (2 ) (o) o

and thus T,gz)(s) = ®,,(s(1 4 o(1))). Similarly to the first part of the proof, it is easily seen that

TT(LQ)(S) — ®(s) as n — oco. Combining the above results, Theorem 1 follows. ]
Proof of Theorem 2 — On the first hand, Lemma 5 shows that

~ nb

O r(kn) — 0 = ¢ where (, 5 N(0,1),

Vkn

and on the other hand, Lemma 8 entails

Onzn(kn) | _ On logy(n/kn) where 6, % N(0,1). (10)

Onr(kn)  VEn(l0gs(n/kn) —logy(n/k},))

Collecting these results, it follows that

é\n,?n(kn) -0 = é\n,'r(kn) (W - 1) + (é\n,'r(kn) - 9)

en,T(kn)
o n 1 n n(9
— en;r(kn) 6 ng (n/k ) - + C )
Vkn(logy(n/kn) —logy(n/ky)) — Vkn
Consequently, one immediately has
/ _ / ~ ~ n) — k!
kn (1Og2 (n/k’n) 10g2 (n/k"n)) (0’”’?" (kn) _ 9) _ on;r(kn)én + CnelogZ(n/k ) 10g2 (n/ n)
logy(n/ky) logy(n/kn)
and Theorem 2 follows. |

Proof of Theorem 3 — Let us consider the following expansion:

T 5 T, 3 T, 3
log< pn,en,7n> ~ log ( 0 ) +log< 0n,7> T 7).
Lp, L B Lpn

By (3), we have
T = B, (ka) [z, (08(1/pa)) = K, (108(0/kn))] = Oz (kn)[K - (108(1 /D)) — K7 1o/ k)]
= [K-(10g(1/pn)) = K- (10g(n/n)] (O 5, () = Oz ()

60,7, (kn) (K, (10g(1/pn)) — K=, (log(n/ka))) — (K- (log(1/pn)) — K+ (log(n/kn)))
= TEY+ TG,
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Focusing on the first term, (10) leads to

3.1) _ 10ga(n/kn) K (log(1/pn)) — K- (log(n/kn))] 5
. Vi (ogg(n/ln) — Togg(n/hty) e (Fn)on

which implies that

Vkn(logy(n/kn) — logQ(n/k%))T(&l) _ dn logy (n/ky ) [K- (log(1/pn)) — K- (log(n/kn))] an (k)

kn :O]p(].).
log(1/pn _ n log(1/pn)  +_
flof((n//,f u™Llog(u)du logg((n//,fn))u Hog(u)du

Let us now consider T,g?”Q). Theorem 1 states that

T,=T7+ &n =7+ &,0, where &, 4 N(0,1).

Vky (logy(n/kn) —logy(n/ky,))
Replacing in TT(L:S’Q)7 we obtain

T = Oz, (k) (K6, (108(1/Pn)) = Krtoe, (l0g(n/kn))) = (K7 (log(1/pn)) — K (log(n/kn)))].

By definition

log(1/pn)

K, (10g(1/pn)) — Ky (log(n/ky)) = / w

log(n/kn)
and therefore it immediately follows that

~ log(1/pn) . log(1/pn)
T3 = Oz, (kn) / (w el — ) du = By, 5, (k) / uT (e — 1) du.
log(n/kn) log(n/kn)

Letting p(z) := exp(z) — 1 — 2, we deduce that

log(1/pn)

. log(1/pn) R
32 = GH,?”(kn)anfn/l u™ ' log(u)du + 0, 7, (kn)/ u" (0,8, log(u))du.

og(n/kn) log(n/kyn)

Now, there exists ¢ > 0 such that = < log(c) implies |p(z)] < Sa?.

onlogy(1/py) — 0 and oy, logy(n/ky) — 0, for n large enough, we have

As a consequence, since

log(1/pn) L
< / (ot log(u))|du
log(n/kn)

c IOg(l/pn)
soie [ logw)Pdu
1

log(1/pn) 1
/ u”" ‘P(Ungn IOg(u))du
1

og(n/kn)

<
o2 os(n/kn)
Thus,
fl?f((;//lfn) (Unfnlog(u))du‘ _ con&? lloi(;//,f:))uT’l[log(u)]Qdu
o ST gty S 2R gt
c&s logy(1/pn)

IN

2k (logy(n/ky) — logy(n/k)) =op(1),

and, replacing in T,(L3’2), we obtain
/ /
kn (IOgQ(n/k ) IOgQ(n/k )) 3 2) _ gn ( ) + OIP’(]-) i> ./\/(07 92)

log(1/pn
flo;((n//lf )1og (w)u™tdu

10
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Finally, Lemma 6 states that

o) oalK-(log(1/pa)) — K- (og(n/k,))]

N where o, A N(0,6%),

and thus, under our assumptions,

Vkn(logy(n/kn) —logy(n/ky,))

TW = op(1).

log(1/pn _

logg(;//:n)) u™log(u)du
Combining the above results and using the delta method, Theorem 3 follows. ]
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Appendix: Proof of auxiliary results

Proof of Lemma 1 — A (i + 1)** order Taylor expansion leads to

ui i+1

(i+1)

h{D(0) + AU (nu),

with 7 € (0,1) an consequently,

i ui—i—l

he(t) = / exp(—tu)u,—h;i)(O)du —|—/ exp(—tu) ———h{ D (nu)du =: TV () + T2 (¢).
0 7! 0 ( + 1)'

7

It follows that

hg) 0o g;i)
Tagl)(t) = % / u' eXp(—tu)du = ht%‘»(?)a
. 0

12
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and the change of variable v = tu yields

1 1 > i i v
T3§2) (t) = MWA eXp(—'U)U +1h§:+1) (7];) dv.

Therefore, we have, uniformly in x € C"

, 1 1 e ; 1
1T (t)] < sup [p{HY (y)‘ G / exp(—v)v' T dv = — sup
0

, 1
— (i+1) - i
i+ 1)l fit2 hz (y)‘ =0 (ti+2>

zeC zeCl
y=>0 y>0
and thus 0
~ ha’ (0) 1 1 , 1
ha(t) = i T O (t”?) = Jit1 (hg) 0)+0 (t)) ;
which achieves the proof. [ |

Proof of Lemma 2 — (i) By definition, for all x € R and ¢ > 0, we have

pa(®) = [ (et 0) = K () expl-udu= [ ( / - ydy) exp(—u)du.

Using Fubini’s theorem, it follows

11z (t) = /too yo ! (/yw exp(—U)du> dy = exp(t) /too y* ! exp(—y)dy, (11)

—t
and the change of variable u = y/t — 1 yields

Wy (t) = t* /000 exp(—tu)(u + 1) tdu = t*h,(t)

with h,(t) = (t +1)*~ 1. Applying Lemma 1 with i = 0 concludes the proof of (i).
(ii) From (11) we obtain, for z € R and t > 0,

a(t) = exp(t) / Ty exp(—y)dy = exp(t)T(a, 1), (12)

where I'(x, t) is the upper incomplete gamma function. We thus have (see for instance [1])

0

%um(t) = exp(t) /t h exp(—y) log(y)y*'dy, (13)

and the change of variable u = y/t — 1 yields

6 oo
%uw(t) = exp(t)/ exp(—tu) exp(—t)t* H(u + 1)" Hlog(t(u + 1))tdu
o0 0 (o)
= t”/ exp(—tu)(u + 1)* " log(u + 1)du + log(t)tx/ exp(—tu)(u +1)*"tdu
0 0
=t [ exp(—tu)g. (w)du + log(0hes )
0
with g, (u) := (u+ 1)*"!log(u + 1). Applying Lemma 1 with i = 1, the conclusion follows. [ |

13
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Proof of Lemma 3 — (i) First of all, remark that ¢(z;¢,¢') > 0 for all x € R and ¢ > ¢/ > 0.
Besides, routine calculations show that

9 et t) = et

2 (3/333 pa(t)) 3/3%‘(%@’))) (14)

) (1 (
e (t) pa (')
= Y(z;t,t) (Qu(t) — Qu(t)),

where, by (11) and (13),
[ og(y)y™* exp(—y)dy
[y exp(—y)dy

Let us remark that @, is an increasing function on (0, c0) since

Qz(2) =

xr—

exp(—2) [T y" ! exp(—y) log(y/2)dy
2
(77 y= " exp(—y)dy)
As a consequence t > ¢’ implies 9/0x(Y(x;t,t')) = Y(x;t,t')(Qz(t) — Qx(t')) > 0 and concludes

the first part of the proof.
(ii) From (12), we have

z

Qe (2) =

exp(ft) - ‘uz(t) exp(ft) 1= ft’ CXP )dy —. Mx(t t,).

V@) =) 1 (1) exp(—t') Sy exp(—y)dy

Besides, considering the following inequalities,

t
0< / 5L exp(—y)dy < £~ (exp(—t') — exp(—1))
t/

and

/ y" ! exp(—y)dy >/ y*texp(—y)dy > (2t)" " exp(—2¢),
t 2t

it follows that
exp(—t') — exp(—1)
exp(—2t)

M, (t, 1) < 2t

)

and thus M, (¢,t') — 0 as £ — oo. The conclusion follows. ]

Proof of Lemma 4 — Recall that C is a compact subset such that [0,1] C C' C (—o0,2). From (14)
and Lemma 2(ii), we have

1 t172 1 t/x 2
ogt/7) 1) O T g @) 1)

for all x € C as t' — oo. Moreover, a direct application of Lemma 2 (i) implies t*~2/p,(t) =
(1/t)(1 + o(1)). Replacing in the previous expression and recalling that ¢ > ¢/, it follows

log(t /') (z: £, ) <1 +0 <tlog1(t/t))> .

The result is proved. [ ]

Jevlett) = log/fyutaet) (14 (1+o(1)).

9 /
%w(za tvt )

14
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Proof of Lemma 7 — First of all, let us note that the two conditions 1/k/ b(exp K-(logn/k.)) — 0
and k,, /kl, — 0 imply v/k,b(exp K- (logn/k,)) — 0 since |b| is asymptotically decreasing. Lemma 5

states that gnr(kn) = 0 + 0¢,/\Vkn where (, A N(0,1) and o?m(k;) = 0 + 6¢,//k!, where
¢l 4 N(0,1). As a consequence, we have

Onr(kn) 14+ Ga/VEa

O, (kL) 1+ ¢,/ /K,
() ()
_ Hjﬁ(j?)

and therefore

VEn <0"’T(k") - 1) = (o +op(1).

O (K")

n

It concludes the proof. ]

Proof of Lemma 8 — A first order Taylor expansion yields

On, (kn) | pr(log(n/ky)) _ . 0/0a(uz(log(n/kn)))|,_,.
Onr(ky) bz, (log(n/kn))

—1=(r—7,) ,
pz, (log(n/kn))
with 70 =7,, + n(7 — 7,,) and n € (0,1). Let

o \/E(logQ(n/kn) — logQ(n/k’/n)) s) = ¢ w é\n,?n(kn) _ s
= logy (n /) )= { " ( T 1) - }

and recall that ® is the cumulative distribution function of the standard Gaussian distribution.
Our aim is to prove that P (F,(s)) — ®(s), for all s € R. Keeping in mind that C' is a compact
subset such that [0,1] C C' C (—o0,2) and 4,, = {mp € C} N {7, € C}, we have

P(Fu(s) = P(Fu(s) N An) + P (Fa(s) |45 P (A7) = T (s) + T (s),

where A¢ is the complementary event of A,,. Let us first consider 7; 7(16)(5). Theorem 1 states that

Vkn (l0gy(n/kn) — logy(n/k})) (Fn — ) = €, -5 N(0,1).

Consequently, under the assumptions of Theorem 1, 7, Ire [0,1] and g Ire [0,1]. Thus,
P(AS) — 0 which implies TéG)(s) — 0. Let us focus on TT(LE])(S). Under the event A,,, combining
Lemma 2(ii) with Theorem 1, it follows

en,‘r

() = walr =% 11z, (108 (1 /kn))

l0g (1, kin) 1y (log (/o)) + log(n /) *2(1 + 05(1))
logy (n/kn) iz, (log(n/ky))

tir, (log(n/k,)) 1+ 0p(1)

" iz, (log(n/ky)) (1 * log(n/k;,) logs(n/ kn)> ’

&n

3

15
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from Lemma 2(i). Moreover, under the event A,,, using Lemma 2(i) and Theorem 1, we have

Hro(108(n/kn)) 1 =1 4 o a1 o
wz, (log(n/ky)) (log(n/kn)) (1+o08(1)) (log(n/kn)) (14 op(1))
= exp(n(T — ) logy(n/ky))(1 + op(1))
= exn [ 1€n 1085 (12/ k) .
= exp < Vo (logy (11 /) — logQ(n/k;L))> (14 o0p(1))
5oL

We thus obtain

an,?n (kn) o o o

and, replacing in 7, ,({5)(3), it finally follows that

TP(s) = P({& <s(1+o0p(1)}NA4,)
= Pn(s(l+o0p(1))) = P({& < s(1+0p(1))} A7 )P(AT),

where ®,, is the cumulative distribution function of §,,. Using the same arguments as in the proof of
Theorem 1, it is easily seen that ®,(s(1+0(1))) — @(s) and thus T7(l5)(s) — ®(s) since P(AS) — 0.
Combining the above results the proof of Lemma 8 is achieved. [ |
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Figure 1: Mean-squared errors as a function of k;, associated to #, 5 _ (dotted line) and to the

n,Tn

Moment estimator of Dekkers et al. (solid line). They are computed on 100 samples of size 500.
Upper left: Pareto distribution, upper right: absolute value of Cauchy distribution, bottom left:
absolute value of Student distribution, bottom right: absolute value of Gaussian distribution.
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Figure 2: Mean-squared errors as a function of k, associated to Z, 5 _ (dotted line) and to

the Moment estimator of Dekkers et al. (solid line). They are computed on 100 samples of size
500. Upper left: Weibull distribution, upper right: Gamma distribution, bottom left: lognormal
distribution, bottom right: log-Weibull distribution.
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Figure 3: Results obtained on the Nidd river data set. Top: estimation of 7 (left) and 6 (right) as
functions of k/,. Bottom: N-year return levels as functions of k], obtained with Ep 5 . (dotted

line) and the Moment estimator of Dekkers et al. (solid line) (left: N = 50, right: N Z’TiLOO).
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