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1 Introduction

During the last twenty years, computable general equilibrium (CGE) models have become
standard tools of quantitative policy assessment. Their appeal has built on their rigorous
grounding in economic theory: agents’ decision-making behaviour is derived from explicit
optimisation under strictly specified technological or budget constraints, given market
signals that ensure global consistency. These theoretical foundations have made CGE
models appear particularly useful for ex-ante evaluations of policy reforms. However, the
whole apparatus relies on the concept of “representative agent” despite unclear aggregation
procedures to link these aggregate optimising decision-makers to the numerous individual
agents whose behaviour they are meant to capture.

During the same period, another class of models has become increasingly popular:
behavioural microsimulation models. Their appeal stems from the fact that they avoid
any reliance on typical agents by fully taking into account the heterogeneity of individual
choices as they are revealed in micro-data sets.! Indeed, working with myriads of actual
economic agents rather than with a few hypothetical ones makes it possible to precisely
identify the winners and the losers of a reform — obviously a major concern to policy-
makers — yet, making it possible by simple addition to accurately measure this impact
on aggregate variables. The increasing availability of large and detailed data sets on
individuals makes this quite appealing. The drawback of the approach is that it is partial
equilibrium in essence: for instance, individual’s labour supply adjustment to some new
tax incentive scheme can be quite accurately captured for given wages and other policy
parameters, but market equilibrium and government budget constraints can be expected to
have a feedback influence on the same individual’s choices that is typically neglected. One
could of course imagine iterating between the microsimulation and the CGE models, and
indeed, a few efforts have successfully been done in this direction: see for instance Savard
(2003) and the elaboration of Arntz et al. (2008) on Arntz et al. (2006). Though this
iterative strategy might be satisfactory for some problems — in particular when dynamics
are thought unimportant — it becomes tedious for more sophisticated apparatus such as

overlapping generations (OLG) models: see however Rausch and Rutherford (2007) for

!See Bourguignon and Spadaro (2006) for an excellent survey and an extensive list of references.
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progress in that direction.

In this paper, we make use of simple yet powerful exact aggregation results due to
Anderson, de Palma and Thisse (1992) (here after: AdPT) who show that, under reason-
ably mild conditions, heterogeneous individuals that have to choose (possibly continuous
amounts) within a set of discrete alternatives may be aggregated into a representative
agent with constant elasticity-of-substitution (CES) preferences.? We illustrate how these
results can be useful to CGE modellers by making available to them a growing body of
empirical estimates from microeconometrics that can be used to parameterise CES/CET
(constant elasticity-of-transformation) preferences/technologies in the representative agent
framework. Furthermore, we argue that these results provide a natural and appealing
link between the standard CGE apparatus and the microsimulations approach, and sug-
gest that they constitute a useful alternative approach to the iterative strategy between
microsimulation and CGE models. There is no free lunch, unfortunately: some details
captured by the microsimulation approach could be lost, a cost that one should balance
against the benefits of accounting for the general equilibrium feedbacks.

We show how to make use of these results in order to link the micro and the macro
simulation approaches, and illustrate the usefulness of the methodology in the context of
population ageing using a calibrated overlapping generations (OLG) model. For this, we
first generate in vitro a micro-data set where individuals, classified in different cells ac-
cording to their socio-economic characteristics, face random utility maximisation problems
over sets of discrete alternatives. We focus, for illustrative purposes, on labour market
participation, and particularise the discrete choices as “to work or not to work, and if work
is chosen, in which profession?” in a nested multinomial logit framework.? We then show
that the aggregation of individual choices yields a labour-supply scheme that coincides
with the one derived from a macro-agent’s time-allocation problem subject to smooth
nested CES preferences as typically used in CGE models. The representative agent is

part of a dynamic GE model which we simulate to evaluate the effects of a demographic

Discrete choice models can be extended to so-called continuous/discrete models that allow individuals
to demand continuous quantities (not restricted to 0 or 1) of their preferred discrete option. See, e.g.,

Train (1986, Chap. 5).
3 At the risk of being overemphatic, it seems useful to insist that the aggregation methodology is quite

general and can be applied to a broad set of choices other than labour supply decisions.
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shock on the time path of wages and interest rates. These equilibrium prices are then
plugged into the microsimulation model in order to determine the response of each indi-
vidual micro-agent to the changes in his/her economic environment. From this individual
choice response, we can compute the income distributions consistent with general equi-
librium wages, and therefore apprehend the dynamics of income inequalities induced by
population ageing.

The paper is organised as follows: in Section 2, we provide a refresher on probabilistic
discrete choice models. Focusing on a typical labour force participation decision problem,
we show in Section 3 how to link the myriads of heterogeneous micro-agents of the mi-
crosimulation approach to a macro-agent. This macro-agent is embedded in the dynamic
GE model sketched in Section 4. We then submit in Section 5 the OLG economy to an
ageing shock, and plug the equilibrium prices in the microsimulation model to generate

the time-path of income inequality indicators. The paper closes with a brief conclusion.

2 Discrete-choice models: a refresher

Assume a population of individuals A = 1,..., N has to choose among a set ¢,57 =0, ..., 1

of discrete alternatives with associated utility levels:
W =ui e i=0,..,1 (1)

where u; is a deterministic component (for now, assumed common to all individuals)
and € is a random term. Each h is therefore characterised by a draw € = (ef}, ..., e?)
in a probability distribution with cumulative distribution function F'(e). Assume that
individuals in this population are not only statistically identical but also statistically
independent. Then, the distribution of choices is multinomial with mean X; = NP;,
i=0,...,] , where P; denotes the probability that alternative i be chosen by h. X; is the
mathematical expectation of demand for alternative i; for N large enough, X; is a close
approximation of aggregate demand for ¢ in this population. In other words, aggregate

demands for each alternative may be readily determined from the choice probabilities from

the individual discrete decision problem.



halshs-00627736, version 1 - 5 Oct 2011

The probability that h will choose alternative i is:

P, = prob [a’% > b v = 0,...,1]
= prob [ui—i-e? Zuj+e?,Vj:0,...,I] (2)

= prob HL — e? <wu; —uj,Vj = O,...,I]

The determination of the choice probabilities using F' (¢) is in principle always possible
but in general extremely difficult, in particular if € is assumed normally distributed as
would seem natural. Fortunately, a theorem due to McFadden? identifies a class of cumu-
lative distribution functions F' (e) — of which the double exponential is a special case that
yields the multinomial logit — for which these probabilities may be easily determined indir-
ectly. Consider the multivariate generalised extreme value (GEV) cumulative distribution

function

F(ep,...,€7) = exp [—H (e*EO, ...,6761)] (3)

with H a nonnegative function defined over Rf satisfying the following properties: (1)
H is homogeneous of degree 1/u; (i) limg,— oo H (0, ...,x1) = 00 Vi = 0,...,I; (iii) the
mixed partial derivatives of H with respect to k different variables exist and are continuous,
non-negative if k is odd, non-positive if k is even, k = 0, ..., I. (These technical conditions
are needed to ensure that F (e) is indeed a cumulative distribution function.) Then,

McFadden’s GEV theorem states that the choice probabilities P; may be determined as:

Oln H (e",...,e")
i

Pi= o (@

Many particularisations of H consistent with utility maximisation are possible, and to

each corresponds a different distribution for e. One important specification for H is:
I .
H(e™®,..,e” ) = Ze_ﬂ (5)
i=0
It is easily checked that this function satisfies the properties of the theorem; the associated

GEV cumulative distribution function writes as:

F (g, ...,€1) = exp [—ie%] = f[exp [—67%} (6)
i=0 i=0

*See McFadden 1978, p.80; 1981, p.227.
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and is therefore the product of I + 1 i.i.d. double-exponential (or extreme value), with
dispersion parameter p, which apply to the stochastic utilities u; in (1). It follows from

(4) that

b O Sigen e .
=8 8’[1,1 B I 4
ijo er

which are the familiar choice probabilities derived from a multinomial-logit population.
The simplicity of this formula obviously makes the MNL quite appealing. It turns out
that, in addition, it provides a good approximation to the normal distribution.’

Preferences (1) with i.i.d. double-exponential random terms have the special property
that the ratio of the probabilities between two alternatives are the same no matter what
other alternatives are available or what the attributes of the other alternatives are.® This
property, known as the independence from irrelevant alternatives may be acceptable in
some problems, but is clearly over-restrictive when some alternatives are closer to each
others within a group than to others outside that group.” It can, fortunately, easily be
bypassed by nesting multinomial logit systems, as we now show.

Assume that the set of alternatives ¢,7 = 0, ..., I can be partitioned into M + 1 non-
overlapping subsets {A4,,;m = 0,..., M} of close alternatives called nests. Preferences (1)
still apply with random terms distributed as extreme value, but they are no longer inde-
pendent. Rather, they are assumed positively correlated across alternatives in each nest:

h

if h has a high value for €; j € Ay, then h is also likely to value highly other options in

"Ben Akiva and Lerman (1985, p.128) write: “there is still no evidence to suggest in which situations

the greater generality of the multinomial probit is worth the additional computational problems resulting

from its use.” We are not aware that such evidence has been reported in the literature since then.
6Observe that any change in the deterministic utility level associated with alternative j will affect

symmetrically the choice probabilities of all other alternatives: from (7),

OP; P, P; . L,
=— =0,..,1
9, p 4,j=0,...,1 i#j
so that the cross-elasticities
Blas(Pryuy) = — 2% 5 50,1 i
I

are independent of i.
"For more on the implications of the property of independence from irrelevant alternatives, see e.g.

Train (2003, p.49).
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nest A,,. We particularise the H (e™, ..., e~I) function as follows:

K2
M M
A

H(ew, o)=Y | 3 i ®)

m=0 | j€EAm

Observe that if p; = o, (8) is identical to (5). This H function is homogeneous of degree
1/p1; McFadden (1981) has shown that if j; > pso, it satisfies all the properties required
to apply the extreme value theorem: the associated GEV cumulative distribution function
is

B2
M . K1

5

F (o, ...,e1) = exp { — Z e k2 9)
m=0 | jEAm
where %f is a rough measure of the correlation between random terms within a nest (see

Ben-Akiva and Lerman, 1985, p.289). Using (4), we compute the probability that, among

all alternatives, option ¢ of nest A,, be chosen as:

u; £2
M 2 | M1
olny o [ZjeAm ‘3“2}
P)i = M1 O
T
Lok
2 | k1
|:Z]€Am 6#2:| 6% i
= o T 1€ A (10)

M Y5 H1 . e M2
> m=0 [ZjeAm 9“2} ZJEA’"

This expression has a structure that makes it quite intuitive. The second term is the
probability that h will choose alternative i € A,, conditional on having already chosen
nest A,,. The first term represents the probability of choosing any option from A,,. It
can easily be checked that the property of independence from irrelevant alternatives holds
within each subset of alternatives but not across subsets (see e.g. Train, 2003, p.84).
Expression (10) can be given an alternative welfare interpretation that will prove useful.

To see this, define function H4,, on subset A,, as:

Hy, =Ha, (€9, j€An) =Y ¢ b (11)
j€AM
so that, within each nest, preferences are given by (1) with double exponential random

terms. It can be shown (see e.g. AAPT, p.60) that the expected value of the mazimum of
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utilities from the alternatives in nest Ay, is:
. Y5
Ga,, =Ga,, (uj,j € Ay) = ppIn Z enz (12)
JE€Am
G 4,, can be interpreted as a measure of the attractiveness, or the utility valuation, of the
subset of options A,,. Observe that, dividing G4,, by p; and applying an exponential

transform, yields:

B2
Gam u | M
e = Z enz (13)
JEAm
Next, define®
E}Am = jrgz,x (uj + 6?) —Ga,, (14)

and the random preferences for choosing between nests as:

Wy =Ga, +eli  m=0,.,M (15)

where G4 is given by (12). Let H (e_aAo y..y€ A ) be of the now familiar form

N——

€A

M
H (efEAO,...,e*EAM> = Z e Th (16)
m=0

We know that such a function satisfies the properties of the GEV theorem so that the
choice probability for option m —that is, for nest A,,— is immediately obtained using (4)

as:

dln H(eC4,...,eC4n)
0G 4

Pa,, = m
GAm
e M

GA/

M
Zm/:O e
B2

Y5
ZjeAm erz

B2

M X5 K1
=0 |:Zj€Am, 6“2]
where use has been made of (13). A comparison of this result with (10), makes it clear

that the probability of choosing an option ¢ that belongs to a specific nest A,, can be

8See Ben-Akiva and Lerman (1985, p.288).
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given a very intuitive structure:

Gam U
w w
p=—2" R i€ An (17)

CAms i

Z'rj\r{/:ﬂ e M ZjEAm ers

where the first term is a logit choice probability between the M + 1 subsets of alternatives,

each nest being utility valued by the expected maximum utility from those alternatives
that belong to it.
The discrete choice preferences that give rise to these decision probabilities may be

conveniently given a nested form:

a}ﬁm:GAm"‘me m=0,..,M (18)
ah :uiJre? 1€ A,

7

where G4, is given by (12) and s}j‘m by (14). Nested discrete choice decision problems

can therefore quite simply be solved sequentially, one level after the other, up the decision
tree: it is immediate to generalise this to any number ¢ of nesting levels, provided that
M1 = Mg = ... = p, where g is the lowest level in the decision tree, i.e. where individual

heterogeneity is lowest.”

3 Modelling leisure/work decisions and the choice of a pro-

fession

Many applications of behavioural microsimulation models are related to labour supply
decisions and, for this reason, we illustrate in this section the use of the discrete choice
methodology to model labour market participation. More specifically, we consider the
following individual nested decisions problem: should I work or not, and if I do, which
profession should I choose? Each individual discrete decision will be conditional on some
prices (in the current example, wages) and possibly on some policy parameters (such as tax
rates) that are typically exogenous to the myriads of decisions-makers who constitute the
microsimulation model. To endogenise those prices and possibly budget-induced tax-rate

adjustments requires a general equilibrium set-up with fewer macro-agents representative

9See Ben-Akiva and Lerman, 1985, p.293. Note that our parameter 4 has the inverse definition of theirs.
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of the underlying micro-population behaviour: we next provide such a representative agent

formulation that exactly replicates the sum of individual labour supply decisions.

3.1 The individual discrete choice formulation

The population of the individuals in the micro-data set is partitioned into z=1,...,Z cells
according to as many characteristics as available, such as sex, age-class etc. In what
follows, we model the decision problems of individuals belonging to one such cell, and
neglect the subscript z to ease notation. In the applied general equilibrium model there
will be one macro-agent for each cell.

Consider h belonging to the cell, therefore belonging to a sub-population with the
same socio-economic characteristics. This individual has to decide whether to work or
not, and if he/she chooses to work, in which profession. We model this as a two-level
discrete choice problem and take advantage of the nested structure to solve the problem
sequentially starting from the lowest level of the decision tree: the choice of profession. In
terms of our previous notations, the set of discrete alternatives is I = {leisure, work in
profession 1, work in profession 2,...,work in profession I}. The postulated two-level
nested structure implies partitioning I into two subsets: Ay = {leisure} and A; = {work

in profession 1,...,work in profession I}.

3.1.1 Choosing between professions

We write the utility of choosing profession i € A; as a log-linear function:
' =1nb; + Inw; + € i€ Ay (19)

The first term, 6;, captures both the disutility of working (common to all options in A;)
and the (dis)utility specific to profession ¢; w; is the within-cell average market wage (typ-
ically adjusted for the cell’s specific efficiency level) expressed in terms of the consumption
good. Note that these two terms are common to all h within the considered population cell.
We therefore assume here that, upon making their optimal decisions, individuals ignore

possible within-cell idiosyncratic productivity differences, that will ex-post be respons-

10
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ible for the observed within-cell distribution of wages in the data.' Intra-cell individual
heterogeneity in preferences is captured by the (correlated) double exponential stochastic
term e? 1 € A; with dispersion parameter py. From the previous section, we know that

PiAl, the probability h will choose profession ¢ within subset A; is:

ln0¢+1nmi)
ex _—
pA _ p (24
i - In6,+Inw;
g
> jea, oxp (HAEERE )
1 1
9rz g2
= ! LZ 7 1€ Al (20)

3.1.2 Choosing whether to work or not

At the upper level of the decision tree, h has to choose between Ag and A;: to enjoy leisure

or to work. To model this, let the utility enjoyed from not working be:
aly, =Inba, +el, (21)

where 0 4, is a constant, and 5};10 is a random term which captures individual heterogeneity
in the disutility of working. The utility valuation of the alternative A; that is consistent

with the second stage decision problem is, from (18):
6}21 = GAl + 8}.21 (22)

with 5};11 related to €? i € Aj using (14) and G4, the expected maximum utility obtained

from choosing to work:

In6; + Inw;
Ca = mh Y exp <m>
jEA; Ho

= pyln Y 02w (23)

0The additional information contained in the within-cell distribution of individual wages w! will of
course be used in the econometric estimation of the parameters of the discrete-choice preferences, and in

the microsimulations. We shall later evaluate how distortive is the substitution of w; for w? here.

11
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5};10, sffh are i.i.d. double exponential random terms with dispersion parameter p;. The

probability that h will choose to work is:

PAl = 1 (24)

3.1.3 Total labour supply by profession from summing the individual de-

cisions

Let there be a large enough set N of statistically identical and independent individuals in
the sub-population cell with same socio-economic characteristics.!! Each individual owns
the same amount of time, that we normalise to unity. The within-cell aggregate labour
supply by profession resulting from individual discrete choices is then closely approximated

by the mathematical expectation:

L = Py -PM. N

7

Ga In6;+Inw;
— 21 U7 We
exp( ™ ) . exp( 0

. — .
- Ga ‘ Inf;+Inw;
04, +exp (T’“) 2 je X (7;@

B2

1 1
D py  —no | M1 1 1
jea, 057 W; iz .

4 1

1 K2

el T w2 o
[ By = ng > 02 .wk
Ao |:Zj€A1 0;? -w; } JE€AL T J

This is the aggregate labour force supplied in each profession, reported for given wages
w;, by the microsimulation model.
3.2 The aggregate representative agent formulation

We now show that the same aggregate labour supply function (25) can be derived from

the optimisation problem of a single macro-agent with nested CET (constant elasticity of

"' N should be large enough -say, more than a 100— which could limit the number of demographic
characteristics that can be singled out. The size of available micro data-sets is rapidly increasing, however,

so that this should not prove too much of an issue.

12
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transformation) constraints as is customarily used in CGE models. We here again neglect
the cell index z to ease notation, and write N the total time to be split between leisure
and professional activities by the macro-agent of the cell. Because nested CET functions
are additively separable, we know we can solve the optimisation problem sequentially, in
two steps.

We first determine the sharing of IV between leisure time and work time. Let S, and
S1, denote some measure of time devoted respectively to leisure (£) and working (L). Let
Az and Az be the agent’s valuation respectively of leisure and work; they are related to
market wages in a way that will be established later, but are assumed given at this stage
of the optimisation.

The macro-agent’s problem is to choose S, and S, so as to maximise the total valuation

of time (AzSr + A SL) subject to a transformation constraint:
(Oq; [Sg]%ﬂ+OéL [SL]TTH)T_H =1 T>0 (26)

The concavity of the transformation constraint is governed by the value of the transform-
ation elasticity 7; it can be interpreted as capturing the fact that moving in and out of the
job market is not costless for the agent in terms of utility: the higher the value of 7, the
more linear is the transformation constraint and the more responsive will be the agent’s
optimal time allocation S /ST, to changes in Az /Ar. From the FOC, it immediately follows
that the optimal time allocation satisfies:

S _ [%]_T. [ﬁy (27)

Sy |ag AL

Defining A = %’Z the relative valuation of work with respect to leisure, and making use of
(27) jointly with the resource constraint £+ L = N yields the agent’s optimal time supply

on the labour market:
az’T)\T

L=—r—x"
ay" +aTAT

(28)

A rise in A enhances labour force participation.
The second step of the macro-agent’s decision problem consists in allocating this work
time between professions taking into account relative market wages. The fact that wages

differ between professions clearly reflect differentiation by the agent. Formally, we again

13
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model this process as: choose allocation shares s; (i = 1, ..., ) so as to maximise earned in-
come Zfil w;s; subject to the following constraint with constant transformation elasticity

o:

1 o+1
<Z Q; - [SZ]GTH> =1 o>0 (29)

i=1
Again, the concavity of the transformation constraint can be interpreted as capturing the

difficulty (disutility) for the macro-agent to move in and out of a profession. Solving this

problem yields the optimal ratios:

3_:[1][3} =1, T it (30)

Sj @ Wy

sup __
i =

which, jointly with the resource constraint Zle L L determines the optimal amount

of time devoted to working in each profession:
—0 (o
a; 7wl
sup __ 1 1 . -
LY = —"+—— Ep— L 1=1,...,1
Ym0

Making use of (28), we can substitute out L to get the macro-agent’s supply of labour on

the market for profession i:

a; "N a; 7 w?
W=~ —— N =11 (31)
o, +ap - A Z a;g - w?

Jj=1 J
The price aggregator A that expresses the agent’s relative valuation of work reflects both

his/her differentiation between professions and the market wages earned in those profes-

sions:

I o
— AT
A=y E o7 - wj
=1

Substituting A out of (31), we obtain:

T

|: I —0o a};
Sy ap o
J=1""j J e P 10 .
ub — — . L L -N i=1,..,1 (32)
! T I o e ZI a; % -w? T
_ _ o a7
ay + [ijl a; -wj} 7=1%j J

Comparing this expression with (25), it is readily seen that, though the interpretation of

the parameters differs considerably, the two expressions are identical provided that we set:

o=1/uy
T=1
/i i=1,.,1 (33)
a; =1/6;
L Qpr = l/QAO

14
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and w; = w;.

To sum-up, we have shown that when micro-agent decision problems can be formalised
as random choice multilevel logits, an aggregate representative agent can be formulated
with nested CES/CET preferences/technologies that yield the same optimal decision sys-
tem. Obviously, from a strict numerical perspective, this aggregate agent is by no means
necessary since introducing system (25) rather than (32) into the GE model yields the
same equilibrium solution. Working with a well behaved aggregate agent is however likely
to be conceptually much easier and convenient to many modellers, when understanding
GE policy results, than working with random utility discrete choice models of myriads of
micro-agents.'?

Furthermore, the reader is surely aware that there exists today an immense applied
microeconometric literature based on discrete choice models that provides us with treasures
of statistical information, in all fields of economics. A large fraction of that work builds on
(some form of) the nested logit model. The discussion of this section suggests that CGE
modellers could make use of this growing body of econometric behavioural information at
very low cost, since this need not be done at the expense of their standard tool-kit: the

multilevel CES/CET transform.

3.3 The OLG set-up

The socio-economic characteristics we consider here are age-cohorts (indexed g) and sex
(indexed s). We know, from (32) that to each population cell corresponds a macro-agent
with specific labour supply system indexed i, g, s where as before, i = 1, ..., I is profession.'?

Because both wages and the size of the cell’s population change with time, we add a time

12A word of caution concerning welfare calculations is in order here. Though the two labour supply

systems are indeed identical, the two objective functions are clearly not.
3There will be as many macro-agents as there are socio-economic characteristics of interest in the

micro-data-base. This could suggest that, without restrictions on the number of these characteristics, we
would rapidly run into the “curse of dimensionality” in the general equilibrium set-up, which would of
course drastically limit the appeal of the current approach. Fortunately, this is not the case. Indeed, it
is possible to adopt identical and standard homothetic intertemporal preferences, and aggregate further
these representative labour-supplying agents into a single (per-generation) representative consumer that

optimally allocates his/her wealth to lifetime consumption.

15
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sup

subscript to the labour supply of aggregate agents: L; g5t

The OLG structure we use is fairly standard.'* We distinguish between g = 1,...,8
generations that coexist at each time period t (age groups are: 15-24, 25-34,..., 85-94).
The first five age groups are active, while the other three are exogenously retired from the
labour force. At the end of each period, the oldest group disappears, a fraction of people
belonging to the other age groups die, and a new generation enters the active population

according to the following rules:

Nl,s,t-l—l = N Nl,s,t (34)

Ngiist+1 = Dgt - Ngsi (35)

where Ng 5 ; denotes the size of the population cell by age and sex at time ¢, 7, is an exogen-
ous gross reproduction rate, and I'y; is the conditional survival probability differentiated
by age. Each macro-agent (a) decides how much to work, and in which profession, as was
described in section 3.2 above; (b) conditional on this labour force participation decision,
he/she chooses the intertemporal profile of consumption (and therefore of asset accumula-
tion) subject to his/her wealth constraint.!® Formally, the expected lifetime utility for the

generation with gender s that becomes active at time t is assumed of the following form:
g
U= R -InCyypig1- I Tgprg (36)
g =1

where R is an exogenous discount factor and Cys; is consumption. In order to avoid

the presence of involuntary bequests, we introduce a life insurance mechanism & la Yaari

"See e.g. Fougere et al. (forthcoming) for an illustrative use in the context of population ageing. To
avoid excessive lengthening of the paper, we only sketch it here. A complete list of equations is available

upon request.
5Observe that we do not account for intertemporal substitution in leisure over the life-cycle which,

from a modern macro perspective, is not entirely satisfactory. This restriction is necessary to preserve
the link between the macro and micro frameworks. To avoid such a simplification would require that the
microsimulation model be formulated as a dynamic stochastic discrete choice problem, which is extremely
more complicated and beyond the scope of this paper. Eckstein and Wolpin (1989a) developed such
a life-cycle labour supply model with dynamic stochastic discrete choices, but had also to drastically
compromise, by assuming away intertemporal consumption decisions. See Eckstein and Wolpin (1989b)

for an introductory survey on dynamic stochastic discrete choice models.
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(1965) which implies that the actuarial rate of interest exceeds the market rate by the

conditional mortality probability. The intertemporal budget constraint is then:

I
g
sup
ZRt-Fg—l “II Tgttg—1- Z (1 —2) - Aigs Witrg—1- Ligstvg—1 T Pensgsiig—1
g =1 i=1
g
= > Risg1- [] Tgrrg1- Cospig (37)
=1
g q

where R; is the market determined discount factor'®, s is the contributions rate to the
pension system, Pensgs; is pension benefit, w;; is the equilibrium wage (per unit of
effective labour) in profession i and A, 4 is a labour productivity factor that depends on

the exogenous characteristics, age g and sex s:

InA;gs=v1; 9+ e, g°+ P38 (38)

Finally, adapting (32), the macro-agent’s supply of work-time to profession i is:

T

{Zj a; g (1 =) Ajgs- wj,t]a} ’

IS PO AR (CE R PN
a; 7 (1= 50) - Ajgs - wig]”

2 as (L =50 Ajgs - wig]”

The economy produces one good in amount X using physical capital K and effective labour

sup
i7g787t

al

’ Ng,s,t

of different profession-types with a constant returns to scale Cobb-Douglas technology:
I o
Xt:H[ gim] Ktﬁ
i=1
where Lﬁim is labour demand of each profession by firms. The pension system is Pay-As-
You-Go, with fixed contribution rate s»r and endogenous replacement ratio v, determined

to balance the pension system budget at each t. Pension benefits depend on the average

wage earned by the cohort upon retirement:

I . . sup .
Pensgo; =4 |t Dim1 Aig-tswin1 - Ligly o4 g==6 (39)
g7s7t -
Pensg_1,5t-1 g>T
1 g=1
16 Rt+g*1 = .
<1+r_t+g,1> Riyg2 g=2
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Capital accumulates with net investment assuming constant depreciation rate:
Kt+1 = ITL’Ut + Kt . (1 - 5) (40)

The price system (wj ¢, r¢) is determined so that markets balance at each time period:

Xe = > Cour+Inn, (41)
g s

Lgim = Z Z Ai,g,s ’ Lz:]{)s,t (42>
g s

4 The dynamics of income distribution in an ageing popu-

lation: an illustrative example

In this section, we test the accurateness of the aggregation procedure, and illustrate its
usefulness for assessing the dynamics of income distribution. To make a consistent use
of both the microsimulation set-up — keep track of individuals — and the general equilib-
rium model we computer-generate a plausible artificial micro-data set of 51,850 individu-
als, among which 39,525 aged 15-64 make leisure/work decisions, and choose one of two
possible professions (noted Prof-0 and Prof-1). We then link this to an OLG structure
calibrated on the fictitious macro data set of an archetype OECD economy. Assuming
the dynamic economy is initially stationary, we submit it to a quite drastic demographic
shock and compute the equilibrium path of factor rewards. These prices are then plugged
into the microsimulation model, and the new optimal discrete choices are computed for
each individual, as well as the (by construction: general equilibrium) income levels they
earn. We then can assess the dynamics of income distribution and inequalities induced by

the demographic change.

4.1 The micro-data set

In this initially stationary population, we distinguish individuals by gender and age groups
of ten years each, starting at age 15. Only those belonging to the first five cohorts have
discrete choices to make: to work or not, and if yes, in which profession. Those from the
last three generations are exogenously retired from the labour force. There are 51,850

individuals, each belonging to one specific cell of characteristics, in proportions conveyed
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by Table 1. The declining number of individuals with age reflects transition probabilities

I'y+ between cohorts (with initial values reported in the first column of Table 7).

Males Females
15-24 4000 4500
25-34 4000 4500
35-44 3800 4275
45-54 3600 4 050
55-64 3200 3600
65-74 2800 3150
75-84 2000 2250
85-94 1000 1125
Total 24 400 27 450

Table 1: Number of individuals by age and sex in the micro data-set

Within-cell average wages in each profession reflect labour productivity that depends

on age and sex; they are generated using an equation consistent with (38):

INWj g5 = @o; + P15 g+ Poi - G° + Pg;+ (43)

where s is equal to 0 for males and 1 for females and g equals 1,...,5. The parameters
adopted for this wage equation are reported in Table 2. The quadratic term is of course

meant to capture the hump-shape of labour productivity with respect to age.

Prof-0 Prof-1
constant 5.000 5.500
g 0.400 0.450
g 2 -0.030 -0.035
S -0.300 -0.320

Table 2: The parameters of the wage equations

Individual wages wﬁg7 , are generated, in log, by adding to the log of the average levels

w; g5 & normally distributed idiosyncratic productivity term with zero mean and standard

deviation o; = 0.5. General statistics on wff%  are reported in Table 3a and Table 3b.

Observe that the standard deviations are chosen quite high so as to make meaningful the

accuracy test performed in section 4.3.1.
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Males Females
Obs Mean Std. Dev. Min Max Obs Mean Std. Dev. Min Max
15-24 2335 222.668 114.057 37.206  994.496 2416 165.755  83.429 35147  725.862
25-34 2393 298.008 148925 54594  1586.799 2582 225.667 118394  41.730 972.842
35-44 2192 386.735 196.312 47203 1767.226 2453 287.372 143336 51962 1258.786
45-54 1976 475490 240.257 69.690 2424.641 2233 346.310 175.671 55017 1863.712
55-64 1374 527.044 253.920 94.021 1934.993 1586 401.647 213611 66.931 2025.210

Table 3a: General statistics on individual wages by age and sex for Prof-0

Males Females
Obs Mean Std. Dev. Min Max Obs Mean Std. Dev. Min Max
15-24 872 429900 213.679 107.592 1872.320 775 325198 157.753 80.321 1345.630
25-34 982 620.612 311.012 87.031 2378.202 969 455526 213.806 83345 1765.826
35-44 1158 767.865 384.479 182279 3267.305 1017 501.654 297.682 118.489 2442.261
45-54 1217 928.794 504.224 186.391 7067.726 1057 704.562 342523 140.431 2455.936
55-64 1059 1043794 567.688 196.841 5463.498 791 783.668 384.234 164.134 2882.709

Table 3b: General statistics on individual wages by age and sex for Prof-1

Intra-cell individual heterogeneity in preferences is then generated using stochastic
terms from generalised extreme-value distribution (9) consistent with a two-level nested
multinomial logit with dispersion parameters p; and py. The inverse of these dispersion
parameters are the transformation elasticities 7, o, respectively between leisure and work

and between professions (see (33)), the values of which are reported in Table 4.

Leisure/ Work Prof-0/ Prof-1

Males

15-24 0.900 1.665
25-34 0.800 1.590
35-44 0.700 1.490
4554 0.600 1.450
55-64 0.500 1.375
Females

15-24 0.850 1.700
25-34 0.750 1.625
35-44 0.650 1575
45-54 0.550 1.540
55-64 0.450 1.475

Table 4: Transformation elasticities of the aggregate labour supply systems

Finally, the preference parameters 6;, 0 4, of (19) and (21) are chosen so as to generate
realistic shares of leisure and work, and arbitrary activity shares by professions: see Table

5.
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Leisure/ Total Work / Total Prof-0/ Work Prof-1/ Work

Males

15-24 19.8% 80.2% 72.8% 27.2%
25-34 15.6% 84.4% 70.9% 29.1%
35-44 11.8% 88.2% 65.4% 34.6%
45-54 11.3% 88.7% 61.9% 38.1%
55-64 24.0% 76.0% 56.5% 43.5%
Females

15-24 29.1% 70.9% 75.7% 24.3%
25-34 21.1% 78.9% 72.7% 27.3%
35-44 18.8% 81.2% 70.7% 29.3%
45-54 18.8% 81.2% 67.9% 32.1%
55-64 34.0% 66.0% 66.7% 33.3%

Table 5: Leisure/work rates, and activity rates by profession

4.2 The macro data set and the ageing shock

The main parameters and data of the macro model are summarised in Table 6.

Consumption/ GDP 80.0%
Investment / GDP 20.0%
Capital income/ GDP 33.3%
Labour income from Prof-0 / GDP 35.0%
Labour income from Prof-1/ GDP 31.7%
Social security contribution rate 20.0%
Interest rate 3.3%
Depreciation rate 5.0%

Table 6: The main parameter values used in the OLG model

The ageing shock is implemented as a temporary fall of the fertility rate 7, in (34)

jointly with the permanent rise in survival rates I'y ; in (35), as reported in Table 7.

1 2 3 4 5 6 7 8 9 >9
i 1.000 1.000 1.000 0930 0925 0.919 0.911 0.903 0.892 1.000
Tis24 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
| 0.950 0.950 0.950 0.950 0.950 0.950 0.950 0.950 0.950 0.950
Tasaa 0947 0.947 0.947 0947 0.947 0.947 0.947 0.947 0.947 0.947
Tassa 0.889 0.889 0.889 0.889 0.895 0.901 0.907 0912 0919 0918
Tesea 0.875 0.875 0.875 0875 0.882 0.890 0.897 0.904 0912 0911
Tes7a 0714 0.714 0.714 0714 0.750 0.786 0.821 0.857 0.893 0.893
T7sea 0500 0500 0500 0500 0563 0625 0.688 0.750 0.812 0813

Table 7: The demographic shock: time profiles of fertility and survival rates
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The resulting time-path of the population and of the old-age dependency ratio (the
ratio of the number of people aged more than 65 to the working age population) are
displayed in Figure 1 and Figure 2.17 This is indeed a quite drastic ageing shock. The
reason for choosing an admittedly excessive demographic change is for testing purposes:
we want to generate significant factor-price changes and hence, induce significant switches
in individual discrete decisions: only then can we truly gain confidence in the aggregation

methodology.

60 000

50 000 -

40 000 ~

L e T

20 000 e e L e T S e e S L S e B A A me
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

Figure 1: The demographic shock: the time path of total population

"The long-term change in the old-age dependency ratio of course reflects the permanent rise in the
population’s life expectancy. Note that the somewhat brutal return of 7 to its initial (unit) level at

time-period 10 can be interpreted as resulting from a change in immigration policy.
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Figure 2: The time path of the old-age dependency ratio

Plugging this changed demographic profile into the OLG model and solving yields,
among other things, the time path of equilibrium factor prices which are displayed in
Figure 3.!% These are as one expects (see e.g. Fougére et al., 2007): the ageing phe-
nomenon results in a temporary rise of the capital-labour ratio that induces equilibrium
wage increases in both professions and depresses the equilibrium interest rate. The fact
that the equilibrium wage in Prof-0 increases less—and more slowly—than the other, is
related to the shift with age of the discrete-choice preferences between professions (see
Table 5). Indeed, as they get older, both males and females tend to increasingly value
Prof-1, so that the fertility slowdown and the increase in survival probabilities affect more
intensely the aggregate labour supply in Prof-0. Figure 4 displays the changes imposed
on the equilibrium replacement ratio v, by the demographic shock and the requirement of

a balanced budget for the pension system.

18We only report the first 20 periods though the model is solved over a horizon of 80 periods of ten years

each.
19The non-smoothness of this time profile of course reflects the fact that the demographic shock is a

composite of two effects resulting from the simultaneous change of n and T'.
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Figure 3: The dynamics of factor prices induced by the demographic shock
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Figure 4: The dynamics of the replacement ratio induced by the demographic shock

4.3 Microsimulation results

Now that the general equilibrium time-path of factor prices consistent with the new demo-
graphics has been computed, we plug these prices into the behavioural microsimulation
model. We determine the optimal discrete choices of each of the micro-agents aged 15-64
when they face the new economic environment, and compute the resulting earned income
for each of them. We first check the accuracy of the aggregation methodology, and then

report income distribution statistics.
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4.3.1 Accuracy

We check the accuracy of the aggregation procedure by computing the individual dis-
crete labour-supply decision for each of the 39,525 individuals aged 15-64 facing the new
general equilibrium factor prices. We then sum, within each population cell, the labour
supplies and compare with those generated from the representative agent formulation in
the OLG model (that is, those used to generate the equilibrium factor price paths). Why
could these predictions differ, given that we use exact aggregation results? It will be
remembered that, within each population cell, we assumed that labour supply decisions
are made using-both in the micro and in the macro approach the within-cell average
wage rather than the true ex-post individual wages wzg’s, the latter being adjusted for
within-cell idiosyncratic productivity differences. The microsimulation computations use
this information on individual productivity differences. Making sure that the resulting
discrepancies are small is therefore indeed meaningful.

We find that the largest percentage discrepancy between the macro- and micro- pre-
dicted labour supplies is lower than 0.01% per cent, a very small number given the severity

of the demographic shock: clearly, a discrepancy that is unlikely to affect the equilibrium

wages and is therefore without general equilibrium significance.

4.3.2 Income distribution effects of population ageing

Having checked the quality of the aggregation procedure, we are now set to report on
how the ongoing ageing of our economies may affect income inequalities, thanks to the
microsimulations model. Various inequality indices are available in the literature, each
with its pros and cons; given that our data are computer generated and the exercise more
illustrative than applied to a real world case, we limit ourselves to two of these without
apologies.

In Figure 5, we report the median, tenth percentile, and ninetieth percentile of the
0

income distribution for the entire population.?

The negative dynamics of the median and ninetieth percentiles are easy to understand

20The individual incomes are therefore computed as the sum of three components: the labour income

(net of social security contributions), the capital income, and the pension benefits.
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from the time path of factor prices and of the replacement ratio, respectively reported in
Figures 3 and 4. The former individual is either a middle-aged low-skilled individual —i.e.
an individual working in the low-wage profession Prof-0 who benefits from increasing wages
but simultaneously suffers from decreasing rents on his accumulated assets— or a middle
income retired individual whose earnings suffer from both decreasing pension benefits and
depressed capital rental rates. The ninetieth percentile individual is either a middle-aged
qualified worker, or a high income retired individual, both with significant shares of their
income due to accumulated capital assets.

The evolution of the tenth percentile of income directly reflects the dynamics of wages:
this individual is either a young low-skilled individual who benefits from higher wages in
Prof-0, or a previously unemployed whose reservation wage falls short of the new equi-
librium rate and who therefore chooses to enter the labour market; in both cases this
tenth-percentile individual is only mildly affected by the (permanently) depressed interest

rates.

—10th —#=50th 90th

130

70

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

Figure 5: The time path of the 10th , 50t , and 90t percentiles

In Figure 6, 7 and 8, are displayed the time path of the Gini coefficients for age-groups
15-24, 55-64 and 65-94, which are the most contrasted.
The first age group is quite specific in that it holds no previously accumulated asset

so that its flow income is independent of interest rate fluctuations. Income inequality
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unambiguously decreases for this group thanks to rising wages and the resulting boost of
the participation rate of both men and women, as some individuals previously inactive
decide to step into the job market. Consistently, given that equilibrium wages remain
permanently above their initial level, income inequality reduction remains true in the long
run for young adults.

As one expects, things are slightly more complicated when one considers the 55-64
cohort because returns on accumulated assets are here likely to represent a larger share of
income for some. Individuals who have accumulated large financial portfolios in the past
experience a significant capital income drop, while those who own little wealth but place
a high value on work will benefit unambiguously from the factor price changes.

The time path of the Gini index for people aged more than 65 is much more complex to
decrypt because it results from three possibly conflicting forces. First, returns to capital
fall, and this will hurt some much more than others; second, the equilibrium replacement
ratio is drastically reduced (see Figure (4)) which, for given wages, implies a significant
downscaling of pension revenues; third, this contribution rate applies to different wages
depending on the age cohort (see equation (39)) so that some can benefit while others
might on the contrary suffer from the equilibrium wage fluctuations.

Observe that this assessment of the way individuals, depending on their socio-economic
characteristics, will share the costs and benefits of the change in the demographic trend
strongly depends on our assumption that the pension system is pay-as-you-go with budget
balanced at every period by an endogenous replacement ratio v,. Other policy scenarios
—such as letting the contribution rate s adjust rather than the replacement ratio, or
smoothing the transitional effects through bond financing— as well as other social insti-
tutions —such as switching from pay-as-you-go to full capitalisation— could of course be
explored, and their impact on income inequalities quantified. Such an exploration of
the dynamics of income inequalities following an ageing shock would not be meaningful
without making use of two consistent microsimulation and a general equilibrium models:
the methodology developed in this paper ensures that this consistency is feasible and easy

to implement.
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e 6: The time path of the Gini index for the age group 15-24
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e 7: The time path of the Gini index for the age group 55-64
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Figure 8: The time path of the Gini index for the age group 65-94

5 Conclusion

Computable general equilibrium models have become indispensable tools of quantitative
policy assessment. By essence, they rely on some form of representative agents simplifica-
tion of the economy necessary to make explicit and manageable the consistency imposed
on individual decisions by technological and resource constraints. As such, they are unable
to keep track of individual heterogeneities that affect decisions at the underlying micro
level. As huge micro-data sets have increasingly been made available in recent years, the
microsimulation approach has gained popularity precisely because it takes into account the
full heterogeneity of individual adjustments to policy reforms. In these models, individual
decision-making is often made over a set of discrete alternatives. But this is typically a
partial equilibrium approach that sacrifices global consistency. Iterations between the two
frameworks is always possible, but bound to be at best tedious, possibly inaccurate or
unreliable if the convergence path is ill behaved.

We have suggested in this paper a bridge between the two model types by making use
of some exact aggregation results that provide an interface between the two approaches.
Many reasons can be mentioned that advocate for the usefulness of these aggregation
results. First, it is likely that working with a well behaved aggregate agent is conceptually

much easier and convenient to many modellers, when analysing GE policy results, than
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thinking in terms of random utility discrete choices of myriads of micro-agents. Second,
the theoretical characterisation of the properties of a general equilibrium (such as existence
and uniqueness of a solution, or the convergence properties of a fixed-point algorithm) is
likely to be much easier if one can rely on well behaved preferences of macro-agents rather
than deal with myriads of heterogeneous dichotomous choice-making micro-agents. Third,
by avoiding the drawbacks mentioned above of an iterative procedure between the two
frameworks, they make computations more accurate.

The aggregation results can also prove useful to CGE modellers not interested in the
articulation between their and the behavioural microsimulation approach. Indeed, the
explosion of the microeconometric literature during the last two decades provides us with
empirical estimates drawn from huge data sets of individual data, a large fraction of which
uses some form of the nested logit model. Making use of this econometric information on
preferences and/or technologies can only improve the quality of the GE predictions. We
have shown how CGE modellers can easily take advantage of such empirical information
with little methodological cost.

Potential applications of the aggregation methodology introduced in this paper are
numerous. Income inequality issues is one, as was illustrated in a dynamic setting, by
linking a microsimulation model built from a computer-generated data set to a calibrated

OLG general equilibrium representation of an economy submitted to demographic ageing.
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