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Abstract
We degenerate the finite gap solutions of the KdV equation from
the general formulation in terms of abelian functions when the gaps
tends to points, to recover solutions of KdV equations given a few
years ago in terms of wronskians called solitons or positons. For this
we establish a link between Fredholm determinants and Wronskians.

The KAV equation and solutions in terms
of theta functions

We consider the Riemann surface I' of the algebraic curve defined by w? =
7% (= — E)), with E; # Ey, j # k. Let D be some divisor D = Y9_, P;,

7=1
P; € T'. The so-called finite gap solution of the KdV equation
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can be expressed in the form [7]

d2
u(z,t) = —Z@IHQ(:Bg%—tanl) +C. (2)
We recall briefly, the notations. In (2), 6 is the Riemann function defined by
0(z) = > exp{mi(Bkl|k) + 2mi(k|z)}, (3)
keZ9
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constructed from the matrix of the B-periods of the surface I', and the vectors
g, v, | are defined by

g; = 2ic;, (4)
ci 2g+1

v =8i(=3 3- Byt cj), (5)
k=1

g

zj:—z/oo dU; + % - ZBk], (6)

k=1
2g+1

C = ZEk—QZ/ 2dU, (7)
the coefficients cj;, being relating with abelian differential dU; by
Yoy ezt

(2 — Ey)

and coefficients c;j;, can be obtained by solving the system of linear equations

[ U=k 1<i<g 1<k<y.
ay

2 Degeneracy of solutions

We suppose that E; are real, F, < E; if m < j and try to evaluate the limits
of all objects in formula (2) when Es,,, Foy,y1 tends to —a,, —a, = K2,
Km > 0, for 1 <m < g, and E; tends to 0 (these ideas were first presented

by A. Its and V.B. Matveev, exposed for example in [1]).

2.0.1 Limit of P(z) = [[21'(z — E})
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7j=1
The limit of P(z2) = H?gtl(z E;) is evidently equal to P(z) = 2[19=1 (240ay)?
2.0.2 Limit of dU,, Mdz
62 =B
The limit of dU,, is equal to dU,, fﬁ@%dz where ©,,,(2) = S0_; Emrz? k.
The normalization condition takes the form in the limit
2mip;(—ou)
dU; — J = Oki, 9
/ak T R (om — )~ ©)

2
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which proves that the numbers —a,,,, m # k are the zeros of the polynomials

¢r(2), and so i (2) can be written as pi(2) = k1 [1n26(2 + am). By (9), we
get in the limit

~ Kk
Cpl = —.
M o
So 3 K
AUy, = d
" omi/z(z + ay) :
2.0.3 Limit of v, and g,
By identification of the powers of 2972 in (10)
g .
Gr=cim [[(z+ )= =", (10)
I#k j=1
we get in the limit
< By Ky
Ck1 Z —Qp + Cp2 = i

=1
So we have the limit values of vy and g :

@k:él'i:g
T k
and
. 1
g = — K.
T k

2.0.4 Limit of U;(P) and B,
For \g = —a,, = k2, [ = f/{)o dU, — %Bmk The integral I can be easily

evaluate along the real axis on the upper sheet of surface I' and we get
Km + Kg

1
I — —1In .
Rm — Rk

2T

So we have the limit values of matrix B :

B, = —In
v

Km + K

Rm — Kk .

So i By, tends to —oo. As previously, we have
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2.0.5 Limit of argument of exponential in 6(p)

Let us denote A the argument of 0(p) = 3 ;cz0 exp{mi(Bkl|k) + 2mi(k|p)}.
A can be rewritten in the form

= WZZ )+ 270 > Bujkmk; + Zm (2p; + Bjj)k;.  (12)

j>m 7j=1

Using the inequality k;(k; — 1) > 0 for all £k € Z9 and the fact that By
tends to —oo, we can reduce the limit 6 of f(p) to a finite sum taken over
vectors k € Z9 such that each k; must be equal to 0 or 1.

So, A can be rewritten in the form

—mz 1) +2mi > Bpjkmk; +Zk 27mi(g;x + v;t)

j>m 7j=1

g

m#j
In other words

_71'@2 +27T'LZBm]k ]f ‘|“2ij7
j>m j=1
with
Q; = 2mi(g;x + vjt) + B;
and

Py
B; = —mi( j+22/ dU; + 3 Buy).

m#j

The quantity 3; has a finite limit value Bj independent from x and t.

2.0.6 Limit of 6(p)

By means of the inequality K;(K; —1) > 0 for all K € Z8 and the previous
relation i By, tends to —oco, it turns out that the limit 0 of 6(xg + tv + 1)
reduce to a finite sum taken over vectors k € Z# with the property that each
k; must be equal to 0 or 1.

0= > exp{)_2In "

k€Z9,kj=00r1 m>j

g
m — Kj , :
L knk; + (> 2652 + 8Kt + 2615 + 7

K

m J j=1
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e L208
with
1 Z Ki — \/Zk
= — Zln R
2ik; (= | RV

It can be rewritten as
2

~ Ki: — . K. + K
o= > II 1I J exp2i Y (ko +4k5t + rjzj). ][] ~2 TR (13)
JC{Tg) iCd jked j<k | K5 T Kk jeJ jeJ ki1 i — Rk
Using the equality
2
H Rj — Kg H :‘ij‘|‘l€k _ I€j+lik
?

ke j<k | K T RE] jerhn |Ki = Rk| jeykes |5 — Kk

it can be reduced to
/’ij + Kg

exp2i » (kjz + 4/{?2& + K;xj). (14)

jeJ

JC{1,..g} j€J jeT kg 1T

3 1-positon of order 1

A 1-positon of order 1 is given by (see [11]),
u = —20%log W (¢, 0xd),
where W is the classical wronskian, and ¢ the function
¢ = p(z, K) = sin(K (x + z,(K) + 4K*t))
In this case 1
W = 5(sin2@ —2K7),

where © = K (z + z1(K) + 4K?%t) and v = 0x©.
We consider here a Riemann surface of genus 2.
Using the previous section, when we take the limit as F; tend to KJ2 the

function @ tends to @ which takes the form

9 =1- K2+K1 eXp 22<K1 + 4K3t + K1$1<K1)) gztgi exp QZ(KQ -+ 4K§’t -+ KQZEQ(KQ))
— exp 22(([(1 + KQ) -+ 4(K3 + Kg)t + lel(Kl) —+ KQQZQ(KQ)).

5



hal-00466159, version 2 - 25 Sep 2011

It can be rewritten as

9 — 1+ (K2 + K )exp2z(K2+4K3t+K2m2(K2)) —exp 2i(K1 +4K3t+ K121 (K1))

—exp 2i((Ky + Ky) + 4(K} + K3)t + lel(Kl) + Kozo(K3)). (15)
Now, it is clear that when K5 tends to K1 = K, we get
6 =1+ 2Kiexp(2i0)2i0xO — exp(4iO). (16)
It can be reduced to
0 = —2i exp(2i0)(sin 20 — 2K~) = —4iexp(2i0) x W. (17)

Since © is a linear function of x, we recover exactly the 1-positon
16 K2 sin O(sin © — K+ cos ©)
(sin20 — 2K~)? '

u(x,t) = —20%1n0 = —20°W (¢, , 05 ¢) =

4 1-positon of order 2

We define a 1-positon of order 2 by (see [11]),
u = —202log W(¢, 0x ¢, 0% ),
where W is the classical wronskian, and ¢ the function
¢ = ¢(z, K) = sin(K(z + 7, (K) + 4K*t))
In this case
W = 4v*K?cos © — 2Kvsin © — 48 K?tsin © — sin 20 sin O,
where © = K(z + z1(K) + 4K?t) and v = 9 ©.

Here we consider a Riemann surface of genus 3.
We can write the function ¢ using the previous section. When we take the
limit as F; tend to Kj 2 the function 6 tends to # which takes the form

— Ktk |\ KK oxp 95K + 4Kt + Kya1(K))

6 =
+ ffﬁ Kbl oxp 2i( Ky + AK3t + Kows(K))

( (K

— |Bat B | | Bt Ro | oxp 2i( K3 + 4K35t + Kzrs(K))
( (
( (K

K3—Ki| |K3—Ka2

)
| | B exp 20K + 4Kt + Koy (K) + Ks + 4Kt + Karg(K))

— | R R | exp 20Ky + 4K 3t + Kowo(K) + Ky + 4K3t + Kyrs(K))

+€Xp 2Z(K1 + 4K3t + Kll'l(K) + KQ + 4K§)t + KQ{Z’Ql(K) + K3 + 4K§)t + Kgl’g(K))

6
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Now, it is clear that when K5 and K3 tends to K| = K, we get

0 =1 — exp(2i0) — 2K?(—4~% + 48i K~t) exp(2i0) — 4i K~y exp(2i0) + 16K 272 exp(4i0)
—exp(4i0) + exp(6i0) + 4i Ky exp(4i0) + 2K?(—4v* + 48ivKt) exp(4i0).

It can be reduced to
0 = —4exp(3i0) (472 K% cos © — 2y sin © — 48 K>t sin © — sin 20 sin ©).(18)
As O is linear in z, we recover exactly the 1-positon of order 2

u(x,t) = —20%1n0 = —20°W (¢, D5 ¢, 0% ).

5 From Theta to Wronskian

5.1 From Theta to Fredholm

We consider the following matrix A = (a;x)1<;jx<ny defined by

aje = 1

1£k

K +K;
K, — K

exp(@'(Kjx+8Kft+2Kj%), (19)

where x; is an arbitrary parameter. Then det(I + A) has the following form

K; + K, .
det(I+A)= > I I K]j exp(2i Y (K;x + 4Kt + K;x;).(20)
JC{1,..N} jeJ jeJ k¢ | **J k jeJ
By the previous section,
~ Ki+ K ,
o= > II 1II ~1 TR exp 2i > (kjx + AR5t + Kjxj). (21)
JC{L,. g} jEJ jed kea | i T Fk jeJ

If we compare the expression (20) to (21), we have clearly the equality
0 = det(I + A). (22)

It remains to find the link between this Fredholm determinant and a certain
wronskian.
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5.2 From Fredholm to Wronskians

In this section, we consider the following functions
(%(l’) = SiH(KjZE+4th+KJ‘I’j), (23)

where K; are real numbers such that K; < ... < Ky, and z; an arbitrary
constant independent of x.

We use the following notations :

0, = K;x + 4K}t + Kjx;.

W =W(¢;,...,¢on) is the classical Wronskian W = det[(92'¢;); jepn,...n]]-

We consider the matrix A = (a;i); kep,...n) defined by
K+ K;
aje = T o2 exp(i( K o + 83+ 2K )). (24)
K, — K, J

1k
Then we have the following statement

Theorem 5.1

N exp(i Y1 0))

A I - K
j=21li= i

W(o1,...,on) (25)

Proof : We start to remove the factor (2i)~'e in each row j in the
Wronskian W for 1 <j < N.

Then
N .
W =[] €™ (2i)™ x Wy, (26)
Jj=1
with
(1—e20) K (14+e20) o (GK)N (14 (=1)Ne 20)
W (1—e %) iKy(1+e22) . (iKy)N (14 (—1)Ne 2#2)
1 — . . . .
(1— e 20%) GiKn(1+e 20) . (iKy)V (14 (—1)Ne 2%

The determinant W, can be written as

Wi = det(ozjkej + ﬁjk),
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where gy, = (—1)*(iK;)"", ej = e7% and G, = (iK;)"".

----------

clearly equal to

N(N+1) N(N-1)
2 2

det(U) = (=1) (4) I (Ki—Kn). (27)

N>I>m>1

Then we use the following Lemma

of B
Then

det(ayz; + bi;) = det(ay;) x det(dijz; + W

) (28)

.....

well known formula A x! A = det A x I.

So it is clear that det(A) = (det(A))N1.

The general term of the product (c;;); jen,.. Ny = (@i + bij)iyje[le] X (@45)ijen,. N]
can be written as

Cij = Zi\le(aisxi + bis) X Qs

=Z; Zs],\le Aisjs + Zé\le bisjs

We get

det(ci;) = det(agm; + byy) x (det(A))N1 = (det(A)N x det(dyz; + i)y

det(A)
Thus det(a;;z; + bi;) = det(A) x det(d;;z; + d;;(:gg)»
O

Using the previous lemma (28), we get :

det(Hm)

det(ayje; + Bij) = det(ay;) x det(d;e; + W)’

,,,,,

the ith row of V' defined previously.
We compute det(H;;) and we get

N(N+1) N(N—1)
7+l 2

det(H;;) = (1) II (K — Kp) [T(K) — K) [T (K — K3).(29)

N>I>m>1, 1#£], m#j 1<j I>j

(4)

9
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det(Hij) .
det(aij) '

We can simplify the quotient ¢ =

_ [T (K0 + Ky

. 30
i (Ko — Ky (30)
So det(d;xe; + ieett((zjl’:)) ) can be expressed as
det N ; Kl + Kk
det(d;re; + = I e det(6; + ] ey,
T de t( j=1 S K — K,
and therefore
det N
det(d;ue; + = det(H;r) =[] e % det(I + A).
de t( Jabe
The Wronskian can be written as
N o N(N 1) N(N 1) N j—1 N
W(gr,...,on) = [ € (2i) N(=1)" 7 T1 T1(K,—K:) [ e det(I+A)
Jj=1 j=2i=1 j=1

It follows that

N(N+5)

¢ i % ()N (i) "
Lo Ilo (K — K))

det(I + A) = W(g1,...,én) (31)

6 Positons of arbitrary order

Now it is clear how to get multi-positons. It is the same strategy used for
the preceding examples.
If we want to get the following general positon

w=—=202W (b, ..., 08" ¢y, ... 68 o, o), (32)

we consider a Riemann surface of genus g = Zé-:l ki + 1.

As defined in the first section, we suppose that F; are real, F,, < E; if m < j
and we evaluate the limits of all objects in formula (2).

We consider K; > 0, for 1 <m < g such that K,, < K if m < j.

10
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First, we choose the following limits :

FE; tends to 0.

for 1 <1<k +1, Ey;, Es1q tends to Kf;

for 1 <@ < ky+1, Esyi1y42i, Eory+1)12i41 tends to KZ i

we continue until;

for1 <i < k+1, E2(k1+...kz_1+l—l)+2z’7 E2(k;1+...kz_1+l—1)+2i+1 tends to K;%ﬁ,,_%lfﬁl,lﬂ-
Then from the results (20), (22) and (25), we get

- , K, + K,
0 =det(I+A) = > JI(-1Y ]I K, = i Kk exp > (i(2K;z+8K t+2K; ;).
JC{1,..,g} jEJ jeJk¢J k jed
99; 257 exp(i 7 0))
= o -1 W(pt,..., @),
j=2 Hiil (KJ - K’L)
with
0]‘ = Kj(L‘ + 4K]3 + Kjl’j,
and

pj = sin(0;).
We use the following notations :
for 1 <1<k +1, p; = p(K;);
for 1 <i<hky+1, Opip14i = Q(Kpy4144);
and so on until;
for 1 <i<Fki+1, Oryroakgti-14i = P(EKky bk +1-144)-
We make here the following choice for K;, 1 <j <g:
for 1 <i<ki+1, Ki=r+(i—1)h
for 1 S 1 S kQ + ]., Kk1+1+i = Ko + (2 — ].)]’L),
and so on until;
for 1 <i <k +1, Kiyooy y+i—14i = k1 + (1 — 1)h.
Then we consider the the classical difference derivative operator Aj, defined

by the formula :
fla+h) — fx)

It is easy to prove that
, j
L) = 2 3 (<1 G~ BB, (33)
k=0

11
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and it is obvious that for any function f(z) € C7, (i.e. having j continuous
derivatives),

lim A f(z) = f9 (). (34)

We consider W := W (@1,...,92,...,01)-
Combining the columns, W can be written as

l
ki (k;+1)
- [
i=1

xW(o(k1), Ap(k1), ..., Aklgo(m), o(k2), Ap(ka), ..., Ak2<p(/£2), v oK), Ap(Kr)y ey Ak"ga(nl)).

Then 6 can be expressed as
0 = exW(p(k1), Ap(k1), ..., Aklgo(m),go(ng), Ap(ka), ..., A’”(p(/ﬁg), ook, Ap(ky), ...y Aklgp(m)),
with

C=C1 X Cy.

The coefficient ¢; defined by

.9(g+5) .
g =2% 2 exp(i

J

9
0;)

=1

is such that 6; is linear in z, and so verify 202 In¢; = 0.

The coefficient ¢, is defined by

1
2= Ko+l T7kitl Fitl kit k-1 :
Hj:l 20k Hill (Kiy414m — Ki) - [ 1 -1 (Kky 4k +i—14m — Ki)

m=1 m=1 =1

By definition of the terms K, the coefficient ¢, tends to a finite value inde-
pendent of z when h tends to 0, and so verify 292 In ¢y = 0.
If we denote ¢; = p(x;), then when h tends to 0

W(Qp(’%l)a A(P(Kvl)a ce >Ak190</€1)7 90(’%2)’ AQO(KQ)) ce >Ak290</€2)7 tr @(Hl)aAgp(’%l)v ce aAklgp(/ﬁ))

tends to
k k k
W(¢17"'7 :(ll)7¢27"'7¢g 2)"'7¢l’7"'7¢l( l))'

So we get when h tends to 0
w(z,t) = —20°In(0) = =202 In(W) = —20°In W (y, ..., o™ dy, ... 68 oy, o).

We get clearly in the limit the positon defined by (32).

12
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7 Conclusion

e This work takes its origin in the seminal paper of A. Its and V.B.

Matveev in 1975 [7], in the study of V.B. Matveev in 1976 of abelian
functions and solitons [13] and other papers like [16], [12], [14], [15],
[17].
This result is based on two remarks. First, it was essential to express
the degenerate 6 function into an explicit Fredholm determinant; this
remark was initiated by the works of Kirillov and Van Diejen [22]. The
second step was to get the transformation of the Fredholm determinant
into a Wronskian.

e As a byproduct, we get the result for the case of a soliton; it is more
simple.
If we want to get the following soliton

u=20mW(p,,...,0), (35)

we consider a Riemann surface of genus g = (.

We choose Ej real such that £, < E; if m < j.

We consider K; > 0, for 1 < m < g. We choose the following limits :
FE; tends to 0.

for 1 <4 <1, Fy;, Fyy1 tends to —a; = KZ;

Then we get clearly in the limit the soliton defined by (35).

e We can also mentioned that we can get the famous DPT potential.
Let n and d be some non negative integers, m = n + d, If we choose
the coefficients K; defined by

Kp:p7 if d%oa 1§p§m_n’

Ki=n—-m+2j if n#0, m-n+1<j<m,

Taking ¢t = 0 and z; = 0, then u = 202 In W (¢, ..., ¢,,), is exactly the
DPT potential
m(m+1) n(n+1)
sin?(z) cos?(z)

Its a consequence of a previous work. We refer the reader to the paper
[4] for the details or to an another forthcoming publication containing
a different approach.

13
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