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Abstract

In this article, we propose an arbitrage-free modeling framework for the joint
dynamics of forward variance along with the underlying index, which can be seen as
a combination of the two approaches proposed by Bergomi. The difference between
our modeling framework and the Bergomi models (2008), is mainly the ability to
compute the prices of VIX futures and options by using semi-analytic formulas.
Also, we can express the sensitivities of the prices of VIX futures and options with
respect to the model parameters, which enables us to propose an efficient and easy
calibration to the VIX futures and options. The calibrated model allows to Delta-
hedge VIX options by trading in VIX futures, the corresponding hedge ratios can

be computed analytically'.

1 Introduction

Several recent studies pointed out some of the limitations of classical models used for

equity derivatives. For example, Bergomi (cf [1]) showed that Dupire’s formula gives un-
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realistic smile dynamics, causing significant pricing errors for path-dependant or forward-
starting options; traditional stochastic volatility and jump/Lévy models impose structural
constraints on the relationship between the forward skew. To alleviate this problem, a
new modeling approach proposed by Bergomi [1], [2], [3] (see also related work of Biih-
ler [8] and Gatheral [16]) in which, instead of modelling “instantaneous” volatility, one
starts by specifying the dynamics of the entire curve of (forward) variance as a random
variable, just as HJM-type interest rate models start from the forward rate curve. The
additional complication in the case of forward variance is that we do not only want to
model the variance swap price process, but we need to derive the dynamics of a stock
price process which is consistent with the modeled variance. One of the strengths of
this modelling approach is that it provides two levels of calibration. In the first step, we
calibrate the parameters that generate the forward variance curve to match the prices
of volatility derivatives, which allows a better control of the he term structure of the
volatility of volatility (For example, by calibrating VIX futures and the implied volatility
of its options). At the second step, we use the resulting parameters, from the first step,
and calibrate the correlation coefficients between the Brownian motion deriving the stock
price and the factors to control the term structure of the skew of the vanilla smiles.
Before describing our contribution, we will recall a few facts about variance modelling

and Bergomi’s modelling framework.

1.1 Variance Swaps and Forward Variance Curve

A variance swap with maturity T is a contract which pays out the realized variance of
the logarithmic total returns up to T less a strike called the variance swap rate VI |
determined in such a way that the contract has zero value today.

The annualized realized variance of a stock price process S for the period [0, 7] with

business days 0 =ty < ... < t,, = T is usually defined as

d < 1\’
RVOT .= — Z (log S ) .
n Sti—l

=1

The constant d denotes the number of trading days per year and is usually fixed to 252
so that % ~ % We assume the market is arbitrage-free and prices of traded instruments

are represented as conditional expectations with respect to an equivalent pricing measure
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Q. A standard result gives that as sup,_, ,, |t; —t;—1] — 0, we have

-----

n 2
Z <log SSti ) — (log S)r in probability (1.1)
i=1 tiz1

when (S;);>0 is a continuous semimartingale.

Approximating the realized variance by the quadratic variation of the log returns works
very well for variance swaps, but care should be taken in practise if we price short dated
non-linear payoffs on realized variance. Denote by V,', the price at time ¢ of a variance

swap with maturity 7' < oo. It is given under Q by
V' =E2 [RV™T] = E? [(log S)r].
We define the forward variance curve (7)7sg as
¢ =0V, T>t>0.

Note that, if we assume that the S&PX index follows a diffusion process, dS; =
e Sedt + 0,5, dW, with a general stochastic volatility process, o, the forward variance is
given by
& =K (o7).

It can be seen as the forward instantaneous variance for date T, observed at ¢. In particular
=07, Vt>0.

The current price of a variance swap, V,T, is given in terms of the forward variances

as

T
VT = (log ), + / cudu
t

The models used in practice are based on diffusion dynamics where forward variance

curves are given as a functional of a finite-dimensional Markov-process:

where the function G and the m-dimensional Markov-process Z satisfy some consistency
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condition, which essentially ensures that for every fixed maturity 7' > 0, the forward

variance (£])i<r is a martingale.

1.2 Bergomi’s model(s)

In two articles [2], [3] published in 2005 and 2008 in Risk, L. Bergomi proposed a new
model based on the direct modelling of the forward variance curve. He proposed two
versions of this model: a continuous and a discrete one. The discrete version can be
seen as the analog of the LIBOR market model for volatility modeling, since it aimed to
model forward variance swaps for a discrete tenor of maturities while the second one is
Markovian and time homogeneous, where the volatilities of forward variance depend on
time-to-maturity only.

Both models allow to match any specified term-structure of the at-the-money implied
volatility skew for the short maturities, while being consistent with the market prices for
variance swaps and fitting with a good approximation the at-the-money implied volatilities
and the at-the-money skews. They also provide better control on the smile of forward
variance by calibrating the VIX futures and smiles.

Denote by Ty < T} < --- < T, the tenor structure of the VIX futures. The forward
variance curve in the continuous version of the model is given by

2 2
T TCT |(xT

w2 B
gtT _ fg“fT(xz“’t) _ gg ((1 . ,YT)ewatngflE(xt )2 X fyTeBTwTZ'?* 5 E(z; )2) , (1.3)

where

t
xl = Z 0, e“"(Tt)/ e”‘"(t"s)dW: (1.4)
- 0

The Brownian motions W™ are correlated with correlation coefficients p; ;. The curves 7,
[ and w are taken to be piece-wise constant over the interval [T}, T;, /.

The main drawback for this model is the inability to express explicitly the prices of
VIX futures and options in terms of the model parameters (v, 8 and w). Therefore, the
calibration of the model parameters to a set of market option prices becomes very difficult
and sometimes impossible.

The forward variance, in the discrete version, is defined over the time interval [T;_q, T;[

as
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=6 =¢ftxl), t<T and T € [Ty, Ti[.

The calibration to the VIX smiles is exact and fully detailed in Bergomi (2008). However,
the functional of the model, fi(t,xtTi), is not given in advance, but obtained after cali-
bration on a finite number of points, which makes the use of the model difficult to price
other types of products. Furthermore, conditionally to Fr,, S is lognormal over [T}, T;.4]:

the spot process in the discrete version follows the dynamics

s :
gz(r—q)dt%— AW T, <t < Tip,
which does not allow much flexibility to match the market prices of the S&P options with

30-days maturity starting form T;.

1.3 Owur contribution

In this article, we propose an arbitrage-free modeling framework for the joint dynamics
of the forward variance curve along with the underlying index, based on the modelling of
the forward variance.

Our model combines features of the discrete and continuous versions of Bergomi’s
model, without being reduced to either of them. Indeed, as in (1.3), we have an explicit
form of the forward variance in terms of the state variables. On the other hand, we have
a piecewise constant dependence with respect to maturity, as in (1.4). This dependence
with respect to maturity will allow us to express the VIX futures payoff as a deterministic
function of a normal random variable (cf (2.3)).

One of the strengths of this modelling approach is that it provides two levels of cali-
bration. In the first step, we calibrate the parameters that generate the forward variance
curve to match the VIX futures and the implied volatility of its options. In particular,
our model reproduces the stylised features of the skew of the implied volatility of VIX.
At the second step, we use the resulting parameters, from the first step, and calibrate
the correlation coefficients between the Brownian motion driving the stock price and the
factors to control the term structure of the skew of the vanilla smiles. The first step of the
calibration problem is reduced to the inversion of some monotonic functions, thanks to

the explicit dependence of the prices of VIX futures and Puts with respect to the model
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parameters. The second step is performed by using an efficient minimization algorithm.
This paper is organized as follows: Section 2 presents a description of the model for
the forward variance curve and the pricing of the VIX futures and options. In section
3, we specify the term structure of the curve w (The scale factor of the volatility of the
forward variance). The specification of the model is reduced to three parameters for each
tenor date and analytic formulas are derived for the prices of VIX futures and options in
terms of these parameters. In section 4 we show how to calibrate the model parameters
to fit the market prices of VIX futures and options. We also give numerical examples
which demonstrate the performances of the model for calibration to market data. Section
5 shows the hedging of VIX options. We will show that any European option on VIX can
be hedged by taking position on the VIX future, a variance swap, a Put on VIX and on
the skew. The corresponding hedge ratio can be computed analytically. In section 6 we
study the dynamics of the underlying asset and show how the model can be calibrated
to fit implied volatility of the European options on the S&P index, near-the-money, and

finally, we conclude in section 7.

2 A dynamic model for forward variance dynamics

In this section, we introduce the model which is designed to capture the market prices
of volatility derivatives alongside the stock price. Our initial approach is very similar
to Bergomi’s approach for the forward variance modeling. We will assume that a set of
settlement dates is given

To<Ti<..<T,<...

and referred to as the tenor structure (we use especially the tenor structure of the VIX
futures, but it can be generalized to any tenor structure). Consider an underlying asset
whose price S is modeled as a stochastic process (S;);>0 on a filtered probability space
(Q, F,{Fi}+>0, Q) , where {F;}>0 represents the history of the market.

We first specify the dynamics of the forward variance using a log normal specification
which allows analytical pricing of European-type VIX derivatives. The dynamics of the

forward variance under Q is assumed to be

. W2 i
& = gleers TEED 1< T and T €|l T (21)
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where x] is defined by (1.4), and the initial values of forward &I are inputs of the model,
deduced from the curve of variance-swap prices.

The main difference between our modelling approach and Bergomi’s continuous model
(1.3), in addition to the piecewise dependence with respect to maturity, is that it gives
the S&P index as a diffusion process with stochastic-lognormal volatility process, while
in Bergomi’s model, the variance process is given as a sum of two lognormal processes.
However, our model does not reduce to Bergomi’s model with vy = 0. Indeed, we will
see that by choosing a specific parametrization w, we can reproduce the positive skew
observed in the VIX options.

The number of factors introduced in this dynamics is the number of degrees of freedom
that will be available to calibrate S&P’s smiles, therefore a single-factor model would not
be precise enough. On the other hand, the computation time in a Monte-Carlo method
increases proportionally to the number of factors, therefore a two-factor model offers a
good quality /time ratio. Anyway, all the following formulas do not depend on the number
of factors.

The parameters of the dynamics (1.4), ;, 6; and p; ;, are chosen and will not be cali-
brated to market data, because they are not directly involved in the pricing of volatility
derivatives. We follow here the approach of Bergomi [3], where he proposes some param-
eter sets which can be chosen. For example, in the case of 2 factors, Bergomi proposed
to set Hll in the order of a few months, which corresponds to k; ~ 8§, %2 in the order of a
few years: ko =~ 0.3. The curve w is a deterministic function of T. Tt is a scale factor for
the volatility of £ and it allows to control the term structure of the volatility of volatility

by calibrating VIX futures and options.

2.1 The VIX Index

The VIX Futures maturing at time 7" quotes the expected volatility for the next 30 days.
So VIX? represents 30-day S&P 500 variance swap rate, it is given under the risk neutral

measure by

VIXp = \/ E3 [%RVT:T”} : (2.2)
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where § = 2% and RVTTH0 = RVOT+0 — RVOT In terms of the forward variance curve,

the VIX is given by

1 [T IR ru_wh gy
VIXr =15 / Srdu=1/3 / goeer I du,
T T

where 7, = Zizl Tilyer, , 1) Note that T,y —T; =0

We are only interested in maturities on which VIX is traded. This corresponds to

the special (typically useful) case where T' = T; for some i = 1,..., n. Denote by
VIX, := VIXy,. Assumed that w is Borel measurable and locally bounded. We have

1 [Tin Tip1 w2 T
VIX, = \/5/ wenar, " —FECRT gy =\ [9.(7), (2.3)
T;

where Z has the standard normal distribution and the function g; is defined as

1 [T N 1O
a) =5 [ e 0 (24)
o Jr,
and
wi(u) = wy \/E(zht)2, (2.5)

2.2 Pricing VIX Futures and Options

In this section, we derive closed form expressions for the prices of the VIX futures and
call options. By using (2.3), we can evaluate any given European-like claim on VIX;,

with pay-off function f, as

2
2

dz.

EQf(VIX,) = / F(Va()

We can also express the prices of VIX options in terms of Calls and Puts on VIX2, by using
the following useful representation, which is valid for any twice-differentiable function G
and for any k € R*

G(XH =Gk)+G'(k)(X?—k) + /OO G"(K)(X? - K),dK + /k G"(K)(K — X% dK
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This gives in particular the price of Calls and Put on VIX in terms of Calls and Puts on
VIX?, by extending this formula to the functions z — (y/z — k), and 2 — (k—/z)4

< 1

1

EVIX, — k), = —E(VIX;?> - k%, — E(VIX;? - K).dK 2.6

( )+ = 5 T )+ (2.6)
1 2 2 ¥ 1 2

E(k-VIX,)), = —Ek*-VIX;® ., + E(K —VIX;?).dK 2.7

( )+ = 5 AT )+ (2.7)

and by call-put parity, one can express the VIX future price in terms of calls and puts on
VIX?2. For every k > 0, we have

E(VIX,) = (2.8)

k+EVIX® /’f E(K - VIX?)dK  [“EWVIX - K) dK
Wk 0 4AKVEK K 4KVK

In particular, for k = EVIX?2, we have

7

EVIX? 2
E(K — VIX?), dK E(VIX;* - K) dK
E(VIX;) = /EVIX2— / )+ / hs 2.9
KVK AKVEK (2.9

VIX?

Note that EVIX? = L meEOdu
Now, the price of Calls and Puts on VI.X; are given by the next proposition

Proposition 2.1. If the function w; is positive, then for any nonnegative strike K, the

price of a call on VIX? with strike K is given by
1 Tit1
B(VIX? ~ K), = 5 / UN (=22 (K) + @) du — K N(—2 (K)) (2.10)
T;
and the price of a Put on VIX;* with strike K is given by

B(K = VIX?). = KNGIU) =5 [ GNGEHF) —a@)d (1)

where N denotes the standard normal cumulative distribution function and 2z} is defined

as

7

5 (K) =inf {z € R ‘ 6i(2) = K } = g, (K)
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Proof

We can write

E(VIX? = K); = E(9:(Z) — K)lgz)>x

[e's] —x2/2d
e T
= gi(r) — K)——
/z?*(K) ( V2
@2 (w)

i+1 f—+xwl (u)——5
_ / so / T RN (e ()

7T

_ 5/T 4N (=22 (K) + @i(w))du — KN(—=5(K)) O

3 Specifying &;

The prices of VIX futures and options depend only on the volatility of volatility specifi-
cation controlled by the parameter w;. So every assumption made on the structure of ©;
gives a new modelling approach.

On the other hand, the VIX dynamics is given by

t+5

dVIX} = 5 gtalt+5/ du, £le " é“’QE("”tTu)detT“

t+6 575 U Wy, —%uQE(w w)2 —lin(Tu—t) n
— St TSt Z g ' du| dW}.

It is easy to check that if the Brownian motions W™ are positively correlated, the volatility
of VIX? dynamics is stochastic and positively correlated with the VIX dynamics, for any
form of @;. So by Durrleman [15] the model will generate the positive skew observed in
the VIX options. Note that in the particular case where @; is constant, the VIX skew
generated by the model will be equal to 0.

In this work, we assume that @; takes only two values within interval |T;, T;.{]. We
will show that in addition to modeling the positive skew observed in the VIX options, we

can calibrate, exactly, VIX future as well as "at least" one Put option by maturity.

Assumption 3.1. The function w; is decreasing and does not take more than two values

over the time interval |T;, T;4].

10
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Denote by L; the point where it changes its value. The curve @; can then be parametrized

as follows :
w;i(t) = Gligyr,, L + Bl miia)- (3.1)

where f; € [0, 1].

Under this assumption, Fi* takes the form

¢2 p2¢2
VIX? =my |(1—3)e% 7% 4y 60775 }

1 (T 3t ggau 1 T,
where m; := + """ Eddu, 3 = 2 and the random variable Z; := Tt
g 6 JT; 0 ’ ; ¢ ( T,L-Jrl)2 T;
E(zp,
k2

has the standard normal distribution.

The price of any VIX future contract is then given as a function of the triplet (v;, 5, (;)-
This is given as function of calls and puts on VIX? by using proposition 2.11 and the
equalities (2.6), (2.7) and (2.8). Noting that, with this special parametrization of the
function @;, the price of call on VIX,? with strike K is given by

E(VIX? — K)y =m; [(1 — %) N(=2(K) + ) + wN(—2(K) + 8:G)] — KN(—2(K))
(3.2)
and the price of put on VIX,* with strike K is given by

E(K —VIX®); = KN(=#(K))=m;[(1 = %)N (2 (K) = G) + 7N (2 (K) = 8;¢:)] (3.3)

Prices of VIX futures and options are then given by explicit formulas in terms of
parameters v;, 5; and (.
We will study the particular case of VIX future and Put prices. First, to simplify the

notation, denote

2 2,2
Vi%@é‘ = m, [(1 _ ,y)eCZi_% _i_,yeBCZi—BQc ] ’

for (,5,¢) €10,1] x [0,1] x R*. Also, let

Fyix(7,8.0) =E\/V"* and  pi(7,8,0) = E(k — /7).,

the prices of VIX future and Put on VIX with strike k£ respectively.

11



The next result gives more information about the function giving the price of VIX
future and put in terms of the parameters v, 5 and (. The proof can be found in the

appendix

Proposition 3.2. The functions p,, and Fyrx are differentiable and their first partial

deriwatives are given by

o IFvix(7,8,0) == Jy e [mi(1 = y)N'(2}(K) — O) + miyBN'(2f (K) — B)] dK

e OsFyix(v,58,¢) = —miw’Yfgoo N'(z(K) — 5C)4K\ﬁ
o a’yFVIX(fyaﬁ C =m; fo 2 6() ( (K> - C)] ﬁ?’
7 (k*)—C KN'(K)dK T(k?)—=B¢ KN'(K)dK
o Ocpu(7.8.€) = —mi(1 =) [ Wﬁ— mipy [ e
b aﬁpk(,yvﬁv C) = _ng’yf e 2[\(/%7
— o, [F W N rE (R =B N'(K)AE
© O B0 = mi [ s T ke

In particular, we have
1. 0,Fyix and O3Fyvrx are negative.
2. 0yFyix, Ocpr and Ogpy, are positive.

3. If k < \/my, then O,py is negative.

hal-00624812, version 1 - 19 Sep 2011

4 Calibrating v, 8 and (

A model cannot be used in practise without a reliable and reasonably quick calibration
scheme. We therefore describe here how the model can be calibrated using the "explicit
dependence" between VIX futures and options prices and the model parameters ~, § and

¢ for each maturity 7;, given by proposition 3.2.

12
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Data

Assume that we observe the Variance-Swap market prices for all maturities. We deduce
the initial variance curve (£I')7s>o from the market prices of Variance-Swap.

Let us also assume that we observe the VIX future price and a series of Put options
on VIX, for each maturity 7;. Obviously, we will not pretend to be able to calibrate
VIX futures and all European options on VIX, nevertheless we will show that for each
maturity we can calibrate "exactly" both VIX future price and one Put by leaving free
the parameter v along some interval. This parameter, left free, will serve to calibrate

other options and/or to reproduce the VIX skew.

Phase 1: Calibrating VIX future

The hedging of VIX options is typically done with trading in VIX futures contracts, we
want the model to reproduce the VIX futures prices for each maturity 7;.

Let’s denote by F the market price of VIX future for some maturity 7; and denote

by m = TleTi fTT;“ &du. Note that F and m must satisfy the following (no-arbitrage)

condition :

F < {m.

The calibration problem of the VIX future is to find a triplet (v, 5,¢) € [0,1] x [0, 1] X
R, such that

Fyrx(v,6,¢) = F.

In what follows, we will show that for every (v, () belonging to some subset of [0, 1] x R,
there exists a unique § € [0, 1], such that Fy;x(v,5,() = F.
By Proposition 3.2, we know that for (v, ¢) € [0, 1] xR, the function 5 — Fyrx (7, 5,()
is continuous, decreasing over [0, 1]. It is then bijective from [0, 1] to
Fyix(v,8=1,0), Fvix(v,8 = O,C)] (Note that VA0¢ and V1< are lognormales)
Now, it becomes clear that if the pair (v,() is such that Fyrx(v,1,{) < F and
Fyix(7,0,() > F, then there exists 8 € [0, 1] such that Fy;x(v,5,() = F.
So, for v > 0, consider the function { — Fy;x(7,0,{). From Proposition 3.2, we
know that it is continuous and decreasing over R* satisfying Fy;x(v,0,( = 0) = \/m7y

13
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and lim¢_,o Fyrx(7,0,¢) = 0. It allows us to define the fuction

_ F? - _
Cr i €10, E> — Cr(7) == Fyix(7,0,.) 7' (F) (4.1)
This function, (p, is continuous, increasing over [0, %2) and satisfies

{ Cr(0) = Cp,

limvﬁ%? Cr(7y) = +o0.

where
Cr = 2, [log(75) (4.2)
Denote =
o= {0 0. ) xr| e ler e} (1)

It is easy to check that for every (v,{) € Qp, we have Fy;x(v,1,{) < F and
Fyix(7,0,¢) > F. This means that the mapping

Br : (7,€) € Qr +— Br(7,() = FVIX('V»'aC)_l(F) (4.4)

is well defined. In particular, for every (v, () € Qp, we have Fy;x (v, Br(7,(),() = F O

Phase 2: Calibrating VIX Put

As mentioned above, we choose to calibrate one Put option for each maturity 7;. Denote
by P the market price of this option and by K| its strike. Here we will try to find a family
of pairs (7, () € Qp, such that

Pro (75 Br(7,¢),¢) = P.

The map (v, ¢) — pr, (7, Br(7, (), ) is neither monotonic in 7, nor in ¢ because of Sr,
then we cannot obtain its inverse easily. To address this problem, we proceed as follows.
By using proposition 3.2 and in the same way as before we can define
- (ko — P)? = -
Cp ot 7 €0, ) — (p(7) = pio(7,0,.)7H(P) (4.5)

m

14
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. - . . . . P—Fko)2 .
In particular, (p is continuous, increasing over [0, Q) and satisfies
m

{ ¢p(0) = Cp,

hm,y_>(P—"’fo)2 Cp(y) = +oo.

where 2
Cp = sup {C > 0; PBs(\/EeCs,ko,g) < P} (4.6)
and . 2 S 2
_1 Sy . o” —l S a2
Pps(S, k,0) = —SN <%> + kN (M) .
g o
Denote

or={0:0 e 0B 6 Gon by [ B oo

m m

We can define the map

ﬂP : (’77C) € QP L /BP<77C) = pko(’ya '7C)_1(P) (47)

Now to solve the "double" calibration problem of the parameters v, 8 and ¢ to F and
P, it suffices to find (v, () € Qr N Qp such that

ﬂF(/ya C) - BP(’% C)

The proof of the next theorem can be found in the appendix.

Theorem 4.1. Assume ¢, < (p (where (p is defined by (4.6) and Cp by (4.2)), then there
exists v* < W such that for every v € [v*, %2), there exists ¢, = (*(7, ko, F, P) >
0 such that fr(v,¢,) = Bp(v,¢,y). Furthermore, the map (* is differentiable and its

derivatives are given by

_ Oypryx05Fvix —08pKy X0 Fv1x
([ ] 7(*(77 kOa F; P) — 8ZF\?IXXaﬁpkofaﬁF\EIXzacpko (/77 5F(’Ya C’V)J C’Y))

[ J 8]@4-*(77 k07F7 P) = pkoxaﬁF‘”X (776F(77C’7)7<’7)7

T OcFvix x0ppry—0sFvIx X 0Pk

(] 8F<*(’Y, kQ,F, P) - 33Pk0 (776F(77C7)7<’7)7

T OcFvix X08pry—0aFvix XOcP

15
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o OpC* (7, ko, F, P) = —OsFyix (7, Br(1:G,), &)

T OcFvix x0ppry—0sFvix XOcpkg

Remark 4.1. With all market data that we have dealt with, the condition ¢, < (r is
satisfied for ky = F'. For general case, we note that

Cp

G < (p <= omup(ko) < > < orup(ky) < %

where o7yp(k) = Pgs(F, ko,.)"' (P). Since "in practice", the implied volatility of VIX
options are increasing with respect to the strike, then if kq is such that o7y p(ko) < %F,

so the condition is still satisfied if kg is replaced by k < k.

Remark 4.2. Thanks to the monotonicity properties of all the functions we have defined,
the calculation of v* and (, are made by using a "special" binary search algorithm. This

algorithm will be detailed in the appendix ( see Remark B.1).

Phase 3: Calibrating v

We can do without this calibration step if we only want to fit the future price and the

2
*7%)

Put price by choosing any value of v between +* and %2 Noting that @ €[y
Otherwise, we can calibrate the VIX skew or another Put option on VIX.

By proposition 4.1, we know that by choosing any value of 7 in [y*, %2), we can find
a couple (f3,, (,) such that the model price of VIX future and Put on VIX with strike kg
coincides with their market prices. There is therefore a possibility to calibrate v to match
another VIX future contract. Here we choose to calibrate with the aim to reproduce the
skew of VIX at ky. i.e the slope of the Put implied volatility of VIX at the point k.

In practice, the skew, at some point k, is measured as the difference of the implied
volatilities of 95% and 105% strike. Now to compute the "skew" from the market data
on VIX, we choose k;: the nearest strike to ky, on which the VIX put is available and we
approximate the skew by the difference of the implied volatility of ky and k.

This step of calibration reduces to finding ~ such that

P —P

akpk:o (’77 BF('Y, C'y); Cy) = m

16
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The calibration is thus reduced to minimizing

kg v Z—5¢2 CBF(1:6) 2= 52 BF (7,6 )? i * F*
E_(<1_f}/)ev 257 7y e> 1% 25y :w) , ’76[7’%)

Remark 4.3. By differentiating the Black-Scholes formula giving the price of Put with
strike ko with respect to the strike, we can express Oypg,in terms of the skew and the

implied volatility of P at the point kg as

8kE(K— /V;’YﬁP(%C"/)(w)_i_‘k ) _ N(—dg) +8; % kO\/iN,(_d2)7
=ko

2
_ovix (o) o

log(VL) i . . . . .
Z‘:”X(ko)iﬁ and oyrx (ko) is the implied volatility of the Put on VIX with

strike ko. We can then synthesize E,1;>yx by observing continuously the price of Put
P, the future price of VIX and the skew.

where dy =

To illustrate our model, we calibrate it to the VIX options data observed on November
2, 2010. Figure 1 shows the results of the calibration to the implied volatilities of VIX.
Note that the VIX futures prices are perfectly reproduced by the model. Furthermore,
as mentioned in Remark 4.1, the calibration is done by using a "special" binary search

algorithm. The computation time is of the order of a few seconds.

VIX smiles

= nov-110
Dec-10

100% o - x  Jan-11
* + Feh-11
B0% 4 ;_.;,{__-——;_r/ Model
bl |
o | v/_/‘_’_‘//‘_,_:’—/)

40 %

120 %

Irmplied wol=ti

15 % 20% 25 % 0% 25 % 40 % 45 %
Strikes

Figure 1: Model v.s. Market VIX implied volatility smiles on November 2, 2010
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5 Hedging VIX options

We have seen in the previous sections, that, for each tenor date T;, the price of VIX
futures and options are given as a function of the parameters ~;, §; and (;. Now, since
those parameters are calibrated to fit VIX future price and one Put option (with strike
ko) for each tenor date, we can hedge any "other" European contract in VIX futures by

taking positions in the VIX future and the Put used for the calibration.

Example: Fix one maturity 7" = T;, for some ¢ > 1. Assume that until T we calibrate
the model to VIX future price (F});<r,the put on VIX with strike (kg = ko(F3)) and the
skew of VIX at the point k. Consider the hedging strategies implied by this calibrated
model for one Put option with strike k.

According to the previous sections, we know that the price of this options is given as

E(k’ —_ V[XT)+ = pk(’% BF(’% C’y)v C’Y)

This option can be hedged by trading, continuously in F, P, D and M. Where D, :=
Edy,>vix, and M, = EtV[X%. The hedging strategy is given by the next result

Theorem 5.1. Fort < T, we have

where
( I P
Ap = g + Oy [0k — O 2] 17 x [0 — oy 02|
_ P F
Ap = aP’Y [&ypk agpk 8;;&?] +I'" x [ad)k - 851% 3;F‘;?;] )
Oypry+0+¢* <3<pk0*2BTkaﬁpko
AS - ocp )
Ok Pl +0-C* gakgpko CPTT Oawpko>
A — pr—kOkpr—F PAp— kOAko
\ —m 2 M
With
rF _ 08Pro + Ory X (Oypry X 0sFyvix — Oapry X Oy Fvix) + ki O, X 35Fv1x

OcFvix X Oppr, — OsFvix X Ocpr,

18
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0sFyvix + 0py x (04 Fvix X Oapr, — OpFvix X a»ypko)

FP
84]?1@0 X a5FVIX - aﬁpko X 8¢F VIX
0~ F; . or Iy
Ay = Oy [&,pk — Dppr—= VIX} + Oy € [&m — Ok S WX} :
8/3ij)( 86F1VIX

And the derivatives of v with respect to I' and P are directly derived from

13)
Pko 81@5171%} + Oy C" |:8k(pk0 — 8;?;:0 31@51?1@0} = 0.
0

19)
OrkPro + OkoY [akwpko — a;pk
0

0 15)
k' (F)Okkpr, + OFy [alwpko — 2Pk ak:ﬁpko] +TF x |:akako — 2Pk 3kﬁpk;0] =0.
DDy DDy
and 6
e =0.
Ipy {akvpko 5 wa ~ Osr } + T x [@cgpko % F - 3kﬂpko} 0

Here Bp is evaluated in (¢, () and the derivatives of py and Fyrx are evaluated in

(7, Br(7,¢*),¢%).

Remark 5.1. More generally, any claim on a function G(VIX), where G is given as
difference of convex functions, can be synthesized using VIX puts and calls at all strikes

by the so-called Carr-formula as

G(VIX) = G(k)+G' (k) (VIX —k)+ / h G"(K)(VIX — K), dK+ / ' G'(K)(K — VIX), dK

Then, there exist g and 1 such that

EG<VIX) = g(’YaﬁF(Va <’Y)>CV) = w(Fv P)

6 The dynamics of the underlying asset

Until now, we have only addressed issues concerning the modelling of the forward variance
curve. But, once the dynamics of forward variance has been specified, we obtain the (risk

neutral) dynamics of the underlying asset (S;)i>o as

Sy

< = rdt + /AW, (6.1)
t
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where 7 is the annualized risk-free interest rate and & is given by (2.1) as
T wig Ti
& =& e IR e, T

and for t < T, z!" is defined in (1.4) as

t
wf = 0, e / e~ =gy
n 0

d(WS,Xn>t
dt :

The number of factors has been discussed in the beginning of this work, it corresponds to

The Brownian motion W¥ is correlated with the factors X", denote by pS =

the number of degrees of freedom that will be available to fit many different smile shapes.

Now, thanks to lognormal form of the instantaneous variance, we can use the very
robust approximations we obtain in [20] for the prices of the European options under this
model. We can specify the correlations pS to match the specified skew and to calibrate
the ATM implied volatility

7 Conclusion

We have presented a new model for the joint dynamics of the forward variance curve
along with the underlying index, which can be made consistent with both the market
prices of the VIX futures and options, and options on the S&P500 index. This model
leads to a tractable pricing framework for VIX futures and options, where the prices of
such instruments are given by analytical formulas.

We demonstrate how the calibration of the model to VIX futures and options is reduced
to a binary search algorithms. This tractability feature distinguishes our model from
previous attempts [2], [3] which only allow for full Monte Carlo pricing of VIX options
and calibration with a least-square minimisation. The model allows also to Hedge VIX
options by trading on VIX future and one Put option (typically ATM Put), where the
corresponding hedge ratio can be computed explicitly.

This model allows also to control the term structure the forward skew of the at-
the-money implied volatility as well as the implied volatility near the money of the S&P
index. It can therefore be useful in pricing path-dependent options that are sensitive to the

forward smiles, such as Cliquet or forward start options, as well as volatility derivatives,

20
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since it is consistent with the variance swap curve.
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A Proof of proposition 3.2

By using (2.10) and (2.11), we can easily verify that for every (v, 3,¢) € [0,1] x [0, 1] x R,

we have
o GE(K —V)74) 1 = mi(1 = 7)N'(z(K) = ) +miyBN'(z (K) = 5¢) > 0
o OE(K — V) = mi(yN'(z;(K) = B¢) > 0
o QE(K — V) = my(N (2 (K) = ¢) = N(z(K) = 5¢) <0

Now by using (2.7) and by performing an integration by parts of the integral part of (2.7),

we obtain the partial derivatives of p, as

® Oupu(y,6,€) = —mi(1 =) " ezt () a1 (K) = ON'(31(K) = O3 -
miyB fi Oz () (21 () — BON'(27 (1) — 5C) 25

o Qapi(.5.0) = —miCy [y Oz () (2(K) — BON' (25 (K) — BO) %
(7. 8.€) = my [ ke (K)(N' (2 (K) = €) = N'(25(K) — ) 2%

We obtain the results of the theorem by an appropriate change of variables. The partial

derivatives of Fy;x can be found in the same way as for p,. They are given by
° 34FVIX(’V B,¢) = — fo 4K\F [mi(1 —3)N'(2f (K) — ¢) + miyBN' (2 (K) — B¢)| dK
o OsFvix(v,B,0) = —miC’YfOOO N'(z (K) — 5C)4K\ﬁ

® 0, Fyix(7,B,¢) = m; fo #(K) = 60) = Nz (K) = )] 41?5?'

Consider the derivative of py with respect to 5. It is given by

Z(K)=BC [ N'(K)VAK
Ispr (7, B,¢) = —miC’Y/ 2 g(i(—)i—ﬂo

- If 27 (k*) — B¢ <0, then 9spi(v,8,¢) >0

- If 27 (k?) — B¢ > 0, we decompose Ispi(7, 5,¢) a follows

—H 0 K N/(K)dK H)-5C KNY(K)dK

- 2/ (K + B0 Jsrieryrse 24/9:(K + BC)

23
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Since 2} (k*) — B¢ > 0, so that — f:ozj(kQHﬁC KNUENIK > . Tt follows

24/ 9:(K+8¢)

S0=8C KN'(K)dK
Ispi(7, 8, ¢) = —miC'y/ LX)

k)5 24/ 9:(K + BC)

On the other hand, we can decompose this integral as follows

+ .
2 (k2)+8w 24/ 9i (K + fw) —2r (k) +Bw 24/ 9i (K + Bw)  Jo 2v/9i(K + Bw)

Since g; is increasing, we have

/zm%—ﬂw KN'(K)dK 0 KN'(K)dK G -Be K NY(K)dK

1 < 1 -
Vo (K480 = /o (—K+80)’ VK > 0, so that

/Z? =8¢ KN'(K)dK [ KN'(K)dK
0 2v/9(K+B8¢) — Jzra2)yese 24/ 9i(K + BC)

Thus

/Z? ()=be  KN'(K)dK
—2(k2)+Bw 24/ 9 (K + Bw)
Hence 9spi(7,5,¢) = 0.

In the same way, we can show that d:pi (v, 5,¢) > 0.
Consider the derivative of p, with respect to v. It is given by

Opi(7, B, €) = m/o Oz (K)(N'(25(K) — ¢) — N'(2}(K) — 5@)2‘17}%

It is easy to check that, on [0, k%], N'(z}(K) — () — N'(z}(K) — 5¢) < 0 if and only if

which is equivalent to

2(K) < 222

(2

In particular, if & < ,/m;, we have d,px(7, 3,¢) <0.
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B Proof of theorem 4.1 and theorem 5.1

0, (k)

Lemma B.1. The mapping Bp is continuous over Qp. Furthermore, for v € —

the function ( — Bp(7,() is decreasing and continuously differentiable over (Cp, Ep(fy))
such that fp(Cp) = 1, Bp(Cp(v)) = 0 and for ¢ € (Cp,Cp(7)), we have

~0¢ Pro (75 8p(€), €)
05 Pro (7, BpP(C), Q)

Also, for ( € (CP,EP(’}/)), the function v — [Bp(7,() is increasing and continuously
differentiable over (0, W) such that

(B.1)

37, 0) = g

a’Y Pko (7a6P(C)7 )

¢
85 Pko (’77 ﬁP(C)a C) (B2)

87613(77{) = -

Proof
Let (7,¢1), (7,¢2) € Qp such that ¢; < (s, then by definition of Sp, we have
Pro (75 Bp(7,C2),G2) = P = pro(7, Br(7:C1), C1)

On the other hand, by proposition 3.2, we know that for (v, 5) € [0,1) x [0, 1], the function
¢ — pry (7, 5, ¢) is increasing. Therefore

Pro (7, Bp(7,C2), 1) < P

This means that Sp(7,¢2) € {8 € [0,1] 5 pry (7,8, ¢1) < P}. We deduce that Sp(v, ¢2) <
5]3(77 Cl)

Now, for € small enough, we have

Pro(7: BP(C+€),C+€) = pr(7,8p(Cn), C) +
€ [8C Pko (’yv ﬂP(C)7 C) + aCBP('% C)aﬁ Pko (77 /BP(C)7 C)] + O(€2>

Note that pg, (v, Bp(C +€),( + €) = pr, (7, Br(¢n), () = P, so by letting € go to 0 we find
(B.1).

Lemma B.2. The mapping Br is continuous over Qp. Furthermore, for ~ € |0, %2) the
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function ( — Br(v, () is decreasing and continuously differentiable over ((p, Cr(7y)) such
that Br(Cr) = 1, Br(Cr(v)) = 0 and for ¢ € (Cr,Cr(7)), we have

_OcFvix (v, Br(Q), )

-~ ¢
8<6F<%<) B aBFVIX('%ﬂF(C%C)‘ (B:3)
Also, for ¢ € (CF,EF('y)), we have
. _avFVIX(’%BF(g)aC)
OBr(7,0) = s Fvix (v, Br(¢),¢) (B4)

Proof of theorem 4.1

Let’s consider the maps (p and (p defined above and denote by

(P — ko)? -

s el )+ ) 2 i) .

m

Since kg — F' < P, then W < %2 In particular (g is continuous at W. In the
(P—ko)?

other hand, we know that lim,y_>(P—k0)2 (p(7) = +oo: This means that Fy < —=—, such
that Pk )2 P o)?
vy € [o, ———>), Cp(v) > C_F(TO) > Cr(7).
Hence P
7*§%<—( —Fo) :
m

In particular, we have

= - . (P —kp)?

&) < e, e by, LR (85)

Now let 7 € [y, 2) We have Cp(7) < Cp(7). ie [Cr,Cr(9)] C [Cp,Cp(7)]. This
means that both 8p(7,.) and Br(7,.) are well defined over [(r, (#(7)]. In particular, we

have

{ Br(v,¢r) < 1= Br(7,Cr),

So there exists ¢ € [(p, Cr(7)] such that Br(v,¢) = Br(7,C).
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On the other, let v € [(KU;F)Z’ %2) Both 8p(7,.) and Sr(v,.) are well defined over
[Cr, Cr(7)] and satisfy

{ Br(v,Cr) < 1= Br(7,Cr),

Hence, there exists C = g*(Fv P7 ,Y) S [CF? gF(’Y)] such that BF(’% C) = BP(’}/? C)

— betaP —— beta F

Figure 2: (p vs (p Figure 3: Br vs Op, where 7 = 0.5 > ~*

Now consider the function F' — (*(F,~, (). First, it is easy to check that

1
aF BF(’% g) - aﬁFVIX(f%BF(’y’ C)aC)7

Let’s take € small enough. The Taylor expansion of Sr(() with respect to F' gives

€

+ Oy (€%)

Brte(Vrte, Q) = Br(vr, ¢) + ENz ’
BEVIX (4 Br (77,¢),0)

Now denote by ¢ and (., respectively the unique solution of

BF(% () = 5P(%Q and 5F+e(% Ce) = Bp(7, Ce)‘

In particular, we have

Br(7,¢) = Bp+0:Bp(7,¢) x (G =€) + Oa(ll(e; ¢ — O II*.
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On the other hand, we have

Bric(1:6) = Br(1,¢) + €drBr(7,¢) + 0cfr(7,¢) x (¢ = ¢) + Os(|l(e, ¢ — ).
So by identifying both equalities, we obtain

Ce - C o E)FﬂF Ce _ C -
€ N 8§6P(7»C) - 34617(%0 - € X O4(C€ C) + 05(6)

Thus, ¢* is differentiable with respect to F and its derivative is given by

OrBr

IrGy = (B.6)

We can show the other equalities of the theorem in the same way.

Remark B.1. Denote by 7, := inf {7 € [0, W) c (r(y) < fp(v)}. We conjecture

that v* = 7,: This means that the curves (r and (p intersect only one time in [0, %)

In particular, for v € |[y“st, %) the calibration is performed by using the following algo-
Yew m

rithm ( noting first that y*st can be easily computed using a Binary search )

Cmin = CF; Cma:r = EF(P”
b C = w and ComPUte 6F(/y7 C) and /BP(f% C) :

o if BF(’% g) Z 513(’}/7 C); gmm = C7 otherwise Cmax = C

o if |ﬁF(’yv C) o 6P<77 <)| < ERROR; Break.

Proof of theorem 5.1

The price of the Put is given by

Et(k - V‘[X)-i- = pk(tvt»ﬂhct)

Now, since the parameters 7, § and ( are calibrated to fit the future price, the Put price

and the skew, the Put price is then given as

Ei(k = VIX)y = pi(t, e, Br, (76, C(7e), (7))
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where v, = (¢, Fy, P, Qy) is the solution of

OkPro (T Yes B, (e, C(72), ¢ (1)) = Qs

That means that the price of the put is given as a function of the price of the Put with

strike kg, the future price and D as
Ei(k —VIX), = o(t, My, Fy, Py, Dy) (B.7)
where
p(M, F, P, D) = pi(t, M; Br(y, C(v(M, F, P, D), F, P)), C*(M;~7(M; F, P, D), F, P))

The derivatives of ¢ with respect to F, P and D can by easily computed by using the

theorem 4.1 as
Opp = k{(F)Okpr + OrC Ocpr + O Brdspr + Opy [04pk0,C* (Ocpr + Oc Brdspr)]

Opp = Op(*Ocpr + Op [04pr0,C (Ocpr + O Brospr)] ,

and the derivatives of 7 are obtained by differentiating (B.7). We obtain
Oy [03Pkey + 05C7 (OcProy + OcBrdsproy)] = 1,

kS(F)akPkm + 0pC OcProy + OrBrOspryy + Oy [avpkovavC*(aﬁpkov + agﬁFaﬁpkofy)] =0,
OpC 0oy + OPY [0yPkory Oy (OcProry + OcBrOsPrey)] = 0.

On the other hand, in addition to P, F and D, the price of VIX Put depends also on M,
and ky. We can easily check that

F P
) 7D7

k ko
M;k,F, P, D, ko) = VMp(M = 1; ——,
o 0) o N TRV AT

)

In particular, we have

1
aM<p:m[(p—kak—Fﬁp—Pap—koﬁko]@.
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Finally, by Ito lemma, we know that

and by the martingale properties of P, F and D, the term (...) is then zero.
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