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Abstract This paper explores the impact that landmark paMonte Carlo error and consistency analyses), with simula-
rametrization has in the performance of monocular, EKFtions and real imagery data, using the standard and the robo-
based, 6-DOF simultaneous localization and mapping (SLA8&ntric EKF-SLAM formulations.

in the context of undelayed landmark initialization.

Undelayed initialization in monocular SLAM challenges
EKF because of the combination of non-linearity with thel Introduction
large uncertainty associated with the unmeasured degfees o
freedom. In the EKF context, the goal of a good landmarkSimultaneous localization and mapping (SLAM) is the prob-
parametrization is to improve the model’s linearity as mucHem of concurrently estimating in real time the structure
as possible, improving the filter consistency, achieving roof the surrounding world (thenap), perceived by moving
buster and more accurate localization and mapping. exteroceptive sensors, while simultaneously gettowal-

This work compares the performances of eight differ-ized in it. The seminal solution to the problem by Smith
ent landmark parametrizations: three for points and five foRnd Cheeseman (1987) employs an extended Kalman filter
straight lines. It highlights and justifies the keys for sati (EKF) as the central estimator, and has been used exten-
factory operation: the use of parameters behaving propofively. In EKF-SLAM, the map is a large vector stacking
tionally to inverse-distance, and landmark anchoring. A un Sensors and landmarks states, and it is modeled by a Gaus-
fied EKF-SLAM framework is formulated as a benchmarksian variable. This map, usually called tschastic map
for points and lines that is independent of the parametrizaS Maintained by the EKF through the processes of predic-
tion used. The paper also defines a generalized linearity iflon (the sensors move) and correction (the sensors observe
dex suited for the EKF, and uses it to compute and compaﬁé‘e landmarks in the environment that had been previously
the degrees of linearity of each parametrization. Finally, Mapped).
eight parametrizations are benchmarked employing analyti  In order to achieve true exploration, the EKF machin-

cal tools (the linearity index) and statistical tools (lthee  ery is enriched with an extra steplahdmark initialization
where newly discovered landmarks are added to the map.
7. Sola Landmark initialization is performed by inverting the obse
1. CNRS; LAAS; 7 avenue du Colonel Roche, F-31077 ToulouseYation function and using it and its Jacobians to compute,
France from the sensor pose and the measurements, the observed
Université de Toulouse; UPS, INSA, INP, ISAE; LAAS-CNRS- F |andmark state and its necessary co- and cross-variances
2’1%7” gggﬁafneérfrzznstf’Barcelona‘ Catalonia, with the rest of the map. These relations are then appended
jsola@ictineu.net . to the state vector and the covariances matrix.

Monocular SLAM refers to the case where the exte-

T. Vidal-Calleja . . . . L
University of Sydney, ACFR, Australia. roceptive sensing means are limited to a single projective
t.vidal@acfr.usyd.edu.au camera. Monocular SLAM gained popularity back in 2003
J. Civera and J. M. M. Montiel thanks to the first full real-time implementation by Davi-

I3A, Universidad de Zaragoza, Spain. son (2003), based on Smith and Cheeseman’s EKF solu-
{josemari, jcivera }@unizar.es tion. Davison’s technique elegantly solved a great number
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of problems, but there still remained one that occupied references in performance. In this work, we fix the algorithmic
searchers on visual SLAM for some years (Chiuso et aland experimental aspects of the problem and center our at-
2002; Bailey, 2003; Kwok and Dissanayake, 2003; Lemairgention to the effect that landmark parametrization hagsby

et al, 2005): the problem of landmark initialization. own right, on monocular EKF-SLAM performance. For this,

Landmark initialization in monocular SLAM is difficult the paper retakes the problem from a unified perspective that
because, due to the projective nature of the sensor, this cagonsiders points and lines alike (edgelets are not covered)
not provide the distance to the perceived landmarks: th@nd presents and analyzes a compendium of eight different
measurements are rank-deficient and the observation funparametrizations, three for points and five for lines, among
tions are not invertible. This means that a full 3D estimatavhich three are innovative to the best of our knowledge.
of the landmarks just discovered is not available for map-
ping, because the_“r.‘c‘?”_a'“ty n th_e unobserved degre(fl Undelayed landmark initialization (ULI)
of freedom (DOF) is infinite and, being the measurement

equations non_—linear, EK_F c_annot def"" With_ it. Early aP-To overcome the drawbacks of delayed initializationgde-
proaches (Davison, 2003; Bailey, 2003; Lemaire et al, 200%\yed landmark initializatiofULI, also known apatrtial in-

took advantage of the sensor motion to achieve fully 3D eSg;aization, Sola et al, 2005) incorporates the partially mea-
timates before actually initializing the landmarks. TlasF

; i ) i sured landmarks at the first observation, that is, before all
ily of methods introducesdelayuntil the sensor motion has of their DOF are determined (aufficiently estimated In

gained enough parallax for triangulation_, during_ which thebearings—only systemeg.a monocular camera, see Fig. 1),
landmarks, not yet mapped, cannot provide any informatioqy) | 4jiows landmarks showing low parallax (those that are
for localization. at remote distances or close to the motion direction of the

Monocular EKF-SLAM reached maturity with the ad- camera) to contribute to SLAM from the first observation,
vent ofundelayed landmark initializatiotechniques (ULI,  providing precious bearing information that helps coristra
explained in more detail in the next section), a need of parne camera orientation. In other words, ULI allows us to ex-
tial initialization firstly stated by Sola et al (2005). They ploit the full field of view of the camera up to the infinity
to ULI is to substitute the unmeasured DOF by a Gaussiapange, regardless of the sensor trajectory, which results i
prior: the objective then is to find a way to allow this prior to 5ccurate localization with very low angular drifts.
possess an infinite uncertainty while still being manageabl ¢ example, when turning a corner in a corridor, a vi-
by the EKF. Sola et al describe a preliminary solution based 5 s AM system with ULI can immediately initialize a
on an exponentially distributed multi-hypotheses depth panoint or two at the other end of the corridor, which have just
rametrization, which was inspired on a previous work byhecome visible and will most likely remain visible along the
Kwok and Dissanayake (2004). The problem was succesgghole corridor. During this time, the conditions for triang
fully solved for the first time with the inverse-depth land- |ation are bad, as there is no significant increase in paralla
mark parametrization (IDP) by Montiel et al (2006), which \yjthout ULI, these landmarks must be ignored with the con-
has become very popular. More recently, Marzorati et akequence of the robot accumulating angular errors that afte
(2008) and Haner and Heyden (2010) have presented nextew meters may become the primary source of filter failure
parametrizations for which the authors claim better perforq e to inconsistency. Thanks to ULI, observing these land-
mances than IDP. Sola (2010) presents a comparative studyarks serves to constrain the camera orientation, meaning
of three parametrizations for point landmarks. that the robot can reach the end of the corridor without ac-

A smaller number of works incorporate line landmarkscumulating angular drift. The total angular drift for a wéol
or segmentso the EKF-SLAM framework. Gee and Mayol |oop closure (say, 4 corridors and 4 corners) is thus lim-
(2006), Smith et al (2006) and Lemaire and Lacroix (2007)ted to only the drift accumulated during the transitions in
use delayed techniques for initialization. Sola et al @f)0 the corners. We encourage the reader to consult (Sola et al,
reports the only ULI solution for infinite lines we are aware 2005; Civera et al, 2008; Sola et al, 2008) for discussions
of, which uses the Pliicker line. Edgelets (very short lineon delayed/undelayed initializations and their imporeanc
fragments associated to a 3D point) were introduced by Ead@ monocular SLAM, and (Bailey et al, 2006; Huang and
and Drummond (2006a), also in an undelayed manner, usir@issanayake, 2007; Huang et al, 2008) for insights on the
IDP as the supporting point type. sources of inconsistency in EKF-SLAM.

Overall, the methods here cited have many points in ULl is an interesting challenge in EKF because the filter
common. Unfortunately, their differences lie in many partsneeds to cope with naturally non-linear equations and huge
of the algorithm other than landmark parametrization, & th uncertainty levels associated with the unmeasured DOF (Fig
evaluation methods and/or in the heterogeneity of the expel). The best solutions accepted so far require some degree of
imental setups. This makes it difficult to tell which aspectsover-parametrization of the landmarks’ states. Two aspect
of the proposed solutions are at the base of the observed dhiave been identified as being beneficial (Civera et al, 2008;
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(a) The back-projection of a pointgives place to a semi-infinite (b) The back-projection of a segmengives place to a semi-
line A where the point landmarf must lie. There is 1 unmea- infinite planer where the line landmark must lie. There are
sured DOF: the point’s depth or distance. To observe it, #me-c 2 unmeasured DOF: the line’s depth and its orientatios.in
era needs to gain parallax by moving away from the Ane The camera gains parallax by moving away from the plane

Fig. 1 The problem of undelayed initialization. Back-projectioidetected features in a monocular image at their first @aen. The unmea-
sured DOF have infinite uncertainty and need to be properlgeteal by Gaussian shapes, and manipulated using reasdingalyfunctions.

Sola et al, 2009b): first, the enormous (potentially inéhit 1.2 Points and straight lines

uncertainty must be represented by a single and well-defined

(i.e., bounded) Gaussian. Second, the observation functiorihe problems of points and infinite straight lines are ssrpri

must be reasonably linear inside all this uncertainty rangegngly similar, and one of the aims of this paper is to make

These two severe requirements can be elegantly fulfillethis similarity evident.

by using parametrizations incorporating the non-obsdevab ~ For points Fig. 1(a), ULl means that landmarks must

DOF proportionally to inverse-distance, as it is done withbe initialized so that the uncertainty in distance — the only

e.g.IDP (Civera et al, 2008), homogeneous points (Marzounmeasurable DOF — covers all the visual ray up to infinity.

rati et al, 2008) and Pliicker lines (Sola et al, 2009b)sThi  Forinfinite straight linesFig. 1(b), ULI requires the ini-

is because, on one hand, a bounded Gaussian in inverd&!l uncertainty to cover 2 unmeasurable DOF: distance up

distance including the origin of coordinates naturally sap to infinity, and all possible orientations.

onto an unbounded uncertainty region including the infinity ~ Bounded lines osegmentpresent additional difficul-

and on the other hand, the inverse-distance is key in prdies. Unlike points, lines can be partially occluded, ang th

jective geometry and the projection equations exploiting iedge detectors in use return therefore unstable endpoints.

become quasi-linear precisely with respect to these highlyhis means that the endpoints of a 3D segment cannot be

uncertain DOF. established from single observations, and that they are gen
erally not re-observable. For these (and other possibe) re
sons, it is common practice to employ the stochastic map
to estimate just the infinite lines supporting the segments,
and to keep track of the segment’s endpoints separately. In
this paper, we focus mainly on the estimation of infinitegine
supporting arbitrarily long segments (not edgelets), arig o

A third aspect that has proved positive is landmark angeneral guidelines are given about the management of the

choring. Although not explicitly stated, anchoring was al-segments’ endpoints.

ready used in the delayed method of Davison (2003), and

later in IDP. Recently, it has been explicitly evaluated by

Sola (2010), who compares three different point parametril.3 Alternative approaches to monocular EKF-SLAM

zations. Anchoring allows the landmark uncertainty to be

referenced to a point close-by (thachoi), which is chosen There exist a significant amount of research investigaktiag t

to be the optical center at initialization time. This allothe  possibilities of using estimation techniques other thafrEK

system to get rid of many linearization errors accumulatedVe find IDP used in Bayesian frameworks such as Fast-

since the start of the map, and to consider instead mainly theLAM2.0 (Eade and Drummond, 2006b) and the unscented

local motion since the initialization of each particulanda ~ Kalman filter (UKF, Sunderhauf et al, 2007; Holmes et al,

mark. More complex anchoring uses the whole camera pos2008). Very recently, methods based on Bundle Adjustment

(position and orientation), achieving a higher degree of deoptimization (BA, Triggs et al, 2000; Engels et al, 2006)

coupling between global and local motions (Gee and Mayolover a sparse set of keyframes on the sequence are gaining

2006; Gee et al, 2008). These last schemes use shared aopularity (Klein and Murray, 2007; Konolige and Agrawal,

choring to keep the map size small, and thus require that th2008). Real-time operation has been achieved by dividing

landmarks be initialized in groups. the SLAM operation into a Bundle Adjustment thread, us-
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ing mainly the software in (SBA, Lourakis and Argyros, robocentric SLAM where the local operation of the filter re-
2004) and a camera tracking thread using pairwise geomeaults in significant linearity improvements. A more concise
try. Those keyframe approaches have also been successfudijudy of inconsistency is given by Bailey et al (2006), where
used with edgelets (Klein and Murray, 2008). the normalized estimation error squared (NEES) is averaged

Very recently, (Strasdat et al, 2010) has proved a cleapver a number of conditionally independent Monte Carlo
advantage of keyframe SLAM algorithms: while the domi-runs and used to evaluate consistency. This work shows that
nant computation for EKF-SLAM (a complexi®(n?) in  using ground truth Jacobians guarantees filter consistency
the state covariance update) has to be performed at eveapd thus that inconsistency comes from the unavoidable er-
step, the cost of the non-linear optimization in keyframerors produced when linearizing the system. More theoret-
SLAM is amortized among several frames. As a conseically sound insights have been provided by a remarkable
guence, keyframe algorithms are able to include and meavork by Huang et al (2008), where it is shown that, using the
sure more features in their maps, hence improving the gerauthors’ words, “the observable subspace of the linearized
eral accuracy of the keyframe estimation with respect tsystem is of higher dimension than that of the actual, non-
the EKF one. Then, while there exist EKF-based algorithmdinear one, leading to covariance reductions in directoins
with performances comparable to keyframe-based ones (P#zre state where no information is available, which is a pri-
et al, 2008; Civera, 2009), they present a higher computanary cause of inconsistency”.

tional cost per map landmark. All the studies mentioned above assume 2D implemen-
Still, EKF-SLAM (or other similar approaches based ontations using range-and-bearing sensing and Euclidea poi
filtering and Gaussians such as UKF-SLAM or extended i”parametrizations, exactly as they appear in the origind&-£K
formation filter (EIF)-SLAM) is still widely used by major 5] AM solution. Our case of study differs from them in at
robotics and vision laboratories and is at the core of other | |aast four aspects. The first one is 3D operatia, (6 DOF
calization, mapping or modeling systems, with points (Pazygtion). The second one is that we are dealing with monoc-
etal, 2008; Civera, 2009) (with performances comparable tg|ar observations, which convey rank-deficient informatio
those of SBA), lines (Gee and Mayol, 2006), and even introgpoyt the landmark locations. The third aspect, which is a
ducing planes (Gee et al, 2008). The opinion of the authorgsnsequence of the previous one, is that landmark param-
is that EKF-SLAM can have an important niche of appli- etrization can no longer be the trivial, minimal, Euclidean
cations: as stated in (Strasdat et al, 2010), EKF monoculgjne, hut something more or less complicated and redundant

SLAM presents computational advantages in cases Whekgat seeks an improvement of linearity. The fourth and last
the computational budget is low. This particular case coulgspect is that we also incorporate lines.

be of importance now that smart mobile devices are populat- o ) ith thi h ) h ical
ing our lives. Also, the EKF keeps an uncertainty estimation ur aim with this paper, however, is not a theoretica

for the map features that would be expensive to extract frorﬂmthemat'c"le analysis (in the style especially of (Huang

a keyframe algorithm. This is especially valuable in situa-St al, 2008)) but a performance comparison that visualizes

tions where only a few landmarks are visible, as the filtellhe, |mp.act that Iandmgrk parametrlzatlon has on Ilnearl|ty,
gstimation error and filter consistency. We show that in-

consistency comes mostly from covariance over-estimation
rather than error magnitude, which corroborates Huang'’s
conclusions.

keeps a coherent estimate thanks to the prediction stage
EKF, which is missing in non-linear optimization schemes.
Finally, and apart from the fact that EKF-SLAM is the im-
plementation with the longest tradition, two other techhic
reasons in our opinion keep it alive: its (relative) simipyic Because inconsistency has its roots in non-linearity, we
of implementation, and the fact that large maps are usuallgorrelate our evaluation with measurements of the degree
being built by means of small sub-maps, thus circumventingf linearity of each parametrization. We define for this pur-
most of the EKF drawbacks: one is the mentioned computgrose a linearity index that on one hand is pertinent to EKF
tional burden; the other is filter consistency, presenteden (i.e, it accounts for non-linearitgnd uncertainty), and on
following paragraphs. the other hand it defines its metric in the measurement space
and therefore allows us to compare parametrizations having
state representations of different sizes and natures.

1.4 Linearity and EKF consistency The choice of the classical EKF engine for SLAM is not
casual: as a well-known algorithm, it serves the purpose of a
The consistency issues of EKF-SLAM are well known andstandard workbench through which to evaluate performance
have been the subject of numerous studies in the last yeadifferences that have their roots in non-linearity. As agiin
Castellanos et al (2004) showed that inconsistency appeagsting counterpoint, we additionally show with large-scal
even before the computational burden of the problem beexperiments that algorithms robuster to non-linearityhsuc
comes prohibitive, and proposed in (Castellanos et al, 200&s robocentric EKF-SLAM also benefit from the linearity
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improvements of the landmark parametrizations proposed ifor EKF-SLAM initialization and updates. We start witu-

this article. clidean points(EP, not suited for ULI) just as a matter of
completeness and to introduce some notation. The discourse
evolves througlhomogeneous poin(siP),anchored homo-

1.5 Contributions geneous point$AHP), andinverse-distance pointdDP),
which we refer to here aanchored modified-polar points
We provide several contributions: (AMPP) for reasons that will be explained soon.

1. A compendium of eight landmark parametrizations for
ULL, three for points (homogeneous points HP, anchored _ )
homogeneous points AHP, and anchored modified-polaf-1 Euclidean points (EP)
points AMPP) and five for lines (Plucker lines PL, an- ) ) ) S )
chored Pliicker lines APL, homogeneous-points lined* Euclidean pointp (EP, Fig. 2(a)) is trivially coded with
HPL, anchored homogeneous-points lines AHPL, andNrée Cartesian coordinates
anchored modified-polar-points lines AMPPL). Three of
these parametrizations (APL, HPL and AMPPL) are in-LEP =P =
novative to the best of our knowledge.

2. A unified methodology to tackle all eight parametri-
zations emphasizing the two keys to satisfactory ULI,
namely landmark anchoring and inverse-distance beha
ior.

3. An analytical measure of linearity of multi-dimensiona
functions that takes into account the time-varying sup- T 5
port of probability. u=KR (p-T)eP, 1

4. A statistical evaluation of root mean squared (RMS) er- . . . .
rors and average normalized estimation error square hI_Ch we use [o introduce some notapon. Qnd_erllned fents

indicate homogeneous coordinates in projective sp&tes

(NEES) consistency, based on Monte-Carlo simulation . LS .
K is the intrinsic matrix,

[xyz}—reﬂ@,

where we uselyayp to represent a landmark of type
NAME

_ Transformation to camera frame and perspective (pin-
hole) projection are performed with the well-known expres-
Ision

runs.
5. Abenchmark with real outdoors imagery of the point pa- ow 0 up
rametrizations on a robocentric SLAM implementation,K & [ 0 ay vo] ; (2)
showing that our proposed solutions achieve error lev- 0 0 1

els typical of state-of-the-art SLAM based on non-linear _ _ _
optimization. R = R(Q) andT are the rotation matrix and the translation

vector defining the camera franig which is coded by the
vectorC = (T, Q), Q being an orientation representation of
1.6 Outline our choice suitable for EKF filtering.
Euclidean points lead to severely non-linear observation

This paper is organized as follows. In Section 2 we defunctions in bearings-only systems and are not suited for
scribe three parametrizations for points and give details oundelayed initialization, as it has been extensively demon
the necessary algebra to support them. In Section 3 we rétrated, (Chiuso et al, 2002; Bailey, 2003; Davison, 2003;
peat the process with five types of infinite lines. Section 4wok and Dissanayake, 2004; Eade and Drummond, 2006b;
describes the initialization and updating proceduresii@ec Sola et al, 2008) and most particularly (Sola et al, 2005;
5 describes the methods we use for linearity and consistenéyivera et al, 2008). In brief, the problem of ULI with EP
evaluation, with simulation results in Section 6. Furtheer r can be explained as follows. In EKF, the requirements of
sults with real images are presented in Section 7. The papé#nction linearity must hold inside the whole uncertairgy r
continues with a discussion in Section 8 and the conclusiorgion of the state variable. Because in Euclidean paranaetriz

in Section 9. A final appendix gives accessory details on sedions the uncertainty region of partially observed landksar
ments endpoints management. is unbounded (it reaches the infinity in parameter space), th

observation functions’ linear approximation should hald f
a whole unbounded interval, and this is impossible.

2 Parametrizations for 3D points : : : : —
1 We use normalized quaternions for encoding orientatioriniya

. . . . because of the absence of gimbal lock, and because theabiliela-
This section presents some parametrizations for 3D point§ons appearing in the expression of the rotation matrixartale com-

with their projection and back-projection operations rezed putation of Jacobians very easy.
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(@) Euclidean point (b) Homogeneous point (HP)(c) Anchored homogeneous point (AHRH) Anchored modified-polar point
(EP) (AMPP)

Fig. 2 Point parametrizations. (a) EP is minimal but not suitedfbt. (b,c) HP and AHP do not require to be a unit vector. (d) In AMPP the
observed ray is coded by two angles: the derived directiatovés unitary and henceis exactly inverse-distance. The anchor pgiptin AHP
and AMPP corresponds to the optical center at initializatime.

2.2 Homogeneous points (HP)

Remark 1 (Inverse-distanc&yYhen the pointis expressedin

A homogeneous poifHP, Fig. 2(b)) is coded by a 4-vector
in projective spac®3. It is composed of a 3D vectan and
a scalap (usually referred to as tHeomogeneous pgrt

the camera frame, the vectai corresponds to a director
vector of the observed optical ray, and the scaldepends
linearly with the inverse of the distanekefrom the optical

center to the 3D point,

p = |ml/d. (%)

The unbounded distance uncertainty, which spans from a
minimal distanced,,,;, to infinity, is transformed into a
bounded intervap € (0, ||m||/dmqn] In parameter space.
This is of central importance as this is precisely the factor
that will allow us to use such parametrization for ULI (see

Although HP have been only recently introduced for mo-Section 4.2 for further justification and details). The same
nocular EKF-SLAM by Marzorati et al (2008), they have concept of inverse-distance is found in all the parametriza
been extensively used in computer vision for years. In hotions described here (except of course EP), even the ones for
mogeneous coordinates, a point in 3D space is representd@es.
by an equivalence class, under proportionality transfoahs
a 4-vector(m, p). Based on this equivalence several canon- Homogeneous points have the additional interesting
ical choices are possible. The chojee= 1 is the original ~ Property of presenting a bi-linear frame-transformatiguna
Euclidean point representation; the choiee = 1 is the UON:
conventional inverse-depth choice; and the chdieg| = 1 o ca|RT] ¢
is the inverse-distance choice. Note that the last two are n® = HP~ = [0 1} P, (6)
absolutely equivalent, although they are very similar.ikénl
depth (or inverse-depth), which is defined with respect to avhere the super-index” indicates the local framé where
particular direction in space, inverse-distance has tharad ~ the pointis referenced to, addlis the homogeneous motion
tage of being isotropic, that is, its properties are indejean ~ Matrix specifying this frame.
of the orientation of the reference frame. Homogeneous points project into perspective cameras

In this paper, however, we do not make a canonicaf®ccording to
choice, and let the four parameterspofree to move to the u=Pp=KP,H !p, @)
values determined by the different steps of the EKF esti- - -
mator? In HP we rather exploit the fact that the scateis ~ with P = KPyH ™!, and wheréP,, is the canonical projec-
proportional toinverse-distance, as stressed in the followingtion matrix
remark. 1000

0100
0010

m

£::
HPE|:p

}:[mmmymzp]TE]P’SCR4. 3)

A HP refers to the following EP:

p=m/p. 4

Py £

2 In fact, we make use of other kinds of redundancy in our param-This can be expressed in termsTgfR, m andp,
etrizations, with very positive results. Refer to SectiofoB further

discussion on redundant parametrizations in EKF. u=KR"(m—Tp) e P?, (8)
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which is linear inp. Notice that when the point is expressed (12)
in camera framep® = (m©, o), only the non-homoge-
neous parin® appears in the projection expression, An AHP refers to the following EP:
u= K'mc ) (9)
, _ S P=Po+m/p. (13)
meaning that 1 DOF, the point’s range intrinsically con-
tained inp®, is not measurable. Transformation to camera frame and projection resume to
On back-projection, the observed pan© in camera
frame is obtained by just inverting (9), u—=KRT (m —(T- po)p) cP?. (14)
m“ =K 'u. (10)

The non-observed pagt cannot be obtained from any data
in the system, and must be provided as prior (see Section 4Remark 3 (Landmark anchoringdnchoring the landmarks
about defining Gaussian priors appropriate for EKF). Overat the optical center at initialization time has the effefct o
all, the back-projection and frame-transformation coniypos decoupling the uncertainty of the term multiplying the most
tion necessary for landmark initialization (see Sectio® 4. uncertain parameter, the inverse-distancEhis term wash

for the initialization algorithm) is performed with in HP and has becom& —py) in AHP —see (8) and (14). It
. . c is easily seen that the uncertainty(df — po) is small after
Lyp=p= {m] —H [K CH] - {RK u Tp ] , initialization, while the current camera pogés not far from
I P P the anchomp, and their cross-correlation is significant. See

(11)  Remark 2 for the unanchored case, and Section 5.1 for the
impact that uncertainty has on the degree of linearity seen

wherep® depends inversely with the distanéeto the cam-
by EKF.

era, viap® = ||K~'u||/d". It must be provided as prior.

Remark 2 (Inverse-distance and frame transformation)
HP, the interpretation o as the inverse-distance from the ,
point to the camera is lost after frame transformation (6)Performed with
as p becomes an inverse-distance to the origin of coordi-

The back-projection and transformation composition is

nates. Due to the bilinear character of this transformation Po 1:1
this might have more or less adverse effects on the perforQAHP = |m = RKC up (15)
mance of tools such as the EKF (which demand reason- P P

ably linear systems). On one hand, whie (that is, rota-

tion R and translationT) is accurately estimatedle, after ~ Wherep® must be provided as prior; its proportionality to
small camera motions, bilinearity can be considered quasinverse-distance is given by = K~ "u]|/d.

linearity and the system is expected to work. On the other

hand, wherH is no longer accuratég., after large camera

motions, the system is prone to failure. See also Remark 32 4 Anchored modified-polar points (AMPP)

We lighten the previous AHP from 7 to 6 parameters by en-
coding the direction vectom with just elevation and az-
imuth anglege, «) of the observed optical ray joining, to
nP- When these angles are appended with the inverse of the
distancep = 1/d, the result is a 3D point in modified-polar
coordinates(e, «, 1/d). Adding the anchop, leads to the
anchored modified-polar poifAMPP, Civera et al, 2008,
Fig. 2(d)), coded by the 6-vector

2.3 Anchored homogeneous points (AHP)

We add an anchor to the HP parametrization to improve li
earity, as it is done in the well-known inverse-depth param
etrization (IDP, Civera et al, 2008), which we will see later
Anchoring the HP means referencing it to a pgitin 3D
space different from the origin (Fig. 2(c)). Thachor point
Po is chosen to be the optical center at initialization time.

This leads to thenchored homogeneous po{&HP, Sola, Po T G
; : ; L = |(e,a)| = [0 yo 20 e p] €R°. (16)
2010, Fig. 2(c)), parametrized with the 7-vector AMPP )
p
Po T
Lagp= |m| = [a:o Yo 20 Mg My M, p} eR.

p
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3.1 Plucker lines (PL)
Remark 4 (Inverse-depth point#) this article we refer to

the originally named “inverse depth points” (IDP) in (Ciger Thijs sub-section devoted to the Pliicker line is long. We
etal, 2008; Eade and Drummond, 2006bgeshored modi-  decided to include all this material because, for the sake
fied-polar point{AMPP). There is absolutely no difference of providing a coherent picture, it is important to hightigh
between IDP and AMPP, and the name change is justifieghany interesting connections between homogeneous points
by two facts: on one hand, our name better explains the ngHp) and Plucker lines (PL), notably the existence of bilin
ture of the parametrization as it recalls the previously eXgar transformation and projection equations reprodutieg t
isting “modified polar coordinates” term (Aidala and Ham- strycture of those of HP, and the inverse-distance behavior
mel, 1983, and possibly earlier). On the other hand, all oupf the homogeneous part of the Pliicker vector. These con-
parametrizations share the concept of inverse-depth {or ithections clearly arise with the adoption of a discourse that
verse-distance), rendering the term “IDP” ambiguous angetraces the one we used for HP. They allow us to propose

non-informative.

An AMPP refers to the following EP:
p=po+mi(ea)/p, 17)
wherem* (g, «) is a unit vector in the direction dt, «),

cos(e) cos(a)
cos(e) sin(«)
sin(e)

(18)

m*(e,a) =

the Plucker line as an interesting starting candidateridied
layed initialization of lines in monocular EKF-SLAM. Most
of the material here can be found in (Sola et al, 2009b).
The geometry of the Plucker line is taken from (Bartoli and
Sturm, 2001).

3.1.1 The Ricker coordinates

Transformation to camera frame and pin-hole projectiorf* i€ in PP can be defined from two pointsandb of the

to the homogeneous plane are composed to give

u=KR" (m*(e,a) = (T = po)p) - (19)

line by thePlucker matrix

L=ba' —ab' e R¥*, (22)

The back-projection and transformation composition is

performed with

Po T
Lavpp = |(g,0) = |0 (RK™a)| , (20)
P p©

wherep* (m) gives elevation and azimuth angles«) of a
director vectotm = (mg, my, m.),

arctan(m.//m2 +mz2)

9 imemema=|

«

arctan(my /my)
(21)

The parametep® is now exactly the inverse-distan¢gd
becausen* is unitary. It must be provided as prior.

3 Parametrizations for infinite straight 3D lines

witha = (a, a) € P? and the same fds. This is adx4 skew-
symmetric matrix (with 12 off-diagonal entriég = —[;;)
subject to théPlucker constraint
det(L) =0. (23)
The Plucker matrix is independent of the two selected goint
of the line (more exactly, any two points of the same line
give place to a matriX.’ ~ L, i.e., equivalent up to scale).
This line is coded as a homogeneous 6-vettey € P°
with the so calledPlicker coordinatesThese coordinates
are any linearly-independent selection of the enttgg,
and have been defined in the literature in a number of dif-
ferent ways, some of them more fortunate (intuitive, easy to
understand or manipulate) than others. In order to make the
similarities with HP visible, it is handy to choose the rep-
resentation suggested by Bartoli and Sturm (2001), that we

This section mimics the structure of Section 2, now forname here thélicker |ine(PL’ introduced to monocular
the case of infinite straight lines. We remark the numergkF-SLAM by Lemaire and Lacroix (2007), and then by

ous parallelisms that can be established among them, angh|3 et al (2009b) implementing ULI, Fig. 3(a)),
also between points and lines. We start with a quite ex-

haustive introduction to th@lucker line (PL), which be-

haves surprisingly similar to HP, and where the concept ofPL =

{S] = [nz Ny Ny Vg Uy UZ]T eP’CR® . (24)

inverse-distance is associated to a 3D vector instead of a

scalar. The discourse evolves through déimehored Plicker
line (APL), the homogeneous-points lingHPL), the an-
chored homogeneous-points lig®HPL), and theanchored
modified-polar-points linéAMPPL).

which corresponds to writing the Pliicker matfas

L= [[H]KFB’}’ n,veR?,

'

(25)
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T =

L L
2O
(a) Plucker line (PL). The lin&€ and the origin® define the (b) Back-projection of a Plucker line. The prigrfor initiali-
support planer. zation is expressed in the bage; , e }.

Fig. 3 Geometrical interpretations of the Plicker line, withlbacojection details. The 3-vecteris not observable at initialization time. Its initial
covariance, however, must be defined in the plahéy means of a 2D Gaussian priér See Fig. 10 for further details.

with [n],, the skew-symmetric matrix associated with the3.1.2 Frame transformations and projection
cross-productife., [n], m =n x m),
Itis easy to see, via (6) and (22), that the Plicker matrix is

0 —n, n, .
ml, 2 |n o _;’z . (26) transformed according to
—ny ng 0

L=HL“HT.

This choice and the definition (22) allow us to write

n = axb (27)  This expression s linear in the component&.6fand there-
(28) fore alinear expression exists for its vector countergai.
Having definedCp;, = (n,v), the expression of the trans-
formation is amazingly simple (Bartoli and Sturm, 2001):

v = ab —ba,

with which the Plicker constraint becomes the orthogonali
conditionn v = 0.
The Plucker coordinates, when defined as in (27-28), C
. . . . . . C A R [T]x R n
admit a comprehensible geometrical interpretation (in thdrr =H-Lp, = |, ¢ cl - (29)
Euclidean sense, Fig. 3(a)):

. v
— The vectom is a vector normal to the plamecontaining | N€ inverse transformation is performed with
the line£ (hence the points andb) and the originO. - T
— The vectorv is a director vector of the line, oriented £$, = H'-Lp;, = {R _RRT[T]X} : [n} . (30)
fromatob. 0 v
~ The ratio|\n_||/|\v|| is the I_Eu_clidean orthogonal distance Similarly, the Pliicker matrix is projected into a pin-hole
d from Fhe linel t.o the originO. . . camera according to
— The point of the line closest to the origin (at the distance
d) is given byq = (vxn)/|[v|]*> € R®orq = (vx n,=PLPT,
n,v'v) € P3
— The Plucker constraint trivially says that | v. which is again linear ifl. (see (26) for the meaning @ ).
The corresponding linear expression for the projectediine
Remark 5 (Rlicker and inverse-distancé)he third property homogeneous coordinatéss P2, is also very simple:
above, saying = ||n||/||v||, is crucial for undelayed initial-
ization in SLAM, notably because of the inverse-distancd = P-Lpr = K-Po-H ' -Lpr (31)
behavior of the sub-vector. This is not possible with the . o .
Euclidean Pliicker coordinatés = (n, u) in (Lemaire and with intrinsic and canonical projection Plucker matrices

Lacroix, 2007) because its director vectois normalized,

. T aw 0 0 100000
i.e, [[u| = 1 and hencel = ||n||. Iqstead (_)f normallzmg K=| 0 a o0 |, Py=|010000
v (or u), it would have been more interesting to normalize — QU — VD Qg gy 001000

n, yielding an exact inverse-distange| = 1/d. Anyway, _ o
normalization is not really necessary: as we will see in this' N& whole transformation and projection process (31) can
paper, just proportionality to inverse-distance is enciogh € expressed in terms @t R, n andv,

achieving ULI. See also Remark 6. T
I1=K-R'-(n—Txw). (32)




hal-00451778, version 4 - 17 Sep 2011

10

Notice that when the line is expressed in camera frame, AB,

£, = (n¢,v©), only the plane’s normah® appears in

the projection expression,

meaning that 2 DOF, the line’s range and orientation con-

tained invC®, are not measurable.

We can now fully observe the revealing parallelisms be-

2B \DPa=84/l8al?
- N
unit circle ——»,” Ba >
./ BB ! fl
‘\\ C /| e2
< 7
vé ol ¢ v
e g
Ba=1(04,02) B=(1,0) Bo=(0,-2)

tween PL and HP by comparing equations (29) with (6), (31):ig. 4 Different lines in the representation plan€, defined by the

with (7), (32) with (8) and (33) with (9). Roughly speaking,
the vectom in PL plays the role ofn in HP, andv plays the
role of p. We will exploit this fact to achieve ULI operation.

3.1.3 Pin-hole back-projection

A segmenl detected in an imagdg uniquely determines the
planer® containing the 3D line and the optical center (Fig.
3(b)). The plane’s normal in camera framg;, constitutes

the measured part; it is obtained by simply inverting (33),
nc=K""'1. (34)

The director vector* is meant to lie on the plane®

base{ei, ez} in camera frame, as a function of3. The directione;
is parallel to the image plane. Giveh obtain the pointD = 3/|| 5|2
and pass a line over it in the direction orthogonalstoThree exam-
ples: first, the lineA is defined by34 = (0.4, 0.2); its closest point

to Cis D4 = (2,1), at a distanca/||84]| = ||Dal|| = V/5; it has
directionv§ = (0.4e1,0.2e2). Second, the line3 is parallel to the
image plane, at a distance of||g|| = ||Dg|| = 1 from the optical

centerC. And third, the lineC' is orthogonal to the detected segment
in the image (the image plane is not shown in this figure, pleater

to Fig. 3(b)). Notice that the lin€ ¢ is generally not orthogonal to the
image plane, because the platfeis generally not orthogonal to it.

— B8 = (p1, B2) is aline in the direction of /32, —51) pass-
ing over the pointD = 3/|3||* which is the point of the
line closest to the optical center.

and has therefore only 2 DOF, which are not measured. We- The orthogonal Euclidean distance from the line to the
need to isolate them to be able to provide the necessary optical centelC is given byd = 1/||3||.

Gaussian prior for initialization. For this, we consider

Fig. 4 shows some examples of parametgend their

to be generated by a linear combination of the vectors of aBorresponding lines in the representation plafe

orthogonal bas& = [e;, e;] of the planer, i.e.,

51752 ER,

with {e;, ez, n®} mutually orthogonal. Doing = (51, 32) €
R? we get the matrix form

v = Bi-e1 + B2-ea,

vE=E-3, (35)

andv® ¢ 7€ for any value of3. The baséE spans the null
space om®, thus the Pliicker constraint | v is satisfied
by construction.

The mutual orthogonality condition betwegey , e, n“}
gives us some freedom of choice for the bEsé-or conve-
nience, we arbitrarily buil@ so that|| 3|| is exactly inverse-
distance and; is parallel to the image plane. This yields

[n§ —nS0]"

(n§)? + (n5)?

With this base choice the vect@radmits the following
geometrical interpretation:

IlCXel

[n€| —T—ar
|||

e = and €y = . (36)

— B = (01,0)isaline parallel td, thus to the image plane,
passing over the poidd = (1/54,0).
— 8 = (0,52) is a line perpendicular td (but gener-

Remark 6 (Role of) The planais-space is well-suited for
defining our Gaussian prior. Wheéh— (0, 0), the line tends
to infinity. Its orientation is given by the relative strehgif

(1 with respect tgs,, and it easily covers the full circumfer-
ence. The valuég|| is the inverse of the Euclidean distance
from the line to the origin. When assigning a prmdf to 5

at initialization time (see Fig. 10 in Section 4 on initiatig
the pdf of 3), this will be properly mapped to the 3D space
as a planapdf on the planer®. The support of high prob-
ability of this