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Abstract

In this paper a concentration inequality is proved for the deviation in
the ergodic theorem in the case of discrete time observations of diffusion
processes. The proof is based on the geometric ergodicity property for
diffusion processes. As an application we consider the nonparametric
pointwise estimation problem for the drift coefficient under discrete time
observations.

Keywords: Ergodic diffusion processes; Markov chains; Tail distribution; Up-
per exponential bound; Concentration inequality.

AMS 2000 Subject Classifications: 60F10

*The second author is partially supported by the RFFI-Grant 09-01-00172-a.

fDepartment of Mathematics, Strasbourg University 7, rue Rene Descartes, 67084, Stras-
bourg, France, e-mail: leonid.galtchouk@math.unistra.fr

fLaboratoire de Mathématiques Raphael Salem, Avenue de 1’Université, BP. 12,
Université de Rouen, F76801, Saint Etienne du Rouvray, Cedex France, e-mail:
Serge.Pergamenchtchikov@Quniv-rouen.fr


http://hal.archives-ouvertes.fr/hal-00624128/fr/
http://hal.archives-ouvertes.fr

hal-00624128, version 1 - 15 Sep 2011

1 Introduction

We consider the process (y,),>, governed by the stochastic differential equation
dy, = S(y,) dt +o(y,)dW,, 0<t<T, (1.1)

where (W,, F,),>o is a standard Wiener process, y, is a initial condition and
¥ = (S, 0) are unknown functions. For this model we consider the pointwise
estimation problem for the function S at a fixed point z, € R (i.e. S(z,)), on
the basis of the discrete time observations of the process (1.1), i.e.

(ytj)lgjng (1.2)

where ¢; = jo, N = [T'/5] and ¢ is some positive fixed observation frequency
which will be specified later. Usually, for this problem one uses kernel estima-
tors Sy(z,) defined as

3 ZN: wh,xo (y k) Ay X 1 y—x
Sn(xo) = kNl t : ) wh,x()(y) ~ v (TO) )
Zk:l ,lvz)h,xo (ytk) Atk

where U(y) is a kernel function which equals to zero for |y| > 2 and will be
specified later, 0 < h <11is a bandwidth, Ay, =y, —y, and At, =9.
Main difficulty in this estimator is that the denominator is random. There-
fore, to obtain the convergence rate for this estimator we have to study the
behavior of the denominator, more precisely, one needs to show that

(1.3)

N
Z Up oy (Y )AL, = Ty (V) , )BT as T — o0,
k=1

where

o (Un) = / Y, (1) 4o(y) dy (1.4)

and g, is the ergodic density defined in (2.2).

Unfortunately, the ergodic theorem does not permit to obtain this kind of
result because the times ¢, and the bandwidth h depend on 7T'. Usually one
obtains such properties through concentration inequalities for the deviation in
the ergodic theorem, i.e. one needs to study the limit behavior of the deviation

N

Do) =Y (6w,) - m(9)) At, (1.5)

k=1

for some functions ¢ which can be dependent on 7', for example, ¢(-) = ¥, , (-).
More precisely, we need to show, that for any ¢ > 0 and for any m > 0,
uniformly over ¢,

lim TP, <|DT(@Z),L,%)| > 5T> ~0, (1.6)

T—o00
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where P is the law of the process (y,),~, under the coefficients ¢ = (5, 0).
Usually, to get properties of type (1.6) one needs to establish an exponential
inequality for the deviations (1.5).

There are a number of papers devoted to concentration inequalities for
functions of independent random variables (we refer the reader to [2] and ref-
erences therein), for functions of dependent random variables (see [4], [5], [14]).
For Markov chains such inequalities were obtained in [1]. For continuous time
Markov processes an exponential concentration inequality was obtained in [3]
(see also references therein). Some applications of concentration inequalities
to statistics are presented in [13]. Concentration inequalities for diffusion pro-
cesses are given in [8], [16], [18].

For statistical applications, we need uniform upper bounds for the tail
distribution over functions ¢ like to the exponential bounds in [8]. We can not
apply directly the method from [8], since there it is based on the continuous
times version of the Ito formula. In this paper we apply this approach through
uniform (over the functions S) geometric ergodicity. We recall (see [15]), that
the geometric ergodicity yields a geometric rate in the convergence

lim By (g(y,)lyo = x) = my(9)
for any integrable functions g and any initial value x € R. Here E; denotes the
expectation with respect to the distribution P,. In [10] through the Lyapunov
functions method it is shown that the process (1.1) is geometrically ergodic
uniformly over functions ¢ = (S,0) from the functional class © defined in
(2.1).

The paper is organized as follows. In the next section we formulate the main
results. In Section 3 we introduce all the necessary parameters. In Section 4
we show a concentration inequality in ergodic theorem for the continuous ob-
servations of the process (1.1). In Section 5 we announce the uniform geometric
ergodic property for the process (1.1). In Section 6 we give the Burkhélder
inequality for dependent random variables. In Section 7 we prove all main
results. The Appendix contains the proofs of some auxiliary results.

2 Main results

First we describe the functional class © for functions ¥ = (5,0) defined in
[10]. We start with some real numbers x, > 1, M > 0 and L > 1 for which we
denote by X, the class of functions S from C'(R) such that

sw (|S(2)] + 19(2)]) < M

|| <x,
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and . '
—L < inf S(z) < sup S(z) < —L7'.

|z|=>x, lz|>x,

Furthermore, for some fixed numbers 0 < 0, < 0.« < 00, we denote by V
the class of the functions o from C?(R) such that

mau

Omin < nf min (|o(2)], |6(2)], [6(z)])

< swpmax (o (2)], 15}, 15()]) < -

Finally, we set
=%y xV. (2.1)

It should be noted (see, for example, [11]), that for any ¢ = (S,0) € ©, the
equation (1.1) has a unique strong solution which is a ergodic process with the
invariant density g, defined as

g,(z) = ( /]R o 2(2) e§<z>dz) B o 2(z) 5 (2.2)

where S(z) = 2 J5 Si(v)dv and S, (z) = S(z)/0*(2).
Now we describe the functional classes for the functions ¢. First, for any
parameters v, > 0 and v; > 0 we set

Vi =10 € CR) : @], < 15, |], <1}, (2.3)

where [¢]; = [ [6(y)| dy and ||, = sup, g [6(y)]-
For any function ¢ from C?(R) we denote by L,(¢) the generator operator
for the process (1.1), i.e.

2 .
£,(0)®) = 5050 + Z2é0).
Using this notation, we set
(@) = sup [[Ly(@)]l.  and  f(¢) = sup |my(9)], (2.4)
9e0 9€0

where 7(¢) = my(Ly(¢)). Now for any vector v = (v, vy, Vy, V3, vy) from R,
we set

K, =40 eV 16l vy, n0) Sun, i9) S v} (25)

01
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Theorem 2.1. For any vector v = (v, vy, Vy, Vs, 1,) from Ri and any
0 < & < 1 there exist positive parameters z, = z,(0,v), v = v(d,v) and
» = #(0,v) such that

sup sup sup sup e*™n=N P (|DT(¢>)| > Z\/N) <4, (2.6)
T>1 2>z, ¢k, 9€O©

where the parameters z,, v and » are defined in (3.5)—(3.6).

Now we apply this theorem to the pointwise estimation problem, i.e. for the
functions ¢, , defined in (1.3). To this end we assume that the frequency ¢
in the observations (1.2) is of the following form

1

where the function /. is such that for any m > 0

l l
lim —L = d lim L = . 2.
Tl—rgo Tm 0 an T1—1>rolo InT oo (2.8)

Further, let € = e, be a positive function satisfying the following properties

l ol
li =0, lim -~ =0 and lim -ZZL = . 2.9
T T BT € Y (29)

We can take, for example, for some ¢ > 0

1

lT = hllJrGL(T + 1) and ET = m .
n

Theorem 2.2. Assume that the kernel function ¥ in (1.3) is two continu-
ously differentiable. Moreover, assume that the functions o, and l; satisfy the
properties (2.7) and (2.9). Then there exist coefficients z; = 25 (V) > 0 and
v =~*(V) > 0 such that

limsup e 7 sup sup sup P, (‘DT(Q/}}”C )| > aT) <4, (2.10)
T—00 a>a, h>T-1/2 ¥€O o

*

where a, = z;

/Iy, the parameters 2 and v* are given in Section 3.

This theorem implies immediately the following

Corollary 2.1. Assume, that all conditions of Theorem 2.2 hold. Then, for
any m > 0,

limsup 7™ sup sup sup P, (|DT(wh7$0)| > aT) =0.

T— o0 a>a, h>T~1/2 9€0



hal-00624128, version 1 - 15 Sep 2011

Now we study the deviation (1.5) for the function

Xty (Y) = %X (y _h%) , (2.11)

where x(y) = 1,<1}-

Theorem 2.3. Assume that the parameter 0 has the form (2.7). Then, for
any m > 0, and for any function ey, satisfying the condtions (2.8) and (2.9)

lim 7™ sup  sup Py <‘DT<th )| > e T) =0. (2.12)
T—o0 h>T—1/2 9cO o

Remark 2.1. [t is well known that to obtain the optimal rate in the estimation
problem for a differentiable function S in the process (1.1) one needs to choose

the bandwidth h as
J, — T—1/2a+1)

with the regularity parameter o > 1. This means that, really for the pointwise
estimation problem, h > T~'/3. But in the quadratic risk one needs to choose
the parameter h as h = T~Y2 (see [6]-[7],[9]).

3 Parameters

In this section we introduce all necessary constants and parameters. First, we
set

v, = eBr/4B)  and vy = \/7/B, P/ (48s) (3.1)
where 3, = 2M /0. and 8, = 1/Lo? . Moreover, as we will see in Appendix,
the ergodic density (2.2) is uniformly bounded by ¢*, where

02 2 4
q* _ Zwax eﬁlx*+51/( B2) . (32)

man

Now we set

2v,
r=r(ve) = 5 (L v+ 0" (x. +vy) e, (33)

where the parameter v, is defined in (2.3). Now using this function we set

1
fio (Vo) = 108 72(3p? + yg + 202 )

max

(3.4)

HO:

where p = max (|y0| OV L, 2(x, + ML))

6
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Now for any ¢ > 0 and any parameter vector v = (v, vy, vy, V3, v,) from
Ri we set

2o = 2y(0,v) = 0** max (2¢ivy , 2¢ivy, v, TH?, 1, T712) |

7 =71(0,v) = 6*? max (civs, i) (3.5)

where
R(1+p)

c’l‘ = ¢t
K

* —_—
and ¢, = V2eo, .

The parameters R and x are defined in Theorem 5.1. Finally we set

fy:i and %z%(é,y)zw.

47 646 (3.6)

Now we set
M, =M+ L(x, + |z, +2) . (3.7)

Now for any inegrated two times continuously differentiable R — R function
U we define

K. (W) = max (9], 1], (9] 19, 91.) - (3.)
Using this operator we define the parameters
zo =Mk (¥) and 77 = Ak, (V), (3.9)
where
A, = max (20’1‘M1 , 2c5, Miq", 1) and A\, = max (c’lle , c;) )

Finally, we set
v = : (3.10)

4 Continuous observations

In this section we study the deviation in the ergodic theorem for the continuous
observation case, which in this case is defined as

Apl() = % / (6(y) — my(6)) dt (4.1)

where ¢ is any integrated function, i.e. |¢|; < oo.
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Proposition 4.1. For any v, > 0 and v; > 0

sup ™ sup  sup  sup P, (|Ax(8)] >2) <2, (4.2)
220 T>1 ¢ev, ,,  9€0

where the parameter k, is given in (3.4).

Proof. Similarly to [8] firstly we show that the deviation (4.1) has an expo-
nential moment, i.e. we show that for the parameter x,,

sup sup Eﬁe’“OAQT(‘b) <2. (4.3)
T>1 9€0
Indeed, to show this inequality we need to estimate the expectation of any
even power for the deviation Ay (¢). To this end we have to represent this
deviation as the sum of a continuous martingale and a negligible term. For
this one needs to find a bounded solution for the following differential equation

S(u) vﬂ(u) _ 9 P(u) g(u) = ¢(u) — 7r19(<b) . (4.4)

o?(u) o?(u)’

One can check directly that the function

Uy(u) + 2

vg(u) = —2 /00 ;i((yy)) exp{2 /y S, (z)dz} dy (4.5)

yields such a solution. We recall that the function S is defined in (2.2).
Moreover, due to Lemma A.2 from Appendix implies this function is uniform
bounded. By applying the Ito formula to the function V(y) = foy vy(u)du we
following representation

/ By)ds = V(yz) — Vo) — Cr (4.6)

where (, = fOT vy(y,)o(y,)dw,. Therefore, for any 7" > 1 through Lemma A.2
we can estimate A, (¢) from above as

A2(@)] < rlurl + vl + = Il

Moreover, taking into account (see [12], Lemma 4.11), that for any m > 1,
E, (¢;)"™ < (2m— 1) rmerm T

we obtain by Proposition A.1 , that for any m > 1

2m 2m—1 2m 2m 2m E19 (CT)Qm
Ey|Az(o)™ <3 " (Eglyr ™" + lyol™™) + — Tm

< (3r)*™ (4(m+ 1)(2m — 1) p*™ + ygm + (2m -1l ) .

max
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Therefore, taking into account the definition of &, we obtain

[e.e] ij
E, e 1@ =1 4 Z —(37) A2m A+ DI + 2" + (2m — 1)e?™ )
m)
m=1

<14 /BT (4(3pH)™ 4 yi" 4 20 )

max

m=1

<1+ iu/z)m -

From here we obtain the inequality (4.3) and by the Chebychev inequality we
come to the upper bound (4.2). Hence Proposition 4.1. O

Remark 4.1. It should be noted that the inequality (4.2) is shown in [8] for
the process (1.1) with o = 1. Thus Proposition 4.1 extends teh result from [8]
for any diffusion function o.

5 Uniform geometric ergodicity

Here we announce a result on geometric ergodicity obtained in [10].

Theorem 5.1. There exist some constants R > 1 and k > 0 such that

E =) —
supe sup supsup Ey (9(y)lyo = ) — my(9)] <R, (5.1)
>0  |gll, <1 z€R 9€O 1+ ||

where the parameters R and k are given in [10].

6 Burkholder’s inequality

In this section we give the following inequality from [4],[17].

Proposition 6.1. Let (2, F, (F;),<j<n, P) be a filtered probability space and
(va]:j)lgjgn be sequence of random variables such that for some p > 2

max E[X;[" < co.
1<j<n

Define

2/p

bj,n(p) = E(|X]| Z |E(Xk|]:j)|)p/2

k=j

9
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Then
p/2

E| Z Xj P < (2p)p/2 Z bj,n(p) : (6.1)

Proof of this Proposition is given in Appendix.

7 Proofs

7.1 Proof of Theorem 2.1

First note, that by Proposition A.1 and the Hélder inequality we obtain for
any a > 1

sup sup By ([y,/%lyo = 2) < 4(a+1)* p*. (7.1)
t>0 JYe€O

Now we represent the deviation D, (¢) as

Dy(¢) = / (¢(y,) — my(9))dt + A1,T - A2,T

= \/TAT(¢) + Al,T - A2,T7 (7-2)

where

Al,T:i / (60,) ~60)) @t and Mgy = [ (0lu) w0

ON

To estimate the term A, 7 we represent through the Ito formula the difference

¢<ytj) — ¢(y,) as

— R @)t — )+ T (¢ /m/s 7(y ).

/ o) ds. (0= [ 7 b)) A

and ¥(y) = Ly(¢)(y) — 7y(¢). Now setting

t.
X, = / t)dt and n; = /J w;(t)dt,
t

j—1

where

10
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we obtain

N Nz N N
A r= Wﬁ(ﬁb)T + Z X; + Z n; - (7.3)
j=1 j=1

To estimate the second term in the right-hand part of (7.3), we make
use of the Proposition 6.1.We start with verifying its conditions. Putting
F,=o0{y,,0 <u < s}, we obtain by Theorem 5.1, that for any ¢ > s and for
any ¢ from the functional class (2.5)

By @) F) [ < n(@) R (L4 Jy,]) e < vy R (14 Jy,]) e "0
Therefore, for any k > 7,
By (X7, )| < Re*(1+ [y ) vy 62 90, (7.4
It should be noted also, that the random variables X are bounded, i.e.
1X;| < V367

To estimatie the probability tail for the sum 2?21 X; we will use the inequality
(6.1). For this we need to estmate the coefficients b; y(p) for any p > 1. From
here, taking into account that 1 — e™*® > kde™" and that for p > 2

2/p 2/p
(Bt + 1, 972) " < 1+ (Bly, 172)

we can estimate the coefficient b, y(p) as
1 K
bn(p) < = Re e (1+ (Ely, ["/%)?7)

where ¢* = 176%. Now the inequality (7.1) yields

bn(p) < Ri*>/2+p < Ri*\/2p,

where .
R, =—Re*(1+p).
K

Using this in (6.1) we obtain, that for any p > 2,
N
E,| > X, [P < (2p)"? NP2 RP2 P (2p)P/
k=1

< (2y/Ry )P NP2 P

11
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Therefore, by Chebyshev’s inequality
N
P, (| S X, NN) < P iny
k=1

with a = 24/ R;s/z. Minimizing now the right-hand part over p > 2, we obtain
for z > dey/R,v36%/?

N
P, (‘ > Xl > ZW> < e (7.5)
k=1

where ¢, = 2e/Rs.
Moreover, note that by the Burkholder-Davis-Gundy inequality, for any

a>1,
E, w; ()| < () 050  (t; — ).

2 7 max

Using this and the the Holder inequality, we get

2 “max °

t.
E79|77j|a < 504_1 /J Eﬂ|wj(t)|a dt < 53@/2 O404/2 el et
t

j—1

Note, that in this case in the right hand of the inequality (6.1)

bj,N = (Eﬂ |77j|p)2/p .

Therefore, similarly to the inequality (4.5) we find, that for all z > 2g,,

N
P, (\ > ml > z\/ﬁ> < e (7.6)
k=1

where ¢, = v/2e6*?v,0, ... Now from (7.3), (4.5)-(4.6) it follows that for
z 2 2z

P, (1A, > 2VN) < P, (| N Xl > NM)
k=1

N
+P, (l >l > z\/N/4> < 2e T (7.7)
k=1

when the parameters z, and 7 are given in (3.5). Moreover, note that due to
(2.5) the last term in (7.2) is bounded, i.e.

[ Ay 7l <200, < 200, < Zo\/N/4-

12
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Finally, from (7.2) for z > z, one has

P,(|Dr(9)] = 2VN) < Py (VTIAL(0)] + Ay | = 3:VN/4)
< P, (VT|Ar(6)] 2 3:VN3)
+P, (|A1,T| > 3Z\/N/8> .

Taking into account here, that N/T' > (1 —¢)/6 forany 0 <9 < 1 and T > 1,
we obtain, that

3z4/(1 = 9)
Py(|Dr(¢)] > 2VN) <P, <|AT(¢)| > 87\/5>

3
+ P, (|ALT| > gm/ﬁ) .

Therefore, applying here the inequalities (4.2) and (7.7) we come to the upper
bound (2.6) with the parameter s given in (3.6). Hence Theorem 2.1. [

7.2 Proof of Theorem 2.2
Firstly, note that in this case

1 . 1 .
ool = 1¥l1s 1Wnglle = 212N and [y Ml = S5 1Yl
Moreover, taking into account that |S(y)| < M + Lx, + Ll|y|, we find that
sup  [S(y)| < M, (7.8)

ly|<|zq|+2

where M, is given in (3.7).
Therefore, in view of the fact that 0 < A < 1, we can estimate from above the
parametrs (2.4) as

M(wh,mo) S ,u*h—?) and ﬁ(wh,mo) S ﬁ*h_27 (79)

where
. = max (|0, [ B11,) My and i, = max (|91, , [9,) Mg

Therefore, the function Up 4, belongs to the class (2.5) with the following pa-
rameters

[l 1], i i,
vy =¥, 1= = = =73

oo 2T TR BT MaT e

13
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Therefore, in this case the coefficient (3.4) equals to x,(|¥|,) and the param-
eters (3.5) can be represented as

) . B
20 = g max (2l 2L EATYC 0T )

§3/2 .
T = 5 max (c’{,u*, c;H\I’H*h> . (7.10)

Therefore, thanks to the condition (2.8) for any 772 < h <1

2 <172 and 7 <177, (7.11)

where the parameters z; and 7 are given in (3.9). Note now that, by the
condition (2.7)

P, (IDr(na)| = aT) <P, (1Dr(0,)] = 2 VN)

where z; = a/+/l;. The first inequality in (7.11) implies that z; > z, for all
a > a, = z;/ly. Moreover, from the last inequality in (7.11) it follows, that
for a > a,

min (»z, , ) = min | sz 1 > min | % v/l :
17 L yr lT\/E’ 47*

Taking into account here the definition of s in (3.6) and the form for § given
by (2.7) we obtain that for sufficiently large T'

min | s % ,lT\/E :ZT\/E.
lT\/E 47* 47*

Thus, through Theorem 2.1 we come to the inequality (2.10). Hence Theo-
rem 2.2 [

7.3 Proof of Theorem 2.3
First we represent the tail probability as

P, (|DT(Xh,mO>| > €p T) =L +1,

where
N

I =Py ZXh,xo(ytj)Atj < (%(Xh,mo) —ep)T

Jj=1

14
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and
N

L,=P, Z Xh,z, (ytj)Atj > (%(Xh,mo) +ep) T

J=1

Let us define now the following smoothing indicator functions

1 [t Z—u
%AWZ;/z kamv<n )@

1 [free z—u
\112771(70 - _/ Loty v <—> dz,

and

n n

where 7 is a smoothing positive parameter which will be specified later, V' is a
two times continuously differentiable even R — R function such that V' (z) = 0

for |z] > 1 and
1
/ V(z)dz=1.

1
It is easy to see that, for any y € R and 0 <n < 1/2,

L (u)(y) < x(y) < ¥y, (y)

and W, (y) = 0 for |y| > 2. Moreover, for the functions

1 _
b = 1 % (52

using the inequality (A.4), we can estimate the difference between the coore-
sponding ergodic intergals (1.4) as

|7T19(Xh,x0) - Wﬁ(wi,h” <dnq*.

Therefore, choosing here n = 62T we obtain, for sufficiently large T,

I <P, (|DT(¢i,h)| > ETT/Q) .

One can check directly that in this case the operator (3.8) has the following
asymptotic (7" — oo) form

k*(\:[li,n) =0 (77_2) .
Therefore, from (3.9) and (7.11) it follows that for T — oo and h > T~1/2
“0(0i) = O (n_Zl;3/2> and - 7(¢;;) = O (77_2553/2> ,

15
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1.e.

1 1
2(¢in) = O (m) and  7(¢;,) = O < 1 3/2) '
GTZT eTlT

Now we have
P, (IDr(Whs)l 2 &T) <Py (IDp(0)] = 5 VN) |

where z; = e;/+/lp. The last equality in (2.9) implies z; > z, for sufficiently
large T'. Moreover, taking into account, that there exists a constant c, > 0
such that for sufficiently large T’

sz, > ¢, T\/lpep and v > C*ZT\/Ee‘lT,
i.e. for sufficiently large T’
min (32, , ) > ¢, lp\/lpey. .

Therefore, by Theorem 2.1 for sufficiently large T

P, <|DT(¢h,$O)| > eTT> < de—Clreq

Now the last condition in (2.9) yields the equality (2.12). Hence Theorem 2.3.
0

A Appendix

A.1 Proof of Proposition 6.1

We set .
h,(t) =E[S, | +tX, [P with S, =) X,.

j=1
By the induction method we assume that forany 1 <k <n—1and 0 <t <1

hi(t) < (2p)P2 BY(t), (A1)
where -
By(t) = 3" b;4(p) + the 4 (p).

Note now that as is shown in [17] (Theorem 2.3)

nool
E|S,]? =p(p—1) Z/ E[S; , + vXj|p_2(—vX2j +7Y(j,n))dv. (A.2)
j=1"0

16
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with

k=j

Therefore,

n—1 1

h (1) = p(p — 1) / E|S, | +0X,[P2(—uX2, + Gli,n, t))du
j=1"0
1
+p(p—1) / E|S,_; + vtX,[P7**(1 — v) X dv,
0

where

Moreover, we can estimate h,, (t) as

ho(t n—1 1
() < / E[S; , + vXj|1”_2 |G (i,n,t)|dv
0

P2 —

<

t
+ / E|S, |+ sX,[P* X ds
0
Now taking into account that for 0 <t <1
. 2/p
(EIGG,n, 0)]P*)"" < b,,(p),
we obtain by the Holder inequality

1 1
/ E[S; , + 1)Xj|1”_2 |G(i,n,t)|dv < / h$(v) b, (p)dv,
0 0

where o« = 1 — 2/p. Therefore,

) < 000 [ o+, 00 [ s

P2 P

Now by the induction assumption for any 1 < j <n—1

1 1
bialo) [ (@0 < P72 [ B ot ().
0 0

Moreover, taking into account that

—_

j_

B;(v) < bin + vbjm(p) ,

J
1

(2

17
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we obtain that

_— 9 J CA
[ B, <2 <<Z b2 — (3 b2

This implies for any 0 <t <1

with
k, =p°b,,(p) and f,=|2p) b, .(p)

Now by setting

we obtain from (A.3) that

Z(t) < k2Z°(t).

Now introducing

g(t) = 2(t) =k Z2°(1),

we obtain the differential equation

Z(t) =k Z(t) + g(t)

with ¢g(t) < 0. From here we obtain

2 t 2
Z20(t) = Z22/P(0) + kot + / 90 G < 720y + Skt

p Z(u)

o
1.e.

2 p/2
Z(t) < (ZZ/P(O) + —k:jjt) :
p

Substituting this bound in (A.3) we obtain

2 p/2
h,(t) <k, Z(t) <k, <Z2/p(0) + —kgt)

p
n—1 p/2
= | 2p) _b;.(p) +2pth, . (p)
j=1

Hence Proposition 6.1. O
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A.2 Uniform bound for the invariant density
Lemma A.1. The invariant density (2.2) is uniformly bounded:

supsup gy(z) < ¢* < 00, (A.4)
z€R YO

where the upper bound q* is given in (3.2).

Proof. First, note that through the definition of © we can check directly that
for any |z| > =,

2 [ Sy(0)dv < Bifel = el - %, (A5)
0

where the coefficients 5, and (3, are given in (3.1). Therefore, taking into
account, that for |z| > x,

2/ Sl('U)d’US/le*7
0

we obtain that

2 sup / S (v)dv < Bz, + —-
0

zeR

Estimating now the denominator in (2.2) from below as

1

0—2
max

and taking into account the definition of ¢* we come to the upper uniform
bound (A.4). Hence Proposition A.1. O

A.3 Moment bound for the process y,.
Proposition A.1. For any m > 1

sup sup Ey|y,[*" < 4(m +1)(2m — D! p>™ < 4(2m)™ p*™
>0 90

where p is given in (3.4).

Proof. First note, that through the Ito formula we can write for the function
z(m) = Eyy?™ the following intergal equality

t
sam) = zo(m) + 2m [ Bt S(y,)ds
0
t
sm(zm = 1) [ B2 y)ds.
0

19
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which can be rewritten as the differential equality
. - 2m—1 2m—2 _2
Z(m) = 2mEyy ™ S(y,) +m(2m — 1)Egy™ "0 (y,) .

2(1,) S 0.2

i = . We obtain, that for any

Taking into account here that sup
m>1landt>0

z,(m) < 2mEgy2™ 'S (y,) + m(2m — 1)o> 2, (m —1).

Now we need to estimate from above the function x*"~15(z). Obviously, that
for any K > x,

S
me_ls(x) < K?™= 1 sup |S(x)|1{|m|SK} + me_('x)
|| <K x

Ljat> ry -
Taking into account that sup |S(z)| < L, we obtain, for any = € [x,, K],
1S@)] < [SGe)| + Ll —x, < M+ L(K —x,).

Similarly, we obtain the same upper bound for z € [-K, —x,]|. Therefore,

sup |S(x)| < M + L(K —x,).
2l <

Consider now the case |r| > K. We recall, that SUD|, 15 S(z) < —L7\.
Therefore, -

@ < % — K—x,
x K LK
Choosing K = 2(x, + ML) yields
S 1

xr — 2L

Therefore,

m— m— 1 m
2?18 (r) < KN (M + L(K — x,)) — ﬁ$2 1oy

m— 6 m ]' m
= K> Y (M + L(K —x,)) + 5:52 Lfpj<r) — ﬁ:ﬁ

<A —é:me

=~ m 2 ’

where
A, = (2(x, +ML)*™ " (2M +x, (L + L7") +2L*M)

m

20
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From here it follows, that
z,(m) <2mA,, — L™ 'mz,(m) + m(2m — 1)o2 _z(m —1).
We can rewrite this inequality as follows
z,(m) = =L 'mz,(m) + m(2m — 1)otz,(m — 1) + oy,

where sup,.,¥; < 2m A, . This equality provides

t
z,(m) = zg(m)e ™'t + m(2m — 1)012%)(/ e 2 (m = 1)ds
0

t
+ / e TNy ds
0

< m(2m — 1)o?

max

¢
/ e, (m—1)ds + B,
0

where B, = ygm +2A, L. Setting B; = 1 and resolving this inequality by
recurrence yields

z,(m) <4(2m — 1) i (crfnaxL)mfj B;.
=0
It is easy to see, that
B,, <4 (max (|yo| 4(x, + ML)*))™ .
Therefore

sup z,(m) < 4(m + 1)(2m — ) p*™ < 4(2m)™ p*™

>0

where p is defined in (3.4). Hence Proposition A.1. O

A.4 Properties of the function (4.5)

Lemma A.2. For any integrated function ¢ the solution (4.5) is uniform
bounded, 1.e.

sup sup [vy(y)| <7,
JeO yeR

where the upper bound r is introduced in (3.3).
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Proof. Firstly we note, that for any ¥ from © and any intergated R — R
function ¢

T (D) < ¢ ¢l -

Moreover, by the definition of the parameter 3, we get

2 sup |S;(u)] < B;.

lul<x,
Therefore, for 0 < u < x, we can estimate the function v, as
2ex+P1 .
[vp(u)] < —5— (L +a™x,) [¢]; + 1(9)) ,

min

where f3; is given in (3.1) and

H@:/ (16()] + " 16]y) &% 5% qy.

*

To estimate this term note that similarly to (A.5) we can obtain that for any
y=az>x,

2/w&@m2§mw—awwuy—@? (A.6)

Using this inequlity for a = x,, we get

I(¢) < / ‘¢(y)‘eﬁl(yfx*)fﬁz(yfx*)Q dy + ¢* ‘¢‘1/ eBrz—B22" 4
X 0

*

o0
gwmwpﬁﬁ%*+fWM/ N
2>0 0

< o], (v; +q*vy)

where the parameters v, and v, are introduced in (3.1). Therefore, taking into
account the definition (3.3), the last inequality implies

sup sup |vg(u)| <. (A.7)

9€0 0<u<x,

If w > x,, then through the inequality (A.6) we estimate the function v,(u)
from above as
2|91,

sup sup [vg(u)| < —
Y€O u>x, min

(v +q"vy) <.

Let now v < 0. Taking into account that

(y)

r oY)

v
eXp{Q/ Si(z)dz}dy =0,
0

22



we can represent the function v, as

T oY) 2psieaas g,
lul 02(_9)

vg(u) = 2

Similarly to (A.6), one can check directly, that for any y > a > x,

—2/y Sy(—2)dz < By — a) — Boly — a)?

Therefore, by the same way as in the proof of (A.7) we can estimate the
function vy(u) as

1]

2]

hal-00624128, version 1 - 15 Sep 2011

supsup |vy(u)| < 7.
9€0 u<0

Hence Lemma A.2. O
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