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New haraterizations of simple points, minimalnon-simple sets and P-simple points in 2D, 3Dand 4D disrete spaesMihel Couprie and Gilles BertrandUniversité Paris-Est, LABINFO-IGM, UMR CNRS 8049, A2SI-ESIEE, Frane(m.ouprie,g.bertrand)�esiee.frAbstrat. In this artile, we present new results on simple points, min-imal non-simple sets (MNS) and P-simple points. In partiular, we pro-pose new haraterizations whih hold in dimensions 2, 3 and 4, andwhih lead to e�ient algorithms for deteting suh points or sets. Thiswork is settled in the framework of ubial omplexes, and some of themain results are based on the properties of ritial kernels.IntrodutionTopology-preserving operators, like homotopi skeletonization, are used in manyappliations of image analysis to transform an objet while leaving unhanged itstopologial harateristis. In disrete grids (Z2, Z
3, Z

4), suh a transformationan be de�ned thanks to the notion of simple point [20℄: intuitively, a point ofan objet is alled simple if it an be deleted from this objet without alteringtopology.The most �natural� way to thin an objet onsists in removing some of itsborder points in parallel, in a symmetrial manner. However, parallel deletion ofsimple points does not guarantee topology preservation in general. In fat, suha guarantee is not obvious to obtain, even for the 2D ase (see [10℄). C. Ronseintrodued the minimal non-simple sets [28℄ to study the onditions under whihpoints may be removed simultaneously while preserving topology of 2D objets.This leads to veri�ation methods for the topologial soundness of parallel thin-ning algorithms. Suh methods have been proposed for 2D algorithms by C.Ronse [28℄ and R. Hall [15℄, they have been developed for the 3D ase by T.Y.Kong [21, 16℄ and C.M. Ma [25℄, as well as for the 4D ase by C-J. Gau andT.Y. Kong [13, 19℄. For the 3D ase, G. Bertrand [1℄ introdued the notion ofP-simple point as a veri�ation method but also as a methodology to designparallel thinning algorithms [2, 9, 23, 24℄.Introdued reently by G. Bertrand, ritial kernels [3, 4℄ onstitute a generalframework settled in the ategory of abstrat omplexes for the study of parallelthinning in any dimension. It allows easy design of parallel thinning algorithmswhih produe new types of skeletons, with spei� geometrial properties, whileguaranteeing their topologial soundness [7, 5, 6℄. A new de�nition of a simplepoint is proposed in [3, 4℄, based on the ollapse operation whih is a lassial



tool in algebrai topology and whih guarantees topology preservation. Then,the notions of an essential fae and of a ore of a fae allow to de�ne the ritialkernel K of a omplex X . The most fundamental result proved in [3, 4℄ is that,if a subset Y of X ontains K, then X ollapses onto Y , hene X and Y �havethe same topology�.In this artile, we present new results on simple points, minimal non-simplesets (MNS), P-simple points and ritial kernels. Let us summarize the mainones among these results.First of all, we state some on�uene properties of the ollapse operation(Th. 5, Th. 6), whih play a fundamental role in the proof of forthoming theo-rems. These properties do not hold in general due to the existene of �topologialmonsters� suh as Bing's house ([8℄, see also [27℄); we show that they are indeedtrue in some disrete spaes whih are not large enough to ontain suh ounter-examples.Based on these on�uene properties, we derive a new haraterization of2D, 3D and 4D simple points (Th. 7) whih leads to a simple, greedy linear timealgorithm for simpliity heking.Then, we show the equivalene (up to 4D) between the notion of MNS andthe notion of ruial lique, derived from the framework of ritial kernels. Thisequivalene (Th. 21) leads to the �rst haraterization of MNS whih an beveri�ed using a polynomial method.Finally, we show the equivalene between the notion of P-simple point andthe notion of weakly ruial point, also derived from the framework of ritialkernels. This equivalene (Th. 23) leads to the �rst loal haraterization ofP-simple points in 4D.This paper is self-ontained, however the proofs annot be inluded due tospae limitation. They an be found in [12, 11℄, together with some illustrationsand developments.1 Cubial ComplexesAbstrat omplexes have been promoted in partiular by V. Kovalevsky [22℄ inorder to provide a sound topologial basis for image analysis. For instane, inthis framework, we retrieve the main notions and results of digital topology, suhas the notion of simple point.Intuitively, a ubial omplex may be thought of as a set of elements havingvarious dimensions (e.g. ubes, squares, edges, verties) glued together aord-ing to ertain rules. In this setion, we reall brie�y some basi de�nitions onomplexes, see also [7, 5, 6℄ for more details. We onsider here n-dimensionalomplexes, with 0 ≤ n ≤ 4.Let S be a set. If T is a subset of S, we write T ⊆ S. We denote by |S| thenumber of elements of S.Let Z be the set of integers. We onsider the families of sets F
1
0, F

1
1, suh that

F
1
0 = {{a} | a ∈ Z}, F

1
1 = {{a, a + 1} | a ∈ Z}. A subset f of Z

n, n ≥ 2, whihis the Cartesian produt of exatly m elements of F
1
1 and (n − m) elements of



F
1
0 is alled a fae or an m-fae of Z

n, m is the dimension of f , we write
dim(f) = m.Observe that any non-empty intersetion of faes is a fae. For example, theintersetion of two 2-faes A and B may be either a 2-fae (if A = B), a 1-fae,a 0-fae, or the empty set.

(a) (b) () (d) (e)Fig. 1. Graphial representations of: (a) a 0-fae, (b) a 1-fae, () a 2-fae, (d) a 3-fae,(e) a 4-fae.We denote by F
n the set omposed of all m-faes of Z

n, with 0 ≤ m ≤ n. An
m-fae of Z

n is alled a point if m = 0, a (unit) interval if m = 1, a (unit)square if m = 2, a (unit) ube if m = 3, a (unit) hyperube if m = 4 (seeFig. 1).Let f be a fae in F
n. We set f̂ = {g ∈ F

n | g ⊆ f} and f̂∗ = f̂ \ {f}.Any g ∈ f̂ is a fae of f , and any g ∈ f̂∗ is a proper fae of f .If X is a �nite set of faes in F
n, we write X− = ∪{f̂ | f ∈ X}, X− is thelosure of X .A set X of faes in F

n is a ell or an m-ell if there exists an m-fae f ∈ X ,suh that X = f̂ . The boundary of a ell f̂ is the set f̂∗.A �nite set X of faes in F
n is a omplex (in F

n) if X = X−. Any subset Y ofa omplex X whih is also a omplex is a subomplex of X . If Y is a subomplexof X , we write Y � X . If X is a omplex in F
n, we also write X � F

n. In Fig. 2and Fig. 3, some omplexes are represented. Notie that any ell is a omplex.Let X ⊆ F
n be a non-empty set of faes. A sequene (fi)

ℓ
i=0 of faes of X isa path in X (from f0 to fℓ) if either fi is a fae of fi+1 or fi+1 is a fae of fi,for all i ∈ [0, ℓ − 1]. We say that X is onneted if, for any two faes f, g in X ,there is a path from f to g in X ; otherwise we say that X is disonneted . Wesay that Y is a onneted omponent of X if Y ⊆ X , Y is onneted and if Yis maximal for these two properties (i.e., we have Z = Y whenever Y ⊆ Z ⊆ Xand Z is onneted).Let X ⊆ F

n. A fae f ∈ X is a faet of X if there is no g ∈ X suh that
f ∈ ĝ∗. We denote by X+ the set omposed of all faets of X .If X is a omplex, observe that in general, X+ is not a omplex, and that
[X+]− = X .Let X � F

n, X 6= ∅, the number dim(X) = max{dim(f) | f ∈ X+} is thedimension of X . We say that X is an m-omplex if dim(X) = m.We say that X is pure if, for eah f ∈ X+, we have dim(f) = dim(X).In Fig. 2, the omplexes (a) and (f) are pure, while (b,,d,e) are not.



2 Collapse and simple setsIntuitively a subomplex of a omplex X is simple if its removal from X �doesnot hange the topology of X�. In this setion we reall a de�nition of a simplesubomplex based on the operation of ollapse [14℄, whih is a disrete analogueof a ontinuous deformation (a homotopy).Let X be a omplex in F
n and let f ∈ X . If there exists one fae g ∈ f̂∗ suhthat f is the only fae of X whih stritly inludes g, then g is said to be freefor X and the pair (f, g) is said to be a free pair for X . Notie that, if (f, g) isa free pair, then we have neessarily f ∈ X+ and dim(g) = dim(f) − 1.Let X be a omplex, and let (f, g) be a free pair for X . The omplex X\{f, g}is an elementary ollapse of X .Let X , Y be two omplexes. We say that X ollapses onto Y if Y = X or if thereexists a ollapse sequene from X to Y , i.e., a sequene of omplexes 〈X0, ..., Xℓ〉suh that X0 = X , Xℓ = Y , and Xi is an elementary ollapse of Xi−1, i = 1, ..., ℓ.If X ollapses onto Y and Y is a omplex made of a single point, we say thatollapses onto a point .Fig. 2 illustrates a ollapse sequene. Observe that, if X is a ell of anydimension, then X ollapses onto a point. It may easily be seen that the ollapseoperation preserves the number of onneted omponents.

(a) f (b) ()(d) (e) (f)Fig. 2. (a): a pure 3-omplex X � F
3, and a 3-fae f ∈ X+. (f): a omplex Y whih isthe detahment of f̂ from X. (a-f): a ollapse sequene from X to Y .Let X, Y be two omplexes. Let Z suh that X ∩ Y � Z � Y , and let

f, g ∈ Z \ X . It may be seen that the pair (f, g) is a free pair for X ∪ Z ifand only if (f, g) is a free pair for Z. Thus, by indution, we have the followingproperty.Proposition 1 ([3, 4℄). Let X, Y � F
n. The omplex X ∪ Y ollapses onto X ifand only if Y ollapses onto X ∩ Y .The operation of detahment allows to remove a subset from a omplex, whileguaranteeing that the result is still a omplex.De�nition 2 ([3, 4℄). Let Y ⊆ X � F
n. We set X ⊘ Y = (X+ \ Y +)−. The set

X ⊘ Y is a omplex whih is the detahment of Y from X.



In the following, we will be interested in the ase where Y is a single ell.For example in Fig. 2, we see a omplex X (a) ontaining a 3-ell f̂ , and X ⊘ f̂is depited in (f).Let us now reall here a de�nition of simpliity based on the ollapse op-eration, whih an be seen as a disrete ounterpart of the one given by T.Y.Kong [17℄.De�nition 3 ([3, 4℄). Let Y ⊆ X; we say that Y is simple for X if X ollapsesonto X ⊘ Y .The ollapse sequene displayed in Fig. 2 (a-f) shows that the ell f̂ is simplefor the omplex depited in (a).The notion of attahment, as introdued by T.Y. Kong [16, 17℄, leads to aloal haraterization of simple sets, whih follows easily from Prop. 1.Let Y � X � F
n. The attahment of Y for X is the omplex de�ned byAtt(Y, X) = Y ∩ (X ⊘ Y ).Proposition 4 ([3, 4℄). Let Y � X � F

n. The omplex Y is simple for X if andonly if Y ollapses onto Att(Y, X).Let us introdue informally the Shlegel diagrams as a graphial representa-tion for visualizing the attahment of a ell. In Fig. 3a, the boundary of a 3-ell f̂and its Shlegel diagram are depited. The interest of this representation lies inthe fat that a struture like f̂∗ lying in the 3D spae may be represented in the2D plane. Notie that one 2-fae of the boundary, here the square efhg, is notrepresented by a losed polygon in the shlegel diagram, but we may onsiderthat it is represented by the outside spae.As an illustration of Prop. 4, Fig. 3b shows (both diretly and by its Shlegeldiagram) the attahment of f̂ for the omplex X of Fig. 2a, and we an easilyverify that f̂ ollapses onto Att(f̂ , X).
(a) a b
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c d

b (b)Fig. 3. (a): The boundary of a 3-ell and its Shlegel diagram. (b): The attahment of
f̂ for X (see Fig. 2a).Representing 4D objets is not easy. To start with, let us onsider Fig. 4awhere a representation of the 3D omplex X of Fig. 2a is given under the formof two horizontal ross-setions, eah blak dot representing a 3-ell.In a similar way, we may represent a 4D objet by its �3D setions�, as theobjet Y in Fig. 4b. Suh an objet may be thought of as a �time series of 3Dobjets�. In Fig. 4b, eah blak dot represents a 4-ell of the whole 4D omplex Y .Shlegel diagrams are partiularly useful for representing the attahment ofa 4D ell f̂ , whenever this attahment if not equal to f̂∗. Fig. 5a shows the



(a) f (b) h

n

m

g

i

k
l

jFig. 4. (a): An alternative representation of the 3D omplex X of Fig. 2a. (b): A similarrepresentation of a 4D omplex Y .Shlegel diagram of the boundary of a 4-ell (see Fig. 1e), where one of the 3-faes is represented by the outside spae. Fig. 5b shows the Shlegel diagramof the attahment of the 4-ell g in Y (see Fig. 4b). For example, the 3-ell Hrepresented in the enter of the diagram is the intersetion between the 4-ell gand the 4-ell h. Also, the 2-ell I (resp. the 1-ell J , the 1-ell K, the 0-ell L)is g ∩ i (resp. g ∩ j, g ∩ k, g ∩ l). The two 2-ells whih are the intersetions of gwith, respetively, m and n, are both inluded in the 3-ell H . Observe that theell g is not simple (its attahment is not onneted).
(a) (b) H

JI

K

LFig. 5. (a): The Shlegel diagram of the boundary of a 4-ell. (b): The Shlegel diagramof the attahment of the 4-ell g of Fig. 4b, whih is not simple.3 Con�uenesLet X � F
n. If f is a faet of X , then by Def. 3, f̂ is simple if and only if Xollapses onto X ⊘ f̂ . From Prop. 4, we see that heking the simpliity of aell f redues to the searh for a ollapse sequene from f̂ to Att(f̂ , X). We willshow in Se. 4 that the huge number (espeially in 4D) of possible suh ollapsesequenes need not be exhaustively explored, thanks to the on�uene properties(Th. 5 and Th. 6) introdued in this setion.Consider three omplexes A, B, C. If A ollapses onto C and A ollapsesonto B, then we know that A, B and C �have the same topology�. If furthermorewe have C � B � A, it is tempting to onjeture that B ollapses onto C.In the two-dimensional disrete plane F

2, the above onjeture is true, weall it a on�uene property. But quite surprisingly it does not hold in F
3 (moregenerally in F

n, n ≥ 3), and this fat onstitutes indeed one of the prinipaldi�ulties when dealing with ertain topologial properties, suh as the Poinaréonjeture for example. A lassial ounter-example to this assertion is Bing'shouse ([8℄, see also [27℄).



In the boundary of an n-fae with n ≤ 4, there is �not enough room� to buildsuh ounter-examples, and thus some kinds of on�uene properties hold.Theorem 5 (Con�uene 1). Let f be a d-fae with d ∈ {2, 3, 4}, let A, B � f̂∗suh that B � A, and A ollapses onto a point. Then, B ollapses onto a pointif and only if A ollapses onto B.The seond on�uene theorem may be easily derived from Th. 5 and thefat that f̂ ollapses onto a point.Theorem 6 (Con�uene 2). Let f be a d-fae with d ∈ {2, 3, 4}, and let C, D �

f̂∗ suh that D � C, and f̂ ollapses onto D. Then, f̂ ollapses onto C if andonly if C ollapses onto D.4 New haraterization of simple ellsIn the image proessing literature, a (binary) digital image is often onsideredas a set of pixels in 2D or voxels in 3D. A pixel is an elementary square and avoxel is an elementary ube, thus an easy orrespondene an be made betweenthis lassial view and the framework of ubial omplexes.If X � F
n and if X is a pure n-omplex, then we write X ⊑ F

n. In otherwords, X ⊑ F
n means that X+ is a set omposed of n-faes (e.g., pixels in 2Dor voxels in 3D). If X, Y ⊑ F

n and Y � X , then we write Y ⊑ X .Notie that, if X ⊑ F
n and if f̂ is an n-ell of X , then X ⊘ f̂ ⊑ F

n. Thereis indeed an equivalene between the operation on omplexes whih onsistsof removing (by detahment) a simple n-ell, and the removal of an 8-simple(resp. 26-simple, 80-simple) point in the framework of 2D (resp. 3D, 4D) digitaltopology (see [16, 17, 7, 6℄).From Prop. 4 and Th. 6, we have the following haraterization of a simpleell, whih does only depend on the status of the faes whih are in the ell.Theorem 7. Let X ⊑ F
d, with d ∈ {2, 3, 4}. Let f be a faet of X, and let

A = Att(f̂ , X). The two following statements hold:i) The ell f̂ is simple for X if and only if f̂ ollapses onto A.ii) Suppose that f̂ is simple for X. For any Z suh that A � Z � f̂ , if f̂ ollapsesonto Z then Z ollapses onto A.Now, thanks to Th. 7, if we want to hek whether a ell f̂ is simple or not,it is su�ient to apply the following greedy algorithm:Set Z = f̂ ;Selet any free pair (f, g) in Z \ A, and set Z to Z \ {f, g} ;Continue until either Z = A (answer yes) or no suh pair is found (answer no).If this algorithm returns �yes�, then obviously f̂ ollapses onto A and by i),
f̂ is simple. In the other ase, we have found a subomplex Z of A suh that f̂ollapses onto Z and Z does not ollapse onto A, thus by the negation of ii), f̂is not simple.This algorithm may be implemented to run in linear time with respet to thenumber of elements in the attahment of a ell.



5 Critial kernelsLet us brie�y reall the framework introdued by one of the authors (in [3, 4℄) forthinning, in parallel, disrete objets with the warranty that we do not alter thetopology of these objets. We fous here on the two-, three- and four-dimensionalases, but in fat some of the results in this setion are valid for omplexes ofarbitrary dimension. This framework is based solely on three notions: the notionof an essential fae whih allows us to de�ne the ore of a fae, and the notionof a ritial fae.De�nition 8. Let X � F
n and let f ∈ X. We say that f is an essential faefor X if f is preisely the intersetion of all faets of X whih ontain f , i.e., if

f = ∩{g ∈ X+ | f ⊆ g}. We denote by Ess(X) the set omposed of all essentialfaes of X. If f is an essential fae for X, we say that f̂ is an essential ell for
X. If Y � X and Ess(Y ) ⊆ Ess(X), then we write Y E X.Observe that a faet of X is neessarily an essential fae for X , i.e., X+ ⊆Ess(X). Observe also that, if X and Y are both pure n-omplexes, we have that
Y E X whenever Y is a subomplex of X .De�nition 9. Let X � F

n and let f ∈ Ess(X). The ore of f̂ for X is theomplex Core(f̂ , X) = ∪{ĝ | g ∈ Ess(X) ∩ f̂∗}.Proposition 10 ([3℄). Let X � F
n, and let f ∈ Ess(X). Let K = {g ∈ X | f ⊆

g}, and let Y = X ⊘ K. We have: Core(f̂ , X) = Att(f̂ , Y ∪ f̂) = f̂ ∩ Y .Corollary 11 ([3, 4℄). Let X � F
n, and let f ∈ X+. We have: Core(f̂ , X) =Att(f̂ , X).De�nition 12. Let X � F

n and let f ∈ X. We say that f and f̂ are regularfor X if f ∈ Ess(X) and if f̂ ollapses onto Core(f̂ , X). We say that f and f̂are ritial for X if f ∈ Ess(X) and if f is not regular for X.If X � F
n, we set Criti(X) = ∪{f̂ | f is ritial for X}, we say that Criti(X)is the ritial kernel of X.A fae f in X is a maximal ritial fae, or an M-ritial fae (for X), if f isa faet of Criti(X).In other words, f is an M-ritial fae if it is ritial and not inluded in anyother ritial fae.Proposition 13 ([3, 4℄). Let X � F

n, and let f ∈ Ess(X). Let Y = ∪{ĝ | g ∈

X+ and f ⊆ g} and Z = [X ⊘ Y ] ∪ f̂ . The fae f is regular for X if and onlyif f̂ is simple for Z.The following theorem is the most fundamental result onerning ritialkernels. We use it for the proofs of our main properties in dimension 4 or less,but notie that the theorem holds whatever the dimension.Theorem 14 ([3, 4℄). Let n ∈ N, let X � F
n.i) The omplex X ollapses onto its ritial kernel.



ii) If Y E X ontains the ritial kernel of X, then X ollapses onto Y .iii) If Y E X ontains the ritial kernel of X, then any Z suh that Y � Z E Xollapses onto Y .If X is a pure n-omplex (e.g., a set of 3-ells, or voxels, in F
3), the ritialkernel of X is not neessarily a pure n-omplex. The notion of ruial lique,introdued in [7℄, allows us to reover a pure n-subomplex Y of an arbitrarypure n-omplex X , under the onstraint that X ollapses onto Y .De�nition 15 ([7℄). Let X ⊑ F

n, and let f be an M-ritial fae for X. Theset K of all the faets of X whih ontain f is alled a ruial lique (for X).More preisely, K is the ruial lique indued by f .
(a) (b) () (d) (e) (f)Fig. 6. Cruial liques in F

3 (represented in light gray): (a) indued by an M-ritial 0-fae; (b,) indued by an M-ritial 1-fae; (d,e,f) indued by an M-ritial 2-fae. Theonsidered M-ritial faes are in dark gray, the ore of these M-ritial faes (whennon-empty) is represented in blak.Some 3D ruial liques are illustrated in Fig. 6. By Th. 14 and the abovede�nition, if a subomplex Y ⊑ X ⊑ F
n ontains all the ritial faets of X , andat least one faet of eah ruial lique for X , then X ollapses onto Y .Now, let us state two properties of ruial liques whih are essential for theproof of one of our main results (Th. 21).Proposition 16. Let X ⊑ F

d, with d ∈ {2, 3, 4}, let f be an M-ritial fae of
X, let K be the ruial lique indued by f , and let k be any faet of K. Let K ′be suh that K ′ ⊆ K \ {k} and K ′ 6= K \ {k}.Then, k is a simple fae of the omplex [X ⊘ K ′].Proposition 17. Let X ⊑ F

d, with d ∈ {2, 3, 4}, let f be an M-ritial fae of
X, let K be the ruial lique indued by f , and let k be any faet of K.Then, k is not a simple fae of the omplex [X ⊘ K] ∪ k̂.6 Minimal non-simple setsC. Ronse introdued in [28℄ the minimal non-simple sets (MNS) to propose someonditions under whih simple points an be removed in parallel while preservingtopology. This leads to veri�ation methods for the topologial soundness of 2D



thinning algorithms [28, 15℄, 3D thinning algorithms [21, 16, 25℄, the 4D ase haseven been onsidered in [13, 18, 19℄.The main result of this setion (Th. 21) states the equivalene between MNSand ruial liques in dimensions 2, 3 and 4. This equivalene leads to the �rstharaterization of MNS whih an be veri�ed using a polynomial method. Inontrast, the very de�nition of a MNS (see below), as well as the haraterizationof Th. 18, involves the examination of all subsets of a given andidate set, e.g.,a subset of a 2 × 2 × 2 × 2 blok in 4D.Let X ⊑ F
d, with d ∈ {2, 3, 4}. A sequene 〈k0, . . . , kℓ〉 of faets of X is saidto be a simple sequene for X if k0 is simple for X , and if, for any i ∈ {1, . . . , ℓ},

ki is simple for X ⊘ {kj | 0 ≤ j < i}. Let K be a set of faets of X . The set
K is said to be F-simple (where �F� stands for faet) for X if K is empty, orif the elements of K an be ordered as a simple sequene for X . The set K isminimal non-simple for X if it is not F-simple for X and if all its proper subsetsare F-simple. The following haraterization will be used in the sequel.Theorem 18 (adapted from Gau and Kong [13℄, theorem 3). Let X ⊑ F

d, with
d ∈ {2, 3, 4}, and let K ⊆ X+. Then K is a minimal non-simple set for X ifand only if the two following onditions hold:i) Eah k of K is non-simple for [X ⊘ K] ∪ k̂.ii) Eah k of K is simple for [X ⊘ K ′] whenever K ′ ⊆ K \{k} and K ′ 6= K \{k}.For example, it may be seen that the sets displayed in Fig. 6 in light grayare indeed minimal non-simple sets.Th. 19 is a key property1 whih is used to prove Prop. 20 and Th. 23.Theorem 19. Let f be a d-fae with d ∈ {2, 3, 4}, let ℓ be an integer stritlygreater than 1, let X1, . . . , Xℓ be ℓ subomplexes of f̂ . The two following asser-tions are equivalent:i) For all L ⊆ {1, . . . , ℓ} suh that L 6= ∅, ∪i∈LXi ollapses onto a point.ii) For all L ⊆ {1, . . . , ℓ} suh that L 6= ∅, ∩i∈LXi ollapses onto a point.Let us now establish the link between MNS and ruial liques.Proposition 20. Let X ⊑ F

d, with d ∈ {2, 3, 4}, let K be a minimal non-simpleset for X, and let f be the intersetion of all the elements of K. Then, f is anM-ritial fae for X and K is the indued ruial lique.If K is a ruial lique for X , then from Th. 18, Prop. 16 and Prop. 17, K isa minimal non-simple set for X . Conversely, if K is a minimal non-simple set for
X , then by Prop. 20, K is a ruial lique. Thus, we have the following theorem.Theorem 21. Let X ⊑ F

d, with d ∈ {2, 3, 4}, and let K ⊆ X+. Then K is aminimal non-simple set for X if and only if it is a ruial lique for X.1 Notie that a similar property holds in R
3, in the framework of algebrai topology, ifwe replae the notion of ollapsibility onto a point by the one of ontratibility [18,26℄.



7 P-simple pointsIn the preeding setion, we saw that ritial kernels whih are settled in theframework of abstrat omplexes allow to derive the notion of a minimal non-simple set proposed in the ontext of digital topology. Also in the framework ofdigital topology, one of the authors introdued the notion of P-simple point [2℄,and proved for the 3D ase a loal haraterization whih leads to a linear al-gorithm for testing P-simpliity. In [7℄, we stated the equivalene between thenotion of 2D P-simple points and a notion derived from the one of ruial lique.Here, we extend this equivalene result up to 4D.Let X ⊑ F
n, and let C ⊆ X+. A faet k ∈ C is said to be P-simple for 〈X, C〉if k is simple for all omplexes X ⊘ T , suh that T ⊆ C \ {k}.De�nition 22. Let X ⊑ F

n, and let C be a set of faets of X, we set D =
X+ \ C. Let k ∈ C, we say that k is weakly ruial for 〈X, D〉 if k ontains afae f whih is ritial for X, and suh that all the faets of X ontaining f arein C.Theorem 23. Let X ⊑ F

d, with d ∈ {2, 3, 4}, let C be a set of faets of X, let
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