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Abstract

We propose a two-phase model having a Newtonian rheologthéfluid phase and friction for the particle phase
to describe bed-load transport in laminar pipe flows. Thislehds able to provide a description of the flow of the
mobile granular layer. When the flow is not significantly peoed, simple analytical results of the particle flux
varying cubically with the Shields number can be obtainetis prediction compares favorably with experimental
observations of the time-evolution of the bed height in ¢ooids of laminar flow. A simple linear stability analysis

based on this particle flux also accounts reasonably wethiadune formation observed.

Introduction and in industrial processes, such as hydrate or sand issues
in oil production and granular transport in food or phar-
maceutical industries. A very common feature that arises

_> is the formation of ripples, i.e. small waves on the bed

surface, or of dunes, i.e. larger mounds or ridges.

_> The widely recognized mechanism for dune or ripple
formation is the fluid inertia or more precisely the phase-
_> lag between the bottom shear stress and the bed waviness

generated by the fluid inertia, see e.g. Charru & Hinch
(2006) and references therein. In that case, the sheas,stres
the maxima of which are slightly shifted upstream of the
crests, drags the particles from the troughs up to the crests
However, a complete description of the bed instability is
still lacking as the coupling between the granular media
and the fluid is poorly understood. Empirical and/or phe-
nomenological laws relating the particle flux to the bottom
Figure1: Bed-load transport. shear stress have been used in the literature.
The situation addressed here is that in which the bed-
load can be considered as a mobile granular medium where
When particle beds are submitted to shearing flows, tthe particles mainly interact through contact forces. i th
particles at the surface of the bed can move as soonpast decade, advances has been made in the understand-
hydrodynamic forces acting on them exceed a fractioniafy of granular flows. In particular, it has been shown that
their apparent weight. Bed-load refers to the sedimentarsimple rheological description in terms of a friction co-
transport that is carried by intermittent contact with thefficient may be sufficient to capture the major properties
stream-bed by rolling, sliding, and bouncing, as shown df granular flows (GDR Midi 2004). This description has
Fig. 1. This situation occurs in a wide variety of naturddeen found to be also successful when an interstitial fluid
phenomena, such as sediment transport in rivers or by @ifpresent (Cassar, Nicolas & Pouliquen 2005). We have
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chosen to use this rheology to describe the granular phe
We have used a two-phase model having a Newtoni
rheology for the fluid phase and friction for the particu
late phase. The model equations have been solved
merically in one-dimension and analytically in asymptoti
cases. This continuum approach is able to provide an ¢
set of motion for the particle phase and a description of ti
flow of the mobile granular layer. At some distance fror
threshold, we obtain the simpler analytical result of tr
particle flux varying cubically with the Shields number |1,

This algebraic formulation seems quite satisfactory fi p
desc_ribing experimentgl opservations of bed-load trar 2he .?. .’..‘..?.?.?.?.?. @
port in pipe flows (Ouriemét al. 2009 Part 1). Based 0.0.00/0.0.0.0.0.0.0.0.0.0.0

En this pa]}rticle;h:x,ascijmi)ltilirlﬁar sr:alt;illifty a;alys]ics ha}—%gureZ Sketch of a particle bed submitted to a
een periormed {o predict the threshold Tor dune forma- Poiseuille flow in a two dimensional channel.

tion. This basic analysis accounts reasonably well for the
experimental observations for dune formation (Ouriemi
al. 2009 Part 2).
remaining contributions (Jackson 2000). In the present
The two-phase model bed-load case, the remaining contribution reduces to the
dominant viscous Darcy drag. The effective stress ten-
We have chosen to use the standard two-phase equatie@sassociated with the fluid phase is supposed to be of
see e.g. Jackson (2000), and to propose some closiNewtonian form with an effective viscosity. (that for

appropriate to the present problem. simplicity we can take as the Einstein viscosity) while
The equations of continuity for the fluid and the particléie stress tensor of the particle phase comes only from
phases are respectively direct particle-particle interactions and is describedaby
Coulomb friction model where:
de  O(eul) _ _ _ :
ot oz = 0, 1) e the tang_entlal stress is proportional to the load (i.e.
06 O(¢u?) the parUch .pres_sur.ﬁp) when the granula_r shear
n + o = = 0, (2) rate is positive (i.e. is equal tap? with a friction

coefficienty which mostly depends upon the parti-
cle geometry and which is given by the tangent of

whereu! is the local mean fluid velocity,? the local
! J the angle of repose),

mean particle velocity the particle volume fraction, and

€ = 1 — ¢ the void fraction or fraction of space occupied 4 the tangential stress is indeterminate when the gran-

by the fluid. . _ _ ular shear rate is zero.
The momentum equations for the fluid and particle phases

are respectively Bed-load transport in pipe flow

(eu! oo,
; Dy(eu;) - D nfi + €prgi, (3) Inthe calculation, we have considered a flat bed of thick-
Dt dz; nessh,, consisting of particles having a diametérThis
Dy (pul) doi; bed is submitted to a stationary and uniform Poiseuille
Pp = +nfi+ oppgi,  (4) i ! i i ]
Dt ox; flow in a two dimensional channel of thicknebs as de

picted in Fig. 2. The two-phase equations presented above
wherey; is the specific gravity force vectop, the fluid are shown to reduce to the momentum equation for the
density,o, the particle density; the number density ("ummixture (particles + fluid) and the Brinkman equation for
ber of particles per unit volume). The forgerepresents the fluid velocity. Calculations of bed-load transport have
the average value of the resultant force exerted by the flgigen performed numerically but also analytically at some
on a particle. The stress tensm@ ando}; may be re- gistance from threshold where the mobile layer is larger
garded as effective stress tensors associated with the fiyjigh a grain size. The details of these calculations can be
and particle phases, respectively. We need some cloSgighd in Ouriemiet al. (2009 Part 1).
for the interphase force and stresses of the two phases. Here we present a much simpler calculation which gives

The interphase force can be decomposed into a geRRE flavor of the physical mechanisms involved. The mo-
alized buoyancy force and a force which gathers all the
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Figure 3: Typical parabolic profile predicted inside the 0.1

bed.

Figure4:

mentum equation of the mixture can be written as

. apt
)+ 77 () =7 () = Z-(hy —v).  (5)

wheredpf /0 is the constant fluid pressure gradient driv-
ing the Poiseuille flow. This equation shows that the mix-
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Dimensionless kinematic velocity as a function
of the initial Shields number for different com-
binations of particles and fluids. The solid line
shows the prediction*(6) o< %2 o 67/2. The
vertical dotted line shows the limit of this pre-
diction for larged.

ture shear stress +77 increases linearly with depth from

the surface value due to the horizontal pressure graditéht
opf /0z. It also describes the exchange between the shear
stress of the fluid phase’ and that of the solid phasé.

On the one hand, at the top of the granular bgdthe
particle shear stress is zero and increases inside the bed
until it reachesup? where the granular medium starts to
be sheared. The particle pressure is proportional to they L
apparent weight of the solid phase

P’ = dolApg(hy —y), (6)

and increases inside the bed. The particle shear stress can
keep the valueup? until it reachesy = h. inside the
bed. On the other hand, at the top of the granular bed

h,, the fluid shear stress is equaltd(h,) and goesto |

zero ath. below which the granular medium is immobile 10"

and behaves as a porous medium. Moreover, the Darcy
drag term is dominant in the Brinkman equation for the

fluid velocity. Therefore, inside the bed, there is very liFigure5:

tle slip between the two phases and both particle and fluid
phases move at the velocity of the mixture with the fol-
lowing parabolic profile, see Fig. 3,

f
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Temporal evolution of the bed height for dif-
ferent combinations of particles and fluids.
The solid lines represent the numerical inte-
gration of equation (11). The time-scale is
(6Re/Ga)''* (D/d)(n./Apgd) where Re is
the Reynolds number argla the Galileo num-
berGa = prApgd® /n?.
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The bed-load thickness has a very simple linear val
ation in Shield numbe# = 7/ (h,)/Apgd (ratio of the
shear stress at the top of the bed to the apparent weig

a single particle) . _
Figure 6: Profile of the small dunes.

hp—hc““e—d (8)

pgo + % /Apg’ —~ —

Assuming that the critical Shields number for the onset <

grain motion corresponds to the thickness of the mobz= — _
layer being half a particle, one has W
0° ~ go/2. 9) , , o |
Figure 7: Side and top views of the vortex dunes.
Finally, the particle flux can be expressed as
Apgd® 0c [ 0\° v -
" = — | — 10
q;D/ Ne (bo 24 \ g ’ ( )

— ~ »

wherer, is the effective viscosity of the fluid phase.

These predictions have been tested against experi - . -
tal measurements of bed profile evolution in a pipe flow. - -
The principle of the experiment is (i) to fill the pipe with  Figure 8: Top and side views of the sinuous dunes.
fluid and particles and to build an uniform flat bed, and
(ii) to record the evolution of the bed height as a function
of time using a laser sheet illumination for a given flow
rate. If we choose to be in the condition of bed-load trans
port, i.e. above the critical Shields number, the bed heigh
is always seen to decrease with increasing time as the {e|
section is not fed in with particles. The indirect methogh
for measuring the flux of particles is to use the equatiorn
for the conservation of particles

Crest

Fluid maximum

dh,  dgp Oh, Figure9: Destabilizing mechanism: The shear stress,
Pt e =0 (11) the maxima of which are slightly shifted up-
P stream of the crests, drags the particles from the
which can be written as a kinematic wave equation in troughs up to the crests

dimensionless form as a function of the nondimensional
Shields number, see details in Ouriestél. (2009 Part 1).
There is good agreement between the experimental ob-
servations and the theoretical prediction based on the flux
of particles found earlier in the new two-phase model.
First, the predictiord® = pugo/2 with ¢g = 9.55 in hp(x)
the bulk of the bed angi = 0.43 (Cassar, Nicolas &
Pouliquen 2005) agrees well with the experimental value >
0.12 + 0.03 (O_urlemlet al. 2007)', Second, the CUbI(_3Figure 10: Stabilizing mechanism: Gravity force favors
law for the particle flux seems satisfactory for describ- . : -
. . ) ) . ) particle downhill motion
ing the velocity of the kinematic waves which are trig-
gered at the entrance of the tube, see Fig. 4, as well as the
time-evolution of the bed height in conditions of bed-load

X

transport for pipe flows, see Fig. 5. dunes present small amplitudes and only exist in laminar
flow, see Fig. 6. Vortex dunes are characterized by the
Dune formation in pipe flow existence of vortices at their front and are found either

in laminar or turbulent flow, see Fig. 7. Sinuous dunes,

Different dune patterns are observed as the flow rate is #ftowing a double periodicity, appear in turbulent flow,
creased from the laminar to the turbulent regimes. Smg#e Fig. 8.
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10* i i I T . bed in motion’ without any dune formation. The thresh-
Re %-%AA& old prediction of the simple linear stability with a single
B/ adjustable parameter that we have taken to be realistic,
1000 | g’ {1 Re. x 1/p ~ 37.5 with u = 0.43 (Cassar, Nicolas
. Y & Pouliqguen 2005), provides a correct boundary for the
DDD y 4 ‘small dune’ instability. Furthermore, the regimes of ‘vor
100 | M v - tex dunes’ and ‘sinuous dunes’ seem separated and their
ﬂ' s &/ Re® thresholds also well described by the Reynolds number of
O i
ol % . ,.-!xgg X n Sinsous duncs | the pipe as a control parameter.
jDi’]‘a'!/ 7 X : Conclusions
/ B Flat bed
1F L' o mﬁdﬂ:a“d“y 41 Insummary, we have proposed a two-phase model to de-
/ % No motion scribe bed-load transport in the laminar viscous regime,
70 i.e. the flux of particles in a flat mobile bed submitted
0.1 = L L L - , to laminar flows. The fluid phase has been assumed to
10 1001000 10 10 10 10" he a Newtonian viscous liquid with Einstein dilute vis-
Ga(h;/d) > 9

cosity formula applied to the concentrated situation while
the particle phase to have Coulomb solid friction with the
shear stress proportional to the pressure.

We have applied this continuum model to bed-load trans-
portin pipe flows. The relevant equations have been found

To predict the small dune formation, we have performéel be the Brinkman equation for the fluid phase and the
a simple linear stability analysis where inertia in the fluihomentum balance equation for the mixture. They have
produces a phase-lag in the shear stress which is destagén solved numerically but also analytically. A very sim-
lizing, see Fig. 9, while the component of gravity dowple analytical model, valid when the Poisedille flow is not
an incline stabilizes the perturbations, see Fig. 10. Fslgnificantly perturbed, finds that the bed-load thickness
lowing Charru & Hinch (2000), we first calculated thearies linearly with the Shields number whereas the parti-
perturbed fluid flow over a wavy bottom considered asgfe flux cubically with it.
fixed. Then, we used the particle flux found by Ouri@ni  We have compared these predictions with experimental
al. (2009 Part 1) to relate the bed height evolution to tigdservations in pipe flow. The cubic law for the particle
shear stress at the top of the bed through the particle migs seems satisfactory for describing the velocity of the
conservation. The threshold for dune formation is fourkthematic waves which are triggered at the entrance of
to be controlled by the Reynolds number, see further dbe tube as well as the time-evolution of the bed height in
tails in Ouriemiet al. (2009 Part 2). conditions of bed-load transport for pipe flows.

Figure 11 presents the phase diagram of the dune paiWe have also examined the different dune patterns which
terns in the plandReyipe, Ga(hy/d)?. We choose this are observed when a bed composed of spherical particles
plane to exhibit both the threshold for incipient particlis submitted to a shearing flow in a pipe. ‘Small dunes’
motion controlled by the Shields number and that for dupgesent small amplitudes and only exist in laminar flow.
instability predicted to be controlled by the Reynolds nuriYortex dunes’ are characterized by the existence of vor-
ber in the linear stability analysis. In this plane, the préces at their front and are found either in laminar or turbu-
dicted threshold for particle motio{ = 0.12) is the lent flow. ‘Sinuous dunes’, showing a double periodicity,
dashed line. The predicted instability threshold is the h@ppear in turbulent flow. While the threshold for incipient
izontal solid line. The dotted line indicates the domaimotion is determined by the Shields number, that for dune
of validity of the algebraic law relating the dimensionledeormation seems to be described by the Reynolds number.
particle flux to the Shields number found by Ourieghi  To predict the small dune formation, we have performed
al. (2009 Part 1) and thus indicates the domain of valid-simple linear stability analysis. This analysis contagni
ity of the instability threshold prediction of Ouriergial. the basic ingredient of the destabilizing fluid inertia and
(2009 Part 2). stabilizing gravity is found sufficient to provide realgsti

The three regimes of ‘no motion’, ‘flat bed in motion’predictions.
and ‘small dunes’ are well delineated by these boundaried he two-phase nature of the problem has been only ac-
in the given limit of validity. Clearly, the threshold forcounted for in the particle conservation equation in the
incipient particle motion and that for small dune instabipresent study and thus a full two-phase analysis should be
ity are observed to differ as there is a large region of ‘flaerformed in the future, in particular through full three-

Figure11: Phase diagram of the dune patterns.
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dimensional computations as undertaken in Chauchat &
Médale (2010) and in the accompanying paper (Chauchat
etal. 2010).
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