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SCATTERING THEORY FOR KLEIN-GORDON EQUATIONS
WITH NON-POSITIVE ENERGY

C. GERARD

ABSTRACT. We study the scattering theory for charged Klein-Gordon equa-

tions: (8 — iv(x))2¢(t, z) + €2(z, Dy )db(t, ) = 0,
#(0,z) = fo,
i=18:6(0,2) = fi1,
where:
(@, De) == Y (9s; —ibj(@)) *(@) Oz, — by (@) + m?(2),

1<j,k<n

describing a Klein-Gordon field minimally coupled to an external electromag-

—

netic field described by the electric potential v(x) and magnetic potential b(z).
The flow of the Klein-Gordon equation preserves the energy:

WA= [ Fa@ (@) + Fole)e (@ Dafo(a) = Tola)o® @) fo(e)da.

We consider the situation when the energy is not positive. In this case the flow
cannot be written as a unitary group on a Hilbert space, and the Klein-Gordon
equation may have complex eigenfrequencies.

Using the theory of definitizable operators on Krein spaces and time-dep-
endent methods, we prove the existence and completeness of wave operators,
both in the short- and long-range cases. The range of the wave operators are
characterized in terms of the spectral theory of the generator, as in the usual
Hilbert space case.

1. INTRODUCTION

1.1. Klein-Gordon equations with non-positive energy. Klein-Gordon field
equations coupled with an external electromagnetic field appear in several problems
of mathematical physics. It was realized since the forties by Schiff, Snyder and
Weinberg [SSW] that for the Klein-Gordon equation on Minkowski space:

(1.1) (0 — w(2))?¢(t, ) — Dad(t,x) + m*d(t,x) = 0,

complex eigenfrequencies appear if the electrostatic potential becomes too large,
which causes difficulties with the quantization of this field equation. This phenom-
enon is usually called the Klein paradox. It can be traced back to the fact that the
conserved energy

/ O(t, )2 + / IVa6(t,2) 2 + (m? — v*(2))|(t, 2)|2dz
R4 R4

is not positive definite if ||v||s is too large.
A related problem appears when one considers the Klein-Gordon equation on
some curved space-times of general relativity, like the Kerr space-time describing
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a rotating black hole. Again the conserved energy is not positive definite. A nice
reference describing these problems is the appendix of the book by Fulling [Fu].

The aim of this paper is to study in details the scattering theory for a class of
Klein-Gordon equations generalizing (1.1). We consider the charged Klein-Gordon
equation:

(0 — iv(2))%p(t,x) + €2(x, D) o(t, z) = 0,
(1.2) ¢(0,z) = fo,
1*18t¢(0,x) = fla

in Ry x R? where

E(a,Dy) == Y (9, +ibj(2)) @M (@) (0, — ibi(2)) +m* (),

1<j,k<n

describing a Klein-Gordon field minimally coupled to an external electromagnetic
field described by the (real) electric potential v(z) and magnetic potential b(x).
The function z — m(x) corresponds to a variable mass term, incorporating for
example a scalar curvature term .

The Cauchy problem (1.2) can be rewritten as

o B 0 1 _ ¢(t)

—itB

The evolution e preserves the energy:

hf, f] = . Fr(@) fi(2) + fo(@)e* (2, Da) fo(w) — Folx)v* () fo(a)da.

We are interested in this paper in the scattering theory, i.e. in the complete classi-
fication of the asymptotic behavior of e 5 f for all initial data f, when ¢t — +o0.

Typical assumptions that we will impose in this paper (see Subsect. 3.1 for
details) are:

Oxv(e), 93b;(x), 07 ([o’*)(x) — 1) and 85 (m(x) —m) € O((x) ™~ 11),

for some p > 0, although a singular short-range part of v can also be accommodated.
The asymptotic mass m is assumed to be strictly positive. In analogy to the
scattering theory for Schrédinger operators, the case 1 < p (resp. 0 < p < 1) will
be called the short-range (resp. long-range) case.

1.2. Scattering theory. If the energy h is positive definite, i.e. the electric poten-
tial is not too large, one can use it to equip the space of initial data with a Hilbert
space structure.

Under typical assumptions one obtains the energy space & = H*(R") & L?(R"),
and the group e 5 becomes a strongly continuous unitary group on &, whose
scattering theory can be studied by Hilbert space methods. We mention among
many others the papers [E, Lu, N, S, VW, W, Wi|. In this paper we are interested in
the situation when the energy is not positive. In this case the generator B may have
complex eigenvalues, or real eigenvalues with non trivial Jordan blocks. It follows
that in general the energy norm [le~!*Z f||¢ may be polynomially or exponentially
growing in .

To our knowledge the only result about scattering theory in this situation is due
to Kako [K] where the case

e =—A+m? v(x) € O({z)™"), p>2,
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is treated. In [K], spectral projections 1;(B) for bounded intervals I such that
+m ¢ I°' are constructed by stationary arguments, and local wave operators

s— lim e #Be B (B ) =W+
t—+oo I( oo) I

are shown to exist, for B, being the generator of the free Klein-Gordon equation
obtained for €2 = —A + m? and v(z) = 0.

Their ranges are shown to be equal to the range of 1;(B), which is a result of
local asymptotic completeness of wave operators.

However the results of [K] do not yield a complete classification of e "~ on the
whole energy space £, because the closure of the ranges of WIi when I runs over
all allowed intervals I is not characterized in terms of the spectral theory of B. For
example it is not known if the limits

s— lim Ty p(+B) = Py exist.

e—0,R—+o0

itB

Besides the stationary method used in [K] does not adapt easily to long-range
potentials.

In this paper we reconsider this problem using two tools:

the first tool is the theory of selfadjoint operators on Krein spaces (see Ap-
pendices A and B for a brief summary). Krein spaces are complete, hilbertizable
vector spaces equipped with a bounded, non-degenerate but non-positive hermit-
ian sesquilinear form h[-,-], the adjoint of a densely defined linear operator being
defined with respect to h. Among selfadjoint operators on a Krein space, the class
of definitizable selfadjoint operators is of primary importance. Definitizable oper-
ators on a Krein space are quite close to selfadjoint operators on a Hilbert space:
although they may have complex eigenvalues, they admit a (smooth) functional
calculus on the real line (see Subsect. B.3 for a self-contained presentation) and
also spectral projections 17(B) for a class of intervals I C R.

The idea of using Krein space theory to study the Klein-Gordon equation with a
non-positive energy is of course not new. Equations coming from classical mechanics
(like the Klein-Gordon equation) are actually typical applications of Krein space
theory. We mention among others the papers [J2, J3, LNT1, LNT2]. However in
these works the Krein space theory is mainly used to prove the existence of the
dynamics e B, to show that the number of complex eigenvalues of B is finite
or to get a priori estimates on the spectrum of B. The scattering theory is not
considered.

Our second tool is an adaptation to the framework of definitizable selfadjoint
operators on Krein spaces of the time-dependent approach to Hilbert space scatter-
ing theory, in the version initiated by Sigal and Soffer [SS], based on propagation
estimates. The method of propagation estimates proved very powerful and flexible
to study scattering theory for Schrédinger operators, in particular for the problem
of asymptotic completeness of wave operators. For wave or Klein-Gordon equations
on some stationary manifolds it has been developed by Héfner [H].

Its adaptation to the Krein space setup requires some care, because one needs
to work with two sesquilinear forms, the non-positive one defining the Krein scalar
product, and a positive one defining the hilbertizable topology, the dynamics e~*#
preserving the first, but of course not the second.

1.3. Description of the results. Let us now briefly describe the results of this
paper, summarized in Sect. 4. We assume decay hypotheses like those outlined in
Subsect. 1.1, although the electric potential may have a singular short-range part
(see Subsect. 3.1 for precise statements).

If B is a definitizable operator on a Krein space, there is a finite subset of
o(B) NR, called the set of critical points of B which plays a special role. We have
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to assume that the points £=m, which are boundaries of the essential spectrum of
B, are not critical points. A sufficient condition for this to hold is that there are
no eigenstates of B for the eigenvalues +m with negative energy.

As in Hilbert space scattering theory we split the energy space £ into

(1.3) E = Epp(B) @t Eseare(B),

where &,,(B) is the closure of the sum of the (generalized) eigenspaces of B for all
(real and complex) eigenvalues of B, and Ecatt (B) is its orthogonal complement for

We first discuss the short-range case 1 > 1. Let us denote by £ the energy
space for the free Klein-Gordon equation, whose generator is denoted by B,,. We
prove in Thm. 4.3 that for all f € &, there exist f* € Ecare(B) such that

e B f = 7B 1 4 (1), t — +o0.

The maps QF : f +— fT are called the short-range wave operators. As in the
Schrodinger case the wave operators intertwine the free and interacting dynamics.
Moreover we prove that

RanQ;t = scatt(B)v

hence the wave operators QF are complete.

In the long-range case 0 < p < 1, we need to assume that the potential v is
of constant sign near infinity, which is not a serious restriction from the point of
view of physical applications. Similarly to the Schrodinger case, we introduce a
time-independent modifier T (which is a Fourier integral operator), and show for
all f € £, the existence of f¥ € Ecart(B) such that

Te B f — 7B f£ 1 5(1), t — Fo0.

The long-range wave operators Qli : f +— f* have the same properties as in the
short-range case, in particular they are complete.

1.4. Symplectic point of view. Introducing the conjugate variables:

wi(z) = ot x), m(x) = 0pd(t, ) — iv(z)o(t, ),

one can consider the evolution for (1.2) as a (complex) symplectic flow, obtained
from the symplectic form

Tor (s m2) == / (@) pa(z) — Fr(e)ms(x)de,

n

and the classical Hamiltonian:
h(p,m) == / T(x)m(x) + P(x)e*p(x) — ip(a)o(z)m(z) + iw(z)v(z)p(z)dz.

This point of view is of course important for the quantization of the Klein-Gordon
equation (see e.g. [DG2]).

From the results explained above, it is easy to show that the two subspaces
Epp(B) and Egcart(B) are symplectic spaces and that the direct sum in (1.3) is
orthogonal for the symplectic form. The wave operators are invertible symplectic
transformations. On Esart(B) the symplectic flow e~ *# is hence symplectically
equivalent to the free symplectic flow e *B>~. Therefore the scattering theory for
the Klein-Gordon equation (1.2) is parallel to the scattering theory for two-body
Schroedinger operators, replacing unitary groups by symplectic flows.
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1.5. Some open problems. Let us mention some open problems. The first prob-
lem would be to accommodate potentials with local Coulomb singularities ( for
d = 3). The coupling constant should be sufficiently small so that €2 — v? is well
defined. Another problem would be to consider the wave equation i.e. put m = 0.

A related problem which could be treated by the methods of this paper is the
modified wave equation:

(9, + 0y0) (9, + vDy)B(t, ) — D2(t,x) + Dlo(t, ) = 0, in R, x Ry,

where v(x) = Voo With |vs| < 1 at +oo. This field equation appears in the black
hole laser effect, see eg Coutant-Parentani [CP].

A more difficult problem would be to extend the methods of this paper to the one-
dimensional Klein-Gordon or wave equations with step-like potentials considered
by Bachelot [Ba]. If the electric potential v(z) has two limits vy at oo with
|v4 —v_| > 2m then the energy space is not a Pontryagin space (see Def. A.2) and
hence the generator of the dynamics is not necessarily definitizable.

1.6. Plan of the paper. In Sect. 2 we discuss the abstract charged Klein-Gordon
equation, recalling its symplectic and Krein space aspects. Sect. 3 is devoted to
the concrete Klein-Gordon equation that we consider in this paper. We collect the
various hypotheses and describe properties of the essential and point spectrum of
the generator B.

In Sect. 4 we state the main results of the paper, on existence and completeness
of wave operators, both in the short- and long-range case. In Sect. 5 we describe
an approximate diagonalization of the generator B and collect various technical
estimates, obtained from standard pseudo-differential calculus. The most important
is Prop. 5.7, which is the analog of the Mourre estimate in our setup. In Sect. 6
we prove various propagation estimates. Their intuitive content is similar to the
positive energy case (see e.g. [H]) but the abstract setup is different and explained
in Appendix C.

In Sect. 7 we prove the existence and completeness of intermediate wave opera-
tors, allowing to remove a short-range part of the potential. The resulting dynamics
has a positive energy, and its scattering theory is studied in Sect. 8, using rather
standard arguments. The proofs of the main results of Sect. 4 are given in Sect. 9.

Appendix A and Appendix B are devoted to a rather self-contained introduction
to Krein spaces and definitizable operators. For Krein spaces a classic reference
is the book by Bognar [Bo]. The theory of definitizable operators is covered in a
survey article by Langer [La]. We include in Appendix B a presentation of smooth
and Borel functional calculus for definitizable operators based on almost analytic
extensions.

Appendix C is devoted to propagation estimates for unitary groups on a Krein
space with a definitizable generator. Finally we recall in Appendix D various facts
on pseudo-differential and Fourier integral operators.

1.7. Notation. We now collect some notation which will be use throughout this
paper.

The domain of a linear operator a on a Hilbert space h will be denoted by Doma.
If a is selfadjoint operator, we will write a > 0 if a > 0 and Kera = {0}. Note that
ifa>0andseR, ||hlls =|a"®h|y is a norm on Doma™*. We denote then by a®h
the completion of Doma~* for the norm || ||s. The map a® extends as a unitary
operator from a'h to a®*t*h. One example of this notation are the familiar Sobolev
spaces, where H*(R?) is equal to (—A + 1)~*/2L?*(R?).

For a map R 53— B(t) € B(h) we write B(t) € O(t*) if || B(¢)|| < Ct* for |t| > 1.

A complex symplectic space will be denoted by the letter V. A Krein space (see
Appendix A) will be denoted by the letter K. The energy space associated to a
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Klein-Gordon equation (which is an example of a Krein space) will be denoted by
the letter £.

As usual we set D, =i 19, and (z) = (1 + 22)2.

For —o0o < a < b < 400 we denote by F(a < A < b) a function in C*(R)
supported in [a,b] and equal to 1 in [a/2,b/2].

2. ABSTRACT KLEIN-GORDON EQUATION

In this section we consider an abstract Klein-Gordon equation corresponding
to the Klein-Gordon field minimally coupled to an external electro-magnetic field.
We discuss the various ways of writing it as a one-parameter evolution group and
the associated conserved quantities. Our approach in most of this section will be
formal, ie we will not discuss the problem of existence and uniqueness of solutions.

Let h be a complex Hilbert space, €, v two selfadjoint operators on h. The scalar
product on b will be denoted by (h;|hs) or sometimes by hy - h.

The abstract Klein-Gordon equation is:

(2.1) (0r — iv)%p(t) + 2¢(t) = 0,
where ¢ : R — b.
2.1. Symplectic setup. Let Y = h @ b whose elements are denoted by (o, ).

We consider ) as a complex symplectic space by equipping it with the complex
symplectic form ( i.e. sesquilinear, non-degenerate, anti-hermitian):

(1,1 )w(p2, m2) =71 - 2 — P1 - ma.
The classical Hamiltonian is:
hg,m) =T -7+ G- €20 — i@ - v +iT - vep.

We consider w, h as maps from ) to V*, where V* is the space of anti-linear forms
on Y and set:

(2.2) A= —iw 'h = ( 5 ;i )

1€

If we set
bt ) . _ita [ P
T ) T
then
2.3) %% = T + vy,

%Wt = —e%p; + ivm,
hence ¢(t) = ¢ solves the following Cauchy problem for the Klein-Gordon equation:
(00 — 1w)?¢(t) + €2(t) = 0,
{ ?(0) = ¢, 0:¢9(0) = 7 + ive.
eitA

Clearly the group e'*4 preserves w ( is a complex symplectic flow) and h.

2.2. PDE setup. Since in this paper we will mostly use the conserved quantity h,
it is more convenient to adopt the standard setup from partial differential equations.
We consider the Cauchy problem:

{ (0r — 10)?¢(t) + €2p(t) = 0,
¢(0) = fo, —iat¢(0) = f1.

/"= ( by )

(2.4)

Setting
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(2.4) is rewritten as:
; 0 1
t __ _—itB _
(2.5) ff=e f, B= (62_1}2 21})'
The symplectic form and classical Hamiltonian become:
fwg= —i(fo-g1+ f1- 90 —2f0 - vg0),
hlf 1= AP+ (fol(€? = v*) fo).

The sesquilinear form ¢ = iw is hermitian and often called the charge. From (2.2)
we obtain that:

(2.6) ?wug:ih[f,B_lg}.

2.3. Krein space approach to the abstract Klein-Gordon equation. We
now recall some results due to [LNT1] about the Krein space approach to the
abstract Klein-Gordon equation and existence of the dynamics e 5. We refer
the reader to Appendices A, B for terminology concerning Krein spaces. We first
introduce some assumptions:

(E1) € >m? m >0,

(E2) v is € — bounded with relative bound < 1,
(E3)  0¢op(e —v2),

(E4)  Trlj_g)(e* —v?) < 0.

Proposition 2.1 ([LNT1]). Assume (E1), (E2), (E3). Then:

(1) the Hilbert space & = e 1h @ b equipped with the sesquilinear form hl-,-] is a
Krein space;

(2) the operator B on £ defined in (2.5) with domain Dom(e? — v?) @ e~ 1h is
closed, selfadjoint on (€, h[-,-]) with 0 € p(B).

Assume (E1), (E2), (E3), (E4). Then:

(3) (&,h]-,*]) is a Pontryagin space;

(4) B generates a strongly continuous group (e ter of bounded unitary opera-
tors on (€,h[-,+]) and hence the Cauchy problem (2.4) has a unique solution.

—itB)

3. CONCRETE KLEIN-GORDON EQUATION

In this section we fix some hypotheses that we will impose for the rest of the
paper. We also discuss some properties of the eigenvalues of B. For m € R we
denote by S™(R?) the space of functions f € C*(R%) such that 92 f € O({z)™~ 1),
for all a € N.

3.1. Assumptions. We set h := L?(R9) and consider the Klein-Gordon equation
(2.1) for:

¢ = c(x) " H(Dy — b(2)), A(x)(Dy — bla)))e(z) ™" +m? (),
where A(z) = [a/*](2), b(z) = (b1 (2),...,ba(z)), a?*(x), bj(z), c(x) m(x) are real
functions satisfying:
coll < [a?¥](x) <11, ¢ < e(z) < ey, co <m(x) < ey,
for some ¢y > 0,
[@?¥](z) — 1, b(z), c(z) — 1, m(x) —m € S~Ho(RY),
for some m > 0, po > 0.

Clearly €? is selfadjoint on H2(R?) = e~2h and there exists mo > 0 such that
2 2
€ > mg.
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Concerning the scalar potential v we assume that v = v(x) is a multiplication
operator with
(A2) v*e ™% : h — b is compact for k =1,2.

It follows that €2 —v? with domain e 2 is selfadjoint and bounded below. It follows
also from (A1), (A2) that:

Toss (€2 — 0?%) = 0ess(€2) = [m?, +o0].
We assume also the analog of (E3):

(A3) 0 & op(e? — ).

By Prop. 2.1 the Krein space

£:=c'pobh=H' R e L*RY,
equipped with

hlf f1 = LA+ (Fol(e = v*) fo)

is a Pontryagin space. It follows from Lemma B.3 that B is definitizable with a
definitizing polynomial p of even degree. We denote by ¢,(B) the set of associated
critical points.

It follows also from (A2) that DomB = ¢~ 2h & e~ 'h and we can write

0 1 0 0
B_B0+‘/3B0_(62 0)7V_<,U2 _2,U>7

where V' is By—compact. We have then
(3.1) Oess(B) = 0ess(Bo) =] — 00, —m| U [m, +0o0],

where the second equality follows by using the transformation U defined in Subsect.
5.1 for v = 0.

It will be useful to be able to split the potential v as the sum of a short-range
part and a smooth long-range part. Therefore we assume:

(A4) v(z) = vs(z) + vy (),

where:
(3.2) v(z) € STH(RY) py > 0,
(3.3) (x)"=vke™ is bounded for k = 1,2, u, > 1.

3.2. Properties of eigenvalues and critical points. In this subsection we dis-
cuss the possible location of critical points (see Def. B.2) and real eigenvalues of
B. For the scattering theory it will be important to know that there are no critical
points of B embedded in the essential spectrum.

Proposition 3.1. Assume that v = vy + vo where:
(B1) { dgvr € O({a)#1o), Jal < 2,
vy has compact support, vy € LY(RY).
Then op(B) NR C [-m,m].
Proof. An easy computation shows that:
€2 =h+m?,

for
h=> D;cd*@)Dy+ > d;j(z)D; + D;d;(z) + (),
Jjk J
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with [¢/*](2) — 1, d;j(z), r(z) in S~ (RY). We see that Bf = Af iff h(\)fo = Efo
and f; = —\fy for
h(A) = h —v? =2 v, E =\ —m?.
Therefore to prove the proposition it suffices to show that h(A) has no strictly
positive eigenvalues. According to [KT, Thm. 11}, this is the case if we can write
the potential 2\v — v? as V; + V; where V; € LY?(R%) and:
0*Vi € o((x)711), || <1, 9°Vi € O((w) 1), |af = 2.
We take V; = 2 v — v3, Vi = 2)\vg — v3 — 20109, O
We introduce now an important implicit condition, stating that +m are not
critical points:
(B2) m,—m ¢ cp(B).
We now give some sufficient conditions for (B2). We recall that €2 = h + m?2.
Lemma 3.2. (1) Assume that
hu + (£2mv — v})u =0, u € H*(R?),
=u=0.
m?||ul[2 F m(ulvu) <0,
Then (B2) holds;
(2) Assume that €2 = —A + m?. If either
[Vl < V2,

or
v has constant sign, ||v]le < 2m,

then (B2) holds.

Proof. The condition in (1) is equivalent to
Bf =+mf, h[f,f]<0= f=0.

By the proof of Thm. B.3, we see that critical points are eigenvalues of the re-
striction of B to a subspace on which h is non positive. Hence the condition in (1)
implies that £m ¢ ¢,(B). To prove the first statement of (2), we note that using
the first condition in (1), the second becomes m?||u|? + || Vu[? — 3[lvu[® < 0. To
prove the second statement of (2), we note that if v < 0 the second condition of (1)
for the — sign implies that v = 0. If 0 < v < 2m then 2mwv — v? > 0 hence the first
condition of (1) for the + sign implies that u = 0. The argument for the reversed
signs is similar. O

4. MAIN RESULTS

In this section we describe the results of this paper.

4.1. Spectrum of B. We first summarize what we know about the spectrum of
B. We set 05,(B) = opp(B)\R, 05y (B) = 0pp(B) NR.

Proposition 4.1. Assume hypotheses (A), (B). Then:

(1) UesS(B) :] — 00, 7m} U [mv +OO[;

(2) UEP(B) = ijzl{zj,ij}, where z;, Z; are eigenvalues of finite algebraic multi-
plicities;

(3) ok,(B) C [=m,m] is a (finite or infinite) sequence (\;)ien of eigenvalues which
can accumulate only at £m, the eigenvalues in | —m, m[ have finite algebraic
multiplicities;

(4) % \cp(B) have trivial Jordan blocks.
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X
X
X
1® X ® X ®x4_
-m m
% Oess (B)
® critical points %
X eigenvalues %

FiGURE 1. The spectrum of B

4.2. Bound and scattering states. We set
I5p(B) = Y.coc (5 B2 B),
1, (B) == Yoreor, (8) 1ay(B),
Ipp(B) = 15,(B) + 15 (B).

Here E(z,B) for z € o5, (B) is the Riesz spectral projection on z (see Appendix
B). If X € o5, (B)\¢p(B), then 15y(B) is defined in Subsect. B.4. If A € ¢,(B)
then Ty (B) = Njx_c,x4¢(B) for all € > 0 small enough.

The first sum is finite, the second strongly convergent. In fact, since gess(B) N
[-m,m] = (), there exist § > 0 such that all real eigenvalues except for a finite
number of them belong to I = [-m — d,—M + 6] U [m — d,m + 48]. Since +m are
not critical points of B, the subspace 1;(B)E is positive. By Prop. A.8 h[-,-]7 is a
Hilbertian norm on 1;(B)E&, equivalent to the energy norm. This proves the strong
convergence by the usual Hilbert space argument. We set:

gpp(B) = ]lpp(B)gv &= 5pp(B) e Escatt (B).
The properties of £,,(B) and Egcart (B) are summarized in the following proposition:

Proposition 4.2. (1) &,p(B) and Escart(B) are Krein subspaces of €, invariant
under (e 18)cp;
(2) Epp(B) and Escatt(B) are closed symplectic subspaces of € and are symplecti-
cally orthogonal;
(3) Letu € Epp(B). Then

e itBy, — Z e—itBE(Z7B)u+ Z e—itBll{,\}(B)Ua
ZGO’EP(B) )‘GUEP(B)

where the first sum is finite, the second strongly convergent, uniformly for
teR;
(4) one has
gscatt(B) - ]1]_007_m[u]m7+00[(3)(€.

The space Escatt (B) will be called the space of scattering states for B.
Proof. (1) follows from Appendices A, B. (2) follows from (1) and (2.6). To
prove (3) we use that the real eigenvalues of B can accumulate only at +m, that
+m & c¢p(B) and that the eigenvalues of B in R\¢,(B) have trivial Jordan blocks
(see Prop. B.6). (4) follows from Prop. B.11 (4) and the fact that +m & ¢,(B). O
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4.3. Existence and completeness of short-range wave operators. In this
subsection we assume hypotheses (A1) for pg > 1, (A2), (A3), (A4) for v; = 0, and
(B). In other words we are in the short-range case. We set £, := H*(RY) @ L2(R?),
equipped with the usual energy scalar product:

hoolf, 1 = (filf1) + (fol€2 fo), €2 = (—A +m?),

so that £, = &€ as topological spaces. We set also

0 1
Bw'__(ego 0)’

which is the generator of the free Klein-Gordon evolution with mass m.

Theorem 4.3. Assume hypotheses (A1) for uo > 1, (A2), (A3), (A4) for vy =0,
and (B). Then:
(1) for all f € Es there exist unique f* € Escart(B) such that
e B fE _oTitBef 0t — +o00.
(2) Let us define the short-range wave operators Q7 :
Q:l:: goo %gscatt(B)a
s f — fi.
Then:

(i) QF are bounded symplectic transformations,

(ii) QFetBo = #BOE R,
(iii) QF are unitary from (Eoy hool',+]) t0 (Escart(B), Al -])-
The proof will be given in Subsect. 9.1.

4.4. Existence and completeness of long-range wave operators. We assume
now hypotheses (A), (B), i.e. we are in the long-range case. As in the case of
Schrédinger operators, it is necessary to introduce a modified free dynamics to
define the wave operators. We choose to use time-independent modifiers analogous
to those introduced by Isozaki-Kitada for Schrodinger operators [IK]. It turns out
that it is necessary to assume that the long-range potential v; is of constant sign
near infinity. This is not a serious restriction from the point of view of physical
applications. Hence we introduce the hypothesis

(C) £u(z) >0 for |z| > 1.

Let us now define the time-independent modifiers. We recall from Subsect. 3.2 that
€2 = Op“é for

&(z,¢) = Zﬁjcjk(w)fk + 2Zdj(x)fj + (@) +m?,
Jjk J
where
[Cjk}(az) —1,d(x),r(x) € SO’_”O(R%).

We denote by ¢4 (z, &) the functions introduced in Lemma 8.3. We recall that they
solve the eikonal equations (see Appendix D.2):

+E(x, Oppa (w,€)) — vi(x) = £(E2 +m?)3,

in some outgoing/incoming regions. We denote by j1 the associated Fourier integral
operators defined as:

jru(z) = (2m) / P @Oy () dyde

which are bounded operators on L?(R?) and H!(R?).
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Definition 4.4. The time-independent modifier T is defined as
T 1< Jr—i- —Ustio)ed )
2\ —(+ +J-)eo J+ —J- ’
where we use the + sign according to the sign of v; in (C).
Theorem 4.5. Assume hypotheses (A), (B) and (C). Then:
(1) for all f € E there exist unique f* € Escart(B) such that
e_ithi — Te_itB""f — 0, t = £oo.
(2) Let us define the long-range wave operators Qli:
Q:ﬁ: . goo — gscatt(B)a
[ f — f:l:_
Then:
(1) Qli are bounded, symplectic transformations,

(ii) QFfe Pe = BQE (€ R,
(#41) Qli are unitary from (Eoo, hool's*]) t0 (Escats(B), A, +])-
The proof will be given in Subsect. 9.2.

5. TECHNICAL ESTIMATES

In this section we describe an approximate diagonalization of B. We also collect
some technical estimates which will be used later. We assume hypotheses (A) and
(B1).

5.1. Approximate diagonalization. We use the notation F(a < A < b) ex-
plained in Subsect. 1.7.
Replacing v;(x) by F(|x| > ¢)v;(z) and vs(x) by vs(x)+ F(|z| < ¢)v(z) for ¢ > 1
we can assume that:
e —v? >m?/4.
We set:

r=v? —v? =02 + 2.0, b= (2 —v})2,

=

and write B as the operator sum:

0 1 0 0
B=DBi+h, Bl'( (2 —v}) 2y )’ R(r —2v, )

We equip the Krein space £ with the norm

LA = LA + (fol (€2 = vi) fo),

which yields the same topology.
It is convenient to unitarily (as Hilbert spaces) map £ to h @ b using the map:

1 b —1 1 b=t bt
R A L)
Then U : £ — h @ b is unitary and

« [ b—u v . L/ b7l 420s b7l — 20,
UBU™ = ( v —b—u >’ URUT= =5 —2v;, bl 420, )

b 0
LOz:(o b)’

o —u o _ 1 b+ 20, b — v,
W'_( Uy —vl)’VS_ 2(rb1—2vs ro=t+2v, )

We set now:
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and
(5.2) L:=UBU ' =Ly+V, V=V +Vj,
which is closed with DomL = ¢ 1h @ e~ 1h.
After conjugation by U, the Krein bilinear form h[-, -] becomes:
[w,u] := h[U  u, U ] = (u|(1+ K)u),
for
1/ b7 b=t b lrp!
(5.3) K= 2 ( b=lrb=t b lpp? ) '
Let us summarize the results of this reduction:
-we work on the space K = h @ b, h = L?(R?) with its natural Hilbert space
topology.
-the space K is equipped with the Krein bilinear form:
[u, u] = (u|(1+ K)u),

where K is defined in (5.3), so that (I, [, ]) is a Pontryagin space.

-we consider the operator L defined in (5.2), which is closed with domain ¢~1h @
e~ 'h = H'(RY) @ H'(R?). The operator L is selfadjoint on the Pontryagin space
(K, [,+]) and hence definitizable with a definitizing polynomial of even degree.

5.2. Estimates on scalar operators. In this subsection we collect various esti-
mates involving b, v; and vs. We set

1 D D

i(x D2 + m2 + D2 + m?2 $T).

Note that a is selfadjoint on L?(R?) with domain Doma = {u € L? : au € L%}.
The symbol classes S™P(R2?) are defined in Appendix D.

Proposition 5.1. (1) [b, ()] is bounded;
(2) B2[b~1L, ()] is bounded;

(3)
[b,ia] = b3 (b —m?) + T, where T is compact;
(4) let F(x,&) € S*O(R2?) with suppF C {|x| > ¢} for some ¢ > 0. Then

(5.4) €oo = (D?+m?)?, a:=

_1 _1
[0,iF(%2,Dy)] = e’ (Dy - VoF(2,Dy) + Dy - Vo F(%,Dy))éxc?
+0(t717°), 6 > 0;

(5) Let G,Gy € C™(R?) bounded with all derivatives with 0 ¢ suppG,G1 and
G1G =G. Then:

b*lc:(%) - G1(§)b*1G(%) +R(D),

where

bR(t), B’ R(t)b~' € O(t™2).

Proposition 5.2. Let F(x,£) as in Prop. 5.1. Then
(1)

[on(a). F(F.D2)) € O(t74);

(2) USF(%’Dz)bil’ F(%sz)Usbil € O(tius);
(3) rb ' F(¥,Dp)b™ ! F(%,Dy)rb=2 € O((t#) + O(t2).
It follows that

[va(%,Dm)]b_l € O(tH), [rb‘l,F(%,Dz)]b_l €0t )+ O(t™2).

Proof. The proofs will be given in Subsect. E.1. O
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5.3. Estimates on matrix operators. If ¢ is an operator on b, we still denote

c 0
by ¢ the operator < 0 ¢ )

Lemma 5.3. Let x € C§°(R) and F(x,£) as in Prop. 5.1. Then
(1) x(L) — x(Lo) is compact,
(2) (X(L) = x(Lo)) F(%,Dz) € O(t™°), 6 >0,
(3) (x)'*°V,e! is bounded, § > 0,

(4) (2)x(L){z)7Y, (x)~tx(L){(z) are bounded,

(5) (L), F(%,Dy)] € O(t~°), 6 > 0.

Proof. we will use the functional calculus defined in Subsect. B.3, based on
almost-analytic extensions.

(1): We have:

X(L) = x(Lo) =
We use the estimates (see Lemma B.7 for the first one):
[(z — L) < C|Tmz| ™™, ||Lo(z — Lo) || < ClImz|™!, 2 € suppy,

and the fact that VL' is compact by (A2). This proves (1).
(2): We write

(2= L)"'V(z — Ly)"'F(%, D,)

i 0x)

_ 71 -1 -
o7 ). oz (z—=L)""V(z—Lo)" " dzNdz.

= (2= L)"'WF($,Ds)(2 = Lo) " + (2 = L)'V (2 — Lo)~'[Lo, F(§, Dx)|(2 — Lo) ™"

It follows from Prop. 5.2 (2), (3) that V,F(%£,D,)Ly" € O(¢t~*7%). By (3.2)
ViF(%,D,) € O(t™"). Therefore the first term in the r.hus. is O(t~%)(z)[Imz|~™~2.
The second term is O(¢t~1)(z)|Imz|~™~3. This gives (2).

(3): (2)"0v4e! and (x)'*9re~2 are bounded by (3.3). This implies (3).

(4): We first claim that [Lo, ()] and [V, (x)] = [Vs, (z)] are bounded. The first
claim follows from Prop. 5.1 (1). To prove the second we note that

[P0 (@) = r[b™", ()] = 10707, ()]
is bounded, since b2 is bounded by (3.3) and b?[b~*, ()] is bounded by Prop. 5.1
(2). Next we write
(@) (z= L) Ha) ' = (2= L) + (e = L)L, (@)] (= = L) Ha) T,

and use (B.6).
(5): by (2) it suffices to estimate [x(Lo), F]. The result follows then from pseudo-
differential calculus, see e.g. [DG1, Appendix D]. O

Proposition 5.4. Let F' be as above and x € C§°(R). Then:
(5.5) X(DVAF (T, Do) x(L) € O ), 6> 0.

Proof. we apply Prop. 5.2 (1) and Prop. 5.2 (2), (3), using that bx(L) is bounded
since x(L) maps h @ b into DomL = e 'h @ e 1h. O

Proposition 5.5. Let G € C®(RY) bounded with all derivatives with 0 ¢ suppG
and K be defined in (5.3). Then:

KG(%) €Ot ") +0(t™2).
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Proof. Let G1(%) as in Prop. 5.1 (5).We have

b’lrb’lG(%):b’erl(%)b’lG(%)—i-b’er(t):b’erl() LG(E)+b " rbbR(t)

AW

t
Now b~ 'rGy(2)b~! € O(t™#<), b='rb~! is bounded and bR(t) € O(t~
5.1 (5). O

2) by Prop.

Proposition 5.6.

(1) [LOa ia] = b_3(b20_ mz) _b—3(b(2) _ mZ)

(2) x(D)[V,ia]x(L) is compact.

> + R, where R is compact,

Proof. : (1) follows from Prop. 5.1 (3). Since [v, ia] is compact so is [V}, ia]. From
Lemma 5.3 (3) we see that x(L)Via and aVsx(L) are compact. This implies (2). O

5.4. Positive commutators. In this subsection we prove a key result on local
positivity of the commutator [L,ia]. Its form is different from the usual selfadjoint
case, because the two scalar products [-, -] and (-|-) play a role (see Rem. 5.8).

Proposition 5.7. Let a be defined in (5.4) and let Ao € R with £Xg > m. Set
xs(A) = F(§7I\) where F € C°(R), F(\) = 1 for |\ — Xo| < 1, F(\) = 0 for
A —Xo| > 2.
Then there exists co > 0, g € C°(R) and Rs € B(K) such that:

(5.:6) x5 (L)[L,ialxs(L)
' = coxs(L)(M+ K) " xs(L) +x3(L)g*(L) + xs(L) (1 + K) ' Rsxs(L),
with

lim Rs = 0.

6—0

Remark 5.8. Taking expectation values of (5.6) for the Krein scalar product, we
obtain

£[u, xs(L)[L,ia]xs(L)u]
= co(xs(L)ulxs(L)u) + [9(L)xs(L)u, g(L)xs(L)u]
+(xs(L)u[Rsxs(L)u), u € K.
Proof. We treat only the case \g > m, the case \y < —m being similar except for

the change of signs. Let x € C§°(R) supported in |m, +o0o[. Then:

i@ = o (7Tl s

b3 (b2 — m? 0

= x(Lo) ( 0 ™) —b=3(b% — m?) ) X(Lo) + R1 + Ra
b—3(b% — m? 0

= x(Lo) ( 0 m) b3(02 — m2) X(Lo) + R + R

= x(Lo) (Lol 7*(L§ —m?)) x(Lo) + R1 + Rz

where Ry, Ry are compact and we used successively Prop. 5.6, Lemma 5.3 (1) and
the fact that suppyx C]m, +ool.
Clearly there exists ¢g > 0 and g € C§°(R) such that:

) (NP2 = m?)) = cox® () + X2 (Vg ().
Using once more Lemma 5.3 (1), we obtain:

X(L)[L,ia]x(L) = cox*(L) + x*(L)g*(L) + R,
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where R is compact. Since K is compact this yields:

X(L)[L,ia]x(L)

cox(L) (A + K)~Ix(L) + cox(L)K (1 + K)~'x(L) + x*(L)g*(L) + R
cox(L)(1+ K)~'x(L) + x*(L)g*(L) + R,

where R; is compact.
Since Ag > m, we know using (B1) and Prop. 3.1 that Ag is not an eigenvalue of
L and hence by Prop. B.11 (2):

(5.8) s— lim xs(L) =0, and hence lim xs(L)R; = 0.
=0 6—0

(5.7)

Multiplying to the left and right both sides of (5.7) by xs(L) we obtain:
xs(L)[L,ia]xs(L)

coxs (L) (1 + K) X6 (L) + X3 (L)g*(L) + x5 (L)x26 (L) Rix25(L)xs(L)
= coxs(L)(X+ K)~'xs(L) + x5(L)g*(L) + xs (L) (1 + K) ' Rsxs (L),

for
Rs = (1 + K)x2s(L)Rix2s(L).
Using (5.8) this completes the proof of the proposition. O

6. PROPAGATION ESTIMATES

In all this section we assume hypotheses (A), (B). We will prove propagation
estimates for e "~ Their content is parallel to the well-known selfadjoint case.
The abstract setup for propagation estimates on Krein spaces is however different,
and developed in Appendix C. We denote as usual by

Do®(t) = 0, ®(t) + [Lo, 1 ()],

D®(t) = 0;®(¢) + [L,i®(1)],
the free and interacting Heisenberg derivatives. We recall that we use the notation
explained at the beginning of Subsect. 5.3 for scalar operators. We recall also that

all operator inequalities are to be understood in Hilbert sense, it A > 0 means
(u|Au) > 0.

6.1. Large velocity estimates.

Proposition 6.1. Let x € C§°(R) with suppx N ¢p(L) = 0. Then:
(i) if f € G5 (1, +oo)):

ol at
[ e s

1
(ii) if f € C®(R) is bounded and suppf C|1,+oo| then:
||
t—+4o00 t

< Cllul.

e ity (L) = 0.

Proof.

Proof of (i):

Fix 1 < 0y < 01 < 65, f S Cgc([eo,—FOOD with f =1on [01,92] and F(S) =
— [ [2(s1)dsy. Set:
|z|
O(t) = F(T)
Let us fix x1 € C§°(R) supported away from critical points with x;x = x. Then:

Ed |z

@pFE ) = @por(Ehw @ + v ir ),
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where

(6.1) o@D € 0a1-),

by Prop. 5.4. We have by Prop. 5.1 (4):

0P (1) & [b, 1P (12]))

Sl s fed (D, PG + P g D) ek o)
= Lyl (lﬂ Fi (e;Ole A Dxegol)) FEY L o9 +o?)
> S FoE,

using that | !D,|| <1 and 6y > 1. Hence

x C x 1
(62 por(2 = & (2 1 o1,
We claim that we can apply Corollary C.2 for
Ro(t) = xa(DViF(F)a (D),

D(t)= DoF(lh.

In fact applying Prop. 5.5 we see that K D(t) € O(t~'~?) hence condition i) of
Corollary C.2 is satisfied. Condition 4) is satisfied by (6.1), conditions 4ii) and iv)
follow from (6.2).

Proof of (ii):

We take F, f as above and set Fr; = ( ) SRt = f( ) for R > 1. Using the
computations above with ¢ replaced by Rt we get that:

KFgry € O((Rt)™%), 6 >0

(63) KDoFRt € O((Rt)ili(s)a

X(L)[V,iFr]x(L) € O((Rt)™'7°), x € C5°(R),
(6.4) DoFgri =+ freT (R, 1) fre + O((Rt)~179),
C()]l < T(R, t) < Cl]l, co > 0.

hal-00554817, version 2 - 8 Sep 2011

Setting now u; = e~ *Lx(L)u we deduce from (6.3), (6.4) that:
%[ut, Friug) =  [ug, DoFreus] + O((Rt)™172)
(6.5) = (w|DoFreus) + O((Rt)~'%)
= (frewd T(R,t) freue) + O((RE)170).
Using (i) and Cauchy-Schwarz inequality we see that

lim [u¢, Freue] exists.
t——+oo

Moreover by Prop. 5.5 and (6.3) we get:
[Ut, FRtut] = (ut‘FRtut) + (Ut|KFRtut) = (ut|FRtut) + 0((Rt)75),
hence:

. o <
(6.6) hmoo[ut,FRtut] t_liinoo(“”FRt“t)*O'

t——+

lim |||Fre|? || exists.
t—4oc0
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Integrating (6.5) between ¢t = 1 and t = 400 we obtain
limy s 4 oo (e, Freus] = limyos oo (ue| Freus)
= [ur, Frui) + ;7 (frewe| T(R, 1) froug)dt + O(R17).
Since T'(R,t) > 0 by (6.4), this implies using also (6.6) that

0 Z lim [ut,FRtut] Z \[u17FRu1]| + O(R_l_(S).
t—+o0

The terms on the right tend to 0 when R — +o0 hence:
(6.7) lim lim [ug, Freu] = 0.

R—+4o00t—+o00
Since F; — Fr € C§°(]1, 4+00[) we have also using (i):
[ut, (Fy — Fre)ut] = 0,

lim
t——+oo
and letting R — oo in the identity above using also (6.7) we obtain

lim [ut, Ftut} =0.
t—+oo

By (6.6) this yields

. 1
Jlim|F B =0,

which completes the proof of the proposition. O

6.2. Phase space propagation estimates. Set

1 (10
(6.8) Vs =€ Dy, vi= < 0 —1 )V

considered as a vector of commuting operators on h @ h. Note that v = [Lo,iz],
where L, is defined in (8.6), hence has the meaning of the velocity operator.

Proposition 6.2. Let x € C°(R) with suppx N [—m,m] = 0. Then:
(1) if f € C5°(]0, +o0]):

+o0 .
[ 15D @ = Dty < cful?,
1

(ii) moreover:

s— lim f(m

—itL _
A f(5 Yx(L)e =0.

T
(v — n
Proof.

Proof of (i):

We assume first that suppy C]m,+oo[. The case suppx C| — oo, —m/[ can be
treated similarly replacing vy by —v, in the arguments below.

We fix 0 < 0; < 6 < 63, 63 > 1 and choose as usual a function R € C™(R?)
such that R = 0 near 0, V?R(z) > 0 and R(z) = 32° — ¢ for |z| > 6;. We fix also
J € C§°(R) with J =1 on [0, 65].

Set ) )

x x x x x
M(t) = 3 (ve = VR + 3 (VR(), v, = ) + RS,

which is a 2 x 2 matrix of operators on b, following the notation introduced at the

beginning of Subsect. 5.3.

|z|
t

lz]

B(t) = J( :

JM(8) (=),
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which is uniformly bounded. Let us pick x1 € C§°(Jm, +o0[)with x1x = x. Then
X1 (L)D®(t)xi (L)
= @D (JEHMWIED) (L) + 3 (V0] (L)
= @Dy (JEYM@IED) a ) + o),
by Prop. 5.4. Next
Do (5t (5h)
= Do ((5h) M@y + gDy (1(5h)
+J (') (DM (1)) J('F).
As in the proof of Prop. 5.5 we have

] ] ]

Dos(12) = 2 ryr 1) + 01,
where f € C§°(]6p, +oc[) and ||T(t)|| € O(1). Commuting f(%) to the left or right
we obtain:
Do (J(51)) art) () + (D areyo (J(51))
= D @@ M)+ MOT ) F(5) + 0@ 0)
= HENOIE) + Rit)
where
(6.9) N(t) :=T({t)M(t) + M@)T(t) € O(1), Ri(t) € Ot 179).
We now compute DoM (t). We consider the (scalar) operator:
mo(t) = 5(vs = 5. VRO + 3 (VR(F),ve = 1)+ R(S),
so that M(t) = mo(t) ® 1z, and compute
Oimo(t) = —5; ((ve = §, VER()§) + (§, V2R($)(vs — §))) .
b, imo(t)] = 55 ((vs — §. VER($)Vs) + (v, VER($)(vs — §)))
+ Ot~ 5),

Amo(t) + [b,imo(t)] = 5;(vs — £, VER(F)(vs — §)) + O(t717%)
(6.10) ) | =5
> 5 (ve = §. 1,0, () (Vs — ) O 70).
using Prop. 5.1 (4). Hence
_( Ormo(t) + [b,imo(t)] 0 1
DoM(t) = ( 0T melt) — I imo() ) €oe™)
Applying Lemma 5.3 (2) we get that
X1(L)DoM (t)x1(L) = x1(Lo))DoM (t)x1(L) + Ot~ 7%)
(6.11) = x1(Lo) (ymo(t) + [b.imo(t)]) x1 (L) + Ot~ 7%)

= x1(L) @emo(t) + [b,imo(t)]) xa (L) + O '7?),
[i

where we used that suppy; C]m, +oo[ in the second line.
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We can apply Corollary C.2 for

Ro(t) = x1(L)[V,i®(#)]x1(L),

D(t) = J(EL) @imo(t) + [bimo()]) J(5) + 1N @) (1) + Ru@),
B 0B() = 53 (Ve = £ gy 0 (T (va = 5 (F),

where N (t), Ry (t) are defined in (6.9), with R;(t) € O(t~*79).

By Prop. 5.4 we know that Ry(t) € O(t~'~?) hence condition i) of Corollary C.2
is satisfied. Applying Prop. 5.5 we see that ||[KD(t)|| € O(t~'~?), hence condition
11) of Corollary C.2 are satisfied. Condition #ii) follows from the last inequality in
(6.10), condition iv) from Prop. 6.1.

Proof of (ii):
set up = ey, O(t) = ((v—2), f2(%)(v — £)). Then
(6.12) X(L)ur, R()x(L)ue] = (X(L)ue| P ()X (L)ur) + o(1),

by Prop. 5.5. We compute
X(L)D®(t)x(L) = x(L)Do®(t)x(L) +O(t™'7%)

We have
w0 = (T3 45 ) e = v T v - )
hence
9,0 (1) + b, i (¢)] 0
DO‘I’“):< T et — bid_ (1) )

Using Prop. 5.1 (4), we get that:
0Py (t) £ [b,iPL(2)]
= *%H:Vs - %vf%%)(ivs -+ %<ivs = $m (%, D) (£vs — 7)),

+O(t179),
for
ma (5,0, = 3 (VA5 (v = D)) 4 he).
Setting
T _( my(%,D,) 0
T(t,Dm)—< T m_(Z,D,) )

this yields
Do®(t)

It follows that
i (Lyur, () x(L)ur]
= (P = DLyl T (9(F)(v = Fx(L)ue) + Ot ~0)Jull?,
where ||T(t)[| € O(t71), g € C°(RI\{0}).
By Corollary C.2 (2), (i) above and (6.12) we know that

Jim Do (Dur, @0x (D) = lim [ F(G)(v = Dxa(Lu|? exists.

Using again (i) this limit is equal to 0. O
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6.3. Minimal velocity estimates.

Proposition 6.3. Let x € C§°(R\[—m,m]). Then there exists 0y > 0 such that

oo r —itL zd 2
! IMjo,001 ()X (L)e™ ull” - < Cllull”.
Proof. Let J € C§°(RY) with J(z) =1 for |z| < 0y, J(x) = 0 for |z| > 20y, where
0o will be chosen small enough later. We set

x 1 T x 1 T T
M) = T+ 5lve = 50N + (VI ve—

For later use let us first note some properties of M(t).
We set M€(t) = 1— M (t) and note that M€(t) is given by the same formula with
J(x) replaced by J¢(z) = 1 — J(z), where 0 ¢ suppJ©. Therefore we obtain from

Prop. 5.4 that

L

(6.13) x1(D)[V,iM (t)]x(L) € O(t~17?), 6 > 0.
The same argument using Lemma 5.3 (5) shows that
(6.14) [X(L), M(t)] € O(t™"), n>0, x € C5°(R).

Using formula (B.1) and Prop. 5.5, we obtain also
Mi(t)= M@+ 1+ K)'[M(), K]
(6.15) = M(t)— (1+ K) [Me(t), K]
= M(t)+0O(t "), p>0.

By a compactness argument it suffices to prove the proposition for y supported
in a small neighborhood of some \g € R\[—m, m|. Without loss of generality we
can assume that A\g > m, the case A\g < —m being similar, replacing v by —v, and
a by —a .

We choose the cutoff functions xs(A) as in Prop. 5.7 and fix another cutoff
function x; such that suppy; C]m,+oo[ and x1xs = xs for § < 1. We set:

(1) = xa (L) M (D5 (L) X5(L)M (t)xa (L).
Note that using Lemma 5.3 (4) we know that
(6.16) Tu(LM() € O1),
and hence ®(t) is uniformly bounded. We have
Do(t) = xa(L)DM(t)xs(L)$xs(L)M (t)x1 (L)
+x1 (L) M (#)xs (L) $x5(L)DM (8)x1 (L)
+x1 (L)M (£)xs (L)D (%) xs(L)M (t)x1 (L)
= Ri(t) + Ralh),
where Rs(t) is the term in the third line above.

FEstimates on Ry(t).
We claim that:

(6.17) [u, Ry (t)u] = %(T(tm(L)u\B(t)T(t)m(L)u) + Ot ) ul?,
where:
(6.18) T(t) = G(T)(ve = 2, [BO)] € 0(1).
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Let us prove our claim. We have
DM(t) = DoM(t) + [V,iM (1),
As we saw above we have:
X1 (D)[V,iM (t)]xs(L) € O™ 7"), > 0.
Next using (6.11) with J instead of R we obtain that:

POz = () ("5 0 ) vty + 0,

m(
for
m(t) = o ve = 5 V() ve = 1) = oo tve = GG v - D),

for G € C§g°(R?\{0}) with G =1 on suppV.J. We claim now that
Rilt) = pa (D), - DIGE), BOGE) s ~ (L) + 04,

for B(t) € O(1). This follows from the identities above by commuting G(%)(vs—%)
to the left or to the right, using that

619) (G- D) ixs(L)] € O™), [G()(ve — T).a] € O(1),

(
the first estimate in (6.19) follows from Lemma 5.3 (5), the second from pseudo-
differential calculus. Recall that T'(t) = G(%)(vs — 7). Then using Prop. 5.5 and
the fact that 0 & suppG we obtain that

[w, Ry (t)u] = ¢Ixa(L)u, T* () BT ()x1 (L)u] + Ot~ #) [ul]?
= 0 @)ul(@+ K)T* ()BT ()xa (L)u) + O ) Jul]?
T(TOx1(L)ul BT () x1(L)u) + O )] lul]?,

z T z
t

which implies (6.17).
Estimates on Ra(t).
We claim that:

[u, Ra(t)u]
(6.20) = %”l(M(t)Xa(L)u\M(t) Xs(L)u)
3 g(L)M (t)xs(L)u, g(L)M (t)xs(L)u]
+3 (M (8)xs(L)u| B2 (t) M (8)xs(L)u) + Ot~ #)||ul|,
for || B2(t)]| < co/2.
We have:
x(DD () xs(L) = (D)L el (L) — xa(D) S xs(L)
Applying (6.15) we obtain:
[u, Ro(t)u] = [x1(L)u, M(t)xs(L)D (%) xs(L)M (t)x1(L)u]
= [M(&)xa(L)u, xs(L)D (§) xs(L)M(t)x1 (L)u] + Ot #) Jul?

= {ME)x1(L)u, xs(L)[L, ialxs( (
— ¢ M) xa (L)u, xs (L) x5 (L)M (t)xa (L)u] + Ot 1) |ul|?
=t [u, Ry(t)u] + [u, Ra(t)u] + O 7#)Jul]*.



hal-00554817, version 2 - 8 Sep 2011

SCATTERING THEORY FOR KLEIN-GORDON EQUATIONS 23

We consider first R3(t). Applying Prop. 5.7 (see Remark 5.8) we obtain that
[u, R (t)u]
= {IMO)x1(L)u, xs(L)[L, ia]xs (L) M () x1(L)u]
s(L)M(t)xa (L)ulxs (L)M (t)x1(L)u)
s(L)g(L)M (t)x1(L)u, xs(L)g(L) M (t)x1(L)u]
s (L) M (t)x1 (L)u|Rsxs(L)M (t)x1(L)u).
t=#) by (6.14), we finally get:

~lg =

X

T(x
+
+1(x
€

o)

Since [xs(L), M (t)]
[

u,

=

(
3(t)u]
(M (t)xs (L)u M (t)xs(L)u)
+4l9(L)M(t)xs(L)u, g(L)M (t)xs(L)u]
+ 1 (M ()xs(L)ul RsM (t)x5(L)u) + O~ #)||ul|>.
From Prop. 5.7, we know that ||Rs|| < ¢p/4, if § is small enough. We fix such

a ¢ and consider Ry(t). We fix a cutoff function G with G(z) = 1 for |z| < 26y,
G(z) =0 for |z| > 36p. Clearly

(622)  M()=G()M®+00™), (D). G € Ot"), >0,

the first identity follows from pdo calculus, the second from Lemma 5.3 (5), using
that 0 & supp(1 — G). Using (6.22) and (6.14) we get that:
(6.23)

[, Ra(t)u]

Co

(6.21)

(L) $xs (L)G(F)M (t)x1(L)u]
)x1(L)u]
)xa(L)u]
( TG (9)xs(L)M(t)x1(L)u) + O~ #)||ul)?
(L)M (t)x1 (L)ul Rs(t)xs(L)M (t)x1 (L)u) + O~ )| ul]?
( )

)

+ 0 [lul®
+OE ) Jul?
+OE ) Jul?

Il
|
e T [ [
=
)
—~
~
-
=
~

[R5 ()] < co/4.

Adding (6.21) and (6.23), we obtain (6.20) for Ba(t) = Rs(t) + Rs5(t)).
We can now complete the proof of the proposition. We apply Prop. C.1 for:

B(t) = ($)EM(t)xs(L),
C(t)= B*t)B(t) + 1 (1 + K)x5(L)g*(L),
Ci(t) = T ()BT () + Ot~ ),
Ca(t) = §xs(L)M(t)Ba(t)M(t)xs(L),
where B (t) is defined in (6.17), Bz (t) in (6.20). We note that C(t) > B*(t)B(t)
(ul(X+ K)g*(L)u) = [g(L)u, g(L)u] > 0,
using that suppg C]m, +oo[. We obtain that:

o0 L dt
[ Mow@e S <l
1
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Using Prop. 6.2 we deduce that

too x = dt
[ G rame Y < .

This completes the proof of the proposition. O

Proposition 6.4. Let x € C§°(R\[—m,m]). Then there exists 0y > 0 such that

||

s— lm T g, (“)x(L)e " = 0.

t—+o0 7
Proof. We can assume that suppy C|m,+oo[. Let F € C§°(R?) with F(z) = 1
for |z| < 6y, F(x) = 0 for |x| > 26y, where 6y will be chosen sufficiently small later.
We fix also x1 € C§°(Jm, +00[) with x1x = x. Then by Lemma 5.3 (5):
F(2)e X (L)u = xa(D)F (e Ix(Lyu+ O ™).
We have

t
et Ex(L)u, M(t)e *x(L)u] + O(t™"),

for
1 x

9, T T 9, T 1 9,T
M) = F(§) + 5(ve = 5, VEA) + 5 (V) v = ).
In the third line we use formula (B.1), Prop. 5.5 and the fact that F(z) = 1 near
0. In the fourth line we use again Lemma 5.3 (5). In the sixth line we use Prop.
6.2 ii). We have seen in the proof of Prop. 6.3 that

X(L)DM (t)x(L) = %x(L) JG(S)BHG(S) (Vs — %)X(L) +O@m,

T, T x
(vs — n
where G € C5°(R4\{0}), B(t) € O(1). Moreover by Prop. 5.5

X X X X _
K(v, = DG(BOGE)(ve = 5) € 0™).
Therefore by Corollary C.2 (2) the limit
(6.24) Jim [Xl(L)F(%)e_“LX(L)u, Xl(L)F(f)e itLy (L)u] exists.

We fix a bounded interval I with I°'n ¢p(L) = () such that suppx, suppxi C I. The
subspace K1 = 1;(L)K is positive hence by Prop. A.8 we obtain that

(6.25) Clxa(Lyl* < Pa(Lyv, xa(L)v] < C7Hxa(L)v]?

If the limit in (6.24) is not equal to 0 then applying (6.25) to v = F(%)e "2 x(L)u
we obtain that

N Ty _itL 2
timnf i (E)F(5 ) *Ex(Lull* > 0.

But for 6y small enough, this contradicts the convergence of the integral in Prop.
6.3. Therefore the limit in (6.24) is 0 which implies the proposition using once more
(6.25). O



hal-00554817, version 2 - 8 Sep 2011

SCATTERING THEORY FOR KLEIN-GORDON EQUATIONS 25

7. EXISTENCE AND COMPLETENESS OF SHORT-RANGE WAVE OPERATORS

7.1. Short-range wave operators. We set L; = Lo + V}, with domain H'(RY) @
H'(R4) which is selfadjoint (in the usual Hilbert sense) on (K, (-|-)). Note that
by Prop. 3.1 we know that op,(L;) C [-m,m]. Note also that L; satisfies all the
estimates in Sects. 5, 6, since it equals L if vy = 0. However L; is not selfadjoint
on (K,[-,:]). We denote by K.(L;) the continuous spectral subspace of L;, defined
in the usual sense and set

K:scatt (L) = Ugscatt(B)y
where the map U is defined in (5.1).
For later use we state a consequence of Subsect. B.4 and of the fact that +m &

¢p(B), which will be important in some strong convergence arguments later on. We
use the notation explained in Subsect. 1.7 for F(a < A < b).

Lemma 7.1. There exists € > 0 such that

sup |le " F(m — e < +£L < +00)|| < +o0.

teR
Proof. For the + case we choose € > 0 such that [m —e, +00[Nc, (L) = () and apply
Prop. B.11 (4). The proof for the — case is identical. O

Theorem 7.2 (Existence of short-range wave operators). Assume hypotheses (A),
(B). Then:
(1) for all u € K.(L;) there exist unique u™ € Kycare(L) such that
—itL, +
ut —

e e iy 0, t — +oo.

(2) Let us define the short-range wave operators W*(L, L;) by:

+ [ [ ICC lfl — Icscatt L 5
Then.'

(1) Wi (L, Ll) € B(]CC(Ll)v Icscatt(L))a
(ii) WE(L, L))e "t = e LW (L, L;), t € R,
(iii) WE(L, L;) are isometric from (Ko(Ly), (') to (Kseatt(L), [ ])-

Theorem 7.3 (Completeness of short-range wave operators). Assume hypotheses

(A), (B). Then:

(1) RanW=*(L, L)) = Kecart(L), i.e. WH(L, L;) are unitary from (Ke(Ly), (-]-)) to
(Kscatt (L)7 ['7 ])

(2) set WH(L;, L) :== W*(L,L;)~ . Then

+ el 1 itL, —itL
W=(L;,L)u=s 75_I)Hinooe e U, U € Kseatt (L)-

Proof of Thm. 7.2.

It suffices to prove the existence of W (L, L)1, yoo[(Li) (the existence of
WH(L, L)1) _ oo m((L;) being similar).

We fix a cutoff function FF € C*°(R) as in Lemma 7.1 (1), so that e F(L) is
uniformly bounded for ¢ € R.

We first claim that the limit

(7.26) s— lim "R (L)e T, 4 oof(Ly) exists.

— 400

Let us prove (7.26). By the standard density argument, it suffices to prove the
existence of

(7.27) s— lim e F(L)e Fy2(L),

t——+oo
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for x € C§°(Jm,+oo[). Let us fix such a cutoff function x. Applying Props. 6.1,
6.2 and 6.4 to L; we can find J € C$°(R%\{0}) such that

. . _ 2 —itL,; —
s— dim (1= M(t))x"(Li)e 0.

for
T 1 T T

Therefore to prove (7.27) it suffices to prove the existence of

M) = I(5) + (VI -

s— lim e F(L)M(t)x*(Ly)e .

t=+00
Moreover using Lemma 5.3 (2) and Lemma 5.3 (5) (which apply to L;), we have
et F(L)M(£)x2(Ly)e—*hy
= e F(L)X(L)M(t)x(Li)e “tLZU+0(1)
= S EP(D(DMEx(Le Pu+ of1)
= e IX(L)M (t)x(Li)e " 1u+ o(1).

Therefore it suffices to prove the existence of

s— lim ey (L)YM(t)x(L;)e .

t——+o0

To prove it we apply Prop. C.3 (2). The asymmetric Heisenberg derivative equals:
= X(L)DoM (t)x(L1) + x(L)[Vi, iM ()]x (L) + ix(L)VsM (t)x (La).-
As in the proof of Prop. 6.2 (see eg (6.11)) we see that

X(L)DoM ()x(Li) = %X(L)T*@)B(t)T(t)X(Ll) F O,

for

T(t) = G()v = ), 1B € 0(1).

By Prop. 5.4 we know that [V;,iM (t)] € O(t~'~#) and applying Prop. 5.2 (2) and
(3) we obtain that y(L)ViM (t)x(L;) € O(t=17#).

To obtain the estimates in Prop. C.3 (2), we use the propagation estimates of
Prop. 6.2 (which are also valid for ;) and the fact that Tt(t) = T(t) + O(t™H),
which follows from Prop. 5.5 and (B.1).

This completes the proof of (7.26). Let hence

o it —itL,
(7.28) ut = t_liglooe F(L)e u,u € Ty 4oop(L0)K.
Note that v € Tj,_oe +oo[(L)K. Since [m — 2¢,+o00[Ney(L) = ( it follows from
Prop. B.11 (4) that e~ is uniformly bounded on N —2¢, +00[(L)K and hence:

eyt — F(L)e "1y — 0, when t — +o0.
The same arguments used above show that

5— tliglo(]l - F(L))eiitLl ll]m,+oo[(Ll) =0.
Therefore

e tlyt — ety — 0, when t — +o00,
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which completes the proof of (1). Property (2) (i) follows from (7.28), property (2)
(i) is immediate. To prove (2) (iii) we write:
[ut,ut] = [e7tbyt e itlyT)
[e=itEiy, e itEiy] + o(1)
= (e7 "l (1+ K)e *1u) +o(1)
= (e MtliylemLiy) + o(1) = (ulu),

where in the last line we use that K is compact and e~ "4 tends weakly to 0 when
t— +oo. U

Proof of Thm. 7.3. It suffices to prove the existence of W (L, L)1}, 1o0((L),
ie that for any u € 1y, 4oo[(L)K there exists uy € K such that

—itL; U+ _

e e Ly — 0 in norm when ¢ — +o0.

Since e~ is unitary on (K, (+|)) it suffices to prove the existence of
s— lim eltlie=itly
t——+oo

]m7+oo[(L)7
or by the usual density argument the existence of

s— lim e e M y2(L), x € C5°(Jm, +00]).

t——+o0

By the same argument as in the proof of Thm 7.2 it suffices to prove the existence
s— lim ety (L) M(t)x(L)e L.

t—+o0

We apply now Prop. C.3 (1), using the same propagation estimates as before. The
details are left to the reader. O

8. LONG-RANGE WAVE OPERATORS

We have seen in Sect. 7 that W= (L, L;) intertwine the dynamics e~ on KC.(L;)
and e L on Keeari (L) .

In this section we further simplify the dynamics e~ *%* using standard arguments
of (Hilbert space) long-range scattering. Note that we are now in the familiar
Hilbert space setting, and we are facing long-range scattering theory for matrix
valued pseudo-differential operators.

8.1. Asymptotic diagonalization. Recall that L; = ( b;w v ) We
1

—b—vl
L €— 1 0
Ldlag-< 0 —6—’Ul>.

We recall hypothesis (C):

set

(C) £vi(z) >0 for |z| > 1.

which will be important in the sequel.
For simplicity we will denote in the sequel the symbol classes S™?(R??) simply by
S™P. We will also use the same notation for matrix valued symbols and operators.
As in Subsect. 3.2 we have €2 = Op™(é?) for:

E = G @G +2)_ di(@)g +r(x) +m?,
Jk J

where
[*)(2) = 1, dj(2), r(z) € ¥ 7Ho(R?).

We set p = inf(ug, 7).
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Recall that we set b = (€2 — v2)2. It follows from Lemma D.1 that:
€= OpW(E) + Op% 80 —1=n,

(8.1) b= Op"((€? —v; ) )+ Op% S0 —1=n,

b= Op((@ — vf)H) + OptSE1n,
Lemma 8.1. Assume (A) and (C). Then there exists a matriz valued symbol
Ji(z, &) with

Ji(z,8) =+ ( (1) 701 ) + ST if o(z) >0 for |z] > 1

such that if J; = Op¥ J1 one has:

Jy = JF + Op™ S0k, J2 = 1+ Op¥ S0k,

LJy — Jy Laiag € Op™ 8% 171,

Proof. Let é,v € R with € > m/2, [v] <m/2 and b = (& — v?)2. Set:

~ b—w v ~ €E—v 0
L_< v —6—v>’LO_< 0 —€—v)’

-1 (E—b)~
Jl(zg)é( )

—(E—D)"3
Then it is easy to see that
(8.2) Jo= JT = Jr = oy,
We write
. vi - v? 1
e—b:€+l~),e+b:e+e(1—g—2)2,

and substitute
E=&x,8), v="u(),be,€) = (@) —vP(@)?,
which satisfy the above conditions for |z| > 1. We obtain that
E+b=2¢1+ 8272,
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hence
(8.3) E=bFu_ w E40)E _ wg gy
(26)2 |Ul| (2 )2 v ]
(€ - ~)% |ui v —2,-2
8.4 — = S = (14 87272k,
®4) (2¢)2 (E+0b)2(26)2  2€ ( )
for |z| > 1. By (C) ﬁ = 41 and || € S%7# in |z| > 1. It follows from (8.3),
(8.4) that
= 1
(8.5) Fi(z,€) = + ( . N ) 45 ln,

We set now J; = Op"(J;) and get from (8.1)
L = Op"(L) + Op™S*™"7*, Laiag = Op"(Lo) + Op™5* 171,

The lemma follows then from (8.2) and pseudo-differential calculus. O
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Proposition 8.2. The limits

+ R : itL —itLgia,
w (LhLdiag) = Sitl}glooel tJie 1hid g]lc(Ldiag)a

WE(Lj, Laiag)™ = 58— lim eltldise Jre=ithiq (1))

t—+oo
exist. One has
Wi (le Ldiag)*Wi(Lla Ldiag) = ]lc(Ldiag)a
W:t(Lla Ldiag)W:t (Lla Ldiag)* = ﬂc(Ll)a
eiitLWi(Ll, Ldiag) = I/Vi(Ll7 Ldiag)eiit[’di"’g7 t e R.
Proof. The proof of the proposition relies on standard arguments, therefore we will
only sketch it. We first note that L; and Lgiae satisfy the propagation estimates

in Sect. 6 (with easier proofs, since one can use Hilbert space arguments). For
example to prove the existence of W (L, Lagiag), it suffices to consider

_ : itlh . _itLdiag
S tl}r-glooe X(Ll>J1M(t)X(Ld1ag)e 3

for M(t) as in the proof of Thm. 7.2. In the Heisenberg derivatives, one obtain
extra terms coming from L;J; — JiLgiag. These terms yield integrable in time
contributions, since L;J; — JiLgiag € Op“S%~17#(R??), hence is of short-range
type. The details are left to the reader. O

8.2. Isozaki-Kitada modifiers. By Prop. 8.2 we are reduced to the dynamics
e~ itLaias which we want to compare with e X where

(8.6) Lo = ( 680 60 ) oo = (D*+m?)3.

Since both operators are diagonal, we have to consider the scattering theory for
long-range, scalar pseudo-differential operators. As is well-known, it is necessary
to introduce modified free dynamics to define the wave operators. We choose to
use the time-independent modifiers introduced by Isozaki and Kitada [IK] in the
context of Schrodinger operators.

We start by stating an easy extension of results of Robert [R] on solutions of
eikonal equations. As in [R] we define for « > 0, R > 1 and 0 < ¢ < 1 the
incoming/outgoing regions:

I'(R,a,0)={(z,¢) : [{|Za, [z] =R, |z-¢| = olz|l¢]}
Lemma 8.3. There exists functions p*(x, &) such that:
i) pa(z,§) =z £+ 8717,
i) for each o, o there exists R = R(a, o) such that
+E(x, 0ppx (2,€)) — vi(x) = £(E +m?)% in T (R, a,0).
Proof. We set
ps(x,€) = (&(z,€) Fu(2))® = &(z,€) £ 2vu/(2)é(x,§) + v (x) = & + SV~

An easy modification of the arguments in [R] shows that there exist functions
w1 (x, &) satisfying i) solving in I'(R, «r, o) the eikonal equations:

£2 + m2 = Pi(% az@i(x7 76)) in F(R> «, U)'
Then i) follows by taking the square roots. O
We define now the Isozaki-Kitada modifier:

Ty = ( j(906m1) j(<p(_),1) )7
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where the Fourier integral operators j(p+,1) are defined in Def. D.2.

Proposition 8.4. The limits

W+(LdiagaLoo) -—s— lim eltLdiagJQQ_ltLOQ’
t—+o00

W (Laiag, Loo)*™ 1= s— tligrnoo elthoe Jxo~itlaiag 1c(Laiag)
exist. One has
W+(Ldiaga Loo)*W+(Ldiag; LOO) = ]17
W+(Ldiag7 Loo)WJr(Ldiaga Loo)ﬂ< = ﬂc(Ldiag),
e—itLdiagw+ (LdiagyLoo) — W+(Ldiag; Loo)e—itLoo7 t e R.

Proof. The proof is rather standard so we will again sketch it. Since Lgjag, J2 and
L, are diagonal, it suffices to prove the same result for the scalar operators € F vy,
j(p+,1) and €4 Let us consider the case of € —v;. We have to prove the existence
of the limits:

;5= lim e o 1) e T (e — ).

e—vy) ; —itess

(8.7) s— lim e"“"j(pp e

Since €(z,€) = €00 (&) + ST H(R2?) we see using (8.1) that e—v; = €5 +O0p"r(z, Dy)
for r € SH7#(R2?). We can hence apply the results in [Mu], which we briefly recall.
One first proves that there exists a function S4(¢,€) solving the Hamilton-Jacobi
equation:

atS-F(tag) = g(afs-i'(tag)ag) - Ul(a§S+(t7§))7 in |€| 2 €, ‘t| 2 T€7 Ve>0
and satisfying the estimates
O (S£(t,€) —tes(§)) € O(t#), @ €N.
Then it is shown in [Mu] that the limits:

g— tlélzglm eit(éf’vl)efisq, (t,DI)’ g— ti}gloo eiS+(t,DI)efit(67’Ul)]lc(e o ,Ul)

exist and are inverse of each other. To obtain (8.7) is suffices to prove the existence
of the limits:

o iS4 (t,Dg) ; —itess R iteoo 1 * —iSy (¢t,Dg)
s— lim e s e, s— lim e™=j(py,1)"e :

This can easily be proved by the Cook method, using stationary phase arguments
and the eikonal and Hamilton-Jacobi equation satisfied by ¢ and S;. The details
are left to the reader. O

9. PROOFS OF THMS. 4.3 AND 4.5.

9.1. Proof of Thm. 4.3. If v; = 0 then b = €. By standard arguments we obtain
the existence of the scalar wave operators:

. 120 sy 2
WHE(2,62)) =s—limy, 4o et e it

. 2 2
WH(e2 ,e?) =s—limy_, 4o eoe ™ 1 (€2).

By the invariance principle for wave operators (see eg [RS]) the above limits are
also equal to

S— 1imt~>+:too eitee—iteoo’

s— limy_s 4 400 €71, (€).
Using the chain rule of wave operators, it follows that Thms. 7.2, 7.3 are still
valid with L; replaced by L., yielding wave operators denoted by W+ (L, L.). We
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denote by U, the analog of U in Subsect. 5.1 for v; = 0, € = €, so that Uy, is
unitary from (Eoo, hoo[',+]) to h @ h. We set:

QOF = U "WH(L, Loo ) Uso.
We obtain that

e_itBQ;tf — U e B> f -0, t — +o0.

-1
Now U~ U, = ( b 0600 g)l ), and by stationary phase arguments we obtain that
. —1 _ Me—itBso f _
tllimoo(U Uso — D)e f=0.

Therefore

e BQFf —e P f 0, t — o0,
The fact that QF are bounded, unitary from (£, ool ]) t0 (Escatt(B), h[-,-]) and
the intertwining property follow from the corresponding statements in Thms. 7.2,
7.3. To prove that QF are symplectic it suffices then to use identity (2.6). O

9.2. Proof of Thm. 4.5. Set J = JyJ, where Jy, Jo are defined in Subsects.
8.1 and 8.2. Combining the results of Sects. 7, 8 and the chain rule of wave
operators, we obtain wave operators W* (L, L), which are bounded and unitary
from Koo = h @ b to (Kscatt (L), [+, -]) such that:
e EWH(L, Log)u — Je ooy, — 0, t — o0,
e EWE(L, Loo) = WE(L, Log e e,
As above we set
OF = U'WH(L, Lo )Uso, J := U JUL,
and obtain that Qi are bounded, unitary from (Eao,hool-]) t0 (Escart(B), hl-,])
and satisfy
e_itBQlif — Je~itBx f 50, t — oo,
e—itBQ?: — Q?:e—itB(x,_
The fact that Qljt are symplectic follows as above from (2.6). To complete the proof
of Thm. 4.5, it remains to use Lemma 9.1 below, which shows that:

s— lim (T — j)e_itBoc =0.

t—+oo

This completes the proof of the theorem. O

Lemma 9.1. Let T be defined in (4.4) and J:=U"Y)1JoUs. Then
s— lim (T — j)e_itBoc =0.

t—Foo

1 0
0 -1
=+ sign according to the sign of v; near infinity. For simplicity we consider the +

Proof. Recall first that J; = + ( ) +Op¥S—h~# where one chooses the

sign. Clearly it suffices to prove the lemma with J; replaced by ( (])1 ,0]1 )

Denote the Fourier integral operators j(¢4+, 1) simply by j+. We obtain
G (P e )
2\ —Ut +i-)eo J+ —J- ’

where b = (€2 — v2)2.
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By (8.1) and Lemma D.3, we have:

b Yje = j(pa,cx), for e = (8% —v}) "2 (2, 0p004) + ST2TITR,

Since
€7, 0rp+(7,€)) = €co(§) T ui(x) in T(R, v, 0),
we obtain
(& = o) (@, Buip(,€)) = & (€) + 26 (E)ui(a) in T(R, ,0),
and hence:

ce(2,8) = ()71 £ 26 (ui(x)) >
= e+ S *in (R a,0).
Let Sy C S%Y be the space of symbols of the form:
r=rot+ry, 1 7o € SO, u >0, 1 € S%° suppriNT(R, o, o) = 0, for some R, 0.
It follows that
(9.8) b~ e = jaed + (s, 7),

where r € Sy.
Therefore we obtain

;1 e S VRS B Loty )

J== St FrJ )t VL R=T+R,
2 ( —(r+ideo Gy —i-

where the entries of the matrix R are of the form j(p,r) for r € Sy. We claim

that

(9.9) s— lim Re 1B~ —.

t—+oo

In fact by stationary phase arguments we see that

s— lim Op“re itle =0, Vr € S.
t—+oo

The same fact is also true for e B>~ = U_le~ L=/ . Therefore we obtain (9.9),

which completes the proof of the Lemma. O

APPENDIX A. A BRIEF SUMMARY OF KREIN SPACE THEORY

In this section we recall some classical results on Krein spaces. Proofs can be
found in the book [Bo] or in the survey paper [La].

A.1. Krein spaces. If H is a topological complex vector space, we denote by H*
the space of continuous linear forms on H and by (w,u), for v € H, w € H#* the
duality bracket between H and H*.

Definition A.1. A Krein space K is a hilbertizable vector space H equipped with
a bounded hermitian sesquilinear form [u,v] non-degenerate in the sense that if
w € H#* there exists a unique u € H such that

[u,v] = (w,v), v eEH.

If we fix a scalar product (-|-) on H endowing H with its hilbertizable topology,
then by the Riesz theorem there exists a bounded, invertible selfadjoint operator
M such that

[u,v] = (u|Mv), u,v € H.
If A € B(H), we will denote by A* € B(H) the adjoint of A on (#, (-|-)) and by
At € B(H) the adjoint of A on (K, [-,-]) defined by

[ATu,v] := [u, Av], u,v € K.
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Using the polar decomposition of M, M = J|M| where J = J*, J? = 1, one can
equip ‘H with the equivalent scalar product

(A.1) (ulv)ar := (u|[M]v),
so that
(A.2) [u,v] = (u|Jv)pm, u,v € H.

Definition A.2. A Krein space (K, [-,]) is a Pontryagin space if either Ig-(J) or
I+ (J) has finite rank.

Replacing [+, -] by —[-, -] we can assume that Iz (J) has finite rank, which is the
usual convention for Pontryagin spaces.

Definition A.3. If (K, [,*]) is a Krein space, we set:
Cy:={uek : £u,u] >0}, Co:=CyNC_.
The vectors in Cy,C_,Cy are called positive, negative, null respectively.

A.2. Subspaces of a Krein space. Let K1 C K be a subspace of the Krein space
(IC,[-,-]). We denote by Ki the orthogonal of Ky in (K, [,]). Clearly Ki- is closed
and K+ = K§!, the closure of K; for (:|-). Non-degeneracy clearly implies

(A.3) K=K +Ki =K nKki={0}.

A vector subspace K1 C K will be called a Krein subspace if 1 is a Krein space
when equipped with the induced topology and [, -].
The following results are well-known (see eg [La]).

Proposition A.4. If Ky is a linear subspace of KC then the following assertions are
equivalent:

(1) Ky is a Krein subspace;

(2) Ki is a Krein subspace;

(3) K=K1+Ki.

Definition A.5. A projection P on (K,][-,-]) is orthogonal if P = PT, positive if
[u, Pu] > 0, u € K.

Proposition A.6. A linear subspace K1 of K is a Krein subspace if and only
if there is an orthogonal projection P such that K1 = PK. Then P is uniquely
determined: it is the projection on K1 along Ki.

Definition A.7. A linear subspace K1 C K is called positive if K1 C C, strictly
positive if [u,u] > 0 for all u € K1,u # 0, and uniformly (strictly) positive if it is
strictly positive and the topology associated to the norm [u,u]1/2 on Ky coincides
with the topology induced by (u\u)%,

Observe that if K; is a positive subspace then ||u||x, := [u,u]'/? is a semi-norm
on K and
(A.4) [[w, o] < llulliey vlle, Vw0 € Ky

Proposition A.8. If K1 is a Krein subspace of K then Ky is positive iff K1 is
strictly positive iff Ky is uniformly strictly positive.
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APPENDIX B. OPERATORS ON KREIN SPACES

Let A: DomA — K be a densely defined linear operator on the Krein space K.
The adjoint AT of A on (IC,[-,-]) is defined as

DomA" := {u € K : 3f = ATu such that [f,v] = [u, Av], ¥V v € DomA}.
If we denote by A* the adjoint of A for the scalar product (:|-) then

Al = M1 A* M.
If A is bounded and M = 1+ K the above formula simplifies to:
(B.1) Al = A" + (1 + K)7'[A*, K.

A densely defined operator A is selfadjoint, resp. unitary on K if A = AT, resp.
ATA = AAT =1

If A is a closed, densely defined operator on K we denote by o(A4), p(A) the
spectrum and resolvent set of A. If ) is an isolated point of o(A) we denote by

ENA) = i 9%(2’ —A)tdz

where C' is a small curve in p(A) surrounding A, the Riesz spectral projection for
A. Clearly

E\A)EWN,A) =0, if X£ )X, E)\ AT =EN, A").
B.1. Definitizable operators.

Definition B.1. A selfadjoint operator A is definitizable if
(1) p(A) # 0;
(2) there exists a real polynomial p(\) such that
[u, P(A)u] > 0, Yu € DomA*, k := degp.
A real polynomial p satisfying condition (2) above is called definitizing for A.

Definition B.2. Let A a definitizable selfadjoint operator and p a definitizing poly-
nomial for A. The set

cp(4) :==p ({0} No(A) NR
is called the set of (finite) critical points of A.

The usefulness of the notion of Pontryagin spaces in this context comes from the
following theorem.

Theorem B.3. A selfadjoint operator A on a Pontryagin space is definitizable
with a definitizing polynomial p of even degree.

We sketch the proof below because it contains some information that will be
useful later on in Subsect. B.4.
Proof. Set dimll{_;y(J) =: k < oo, where J is defined in (A.2). By a theorem of
Pontryagin there exists a k—dimensional subspace L_ C C_ such that L_ C DomA
and AL_ C L_. Let pp be the minimal polynomial of A;_, kg = degpo. Then
since po(A)L_ = {0} we get that py(A)Dom(A*) C Lt C C4, using the fact that
L_ is a maximal negative subspace. Therefore p(z) = Do(2)po(z) is a definitizing
polynomial for A. O

Remark B.4. In the literature the set of critical points of A is defined as the
intersection of the sets c,(A) over all definitizing polynomials. For the applications
in this paper it is sufficient to work with o fized definitizing polynomial p, the only
important property of p being that its degree is even.
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Remark B.5. Usually the point oo of the one-point compactification C:= CU{o0}
is also considered as a critical point, which corresponds to the possible divergence
of the spectral projectors 1, gj(A) when R — do0. On Pontryagin spaces, one can
choose definitizing polynomials of even degree, and oo is not a critical point (see
e.g. [C]). We will recover this result in Subsect. B.4.

The following result is due to Langer [La].

Proposition B.6. Let A be a definitizable selfadjoint operator with definitizing
polynomial p. Then: B
(1) o(A)\R is the union of pairs { i, \;} of eigenvalues of finite Riesz index;
(2) if v(X) is the Riesz index of an isolated eigenvalue X, then
k(A) if X E R,
<
N EA)+1if AeR,
where k(\) is multiplicity of X as a zero of p (with the convention that k(\) =0
if X is not a zero of p);
(3) Set now
Ey= > E(\A)+ E\ A), Ko := Eok.
A€a(A), ImA>0
Then Ey is an orthogonal projector, hence Ky is a Krein space and

K=Ko®Ky =:Ko® K.

In the rest of this section we review the functional calculus for definitizable
operators (see [La], [J1]).

B.2. Resolvent estimates. In this subsection, we review some resolvent estimates
for definitizable operators.

Let A be a definitizable selfadjoint operator with definitizing polynomial p. We
fix zo € p(A), z0 ¢ R and set

(B.2) q(2) = p(2)(z — 20) (2 = 70) ",

where

| degp/2 if degp even,
| (degp+1)/2if degp odd -

For z € p(A) and z # 2, Zo one sets:
(B.3) Q(z, A) := (q(A) — q(2)1)(A - 2)~".
The following result is proved in [La, Sect. I1.2], [J1, Sect. 2.1] .

Lemma B.7. (1) The function p(A) > z — q(A)(A—2)"! € B(H) extends holo-
morphically to C\R with:

lg(A)(A = 2)7H| < Cllmz| ™}, 2 € C\R;
(2) Let for R,a,d >0 U(R,a,0) := Uy(R,a) UU(R, ) where:
Up(R,a) ={z€C : 0<|Imz| <a, |Rez| < R},
Usx(R,0) ={z€C : 0<|Imz| <JRez|, |Rez| > R}.

where R,a are chosen such that o(A)\R does not intersect U(R,a,d). Then
there exists C > 0 such that:

ClImz|~™~ L, for z € Uy(R, a),
IVESRTES o
C(z)#—deer|Imz|~L for z € Uy (R, 6),

where m is the mazximal order of real zeroes of p .
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B.3. Smooth functional calculus. The resolvent estimates in Lemma B.7 allows
to construct a functional calculus for A using almost analytic extensions (see [HS],
[D]). Let SP(R) for p € R be the class of functions f such that:

[F N <OV aeN,
equipped with the semi-norms:

£l = sup [P O]

AeR,a<m

Let x € C5°(R) with x(s) = 1in [s| < %, x(s) =0 in [s| > 1. Set:

fla = (100 W)
for N fixed large enough, § > 0. Then if f € S?(R):
fir =1,
(B.4) suppf C {(z +1y) : |yl < d(z), = € suppf},
|229| < Oy Ny,
and:
(B.5) ft) = S %(2)@ —t)"tdzndz, t€R.

Proposition B.8. (1) let f € SP(R) for p < 0 if degp is even and p < —1 if degp

1s odd. Then the integral:
i 0

(B.6) F(A) = — 8£( )z —A) 'z Adz
is norm convergent in B(H) and independent on the choice of the almost an-
alytic extension f;

(2) For p as in (1), the map SP(R) > f — f(A) € B(H) is a homomorphism of
algebras with:

AT = f(A),
£ AN < N flm, for some m € N.

Proof. The fact that the integral is norm convergent follows from Lemma B.7 (2)
and the estimates (B.4), as is the bound in (2). The fact that f(A) is independent
on the choice of f and that f — f(A) is a homomorphism of algebras is proved as
in the selfadjoint case. O

B.4. Borel functional calculus. The main result on the functional calculus for
definitizable operators is the fact that it can be extended to a large class of Borel
functions on R. Tt relies on the following lemma due to [La].

Lemma B.9. There exists a map R > t — F(t) with values in the positive self-
adjoint operators on (H, (-|-)), left continuous for the weak operator topology such

that
F(—00) =0, F(+00) = Jq(4),

s<t= F(s) < F(t),

“+oo
(B7) (A-2)'= q(z)’lJ/ (t—2)7'dF(t) — q(2) 7' Q(2, A), z € p(A).

— 00
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In [La] the functional calculus for definitizable operators is extended to a large
class of bounded Borel functions on R. In particular it is possible to define spectral
projections 1;(A) which are selfadjoint on (K, [-,-]) for all intervals I such that 9
does not contain critical points.

We now explain how to recover this result from Prop. B.8. We start by giving
more explicit formulas for f(A), f € Cg°(R).

Lemma B.10. Let f € C§°(R) with suppf Ne¢y(A) = 0. Then:

“+oo
(B.5) f(A) =7 / F(Ha(t) " dF (1),

— 00

Proof. Using (B.7) we get:
FA) = T (% fe % ()a(z) 7 (- )7tz A dz) dF(1)
T3 [ 2L (2)g(2)71Q(z, A)dz A dz,

To compute the first term we use that f _can be chosen with support close to supp f
so that q(z)~! is holomorphic on suppf. Hence Jf(z)q(z)*l is an almost analytic
extension of f(A\)g(\)~! with %;(z) = ¢ ()% (z). We perform the integral in
z,Z using (B.5) and get that the first term equals:

7 " et rar ).

— 0o

(B.9)

The second term is zero by Green’s formula, since ¢(z)~*Q(z, A) is holomorphic in
z near suppf, which proves (B.8). O

If Q@ C Ris a finite union of disjoints intervals, we denote by B.(Q2) the x—algebra
of bounded Borel functions on 2 which are locally constant near ¢,(A).

Proposition B.11. (1) Let Q C R a finite union of disjoint bounded intervals I
such that OI N c,(A) = 0. Then the map Cg°(R) > f +— f(A) € B(H) can be
extended to an homomorphism of x—algebras:

B.() 3 f — f(A) € B(H),

with f(A) = f1(A) for all f € B.(Q);
(2) Let Ao € R\c,(A). Then:

]1{)\0}(14) =5— ll_{% ]l[ko—e,)\o-‘re] (A)

equals the orthogonal projection on Ker(A — Ag);
(3) Let I a bounded interval with I N c,(A) = 0. Then there exists C; > 0 such
that

IF (AN < Cillflleer f € Be(I);
(4) Assume that p is of even degree. Then the above map extends to all f € B.(R)

with the same properties. In particular statement (3) extends to all intervals
I with I N ¢,(A) = 0. Moreover one has:

1(A)+ Ey =1,
where the projection Ey is defined in Prop. B.6.

Remark B.12. Assume for simplicity that p is of even degree. The space C§°(R)+
B.(R) is clearly a x—algebra to which the homomorphism f — f(A) can be uniquely
extended. In fact if f; € C§°(R), g; € B:(R), i = 1,2 with f1 + g1 = fa + g2 then
f1(A) + g1(A4) = f2(A) + g2(A).
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Proof. Let first I C R a bounded interval such that I°' N¢,(A) = (). The function
q(t) has constant sign on I and without loss of generality we can assume that
q(t) >0on I.

Since t +— F(t) is left weakly continuous and increasing, we can using (B.8)
and the usual monotonicity argument on the Hilbert space (H, (:|-)ar), extend the
definition of f(A) to f € B.(I).

Let now I be a bounded interval with I Ne¢y(A) = 0 and I Ney(A) = {Ao}. Any
function in f € B.(I) can be split as f = fi + fa2, where f € C§°(R) is supported
close to Ag and suppfs does not intersect ¢, (A). Therefore we can define f(A) for
all f € B.(I). This proves (1).

Statement (2) is proved by the same argument as for selfadjoint operators on
Hilbert spaces.

To prove (3) we note that if I is a bounded interval with I°' N ¢,(A) = ) then:

+oo
N[ f@a®) POl < 1o~ lomnlla)] < Crllf i,
since ¢! is uniformly bounded on I.

Let us now prove (4). If p is of even degree and I is an unbounded interval with
I'n cp(A) = 0, then g~ ! is still uniformly bounded on I so the above estimate
extends to f € B(I). The same monotonicity argument allows to extend f(A) to
all f € Bo(R).

It remains to prove the second statement of (4). Let us fix z9 € p(A) with
Imzg > 0.

By the Riesz-Dunford functional calculus (see e.g. [DS, Sect. VIL.9]) we have:

-1

(B.10) (A—2)"'=—

_ -1/, _ -1
T P (= 20) e - 4)

Yo
where vq is a circle in p(A) surrounding zg.
Similarly
1

2ir

(B.11) (A—2) 'Ey = (z — 20) ' (z — A)"tdz,
Y1UyT
where 7, is a circle in p(A4) N {Imz > 0} surrounding o(A4) N {Imz > 0}. Let now

r(A) = (A — 2z0) "t € STY(R). An almost analytic extension of r is given by:

7(z) = (2 = 20)"'x(2),
where x € C*°(C) is supported in some U(R, a,d) and equal to 1 in U(R, a/2,§/2),
and the sets U(R, a, ) are defined in Lemma B.7. It follows that for C, = suppx N
{{Imz| > €}:
r(A) = 2 [& %(z)(z — A ldz A dz

— LB (z—z) (2 - A) Mz Adz

C oz
= lime0 5= c. az X(2)(z—20) " Yz — A)"ldz A dZ
= lim. ﬁfac X(2)(z — 20) 71z — A)~tdz

(
= _hmeHO St fR_HE X(2)(z = 20)~ 1( A)” KE
+ hme—>0 2in fR—ie ( )(Z - ZO) ( ) 1dZ

where we have used Green’s formula. The last two line integrals are independent
on ¢, therefore

r(A) = —gz fpai(z—20) 7z = A)dz

(B.12) | »
o= Jo (2 — 20) "Mz — A) TNz,
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for € > 0 small enough.
We claim that

(B.13) (A—20)"' = (A —20) " Ey +r(A).

In fact this follows from (B.10), (B.11) and (B.12) by deforming the integration
contour. We have to add integrals of (2 — 29) 1(z — A)~! over two half-circles
'+ (R) in the upper and lower half-plane of centers +ie and of radius R > 1. On
I'+(R) we obtain as in Lemma B.7 that ||[(A — 2)7!|| € O(|Imz|~!), therefore the
contribution of these integrals is O(In(R)R~!) and vanishes when R — oc.

To complete the proof of (4), note that if f € S~*(R) and g(\) = (A — 20) f(N),
then g € C°(R) + B.(R) (see Remark B.12) and (A — z9) f(A) = g(A). Therefore
multiplying (B.13) by (A — zp) we obtain that

1=FEy+1(A),

as claimed. O

APPENDIX C. ABSTRACT PROPAGATION ESTIMATES FOR DEFINITIZABLE
OPERATORS

In this section we explain how to prove propagation estimates for definitizable
operators on a Krein space. The basic framework is parallel to the Hilbert space
case, developed in the context of scattering theory for Schrodinger operators by Si-
gal and Soffer [SS]. A detailed exposition can be found in the book [DG1, Appendix
B.4].

C.1. Propagation estimates. Let (K, [-,-]) be a Krein space. We fix a hilbertian

scalar product (-|-) whose associated norm || - || defines the topology of K such that
[u, u] = (u|(1+ K)u).
As in Appendix B the adjoints of an operator A w.r.t. [-,] (resp. () will be

denoted by Af (resp. A*). Operator inequalities like for example A > 0 will be
understood in the Hilbert sense i.e. (u|Au) > 0.

We fix a selfadjoint operator L on (K, [, ]) and assume that L is definitizable,
with definitizing polynomial p of even degree. It follows from the functional calculus
in Subsect. B.4 (see Remark B.12) that (e~%L);cp is well defined as a strongly
continuous group of bounded operators, unitary on (K, [-,]). (Alternatively one
could assume that co is not a singular critical point, see [La]).

If A € B(K) the expression [L, A] can be given different meanings. In our context
the most natural one is to define [L, A] as a quadratic form on DomL by:

[L, A)(u,u) := [Lu, Au] — [u, ALu], u € DomL

If A e B(DomL) then LA — AL € B(DomlL,K). Denoting by (LA — AL),p this
operator one has of course

[L, Al(u,u) = [u, (LA — AL)opul], u € DomL.

Proposition C.1. Let R 5 ¢t — ®(t) € B(K) be strongly differentiable, uniformly
bounded. Let x € C§°(R) such that suppx Np~1({0}) = 0. Set

Do(t) = 8,d(t) + [L,i®(t)].

(1) Assume:
X(L)u, DR(t)x(L)u] = (x(L)u|C(E)x(L)u) + (x(L)u|C1(E)x(L)u)

(C.1)
+(x(L)ulC2(t)x(L)w)
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where:
i) Ct) = C*(t), C(t) = B(t)"B(t),
it) [(u|Cr(t)w)] < 2oi<jpen 1B (@)ull[| Br()ull,
i) [y 1B (e x(L)ulPdt < Cllul’, 1< j < N,
i) |(u|C2(t)u)| < 8[|B(t)ul?, 0<0 <1.
Then:

+oo .
| 1B @l < .
0
(2) Assume that (C.1) holds for C(t) = Cy(t) = 0. Then
lim [x(L)e "u, ®(t)x(L)e "] exists.

t——+oo

Corollary C.2. Let t — ®(t) and x as above.
(1) Assume that for some x1 € C§°(R) with x1x = x one has:

(C.2) x1(L)D@(t)x1(L) = x1(L)D(t)x1(L) + Ro(t),
where:
i) [[Ro(t)]] € L'(RT),
i) [|[KD(t)| € L*(RY)
iii) D(t) = D*(t), D(t) = B*(t)B(t) — 3_; B (t)B;(t),
i) fo" By (0)x(Lyug|2dt < Cllul?, 1< j < N,
Then:
+o0 .
| 1B e <
(2) Assume i), i), iii’) and i), where:

i) | (u| D(t) |<Z||B Julll|B; ()v]l-

Then
: —itL —itL :
t_lgrnoo[x(L)e u, ®(t)x(L)e """ u] exists.

Proof of Prop. C.1:

Set u; = e~y and
so that:
(C.3) F'(@t) = X(L)ue, DO(t)x(L)ud.
Then:

B (L)u|?dt
S22 0Ly (X (Lyur)dt

I IA

IN

£ (b2) = f 0]+ 30 Jo B3 (OX (L)l Br(8)x (L Y|t
+6 [, I B()x(L)ue

IN

12 )t — [ O L)ud Cr(Ox(Lue)dt — [ (((L)ue| Cat)x(L)us)dt

£ (k) = ()] + N 3, 2 1By (6)x(L)ue|Pdt + 6 [ | B(t)x (L),
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It follows that

to to

(1-8) [ 1B Dl <15(t) - 16|+ N Y [ 1B O Pt
t1 j t1

Note that y(L)e L = g,(L) for g;(\) = e # x()\). Since g;(-) is supported away

from critical points, we have ||g:(L)|| < C||g:(*)||oo By Prop. B.11 (3), hence g:(L)

and f(t) are uniformly bounded. This completes the proof of (1). The proof of (2)

is immediate. O

Proof of Corollary C.2: we have using that x1x = x and (i):
X(L)u, DO(t)x(L)u] = [x(L)u, D()x(L)u] + [x(Lu, Ro(t)x(Lu]
= (X(L)ulD(E)x(L)u) + (X(L)ulKD(t)x(L)u)
+(x(L)ul(T+ K)Ro(t)x(L)u).

We apply Prop. C.1 for
C(t) =D(t)+32; Bj(t)B;(),
Ci(t) =-2_,;B;(t)B;(t) + KD(t) + (14 K)Ro(t),
Cy(t) =0.

The proof of (2) is similar. O

C.2. Existence of limits. In this subsection we describe the analog of the Cook-
Kato argument on a Krein space. As before we fix a definitizable selfadjoint operator
Lion (K,[,]), and a selfadjoint operator Lo on (K, (+]-)). For simplicity we assume
that DomZL; = DomlLZ.

The following discussion is similar to the one at the beginning of Subsect. C.1.
If A € B(K) then we define LoA — ALy and L1A — ALy as quadratics forms on
DomlLZg by:

(LoA — AL)(u,u) :== (Lou|Au) — (u|ALju),
(L1A — ALp)(u,u) :== [Lyu, Au] — [u, ALgu],
(see Prop. C.3).

Recalling that DomZL; = DomlLg, we see again that if A € B(DomLy), one can
define the operators (LoA — AL1),,,, (L1A — ALy),,,, which belong to B(DomLo, K).
Then:

(LoA — ALy)(u,u) := (u| (LA — ALl)Op u),
(LlA — ALo)(u, u) = [u| (LlA — ALo)Op u]

Let now R > ¢t — M(t) € B(H) a strongly differentiable map. We define the

asymmetric Heisenberg derivatives:

oD1 M (t) = ;M (t) +i(LoM(t) — M(t)L1),
1DoM(t) = 0y M (t) +i(L1M(t) — M(t)Lo).
Proposition C.3. Let x € C3°(R) such that suppx N ¢p(L1) = 0.
(1) Assume that:
|(uolx(Lo) (6D1 M (1)) x(L1)u)| < 332, || Boa(t)x(Lo)uoll| Bus(t)x(L1)us |,
7 1 Boi(tx(Lo)eEow|?dt < Offo?,
B )X (L) o] Pde < Cllolf?.
Then there ezists
s— lim eloy(Lo)M(t)x(L)e Er,

t—+o0



hal-00554817, version 2 - 8 Sep 2011

42 C. GERARD

(2) Assume that:

[[urs x(Z1) GDoM(8)) x(Lo)uo]l < 327, | Boi(8)x(Lo)uo || Bui (6)x(L1)ua |,
7 1Boi(t)x(Lo)e ™ ov|dt < Cfjo]?,
T B ()X (La)e o] Pdt < Ol
Then there exists
s— lim ety (L) M (t)x(Lg)e o,
Proof. We only prove (2), the proof of (1) being simpler. We fix an interval I such

that suppy C I and/°! Nep(Ly) = 0. Without loss of generality we can assume that
[,] > 0on 1;(L;)K. Let u,v € K and set

wg = Py (L) M (t)x(Lg)e o,
Then
[, ue] = [, us]|
< [lle B0, x(L1) 1DoM(0) x(Lo)e ™ “Fou]|do

1
2

1
< S (L IBu@)x(Ee  Erol2de )" ([ |Boo)x(Lo)e ol 2do )
It follows that
(C.4) [[v, us] = [v,us]| < Cllv||m(t, s), where m(¢,s) — 0 when ¢, s — 4o0.

We use now that u; = 1;(L;)us hence uy € Ky := 1;(L1)K. Since K; is positive,
we have by Prop. A.8:

N

IN

lluy — us| Clus — us, us — us]
= CSUpvezc, [v,17(L1)v]=1 |[v, ue — us]|
< COsup,ek, |oj<c [[v, us — us]|.

Applying (C.4) we obtain the existence of s— lim;_, 4 oo 1.0

APPENDIX D. PSEUDO-DIFFERENTIAL CALCULUS

In this section we recall some well-known results about pseudo-differential and
Fourier integral operators.

D.1. Pseudo-differential operators. We denote by S(R?) the Schwartz class of
functions on R? and by S’(R?) the Schwartz class of tempered distributions on R¢.
We set as usual (s) = (s241)2, s € R™.
For p,m € R we denote by SP™(R2?) or simply SP™ the class of symbols
a € C*(R??) such that

020 a(x, )| < Ca (&) Pl z)m 1o, 0, 8 € N

The symbol classes above are equipped with the topology given by the semi-norms
equal to the best constants in the estimates above.
For a € SP™  we denote by Op"(a) the Weyl quantization of a defined by:

Op(a)(z, Dyu(a) = (20) " [ [l mea(* T2, ulyyee,
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which is well defined as a continuous map from S(R%) to S’(RY). We recall the
following facts (see [Ho, Thm. 18.5.4]):
(D.1) ~

Op* (b)* = Op™(h),

[Op™ (81),10p" (b2)] = Op™ ({b1, b2 }) + Op™ (SPrFP2=dmitma)),

Op™ (b1)Op™ (b2) + Op™ (b2)Op™ (b1) = 20p™ (b1ba) + Op™ (GPr+P22mitms),

if b; € SPo™i and {, } denotes the Poisson bracket.
We will need the following fact.

Lemma D.1. Let [¢F](z), b(z) = (b1(%),...,ba(x)), c(x) such that
coll < [7%](x) < 11, for some co > 0,
(¥](@) — 1, b(a), c(x) € S%, > 0.

=S Gt @)a + 3 bi(@)g + clx)
ik
and let C' > 0 such that Op“b+ C > ¢y for some ¢z > 0. Then:
(Op™p+C)% = Op™((p+ C)}) + Op™ 8O0,
(Op“p+C) ™3 = Op™((p+C) %) + Op“ 527174,

Proof. A proof in the case b(x) = 0 can be found in [GP, Props. 2.10, 2.11]. The
extension to the case b(x) # 0 is straightforward. O

Set

D.2. Fourier integral operators. We now recall the definition of some Fourier
integral operators.

Definition D.2. Let Let p(z,£) € C®(R??) such that
o(x, &) —x-£€ S for some p > 0.
Then for a € S™P we define:
j(p,a) s SRY) — S(RY)
jle,a)u(z) == (2m)~ [ [0V Ea(z, €)u(y)dyde

It is well known that if a € S%9 then j(y,a) extends as a bounded operator on
L?(R9). We state a version of Egorov theorem (see eg [IK]).

Lemma D.3. Let p(x,€) as above. Then for all d € S™P one has:
(Op™d)j(p,1) = j(p,d), for d(w,&) = d(x, Dpp(w, &) + 5™ HP7170,

APPENDIX E. SOME TECHNICAL RESULTS

E.1. Proof of Prop. 5.1. Set u = min(ug, p;). An easy computation shows that
= 3. Dic*(x)Dy, — 23, dj(x)Dj + r(x) + m?
= Op"(é%) + OpVS%—°,

&)=Y &t r22d 2)& + ri(x) + m?,
jk

for

and

I (x) = 2 (2)a’ (@), d;j(2) = 2 (2)b;(x), [F)(2) = 1, d;(@),m(x) € STH(RY).
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It follows from Lemma D.1 that
b= O0p"(b)+Op“S»~'#, b=' = Op“(b~') + Op™ s>~ 1 ¥,
for
b, €) = (E(2,€) —v}(2))? = (€ +m?)? + SV 7+ € §1°.
Similarly
a=0p“(a), a(z,&) = (& +m?) 'z £+ 520 e 570

Statements (1), (2), (4), (5) follow then directly from pseudo-differential calculus.
To prove (3) we write

[b,ia] = Op ({b,a}) + Op™s~>~1 = Op™ ({(€ +m?)*,a}) + 577",
where {-,-} is the Poisson bracket and use that
(€ +m?)E,a) =€ +m?) 2 =2 —m?) +57 70

Using once again pseudo-differential calculus we obtain (3). O

E.2. Proof of Prop. 5.2. (1): follows from pseudo-differential calculus.
(2): We fix a function G € C*°(R?) with 0 ¢ suppG and G = 1 on suppF. Then

F(%£,Dy)vb™ = F(2,D,)G(%£)vsb™! € O(t~#+). The other term is

0P (5. Do)b" = G5 BE(S, Db € Ot ™).

(3): Similarly F(%,D,)rb2? = F(%,D,)G(%)rb~2? € O(t"*+). To handle the other
term we write rb='Fb~! = rb~'G(%)Fb~'. From Prop. 5.1 (5), we get that

b‘lG(%) = Gl(%)b_lG( )+ R(t), where b-2R(t)b~! € O(t™2).

z
t
Hence:

rb 'GFb~ = rGib IGFb! + rR(t)Fb_1

= rGb 2bGFb + rb 202 R()b~1bFb 1.

Since bGFb~! and bFb~' € O(1), rb=2 is bounded, rG1(2)b=2 € O(t™*+) and
V2 R(t)b~1 € O(t™2) we obtain (3). O
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