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SUMMARY

The dynamics of Earth’s inner core depends critically on whether it is stably stratified or un-
stably stratified. We propose here a general analysis of the thermal evolution of the inner core.
Whether the geotherm in the inner core is superadiabatic or not depends on the inner core solid-
ification rate, on the thermal diffusivity of iron at inner core conditions, and on the ratio of the
Clapeyron slope to the adiabatic gradient in the inner core.The temperature field within the in-
ner core can be destabilizing - and could drive convection - if the growth rate of the inner core is
large enough. The effect of radiogenic heating is probably small, and, perhaps surprisingly, can
even stabilize the inner core against convection. The uncertainties are such that it is not possible
at present to conclude about the likelihood of thermal convection in the inner core, but recent
estimates of the Core Mantle Boundary (CMB) heat flux and inner core conductivity favour
convection. Thermal convection is more likely early in the inner core history, a consequence of
the secular decrease in cooling rate of the core. In addition, solidification-induced partitioning
of the light elements may induce a stable density stratification within the inner core.
We develop a numerical model of thermo-chemical convectionin a growing inner core, which
couples the evolution and dynamics of the inner core with thethermal and compositional evo-
lution of the outer core. Melting and crystallization associated with deformation of the Inner
Core Boundary (ICB) would be of importance for the style of convection if the viscosity is
large, but we focus here on the case of low viscosity for whichphase change associated with
dynamic topography at the ICB is expected to play a secondaryrole. In this regime, convection
is typical of high Rayleigh number internally heated convection, with cold plumes falling from
the ICB.
Several possible scenarios can lead to a layered inner core,either because of cessation of ther-
mal convection due to the decrease in cooling rate of the core, or because of a compositional
stratification which can confine convection in the deep innercore, or stabilize the whole in-
ner core. For each of these scenarios, it is possible to find plausible sets of parameters (inner
core age, viscosity, magnitude of the compositional stratification) for which the radius at which
convection stops corresponds to the radius of the seismically inferred innermost inner core.

Key words: Core, outer core and inner core; Heat generation and transport; Numerical solu-
tions; Seismic anisotropy.

1 INTRODUCTION

Over the years, the seismological picture of the inner core has
become increasingly complex (e.g.Tkalčić 2010), with observed
scales of heterogeneities and texture variations ranging from the
inner core size to less than 1 km (see Souriau (2007) and Tkalcic
& Kennett (2008) for recent reviews). Some of these complexities
may be artifacts due to pollution of the inner core signal by het-
erogeneities in D”, but a coherent picture seems nevertheless to
emerge. The presence of a cylindrical∼ 3 % anisotropy in P-wave
velocity (Poupinet et al. 1983; Morelli et al. 1986; Woodhouse
et al. 1986; Creager 1992; Tromp 1993) and attenuation (Souriau
& Romanowicz 1996, 1997) is well established, as is the East-West

asymmetry in P-wave velocity, anisotropy and attenuation (Tanaka
& Hamaguchi 1997; Creager 1999; Garcia & Souriau 2000; Niu
& Wen 2001; Garcia 2002). The degree of anisotropy increases
with depth, the anisotropy being weak or non-existent in the upper
100-200 km of the inner core (Song & Helmberger 1995; Garcia
& Souriau 2000). It has been also suggested that the deepest in-
ner core exhibits a distinct and possibly weaker anisotropy (Ishii &
Dziewónski 2002; Beghein & Trampert 2003; Niu & Chen 2008;
Sun & Song 2008a,b), although the data poorly constrain this re-
gion of the core (Calvet et al. 2006). The observation of a strong
coda following PKiKP waves provides evidence that texture het-
erogeneities are present down to kilometre scale, at least in the up-
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per 300 km of the inner core (Vidale & Earle 2000; Poupinet &
Kennett 2004; Peng et al. 2008).

From a geodynamic point of view, this complexity is intrigu-
ing. A wealth of models have been proposed during the last two
decades, most of them relying on the preferential alignment of
anisotropic iron crystals to produce the elastic anisotropy. Lattice
preferred orientation might have been either frozen-in at the inner
core boundary (ICB) during solidification (Karato 1993; Bergman
1997; Brito et al. 2002), or might have developed within the in-
ner core as a result of plastic deformation (Jeanloz & Wenk 1988;
Karato 1999; Wenk et al. 2000; Buffett & Wenk 2001) or stress-
induced recrystallization (Yoshida et al. 1996). Post-solidification
mechanisms include thermal convection (Jeanloz & Wenk 1988;
Weber & Machetel 1992; Wenk et al. 2000), viscous relaxation of
an inner core topography induced by heterogeneous crystallization
(Yoshida et al. 1996), and flow induced by the core magnetic field
(Karato 1999; Buffett & Wenk 2001; Takehiro 2010).

Most of the post-solidification mechanisms described above
rely on predominantly radial flow, and their viability depends on
whether the inner core is stably stratified or not. A stable stratifica-
tion in the inner core off course precludes thermal convection, but
is also more generally expected to inhibit vertical motion (Buffett
& Bloxham 2000; Deguen & Cardin 2009). If the inner core de-
velop an unstable density profile, convection would develop, and
may couple with the magnetic field (Karato 1999; Buffett & Wenk
2001) or with ICB topography relaxation (Yoshida et al. 1996). It
has been recently proposed that thermal convection can take the
form of a ’convective translation’ of the inner core with melting in
one hemisphere and solidification in the other (Monnereau et al.
2010; Alboussìere et al. 2010) and, again, this requires the in-
ner core to be unstably stratified. Whether the inner core is stably
stratified or not is a first order discriminating factor for candidate
anisotropy-producing mechanisms. It is, in that sense, probably the
most important unanswered question regarding inner core dynam-
ics.

The thermal state of the inner core has been a long-standing is-
sue. Thermal convection (Jeanloz & Wenk 1988) has been the first
mechanism proposed to explain the inner core seismic anisotropy,
then recently discovered (Poupinet et al. 1983; Morelli et al. 1986;
Woodhouse et al. 1986). Radiogenic heating has been initially pro-
posed as the chief energy source for inner core convection, but the
most effective source of convective instability in fact appears to be
secular cooling (Yukutake (1998); and see section 2). The reason
why the inner core may develop an unstable temperature profile is
simply the fact that the solidification temperature of the core mix-
ture is a decreasing function of radius : the temperature at the ICB
decreases as the inner core grows, so the inner core is effectively
cooled from above, a possibly unstable configuration. The temper-
ature profile in the inner core results from a competition between
extraction of the inner core internal heat by diffusion, and cooling
at the ICB, which is controlled by the core thermal history and,
ultimately, by the heat flux extracted at the core-mantle boundary
(CMB). Thermal convection further requires the cooling rate of the
inner core boundary to be large enough to sustain a superadiabatic
geotherm within the inner core. This is not an easy condition to
fulfil because thermal conduction alone evacuates a large part of
the inner core internal heat on a timescale similar to the age of the
inner core (Stacey 1995; Yukutake 1998). For this reason, thermal
convection in the inner core has often been thought implausible
(Yukutake 1998). Yet, the low value of inner core thermal conduc-
tivity recently proposed (Stacey & Davis 2008) and the relatively
large CMB heat flux currently favoured (Lay et al. 2008) both ar-

gue in its favour and warrants a re-evaluation of the possibility of
inner core thermal convection (Buffett 2009).

The problem of inner core convection is further complicated
by the possible presence of a chemical stratification, which may
arises as a result of solidification-induced partitioning of the light
elements present in the core (Stacey 1995; Deguen & Cardin 2009).
Since chemically and thermally induced density variations can be
of the same order of magnitude, the interplay between thermal and
compositional fields may be of significant importance for the inner
core dynamics.

In this paper, we first present an analytical model of the ther-
mal evolution of the inner core, which couples explicitly the in-
ner core thermal state to the outer core thermal evolution (section
2). The analysis is more general than those previously published
(Sumita et al. 1995; Yukutake 1998; Buffett 2000, 2009; Deguen
& Cardin 2009), and allows us to elucidate the relative importance
of the various factors involved and to assess the uncertainties in-
volved. We then discuss the chemical state of the inner core and the
possible presence of chemical stratification (section 3). The details
of a model of thermo-chemical convection in a growing inner core
are presented in section 4, and numerical simulations of thermo-
chemical convection in the inner core are presented and discussed
in section 5.

2 THERMAL EVOLUTION OF THE INNER CORE

2.1 Thermal evolution with no radiogenic heating

A necessary condition for thermal convection in the inner core is
that the temperature gradient is larger than the adiabatic gradient,
given by

∂Tad

∂r
= −ρgγT

KS
= −ρg′γT

KS
r, (1)

whereρ is the density,g is the acceleration of gravity,g′ = dg/dr,
T is temperature,r the radius,γ the Gruneisen parameter, andKS

the isentropic bulk modulus. In the inner core,g is almost linear in
radius (Dziewonski & Anderson 1981), andg′ will be assumed to
be constant.

This suggests the use of a potential temperature, defined as

Θ(r, t) = T − Tad(r, t) (2)

where the adiabatTad(r, t) is anchored at the inner core boundary
[i.e.Θ(ric, t) = 0]. The inner core is superadiabatic, and may con-
vect, if Θ increases with depth, and is subadiabatic otherwise. Fol-
lowing standard practice in atmospheric science (see Tritton 1988),
we can take advantage of the fact that the Dissipation number,

Di =
αgric

cp
=

ρgγric

KS
≃ 0.06 ×

“ ric

1221 km

”2

, (3)

is small compared to one, to simplify the equation of conservation
of entropy to

DΘ

Dt
= κ∇2Θ + S(t), (4)

whereκ is the thermal diffusivity in the inner core,α the thermal
expansivity, andcp the specific heat.S(t) is defined as

S(t) = κ∇2Tad − ∂Tad

∂t
, (5)

= −3κ
ρg′γT

KS
+

„

∂Tad

∂r

˛

˛

˛

˛

icb

− ∂Ts

∂r

˛

˛

˛

˛

icb

«

uic. (6)
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Figure 1. Cooling of the inner core adiabat anchored at the ICB. The ICB
is at radiusric(t) at timet, and grows toric(t + δt) = ric(t) + δr during
the time intervalδt. Meanwhile, the adiabat anchored at the ICB, initially
Tad(t), drops toTad(t + δt). As shown in the figure, the adiabat drop dur-
ing δt, (∂Tad/∂t)δt, is equal to(∂Ts/∂r)δric − (∂Tad/∂r)δric, which
implies that(∂Tad/∂t) = [(∂Ts/∂r)icb − (∂Tad/∂r)icb]uic, the solid-
ification rateuic being equal toδric/δt.

whereTs is the solidification temperature of the core mixture and
uic the inner core solidification rate (see figure 1 for the calculation
of ∂Tad/∂t). S(t) is the sum of a constant sink term associated
with conduction along the adiabat and of a source term due to cool-
ing at the ICB (more precisely the rate of cooling of the adiabat
anchored at the inner core boundary). It is clear from this formula-
tion that cooling at the ICB is mathematically equivalent to internal
heating at a rate imposed by the cooling rate of the ICB. Sustained
thermal convection requiresS(t) to be positive⋆, which requires
that the cooling rate of the inner core is too large to be accommo-
dated by conduction along the adiabat.

Noting that

∂Tad

∂r

˛

˛

˛

˛

icb

= −ρg′γT

KS
ric(t) (7)

and neglecting the radial variations of temperature in the expression
of the adiabatic gradient, equation (6) can be rewritten as

S(t) =
ρg′γT

KS

»„

dTs

dTad

− 1

«

ric(t)uic(t) − 3κ

–

, (8)

wheredTs/dTad is the ratio of the Clapeyron slope to the adiabat.
dTs/dTad will be assumed constant in the pressure range of the
inner core.

The requirement thatS must be positive for thermal convec-
tion to occur gives a necessary criterion for thermal convection,

⋆ This is in general not a necessary condition for convection:transient con-
vection may still occur even ifS < 0 in a configuration where the initial
temperature profile is superadiabatic. In practice however,the inner core,
having been growing from zero, does not have any initial internal heat, and
the initiation of convection requires thatS > 0.

namely that

d r2
ic

dt
>

6κ
dTs

dTad

− 1
. (9)

It is instructive to momentarily simplify the problem further and
assume that the inner core grows as the square root of time. With
ric ∝

√
t, thend(r2

ic)/dt is constant and equals tor∗2ic /τic, where
r∗ic is the present radius of the inner core andτic the age of the inner
core.S does not depend on time and the criterion (9) can be written
as a criterion for the age of the inner core (Deguen & Cardin 2009)
: thermal convection is possible if

τic < τκ

„

dTs

dTad

− 1

«

, (10)

whereτκ = r∗2ic /(6κ) is the present thermal diffusion time in the
inner core. This gives a first-order estimate of the age of the in-
ner core needed for thermal convection, and has the advantage of
making apparent the sensitivity of the thermal stratification limit to
the relevant parameters. The occurrence of thermal convection de-
pends directly on the thermal diffusion timescale, but is also highly
sensitive to the ratio of the Clapeyron and adiabat slopes, which
is a measure of the maximum internal heat available for convec-
tion. Equation (10) also suggests that, even with a more realistic
core thermal history, whether the inner core is superadiabatic or
not would depend at first order on the parameter

Tic =

„

dTs

dTad

− 1

«−1
τic

τκ
. (11)

Uncertainties onτκ are mainly due to uncertainties on the ther-
mal conductivity of iron at inner core conditions. The relatively
large value (k = 79 W.m−1.K−1) favoured by Stacey & Anderson
(2001) has been recently revised downward, with Stacey & Davis
(2008) givingk = 36 W.m−1.K−1.

The ratiodTs/dTad can be estimated by using Lindeman’s
law,

dTs

dP
=

2(γ − 1/3)T

KT
, (12)

and writing the adiabatic temperature gradient as

dTad

dP
=

γT

KS
, (13)

whereP is the pressure andKT the isothermal bulk modulus. Us-
ing the thermodynamic identityKS = KT (1 + γαT ), we find

dTs

dTad

=
2(γ − 1/3)(1 + γαT )

γ
. (14)

With the values and uncertainties of thermo-physical properties
given in table 1, we findτκ = 1.4 ± 0.7 Gy, anddTs/dTad =
1.65 ± 0.11. This gives a critical age for superadiabaticity of
0.9 ± 0.6 Gy. The range of critical ages we obtain fully over-
laps with what models of core thermal evolution predict for the
age of the inner core, e.g.1 ± 0.5 Gy in Labrosse et al. (2001)
and1.15 ± 0.75 Gy in Nimmo (2007), which means that it is not
currently possible to conclude about the likelihood of inner core
convection.

Going back to a more general core thermal history, it is clear
from equation (8) that the evolution ofS(t) is governed by the core
thermal history, and we therefore use the core energy balance to
expressS as a function of time. After the nucleation of the inner
core, the heat fluxQcmb extracted at the CMB is balanced by the
energy released by the secular cooling of the core, and the latent
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Figure 2. Value of S as a function of inner core radiusric, for various
values of age of the inner coreτic. (a) with k = 36 W.m−1.K−1; (b)
with k = 79 W.m−1.K−1. Calculations were made using the core thermal
evolution model of Labrosse (2003).

heat and compositional energy released by inner core crystallisation
(we ignore at this stage the possibility of radiogenic heating, and
neglect smaller contributions from other energy sources). The core
energy balance can be written as

Qcmb = [Pc(ric) + PL(ric) + PG(ric)]
dric

dt
, (15)

wherePc, PL andPG are functions of the inner core radius which
accounts for the relative contributions of respectively secular cool-
ing, latent heat, and compositional energy. We use here the formu-
lation of Labrosse (2003), to which the reader is invited to refer to
for the details of the model. Other formulations of the core energy
balance (e.g.Buffett et al. 1996; Gubbins et al. 2004) only differ in
the parametrisation of the core state, and would give similar results.
Integrating equation (15) since the onset of inner core crystalliza-
tion gives the age of the inner core asτic = Etot/Q̄cmb, where

Etot =
R r∗

ic

0
(Pc + PL + PG)dric is the total energy which must

be extracted from the core to crystallize the inner core to its present
size, andQ̄cmb is the mean CMB heat flow over the life of the inner
core. We assume here a constantQcmb - a time-dependent heat flux
is straightforward to include, but the secular evolution ofQcmb is
uncertain - and rewrite equation (15) as

ric uic =
Qcmb ric

Pc + PL + PG
=

Etot

Pc + PL + PG

ric

τic

, (16)

0 200 400 600 800 1000 1200

1

1.5

2

a)

b)

0 200 400 600 800 1000 1200
0

0.5

1

1.5

2

2.5

10

5

15
20

τ i
c

(
G

y
)

ric (km)

Q
c
m

b
(
T

W
)

Stable

Stable

Unstable

Unstable

k = 36 W.m−1
.K−1

k = 79 W.m−1
.K−1

T
ic

Figure 3. a) Stability diagram of the inner core as a function ofTic (equa-
tion (11)) and radius of the inner core at timet, ric(t). The grey shading
shows the uncertainty on the location of the stability limit.b) Stability di-
agram of the inner core as a function of the age of the inner core (or given
a core model, heat flux at the CMB) andric(t). Each labelled curve sepa-
rates the domain where the inner core is superadiabatic (on the right upper
side) from the domain where it is subadiabatic (left lower side), for thermal
conductivityk = 36 and 79 W.m−1.K−1. Thin solid lines : radius of the
inner core at which the Rayleigh number equals the critical value for ther-
mal convection, calculated with a dynamic viscosityη equal to1017, 1018

and1019 Pa.s (from left to right) withk = 79 W.m−1.K−1; thin dashed
lines : the same withk = 36 W.m−1.K−1.

which is inserted in equation (8) to give

S(t) =
ρg′γT

KS
3κ

»

f(ric)

„

dTs

dTad

− 1

«

τκ

τic

− 1

–

, (17)

=
ρg′γT

KS
3κ

ˆ

f(ric) T −1
ic − 1

˜

, (18)

where

f(ric) = 2
Etot

(Pc + PL + PG)r∗ic

ric

r∗ic
(19)

is anO(1) function ofric. The expression ofS(t) could have been
written equivalently as a function ofQcmb sinceQcmbτic = Etot,
but the results are by far less sensitive to uncertainties in core prop-
erties when expressed in term ofτic. It is important to realize that
there are very large uncertainties on the value ofEtot - Labrosse
(2003) givesEtot = (29.3± 18.8)× 1028 J. WhenS is written as
a function ofτic, all uncertainties related to the core thermal model
appear inf as the ratio ofEtot to Pc +PL +PG, whose magnitude
is insensitive to the core thermal model uncertainties.

Figure 2 shows the evolution ofS during the growth of the
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inner core, fork = 36 W.m−1.K−1 andk = 79 W.m−1.K−1, and
various values ofτic (values of the other parameters involved are
given in table 1).S(t) is a decreasing function of time because the
cooling of the core and the growth of the inner core are gradually
slowed down by the release of latent heat and gravitational energy
associated with crystallization. This implies that the inner core is
more likely to be superadiabatic in its early history. This tendency
would be accentuated ifQcmb is assumed to decrease with time.
The range of values ofτic used in figure 2 is representative of the
uncertainty on the age of the inner core arising from uncertainties
on bothQcmb and on the thermo-physical properties of the core.
Thermal convection thus appears likely ifk = 36 W.m−1.K−1,
but quite unlikely ifk is as large as79 W.m−1.K−1. Note thatS
can be quite large; for comparison, the heating rate in the mantle
by radioactive decay is of the order of 100 K/Gy (assuming a total
heat production of 20 TW in the mantle).

Figure 3 summarizes the results on the thermal state of the
inner core in the form of regime diagrams. Figure 3a shows the
limit between the stable (subadiabatic) and unstable (superadia-
batic) fields, as a function ofTic andric(t). From equation (18),
the limit between the superadiabatic and subadiabatic fields is sim-
ply given byTic = f(ric). The grey shading gives the uncertainties
on this limit arising from uncertainties in the core thermo-physical
parameters. The evolution off with ric(t) depends on the relative
importance of secular cooling, latent heat and compositional energy
in the core energy budget, but its average magnitude is insensitive
to the core thermal model. This demonstrates that the thermal state
of the inner core is mostly determined by the value of the non-
dimensional inner core ageTic, and that the simplified criterion
given in equation (10) indeed gives a good estimate of the con-
ditions needed for thermal convection. Figure 3b is a dimensional
version of figure 3a, and show the stability fields as a function of the
age of the inner core andric, calculated with the core parameters
given in table 1 and different values of the thermal conductivity.
For illustration, we also give the value ofQcmb corresponding to
τic, calculated withEtot taken to be29.1 × 1028 J.

Convection further requires that the Rayleigh number (based
on the potential temperature difference) exceeds a critical value,
but this appears to be a somewhat secondary issue. The large length
scales involved by itself ensure that the Rayleigh number is super-
critical provided the geotherm is only slightly superadiabatic. The
thin dashed and solid curves in figure 3 give the radiusric(t) at
which the Rayleigh number of the inner core is equal to the critical
Rayleigh number for infinite Prandtl number thermal convection in
a self-gravitating sphere with shear stress free boundary conditions
[Rac = 3091 (Chandrasekhar 1961)], for a viscosityη equal to
1017, 1018 and1019 Pa.s.

2.2 The effect of radiogenic heating

Radiogenic heating has been initially proposed as the chief energy
source for inner core thermal convection (Jeanloz & Wenk 1988;
Weber & Machetel 1992; Wenk et al. 2000). Yet, its effect is not
as intuitive as it may seem at first view, and it is in fact not even
clear that it will help convection. The reason why is that the pres-
ence of radiogenic heating in the core contributes to the core global
heat balance and results in a more gradual inner core growth. The
slower inner core growth allows more time to evacuate the inner
core internal heat by conduction, hence counteracting the effect of
the additional radiogenic heat source within the inner core.

Assuming non negligible radiogenic heating, the core global

Table 1. Thermo-physical parameters.

Parameter Symbol Value

Core radiusa rc 3480 km
Inner core radiusa ricb 1221 km
Solidification temperatureb Ticb 5600 ± 500 K
Gruneisen parameterc γ 1.4 ± 0.1
Thermal expansivityc α (1.1 ± 0.1) × 10−5 K−1

Heat capacityd cp 800 ± 80 J.kg−1.K−1

Density in the inner corea ρ 13 000 kg.m−3

Thermal conductivitye k 36 − 79 W.m−1.K−1

Isentropic bulk modulusa KS 1.3 GPa

Thermal diffusion timescale τκ 1.4 ± 0.7 Gy
Clapeyron/adiabat ratio dTs/dTad 1.65 ± 0.11

Initial concentrationb c0 5.6 wt%
Partition coefficientb D 0.8
Chemical expansivityf αc −1

a From PREM (Dziewonski & Anderson 1981).
b Alf è et al. (2002).
c Vočadlo (2007).
d Poirier (1994); Stacey & Davis (2008).
e Stacey & Anderson (2001); Stacey & Davis (2008).
f See text.

energy balance now writes

Qcmb = [Pc + PL + PG]
dric

dt
+ Qr, (20)

whereQr = (4/3)πr3
c ρ̄h̄ is the total radiogenic heating in the core,

andrc the radius of the core.̄h is the mean radiogenic heating per
unit mass in the core and evolves with time as

h̄(t) = h̄0 e−λt, (21)

whereh̄0 = 1.917 × 10−9 × cK W.kg−1 is the present heat pro-
duction for a potassium massic concentrationcK , andλ = 0.5544
Gy−1 is the decay constant. For a given CMB heat flux, taking into
account radiogenic heating in the core would add a term in equation
(4) equal to

∆Sr(t) =
hic

cp
− αg′T̄

cp

„

dTs

dTad

− 1

«

ric

Pc + PL + PG
Qr, (22)

wherehic is the rate of radiogenic heating per unit mass in the inner
core. The first term corresponds to radiogenic heating within the in-
ner core, and the second term, which is negative, arise because of
the decrease in magnitude of the secular cooling. The relative im-
portance of these two effects depends on the partitioning behaviour
of potassium during solidification, so we writehic, as a fraction
DK of the radiogenic heat productionhoc in the outer core. As-
suminghoc ≃ h̄, which is a good approximation ifDK is not too
large, we write

∆Sr(t) =
h̄(t)

cp

»

DK − 4π

3

„

dTs

dTad

− 1

«

αg′T̄ ρ̄r3
cric

Pc + PL + PG

–

.

(23)

The second term in the parentheses is of order 1 during all inner
core history : radiogenic heating in the core will make inner core
convection more difficult if the outer core is enriched in radioactive
elements compared to the inner core. Both the abundance of potas-
sium in the core and the value ofDK are unknown. Experimental
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Figure 4. Value of∆Sr as a function of inner core radiusric, for various
values of the partition coefficient of potassium. Calculation were made with
an outer core potassium concentration of 100 ppm and an innercore age of
1 Gy.

and theoretical studies suggest that a maximum of a few hundred
ppm of potassium may have alloyed with iron during core forma-
tion (Parker et al. 1996; Gessmann & Wood 2002; Murthy et al.
2003; Bouhifd et al. 2007), and possibly no more than a few tens of
ppm (Corgne et al. 2007); for illustration, we assume here a nomi-
nal value of 100 ppm. We plotted on figure 4 the evolution of∆Sr

during the growth of the inner core for several values ofDK and an
assumed potassium abundance of 100 ppm. Several studies suggest
that potassium may readily alloy with crystalline iron (Bukowinski
1976; Lee & Jeanloz 2003), so we consider theDK > 1 case as
possible. Radiogenic heating has a small effect ifDK ∼ 1, and
would even have a stabilizing effect on inner core convection if
potassium is incompatible (DK < 1).

3 COMPOSITIONAL STRATIFICATION

Several studies have pointed out that solidification-induced parti-
tioning of the various solutes present in the core may produce a
stabilizing chemical stratification (Stacey 1995; Buffett 2000; Buf-
fett & Bloxham 2000; Deguen & Cardin 2009; Buffett 2009). Light
elements (O, Si, S, . . . ) in particular are likely to be rejected pref-
erentially in the liquid phase when crystallization occur, and the
growth of the inner core is thus expected to result in a gradual en-
richment of the outer core in light elements. Since the composition
of the newly crystallized solidcs is related to the liquid composi-
tion cl by the partition (or distribution) coefficientD as

cs = D cl, (24)

the chemical evolution of the outer core is expected to be imprinted
in the inner core.

In all previous studies, the resulting radial chemical stratifica-
tion has been calculated with the assumption of a constant distri-
bution coefficient. While this may appear as a most reasonable ap-
proximation given the lack of constraints we have on the partition-
ing behaviour of the core light elements, this may be an oversim-
plification. As pointed out by Alboussière et al. (2010), variations
of D, while strictly unknown, can be of importance. Logarithmic

differentiation of (24) gives

dcs

cs
=

dcl

cl
+

dD

D
, (25)

which shows that variations ofD should be taken into account if the
relative evolution ofD is comparable in magnitude to the relative
compositional evolution of the outer core.

The first term on the right-hand side of equation (25) is posi-
tive for incompatible elements and reflects the gradual enrichment
of the outer core. It is given by the differential form of the Rayleigh
distillation equation as

dcl

cl
= (D − 1)

dMoc

Moc

= (1 − D)
dMic

Moc

, (26)

whereMoc andMic are the mass of the outer core and inner core.
Noting cl

0 the initial light element concentration in the liquid core,
the relative chemical enrichment of the outer core since inner core
nucleation,(cl − cl

0)/cl
0, is of the order of(1 − D)(Mic/Moc),

which is smaller thanMic/Moc ≃ 5 % for an incompatible ele-
ment.

The second term on the right-hand side of equation (25) is un-
known, but, as pointed out by Alboussière et al. (2010), may be neg-
ative and of comparable magnitude. The partition coefficient must
be thought of as an effective partition coefficient, which in practice
often differs from the thermodynamic partition coefficient given by
the equilibrium phase diagram (Chalmers 1964). In particular if
the solidification regime of the inner core is dendritic (Fearn et al.
1981; Loper 1983; Bergman 1997; Shimizu et al. 2005; Deguen
et al. 2007), then the effective partition coefficient would depend
on the fraction of liquid trapped in the mushy layer (Alboussière
et al. 2010). This depends on the efficiency of interdendritic con-
vection (Loper 1983; Worster 1991) and compaction of the solid
matrix (Sumita et al. 1996). Both processes being gravity driven,
the efficiency of melt extraction can be expected to increase dur-
ing the growth of the inner core. This will result in a decrease of
the effective partition coefficient. As pointed out by Alboussière
et al. (2010), relative variations of a few percent in the value ofD
would be enough to counterbalance the effect of the secular evo-
lution of the core chemical composition. It is even not implausible
that the effect of changingD results in an unstable density profile
(Alboussìere et al. 2010).

Note that change with pressure of the thermodynamic distri-
bution coefficient can in theory lead to a similar effect. It is known -
and has been observed for example for some trace elements in iron
meteorites (e.g.Chabot & Drake 1999) - that the concentration in
incompatible elements in the solid phase may actually decrease in
the course of solidification if the partition coefficient decrease (the
decrease inD being here due to the evolution of the liquid phase
composition).

Since variations ofD are unknown, we will assume here that
D remains constant and treat this case as an end-member case,
bearing in mind that the magnitude of the stratification we calcu-
late may be significantly overestimated. With this assumption, the
compositional profile in the inner core is given by combining the
Rayleigh distillation equation (equation 26) with the definition of
D. Neglecting radial density variations in the core, the light ele-
ment concentrationcs in the inner core is given as

cs = Dcl
0

"

1 +

„

r

rc

«3
#1−D

(27)

(Deguen & Cardin 2009). Taking into account compressibility (ra-
dial density variations in the core) and the density jump at the
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ICB would result in a stratification approximately 15 % larger.
The chemically induced density difference between the ICB and
the center of the inner core would be

∆ρc = αcρ[cs(ric) − cs(0)] ∼ αcρ cl
0D(1 − D)

„

r

rc

«3

, (28)

where αc = (1/ρ)(∂ρ)/(∂c) is the chemical expansion coef-
ficient. Compositional variations within the inner core would be
maximum for moderately incompatible elements withD ∼ 0.5,
and would be small for elements with eitherD ≪ 1 or D close to
1.

The magnitude of the stratification depends on the nature and
abundance of the light elements present in the core. The composi-
tion of the core has been a long standing issue and is still controver-
sial, but recent models favour O, Si and S as the most plausible al-
loying elements.Ab initio calculations of the partitioning behaviour
of O, Si and S by Alf̀e et al. (2002) suggest that Si and S both
partition weakly (with similar partition coefficients,DSi,S = 0.8),
while in contrast O partitions strongly,DO = 0.02 (values ofD are
converted from molar ratios to mass ratios). These values favour the
presence of sulphur or silicium in the inner core. Using these dis-
tribution coefficients and the seismological estimates of the density
of the core and of the density jump at the ICB, Alfè et al. (2002)
estimate the composition of the outer core to be 5.6 wt. % of Si
and/or S and 2.5 wt. % of O, in good agreement with the geochem-
ical model of All̀egre et al. (1995), and 4.4 wt. % of Si/S in the
inner core and negligible amount of O.

We estimate in appendix A the chemical expansion coeffi-
cients of light elements in the inner core, from values of partial
atomic volumes of Fe, S, Si and O given by Alfè et al. (2002).
With these estimates ofαc and the composition model of Alfè et al.
(2002), we find that the density stratification associated with Si/S
is much larger than that associated with O, and we therefore model
the inner core as a Fe-(Si,S) binary mixture, with a distribution co-
efficient equal to 0.8. With the value listed in table 1, we find a
present difference of density∆ρc ∼ −5 kg m−3 between the cen-
ter of the inner core and the ICB. Note that we have considered in
a first approximation that the partition coefficient and the composi-
tional expansion coefficient do not vary. This result also supposes
perfect mixing in the outer core, thus ignoring the possible accumu-
lation of light element rich liquid below the CMB (Fearn & Loper
1981) or the presence of a dense layer in the lowermost liquid outer
core (Souriau & Poupinet 1991; Alboussière et al. 2010). Chemi-
cal interaction between melt in the outer core and silicate material
at the CMB, which might buffer the composition of the outer core
(Buffett et al. 2000), are assumed negligible.

4 A NUMERICAL MODEL OF THERMO-CHEMICAL
CONVECTION IN A GROWING INNER CORE

We now present and discuss the set of equations we use to model
inner core thermo-chemical convection.

We assume here that the inner core boundary, while being a
phase change interface, can be treated as impermeable (i.e. there is
no phase change allowed except the gradual crystallization of the
inner core associated with secular cooling). This requires justifica-
tion, and we discuss briefly this assumption in section 4.2.

An important particularity of the present model is that we
explicitly take into account the inner core growth, starting with
a small inner core ’nucleus’ which we let grow according to the

core energy balance. The thermal forcing and chemical stratifica-
tion also evolve with time, and are derived from the core thermal
and chemical evolution, as explained in the two preceding sections.

4.1 Governing equations

The analysis presented in section 2.2 suggests that radiogenic heat-
ing is not critical for inner core convection and we will thus ignore
it in our numerical simulations to avoid yet another free parameter.
Convection is considered to be driven by secular cooling alone. The
evolution of the potential temperature is then governed by equation
(4). The evolution of the compositional field is given by the equa-
tion of conservation of solute,

Dc

Dt
= κc∇2c, (29)

whereκc is the chemical diffusivity in the inner core. Variations of
density with temperature and composition are given by a linearised
equation of state, which is written as

ρ = ρ0

h

1 − αΘ + β(c − Dcl
0)

i

, (30)

whereDcl
0 is the light element concentration at the center of the

inner core, andρ0 is a reference density.
The rheology is assumed to be Newtonian, and, in addition,

the viscosity is assumed to be independent of temperature and pres-
sure. The effect of self-gravitation originating from density pertur-
bations can be shown to be small in the inner core, and will be
ignored here. The equation of momentum conservation reduces to
the Stokes equation at vanishingly smallRe number, with thermal
and compositional buoyancy terms, and is expressed as

0 = −∇p + ρ(Θ, c)g + η∇2
u, (31)

whereg = −g er is the gravitational acceleration,er is the unit
radial vector, andη is the dynamic viscosity. Within the Boussinesq
approximation framework, conservation of mass writes

∇ · u = 0. (32)

4.2 Boundary conditions

We assume here that the inner core boundary can be treated as an
impermeable surface, assuming no phase change associated with
convection-induced radial displacement of the ICB. This has been
a simplifying hypothesis of previous analysis of inner core thermal
convection (Weber & Machetel 1992; Wenk et al. 2000; Buffett
2009). In contrast, Karato (1999, 2000) and Takehiro (2010) treated
the inner core boundary as a perfectly permeable boundary, assum-
ing that phase change is instantaneous when the solidification front
is shifted radially. As emphasized by Alboussière et al. (2010), nei-
ther approach is strictly correct : solidification and melting are rate-
limited by the ability of outer core convection to supply or evacuate
the latent heat absorbed or released by the phase change.

Alboussìere et al. (2010) have shown that the rateV of phase
change is proportional to the local topographyh,

V =
h

τφ
, (33)

with melting when the topography is positive, and crystallization
when it is negative. The phase change timescaleτφ is

τφ =
L

cpū ρ g′ric

d(Ts − Tad)

dp

∼
„

1221 km

ric

«

× 103 year, (34)
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where ū ∼ 10−4 m.s−1 is the mean convective velocity in the
outer core. The magnitude of the dynamic topography can be esti-
mated by equating the topographic stress, which is of order∆ρgh,
with the viscous stress associated with convection, which is of or-
derηU/l, whereU andl are typical velocity and length scales of
the convection. This gives

h ∼ η

∆ρgl
U =

ric

l
τηU, (35)

whereτη = η/(∆ρgric) is the timescale of viscous relaxation.
Combining equations (33) and (35), the ratio of the phase change
rate to the convective velocity is

V

U
∼ ric

l

τη

τφ
∼ ric

l

“ η

1018 Pa.s

”

„

1221 km

ric

«

× 10−2. (36)

This suggests that the phase-change at the ICB would have a
small effect on the style and vigour of convection if the viscosity
is small (. 1018 Pa.s), but would be important if the viscosity is
larger. It has been recently proposed that convection in the inner
core might take the form of aconvective translation, with melting
on one side of the inner core and crystallization on the other side
(Monnereau et al. 2010; Alboussière et al. 2010). This is a ’high
viscosity’ regime which is expected to be dominant if the inner core
viscosity is higher than about1018 Pa.s (Alboussière et al. 2010). In
the limit of small viscosity however, convective stress would be too
small to sustain a significant topography, and phase change would
be negligible. We focus here on this low viscosity limit, and, as
a first step, ignore convectively-induced phase change at the ICB.
Simulations with topography-induced phase change at the ICB will
be presented in a future paper.

4.3 Taking into account the inner core growth

Following Deguen & Cardin (2009), we account for inner core
growth by scaling lengths byric(t), thus transforming the problem
from a moving boundary problem into a fixed boundary problem
(Crank 1984) with̃r = r/ric(t) ∈ [0, 1]. The time derivatives in
the new coordinate system writes

∂

∂t

˛

˛

˛

˛

r̃

=
∂

∂t

˛

˛

˛

˛

r

− ∂r̃

∂t

˛

˛

˛

˛

r

∂

∂r̃

˛

˛

˛

˛

t

=
∂

∂t

˛

˛

˛

˛

r

+ r̃
uic

ric

∂

∂r̃

˛

˛

˛

˛

t

. (37)

This introduces a radial advection term in the entropy and solute
conservation equations, which accounts for the apparent inward
transport of matter in the new reference frame; no similar term is
introduced in the momentum conservation equation as long as in-
ertia is negligible.

4.4 Non-dimensionalization

Time, lengths, fluid velocity and pressure are scaled byτic, ric(t),
κ/ric(t), andηκ/r2

ic(t) respectively. The potential temperature is
scaled byS(t)r2

ic/(6κ) and we introduce a scaled composition de-
fined asχ = (c − Dcl

0)/∆c, where∆c = c[ric(t)] − Dcl
0.

The conservation of momentum and mass are expressed in
non-dimensional form as

0 = −∇p + (Ra Θ − Raχχ)r + ∇2
u, ∇ · u = 0, (38)

wherer is radius vector, and where the thermal Rayleigh number
Ra and the chemical Rayleigh numberRaχ are defined as

Ra(t) =
ρg(ric)αSr5

ic

6ηκ2
and Raχ(t) =

ρg(ric)β∆c(t)r3
ic

ηκ
.

(39)

The equation of conservation of entropy [equation (4)] is expressed
in non-dimensional form, using equation (37), as

ξ
∂Θ

∂t
= ∇2Θ− (u−Pe r) ·∇Θ+6−

„

ξ
Ṡτic

S
+ 2Pe

«

Θ, (40)

where the Peclet numberPe and the parameterξ are defined as

Pe(t) =
ric(t)uic(t)

κ
and ξ(t) =

r2
ic(t)

κτic

.

Likewise, the equation of conservation of solute is written in non-
dimensional form as

ξ
∂χ

∂t
= Le−1∇2χ − (u − Pe r) · ∇χ − ξ

∆̇c τic

∆c
χ, (41)

where the Lewis numberLe is defined as

Le =
κ

κc
,

whereκc is the compositional diffusivity. The last terms on the
right hand sides of equations (40) and (41), proportional toΘ and
χ respectively, appear because the temperature and compositional
scales are time-dependent.

The inner core boundary is treated as a shear stress free sur-
face, and the boundary conditions at the inner core boundary for
the temperature and solute concentration areΘ(ric) = 0 and
χ(ric) = 1.

The evolution of the time-dependent non-dimensional param-
eters is calculated at each time step. The core energy balance [equa-
tion (15)] givesric anduic as a function of time, equation (18) gives
the evolution ofS, and equation (27) gives∆c as a function of time.
The evolution ofRa, Raχ, Pe andξ is then calculated fromric,
uic, S and∆c.

4.5 Numerical method

Equations (38) to (41) are solved in 3D with shear stress free condi-
tions and uniform temperature and composition at the ICB. We use
a spherical harmonic expansion for the horizontal dependence and
a finite difference scheme in the radial direction. The non-linear
part of the advection terms in equations (40) and (41) is evaluated
in the physical space at each time step (the linear radial advection
term due to inner core growth is treated in the spectral domain).
A semi-implicit Crank- Nickolson scheme is implemented for the
time evolution of the linear terms and an Adams-Bashforth proce-
dure is used for the non-linear terms. We typically use 128 radial
points, with a finer grid below the ICB, and a spherical harmonic
truncation at degree 64.

5 NUMERICAL RESULTS

Given the number of free parameters involved and the large un-
certainties associated with most of them, we will not attempt here a
systematic parameter study. Rather, we will present a few represen-
tative examples chosen to highlight the different scenarios possible,
and discuss qualitatively their implications in terms of seismolog-
ical observations. Simulations without compositional stratification
(purely thermal convection) are presented in section 5.1. Simula-
tions of thermo-chemical convection with a stabilizing chemical
stratification are presented and discussed in section 5.2.

In all the simulations discussed below, a thermal conductivity
value of k = 36 W.m−1.K−1 (Stacey & Davis 2008) has been
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assumed, which, withcp = 800 J.kg−1.K−1 and ρ = 13 000
kg.m−3, givesκ = 3.5 × 10−6 m2.s−1 andτκ = 2.3 Gy. Equa-
tion 17 show that the locus of theS(t) = 0 curve is a function
of dTs/dTad, ric andτic/τκ only, so that for larger thermal con-
ductivities, similar behaviour would be found for smaller inner core
age. The problem is not exactly self-similar however since the value
of S, and hence the vigour of convection, depends additionally on
κ. Numerical simulations with higher values ofκ show that the ef-
fect is small, and we thus restrict our discussion to the casek = 36
W.m−1.K−1. For thermo-chemical simulation, the Lewis number
is taken as103.

5.1 Thermal convection

Thermal convection in the inner core is transient. Both the radius
of the inner core and the thermal forcingS evolve continuously -
and significantly - during the inner core history, which results in
large variations in the Rayleigh number. The thermal forcingS be-
ing a decreasing function of time, it is is clear that, even if initially
positive, it will become negative at some time during the inner core
history, at which point convection would cease. Here, we will first
present some numerical simulations in a situation were the inner
core would still be in a convecting state today, and discuss the style
of convection and give scaling laws for relevant variables. Simu-
lations for which the inner core convects early in its history but is
now quiescent are presented and discussed in a second step.

5.1.1 Ongoing thermal convection - phenomenology and scaling

If Tic is small enough (smaller than∼ 0.8 according to figure
3.a), thenS remains positive during all the inner core history. With
k = 36 W.m−1.K−1 anddTs/dTad = 1.65, this corresponds to
an inner core younger than about 1.2 Gy, or a CMB heat flux larger
than7.7 ± 5.0 TW (using Labrosse (2003)’s estimate ofEtot and
associated uncertainties). Thermal convection should then develop
provided that the Rayleigh number is super-critical. The ratio of
the Rayleigh number to the critical value for convection is approx-
imately equal to

Ra

Rac
≃

„

1018 Pa.s

η

« „

S

10 K.Gy−1

«

“ ric

1221 km

”6

×250, (42)

so we can expect that the inner core would be likely to convect,
provided thatS > 0, if its viscosity is smaller than∼ 1020 Pa.s.

Figure 5 shows a suite of snapshots of the potential tempera-
ture and vorticity fields during the growth of the inner core, in the
same arbitrary cross-section, for an inner core 1.1 Gy old, and two
values of the viscosity,η = 1018 Pa.s (figure 5.a), andη = 1019

Pa.s (figure 5.b). After the Rayleigh number reaches the critical
value for convection, the first event is always a degree 1 overturn
which evacuates the superheat accumulated in the inner core dur-
ing its early growth. The growth rate of the instability can be quite
small, and the time at which convective motion becomes large (say,
larger than the velocity of the ICB) can be significantly delayed af-
ter the Rayleigh number becomes super-critical. The pattern of flow
then rapidly evolves toward smaller scales as the Rayleigh number
increases. The convection regime is typical of high Rayleigh num-
ber internally heated convection, with narrow plumes sinking from
a thermal boundary layer below the ICB and a passive rising return
flow (McKenzie et al. 1974; Weinstein & Olson 1990; Parmentier
et al. 1994; Parmentier & Sotin 2000).

The scaling theory of Parmentier & Sotin (2000) for infinite
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Figure 6. a) Mean radial velocity (black solid line) and horizontal velocity
(black dashed line) as a function of the Rayleigh number. The thin black
line has a1/2 slope. b) boundary layer thickness as a function ofRa. The
thin black line has a−1/4 slope. c) RMS temperature fluctuations in the
inner core (black solid line), and mean potential temperature(blach dashed
line). The thin black line has a−1/4 slope.

Prandtl number, high Rayleigh number internally heated convec-
tion suggests that in steady state, the thickness of the boundary
layer, δ, and the potential temperature drop across the boundary
layer,∆Θ, should both scale asRa−1/4, while the convective ve-
locity scale asRa1/2. As shown in figure 6, the dependence on
Ra of the root mean square of the velocity,urms, the mean poten-
tial temperature in the inner core,∆Θ, (and the root mean square
of temperature fluctuations,δΘrms) are relatively well described
by Parmentier & Sotin (2000)’s scaling when convection is well-
developed. The agreement with the predicted scaling for the ther-
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a. τic = 1.1 Gy , η = 10
18 Pa.s,k = 36 W.m−1.K−1.

Potential temperatureθ

Azimuthal vorticityωφ

b. τic = 1.1 Gy , η = 10
19 Pa.s,k = 36 W.m−1.K−1.

Potential temperatureθ

Azimuthal vorticityωφ

t/τic = 0.02 0.16 0.3 0.44 0.58 0.72 0.86 1

Figure 5. Time series of snapshots of potential temperature and azimuthal vorticity in an arbitrary cross-section. Positive vorticity is red, negative vorticity
blue. Each map has been drawn with its radius in proportion to the inner core radius at the time of the snapshot. Both simulations with τic = 1.1 Gy and
k = 36 W.m−1.K−1, and viscositiesη = 1018 Pa.s (a) andη = 1019 Pa.s (b). The non-dimensional time corresponding to each snapshot is shown in the
bottom row.

mal boundary layer thicknessδ is poor however. The best fits of
our numerical results forRa > 107 give, with variables given in
dimensional form,

urms ≃ 0.04
κ

ric

Ra0.51, (43)

δΘrms ≃ 1.5
Sr2

ic

6κ
Ra−0.27, (44)

∆Θ ≃ 3.8
Sr2

ic

6κ
Ra−0.27, (45)

δ ≃ 6.4ricRa−0.33. (46)

Departures from the scaling predicted by Parmentier & Sotin
(2000) are likely to come primarily from the fact that convection
in the inner core is transient and may not be in a statistical quasi-

steady state. This can be seen as follows. In quasi-steady state, the
heat flow at the ICB,Qicb = 4πr2

icq should almost exactly balance
the superadiabatic heat production within the inner core, which is
4
3
πr3

icρcpS. Thusq should be independent ofRa and be equal to

q̄steady state =
1

3
ρcpSric. (47)

Figure 7 shows̄q (normalized byρcpSric) as a function ofRa for
several simulations. A thermal quasi-steady state is only reached at
the highest Rayleigh number of our simulations, forRa larger than
∼ 108. A direct consequence can be seen from the fact that the ICB
heat flux scales as

q̄ ∼ k
∆θ

δ
. (48)

Since in quasi-steady state,q̄ is independent ofRa, then∆θ andδ
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Figure 7. Normalized heat fluxq as a function ofRa for several simulations
with τic = 1.1 Gy andη = 1017 Pa.s (continous black line), andη = 1018

Pa.s (dashed black line).

should have the same scaling inRa (as is indeed the case in Par-
mentier & Sotin (2000)’s scaling). This is not true if the convection
is not in a quasi-steady state however, and this may partially explain
the poor agreement of our measurements ofδ and the theory.

An additional complexity comes from the fact that the inner
core boundary migrates as a result of solidification. In Howard’s
view of high Rayleigh number convection, the thermal boundary
layer grows by conduction until it becomes unstable and is swept
away by cold plumes that develop from the boundary layer insta-
bility. With a crystallizing boundary, however, the thermal bound-
ary layer grows also by the addition of cold newly solidified mate-
rial. An infinitely fine boundary layer would grow in a timeδt to
a thickness∼

√
κδt + uicδt. The relative importance of the two

effect depends on the magnitude of a local Peclet number defined
asPeδ = δuic/κ. The ratio of

√
κδt to uicδt for a boundary layer

of thicknessδ is equal to
√

κδt

uicδt
=

2√
1 + 4 Peδ − 1

. (49)

Peδ is usually smaller than one in our simulations when convec-
tion is developed, but is not very small (∼ 0.1 − 0.5), for which
(
√

κδt)/(uicδt) is between 2.7 and 10, so it seems plausible that
the dynamics of the boundary layer is slightly affected by the
growth of the inner core.

5.1.2 Cessation of convection

If the inner core is slightly older (1 . Tic . 2 according to figure
3.a), thenS is initially positive but becomes negative at some point
in the inner core history. Figure 8 shows a suite of snapshots of
the potential temperature and vorticity fields during the growth of
the inner core, in the same arbitrary cross-section, for an inner core
1.45 Gy old, andη = 1017 Pa.s (figure 8.a),η = 1018 Pa.s (figure
8.b), andη = 1019 Pa.s (figure 8.c). The exact times of convection
initiation and cessation are only approximately predicted by the cri-
terion onS because : (i) the growth rate of the initial instability is a
function of viscosity and (ii), the rate of heat extraction from the in-
ner core is a function of the Rayleigh number when the convection
is not in thermal quasi-steady state (figure 7). As a result, convec-
tion starts and stops earlier for smaller viscosity, as is apparent in

figure 8. If convection is in a quasi-steady state however, the time
at which convection stops should be close to the time at whichS
becomes negative.

A difficulty of thermal convection for explaining the inner core
structure is that it is not clear why a convective pattern aligned with
the rotation axis should be preferred. A possibility recently advo-
cated by Buffett (2009) is that the centrifugal force associated with
the Earth rotation may align the lowest order convective mode with
the rotation axis. The centrifuge acceleration introduces a small
anisotropic forcing (gravity, and ellipticity of the inner core) and
promotes a N-S symmetry of the convection pattern when the de-
greeℓ = 1 is dominant. Buffett (2009) hypothesized that when
convection decreases in vigour, the last active mode would be a
degree one convective pattern aligned with the rotation axis. Our
model does not include the effect of rotation on the gravity po-
tential and therefore cannot be used to test whether the convection
would indeed align with the rotation axis. However, we can investi-
gate in what conditions a low order texturation pattern might result
from inner core convection. Specifically, a potential difficulty of
this mechanism is that the amount of strain due to this late stage
low order convective motion might be small, because (i) convec-
tion would be only slightly supercritical and would therefore be
very sluggish, and (ii) low order modes might be active and domi-
nant during only a small amount of time.

To investigate this, we define a velocity scaleuℓ associated
with each degreeℓ by calculating the root mean square of the com-
ponents of degreeℓ, orderm,

uℓ =

s

1

ℓ + 1

X

0≤m≤ℓ

(ūm
ℓ )2, (50)

whereūm
ℓ is the mean value of the degreeℓ orderm component of

the flow in the inner core. From this, a rough estimate of the strain
rate associated with each degreeℓ is given by

ǫ̇ℓ ∼ uℓ

ric/ℓ
, (51)

whereric/ℓ is the typical lengthscale of degreeℓ flow components.
The cumulated strain over a given period of time can then be esti-
mated by integrating in time the expression ofǫ̇ℓ given above. This
is a quite simplistic view of the question of texturation, which is in
general a non-linear mechanism - the final texture is not the sum of
the texture which would have developed if each component of the
flow was taken separately. However, this should give an idea of the
likelihood of the development of a large scale texture, and of the
typical length scale of texture variations.

The evolution ofuℓ for ℓ ∈ [1, 5] for the simulations pre-
sented in figure 8 is plotted in figure 9. Also shown in figure 9.d
are the values of the Rayleigh number based on the value ofS(t)
given in equation (39) (black lines), and another Rayleigh number
based on the actual potential temperature difference between the
center of the core and the ICB (grey lines). Figure 9.d shows that
the decrease in Rayleigh number whenS becomes negative is very
abrupt,Ra decreasing from its quasi-steady value to zero in only
a few tens of million years. The time during which the degree one
mode is the only unstable mode is very short, less than∼ 10 My.
This is due to the fact thatRa ∝ S r6

ic and thatS is a relatively
weak function ofric compared tor6

ic. Furthermore, alignment of
the degree one convective mode with the axis of rotation requires
that this ’termination’ timescale is long enough compared to the
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a. τic = 1.45 Gy , η = 10
17 Pa.s,k = 36 W.m−1.K−1.

Potential temperatureθ

Azimuthal vorticityωφ

b. τic = 1.45 Gy , η = 10
18 Pa.s,k = 36 W.m−1.K−1.

Potential temperatureθ

Azimuthal vorticityωφ

c. τic = 1.45 Gy , η = 10
19 Pa.s,k = 36 W.m−1.K−1.

Potential temperatureθ

Azimuthal vorticityωφ

t/τic = 0.02 0.16 0.3 0.44 0.58 0.72 0.86 1

Figure 8. Time series of snapshots of potential temperature and azimuthal vorticity in an arbitrary cross-section. Positive vorticity is red, negative vorticity
blue. Each map has been drawn with its radius in proportion to the inner core radius at the time of the snapshot. The non-dimensional time corresponding to
each snapshot is shown in the bottom row.
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convective overturn timescale, which, using equation (43), is about

τc =
ric

urms

=
r2
ic

κ 0.04Ra1/2
(52)

=

„

Ra

106

«−1/2

× 180 My. (53)

It therefore does not seem likely that the low order convective
modes would have enough time to align with the rotation axis if
having an initially different orientation.

In our simulations, the cessation timescale of convection is
small compared to a typical convective overturn timescale. The
consequence is that the perturbations of the thermal field are ba-
sically frozen in when the Rayleigh number becomes subcritical.
The resulting density distribution is out of equilibrium, and the in-
ner core then relaxes toward a state of hydrostatic equilibrium. The
total strain associated with each flow component therefore depends
on the amplitude of the density field heterogeneities just before the
Rayleigh number becomes subcritical.

As shown in figure 9, the degree one always becomes domi-
nant at some point (thermal diffusion tends to weaken small scale
thermal heterogeneities), but the energy associated is small. A
rough estimate of the cumulated strain associated with an orderℓ
component of the flow over a given period of time can be calculated
by integrating equation (51) in time. This should give a meaning-
ful result when calculated over the relaxation period, because the
pattern of the flow does not change over this period of time (al-
though, again, caution should be used when interpreting the results
because deformation texturing is a non-linear process). When this
procedure is applied for each component of the flow, a spectrum of
cumulated strain can be constructed, as shown in figure 10. For the
case with the larger viscosity,η = 1019 Pa.s, the cumulated strain
has been calculated over the whole inner core history, since there
is only one convective overturn in this simulation, and the pattern
of convection does not change. For each case, the strain associated
with the relaxation phase is quite small. Withη = 1019 Pa.s, the
strain associated with the convective overturn is dominated by de-
gree 1 components, and is of order 0.4. This might be enough to
induce a weak texture. In this case, since the degree 1 component
of the flow is always dominant, it is plausible that the effect of the
centrifugal acceleration is large enough to align the convection with
the Earth’s rotation axis. With a smaller viscosity, the strain associ-
ated with the relaxation phase is small, probably too small to result
in a significant texture. The relaxation phase seems to be unlikely
to significantly affect the texture developed previously. This sug-
gests that a low order texturation pattern would be dominant only if
the convection is dominated by low order components during most
of the convection episode. This would be the case if the viscosity is
& 1019 Pa.s (figure 8.c).

5.2 Thermo-chemical convection

We now turn to the question of the effect of a possible stabilization
of convection by an adverse compositional gradient (section 3). It
has been proposed that the development of a stable compositional
stratification can suppress convection even if the inner core is un-
stable (Buffett 2000, 2009; Deguen & Cardin 2009). Because the
magnitude of the compositional stratification increases concomi-
tantly to the inner core growth, it is possible that thermal convec-
tion starts early in the inner core history before being stabilized by
the compositional stratification, which is a possible explanation for
the origin of the innermost inner core (Buffett 2000, 2009; Deguen
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Figure 9. a), b), andc) : Velocity scaleuℓ, as defined in equation (50), as
a function of time for three simulations withτic = 1.45 Gy andη = 1017

Pa.s (a), η = 1018 Pa.s (b), andη = 1019 Pa.s (c). d) : Rayleigh number, as
defined by equation (39) (black lines), and calculated from the mean inner
core potential temperature,Raθ = (αρg′∆Θ r4

ic)/(ηκ) (grey lines), as a
function of time, forη = 1016 Pa.s (continuous lines),1017 Pa.s (dashed
lines) and1018 Pa.s (dash-dotted lines).

& Cardin 2009). The argument is somewhat weakened by the real-
ization that a decrease of the effective distribution coefficient dur-
ing inner core growth may significantly affect the magnitude of the
stratification in light elements in the inner core (Alboussière et al.
(2010), and see section 3), but the problem is still worth investigat-
ing. We discuss here simulations of thermo-chemical convection
in the case where the inner core has a superadiabatic temperature
profile and a stabilizing compositional stratification.
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τic = 1.2 Gy , η = 10
18 Pa.s,k = 36 W.m−1.K−1, c0 = 5.6 wt.%.

Potential temperatureθ

Compositionχ

Azimuthal vorticityωφ

t/τic = 0.02 0.16 0.3 0.44 0.58 0.72 0.86 1

Figure 11. Time series of snapshots of potential temperature, composition, and azimuthal vorticity in an arbitrary cross-section. Positive vorticity is red,
negative vorticity blue. Each map has been drawn with its radius in proportion to the inner core radius at the time of the snapshot. Simulation withτic = 1.2
Gy, k = 36 W.m−1.K−1, light element concentration in the outer corec0 = 5.6 wt.%, and dynamic viscosityη = 1018 Pa.s. The non-dimensional time
corresponding to each snapshot is shown in the bottom row.
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Figure 10. An estimate of the cumulated strainǫ associated with each de-
greeℓ component of the flow during the relaxation phase. In theη = 1019

Pa.s case, the cumulated strain is calculated over the whole inner core his-
tory; for η = 1018 Pa.s andη = 1017, the cumulated strain has been
calculated over the last 700 My.

It is well known that in classical double-diffusive convection
(with aqueous solutions for example), convection can occur even if
the net density gradient is stable, a consequence of the difference
of diffusivity (e.g.Turner 1980). Linear stability analysis (Veronis
1965; Baines & Gill 1969) shows that in the case of unstable ther-
mal field and stable compositional field the critical Rayleigh num-
berRac for convective instability is given by

Rac =
Pr + Le−1

Pr + 1
Raχ +

„

1 +
1

Le

« „

1 +
1

Pr Le

«

27π4

4
.

(54)

This expression forRac is only valid for semi-infinite horizontal
layers, and is not quantitatively exact for convection in a sphere,
but should still give some useful guidance. It can be seen that the
curve of marginal stabilityRac = f(Raχ) has a slope smaller
than 1 whenLe > 1. This implies that ifRaχ is large enough, the
system can be unstable even ifRa/Raχ = α∆T/|β∆c| < 1 (i.e.
with a net density profileρ(αΘ+βc) which is stable). However, the
slope of the marginal stability curve tends toward 1 forPr ≫ 1,
which means that in the inner core, wherePr is likely to be larger
than1015, convection actually requires that the net density profile
is unstable. Our simulations are in agreement with this prediction.

Figure 11 shows snapshots (potential temperature, composi-
tion, and azimuthal vorticity) from a simulation withτic = 1.2
Gy, η = 1018 Pa.s, a thermal conductivityk = 36 W.m−1.K−1,
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and initial concentration of incompatible light element (O) of 5.6
wt.% in the core. In this simulation, the age of the inner core and
its thermal conductivity are such that the inner core is expected to
be thermally unstable during the whole simulation. Interestingly,
convection becomes progressively confined in the deepest part of
the inner core, as can be seen in figure 11 and 12.a. This results
from the fact that the temperature and compositional profiles have
different radial dependences, which implies that the relative contri-
butions of temperature and composition to the density gradient is a
function of radius. Since the chemical stratification is∝ r3 while
the potential temperature is expected to be∝ 1 − r2 at first or-
der, chemical stratification can stabilize the uppermost inner core
while still allowing thermally driven convection in the deepest in-
ner core. In the case shown here, large radial velocities are confined
in an ’innermost inner core’ of radius∼ 800 km. A stronger chem-
ical stratification or a smaller value of the parameterS (older inner
core) results in a smaller convecting region.

A particularity of double-diffusive convection can be seen in
the behaviour of a global Nusselt number defined as

Nu = 1 +
qadv

qdiff

= 1 − urΘ

∂Θ

∂r

, (55)

where the overbar denotes the average over the inner core volume,
qadv is the average of the local advective heat flux, andqdiff is the
average of the diffusive superadiabatic flux. As defined here,Nu
compares the total superadiabatic heat flux to the diffusive supera-
diabatic heat flux; the contribution of diffusion along the adiabat is
not taken into account with this definition. Figure 12.b shows the
evolution with time of the global Nusselt number for the simulation
shown in figure 11. It is interesting to note that the Nusselt number
can be smaller than one early in the simulation, which means that
there is at some time a net inward advection of heat. This is an ex-
pression of the double-diffusive nature of convection : Isocomposi-
tional surfaces are deformed by thermally driven convection, which
gives rise to restoring compositional buoyancy forces. Since heat
diffusion is fast compared to chemical diffusion, the magnitude of
temperature heterogeneities decreases much faster than composi-
tional heterogeneities, and eventually becomes smaller, at which
point the motion is reversed and chemical buoyancy transports heat
back inward.

6 DISCUSSION

6.1 Orientation of the convection

A classically cited difficulty of thermal convection as a mecha-
nism for producing the inner core anisotropy is the need of an ad-
ditional mechanism to align convective patterns with the rotation
axis (Sumita & Bergman 2007; Buffett 2009). A second difficulty
suggested by our simulations is that the flow is expected to be dom-
inated by small scale motion and shows considerable time variabil-
ity if the viscosity is smaller than∼ 1019 Pa.s. It seems rather
unlikely that such convection can produce a large scale cylindri-
cal anisotropy. For larger viscosity, phase change associated with
dynamic topography would be significant, and a translation mode
of the inner core has been predicted (Monnereau et al. 2010; Al-
boussìere et al. 2010).

Aligning the convective patterns with the rotation axis requires
the presence of some NS-aligned aspherical forcing in either body
forces or boundary conditions. Buffett (2009) proposed that the
centrifugal acceleration associated with the Earth’s rotation can
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Figure 12. a) Radial velocity averaged over spherical shells of radiusr,
〈ur〉, as a function of time and radius in the inner core. The black line rep-
resents the radius of the inner core as a function of time, for the simulation
described in figure 11. In this simulation, large velocities are confined in an
’innermost inner core’ of radius∼ 800 km. b) Global Nusselt number as a
function of non-dimensional time.

provide such a forcing and align the degree one flow component
with the rotation axis, but it is not clear from our simulations that
the last slightly super-critical stages of convection can produce cu-
mulated stress large enough to produce an observable texture.

Preferential growth of the inner core in the equatorial belt
(Yoshida et al. 1996) would produce boundary conditions with a
NS axis of symmetry which may force, or at least favour, flow pat-
terns with a NS axis of symmetry. The flow associated with the
relaxation of a sustained ICB topography is weak however, with
typical velocity of the order of or smaller than the inner core crys-
tallization rate (Yoshida et al. 1996). It may therefore indeed help
to align low order components of the convection with the rotation
axis, but the degree one components would still be relatively weak
compared to smaller scale flow components.

Another possibility is to envisage a coupling between convec-
tion and the magnetic field (Karato 1999; Buffett & Wenk 2001).
The magnetic field within the inner core results from the diffusion
of the outer core magnetic field. High frequency temporal varia-
tions are filtered out by the skin effect, and diffusion ensures that
the large scale features of the magnetic field dominate in the deep
inner core. The magnetic field in the inner core is therefore ex-
pected to be a time averaged, lowpass filtered version of the mag-
netic field in the outer core, and is likely to display a North-South
cylindrical symmetry and predominantly large scale features. One
interesting aspect of the magnetic field is therefore that the Lorentz
force would inject energy in the low order components of the con-
vective flow, and might be able to sustain vigorous large scale mo-
tions which otherwise would not be favoured by natural convection.

The magnetic field is expected to alter significantly the pattern
of motion if magnetic drag is a significant fraction of viscous drag.
The largest contribution to the Lorentz force is expected to be that
associated with the toroidal fieldBφ (Karato 1999), which gives
rise in the inner core to a poloidal Lorentz force field with cylindri-
cal symmetry. The ratio of the Lorentz forcefL = µ0(∇×B)×B

to the viscous force associated with the degree one component of
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the flow is of the order of

‖fL‖
‖η∇2u‖l

∼ B2
φric

µ0ηU
= 25

B2
φr2

ic

µ0ηκ
Ra−1/2

∼
„

Bφ

3 mT

«2 „

1016 Pa.s
η

«1/2 „

10 K/Gy
S

«1/2

× 0.3

(56)

whereU ≃ 0.04Ra−1/2 [equation (43)] is the velocity scale, and
µ0 the magnetic permeability of vacuum. There is a range of geo-
physically plausible values ofBφ, S andη for which the Lorentz
force is of a magnitude comparable to that of the viscous force as-
sociated with the large scale flow. With a magnetic field intensity
of a few mT (Christensen & Aubert 2006; Gillet et al. 2010), the
Lorentz force could be comparable in magnitude to viscous forces
if η . 1016 Pa.s. If the toroidal field is as strong as 10 mT at
the ICB, Lorentz force could be of importance ifη . 1018 Pa.s.
It seems therefore plausible that the low order component of the
convective flow can be aligned with the mean orientation of the
magnetic field. This will be investigated in a future work.

6.2 Thermally induced VP heterogeneities

Convection induces lateral temperature heterogeneities which may
results in observable P-wave velocity heterogeneities (Weber &
Machetel 1992). From theab initio results of Vǒcadlo (2007), the
relative variation ofVP with temperature,(∂lnVP /∂T ), is of order
8 × 10−5 K−1. Using the scaling from equation (44) for the tem-
perature perturbations (with the predicted exponent -1/4 substituted
to -0.27 for simplicity), P-wave velocity variation associated with
this thermal heterogeneities would be of order

δVP

VP
=

„

∂lnVP

∂T

«

P

δT (57)

≃ 1.5

„

∂lnVP

∂T

«

P

Sr2
ic

6κ
Ra−1/4 (58)

≃
„

S

200 K.Gy−1

«3/4
“ η

1018 Pa.s

”1/4

× 0.05 %. (59)

The estimate given in equation (59),δVP /VP ≃ 0.05%, is prob-
ably close to an upper bound. A value two order of magnitude
smaller is predicted ifS ≃ 10 K.Gy−1 andη = 1014 Pa.s. For
comparison, Garcia & Souriau (2000) give an upper bound on lat-
eral heterogeneity of∼ 0.3 % at length scales larger than 200 km.
Vidale & Earle (2000) estimated that variations of∼ 1 % with a
lengthscale∼ 2 km are required to explain the PKiKP codas they
observed. Given the small effect of temperature anomalies we pre-
dict, it seems unlikely that temperature variations induced by ther-
mal convection can be at the origin of P-wave heterogeneities of
this magnitude.

6.3 Partial melting below the ICB

Decompression melting may occur below the ICB, in a way much
similar as partial melting below oceanic ridges. As noted by Weber
& Machetel (1992), the thermal gradient just below the ICB in a
convective inner core may exceed the melting temperature gradient,
in which case partial melting would occur in the boundary layer.
This requires that
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∂r

˛

˛
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≥ − ∂Ts
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, (60)

which can be re-written as a function of the potential temperature
θ as
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Figure 7 shows that the superadiabatic heat flux is bounded from

above by
1

3
ρcpSric, which means that

− ∂Θ

∂r

˛

˛

˛

˛

icb

≤ Sric

κ
. (62)

From equations (61) and (62), we find that a necessary condition
for partial melting is that

S ≥ 3κ
ρg′γT

KS

„

dTs

dTad

− 1

«

≃
„

k

36 W.m−1.K−1

«

40 K.Gy−1.

(63)

Using equation (8), this can be re-written as a criterion for the
present day inner core mean solidification rate,

uic ≥ 3

dTs

dTad

dTs

dTad

− 1

κ

ric

≃
„

k

36 W.m−1.K−1

«

2.4×10−11 m.s−1.

(64)

With the core thermal history model and parameters of Labrosse
(2003) andk = 36 W.m−1.K−1, this requires that the inner core
is younger than∼ 0.65 ± 0.08 Gy, which requires a CMB heat
flux larger than14± 9 TW. Partial melting is possible, but requires
a young inner core, and is not a necessary consequence of ther-
mal convection. If the conditions for partial melting are met, partial
melting will be localized in the thermal boundary layer which, ac-
cording to our simulations, will have a thickness which may be
a few tens of kilometers or smaller depending on the inner core
Rayleigh number.

7 CONCLUSION

It is currently difficult to reach firm conclusions on the possibility
of convection in the inner core. Our analysis shows that the range
of estimates of the inner core age and on the critical age for purely
thermal convection fully overlap, and thermal convection appears
to be as likely as not. Radiogenic heating is probably a secondary
issue for the thermal state of the inner core if radioactive elements
partition weakly upon solidification, but may be of importance if
they partition strongly. As shown in section 3, whether the chem-
ical field would have a stabilizing effect or not is not even clear.
Progress in understanding the thermal state of the inner core will
require more constraints on the CMB heat flux and thermo-physical
parameters of the core and inner core. More constraints onQcmb

and on the age of the inner core can be expected from seismologi-
cal observations of post-perovskite lens (Hernlund et al. 2005; Lay
et al. 2006; van der Hilst et al. 2007) and an improved understand-
ing of D” dynamics, but the conclusions would still depend heavily
on the determination of the thermo-physical properties of iron at
core conditions. In particular, new experimental or theoretical es-
timates of the thermal conductivity of iron at Earth’s inner core
conditions are strongly needed.

We have developed an evolutionary model of inner core con-
vection which is coupled with the core thermal and compositional
evolution. We have focused on the ’low viscosity limit’ of inner
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core convection which is expected for a viscosity smaller than
∼ 1018 Pa.s (Alboussière et al. 2010). If the viscosity is larger,
a translation mode is expected, with associated melting and crys-
tallization (Monnereau et al. 2010; Alboussière et al. 2010). In the
low viscosity regime, convection is typical of high Rayleigh num-
ber internally driven convection, and can be quite vigorous (con-
vective velocities are expected to be similar to that in the mantle).
This type of convection is dominated by small scale motions and
is time dependent, and it is not clear how it could produce a large
scale N-S cylindrical anisotropy. If the viscosity is small enough or
the magnetic field large enough, coupling of convection with the
magnetic field diffused in the inner core may plausibly favour large
scale axisymmetric motions compatible with the inner core seismic
anisotropy, while still allowing for smaller scale flow and hetero-
geneities.

An interesting output of our work is that several different pos-
sible scenarios can result in a layered structure of the inner core,
and may provide explanations for the presence of the ’innermost
inner core’ observed by seismology. If compositional stratification
is negligible, a possibility is that the inner core has been convecting
early in its history before being stabilized due to the secular de-
crease of the cooling rate of the core. In this case, the structure of
the deep inner core may be interpreted as a frozen-in evidence of
this early convective episode [see also Buffett (2009)]. If a signifi-
cant compositional stratification develops during inner core growth,
the convective flow is progressively confined in the deep inner core
by the stronger compositional stratification of the outer part of the
inner core. It is possible that thermally driven convection remains
active in the deep inner core, although convection is expected to be
eventually shut off due to the gradual strengthening of the compo-
sitional stratification and the decrease in core cooling rate. For each
of these scenarios, it is possible to find plausible sets of parameters
(inner core age orQcmb, viscosity, magnitude of the compositional
stratification) for which the radius at which convection stops cor-
responds to the radius of the seismically inferred innermost inner
core.
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APPENDIX A: COMPOSITIONAL EXPANSION
COEFFICIENT

The chemical expansion coefficient can be estimated from the par-
tial atomic volumes of Fe, Si, S and O calculated by Alfè et al.
(2002). The density of the Fe-Le alloy (where Le stands for ’light
element’) can be written without loss of generality as

ρ =
(1 − x)mFe + x mLe

(1 − x) νFe + x νLe

(A.1)

wherex is the mole fraction of light element,mFe = 56 andmLe

are the atomic masses of Fe and the light element (mSi = 28,
mS = 32, mO = 16), andνFe, νLe are the partial atomic volumes

of Fe and the light element in the binary mixture (Alfè et al. 2002).
Alf è et al. (2002) found that, inhcp iron at inner core conditions,
the partial atomic volumes of Si and S are essentially equal to that
of Fe (i.e.Si and S atoms replace Fe atoms in thehcp lattice without
significant change in volume), whileνO significantly differs from
νFe. The logarithmic derivative of equation (A.1) gives

1

ρ

∂ρ

∂x
=

mLe − mFe

mFe + (mLe − mFe)x
− νLe − νFe

νFe + (νLe − νFe)x
. (A.2)

αc is given by

αc =
1

ρ

∂ρ

∂c
=

dx

dc

1

ρ

∂ρ

∂x
=

[mFe + (mLe − mFe)x]2

mLemFe

1

ρ

∂ρ

∂x
.

(A.3)

With the partial atomic volumes estimated by Alfè et al. (2002),
we findαSi

c = −0.91, αS
c = −0.67 andαO

c = −1.3 in the limit
c → 0. The expansion coefficient depends only weakly onc : for
example,αSi

c = −0.87 for cSi = 4.4 wt. %.
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