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Abstract 
This paper proposes a macroscopic model of the 

thermo-chemo-mechanical behaviour of MIECs 
dedicated to mechanical engineering. Developed 
within the framework of phenomenological 
approach, the state variables of the model are the 
oxygen partial pressure, the temperature and the 
total strain. Oxygen bulk diffusion is describes by 
the local Onsager approach and surface exchange 
are modelled by the use of a mass Biot number.  
Not only focus on the semi-permeation induced 
strain, the proposed model also included the effect 
of the temperature. Strain predicted by a model 
based on defect equilibrium and strain predicted by 
the macroscopic approach are in good agreement as 
it is illustrates on the particular case of 
La0.8Sr0.2Fe0.7Ga0.3O3-δ. The implementation of the 
model in the F.E.A code Abaqus allows the 
exploration of the evolution of the stress state 
during the membrane life, from sealing stage to 
reactor exploitation. 
 
Keywords: MIECs, Chemical expansion, Thermo-
chemo-mechanical behaviour  
 
Introduction 

Since more than twenty years, MIECs are 
promising sources of hot pure oxygen which have 
potential industrial applications like methane 
reforming or oxycombustion. Two fundamental 
keys points for the development of these 
technologies are the lifespan and the reliability of 
the membrane. The first point is mainly driven by 
the stability of the material under operating 
condition whereas the second point is directly 
linked to the mechanical stress induces in service1. 
A lot of works focus on the material properties 
which ensure a high permeation rate and a good 
stability but few study deals with the mechanical 
reliability under operating conditions. The 
development of a model dedicated to the field of 
mechanical engineering for MIECs materials is 
necessary to investigate the reliability in service. 

The work presented hereafter focus on the 
development of a macroscopic model of the 
thermo-chemo-mechanical behaviour of MIECs 

accounting for oxygen permeation, thermal 
expansion and strain induced by the stoichiometry 
fluctuation. While the previous works have been 
firstly focus on the semi-permeation induced 
strain2,3, the model in its current form take into 
account the effect of the temperature on the 
chemical expansion due to the defect equilibrium 
dependence to temperature. To test the ability of 
this model to predict the chemical strain, its results 
are compared to those of a more classical model 
based on the defect equilibrium considering the 
particular case of La0.8Sr0.2Fe0.7Ga0.3O3-δ (LSFG) for 
which the chemical strain under atmosphere have 
been extensively studied4,5,6,7. 

Finally, the current numerical implementation of 
the model in the F.E.A code Abaqus allows to 
investigate the stress state of a tubular membrane 
for syngas production taking into account the 
residual stress induced by each stages, from 
sintering to in-service sollicitations via sealing. 

 
Thermomechanical behaviour 

The chemical expansion is related to cations 
size variations or/and to the modification of the 
Coulomb repulsion between the defects induced by 
oxidation and reduction of the material. Various 
approaches to describe this phenomenon exist in the 
literature8-14.  The model proposed hereafter is an 
extension of that presented in ref 2,3,15. 

Chemical induced strain does not modify the 
elastic mechanical behaviour. Assuming the 
partition of small strains leads to write: 

 (1) 

Where  is the strain second rank tensor divided in 
three parts:  the thermal strain,  the elastic 
strain and  the chemical strain. In the rest of this 
paper, bold type refers to tensor, while normal type 
refers to scalar. Then, the stress – strain relationship 
is: :   (2) 

Where K is the four rank Hooke tensor and  the 
second rank stress tensor. The thermal strain tensor 
depends on temperature variation in a reversible 
way: 
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 (3) 

Where α is the coefficient of thermal expansion, T0 
a reference temperature and I  the second rank 
identity tensor. The thermal deformation 
corresponds here exclusively to the deformation 
caused by temperature variation at constant 
composition and without any phase change.  
 
Chemical expansion model 

The chemical strain is due to the oxydation state 
of the material. For a constant temperature, the 
oxydation state is drive by the oxygen partial  
pressure of the atmosphere, whereas at constant 
oxygen partial pressure the oxydation state is drive 
by the temperature. Indeed, the Gibbs law, and so 
the temperature, drive the stoichiometry of the 
defect equilibrium. But, the equilibrium with the 
surounding atmosphere impose the oxygen activity 
in the material, and so the defect stoichiometry too. 
Then, a macroscopic model of the chemical 
expansion behaviour should take into account the 
effect of temperature and oxygen partial pressure. 
Moreover, assuming an isotropic chemical strain, 
only the scalar expression which multiplies the 
second rank identity tensor needs to be defined. 

The first assumption of the proposed approach 
is the reversible dependence of the chemical strain 
with oxygen partial pressure variation. This 
assumption has been previously validated by 
isothermal expansion and XRD measurement under 
different atmosphere on different MIECs16. The 
second assumption is that, thanks to the admissible 
stoichimetry fluctuation in accordance to Gibbs 
rule, the temperature drives the range of the 
chemical expansion induced by the atmosphere 
change. Then, it leads to: ln  (4) 

The first term of (4) corresponds to the part of the 
chemical expansion induced by the atmosphere 
change, in agreement with the previously proposed 
expression15. In this term, β is the chemical 
expansion coefficient, PO2 the current oxygen 
partial pressure and Pref the oxygen partial pressure 
corresponding to chemical strain equal to zero (i.e. 
often equal to oxygen partial pressure of the 
sintering atmosphere). The second part, , 
represent the chemical strain induce by the 
temperature change. The latest term,  , is the 
maximum chemical strain amplitude which 
corresponds to the larger acceptable stoichiometry 
fluctuation for the considered material. 

In this step towards a complete macroscopic 
model, let us proposed a linear expression for the 
thermal effect on chemical expansion: 

 (5) 

Where αc is the thermal chemical expansion 
coefficient,  is the temperature of activation of 
this effect and  is the positive part of x.  

The identification of , , , requires 
cyclic thermal expansion test with atmosphere 
change between each cycles16. For LSFG, the 
obtained values are 2.5 10 ,2. 10 ,  500° ,  0.25%. Then, it is 
possible to plot the evolution of chemical strain 
versus oxygen partial pressure and temperature, like 
proposed on figure 1. 

 

 
Figure 1: Macroscopic model of the chemical strain 
 
Results predicted by this macrocscopic model 

can be compared to those of a model based on the 
defect equilibrium and identified for LSFG7. 
Figure 7 presents prediction of this second model, 
assuming that the equilibrium defect is never reach 
under 700°C, then, the strain is ”frozen” for lower 
temperature. It is worth nothing to underline that, 
without this assumption, a model based on the 
defect equilibrium will always predict no strain at 
room temperature because it coresponds to the 
thermodynamic equilibrium, that will be never 
reach. 

 
Figure 2: Microscopic model of the chemical strain 
 
Noting that the origin of strain is different on 

figure 1 and 2, it can be observed that the two 
predictions are in agreement. The average gap 
between the models is around 6% and locally it 
never exceeds 14 %. The defect based model better 
fit with strain estimate by XRD measurement of 
lattice parameter whereas the macroscopic model 
better fit with thermal expansion measurement.  For 
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the two models, the gap between associated 
experimental values does not exceed 5 %. 

The main differences are: the activation 
temperature; the total amplitude; the shape of the 
strain step. While the defect model considers solely 
the stoichiometry change in respect to defect 
equilibrium, the macroscopic approach 
encompasses all phenomena that can induce a 
stoichiometry change (e.g. diffusion). Indeed, for its 
identification, the macroscopic approach does not 
need to assume the equilibrium of defect but only 
the equilibrium of the oxygen activity and 
temperature between the material and the 
surrounding atmosphere. It may explain the 
difference in activation temperature. The maximal 
chemical strain is higher from the macroscopic 
measurement (i.e. thermal expansion) than that 
extrapolate from XRD measurement of the lattice 
parameter change. Same little scattering are 
observed for the thermal expansion, and it may be 
justified by the scale effect. The shape of the strain 
step predicted by the defect model is smoother than 
that of the macroscopic model because of the 
assumption of a linear thermal dependence. 
Obviously, this thermal dependence should be 
linked to the evolution of the equilibrium constant, 
and it is not truly linear. This point will be better 
treated in a close future. 
 
Semi-permeation model 

The oxygen bulk diffusion can be model using 
the Onsager principle, which leads to the local 
expression of the bulk density  of oxygen flux: ⁄ ln   (6) 

Where a is the oxygen activity, S0 the “intrinsic” 
oxygen diffusivity, Q the activation energy and R  
the ideal gas constant.  For LSFG, value of S0 
=100 m2.s-1 and Q=138 kJ have been estimated by 
inverse identification17. 

The surface exchange steps correspond to the 
adsorption and dissociation of the reacting gas 
molecule and the incorporation of the dissociated 
species. Considering equilibrium at surface between 
the oxidation and reduction rate, the oxygen surface 
flux  is described by the equation18: 

 ln   (7) 

Where k is the surface exchange coefficient. While 
in steady state the knowledge of the limited step is 
enough to determine the oxygen activity gradient in 
the membrane, in transient stage this gradient 
change with time and space depending on the ratio 
between surface and bulk kinetics. The 
dimensionless Biot number Bi can be used to 
characterized the bulk to surface exchange ratio:  

  (8) 

Where e is the thickness of the membrane and D the 
oxygen diffusivity at the considered temperature. A 
high Biot correspond to a bulk limited permeation 
while a low Biot corespond to a surface limited 
permeation. A Biot in the range around 0.6 to 10 
coresponds to mixed regime15. 
 
Numerical simulations 

The mechanical behaviour accounting for the 
chermical strain (4) has been implemented in the 
finite element code Abaqus thanks to the user 
subroutine UMAT. The bulk diffusion behaviour 
(7) has been also implemented in Abaqus using the 
apropriate user subroutine UMATHT. The surface 
exchange flux (7) has been implemented thanks to 
the user subroutine DFLUX. 

 
Figure 3: Thermal expansion under nitrogen for 

LSFG sintering under air. 

 
Figure 4: Thermal expansion under air for LSFG 

initially stabilized under nitrogen (starting point at 0.2% 
of strain at RT). 

 
Figure 3 and 4 show the comparison between 

experimental results of thermal expansion test 
under atmosphere and numerical prevision. The 
strain amplitude is quite good whereas the kinetic 
does not fit the curves. Kinetics seems too fast 
under air and too slow under nitrogen. It underlines 
that the simplified semi-permeation model used 
here need to be refined. However, considering only 
the case of stationary states, the chemical strain is 
quantitatively good. Then, it allows to use the 
model to estimate the mechanical stress induce by 
stoichiometry change in stationary state. 
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To illustrate the possibility offer by such 
macroscopic model, the case of a tubular membrane 
of LSFG, close at one end, has been study. After 
sintering, the membrane is sealed at its based. This 
process generates mechanical stress that can 
damage the tube. Then, the membrane is set in the 
methane reforming reactor to produce syngas. Feed 
air arrives inside, while methane flow is at the 
outside face. Before reach the steady production 
parameters in term of atmosphere and temperature, 
different intermediate state need to be passed. Then, 
after a reasonable production time, the reactor may 
need to be stopped. Each one of this stage may 
impact the stress field reach in the next stage and 
could damage the membrane. Then, all the 
solicitations have to be computed accounting for 
the cycle process. 

 
Figure 5: Evolution of dimensionless maximum 

principal stress at different localization along the 
membrane life. 

 
Figure 5 shows the evolution of the maximal 

principal stress at different localization in the 
membrane. The red line describes stress evolution 
near the sealment, the green one near the closure on 
the top and other colors corespond to intermediate 
level. Firstly, it is assumed that the membrane is 
stress free at the beginning of the cooling of the 
sealment under air. So, after cooling, the thermal 
expansion coefficient mismatch between LSFG, 
sealment material and steel, combine to the 
geometry of the sealment, produce a high stress 
close to the tensile strength. After being installed in 
the reactor, the start up process can begin. The 
heating up under neutral gas permit to relax stresses 
while switching to air on inner face and methane on 
outer face induce an increase of the mechanical 
solicitations, but stresses still being lower than after 
the sealing. Finally, for the example, the particular 
case of an inappropriate gas atmosphere 
management during the stop of the reactor is 
simulated and it is observed that it can produce the 
fracture of the membrane.  

 
Conclusions 

The macroscopic model briefly presented in this 
paper has been developed to study the effect of 
reactor design or management on mechanical 

reliability of the membrane. The temperature and 
the partial pressure have been deliberately choose 
as state variables because they can be “easily” 
measure and manage in service. The results show 
that, whereas the chemical expansion is well 
reproducing, the surface exchange needs to be 
refined. However, the model permit to quantify the 
mechanical stress in the membrane in steady-state 
service condition, accounting for geometry and 
mechanical design of each part of the reactor. Such 
macroscopic model dedicated to mechanical 
engineering of MIECs should give a help to the 
development of industrial application of these 
promising materials. 

 
References 
1. Pei S. et al., Catalysis Letters 30 (1995) 201–212.  
2. E. Blond and N. Richet, J. Eur. Ceram. Soc. 28 
(2008) 793-801 
3. O. Valentin et al., Comput. Mater. Sci., 46 (2009) 
912-920 
4. E. Juste et al.,  J. Memb. Sc., 319 (2008) 185-191 
5. A. Julian et al., J. Eur. Ceram. Soc. 29 (2009) 
2603-2610 
6. A. Vivet et al., J. Memb. Sc. 372 (2011) 373-379 
7. O. Valentin et al., Solid States Ionics in press 
(may 2011) 
8. V. V. Kharton et al., J. Eur. Ceram. Soc., 23 
(2003) 1417 
9. F. Boroomand et al., Solid State Ionics, 129 
(2000) 251 
10. A. Atkinson and T. M. G. M. Ramos. Solid 
State Ionics, 129 (2000) 259 
11. K. Garikipati et al., Journal of the Mechanics 
and Physics of Solids, 49 (2001) 1209 
12. N. Swaminathan and J. Qu. Fuel Cells, 7 (2007) 
453 
13. R. Krishnamurthy and B. W. Sheldon. Acta 
Mater., 52 (2004) 1807 
14. S. B. Adler. J. Am. Ceram. Soc., 84 (2001) 2117 
15. O. Valentin et al, Advances in Science and 
technology, 65 (2010) 232-237 
16. O. Valentin, Modélisation thermo-chimio-
mécanique des conducteurs mixtes 
Application à la production de H2/CO, Ph. D. 
thesis, 2010 (in french) 
17. O. Valentin et al, 12th ECerS, Cracow, Pologne, 
2009,CD- ISBN 978-83-60958-54-4 
18. H.J.M. Bouwmeester et al., Solid state ionics, 
72(2):185–194, 1994. 

0.00 0.20 0.40 0.60 0.80 1.00

0.00

0.25

0.50

0.75

1.00

1.25

1.50

(P)

580°C

D
im

en
si

on
le

ss
 m

ax
im

um
 p

ri
nc

ip
al

 s
tr

es
s

Dimensionless time

   Tensile strength

0

100

200

300

400

500

600

700

800

900

1000
 T

em
pe

ra
tu

re
 [°

C
]


