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SPIEGELUNGSSATZ: A COMBINATORIAL PROOF FOR THE
4-RANK

LAURENT HABSIEGER AND EMMANUEL ROYER

ApsTtrACT. The Spiegelungssatz is an inequality between the 4-ranks
of the narrow ideal class groups of the quadratic fields Q(v/D) and
Q(v/—D). We provide a combinatorial proof of this inequality. Our in-
terpretation gives an affine system of equations that allows to describe
precisely some equality cases.
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o INTRODUCTION

§ Let K be a quadratic field. Let Zx be the multiplicative group of frac-
= tional nonzero ideals of the ring of integers of K and Pk be the subgroup
=

of principal fractional ideals. We consider the subgroup PUJE of Pk, whose
elements are the ones generated by an element with positive norm. The
narrow class group CQ of K is the quotient Zk /PH‘E. If K is imaginary,

this is the usual class group Clx = Zx /Py whereas if K is real, the group
Clx is a quotient of Clj,. We have C{j, = Clk if and only if the funda-
mental unit of K has norm —1. Otherwise, the cardinalities of these two
groups differ by a factor 2. For more details about the relations between
Clk and Cﬂ& we refer to [FK10a, Section 3.1]. The narrow class-group
being finite, we can define its p*-rank for any power of a prime number

p* by
k—1
(Clx

P
Rank,« (K) := dimg, ) /(Ce&)pk .
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In other words, Rankpk([K) is the number of elementary divisors of C(’,ﬁ&
divisible by pk.

If K= Q(VA), the reflection of K is the quadratic field K* := Q(v/—A).
Assume that K is totally real, in [DP70, Théoremes I11.9 and I11.10], Damey
& Payan proved the following inequality (the so called Spiegelungssatz
for the 4-rank, see [Leo58]):

Ranky(K) < Ranky(K*) < Rankg(K) + 1.

In this article, we provide a combinatorial proof of this Spiegelungssatz
using expressions involving character sums due to Fouvry & Kluners
[FKO7]. The letter D will always denote a positive, odd, squarefree integer.

Let dk be the discriminant of the real quadratic field K and df be the
discriminant of the imaginary quadratic field K*. The usual computation
of the discriminant allows to consider three families of quadratic fields.
This families are described table 1.

[dx [T (mod 4) [0 (mod 8) [ 4 (mod 8) |

dk D 8D 4D

daf —4D —8D -D

dﬁ; 4 (mod 8) | 0 (mod 8) | 1 (mod 4)

D || 1 (mod 4) —1 (mod 4)

K| QvD) | Q(v2D) Q(VD)
TaBLE 1. Link between D, dkx and their reflections.

We introduce for any integers u and v coprime with D the cardinality
Ep(u,v) =#(a,b) e N>: D=ab,ua=0 (modb),vb=0 (mod a)}

where x = [0 (mod y) means that x is the square of an integer modulo y.
Using table 1, we find in [FKO7] (where what the authors note D is what
we note dk or df};) the following expressions for the 4-rank of K and K*.

1) If dx =1 (mod 4), then
gRanks(K) _ %5]3(_1’ 1)
[FKO7, Lemma 27] and
gRanks () _ % (Ep(L,1) + &p(2,2))

[FKO7, Lemma 40] with D =1 (mod 4).
2) If dx =0 (mod 8), then

1
gRank (K] _ 3 (Ep(—2,1) + &p(—1,2))
[FKO7, Lemma 38] and
gRanks() — g1, (2,1)

[FKO7, Lemma 33].
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3) If dx =4 (mod 8), then
1
gRentlit) = o (Ep(—1,1) + €p(-2,2)

[FKO7, Lemma 42] and

1
2Rank4(IK#) — EED (1) 1)

[FKO7, Lemma 16] with D = 3 (mod 4).

Remark-- These expressions of 2Ranka(K) gnq 9Ranks(K*) either have one
term or are a sum of two terms. In case they have one term, it can not
be zero and this term is a power of 2. In case they are sum of two terms,
we will show that each of these terms is either zero or a power of two ;
then considering the solutions of the equation 2% = 2° 4 2¢, we see that
either one term (and only one) is zero or the two terms are equal.

To prove Damey & Payan Spiegelungssatz, we have then to prove the
three following inequalities.
1) If D=1 (mod 4) then

@ éo(—L1) < &p(L,1) +&p(2,2) < 286p(—1,1).
2) For any D,

2) Ep(—2,1) + Ep(—1,2) < 26p(2,1) < 28p(—2,1) + 2Ep(—1,2).
3) If D=3 (mod 4) then

3) Eo(—L, 1) +Ep(—2,2) < &p(1,1) < 28p(—1,1) + 2Ep(—2,2).

In section 1, we establish a formula for £p(u,Vv) involving Jacobi char-
acters. We average this formula over a group of order 8 generated by
three permutations. We deduce properties for Ep(u,v) from this formula.
In section 2, we give an interpretation of £p(u,v) in terms of the cardi-
nality of an affine space. In particular, this shows that &p(u,v) is either
0 or a power of 2. Finally, in section 3, we combine the character sum
interpretation with the affine interpretation to deduce the Spiegelungssatz.
We also prove the equality cases found by Uehara [Ueh89, Theorem 2]
and give a new one.

1. A CHARACTER SUM

Denote by (%) the Jacobi symbol of m and n, for any coprime odd
integers m and n. The letter p will always denote a prime number. For
any integers s, t, u and v coprime with D, we introduce the sum

ot = LTI(G) = (F)IG) (7)),

pla
We have

s E 1o ()T () <o

ab=D p|b pla
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This last sum is nonnegative and related to our problem by the easy
equality

) Ep(u,v) =27 PIsp (u,v)

where w(D) stands for the number of prime divisors of D. The aim of
this section is to establish some properties of op.
We note the symmetry relation

0_D(S> t, LL,V) = 0D (ta S,V u)
which gives Sp(u,v) = Sp(v,u). The factorisation

o o= (G (D0 CENII ()

plb pla
implies the upper bound

(6) |GD(Sat’uaV)| < SD(Su) tV).
Finally, we shall use the elementary formula
(7) 2(_1)xy+yz+zx — (_l)x + (_Uy + (_1)2 - (_l)x+y+z

valid for any integers x,y and z.
We introduce the element 3(n) € Fy by

<__1> = (—1)B(MJ,
n

If m and n are coprime, the multiplicativity of the Jacobi symbol gives
B(m)+ B(n) = B(mn). With this notation the quadratic reciprocity law
reads

®) <%><%>_@4wmmm.

We shall combine (7) and (8) to get the linearisation formula

()G EEE)0-E)E)(F)-(5)

Lemma 1- For any integers s,t,u,v coprime with D, the following equality

s = 0P () (2)(5) (5) (3) ()

holds.

Proof. By bimultiplicativity of the Jacobi symbol, equation (5) gives

= () ()5 (35)5.(2)

ab=D cla

By the change of variables (a,b,c,d) = («xy, $8,v,0), we get

o= £ GGG EEE )

and we conclude using the quadratic reciprocity law (8) to (%) (g) O
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To build symmetry, we average the formula in lemma 1 over an order 8
group, namely the group generated by three permutations: the permutation
(a,d), the permutation (b,c) and the permutation ((a,b),(d,c)). The

quadratic reciprocity law allows to factorise the term (—1)Ple)B(d) (a) (b)

in every transformed sum and then to see u and v as describing the action
of each permutation.

Proposition 2- For any integers s,t,u,v coprime with D, the following
equality

holds.

Proof. From lemma 1 follows

_ Cpplesi@ (&) (B) (1w (v
©) Sp(,v) —abg_D( Y <d> <c> <d> <c>

We permute a and d and use the quadratic reciprocity law (8) to obtain

- _pypep@ (@) (B (w) (v
So(w,v) _abg—D( D <d> <C> <a> <C>

« (—1)Ble)B(a)+B(a)B(a)+B(a)Ble),

Formula (7) gives

10) 28p(u,v) = Y (—1)PRW (%) (E) (E) (g)
abcd=D
() () (7))
a c d acd/) )’
Similary, we permute b and c, then use the quadratic reciprocity law (8)
and formula (7) to get

(1) 28p(u,v) Zag_D(‘”ﬁ(C)ﬁ(d)< ><_> <%>< >
(&)-F) (7))
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Finally, we permute (a,b) and (b, c), apply twice the quadratic reciprocity
law (8) to get

o= 2 () () ()0

x (—1)P(cIB(d)+B(b)Ba)+Ba)B(d)+B(bIB(c)

Since B(c)B(d) + B(b)B(a) + B(a)B(d) + B(b)B(c) = Blac)B(bd), using

formula (7) with z =0 we get

3 _Bes@ (2 (B (u) (v
o - 5 e () (2) (0

(1o (22 (=) o (=
ac bd D ’
We obtain the result by adding twice (9) with the sum of (10), (11) and (12).
O

When two expressions are equivalent under the action of the symmetry
group, we get an identity. We give two such formulas in the next two
corollaries.

Corollary 3- If D =1 (mod 4) then Sp(—1,1) = Sp(1,1).

Proof. For any D, we obtain from proposition 2 the formula

13) 8(Sp(L,1)=Sp(-L1)= ) (~1PCP <9) <9)><

d c
abcd=D
—1 —1 —1
(- (5)) 0+ () 0+ ()
This gives the result since (5) =1if D =1 (mod 4). O

Corollary 4- If D =3 (mod 4) then Sp(1,1) = 2Sp(—1,1).
Proof. For any D, proposition 2 gives

c a b —1 —1
Bsoll, -1 = 3 0P (9 (2) o () +2(57)+

abcd=D

(@) () () (%) - (@) - (@) - @)l

Thanks to (13), we deduce for any D the equality

—8(Sp(1,1) = Sp(~1,1) = Sp(1,-1)) = Y (~1)FIR <9> <9> X

abcd=D

() () (@) (5 () () (5))
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It follows that

—8(Sp(L,1) = Sp(~1,1) =Sp(l,-1)) = Y (=1)PPY <9> (9> X

d c
abcd=D
1+ __1 1+ __1 + __1 + __1
D c d ac '
This finishes the proof since (5) = —1if D =3 (mod 4). O

Finally, after having dealt with equalities, we shall need the following
inequalities.

Lemma 5- For any D, for any u coprime with D, the following inequalities
Sp(w,1) < Sp(—u,1) + Sp(u,—1) < 2Sp(u,1)
hold.

Proof. We prove first the inequality
(14) Sp(—u,1) + Sp(u,—1) < 2Sp(u,1).
With proposition 2, we write
) (5
c

(%)
2 (3) (14 (3 + <;>+<;;>>
A () () () (5 2
() (G (=) -G
T - S ST

8(Sp(—w,1) + Sp(u,—1)) =2 (Sp(u,1) + Sp(u, —1) + Sp(—u, 1))
+2(op(=1,1,—u,1) + op(l,u,1,1) + op (1, —u,1,-1))

N <1_ <__1>> (0n(1,—u,1,1) + op(—1,1u,1,1))

X

B(5o(-w 1+ Sofu, 1) = 3 (1) (

oy

:l‘|

D
+ <1+ (g)) (00 (1,1, 1,~1) + op (1, 1, 1, 1)

Since 1— (7)) and 14 (3) are nonnegative, the upper bound (6) gives
8 (Sp(—u,1) + Sp(u,—1)) < 4(25p(u,1) + Sp(uw,—1) + Sp(—u, 1))

hence (14). We prove next the inequality

16) Sp(u,1) < Sp(—u,1) + Sp(u,—1).



hal-00565894, version 2 - 27 Apr 2011

8 LAURENT HABSIEGER AND EMMANUEL ROYER

As for (14), we use equation (15), proposition 2, equation (9) and lemma 1
to get

8Sp(u,1) =2Sp(u,1) + Sp(u,—1) + Sp(—u, 1)
+ UD(la —u, 1) 1) + 0p (1,LL, 1) _1) + GD(la u, _1> 1) + 0D (_la la u, 1)

+ <1-|— <%1>> (TD(I,—LL, 1, —1) + <1— <%1>> GD(l)u) 1)1)

N (%) (0p(~1,1,1,1) + op (1, —1,1,1)).

Then (6) leads to
85p(u,1) <4(Sp(w,1) +Sp(u,—1) + Sp(—u,1))
hence (16). O

2. AN AFFINE INTERPRETATION

We write p; < -+ < py() for the prime divisors of D and define a
bijection between the set of divisors a of D and the set of sequences

. D
(xt)i<i<w(D) N [FEU( " by
1 ifpila
Xi = .
0 otherwise.

Let a and b satisfy D = ab and u and v two integers coprime with D.
We extend the notation of the previous section writing

<%> — (_1)06(a,b) — (_l)ﬁa(b)

with «(a,b) = B4(b) € Fy. The condition that vb is a square modulo a is

equivalent to <"T}’> =1 for any prime divisor p of a, that is

() IL )=

for any i such that x; = 1. With our notation, this gives

j:x;=0

\V/i,, xi = 1 — (_1)ﬁv(pl)(_1)ZJ xj=0 oc(Pj»Pi) _ 1'
We rewrite it
Vi, xp = 1= (_1)f5v(m)(_1)Z]~¢i(1*Xj)0¢(Pj,Pi) 1

and so
17) VA, xiBv(pi) + Z xi(1—xj)ee(pj, pi) = 0.
j#
Similary, the condition that ua is a square modulo b is equivalent to
(18) Vi, (1—=x)Bul(pi) + ) (1—xi)xjee(pj, pi) = O.

j#
Since x; is either O or 1, equations (17) et (18) are equivalent to their sum.
We deduce the following lemma.
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Lemma 6- The cardinality £p(u,v) is the cardinality of the affine space
. w(D) .
Fp(u,v) in F, " of equations

Bul(pi) + Bu(ps) + ) a&lpj,pi) | xi+ Y alpjpi)x; = Bulpi)
A j#
forallie{l,...,w(D)}

Remark-- In particular, lemma 6 shows that £p(u,v) if not zero is a power
of 2, the power being the dimension of the direction of Fp(u,v). This is
not a priori obvious.

Remark-- This interpretation slightly differs from the one found by Re-
dei [Red34, Ger84]. The matrix with coefficients in [F9 associated to our
affine space is (aij)i<ij<w(D) With

«(pj, i) fi7j

i =\ Bulpi) + Bu(pi) + ) xlpe,pi)  iFi=]j
(A

whereas the matrix considered by Redei is (aij)i<ij<w(p) With
«(pj, pi) ifi#]j

@G = w(D)+1+ ) alpyp) ifi=j.
04

Corollary 7- For any D, we have Sp(1,1) # 0 and, either Sp(2,2) =0 or
Sp(2,2) = Sp(1,1).

Proof. The affine space Fp(2,2) has equations

Z o(pjy pi) | xi + Z o(pj, Pi)x; = Ba2(pi)
j#L j#

for all i € {1,...,w(D)}. The affine space Fp(1,1) has equations

Z o(pj, pi) | xi + Z o(pj, pi)x; =0

jA jA
for all i € {1,...,w(D)}. Hence, both spaces have the same direction, and
same dimension. The space Fp(1,1) is not empty: it contains (1,...,1).

Its cardinality is then 2dime, Fo(LU - The affine space Fp(2,2) might be
empty and, if it is not, then its cardinality is 24mF; 7p(22) — gdims, Fo(L1),
It follows that £p(1,1) # 0 and, either £p(2,2) =0 or Ep(2,2) = Ep(1,1).
We finish the proof thanks to (4). O

=0

Corollary 8- For any D, we have Sp(—1,1) # 0 and, either Sp(—2,2)
or Sp(—2,2) = Sp(—1,1).
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Proof. Since B_2(pi) + B2(pi) = B-1(pi), the affine space Fp(—2,2) has
equations
B_1(pi) + Z o(pjy pi) | xi + Z o(pj, Pi)x; = B-2(pi)
i# i#
for all i € {1,...,w(D)}. The affine space Fp(—1,1) has equations

B-1(pi) + Z o(pj, pi) | i+ Z o(pj, Pi)x; = B-1(pi)

j# j#
for all i € {1,...,w(D)}. Hence, both spaces have the same direction, and
same dimension. The space Fp(—1,1) is not empty: it contains (1,...,1).
It follows that &p(—1,1) # 0 and, either &p(—2,2) = 0 or &p(—2,2) =
Ep(—1,1). We finish the proof thanks to (4). O

3. DAMEY-PAYAN SPIEGELUNGSSATZ

3.1. Proof of the Spiegelungssatz. We have to prove (1), (2) and (3).
Consider the case dx =1 (mod 4). Recall that D = dk. Thanks to (4),
equation (1) is

Sp(—=1,1) < Sp(1,1) +Sp(2,2) < 2Sp(—1,1)

for any D =1 (mod 4). By corollary 3, this inequality is equivalent to
Sp(2,2) < Sp(1,1) and this last inequality is implied by corollary 7.

Consider the case dx = 0 (mod 8). Recall that D = dkx/8. Thanks
to (4), equation (2) is

Sp(2,1) < Sp(—2,1) +Sp(2,—-1) < 25p(2,1)
for any D. This is implied by lemma 5 with u = 2.

Finally, consider the case dx = 4 (mod 8). Recall that D = dyk/4.
Thanks to (4), equation (3) is

Sp(=L1) 4+ Sp(=2,2) < Sp(L,1) < 2Sp(—1,1) + 25p(—2,2)

for any D = 3 (mod 4). By corollary 4, this inequality is equivalent to
Sp(—2,2) < Sp(—1,1) and this last inequality is implied by corollary 8.

3.2. Some equality cases. It is clear from our previous computations
that

e if dk =1 (mod 4) then

Rank4([K) if 5]3 (2, 2) =0

Ranky(K*) = .
Rank4(K) +1 otherwise;

e if dk =4 (mod 8) then

Ranky(K) +1 if &p(—2,2) =0

Ranky4(K*) =
4(K7) {Rank4([l<) otherwise.
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We do not have such clear criterium in the case dx = 0 (mod 8). The
reason is that our study of the cases dxk =1 (mod 4) and dx =4 (mod 8)
rests on equalities (corollaries 3, 4, 7 and 8) whereas, our study of the
case dx = 0 (mod 8) rests on inequalities (lemma 5 and mainly equa-
tion (6)). We study more explicitely special cases in proving the following
proposition due to Uehara [Ueh89, Theorem 2] (the case ¢ seems to be
new).

Theorem 9- Let K be a real quadratic field of discriminant dx and D be
described in table 1. Suppose that every prime divisors of D is congruent
to +1 modulo 8. Then

a) If dx =1 (mod 4), then Rank,(K*) = Ranky(K) + 1.

b) If dxk = 0 (mod 8) and D = —1 (mod 4), then Rank4(K*) = Ranky(K)+

1
c) If dk =0 (mod 8) and D =1 (mod 4), then Rank,(K*) = Rank4(K).
d) If dx =4 (mod 8), then Rank4(K) = Ranky(K*).

Proof. Since every prime divisors of D is congruent to +1 modulo 8, we
have 2(pi) = 0 for any i.

e If dx =1 (mod 4), then D =1 (mod 4). By lemma 6, we know
that £p(2,2) is the cardinality of an affine space having equations

D alp;,plxi+x) =0 (1<i<w(D))
j#
hence it is non zero (x; =1 for any i gives a solution).
e If dx =0 (mod 8), then

gRank, (K*)—Ranky(K) _ 28p(2,1)
ED(_Z) 1) + gD(_l) 2)

Since B_2(pi) = B_1(pi) for any i, lemma 6 shows that &p(—2,1) =
Ep(—1,2) = Ep(—1,1). Lemma 6 also shows that Ep(2,1) = Ep(1,1),
hence

2Rank4(|K#)—Rank4(|K) _ SD(l)l) )
én(—1,1)

If D= —1 (mod 4), corollary 4 implies that

2Rank4(|K#)—Rank4(|K) -9

whereas, if D =1 (mod 4), corollary 3 implies that
2Rank4([K#)fRank4([K) —1

e If dx =4 (mod 8), then D = —1 (mod 4). By lemma 6, we know
that Ep(—2,2) is the cardinality of an affine space having equations

B1(pi)xi + Z o(pj, pi)(xi +%5) = B_1lpi) (1<i<w(D))
j#L

hence it is non zero (x; =1 for any i gives a solution).
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Remark-- Probabilistic results have been given by Gerth[Ger01] and, for a
more natural probability by Fouvry & Kluners in [FK10b]. Among other
results, Fouvry & Kluners prove that

i #{dx € D(X): Ranky(K*) = s|Ranks(K) =1}
X too #D(X)

1-271 ifr=s
=¢2 1 ifr=s—1
0 otherwise.

where D(X) is the set of fundamental discriminants in 0, X].
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