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Abstract

In this article, we develop a new approach to functional quantization, which consists in discretiz-
ing only the first Karhunen-Loéve coordinates of a continuous Gaussian semimartingale X. Using
filtration enlargement techniques, we prove that the conditional distribution of X knowing its first
Karhunen-Loeéve coordinates is a Gaussian semimartingale with respect to its natural filtration.

This allows to define the partial quantization of a solution of a stochastic differential equation
with respect to X by simply plugging the partial functional quantization of X in the SDE.

Then, we provide an upper bound of the LP-partial quantization error for the solution of SDE
involving the LPT¢-partial quantization error for X, for ¢ > 0. The a.s. convergence is also investi-
gated.

Incidentally, we show that the conditional distribution of a Gaussian semimartingale X knowing
that it stands in some given Voronoi cell of its functional quantization is a (non-Gaussian) semi-
martingale. As a consequence, the functional stratification method developed in [6], amounted in
the case of solutions of SDE to use the Euler scheme of these SDE in each Voronoi cell.
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Introduction

Let (2, A,P) be a probability space, and E a reflexive separable Banach space. The norm on FE is
denoted | - |. The quantization of a E-valued random variable X consists in its approximation by a
random variable Y taking finitely many values. The resulting error of this discretization is measured by
the LP norm of | X — Y. If we settle to a fixed maximum cardinal for Y (Q), the minimization of the
error comes to the following minimization problem:

min {[||X — V|| ,Y : @ = B measurable , card(Y (?)) < N} . (1)

A solution of (1) is an optimal quantizer of X. This problem, initially investigated as a signal discretiza-
tion method [9] has then been introduced in numerical probability, to devise cubature methods [21] or
solving multi-dimensional stochastic control problems [3]. Since the early 2000’s, the infinite dimensional
setting has been extensively investigated from both constructive numerical and theoretical viewpoints
with a special attention paid to functional quantization, especially in the quadratic case [16] but also
in some other Banach spaces [27]. Stochastic processes are viewed as random variables taking values in
their path spaces such as L2. := L%([0, T, dt).

We now assume that X is a bi-measurable stochastic process on [0, T'] verifying fOT E [|Xt|2] dt < 400,
so that this can be viewed as a random variable valued in the separable Hilbert space L%([0,7T]). We
assume that its covariance function I'’* is continuous. In the seminal article on Gaussian functional
quantization [16], it is shown that in the centered Gaussian case, linear subspaces U of L*([0,77]) spanned
by L2-optimal quantizers correspond to principal components of X, in other words, are spanned by the
first eigenvectors of the covariance operator of X. Thus, the quadratic optimal quantization of Gaussian
processes consists in exploiting its Karhunen-Loeve decomposition (e:X, A:X),>1.

If Y is a quadratic N-optimal quantizer of the Gaussian process X and dX(N) is the dimension of
the subspace of L?([0,7T]) spanned by Y (2), the quadratic quantization error £y (X) verifies

EX(X) = Z S+ EY <é/\f(0,)\j()> for m > d~ (N). (2)

j>m+1
ENX)< >0 A+ (@N(O,Af)) for 1 <m < dX(N). (3)
j>m+1 j=1

To perform optimal quantization, the decomposition is first truncated at a fixed order m and then the
R™-valued Gaussian vector constituted of the m first coordinates of the process on its Karhunen-Loeve
decomposition is quantized. To reach optimality, we have to determine the optimal rank of truncation
dX (N) (the quantization dimension) and the optimal d*X (N)-dimensional quantizer corresponding to the

X
(N
first coordinates @ N (0, )\JX ) Usual examples of such processes are the standard Brownian motion on
2

[0, T], the Brownian bridge on [0, T], Ornstein-Uhlenbeck processes and the fractional Brownian motion.
In Figure 1, we display the quadratic optimal N—quantizer of the fractional Brownian motion on [0, 1]
with Hurst exponent h = 0.25 and N = 20.
dX (N
Another possibility is to use a product quantization of the distribution & N(0, /\f ). The product
=1

J
quantization is the Cartesian product of the optimal quadratic quantizers of the standard one-dimensional

Gaussian distributions NV'(0, A\X )i<i<ax(n)- In the case of independent marginals, this yields a stationary
quantizer, i.e. a quantizer Y of X which satisfies E[X|Y] = Y. This property, shared with optimal
quantizers, makes us reach an order in the convergence rate of cubature rules based on quantization.
One advantage of this setting is that the one-dimensional Gaussian quantization is a fast procedure.
In [22], deterministic optimization methods (as Newton-Raphson) are shown to converge rapidly to the
unique optimal quantizer of the one-dimensional Gaussian distribution. Moreover, a sharply optimized
database of quantizers of standard univariate and multivariate Gaussian distributions is available on the
web site www.quantize.maths-fi.com [24] for download. Still, we have to determine the quantization
size on each direction to obtain optimal product quantization. In this case, the minimization of the
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Figure 1: Quadratic N-optimal quantizer of the fractional Brownian motion on [0, 1] with Hurst’s pa-
rameter h = 0.25 and N = 20. The quantization dimension is 3.

distortion (2) comes to:

d
min ¢ > EX (NOA)) + Y A Nix-o x Ng<N,d>15. (4)
j=1 §>d+1

In [16], the rate of convergence to zero of the quantization error is investigated. A complete solution
is provided for the case of Gaussian processes under rather general conditions on the eigenvalues of
the covariance operator. Rates of convergence are available for the above cited examples of Gaussian
processes. The asymptotics of the quantization dimension d* (N) is investigated in [17, 19].

From a constructive viewpoint, the numerical computation of the optimal quantization or the op-
timal product quantization requires a numerical evaluation of the Karhunen-Loeéve eigenfunctions and
eigenvalues, at least the very first terms. (As seen in [16, 17, 19], under rather general conditions on its
eigenvalues, the quantization dimension of a Gaussian process increases asymptotically as the logarithm
of the size of the quantizer. Hence it is most likely that it is small. For instance, the quantization
dimension of the Brownian motion with N = 10000 is 9.) The Karhunen-Loeve decomposition of several
usual Gaussian processes have a closed-form expression. It is the case of the standard Brownian motion,
the Brownian bridge and Ornstein-Uhlenbeck processes. (The case of Ornstein-Uhlenbeck processes is
derived in [6], in the general setting of an arbitrary initial variance op. A pseudo-algorithm for the
computation of wy is also provided. ) Another example of explicit Karhunen-Loeéve expansion is derived
in [7] by Deheuvels and Martynov.

In the general case, no closed form expression of the Karhunen-Loéve expansion is available. For
instance, the Karhunen-Loeve expansion of the fractional Brownian motion is not known. To fulfill the
requirement of a numerical evaluation of those functions, it is possible to use numerical methods related
to integral equations to solve the eigenvalue problem that defines the Karhunen-Loéve expansion. A
review of these methods is available in [2]. In [5], the so-called ”Nystrom method” is used to compute
the first terms of the Karhunen-Loeve decomposition of the fractional Brownian motion for its optimal
functional quantization.

An application of the quantization of a Gaussian process X, is to perform a quantization of the
solution of a SDE with respect X, when a stochastic integration with respect to X can be defined. In
the following, we will assume that X is a continuous Gaussian semimartingale on [0,7]. The Brownian
motion, the Brownian bridge and Ornstein-Uhlenbeck processes are semimartingales, but the fractional
Brownian motion with Hurst exponent h # % is not. We can obtain a stationary quantizer of the
diffusion by inserting the quantizer of the Gaussian process in the diffusion equation written in the
Stratonovich sense. In [25], Pages and Sellami proved the a.s. convergence of this quantization when the
quantizer size goes to infinity. The rate of convergence is also investigated. This work is mostly specific
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to the Brownian motion but main results remain valid for continuous semimartingales which satisfy the
Kolmogorov criterion as the Brownian bridge and Ornstein-Uhlenbeck processes.

1 Quantization based cubature and related inequalities

The idea of quantization-based cubature method is to approach the probability distribution of the random
variable X by the distribution of a quantizer Y of X. As Y is a discrete random variable, we can write

N
Py = ;piéyi. If F: E — R is a Borel functional,

E[F(Y)] = ZPiF(yi)- (5)

Hence, if we have access to the weighed discrete distribution (y;,p;)i1<i<n of Y, we are able to compute
the sum (5). Now, we review some error bounds that can be derived when approaching E[F(X))] by the
quantity (5). See [23] for more details on error bounds.

1. If X € L?, Y a quantizer of X of size N and F is Lipschitz-continuous, then
IE[F(X)] = E[F(Y)]] < [Flripll X = Y|2. (6)
In particular, if (Yn)n>1 @S a sequence of quantizers such that Nlim IX — Yn|l2 = 0, then the
- —00

N
distribution pNo,.N of Yn converges weakly to the distribution Px of X as N — oo.
i=1 i

This first error bound is a straightforward consequence of |F(X) — F(Y)| < [Fluip| X = Y.

2. If Y is a stationary quantizer of X, i.e. Y = E[X|Y], and F is differentiable with and «-Hélder
differential DF (« € (0,1]), then

E[F(X)] - E[F(YV)]| < [DFla]| X = Y| (7)

In the particular case where F has a Lipschitz-continuous derivative (o = 1), we have. [DFy] =
DFyp,. For example, if F is twice differentiable and D*F is bounded, then DFp;;, = 1| D?*F||oo.

This particular inequality comes from the Taylor expansion of F' around X and the stationarity of Y.

3. If F is a convex functional and Y is a stationary quantizer of X,

E[F(Y)] < E[F(X)]. (8)

This inequality is a straightforward consequence of the stationarity property and Jensen’s inequality.

E[F(Y)] = E[F(E[X|Y])] < E[E[F(X)[Y]] = E[F(X)].

2 Functional quantization and generalized bridges

2.1 Generalized bridges

Let (X¢)tejo,r] be a continuous centered Gaussian semimartingale starting from 0 on (£2,.A,P) with

respect to a filtration F = (F¢)¢cjo,77- Fernique’s theorem ensures that fOT E [X?] dt < 400 (see Janson
12))

We aim here to compute the conditioning with respect to a finite family Zr := (Z%);cr of Gaussian
random variables, which are measurable with respect to o(X¢,t € [0,7]). (I C N is a finite subset of
N*.) As Alili in [1] we settle to the case where (Z%);c; are the terminal values of processes of the form

7t = fg fi(s)dXs, i € I, for some given finite set f = (fi)ies of L2 ([0,T]) functions. The generalized

loc
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bridge for (X¢)¢ecjo,r) corresponding to f with end-point Z = (z;);es is the process (X?*E>te[0 - which
has the distribution . ' ,
X2 L(X|Z = z,i€]). (9)

For example, in the case where X is a standard Brownian motion with |I| = 1, f = {f} and f = 1, this
is the Brownian bridge on [0,T]. If X is an Ornstein-Uhlenbeck process this is an Ornstein-Uhlenbeck
bridge.

Let H be the Gaussian Hilbert space spanned by (X )ge[o,7] and H_ the closed subspace of H spanned
by (Z%)icr. We denote H% its orthogonal complement in H. Any Gaussian random variable G of
T

1
H can be orthogonally decomposed in G = ProjET(G)—i— Proj%T(G), where Projz = and Proj%T are
the orthogonal projections on Hy —and H%-T. (Proj%T = Idyg — ProjET). Within these notations,

£ [G|(Z1)rer] = Projy, (G).
Other definitions of generalized bridges exist in the literature, see e.g. [20].

2.2 The case of the Karhunen-Loéve basis

As X is a continuous Gaussian process, it has a continuous covariance function (See [12, VIIL.3]). We
denote (eX, \X);>1 its Karhunen-Logve eigensystem. Thus, if we define function f;X as the primitive of

—eX which vanishes at t = T, i.e. fX(t) = ["

: ) eX(s)ds, an integration by parts yields

T T
/ X.eX(s)ds = / 5 (s)dXs. (10)
0 0

In other words, with the notations of Section 2.1, we have Y; := fOT Xse;-x (s)ds = Z%.

For some finite subset I C N*, we denote X'¥ and call K-L generalized bridge the generalized bridge
associated with functions (f{¥);e; and with end-point § = (y;)ic;. This process has the distribution
L(X|Y; =y, i€]).

In this case, the Karhunen-Loeve expansion gives the decomposition

X = ZYier T Z \/?&65(, (11)

i€l 1€N*\T
———
:Pro_]ET (X) :Proj% (X)
T

where (&;);en+\7 are independent standard Gaussian random variables. This gives us the projections
Projz and Proj%T defined in Section 2.1. It follows from (11) that a K-L generalized bridge is centered
on E[X|Y; = y;,4 € I] and has the covariance function

XY (5,1) = cov(Xe, Xi) = Y A e (s)e (1), (12)
il
We have [} TXW (t,t)dt = 32 AX.
ieNF\1
Moreover, thanks to decomposition (11), if X7 is a K-L generalized bridge associated with X with
terminal values § = (y;)ic1, it has the same probability distribution as the process

T

Zyie;-x(t) + X — Z </ Xseix(s)ds) e (t).
i€l iel \Y0

This process is then the sum of a semimartingale and a non-adapted finite-variation process.

Let us stress out the fact that the second term in the left-hand side of (11) is the corresponding K-L

generalized bridge with end-point 0, i.e. Proj%T = X0,

In [6], an algorithm is proposed to exactly simulate marginals of a K-L generalized bridge with a linear

additional cost to a prior simulation of (X, -, Xy, ), for some subdivision 0 = tg < t; < -+, =T

of [0,T]. This was used for variance reduction issues. Note that the algorithm is easily extended to the

case of (non-K-L) generalized bridges.
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2.3 Generalized bridges as semimartingales

For a random variable L, we denote P [-|L] the conditional probability knowing L. We keep the notations
and assumptions of previous sections. (X is a continuous Gaussian semimartingale starting from 0.)

We consider a finite set I C {1,2,---} and (f;)ies a set of bounded measurable functions. Let X/¥ be
the generalized bridge associated with X with end-point ¥ = (y;)ics. Fori € I, Z} = fo fi(s)dXs and
Zy = (Z})ier-

Jirina’s theorem ensures the existence of a transition kernel

VZr|(X)iepo.a) B(RI) x C° ([0, 8], R) — Ry,

corresponding to the conditional distribution £ (Z¢|((X¢)iepo,s]))-
We now make the additional assumption () that, for every s € [0,T) and for every (wy)uejo,s] €
C° ([0, s], R), the probability measure V72| (X0)rei0.0) (dy, (wu)ue[o,s]) is absolutely continuous with re-

spect to the Lebesgue measure. We denote II(, ), oo, T 1t8 density. The covariance matrix of this
Gaussian distribution on R! writes

Q(s,T):=E [(ZT —E rT’ w)uelo, S]D (7T —-E [7T’(Xu)ue[o,s]])* (Xu)ue[o,s]} .

If X is a martingale, we have Q(s,T) ((f filu V(X )y )) ners We recall in mind that a

@,
continuous centered semimartingale X is Gaussian 1f and only i (X ) is deterministic (see e.g. [26]).
Hence, this additional hypothesis is equivalent to assume that

Q(s,T) is invertible for every s € [0,T). (H)

The following theorem follows from the same approach as the homologue result in the article of Alili [1]
for the Brownian case. It is generalized to the case of a continuous centered Gaussian semimartingale
starting from 0.

Theorem 2.1. Under the (H) hypothesis, for any s € [0,T), and for Pz —almost surely § € R,
P [|7T = y} is equivalent to P on FX and its Radon-Nikodym density is given by

S

PlZr=7] _ Uxuucp7®)
dP |FX Iy, 7 (7) '

Proof: Consider F a real bounded F:X-measurable random variable and ¢ : R’ — R a bounded Borel
function.

e On one hand, preconditioning by Zr yields
E[F§(Z1) = E [E[F|Zr] ¢ / ST [F|Zr = 7] o r(7)dy. (13)

e On the other hand, as F' is measurable with respect to 2, preconditioning with respect to FX
yields

BIPO(Z2)] = E [FE [6(Z0)| 7] =B |F [ 6@ 7@)8].
Now, thanks to Fubini’s theorem

BIFo(Zr)) = [ 6@ [Fllix,, . 00@)] 7 (14)
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Identifying equations (13) and (14), we see that for Pz _—almost surely y € R’ and for every real bounded
FX-measurable random variable F,

(15)

E[F[Zr =7] =E {Fﬂu_@}

o, 7 (7)

Equation (15) characterizes the Radon-Nikodym derivative of the probability P[-[Zr =] on FX. O

We now can use classical filtration enlargement techniques [11, 13, 28].

Proposition 2.2 (Generalized bridges as semimartingales). Let us define the filtration GX by G~ =
o (ZT,]:tX), the enlargement of the filtration FX corresponding to the above conditioning. We consider

— |z I 7
the stochastic process DY := %I}'X (¥) = %@])T(y) for s €10,T).

Under the (H) hypothesis, and the assumption that DY is continuous, X779 is a continuous GX-

semimartingale on [0,T).

Proof: DV is a strictly positive martingale on [0,7") which is uniformly integrable on every interval
[0,¢] C [0,T). Hence, as we assumed that it is continuous, we can write DY as an exponential martingale

DY = exp (LT — L(L7),) with LY = [ (DT)™" dD7 (as D = 1).
Now, as X is a continuous (FX,P)-semimartingale, we write X = V 4 M its canonical decomposition
(under the filtration ).

e Thanks to Girsanov theorem, MY := M — (M, L¥) is a (F¥,P[-|Zr = 7])-martingale. As a conse-
quence, it is a (GX,P[|Z1 = y])-martingale and thus a (G¥,P)-martingale.

e Moreover, conditionally to Zr =7, V is still a finite variation process V, and is adapted to GX. [0

Remark (Continuous modification). In Proposition 2.2, if one only assumes that DY has a continu-
ous modification DY, and for each one of its continuous modifications is associated a continuous G-

semimartingale on [0,T), X727 and all these semimartingales are modifications of each other.

Proposition 2.3 (Continuity of D¥). If FX is a standard Brownian filtration, then DY has a continuous
modification.

Proof: Consider s € [0,T). Under the () hypothesis, the density II x,) T writes

u€[0,s]»

(X)) ye(0,0,7 W) = (27 det Q(s, 7))~ exp ((5-E[Zr|(Xu)uc.4]) QD)™ (T E [Zr|(Xu)uepo.q]) ) - (16)

The continuity of s — det Q(s,T) and s — Q(s,T)~* follows from the definition of Q(s,T). The point
now is to establish the continuity of the stochastic process H defined by H, := E ET’(XU)uG[O,s]]

The so-defined process H is a FX local martingale. Thus, thanks the Brownian representation
theorem, H has a Brownian representation and has a continuous modification and so does DYV. (I

Remark. e The measurability assumption with respect to a Brownian filtration is verified in the
cases of the Brownian bridge and Ornstein-Uhlenbeck processes.

o This hypothesis is not necessary so long as the continuity of the martingale Hy = E [7T | (Xu)ue[o,s]]
can be proved by any means.

2.3.1 On the canonical decomposition
Observing that (M, LY) = (X, LY) we can compute the canonical decomposition of X7¥. We have

LV = /t dH(Xu)ue[o,s],T(y)
t 0 H(Xu)ue[o,s],T(g) ’
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and

_ 1]
m (T(x,),c0.7@) = —5 In(2mdet Q(s, 7))
1

- 5 (y* E [7T|(Xu)u6[0,s]]) Q(SaT>7 (y E [ZT| uE[O s]])>k .

Using that for a semimartingale S, dIn S = ?S — %d <% - S >, we obtain

AT (x,), c(0.0.7(@) finite variation )

=dln (H(x Jueo,s) T@)) + ( process

- 7_d((y E [ZT| Juel 08]]) Qil(SvT)_( [ZT| w)uelo, s]]) ) +(f. v. p)
(dE [ZT’ UEOS]])Q ".7)(T—E[Z7 ‘(Xu)ue[o,s]]) + (f. v. p.).

Uixu)yeq0,6.7 @)

Hence,
(X, L7) = d(X.E[Zr|(Xu)uep.1]), Q" (5:T) (7~ E [Z7|(Xu)uepp.a]) -
There exists a continuous linear map AL : C°([0, s], R) — R’ such that for every (z4)uepo,s] € C°([0, 5], R),
[ZT} w)uelo,s] = (xu)ue[o,sﬂ = AT ((xu)ue[07s]). Riesz-Markov theorem ensures that there exists a
set of (signed) o-finite Borel measures 7, = (u')ie; such that for every i € I, AT(f); = [ fdu?. Hence,
in this setting, d(X,E [Z7|(Xu)uep,]) = Fs({s})d(X). Denoting a(s) = 7, ({s}), we get

ax, 07, = (a)Q 15, 7) (7 - E [Z3|(Xu)uew.] ) ) d(X)s
= 3 ails) ¥ (Qs. 1)), 05 — B [23] (Xu)uero,o JA(X)s.
icl JjeI
As a consequence, M — Zlai(s) ZI (Q(s,T)_l)ij (y; —E [Z%’(Xu)ue[oﬁs]] JA(X)sis a (GX,P[|Z: =7])-
1€ J€
martingale.
In the case where X is a standard Brownian motion, a simple computation shows that Vi € I, a;(s) =

fi(s) and E [Z% ’ (Xu)uelo,s] ] fo fj(u)dX,. We recover Alili’s result on the generalized Brownian bridge
[1].

2.3.2 Generalized bridges and functional stratification

— —~ N
Within the same set of notations, we set Y = Zp and YV = Projp(Y) = Y 7il¢,(Y) a stationary
=1
quantizer of Y (where T’ = {~y, -+ ,yn} and C = {C4,--- ,Cn} are respectively the associated codebook
and Voronoi partition).

Proposition 2.4 (Stratification). Under the (H) hypothesis, for any s € [0,T), for any k € {1,--- N},
P [?F = 'yk} > 0 and the conditional probability P H?F = 'yk} is equivalent to P on FX.

Proof: Obviously, if A € FX is such that P[A] = 0, we have P [A’?F = %} = 0. Conversely, B € FX
satisfies P [B‘?F = ’yk} = 0, then pre-conditioning by Y, we get E [E [13|Y])?F = 'yk} = 0. Thus,
Jzee, PIBIY =7]dPy (7) = 0. Hence P [B|Y" = 7] = 0 for Py —almost every g € Cj.

Since Py (C%) > 0, there exists at least an § € C, such that P[B|Y =7] = 0. Now thanks to Theorem
2.1, P[B] = 0. O
Proposition 2.5 (Stratification). Let us define the filtration G* by G¥ = o (.FX YF) the enlargement
of FX corresponding to the conditioning with respect to YT, Fork ¢ {1,---,N}, we consider the

dP[-| ¥ =
J—\—%l‘ﬂx@) for s €0,T).

stochastic process Df = aF
Under the (7-[) hypothesis, and the assumption that DF is continuous, the conditional distribution
)SX}ZT = ’yk of X knowing that Zr falls in some Voronoi cell Cy, is the probability distribution of a
G* -semimartingale on [0,T).
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Proof: Using that P H?F = 'yk} is equivalent to P on FZX, thanks to Proposition 2.4, we can mutatis

mutandis use the same arguments as for Proposition 2.2, P [-|Zr = 3] being replaced by P H?F = %].

D¥ is a strictly positive martingale on [0, 7) uniformly integrable on every [0,t] C [0,7). Hence, as
DF is continuous by hypothesis, it is an exponential martingale D* = exp (LiC — %(Lk>s), with LF =
fot (Df)_1 dDF (as D§ = 1). Now, as X is a continuous (FX,P)-semimartingale, we write X =V + M
its canonical decomposition (under the filtration 7).

e Thanks to Girsanov theorem, M* := M — (M,L*) is a (]—"X,IP’[-|?F = 7k]>—martingale. As a

consequence, it is a (QX, IED[-|?F = yk])-martingale and thus a (QX, P)-martingale.

e Moreover, conditionally to YT = vk, V is still a finite variation process V', and is adapted to GX. [

Proposition 2.6 (Continuity of D¥). If FX is a Brownian filtration, then D* has a continuous modi-
fication.

Proof: By definition, D* is a F¥X local martingale on [0,7]. The conclusion is a straightforward
consequence of the Brownian representation theorem. (I

Considering the partition of L?([0,T]) corresponding to the Voronoi cells of a functional quantizer of X,
the last two propositions show that the conditional distribution of the X in each Voronoi cell (strata)
is a Gaussian semimartingale with respect to its own filtration. This allows to define the corresponding
functional stratification of the solutions of stochastic differential equations driven by X.

In [6], an algorithm is proposed to simulate the conditional distribution of the marginals (X, -+, X¢,)
of X for a given subdivision 0 = tg < t; < -+ < t, = T of [0,T] conditionally to a given Voronoi cell
(strata) of a functional quantization of X. The simulation complexity has an additional linear complexity
to an unconditioned simulation of (X, -, Xy, ). We refer to [6] for more details.

To deal with solutions of SDE, it was proposed in [6] to simply insert these marginals in the Euler scheme
of the SDE. Proposition 2.5 now shows that this amounts to simulate the Euler scheme of the SDE driven
by the corresponding (non-Gaussian) semimartingale.

2.4 About the (H) hypothesis
2.4.1 The martingale case

In the case where X is a continuous Gaussian martingale, the matrix Q(s,t) defined in Section 2.3 writes
t
Qs.t) = ((J filw f(d(X))) o

For 1 <s<t<T,themap (:]): (f,g) — f; f(u)g(u)d(X), defines a scalar product on L?([s,t], d(X)).
Hence Q(s,t) is the Gram matrix of the vectors of L?([s,t],d(X)) defined by the restrictions to [s, ] of
the functions (f;)icr. Thus, it is invertible if and only if these restrictions form a linearly independent
family of L?([s,t],d(X)). (Another consequence, is that if Q(s,t) is invertible for some 0 < s <t < T,
then for every (u,v) such that [s,t] C [u,v], Q(u,v) is invertible).

For instance, if X is a standard Brownian motion on [0, 7], the functions (fiX);cs (associated with the
Karhunen-Loeve decomposition) are trigonometric functions with strictly different frequencies. Hence,
they form a linearly independent family of continuous functions on every no-empty interval [s,T) C [0, 7).
Moreover, the measure d(X) is proportional to the Lebesgue measure on [0,7] and thus Q(s,T) is
invertible for any s € [0,T). Hence, the (H) hypothesis is fulfilled in the case of K-L generalized bridges

of the standard Brownian motion.

2.4.2 The standard Brownian bridge and Ornstein-Uhlenbeck processes

The Brownian bridge and the Ornstein-Uhlenbeck process are not martingales. Hence, this criteria is
not sufficient and the invertibility of matrix Q(s,T’) has to be proved by other means.
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Following from the definitions of Q(s,T) and Zr, in the case of the K-L generalized bridge

Qs Ty =E[ ([ X aXy —E [ X (@dXu|(Xu)uep,q] )
< (S ¥ @ax, — B [T ¥ (x| (Xu)uep,])
= cov (J;T fZX(u)dXis), fsT ij(u)dX&s)> ,

(Xu)uefo s

where (Xfﬁ) - has the conditional distribution of X knowing (Xu)ye[o,s-

ue|s,

e When X is a standard Brownian bridge on [0, T, X$ is a Brownian bridge on [s, T, starting from
X, and arriving at 0.

It is the sum of an affine function and a standard centered Brownian bridge on [s, T.

e When X is a centered Ornstein-Uhlenbeck process, X is an Ornstein-Uhlenbeck process on [0, 7]
starting from X, with the same mean reversion parameter as X.

It is also the sum of a deterministic function and an Ornstein-Uhlenbeck process starting from 0.

As a consequence, in these two cases, the quantity cov (LT i~ (u)dXi(f), fsT ff((u)dX755)> can be com-
puted by plugging either a centered Brownian bridge on [s,T] or an Ornstein-Uhlenbeck starting from 0
instead of X (*). This means that Q(s, T) is the Gram matrix of the random variables (fST fiX(u)dGu) o

where the centered Gaussian process (G )ue[s,7) 18 either a standard Brownian bridge on [s,T] or an
Ornstein-Uhlenbeck process starting from 0 at s. Thus it is singular if and only if there exists («;);er # 0

in R such that
T
/ (Z aifix(u)> dG, =0 a.s.. (18)
—_——

el

3

=g(u)

The case of the Brownian bridge
In the case where X is the standard Brownian bridge on [0, T, functions (f;¥);cs are C°° functions and
G is a standard Brownian bridge on [s,T]. An integration by parts gives fST Gsg'(s)ds = 0 a.s. and
thus ¢’ = 0 on (s,t) and thus g is constant on [0,7]. The functions (f;X);c; form an linearly independent
set of functions and, as they are trigonometric functions with different frequencies, they clearly not span
constant functions, so that Equation (18) yields a; = - -+ = v, = 0. Hence the (H) hypothesis is fulfilled
in the case of K-L generalized bridges of the standard Brownian bridge.

The case of the Ornstein-Uhlenbeck process
In the case where X is an Ornstein-Uhlenbeck process on [0,7], G is an Ornstein-Uhlenbeck process
on [s,T] starting from 0. The injectivity property of the Wiener integral related to the Ornstein-
Uhlenbeck process stated in Proposition 2.7 below, applied on [s, T, shows that Equation (18) amounts

to g L {1 T0,48) 0 and thus
S a X R, (19)
iel

Again, as (f{¥);er are linearly independent, we have a; = -+ = a, = 0. Hence the (H) hypothesis is

fulfilled in the case of K-L generalized bridges of the Ornstein-Uhlenbeck processes.

Proposition 2.7 (Injectivity of the Wiener integral related to centered Ornstein-Uhlenbeck processes
starting from 0). Let G be an Ornstein-Uhlenbeck process starting from 0 on [0,T] defined by the SDE

dGy = —0Gdt + odWy  with o > 0 and 6 > 0.

If g € L?([0,T)), then we have
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Proof: If g € L?([0,T]) and fo 5)dGs = 0, then Hfo 5)Gsds = ofo s)dWs, and thus

92/ / (s,t)dsdt = o /OTg(s)st. (20)

Applying Schwarz’s inequality twice, we get

T T T
/ / (s,t)dsdt < g(t)th\// / X (s,t)dsdt.
0 o Jo
Moreover, provided that
T T o2
\// / X (s, t)dsdt < —, (21)
o Jo 02

Now, we come to the proof of Inequality (21). The covariance function of the Ornstein-Uhlenbeck process
starting from 0 writes

equality (20) implies fo 5)2ds = 0.

0—_2670(s+t) (620 min(s,t) _ 1) )

roY(s,t) = 59

If t € [0,77], we have
fOT IOV (s, t)yds = fot OV (s,t)ds + ftT OV(s,t)ds = % (2 —2e70t 4 o 00HT) _ ee(t_T)) ,

and thus
/ / IO (s, t)dsdt = 9 (2T9+4e*"T 3—e2T).

Consequently, the function ¢ defined by ¢(6 fo fo OV (s, t)dsdt — 92 writes

0.2

0(0) = 555 (270 + 4e™T —3 — 72T —29).

We see that ¢(0) = 0 and ¢/(0) = 202 (—4Te T 4+ 2T + 2Te~T — 2) = % (2T (1- e‘eT)2 - 2), S0
that ¢’(0) < 0 if 8 > 0. Finally, if § > 0, Inequality (21) holds.
The inverse implication is obvious. (Il

In fact, the injectivity property stated in Proposition 2.7 also holds when dealing with an Ornstein-
Uhlenbeck process with a positive initial variance. This case, of a (strictly) positive initial variance is
proved thanks to a simpler argument.

Proposition 2.8 (Injectivity of the Wiener integral related to centered Ornstein-Uhlenbeck processes
with a (strictly) positive initial variance). Let G be an Ornstein-Uhlenbeck process [0, T defined by the
SDE

dGy = —0Gdt + odW;  with o >0 and 6 > 0,

where Go £ N(0,03) is independent from the standard Brownian motion W and o3 > 0.
If g € L?([0,T)), then we have

Proof: We recall in mind that the solution of the SDE that defines the Ornstein-Uhlenbeck process is

t
Gy = Goe™ 0t+/ oe? W, .
0

—_—
=GY

11
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If g € L?([0, 7)) and fo 5)dGs = 0, then

0 /O ' g()Guds =0 /0 " g, (22)

Moreover
T T T
9/ g(s)Gsds:HGo/ efetg(s)der@/ g(s)GYds.
0 0 0

independent of W

As a consequence, Equation (22) yields G fOT e %g(s)ds = 0 a.s. and thus g e 0. (This argument

only holds if 62 > 0.) The inverse implication is obvious. (I

The case of a more general Gaussian semimartingale
In Appendix A, we investigate the problem for more general Gaussian processes.

3 K-L generalized bridges and partial functional quantization

We keep the notations and assumptions of Section 2.2. As we have seen, Equation (11) decomposes the
process X as the sum of a linear combination of Y := (¥;);c; and an independent remainder term. We
now consider YT a stationary Voronoi N-quantization of Y. YT can be written as a nearest neighbor
projection of Y on a finite codebook I' = (v, -+ ,yn).

YT = Projp(Y),  where Projp is a nearest neighbor projection on T

For example, YT can be a stationary product quantization or an optimal quadratic quantization of Y.
We now define the stochastic process X' by replacing Y by YT in the decomposition (11). We denote

XIF—Prot]I_’F(X).
PO VIEE S ATl

el 1€EN*\T

The conditional distribution of X7T given that Y falls in the Voronoi cell of ~; is the probability
distribution of the K-L generalized bridge with end-point . In other words, we have quantized the
Karhunen-Loeve coordinates of X corresponding to ¢ € I, and not the other ones.

The so-defined process X X7 is called a partial functional quantization of X.

3.1 Partial functional quantization of stochastic differential equations

Let X be a continuous centered Gaussian semimartingale on [0, 7] with Xy = 0. We consider the SDE
dSy =b(t, Sy)dt + o(t,S;)dXy, Sp=x€R, andte]l0,T], (23)

where b(t,z) and o(t,z) are Borel functions, Lipschitz-continuous with respect to x uniformly in ¢, o

and |b(-,0)| are bounded. This SDE admits a unique strong solution S.

The conditional distribution given that Y; = y; for 1 € I of S is the strong solution of the stochasmc
differential equation dS; = b(t, Sy)dt + o(t, S;)dX, ¥, with Sy = = € R, and for ¢ € [0, T], where X/7 i
the corresponding K-L generalized bridge.

Under the (), this suggests to define the partial quantization of S from a partial quantization X* XIr

of X by replacing X by XIT in the SDE (23). We define the partial quantization STT as the process
whose conditional distribution given that Y falls in the Voronoi cell of ~; is the strong solution of the
same SDE where X is replaced by the K-L generalized bridge with end-point ;. We write

45T = b (1,5 ) di + o (1,5) a1 (24)

12
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3.2 Convergence of partially quantized SDE

We start by stating some useful inequalities for the sequel. Then, we recall the so-called Zador’s theorem
which will be used in the proof of the a.s. convergence of partially quantized SDE.

Lemma 3.1 (Gronwall inequality for locally finite measures). Consider I an interval of the form [a,b)
or |a,b] with a < b or [a,00). Let p be a locally finite measure on the Borel o-algebra of T. We consider

u a measurable function defined on I such that for all t € T, fat |u(s)|p(ds) < 4+o00. We assume that
there exists a Borel function v on T such that

u(t) < (k) —l—/[ ) u(s)u(ds), Vtel.

If | either v is non-negative,
ort — p([a,t)) is continuous on I and for allt € T, f; [(s)|p(ds) < oo,

then u satisfies the Gronwall inequality.
u(t) < 9(t) + [ )¢(S)6Xp(u([87t)))ﬂ(d8)-
a,t

A proof of this result is available in [8] (Appendix 5.1).

Lemma 3.2 (A Gronwall-like inequality in the non-decreasing case). Consider I an interval of the form
[a,b) or [a,b] with a < b or [a,00). Let u be a locally finite measure on the Borel o-algebra of T. We

consider u a measurable non-decreasing function defined on T such that for allt € T, f; lu(s)|p(ds) <
+o00. We assume that there exists a Borel function ¥ on I, and two non-negative constants (A, B) € Ri
such that

u(t) <y(t)+ A " u(s)u(ds) + B - u(s)?u(ds), Vtel. (25)

If | either v is non-negative,
ort — p([a,t)) is continuous on I and for allt € T, fat [1(s)|p(ds) < oo,

then u satisfies the following Gronwall inequality.

u(t) < 2¢(t) + 2 (2A+ B?) (s)exp ((2A+ B?) u([s, 1)) p(ds).

[a,t)

Proof: Using that for (z,y) € R%, /2y < % (% + By), we have

Plugging this in the original inequality (25) yields
u(t) < 20(t) + (2A 4+ B?) / u(s)u(ds).
[a;t)
Applying the regular Gronwall’s inequality (Lemma 3.1) yields the announced result. O
Theorem 3.3 (Zador, Bucklew, Wise, Graf, Luschgy, Pages).

1. (Sharp rate) Consider r > 0, and X be a R%-valued random wvariable such that X € L™ for
some n > 0. Let Px(d€) = ¢(&)d€ + v(d€) be the Radon-Nikodym decomposition of the probability
distribution of X. (v and the Lebesgue’s measure are singular). Then, if ¢ £ 0,

~ ats
Enr(X) ~ JpaXx (/ qbﬁ(u)du) x N7,
N—oo Rd
where jnd € (0,00).

13
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2. (Non asymptotic upper bound) There exists Cq . € (0,00) such that, for every R%-valued random

vector X,
1

UN 21, En(X) < CargllXlrsqN 1.

The first statement of the theorem was first established for probability distributions with compact support
by Zador [29], and extended by Bucklew and Wise to general probability distributions on R? [4]. The
first mathematically rigorous proof can be found in [10]. The proof of the second statement is available
in [18].

The real constant jr,d corresponds to the case of the uniform probability distribution over the unit
hypercube [0, 1]¢. We have jnl =1(r+ 1)~ and 17212 =, /ﬁ. (See [10].)

Proposition 3.4 (Some inequalities related to the Gaussian distribution). Let G be a standard Gaussian
random variable valued in R. We have

) 2M exp (7%2)
E[G*1ig>m] = Nor + 2N (—M). (26)
Moreover )
N(=M)=P(G > M) < —exp <7MT) (27)
Thus

2M M?
E[G?1 < (—+1) ex (——)
[ ‘G‘>]\/Ij| = \/ﬂ p 2
Under the additional assumption that M > 1, we obtain

2 M?

Proof: The proof of equality (26) is left to the reader. Inequality (27) comes from
_ (@+m)?

dx

M2

o0 _ﬁ oo
N(=M)=P(G > M) :\/%IMS 2d$:\/%7gf0 e ! )
= \/%e’% fooo e e dr < \/%e’% fooo e~ Tdr = %e’T.
And the proof of the last claim is straightforward. (|

Proposition 3.5 (The non standard case and reverse inequality). If H := ocG has a variance of o2, we
obtain

20 M M? M 20 M M?
2 _ 2 (2 _ 2 2
E [H 1\H\>I\/[:| =0 [G 1|G|>%i| = EQXP <_ﬁ) +20’ N(-;) S (E +o )exp (—F) .
And if M > 1, we get B [H? 1> p] < (2—0 +02> M exp (—%2> Conversely, for some settled
— \V2r 202

=NMm
n >0, and if M > 1, we have

72

M > ,|/—LambertW | —— = nm<n
(= +2)

=M,

where LambertW is the Lambert W function.

14
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3.2.1 Quadratic convergence of partially quantized SDE

In the following theorem, we restrict to the case where X is a Gaussian martingale starting from 0. Still,
we can easily extend the result to the case of a Gaussian semimartingale (see remark 3.2.3).

Theorem 3.6 (L? quantization error of partially quantized SDE). Let X be a continuous centered
Gaussian martingale on [0,T) with Xo = 0. Let S be the strong solution of the SDE

dSt = b(t,St)dt+U(t,St)dXt, SO =T,

where b(t, z) and o(t,x) are Borel functions, Lipschitz-continuous with respect to x uniformly int, o and
|b(-,0)| are bounded.

We consider XI'T a stationary partial functional quantization of X and STT the corresponding partial
functional quantization of S, i.e. the strong solutions of

s/ =b (1,5 ) dt+o (1,5 7)dX]T, ST =

Then, for every e >0 and t € [0,T), we have

st | =o (&l ]7). )

where Y is defined from X by Fquation (11) and YT is the nearest neighbor projection of Y on I.

E { sup
u€|0,t]

Proof: As we have seen in Section 2.2, Equation (11) decomposes the process X into

ZYe +XIO

el

and the partial quantization E(Vtr Tof X is decomposed into

T= Y Ve mrx®

iel
where XtI ¥ is the associated K-L generalized bridge with end-point 0 and YT is the nearest neighbor
projection of Y on I'. Thanks to the Theorem (2.2), it is a Gaussian semimartingale with respect to the

corresponding enlarged filtration.
Pre-conditioning with respect to yT yields

2
’ ) } =K {IE { sup
v€e(0,t]
For some k € {1, -, N}, conditionally to ?F:'yk,we have
t
Sy —Sh = /((uS)fb(uSIF))dunLZ/ o(u, )i — o (u, SET) V) de¥ (u)
0

el
t
. SI,r 1,0
o [ (ot o (w50 i

E { sup
v€e(0,t]

1] -l

v€E[0,t]

Hence, (conditionally to YT = ~;)

[ (b0 = (1.517)) s

2

’St IF’ <3 43

Z/ o(u, Sy) (u, §£F) ?ZF) de:X (u)

el
tau IAN 1,0
/0<<,su> o (w317)) axt

2
+3

15
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From the canonical decomposition of X7 0 = <X , L6> + X - <X , L6>, we get, conditionally to YT = Vi,
v —
=V =M

2

’St—§{’r’2§3 /t (b(u,S’u)—b(u,glF du +3 Z/ o(u, Sy) —0( ,§£’F)?ir)deix(u)
0 i€l
t 2 t 2
_ oIl a%4 N oI, T
+6 /0 (a(u, Sy)—0o (u, Sa )) dVy| +6 /0 (a(u, Su)—o (u, Si )) dM, (30)

We decompose the second term of the right hand side of Equation (30) into

2

o(u,8,)Y: —o uSIF YF deX (u)] <9 YZ_,ZF tau,Su deX (u
Z/ (1, 585) 7 e | 5 (- 7) [ otw sl
+9 ZYF/( US)*O’(U,SZ’F>>CI€1X(U) .

Moreover, Equation (17) yields

Vo =d (X,L7) == ai(s) 3 (Q(s,T)")yE [Z;

iel jel

=Gy

where the so-defined process (G )sefo,7] is Gaussian. Hence, thanks to Schwarz’s inequality

‘fot (o(u, Su) — o (u, SIT)) dV,

2

—’fot —a(u §I’F))G d(X )y
< (fyle. i 1) (St o5 — o (w.507) a(x)..)

Hence, with Doob’s inequality and using that (X) = <M> = <X I *6>,

—~ v ~ 2 |~
E { sup YU =, | <3tE { sup / b(u,Sy) — b (u,Sﬁ’F)’ dulYT = %}
ve[0,t] ve(0,t] JO
2
+3E | sup Z/ Yi—0o uSIF)YF)de ()| (YT =
v€e[0,t] iel
~ —~ 2 .
+ 6E { sup / ( (u, Sy) — (u Sﬁ’r)) dvy,| YT = %}
ve(0,t] [Jo

2

+24 /tE Uo(u, Su)— o (u,gif)’ yT — %} d{(X ).
0

16
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2
Now, using that b and o are Lipschitz-continuous, and thanks to (Z ai) <Y a2,
iel ier

~ 2| ~ 2 o~ 2]~
E { sup SU—SH’ YT = | <902, T max {’(ef)’(u)’ }|I|EUY—YF’ ’eryk}
vel0,t] uez[EOIT]

—AX
=A2

t 12|~
+3T[b]iip/ E{ sup |9, 757?) yT W} du
0 v€E([0,u]
2
/ =\ 2 ¢
+9[0]iip|I|T max (eX) (u) (max (YZF) )/0 E | sup

el
w0, v€E[0,u]

2|~
Sy — Si’r) ‘YP = ’yk} du

¢
+24[0]%ip/ E { sup
0 ve([0,u]

</0 (a(u, Sy)—o (u, §u)) Gud<X>u>

Now, for some M > 1, we decompose the expectation in the last term of Equation (31) on {|G,| > M}
and {|G,| < M}.

~ 2|~
S, — sﬂ ’YP = 'yk} d(X)y

2

+6E Y =], (31)

E [(fg (a(u, Sy)—o (u, §u)) Gud<X>u)2'/1>F = ’yk}
< QOB [62 (ot 8) = o (1.5.)) |77 = ] ),
= (X)u [y B (L6206 (0w, 80) = o (u, 5.))°

+(X ) ng [1\Gu\§IVIGqQL (a(u,Su) -0 (u, §u))2

Yo — 'yk} d(X)u

YT = %} (X )u

<4012 0l XDt [y E Lo <m G2 d{X)u + (X ) M2[0]3, [, E { Sy — SLT YT = ’yk} d(X),.

max Lip

We obtain, thanks to Proposition 3.4

B [(f (w50 — o (1.5.)) Guat0) [77 = ]

+vt2) M exp (7 2) (X)) M?[0]3;, f(fE {

2’Ut
V2T

=nm

~ 2
I,
S, — I ‘

< Ao, (X)? < Y= 'Yk} d{X ),

max

2
2v;

where v = m[ax] (Var (Gy,)). Plugging this last inequality into Equation (31), we get
ue|0,t
X or|pr
< AXE UY—Y ’ Y =w} + 611

o 12|~
E { sup |S, — Sf’r’ YU =
ve[0,t]
+B;(’V’“ fOtE { sup

~ 2|~
Sy, — S}F) Yyl = %} du
ve[0,u]

~ 2
I,
S, — 81 ‘

+CXM f(fE { sup
veE[0,u]

yr = 'yk} d(X ),

where B;"7* is an affine function of max [yi| and CXM = 2407, +6[0]7;,M?. We can then apply the
3

Gronwall lemma 3.1 for locally finite measures to the function

~ 2|~
E { sup |, — Sﬂ YTl — ’yk}
ve(0,t]

17
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with the locally finite measure p defined by p(du) = du + d(X),, and we obtain

E { sup |Sy — gqfr

ve[0,t]

2| < ~
‘YF :%} < (AfJE HY—YF

2‘?1“ _ ’Yk} + 677M) exp ((Ef% + CX,]V]) ([0, t)))

(Af]E HY—?F

2’?F = ]+ 6mae ) e (B 00, 0) exp (05 u((0,1)

=0 (vk)

where EIX’F’“ is an affine function of max |k|;- Plugging it in Equation (29) yields
1€
2
E| sup |S, — ng)
v€e[0,t]

< exp (CXMy([0,4)) E [(;5 (¥7) (A;qE HY — ?Fﬂ?ﬂ + ﬁnMﬂ . (32

Now, fore >0 and p =1+ 5 and ¢ = ﬁLZl =1+ % the conjugate exponent of p, we have, thanks to
Holder’s inequality

7o coue)] <@ s ] o,
<o, (4% v =57 v om).

Now, as the so-defined function ¢ is convex and as YT is a stationary quantizer of Y, we have thanks to
Equation (8), ) ¢ (YP)H~ < l6(Y) 5. Hence
q

E [gb (¥YT) (Af]E HY f?Ff )2 ?F} + 6nu

q

g §£,F’2 ’2+s

Ekw szﬁMmmmﬂwmmcﬁEW=?F Eﬁ+m0. (33

ve[0,t]

2
o 124€] 2F=
Now, thanks to Proposition 3.5, we can ensure that ny; < n :=E UY — YF) } by taking M =

\/— LambertW (—g—z), with C; = 4(X)?[0]2 ( 2ue 4 Uf) We finaly have the following error bound
t

max 2T
<1E [y - ?F}“E] ﬁ)Q

c?

E { sup }Sv — gﬂ’rf} <16 (Y)]|lgexp 24[0]%ip — 4[opip)? LambertW [ —
v€(0,t]

x (A +6) <1E [}Y—?F}%T %) . (39)

Finally, we can conclude by observing that LambertW(u) — 0. O

u—0

Remark (On the time-dependence). Considering Equation (17), we can see that Var(G,,) =0 and
u—

so does v = max Var(G,). As a consequence, the constant Cy involved in Inequality (34) also goes to

w€|[0,t]
infinity. This means that Theorem 3.6 cannot be extended tot =T .
Corollary 3.7 (Quadratic convergence). Within the same notations and hypothesis as in Theorem 3.6,
consider (XI’F"') oy O Sequence of stationary partial functional quantizers of X and (SI’F") o the
n n

corresponding sequence of partial quantizers of S.
If we make the additional assumption that the associated sequence of quantizers (YF") . 18 rate optimal
n

for the L2 convergence for some € > 0, then for every t € [0,T) we have

Q}O@J#)

Proof: This is a straightforward consequence of Theorem 3.6 and Zador’s theorem 3.3, which defines
the optimal convergence rate of a sequence of quantizers. (I

oIl
S, — 8!

E { sup
u€|0,t]

18
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3.2.2 LP convergence of partially quantized SDE

We now focus on the general L? framework, following the same steps except that the Doob’s inequality
for continuous (local) martingale is replaced by the Burkholder-Davis-Gundy inequality which holds for
every p > 0.

Lemma 3.8 (Generalized Minkowski inequality for locally finite measures). Consider Z an interval of
the form [a,b) or [a,b] with a < b or [a,00). Let p be a locally finite measure on the Borel o-algebra of
Z. Then for any non-negative bi-measurable process X = (X¢)iez and every p € [1,00),

Jen

Proposition 3.9 (Burkholder-Davis-Gundy inequality). For every p € (0,00), there exists two positive
fDG and C’EDG such that for every continuous local martingale (X¢)iefo,r) null at 0,

2 |V, < < 00 |/

P
We refer to [26] for a detailed proof.

< [ 1Xilntan),
p I

real constants c

sup | X
s€[0,7]

Proposition 3.10 (L? inequality). Let G be a standard Gaussian random variable valued in R. There
exists a constant C, > 0 such that for every M > 1

M2
E[GP1ig>m] < C’;fM’”*1 exp <77) )

Consequently
1 M?>
G165 m |, < CpM i exp (—%> :
where q is the conjugate exponent of p.

Proposition 3.11 (The non standard case and LP reverse inequality). If H := oG has a variance of

2

o“, we obtain

HH1|H|>MHp < UHGI\GD%

1
) =o0C), (%) 7 exp <_2]1\j—022) ,
2

) . (35)

1 1
=ocrC,M71 (f
orCpMa exp 202

=NMm

Conversely, for some settled n > 0, and if M > 1, we have

2q
M > | —c%(p — 1) LambertW I ) Sy <y (36)

po? (C’ngﬂq/p)

=M,
where LambertW s the Lambert W function.

Theorem 3.12 (LP quantization of partially quantized SDE). Let X be a continuous centered Gaussian
martingale on [0,T] with Xo = 0. Let S be the strong solution of the SDE

dSt = b(t, St)dt + O'(t, St)dXt, SO =,

where b(t, z) and o(t,x) are Borel functions, Lipschitz-continuous with respect to x uniformly int, o and
|b(+,0)| are bounded.

We consider X''T a stationary partial functional quantization of X and ST the corresponding partial
functional quantization of S, i.e. the strong solutions of

G <0 (1) o (1 51 R, ST
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Then, for every p € (0,00), € >0 and t € [0,T), we have

| =o(-71,..) @7

P
where Y is defined from X by Equation (11) and YT is the nearest neighbor projection on I'.

sup
v€E[0,t]

Proof: As in the proof of Theorem 3.6, we decompose the process X into Xy = > YieX (t) + thﬁ and
el

XL into X0 = SSYTeX () + X0 where YT is the nearest neighbor projection of ¥ on T'.
fet
For some k € {1,---, N}, conditionally to YT = ~;, we have

S — Slr/t((uS)b(uSIF))du+Z/ (o(u, Su) — o (u, SIT)) Y de (u)
0

el
t ~
+ Z/ (Vi = ¥ o(u, Su)deX (u) + / (o(u, Su) — o (u, ST)) Gud(X).
i€l 0
t ~ —
+ / (U(u, Sy)—o (u, Sﬁ’r)) dM,,.
0
This gives (conditionally to YT = V)
)St IF) < [b]Lip/ )dqu olLip || max ei ’/
u€ 0 T
+ [0]max|] max ’(e + /0 (a(u, S.) —o (u, §£F)) Gud(X )y
u€[0,T]
t
o[ (o5 -0 (0 50))
0
As a consequence, conditionally to YT = Vi
¢
max ‘< [b]Lip/ max_|S, fSIF)dujL[ olLip 1| max ei )/ maX Sy 7511“‘ u
v€E[0,t] 0 vE[0,u] o0 vE[0,u]

uEOT

/O” (J(u, Su)—0 (u, gi’F» Gud(X),
/O” (J(u, Su)—o0 (u, gir))

To shorten the notations, we denote, for a random variable V' and a non-negligible event A, ||V||p. 4 :=

+ [0 )max 7| max |(eX
el

weior) v€E(0,t]

+ max
v€[0,t]

E[VP |A]1/ P Hence, using the Minkowski inequality and the generalized Minkowski inequality for locally
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finite measures (Lemma 3.8), we get

t
R < [blLip /
pAY =} 0

t
+ [o]Lip|{| max ’(eix)/ (u)‘ (max ! ) / max |S, — SIT R du
uel[EO{T] 0 [[vel0a] pAY T =}

Sy — gqf’r du

3IT
Sy — 5, R
pAY =}

max
v€E[0,u]

max
v€E[0,t]

el
x\/ £%
+lolupll] max |() (|7 | [y -¥E||
w€[0,T] iel pAY =7}
+ || max / o(u,Sy) — o (u, giF Gud(X ),
velo [ Jo ( ( )) pAYT=}
+ || max / o(u, Sy) — o (u, SET)) dM, .
velot 1o ( ( )) pAYT =7}
Now, from the Burkholder-Davis-Gundy inequality,
~ t ~
max |S, — SHT < [b]Lip/ max |S, — SHF du
ve(0,t] p,{?F:‘Yk} o |lvelou] p,{?F:’m}
¢
+ [o]Lip| ] max ’(eix)/ (u)’ (max e )/ max |S, — ST du
icl icl o |lvel0] » {?F:’Yk}
we[0,T] ’
/ —~
+lolupll] max |(X)" ()| 7| 3|y -¥F||
w€el0,T)] el pAYT =7}
¢
+ / o, 8u) = o (1, SET) | |Gl d(X )
0 pAY =7k}
7
~ 2
+CpPe m/$(o(u,85)——o(u,8ﬂlj) d(X) . (38)
0 pAYT =71}

Now, from Schwarz’s inequality

>

icl

Y, -v'

Vi [ v -
el

From the generalized Minkowsky inequality

Vg
=R 1 pAY =1}
pAY =71}

<
pAY =i}

[0y ot ) = o (S iGula0| o < S| (otus) =0 (wBED)) G| o\ dtx).
= fot H (g(u’ Su) —0 (u, §1{’F)) Gul\Gule + (O'(U, Su) — 0 (u, §£’F)) GullG”‘SMHp,{?F:W} d<X>u
< fOt H (U(u, Sy) —o (Uv §£7F)) GullGuleHp7{?l":,yk} AX)u N
+ f(f (a(u, S“) I (u’ Si’r)) GullG”‘SMHp,{?F:%} “
< 20l Gzl oy A+ Mloluin fy S0 = 52| o dlX)..
We obtain, thanks to Proposition 3.11
Hfot ’a(u, Su) o (?’gir)’ |Gu|cjl\<;2(>u pAYT =}
< 2[a]maX(X)thvt;M% exp <_2pvt2) +Mo])Lip fot Su — gﬁr T 1) d(X)

=M
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where v? = max, (Var(G,)). Moreover
u€|0,t

2

t N 9 t ~
H / (U(u, Sy)—o (u, Sﬁ’F» d(X )y < max Sy — Sg’F‘ d(X ).
0 p{YT=v;} 0 ve[0,u] py{?F:'Yk}
Hence, Equation (38) becomes
m[ax] ’ < [oluiplI] max ’ ei ’\/|I HY YFH Pre }
ve[0,t Pr_ pAY "=
pAY =} uE[O T]
=AX
¢
+ [b]Lip/ max |S, — SIF’ R du
0 |lvel0u] pAY =4}
¢
+ [o]Lip|I| max )(ezx)/(u)’ (max 2 )/ max |S, — SIF) du
icl icl o ||vel0] PTr—
u€l0,T] p,{ i}
) 1/2
t
+CBpe / 2 || max ‘ d(X)y
0 i€l .
vel0.u] pAY =i}
t
+M[U]Lip/ max |S, 75”) d(X)u. (39)
=CX,M

We can then apply the ”Gronwall-like” lemma 3.2 for locally finite measures to the non-decreasing

function
1/p
Yl = %}

and with the locally finite measure u defined by p(du) = du + d(X),,, and we obtain

=E { sup |S, — gi’r’p
p YT =4} v€(0,t]

sup |Sy — gqfr

v€[0,t]

PORTIPN 1/p
< (Ai‘]E HY —-yr ’YF = ’yk} + W) exp ((E77 +CM) p([0,1)))

pAYT =y} Y
~ P~ p
< (Afnz |y =77 |7 =] "+ nM) exp (B ([0, 1)) exp (C¥M ([0, 1))

=¢(vk)

X s . .
where E;7* is an affine function of max |yx|,. This yields
iel

Now, fore >0 and p =1+ % and § = % = 1+ 2 the conjugate exponent of 5, we have, thanks to
Hoélder’s inequality

1/p Sr
s J o)

o (7)) e (X0,

So— ST <
p

‘E eaiia

o) v - 7[7]] < oY e v - 7],
<o (7)), ]EHY* ‘pﬂ e
: HE [)Y*?F)p)yrr/w(w <o () H ny ’pﬂ =
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Now, as the so-defined function ¢ is convex and as YT is a stationary quantizer of Y, we have thanks to
. OT\P o
Equation (8), ¢ (Y7)"| < llo(¥)" Iz and |}o (Y7)|| < llo(¥)

Now, thanks to Proposition 3.11, we can ensure that n; < n = HY — ?FH by taking M =
p+e

2q

y-yr
\/vt (p — 1) LambertW <u> where ¢ is the conjugate exponent of p. We finaly have the

224q,,24/p
pvi Cpvy

following error bound

~ |24
g HY _yr
oI,r pte T
sup |Sy — Sy’ < Cx,e,1 €Xp olLipf | —ve(p — 1) LambertW | — HY -Y
vE[0,¢] ! » : [ ] P ( ) pvgcgqvt?q/p e
Finally, we can conclude by observing that LambertW(u) — 0. ([

u—0

Remark (Without the stationarity property). The last step of the demonstration of Theorem 3.12 (the

use of the Jensen’s inequality) relies on the stationarity of the quantizer Y.
Now, without this stationarity hypothesis and under the additional assumption

I'NB(0,1) #0, (A)
we have for every i € I
Y| <Y —Yi| +|Yi| < |Yi| + Vi — 40| <2/%i| + || <213l + 1, where 4" € TN B(0, 1).
Hence .
max |Y;| < 2max|Y;| + 1.
iel il

Now, we can notice that the function ¢(x) defined in the demonstration of Theorem 3.12 writes ¢(x) =
w(malx x;) for some non decreasing function 1. This implies
1€

Y) = Y;) < 21Yi|+ 1)) = ¢(2]Y| + 1).
6 (V) = v (max¥,) < v (max (2¥i] + 1)) = o(2l¥] + 1)
Hence, we can obtain the same conclusion as in Theorem 3.12.

Corollary 3.13 (LP convergence). Within the same notations and hypothesis as in Theorem 3.12,

consider (XI’F") oy @ sequence of partial functional quantizers of X and (SI’F"> N the corresponding
n n

sequence of partial quantizers of S.

If we make the additional assumption that the associated sequence of quantizers (?F"> N is rate optimal
n

for the LPT¢ convergence for some € > 0, then for every t € [0,T) we have

p}) :O(nfpﬁa).

Proof: As HYf?F" — 0, we have a.s. d(?F",Y> — 0. Hence, the exists Ny € N such
P n—o0 n—o0

that for every n > Ny, T';,, verifies hypothesis (A). From this observation, the result is straightforward
consequence of remark 3.2.2 and Zador’s theorem 3.3, which defines the optimal convergence rate of a
sequence of quantizers. (I

E { sup |Sy — gir"

u€|0,t]

3.2.3 The a.s. convergence of partially quantized SDE

Theorem 3.14 (Almost sure convergence of partially quantized SDE). Let X be a continuous centered
Gaussian martingale on [0,T] with Xo = 0. Let S be the strong solution of the SDE

dSt = b(t,St)dt+U(t,St)dXt, SO =T,
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where b(t, z) and o(t,x) are Borel functions, Lipschitz-continuous with respect to x uniformly int, o and
|b(-,0)| are bounded.
We consider (XI’Fk)keN a sequence of partial functional quantizers of X and ST'~ the corresponding

partial functional quantization of S, i.e. the strong solutions of
45T = b (1,5 ) dt o (1,817 aXIT, ST =

We assume that the sequence of partial quantizers of X is rate optimal for some p > 2|I|, i.e. that there

exists a constant C such that )

E HY _ YT ,,} < Cn~ T

for every n € N*, where Y is defined from X by Equation (11) and YT is the nearest neighbor projection
onT'. Then for every t € [0,T), StI’F” converges almost surely to Sy.

Proof: From corollary 3.13, if ¢ € [0,T), there exists three positive constants Kx . ;, C; and K, and
Ny € N such that for n > Ny,

oIl
S, — SI

E { sup
u€(0,t]

} _o(n ).

Hence, as % > 2, Beppo-Levi’s theorem for series with non-negative terms implies

~ pfe-‘
E ’VZ sup |[Sy, — Sﬁ’r" < +00.
["21 u€(0,t] J
~ p—e ~
Thus 3 sup [S, — ST <+ Pas. sothat sup |S,—SLt| — 0Pas. O
n>1u€l0,t] u€l0,t] n=0oo

Remark (Extension to semimartingales). In theorems 3.6, 3.12 and 3.14, we limited ourselves to the
case where X is a local martingale. The proofs are easily extended to the case of a semimartingale X
as soon as there exists a locally finite measure v on [0,T] such that for every w € Q) the finite variation
part dV (w) in the canonical decomposition of X is absolutely continuous with respect to v. In particular,
it is the case for the Brownian bridge and Ornstein-Uhlenbeck processes whose finite variation parts are
absolutely continuous with respect to the Lebesgue measure on [0,T].

A Injectivity properties of the Wiener integral

In this appendix, we recall some results on the definition of the Wiener integral with respect to a Gaussian
process. We focus on the injectivity properties. Here, we pay a special attention to the special case of
the Ornstein-Uhlenbeck processes.

The covariance operator and the Cameron-Martin space

Consider X a bi-measurable centered Gaussian process on [0,T] such that fOTE[Xf]dt < oo and with
L*(P
a continuous covariance function T on [0,7] x [0,7]. We denote H := span{X;,t € [0,T]} ® the

Gaussian Hilbert space spanned by (X¢);e[o,71- The covariance operator Cx of X is defined by

Cx: L%[0,T]) — L*([0,T))
y - Oxy=E|[(y, X)X].

We have Cxy = E[(y, X)X]|(t) =E UOT Xsy(s)dth} = foT I'X(t,s)y(s)ds where I'X(t,s) = E[X;X,] is
the covariance function of X.
The Cameron-Martin space of X, (or reproducing Hilbert space of Cx), which we denote K, is the
subspace of L?([0,7]) defined by Kx = {t - E[ZX;],Z € H}. Kx is equipped with the scalar product
defined by

(k1,ko)x =E[Z1Z,] i k;,=E[Z;X], i=1,2,
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so that (Kx,(-)x) is a Hilbert space, isometric with the Hilbert space {(y, X) : y € L2([0, T])}H. Kx is
spanned as a Hilbert space by {Cx (y) : y € L*([0,T])}.
The Wiener integral

Here, we follow the same steps as Lebovits and Lévy-Véhel in [15] and Jost in [14] for the definition of a
general Wiener integral. The difference here is that we use the quotient topology in order to define the
Wiener integral in a more general setting.

We define the map U : H — Kx defined by U(Z)(t) = E[ZX,]. By definition of H and Kx, U
is a bijection and for any s € [0,7], we have U(X,) = I'*(s,-). Consequently, Kx is spanned by
(I‘X (s, ))S clor] 3 2 Hilbert space. Now, we linearly map the set of the piecewise constant functions

£([0,T]) to the Cameron-Martin space Kx by

J: &(0,T) — Kx
l\s,t\ - FX(tv')irx(Sv')v

where |a, b| stands either for the interval [a, ], (a,b), (a,b] or [a,b). We equip £([0, T]) with the bilinear
form (-, -); which is defined by
<fa g>J = <Jfa Jg>X .

It is a bilinear symmetric positive semidefinite form.
Remark. The so-called reproducing property shows that <1\0,t\7 10, >.] =TX(t,5)+T%(0,0)-T%(0,5)—
'*(0,t). When Xo =0 a.s., this gives <1‘07t‘, 1|0,S|>J =T%X(s,1).

Now, we define the equivalence relation ~ on E([0,T]) by = Y if (x —y,x—y), = 0. On the
quotient space E([0,T]) := £([0,T])/ 8t the bilinear form (-, -) s is positive definite and thus it is a scalar

product on E([0,T7]). In this context, J defines an (isometric) linear map from E([0,7]) to Kx. Then,
considering the completion F' of E([0,T]) associated with this scalar product, J is extended to F' and
U=loJ:F — H is an (isometric) injective map that we call Wiener integral associated to X.

/0 f®)dX; = U lo J(f).

Injectivity properties of the Wiener integral
As we have just seen, the Wiener integral is an (isometric) injective map from F to H. Still, for example,
when dealing with a standard Brownian bridge on [0, 7], ||1[07T] H ; = 0, so that there are functions of

£([0,T]) which have a non zero L? norm and a zero || - ||; norm. Injectivity only holds in the quotient
space E([0,T]) = £([0,T))/ o and its completion F.

It is classical background that in the particular case of a standard Brownian motion, || - ||, exactly
coincides with the canonical L? norm so that F = L?([0,T1).

Study of the case of Ornstein-Uhlenbeck process
From now, we will assume that X is a centered Ornstein-Uhlenbeck process defined by the SDE

dX; = —0Xidt + odW; with o0 >0 and 6 > 0,

where W is a standard Brownian motion and Xj N (0,08) is independent of W. The covariance
function writes

2
¥(s,1) = g_eefe(sﬂ) (ezmin(s,t) _ 1) + Ugefe(sﬂ)_

Proposition A.1 (Semi-norm equivalence on £([0,T1])). There exists two positive constants ¢ and C
such that for every f € £([0,T]), cllfllz2 < 1 fll; < CJl fll2-

Proof: Let us consider f € £([0,T]). We have

A3 = Var (=6 f," f(s)Xods + 0 [y f(s)dWVs)
< 2Var (0 [ f(s)Xods) +2Var (o [} f(s)dW,) .
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The solution of the Ornstein-Uhlenbeck SDE is

t
X, =  Xpe 4+ / oe? =D aw, . (40)
N—— 0
independent of W N~ ————
::XtU

The so-defined process (X,?) +€[0,T] is a centered Ornstein-Uhlenbeck process starting from 0. Hence we
have

I1£13 < 2 Var (Xo0 [ f(s _‘%ds> +2 Var (6 fo (5)X0ds) + 2 Var (o fo s)dW,)
< 20°T Var(Xo) ) f(5)2ds +2Var (6 [ f(5)X0ds) +2Var (o [} f(s)dWs) .

We have seen in the proof of Proposition 2.7 that Var (9 fo Xods) < Var (o fOT f(s)dWS). Hence

T
1£115 < (20°Tog + 40?) / f(s)%ds
—_——
:=C? ’
This is the desired inequality.

Now we write

/Ot fs)dX, = —e/OT f(s)Xoe™"*ds + (—9 /OT f(s)ngs> +O—/OT F(s)dws,

—_———
::G{; ::G{ ::Gg

where (Gg, G{, Gg) is Gaussian and Gg independent of G{ and Gg. Hence
t
ar (/ f(s)dXs) > Var (Gf + Gf) = Var (G]) + Var (G) + 2cov (G{,GY)
0

> Var (6f) + Var (G) - 2/Var (67) Var (61) = (y/var (67) - yPvar (6)) - (an)

It was proved at the begining of the demonstration of Proposition 2.7 that there exists a constant
K <1 independent of f such that Var(G]) < K Var(G}). K was defined by

92 T T
K=— / / 'X(s,t)dsdt,
o o Jo

where T'X” is the covariance function of the Ornstein-Uhlenbeck process starting from 0. Plugging this

into Equation (41) yields
Var (Jy 7(9)aX,) = (1= VE) Var (0f)
= (1-VE) o |15

—_———

1=c2

This is the wanted inequality. (I

A straightforward consequence of Proposition A.1 is that || f|l; = 0 < || f|l2 = 0 so that equivalent
classes in £([0, 7)) for the relation ~ are almost surely equal functions. An other consequence is that the

sets of Cauchy sequences and convergent sequences for both norms on E([0,7T]) coincide, and thus the
completions of E([0,T1]) for both norm are the same. In other words, in the case of Ornstein-Uhlenbeck
processes, F' = L%([0,T]).

The author thanks Gilles Pages for his helpful remarks and comments.
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