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Abstract. In this article, we focus on the analysis of discrete versions of the
Calderén problem in dimension d > 3. In particular, our goal is to obtain stability
estimates for the discrete Calderén problems that hold uniformly with respect to
the discretization parameter. Our approach mimics the one in the continuous
setting. Namely, we shall prove discrete Carleman estimates for the discrete
Laplace operator. A main difference with the continuous ones is that there, the
Carleman parameters cannot be taken arbitrarily large, but should be smaller
than some frequency scale depending on the mesh size. Following the by-now
classical Complex Geometric Optics (CGO) approach, we can thus derive discrete
CGO solutions, but with limited range of parameters. As in the continuous case,
we then use these solutions to obtain uniform stability estimates for the discrete
Calderén problems.
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1. Introduction

The Calderén problem, or Electrical Impedance Tomography, amounts to retrieving
the potential g and the conductivity o from the knowledge of the current-to-voltage
map on the boundary on a domain.

To be more precise, let Q be a smooth bounded domain of R?. Given a
conductivity o and a potential g, we define the operator Alo,q] : HY?(9Q) —
H~1/2(99), the so-called Dirichlet-to-Neumann map, by

A[07 q] (g) = O'VU[O', q] * Mo,
where ulo, g] solves the elliptic problem
div(eVu) + qu =10 in Q and u= g on ON. (1.1)

The Calder6én problem is then the following: Given Afo,q], can we find the
conductivity ¢ and the potential q7 Of course, the first question to be solved is
the so-called uniqueness: is the map (o, q) — Alo, ¢] injective?

Note that here, the knowledge of the Dirichlet-to-Neumann map amounts to know
the answer of the system (1.1) to any boundary data g € HY/2(9Q).

Before recalling the known results on the above Calderén problem, let us point
out the by-now well known fact that when o is a scalar, the Liouville transform allows
us to rewrite the Calderén problem as follows: Given the map A[l,q] : HY/2(9Q) —
H~'/2(99), that is the map defined by

A[1,q)(g9) = Onulqliaq,

where u[q] is the solution of
Au+qu=0in Q and u = g on 01, (1.2)

can we reconstruct g7

In the sequel, we shall focus on this very precise Calderén problem, based on the
Laplace operator in (1.2). Therefore, from now on, we shall denote A[1,q] by Alg]
without any confusion.

Of course, here again, the uniqueness is the first question to ask, that is the study
of the injectivity of the map A : ¢ — A[g], and then the stability of the inverse, namely
trying to understand the modulus of continuity of the map A~!.

There is an extensive literature on the Calderén problem. First, some energy
considerations solve the problem of uniqueness of o given Ao, 0] if o is supposed to
be scalar (isotropic) and piece-wise analytic, see [19].

For isotropic conductivities, a great deal of work has been spent in order to reduce
the regularity hypothesis on ¢ in order to guarantee the injectivity of the mapping
o +— Alo,0]. In dimension 2, using techniques of complex analysis, the conductivity is
needed to be L>(Q2) only (see [2, 10]). In dimension d > 3, using the CGO technique
that will be mimicked hereafter, the conductivities must lie in the Sobolev space
W3/22(Q) for p > 2d (see [22, 9]) in order to ensure uniqueness. This effect is not
totally surprising, since unique continuation (which seems closely related) behaves
differently in dimension 2 and in greater dimension.

One may also suppose that the operator Alg] is known only on a part of the
boundary. In this case uniqueness and stability still hold under some suitable
“/lluminations” conditions if ¢ € L>(Q2) (or ¢ in W2°°(Q) by the Liouville transform)
using the so-called limiting Carleman weights (see [18, 14]).
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Concerning anisotropic conductivities, the celebrated Tartar’s counterexample
show that two conductivities differing only by the pull-back of a diffeomorphism
equal to the identity on the boundary yield the same Dirichlet-to-Neumann map.
In dimension 2 and anisotropic o, Tartar’s counterexample has been proven to be the
only obstruction to uniqueness using complex analysis in isothermal coordinates (see
[21, 3]) for L°°(€)) conductivities. The case of the dimension d > 3 is not yet fully
understood, the case of real analytic anisotropic conductivities is solved in [20] and
encouraging progress has been done recently if the conductivity exhibits a preferred
direction that allows to treat the geometry like a transformation of a cylinder (see
[13]). To sum up the anisotropic case, the 2-d case is rather well understood, mainly
thanks to complex analysis, whereas higher dimensions are more of a Terra Incognita.

The question we are interested in is the following. Discretizing the Calderén
problem, can we still get stability estimates uniformly with respect to the mesh size?

To be more precise, we consider a discrete version of the elliptic equation (1.2).
Let W), be a mesh that approximates the set 2 and, for g; € H}/Q (OWh), let up[gn]
be the solution of

Apup + gpup =0 in Wh and up, = gp on OWh,. (1.3)

Here, the index h means that we are solving a discrete approximation of (1.2) with
parameter h > 0, corresponding for instance to the mesh size. Hence, W, is an
approximation of Q (we shall come back later on the meaning of W, compared to Wy,
see (2.1) for more details), A, is an approximation of the Laplace operator A, and
the space H ,1/ 2(3Wh) is the discrete counterpart of H'/2(9€). We shall not give more
precise descriptions of these approximations at this stage, and we refer the reader to
the rest of the article for more details.
We can then introduce the discrete DtN maps A, defined by

Anlgnl(gn) = On nunlan]jow,

where wup[qn] is the solution of (1.3) corresponding to the Dirichlet data g; and
On,nuplgr] is an approximation of the normal derivative of up[gn], see (2.15) for an
explicit description of that quantity.

One should expect that, if the discrete approximations (1.3) converge (as h — 0)
to the continuous equation (1.2), the maps g, — Ax[qn] as well as their reconstruction
Arlgn] — qn should also converge, in some sense, to their continuous counterpart
g — Alg] and Alg] — ¢. Of course, these naive statements need to be thoroughly
study, as it turns out that the maps (Ap)p>o all are non-linear, and therefore their
inverses may have very different behavior. Our goal is to make a first attempt at
describing the discrete DtN maps and their stability results in the case d > 3. In
order to obtain convergence of the discrete reconstruction towards the continuous
one, we think that these estimates, that will be derived uniformly with respect to h,
are a step of crucial importance, see our comments in Section 7.

One of the difficulty to get uniform stability estimates is that the continuous
approach, based on CGO, strongly makes use of arbitrary large frequency solutions,
whereas in a discrete case of mesh-size h > 0, the frequency of solutions is limited to
the scale 1/h.

Another restriction linked to the discretization of the equation is that the
convergence of the spectrum is only guaranteed for frequencies smaller than h=2/3.
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For instance, the discrete Laplacian in 1-d on a uniform mesh,

1 .
(Apun); = 2 (wjsr,n — 2ujn +uj1n), jE{L,---,1/h =1}, won=1uimu=0,

admits as eigenvalues,

4 . o (krmh
)\k$h:h—2811’1 (T)’ kE{l,,l/h*l},

whereas the eigenvalues of the Laplacian with Dirichlet boundary conditions on (0, 1)
are given by Ay = k272, Hence

(\/Ak,h - \/Tk’ <CK*h?, Vke{l,---,1/h—1},

meaning that the convergence of the spectrum is achieved only in the range k =
o(h=2/3), corresponding to \/Ar.n = o(h~2/3) or frequencies of order o(h=2/3).

Since the CGO solutions are by their nature, linked to eigenvalues of the
Laplacian, when speaking convergence of the discrete Calderén problems towards
the continuous one, these scales of frequency should be kept in mind. Above these
scales, one can expect very surprising behavior between the continuous setting and
the discrete ones.

Let us point out a third and complex effect of the discretization, which is glaring
in the exact controllability problem for the wave equation, where the discrete controls
of smallest norm do not converge to the continuous one, see [16, 24].

This effect is due to numerical dispersion that introduces high-frequency spurious
waves of null speed, despite the fact every solution of the continuous wave equation
travels at velocity one (see [23]). Since these spurious waves do not propagate in the
domain, they cannot be controlled. We refer the reader interested by these questions
to the seminal articles [15, 17] and the subsequent survey article [24].

Of course, CGO solutions correspond to plane waves and therefore discrete
versions of CGO solutions may have very different behaviors as in the continuous
case.

Our last remark is based on counting the unknowns and the equations. For each
h > 0, the discrete Calderén problem is stated in a finite-dimensional space: If the
number of points in a direction is equivalent to IV, knowing the whole DtN map is
tantamount to knowing N9 ! potentials, each of which yielding a current, that is
N9=1 data, on the boundary. Hence the knowledge of the DtN map is equivalent to
the knowledge of N2¢~2 data, whereas the number of unknown is proportional to N¢.
Therefore, in dimension d > 3, there are way too many data for the number of unknown
and the problem is ill-posed in the sense that they might not exist a solution at all for
an arbitrary set of data. Even if uniqueness of a solution is guaranteed, existence is
here of the essence. This remark seems to indicate that solving the discrete Calderén
problem is an easy matter, but we emphasize that the map Ay is non-linear and lies
in a finite-dimensional space of very large dimension, going to infinity as h — 0, thus
making the resolution of the discrete Calderén problem a challenging issue.

The results in the continuous case and in the discrete case are in a contrast so
sharp that it is on the verge of being paradoxical. In the discrete case, iterative
reconstruction algorithms exists (see the review [5]), based on continuous analysis
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and a direct algorithm is proposed in [12] which strongly uses the intrinsic finite-
dimensional nature of these systems. However, these latest reconstruction algorithms
use highly oscillating test functions. As a consequence, for a set of data that represents
a DtN map (possibly with some errors), the reconstructed conductivities and potentials
are designed to match the N¢ data of higher frequency. Let us also point out the direct
algorithm of [4] that builds the set of point on which the conductivity is reconstructed
accordingly to the data, but, as far as we know, this reconstruction algorithm does
not yield any uniform stability estimates for the discrete Calderén problem, where
uniform stands for uniformly with respect to the discretization parameter h > 0.

To study the discrete Calderén problems, we shall then develop similar tools as
for the continuous Calderén problem in dimension d > 3. To be more precise, our
analysis will be based on the construction of discrete CGO solutions, solution of (1.3)
which are close to the usual harmonic functions. Of course, this cannot be done for
any arbitrarily large frequencies but rather for a limited range of frequency, depending
on the mesh-size h.

One of the main difficulties we shall encounter to construct these solutions is to
develop a discrete Carleman estimate for the elliptic problem (1.3). Of course, here
again, as expected in view of the above discussion, the parameters in the Carleman
estimate should be limited in some range depending on the mesh size (roughly
speaking, the parameter in the Carleman estimate correspond to the frequency of
the CGO solutions).

Note that, in this step, the recent works [6, 7, 8] are worth mentioning: to our
knowledge, they are so far the only works in which discrete Carleman estimates have
been derived, but having in mind the study of the exact controllability of the discrete
heat equations.

In Section 2, we define the discrete problems, introduce some notations and state
our main result. In Section 3, we prove a Carleman estimate which is the basis of
the proof of existence of the CGO solutions, given in Section 4. In Section 5, we
prove the stability estimate in terms of the different scales that come into play in the
discrete Calderén problems. In Section 6, we focus on the case of uniform meshes, in
which stronger stability estimates can be proved. In Section 7, we give some further
comments and open problems.

2. Definition of the discrete problem

In this section, we introduce notations specific to the discrete problem that will be
used throughout this paper.

Set Q C [0,1]¢, d > 3, a domain meshed with M, a finite subset of Q. For
N € N, define K}, the regular cartesian grid of [0,1]%:

k
Kp = {x € [0,1]% such that 3k € [0, N — 1]¢ such that x = N} .

Suppose that the mesh My, is a perturbation of Wy, a subset of K, in the sense that
there exists a smooth diffeomorphism F : [0,1] — [0,1]¢ close to the identity such
that FOWy) = Mp,.

When treating discrete problems where nodes of M; are directly related
to degrees of freedom of the linear system (Lagrangian finite elements or finite
differences), one usually introduce the concept of “connection” between two nodes
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(or “neighbours”) of W),. We use the notation = ~ y to denote the fact that two
points  # y € W, are neighbours. We shall suppose that the set of connections or
edges is the same for every point and is symmetric, that is:

Assumption 1 Let h > 0 be the size of the mesh. There exists k vectors (€;)i=1...k €
Z% such that e; # —e; for all i # j and such that for all x,y in Wh,

T ~ y <= Ji such that x — y = he; or y — x = he;.
We further assume that the set of vectors (€;)i=1...k spans R4.

If x = y + he;, x is called the “neighbour of y in direction e;”, whereas y is the
neighbour of x in direction —e;. Note that, since the set of connections is the same for
every point, the mesh has to have some translation invariance that restricts drastically
the choice of possible meshes to, namely, cartesian grids.

Also note that we did not assume k& = d. In particular, & can be much larger than
d. In the case k = d, much more can be said, see Section 3.6 and Section 6.

2.1. Dual meshes and operators

For any set of points Aj,, define .A}'L, the dual set in the direction e;, as
. h h
Aj, = {ac + ¢ such that x € .Ah} N {x — g6 such that x € Ah} )

As an immediate corollary, y € Aj if and only if both y + %ei and y — %eq; are in Ay,
hence y € Aj, is the middle point of a segment connecting two neighbours in direction
e; of points of Aj. Similarly, define the sets Ay = (A})7 = AJ'. The inclusion
Ay C Ay, is strict, since € A}’ if and only if + € A, and both its neighbours in
direction e; and e_; are in Aj. Define the interior and the boundary of a set Aj, as
k
Ay, = ﬂ Yoand O Ay = Ap \ A% and 0Ay, = Ap \ Ap. (2.1)
i=1
For any finite set of point Ay, denote as C'(Ay,) the set of functions from A to
C and define the average and difference operators in the direction e; as the operators

from C(Ap) to C(A}) :

1 h h
ai(up) =y 5 <uh(y + 561‘) +un(y — 560) ,

ditun) =y 1 (wnly + 560~ wnly = 5 )

These operators are the discrete version of the average and the directional derivation.
Note that they depend on h > 0 and should rather be denoted by a;; and d;pn
respectively, but there, no confusion can occur and we remove it with a slight abuse
of notations.
We shall also sometimes denote by d generic difference operators which coincides
with one of the d; and a generic average operator which coincides with one of the a;.
Here are a list of easy lemmas that will be used thereafter.

Lemma 2.1 As operators from C(Ap) to C(Aﬁlj), we have the following identities:

;a5 = A;50Q4, aidj = djal-, dldj = Cljd1
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Moreover, for any (un,vn) € C(Ap)?,

h? .
ai(upvp) = a;(up)a;(vy) + Zdi(uh)di(vh) on Ay, (2.2)
di(upvp) = di(up)a;(vy) + a;(up)d;(vy)  on AZ, (2.3)
2
up, = a;a;(up) — hzdidi(uh) on .Aﬁf (2.4)

Lemma 2.2 Denote the hyperbolic cosinus and sinus as ch and sh, respectively.
For any up, € C(Ap) and i € {1,---,k}, on A% we have

u hdzu w 2 aiu hdzu
a;(e"r) = e hch( 5 h) ,di(e") = 7e i ’lsh< 5 h) ,

as(sh(un)) = shazup)ch ( ”d;“h) ,

hdiuh
2 )

d;(sh(up)) = %ch(aiuh)sh (

ai(ch(up)) = ch(azup)ch (hd;”h) :

hdiuh
5 .

d;(ch(up)) = %sh(aiuh)sh (

Besides, for any vector s € RY and i € {1,--- .k}, di(s-z) =5 ¢;.
Lemma 2.3 For anyi € {1,---,k}, up € C(Ap), z» € C(A}), we have

di(zn(asun)) = ai(zn(diun)) + (dizn)up on Ay, (2.5)
a;(zn(a;up)) = (aizp)un + %di(zh(diuh)) on Aj. (2.6)

Lemmas 2.1-2.2-2.3 can all be derived easily by straightforward computations
left to the reader.

2.2. The discrete Laplace operator

On Wy, we are looking for an approximation of the solution u € H'(Q) of the
continuous problem (1.2).

The discrete problem then amounts to finding u, € C(Ws,) solution of (1.3) for
some discrete operator Ay, that approximates A on Wj. Of course, this operator Ay
is defined on a finite-dimensional space and can then be considered as a matrix, as
it is usually done when doing numerics. But one can also see this operator A, as an
operator from C(W,) to C(W,), and we shall adopt this point of view in the rest of
the article.

We shall assume the following property:

Assumption 2 For all h > 0, there exists k functions (o} )i=1.., € COW}.), such that
k
Ahuh = Zdi(dzdluh) on Wh, Yuy, € C(Wh)
i=1
For some standard problems, the existence of such o} is made in appendix, it
relies solely on the following properties:
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e There is a one to one correspondence between the linear system and the nodes.
e The linear system is symmetric.
e The function constant equal to 1 is in the kernel of Ay on Wh.

The value of o () is given in the appendix for some numerical methods. Roughly
speaking, it corresponds to the weight that the numerical method gives to the
connection of the nodes (z+ he;, x — he;). These functions o, encode the information
on the numerical method that has been chosen.

Given a set Ay, for up € C(Ap), we define its L°°(A;,) norm as

up|| 1,00 := max (|up(x)]).

lunllzo(an) = max(jun(x)])

We suppose that the mesh regularity and the choice of discretization yield the following
properties on o} :

Assumption 3 Suppose that o} can be extended to a function of C(Ki). Still
denoting this extension by o}, we define:

cath) = 31500l et 27)
i’j
k: .
ea(h) = Z ai(0)ei ® e; — Id|| oo i, (2.8)
i=1
M(h) = Z HU;LHLOO(ICZ)v (2.9)

and we suppose that
M := sup M(h) < 0.
h—0

We shall compute explicitly o for some standard examples in the appendix and
show where these two scalings ¢, and €; come from. Heuristically, condition (2.8) is
an “isotropic” condition, hence the notation ¢,, where a stands for “anisotropy”. The
scaling €4 comes from the regularity of the diffeomorphism F' that modifies the domain
Wy, into My,.

Note that Assumption 3 extends the operator Aj on the whole mesh KCp,.
Assumption 3 therefore concerns the regularity of W,. Indeed, extending o?
to a function of C(K!) with the required properties implies that the domain (2,
approximated by W), is regular.

We shall also make and additional assumption on the geometry of the domain
Wh:

Assumption 4 Denote by Ky, the interior of the interior of Kp (points that are at
least two nodes away form 0K, ). We suppose that there exists a domain By, such that
Wh C Ba, B, C K1, and such that there exists Y € C.(By,) such that v =1 on W,
and ||d; (V)| o i,y < Mo for all i € {1,---,k} and ||Apih| Lo (x,) < Mo, where My is
a constant independent of h.

Note that v in Assumption 4 is assumed to be independent of A > 0. This can
indeed be done by assuming that Q C (0,1)? and constructing a function ¢ compactly
supported in (0,1)% and equal to one on €, and then taking ~ > 0 small enough.

Assumption 4 states that the domain W), is at a fixed distance of the boundary
0K, in particular, we have

Wy, C éh C By, C /Ch C K. (2.10)
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2.8. Integrals and Green’s identity

For any set of point Ay, for any (up,vn) € C(Ap), we define the following quantities:

/ un(@) == h" " un(@),  (un,vn)a, = / up(z)op(z).  (2.11)
Ah xEA}L Ah
Note that (-, -).4, defines a scalar product on the functions of C(Ay).

Remark that we choose the scaling h? of the volume integral. Therefore, in the
sequel (and especially in Green’s identity), the physical scaling of boundary integrals
will be h=" [, , .

We also define the following norms in C(Ap,) :

1/2

lunllr2can) = vV (unsun) 4, Nunllgoca,) = (Z/m Uﬁdi(uh)2> ;
i h

lunllacan) = llunllzzcan) + lunll ga,)- (2.12)

We are now in position to state the following discrete version of Green’s identity:

Proposition 2.4 (Integration by parts) Define C.(Ap) the space of functions
with compact support as

Cc(Ah) = {uh € C(Ah) s.t. up =0 on 6Ah}.
For any vy, € C(AY), up € Ce(Ap),
di(up)vp = — / upd;i(vp), / “a;(up)vn = / upa;(vy). (2.13)
A;l Ap A; Ap
Proof Even if the proof of Green’s identity is standard, we show it here in order
to work out the notations. Below we only prove Green’s identity for the difference

operator and not for the average one, which can be proved similarly and is left to the
reader. Let us introduce the set

i o
Af’ = {x s.t. x £ 561' € Az},
yielding in particular A? = AZ’i N A;’i. Moreover, performing two discrete change of
variables,
/ d; (up)vp, = hdz Z 1 up(x + ﬁei) —up(z — ﬁei) vp ()
A iyt h 2 2
TEAR

S| 2 %uh(y)vh(y_gei)_ 2 %“h(y)vh(y+ge¢)

? yGA;’i yeA;’i

Since up = 0 on 0Ay, all the sums on Af’i are in fact on the set Aj, C Af’i, and

hence
/A; d;(up)vp = hdz Z %uh(y) (vh(y — gei) —up(y + gei))

i oyedy

= _/Ah upd;(vp).

This concludes the proof of Proposition 2.4. O
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In order to get Green’s identity with boundary term, we have to define, for each
i € {1,-- -k}, the exterior normal to the set W), C K}, in direction e; as nj, € C(0"Wy,)

1 ifx—Le; e Wi but x+ Le; ¢ Wi,

Vo € OWh, nj(z) =< -1 ifz+Le; e W) butw — Le; ¢ Wi,

0 ife+2e; ¢ W) andx— Le; ¢ Wi
This deﬁnition makes sense since x + %ei € W}L and z — %6@ € W; would imply that
x € W} hence x ¢ 0'W,,. Remark also that n'(xz) = 0 on "W, if and only if = does

not have any neighbours in the direction e; nor in the direction —e;, so that x is an
“isolated” point in the +e; direction.

Proposition 2.5 Denote by I, the operator from C(Wj) to C(K%i) that extends
functions by zero outside W, then

2 . )
di(Ih(Uh)) = —Eai(fh(vh))nz on 81Wh. (214)
Extending n}L by 0 outside Wy, for all up € C(Wy,), we define On,pupn € C(OWh) as
k
Onpun =Y _ 2(a; o I)(o" dup)nj,. (2.15)
i=1

With this definition, we have the following formula: for all wy € C(Wy),

k
1 )
E (Bn,huh)wh = / (Ahuh)wh+ E / v az(diuh) (dzwh)(216)
oWy, Wh, i=1YWh

Let us emphasize that the factor 1/h in front of the integral in OW), comes from
the fact that this latter integral is defined as fawh up, = h? > weow, Uh(z) and not
with the standard scaling for boundaries which is A%~ 1. )

Proof We first prove equation (2.14). Remark that if W), C Kp,, then W} C Ki so
that the operator I can indeed be defined. Moreover, the functions d;(Ix(vy)) and
a;(In(vg)) both belong to C(Kif). Due to the inclusions

8iWh C W, C /oCh C IC%,
it makes sense to look at the values of d;(I;(vy)) on dWy,. Set x € 9*Wj, then
either ni (z) = —1,0 or 1. Since the three cases are treated the same way, we may
suppose that nj(z) = 1, that is  — Ze; € Wi and z + Ze; ¢ Wi. In this case
(Invp)(z + 2e;) = 0 and
2

(~onler = ge)) = —2ai(Tnun) o),

di(IhUh)(Ji) =

which is the sought result. ~
We now turn our attention to proving Green’s formula by itself. Denote by Iy,

the operator from C(W,,) to C(K},) that extends functions by zero on Kp, \ Wy,. We

have

S| =

di(In(wy)) = d;(wp) on W} and I, (o diup) = 0 outside Wi.

Hence
Kk

k
> [ ohun) @) =Y [ 1uGohdeun))ds(Gn)

i=1
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Since W), C /%,L, Ihywy, = 0 on OK), and then, performing an integration by part,

Z/ Z O'h duh d'UJh Z/’C Ih (Thd uh)) fh(wh)
= —Z/W Ih (Thd uh)) Wh
/W Zd I}L Uhd uh wh—/ Zd I}L Uhd uh))

i1 Wy i
To end the proof of Proposition 2.5, we remark that
Ih(afbdiuh) = agdiuh on W}L
and then that

k
Zdl (Ih(aidiuh)) = Ahuh on Wh.
i=1
Besides,
) -2 .
d; (Ih(aﬁldiuh)) = =G (Ih(oﬁldiuh)) n
and then

k
; 1
- Zdl (Ih(aﬁdiuh)) = Eamhuh on 8Wh,
i=1
thus concluding the proof of Proposition 2.5. O
To conclude this section, we also define the Sobolev norms for any trace function

gn in C(OWp,) as:

lgnl 2 ow,) = min lwnll z1 o)
up, € Wy,
up = gn on OWj,
1
|gh|H71/2(3Wh) = max E ghUp.
up € OWy, OWh

|uh|H1/2(8Wh) =1

Note that these definitions are of course compatible with the continuous ones.

2.4. The DtN map and the discrete Calderon problem

We are now in position to define the discrete Dirichlet-to-Neuman map (DtN map)
for a potential g5, € C(Wp,):

Definition 2.6 Let h > 0. For any qp € C(Wh) such that
(Ahuh + qpup =0 in Whand uj, =0 on 8Wh) = up =0, (2.17)

we define the discrete Dirichlet-to-Neuman map (DtN map) as follows: Aplgn] is an
operator from C(OWy) to C(OWy,) defined by Anlan|(gn) = On pun where Oy pup is
defined in (2.15) and wuy, is the unique solution in C(Wy,) of (1.8) corresponding to the
potential qp,.
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Note that the unique continuation property (2.17) is not very restrictive but is
needed to guarantee the uniqueness of the solution wup of (1.3). First, the operator
Ap + gp is symmetric and derives from (A + ¢), a continuous operator with compact
resolvent, hence its eigenspaces are finite dimensional (in the continuous setting), its
eigenvalues are separated and a standard bootstrap argument shows that the elements
in the kernel of Au+ qu are regular (their second derivatives are as regular as ¢) hence
if we suppose that the continuous operator u — Awu+ qu has a null kernel, any sensible
numerical method will ensure that uy, — Apup + qpup has a null kernel for A small
enough.

Now, if the continuous potential ¢ derives from a conductivity ¢ through Liouville
transform through the formula ¢ = —A(y/0)/\/o, automatically, solutions u of (1.2)
with v = 0 on the boundary correspond to solutions v of

div(eVv) = 0 with v =0 on 09, (2.18)

(more precisely, u = y/ov) and hence v = v = 0. Indeed, multiplying (2.18) by v and
integrating by parts, one immediately checks that v = 0. This indicates that condition
(2.17) is not very restrictive for practical applications.

The discrete Calderén problem then consists in the following one: Is the map Ay,
injective?

But, as we have explained in the introduction, the main issue when dealing with
a family of discrete Calderén problems is to get uniform stability estimates, where
uniform means uniformly with respect to the mesh-size parameter h > 0.

To be more precise, we want to find a function w : Rt — RT such that, for all
h > 0 and (ql’h, qg,h) S C(Wh)z,

la1,n — q2.nll < w ([[Anlgr,n] — Anlgzn]ll) -

Here, we do not give yet the norms that shall be put in the left and right hand-sides
of this estimate, which actually contains much of the information.

Before stating our result precisely, let us introduce the discrete H"-norms for
reR. For h >0, set Kj, = [0, N — 1]¢ and define the discrete Fourier transform of a
function uy, in C.(Kp) as 4y, in C(I@h) by

p () = Fn(un)(§) =/ up(x)e 20 e € K.

Kn
We then define the Sobolev norm H", for any r € R by

[unlire e,y = D @O+ €
fe’%h
Note that, with this definition, the celebrated Plancherel formula states that the norm
|u| o (k) coincides with ||| p2(x,, ). Moreover, we emphasize, that, as in the continuous
case, it is classical to show that |- || g1k, ) defined in (2.12) and |-| g1 (x,,) are equivalent
independently of h.
Our main result is the following one:

Theorem 2.7 Suppose that Assumptions 1-4 are satisfied. Let g1 and qap in
C(Wh) be two potentials satisfying (2.17) and (| q;nll L,y < ™, J € {1,2}. Set

[Anlgr,n]—Anlg2n]ll e, S max | (Anlq1,n] = Anlaz,n]) (9n)lm-172(0m,)-(2-19)

\thHl/g(awh):
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There exist constants ¢, C' depending on m so that if ||Anlg1,n] — Anlaz,n]ll e, b €a
and €, are smaller than c, setting

1
‘= max-< € ,61/2, h1/2, } , 2.20
s { *a Tog(1Anlain] — Anlgznlller) (2.20)

for all frequency & € Ky, satisfying |€] < ep™t,

| Fn(qi,n — g2.0)(&)] < Ch. (2.21)

Consequently, we have the following stability estimate : For any r > 0, there exists
C, > 0 depending on r, m such that

_2r
lg1,n = G2,nlzr-r (W) < Crp+a. (2.22)

Before commenting this result, let us emphasize that the norm (2.19) corresponds
to a discrete version of the £(H/2(9); H='/2(09))-norm, thus being completely
consistent with the natural norms for the continuous Calderén problem.

Also note that Theorem 2.7 actually bears four results.

e The influence of the mesh size alone is seen by setting p = h'/2 and Anlgip] =
Ap[go,n], this is the case, for instance for a regular mesh where the DtN operators
are equal, the uncertainty on the potentials g5 in the H~"(W},) norm then scales
as h¥rd.

e The influence of the anisotropic scaling €, or the irregularity of the mesh ¢, is
measured by taking p = €4 or €u

e The influence of the error in the DtN maps, this is the true stability estimate.
The stability estimate is in |log(error)|®, with o < 0. It is consistent with every
continuous stability estimate (see [1]).

At this point, let us also emphasize that Theorem 2.7 does not yield uniqueness.

Indeed, if Aplg1,n] = Anlge,n], then for any r > 0, we only have
_2r
a1 — @l (w,) < Crmax{eq, ey/?, M2} 7r%a, (2.23)

Of course, given h > 0, this does not give uniqueness, but rather some kind of
asymptotic uniqueness as h — 0, since the right hand-side of (2.23) goes to zero
as h — 0.

The proof of Theorem 2.7 is the main goal of that article. It will be given in
Section 5 and it will strongly use the results developed in the other sections, and in
particular the construction of discrete CGO solutions derived in Section 4.

2.5. Basic properties of the DtN maps
Let us begin our analysis of the discrete Calderén problems by giving some properties
of the discrete DtN problems that are classical in the continuous setting:

Proposition 2.8 Let h > 0 and q, € COMW,) satisfying (2.17).
The discrete DN map is self adjoint:

Ah[qh](uh)vh = Ah[qh](vh)uh, V(uh,vh) S C(@Wh)2
oW oW

Moreover, for all uip and usp that verify Apujp + qjnujn =0 for j =1,2 on Wh
with ¢1.n, g2, € C(Wh) satisfying (2.17), we have

1
/o (q1,h—q2,n)U1,RU2,H = E/ (Anlgr,n] — Arlgen]) (wi,n) ua pn,(2.24)
Wi W
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where we used the slight abuse of notations consisting of denoting the same way a
function on Wy, and its trace on the boundary OW,.

The proof of these assertions is similar to the one of the continuous case.
Proof We first prove the self-adjointness of A[gs] for gn € COMW). For (up,vp) €
C(Wh) solutions of Apup + quur, = 0 = Apvp + g on Wh, using the integration
by part equation (2.16), we obtain
1

1
E/ Arlgn](un)vn = E/ (On,nun)vn
E)Wh 8Wh

:/o Ahuh’thrZ/ Uhduh dvh)

Wh

:/o —qhuhvthZ/ ah (diup)(divp,).
Wh

The right-hand side being symmetric in u;, and vy, their roles can be exchanged which
proves the self adjointness of Ap[gs].
We now turn our attention to (2.24). Set w1 and ug p, as in Proposition 2.8, then

/Q q1,RU1L R U2 = — / (Apui,p)ugp
Wh Wh

=—= (On,pu1,n)u2.n + / o (diuy 1) (diug,p).
h Jow, Z l

Recalling that, by definition 9, pu1,, = Ah[ql,h](uLh), interchanging the roles of uj p,
and ug j, and subtracting the two equations lead to

1
/O ((11,h - (J2,h)u1,hu2,h = - E (Ah[(I1,h](u1,h)u2,h - Ah[QQ,h](U2,h)U1,h)
Wh, 8Vvh,

= — %/{th (Anlgqi,n] = Anlge,n]) (u1,n)uz,n,

where we used the self-adjointness of Ap[g2,5] in order to conclude. O
Note that formula (2.24) will be the basis for the proof of the stability estimates
in Theorem 2.7, as it will be seen in Section 5.

2.6. Notations

In the sequel, we shall denote by C and ¢ generic constants that can be chosen
independently of the parameters h, €,, €4, the Carleman parameter s and the CGO
parameter 3,s,n. The constant C' will be chosen large enough, whereas ¢ will be a
small positive constant.

3. Carleman estimate

The main tool that proves the existence of CGO solutions is a Carleman estimate
proved with special weight functions called the “limiting Carleman weights” (see [18]).
We emphasize the fact that discrete Carleman estimates already exist, see [6, 7], but
that they are not based on limiting Carleman weights.

The goal of this section is to develop the proof of uniform discrete Carleman
estimate (here, uniform means with respect to the discretization parameter h > 0)
with a simple limiting Carleman weight, namely the one corresponding to plane waves.
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3.1. Statement of the Carleman estimate

For any s € RY, introduce ¢5(z) = s - x and define the operator Ay j, from C.(K}p) to
C.(Ky) as

ko o=¢sg. i d; (% )) K
A, _ D€ i (ah (e uyp, on Ky, 1
YR { 0 on 0K}, ’ (3.1)

We aim at performing a Carleman estimate on A j,.
Below, we use the slight abuse of notation consisting of identifying functions of
C.(B},) as functions of C.(Kj), by extending functions of C.(B},) by zero outside By,.

Theorem 3.1 There exist ¢ > 0 and C > 0 such that for all (h,eq,¢,) € (0,¢)3, for
all s € R? such that |s| < cmin{e; ', h=%/3}, for any up, € C.(By), we have

[slllunll2(sn) + lunll s,y < ClAspunllLzc,)- (3-2)

Note that estimate (3.2) is similar to the continuous one. However, an important
difference between (3.2) and the continuous Carleman estimate is that the range of s
for which (3.2) holds true is limited to some scales depending on the mesh. Of course,
these scales are going to infinity as (h, eq) — 0, thus being completely compatible with
the continuous Carleman estimate.

Remark 3.2 When k = d (i.e, there are as many connections as the dimension), then
the scaling becomes |s| < cmin{e;,h™1} and thus we gain an order of s with respect
to h. This scaling is coherent with the one obtained in [7]. We do not state it as a
main result since the final scaling appearing in the stability theorem (Theorem 2.7) is
|s] < h=12 and is driven by Proposition 4.1. Nevertheless, we show in Subsection 3.6
how to improve the following proof in order to obtain the scaling h™!.

Proof [Sketch of the proof] The proof of (3.2) is based on three steps that will be
developed in details in next sections:

e Decompose the operator A j into its symmetric and skew-symmetric parts, Ss p,
and As , (see Proposition 3.3);

e Prove a lower bound on ||Ss nunl|z2(x,) + || As,nunllz2(x,) of the form

Islllunllc2s,) + lunll g s,) < C (1Ssnunllczae,) + I1Aspunllk,)) -
see Proposition 3.4 for more precise statements;

e Prove an upper bound on th(Ss,huh)(A&huh) of the form

/K (Seun)(Asntun) = o(ISsunlZagery + [ Asnunlace,)
h

for all up, € C.(B},), see Proposition 3.9 for detailed statements.

Then the decomposition

1As nunllze = [1SspunlZe + | As nunll7e + 2/]C (Ss,ntun)(Asnun)
h
yields (3.2) immediately, see Subsection 3.5 for the final compilation of the different
listed propositions. O
Also note that actually, for Theorem 3.1 to be true, we strongly need By, to be
such that B;, C Kj,, thus explaining where this condition comes from in Assumption 4.
The reason is we need to perform several integration by parts without boundary terms
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in the proof of the upper bound of the commutator. We then need to ensure that the
extension by 0 of uj outside By, satisfies that wp, d;un, and ajd;up, equal to 0 on,
respectively, 9Ky, 8(KZ),8(IC;?).

To make easier the reading of the tedious computations that will come afterwards,
let us briefly recall how the Carleman estimate is proved in the continuous case. First,
one easily checks that

Agu=e P A(e?u) = Au+ 2s - Vu + |s]u.
This operator is then decomposed into its symmetric and skew-symmetric parts:

Sou = Au+ |s|?u and Agu = 25 - Vu. (3.3)
Then Poincaré inequality yields

[Asullz20) Z [slllullL2(e), (3.4)
whereas

/ Vul? = / (Seuyu+ |3 / ful? < 1| Suul ellul 2 + |s[2 [l .
Q Q Q

Using the previous estimate, we thus directly get
lull3s gy + s lulZa@) S 1Ssulliz@) + 1AsulZag),

which concludes the proof in the continuous case since one easily checks that
Jo SsuAgu =0 for u € CF(Q).

3.2. Decomposition into the symmetric and skew-symmetric part

The discrete counterpart of the continuous decomposition in (3.3) is:
Proposition 3.3 Let h > 0. Fori € {1,---,k}, define f@i,h,g;h,p;h cR as
/<;;h := ch(hs-e;), p;h = %sh2 (gs . ei> , g;h = %sh(hs~ei).(3.5)
Define the operators Si,h and A;h from C.(K}p) to C.(Kp) as
S;huh = /i;hdi(afldiuh) +pi7h(aiafl)uh on Kj,
Ai,huh = 2gi7hai(afldiuh) + g;h(diafl)uh on I&h.

Then the S, are symmetric whereas the A%, are skew-symmetric and we have

k k
Agp=Sen+Acn with S =) Si, and A=) A,
i=1 i=1
Proof Before going into the proof, let us emphasize that it can be done for s € R?
and h > 0 fixed. We shall therefore omit the indexes s and h in the proof to simplify

the notations.
Note that thanks to (2.3) in Lemma 2.1, we have

ai(e?)di(e=?) = —a;(e”?)d;(e?)



hal-00588699, version 1 - 26 Apr 2011

Uniform stability estimates for the discrete Calderén problems 17

The proof of Proposition 3.3 is then an application of Lemma 2.1 and a discrete
integration by parts (see Proposition 2.4) with v = 0 on 9K},. For all u,v € C.(Kp),

we have:
/;QL(AShu / Zi:e O’d )))v
= Z/ otd;(ue®)d;(ve™?)
_ Z / L €?) + di(e?)as(w))(di (v)as(e=®) + di(e=*)as(v))
—EQ/ﬁ )+ rhas(u)as(o) + ridi(uas) - ras(wdi(v)

where a direct computation, using Lemma 2.2, yields :

, , , h
rt = o'a;(e?)ai(e™?) = o' ch? (58 : ei> , (3.6)
. . —4 h
ry = o'di(e?)d;(e?) = ho sh? (—s el> ) (3.7)
e = o'a;(e?)d;i(e™?) = —%sh(hs “e;). (3.8)
Hence, for all i € {1, -, k} the decomposition into the symmetric part and the skew-

symmetric part of the operator e=?d;(o'd;(e®u)) is given by

(Si) = = [ i) + ras(wav)
:/o [di (e dyu) — a;(rhazu)]v
Kh
(i) = = [ ri(diwaio) - dilv)asw)

= — / [ai(rédiu) + di(réaiu]v.
’%h
Using Lemma 2.3, we obtain, on Wh :
. h2 . ) ) )
S; = d; <ri - Zr%) diu — (a;ry)u, A = —2a;(ryd;u) — (d;ry)u.
Then, basic identities on the hyperbolic functions yield Proposition 3.3. O

3.8. The Lower bound

The goal of this section is to prove the following proposition:

Proposition 3.4 Let S, 1, As  be as in Proposition 3.3. Then there exist ¢ > 0 and

C > 0 such that for (h,eq,€q) € (0,¢)3, for all |s| < ch=2/3, for all u;, € C.(By),
[slllunllzgc,) Fllunll g,y < CUSshunllLzie,) +1Aspunll L2, ) (3-9)

The proof of Proposition 3.4 is postponed to the end of the section.
As in the continuous case, see above, the first step of such a proof is a Poincaré
inequality that yields (3.4).
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Lemma 3.5 Given s € R? and h > 0, define the operator fls,h on C.(Kr) by

k
As’huh = QZ(S . ei)(aiag)aidiuh. (3.10)
i=1
Then there exist ¢ > 0 and C' > 0 such that for all (eq,€4) € (0,¢)?, for all s € R,
|5|2H“hH%2(lch) < C||As7huh||%2(,ch), Yup, € Ce(Bp,). (3.11)

Proof Below, we use the symbol ~ to refer to an equality modulo a term of order
(eqa + ea)\s\QHuHig(,Ch). By setting ¢ small enough these terms are negligible when

compared to [s|*|[un|7(c, -

k
|s‘2||u||2LQ(/C;L) ~ /’C <Z(s . ei)Qai(01)> u?
h

i=1

k
= aiismaiai s'eiuz
f/KZ di(s - 2)as(o) (s - ex)

hog=1
k

= — /zc Z(s -x)a;d; (5 - ei)ai(o")u’)

=1

< Clsl||Aull L2y lull 2, ) -

(s-e;)a;d; (ai(ai)u2)

-

i=1

12

(5-e5)ai(o%)a;d; (u2)

-

1
2

(s - e)as(o)aid: (u) (aiai(u) + %didi(u)>

M=

i=1

Here, for the first sign ~, we used (2.8), for the second one we used |d;(c?)| < €4 (see
(2.7)) and, for the last estimate, that ||a;a;(u)|| + h?||d;d;ul| < Cllul|. O

Remark 3.6 Note that this discrete Poincaré inequality uses dearly the fact up = 0
on 8By, and that By, C Ky. This is not only a technical argument for the proof. Indeed
up, must cancel on the boundary of Ky, (as expected for any Poincaré inequality) but
also on the points at distance one of the boundary.

We can indeed build a counterexample to the Poincare inequality in (3.11) in 1-d,
by taking up(jh) = 0 for j even and up(jh) = 1 for j odd: in this case, ad(up) = 0
whereas ||up|| # 0 and uy, indeed cancels on the boundary if By, = {0,---,jh,---,Nh}
for N even.

We are now in position to prove Proposition 3.4.
Proof [Proof of Proposition 3.4] We now turn our attention to proving (3.9). First we
remark that x* > 1 (defined in (3.5)) and [p®a;(c?)| < C|s|? (since |s|h is uniformly
bounded), hence we have, for all u € C.(By),

1 i
~Sun) = 3 [ S o)) = Ol e,
1 2

= Sl i,y — ClsPlulBage, )
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1
(S, w)] < [Sulllull < 5(1Sul® + [lul®),
we get

el gy < © (1SuBac,) + 5P NulZa0c,) ) -

Now, Lemma 3.5 yields
sl 2,y + s o,y < C (ISullzge,) + 1 Asnulae,) ) (3:12)

where /Als,h is the operator defined in (3.10).

To conclude, we shall then compare the operators /Als,h and A p.
Since |g° — s - ¢;| < C|s|>h? (recall the definition of g% in (3.5) and |s|h uniformly
bounded), for all u € C.(B),

12 g (aio")aidiu — Aul L2,y < Clsl*h?[|ull i, )
7

and thus, for every |s| < ch=%/3,

12 g'(aio ) aidiu — A2,y < Cllull3 i, (3.13)
[

Besides, using that |g¢| < C|s| and |d;o?| < €4 by (2.7),
lg"(dio")ull e,y < OcalsPlullZage,): (3.14)
Using the two estimates (3.13)—(3.14) and plugging them in (3.12) while using the

definition of A% in Proposition 3.3, we obtain (3.9) for ¢ small enough. O

Remark 3.7 The case k = d. Let us now turn our attention to the case k = d. A
careful reading of the previous proof shows that the only occurrence of the hypothesis
|s| < ch=2/3 lies in the proof of (8.13). In order to avoid this hypothesis, when k = d,
we can define the vector G such that G - e; = gi,h, since e; form a basis of R%. Thus

following the proof of Lemma 3.5, we can replace the operator A by A defined as

k
A~ =2 Z(G . ei)(aiaz)aidiuh

i=1
and obtain, for eq + €, small enough,
G lunlliz,) < CllAspunlZage,)s  Vun € Ce(Bn). (3.15)
( h) ( h)
Hence, since A satisfies, similarly as in (3.14),
HAU - AU||2L2(1<h) < C€§|5|2|\U|\i2(zch),
following the proof of Proposition 3.4, one can prove:

Proposition 3.8 When k = d, there exist ¢ > 0 and C > 0 such that for
(hy€a,€q) € (0,¢)3, for all |s| < ch™t, for all up € Ce(By),

[slllunllz2oc,) +lunll g e,y < CUISs punllpzge,) [ Asnunll L2ic,))-(3.16)

Where we used |s| < |g| < Co|G|, where Cy depends only on the basis (e;);.
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3.4. The upper bound of the commutator

Proposition 3.9 Let S, 1,Asn be as in Proposition 3.5. There exists C,c > 0 such
that for all (h,eq,€q) € (0,¢)3, for all € > 0, there exists c. > 0, depending on € such
that for all s € R? such that |s| < c. min{e; ", h=2/3}, then for all uy € C.(Bp),

/’% (As nun)(Ssnun)| < e(|AspunllZz e,y + 1Ss,nunlzk,y)- (3:17)
h

Remark 3.10 In the case k = d, following the proof of Proposition 3.9 and using
Proposition 3.8, one can prove (3.17) for |s| < c.min{e; ', h™'}.

Proof First suppose that ¢. < ¢ so that Proposition 3.4 holds. As before, for simplicity
of notations, in the proof below, we shall omit the indexes s and h since the proof is
done for s and h fixed. 3 )
We shall introduce the slightly modified operators S; and A; defined on C.(Kp)

by

Siu = (klai(o"))didiu + (p'ai(o"))u = S;u — (K'd;(0?))aidiu

_ o R . o

Aju = 2(g"a;(0"))aidiu = Aju — Zgldi(al))didiu —(¢9'di(0*))u
Using the bounds [|ul[ g1,y < CUISullr2c,) + [|Aullz2k))) k' < C (since |s|h is
bounded) and |d;(0)| < €4, then

HS}u — Siullp2(c,) < ealllAullp2(c,) + [[1SullL2(k,))-
A similar development for the operators A; may be obtained by using
W2\ didiull L2,y < Cllullzace,y < Clsl™H (1Sull 2,y + 1 Aull 2 (k)
by using |g¢| < C|s| (since |s|h is bounded) and |d(c?)| < €4 by (2.7).
_ Therefore, it is enough to prove Proposition 3.9 while replacing S and A by
Define LY € C(Ky)
LY =7 = a;(c")aj(0?) on K.

We then have, for all v € C.(Kp),

3G A = (') [ 19 (dd(asdyo) + 0'g") [ Liutasdzu).
’Ch Kh

From the explicit form of the coefficients in (3.5), k' < C, ¢g* < C|s| and p* < C|s|?.

Therefore, since we shall ensure that e4]s| can be made arbitrary small at the end, it

is sufficient to show the following lemma:

Lemma 3.11 For all (i,5) € {1,---,k}? and s € R%, there exists a constant C
independent of s and €4 such that for all uy € C.(By,),

/ L (dadgu) (aydyu)

. < Cea(ISullfzgc,) + 1AulZ2c, ), (3.18)

and

< Cls|ea(llSull 2k, + IAullZzk,))- (3.19)

/ LYu(ajdju)

K

These two estimates are established in Section 3.4.1 and 3.4.2 respectively and
are based on two main ingredients:
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e Thanks to the bound ||d;(0%)||L~ < €4, we have ||d;(L¥)|| o < CMeg,.
e B, C K, so that for all u € C.(B},)
aju=dju=0 on G(Kf;) and djdju = ajdju = aja;u =0 on 0Ky,
thus allowing us to perform several integration by parts without any boundary

term.

The proofs of these estimates are given in the next sections. O

3.4.1.  Proof of estimate (3.18) in Lemma 3.11 Our proof is based on several
integration by parts and interchanges between the operators a and d.

The integrations by part are done in the following order: first on a;, then on d;,
d; and finally on the last d;. The underlined terms will scale as Ced(||Su||%2(,Ch) +

| Aul|? .,/ ) and thus will be removed. They will be of the form:
L2(Kn)
d(L)d(u)d(u) (first case) or h*d(L)d*(u)d(u) (second case).

Terms corresponding to the first case are underlined before being removed. Note
that those terms have the required scaling since ||d(L%)||L~ < Ceq and lull s,y <
C(||Sullp2(x,) + [l Aull12(kc,)) and [|R2d?(v)|| < C|lv]|. Below, the symbol ~ will refer
to an equality modulo a term Ceq(||Sullz., + [|Aulk, )-

/’% (didiu) LY (a;dju) = /’C (didiw) LY (ajd;u)

= / a;[(didiw) L) (dju)  ( since didiu =0 on OK},)
K

J
h

(g o T doa)(ds L) (dow
- [ @ddn) e+ [ @ddaya,r)

J J
h h

2nd case

_ /,< (aydsu)dif(ay L) (dyu)]  ( since dyu =0 on A(KL))

ij

1

= —/_,_(ajdiu)(aiajL”)(didju) —/ (ajdiu)(dia; L7)(aidju)
’CJ

ij
h ’Ch

1st case

d;[(a;diw)(a;a; L)) (du)  ( since dyu =0 on 9(K},))
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[2
=

(djajdiu) (ajaiajLij)(diu) + / (ajajdiu) (djaiajLij)(diu)

K,

_ /;c ’_
1st case

—/D (djaju)d;[(aia;a; L) (diw)]  ( since ajdju =0 on OKp)
Kn

12

= —/ﬂ(djaju)(aiaiajajLij)(didiu)—/(djaju)(diaiajajLij)(diu)
’Ch ’Ch

1st case
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Finally, using (2.4), we have, since |h?dd(L)| < C|hd(L)|

h2
—didi(L)‘ < Cheq on Kn,

laiai(L) — L| = 1

so that
/, (djaju)(aiaiajajLij)(didiu) >~ / (djaju)Lij (dzdzu)
’C;L ’Ch
Gathering these equations yields
/ (djaju)Lij (dzdlu) ~ */ (djaju)Lij (dzdlu),
’éh I%h
up to an error term of the form

Ceallullfys s,

which proves the required result thanks to Proposition 3.4. O

3.4.2. Proof of (8.19) in Lemma 3.11 The idea of the proof is the same as for (3.18),
except that the scaling here is C|s|_26d(||5u||%2(,ch) + HAuH%Q(,Ch)). Again, this scaling
comes from error term corresponding to two cases:

h2d(L)d(u)d(u) (first case) or ud(L)u (second case).

Indeed [|d(L)||L= < Ceq, [|hd(u)|| < Cllull and [Ju[L2: < Cls|~*([[Sul| + [|Aul]).
Below, the symbol ~ will refer to an equality modulo a term C|s|~2e4(||Sul|* +
[ Au?).

/, uL (a;dju) = / aj(uL7)(dju) (since u=0 on OK)
K Ki

o) 4 O (ds L) (do
= | @@+ [ @u@r)de

J
h

1st case

—/’% dj[(aju)(a; L") u (since u =0 on OK})

12

- - | @awiasay- /Kh(ajaju)(djajL”‘)u.

2nd case

As in the previous section, using

2

laa(L) — L| = h—dd(L)’ < Cheg on Ky,

4

we get

/ﬂ (djaju)Liju:—/n uL" (dja;u)
Kn

K
which proves the required result. O
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3.5. Proof of Theorem 3.1

As explained in the discussion following the statement of Theorem 3.1, we base our
analysis on the decomposition:

1A hunll72gc,) = I1SsnunllZzge,) + 1 Asnunl Tz, + 2/ (Ss,nun)(As pun)

Kh
First set ¢ > 0 such that Proposition 3.4 holds for max{h,eq,¢,} < c and |s| <
cmin{h~2/3,e;'} with some constant C
Then set £ > 0 small enough compared to C so that the error term, estimated in
Lemma 3.11 can be absorbed.
Thus, reducing c if necessary, we take ¢ < ¢, and for |s| < cmin{egl, h=2/3}, we
obtain the Carleman estimate (3.2). O

3.6. The case k = d

Following Remarks 3.7 and 3.10 and the above proof of Theorem 3.1, one easily proves
that in the case k = d, Theorem 3.1 holds for s € R? such that |s| < cmin{e;", h'}
(and still (h, €q4,€4) € (0,¢)3).

From now on, we fix ¢ > 0 such that Theorem 3.1 holds and we implicitly restrict
ourselves to parameters (h,eq, €,) € (0,¢)3.

4. Construction of the CGO solutions

In the continuous case, CGO solutions, originally introduced in [11] are solutions of
the continuous elliptic equation (1.2) that behave like u(z) ~ e"* forn € C¢, -7 =0
and |n| large enough.

In the continuous case, the existence of a CGO solution relies on two facts :

e The function u(x) = " solves Au = 0 when n € C? satisfies - n = 0.

e The multiplication by ¢ is a zero order operator that is negligible with respect
to the Laplace operator A when || is big enough. This fact is measured via the
Carleman estimate.

This section is an adaptation of the proof of the continuous case, the main
difference is that the function up(x) = e”* is not solution of Apup = 0 anymore
for n € C? satisfying n-n = 0.

4.1. CGO solutions are almost harmonic

Let us begin our analysis by giving estimates on the lack of “discrete harmonicity” of
the functions u(z) = e"* for n € C? satisfying n-n = 0:

Proposition 4.1 For all C > 0, there exists Cy > 0 such that for any vector n € C?
such that m-n =0 and |n| < Ch™1, define ®,(x) =n -z € C(Ks),

le™ ™ AR [y < Co (Inlea + InPeq + Inl*h).
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Proof Using Lemma 2.2, and the fact that d;d;(n - ) = 0, we have

4 hn - e;
e~ Pdidi(e) = o sh” (%) = (n-e)* + O(In|*h?),

hn - e;
2

2
le™®ra;d;(e®™)] = ‘EC}L(U -e;)sh ( ) ‘ < Clnl.

Hence, recalling that |d;(o})| < ea,
e ®n Z d;o'd;e®n = Z ai(ai)(e_i”?didie‘b”) + di(ai)(e_q’”aidie‘b”)
i i

= > ai(o")n- )’ + Ollnlea + In|'h?).
Using (2.8) and 1 - n = 0, we thus obtain

e 3 diotdie®| < Cllinlea + InlPea + 0l *h?),

which concludes the proof of Proposition 4.1. O

4.2. An auxiliary problem

In this section, we prove the existence of a solution to an elliptic problem that will
arise naturally when proving the existence of discrete CGO solutions.

Lemma 4.2 Let m € Ry, for all qn € C(l’;’h) satisfying ||qhHLaQ(5,h) < m, there

exists so > 0 depending on m such that if so < |s| < cmin{ecjl,lfz/‘g}, then for all
fn € C(Bp), there exists a solution up, € C(Byp,) to the problem

A nun + quun = fr - on By, (4.1)
(recall that Ay p, is defined in (3.1)) that verifies,
C
ez < s, (42)

Proof Define the operator P, : Cc(Bp) — C(By) by
Prpon = A_s pon + quon,  vn € Ce(Bp).

Note that P}, is the adjoint of the operator P j, defined by Ps p(un) = Ag pun + qnun.
Let us then consider the following minimization problem: Find V}, € C.(B}) that
minimizes the functional Js defined by

Toton) = [ 1Pz = [ o
B Bn

among all vy, € C.(B},).
The existence of such a minimizer is ensured by the fact that C.(By) is a finite
dimensional set and the Carleman estimate in Theorem 3.1 that reads, for v, € C.(Bp),

1
HPS*,hUhH%Q(Bh) 2 §HA—s,hvhH%2(5h) - ||Qh||2m(gh)||vh|\%2(5h)
> O (IsP lvnlEaqs,) + 103 s,y ) = M2 Honl3eqa,)

> C7 (IsP o3,y + 1002 s, ) - (4.3)
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for |s| large enough compared to m and C.
As a critical point of J, p, V3, satisfies the following Euler-Lagrange equation:

/ P ViPlyon = [ frvn,  Vun € Ce(Br). (4.4)
Bh Bh

Therefore, setting uj, = P7 )V, doing integration by parts,

/ vn (Ps,pun — frn) =0, Vo € Ce(By),
Bn

and thus uy, solves (4.1). Here, we have used that, since vy, € C.(B},) and uy, € C.(Kp)

since By, C Ky,
/ uhP;hvh :/ uhP;hvh = / P pupvy = / P nupvp.
B Kh Kn By,

To get the estimate on the L?(B,)-norm of uy, we plug v, =V}, in (4.4) and use
(4.3):

1P Vil s, = / InVie < 1l iy I Vall 2
h

c
< mehHLz(éh)”P;,hV”L%Bh)'

We then have
C
lunllLz2es,) = 1P2s nVallL2s,) < nghHm(z%h),

which is exactly the sought result. O

We shall also need further estimate on the function up given by Lemma 4.2,
namely in the H'-norm.

At this stage, let us recall Assumption 4 that states the existence of a suitable
cut-off function 1 that equals to 1 on W, while being compactly supported in B, with
additional estimates on its discrete derivatives.

Lemma 4.3 Let m € R, for all g, € CON,) satisfying ||QhHLa<>(v°vh) < m, there
exists sop > 0 depending on m such that if so < |s| < ¢ min{egl,h*2/3}, for all
fn € C(Wy,), there exists a solution up, € C(Wy,) to the problem

Agpun +quun = fr - on Wy, (4.5)
that verifies,

lunll g o) + 18 [unll 20w,y < Cllfall L2, )- (4.6)

Proof First, we extend f; and g to By by zero outside Wh, and we define uy, as in
Lemma 4.2.

Thus, to prove Lemma 4.3, it remains to show that [lunll g1y, < Cllfll 204,
since we already have by Lemma 4.2 that

[slllunllzzow,y < lslllunllzzs, < ClFllL2ph,)-

Thus, to get the estimate in the H L(Wj,)-norm, we do a multiplier-type estimate,
multiplying the equation satisfied by up by uy, where 9 is the multiplier function
given by Assumption 4.
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First, let us remark that the L2(Bj,)-norm of uy, is bounded by Cllfull g2,y /181
and the one of As pu = f — qu is then bounded by C|| |12y, ), and then

- Ag puntbup,
B

But on the other hand, following the computation already performed in the proof of
the Proposition 3.3, we have:

C
< H”thLz(v“vh)- (4.7)

_ Agpuptpup = Z/ di(Yun) + rai(un)a; (Yus)
B
+r3di(uh)ai(¢uh) — rha; (up)di(Yup)) (4.8)
where the coefficients 7%, 7%, r4 are given in (3.6)—(3.7)—(3.8):
=t (5a-r) =o'+ 00R1SP) (19)
. —4
ri = e (h ei) : (4.10)
h?
. —g’i
ry = . sh(hs - e;). (4.11)
In particular, for |s|h bounded,
ril <O Iyl < Cls?, |r3] < Clsl. (4.12)

for some constant C' independent of s and h.
Combining (4.7) and (4.8) and using the formula of lemma 2.1, we obtain

C h
RIS By T * (i) + 3 a0)

(1)
2
+ Z/h di(un)ai(un) <r§ —rh— 1
(2)
+ 3 [ @n)? (hasv) - ridiw)) . (@13)
(2 h (3)
We shall now estimate the terms (1), (2) and (3) separately.

To estimate (1), we use the fact that |d;(v))] < C and |r§| < C|s| by (4.11), s
that [rih2d;(v)| < Ch?|s|. Now, we use that the operator d; is of norm of the order
of 1/h, hence

)aitw)

Z/l diup)? < hg/ (un)?. (4.14)

Combining all these estimates, we obtain

2
> [ e diw)

< C”thiz(WhﬂSrl'
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According to (4.9), we also have

Z/ (diwn)” riai(y) —Z/ (diup)? Uﬁai(fﬂ)‘
i h h
< ClsPlhPlunlfy s, < Clsl? ”uh“L?(Bh) < Clfull 2,

where we again used (4.14).
Finally, using that a;(1)) > 0 on Kj, and a;(¥)) = 1 on W, we obtain

. 2 T
5 [ ta)® (stao) + i) 2 iy g, ~O——E 02 (419

The term denoted as (2) simplifies by remarking that a;(u)d;(u) = d;(u?/2) and by
performing an integration by part without boundary terms since d;iy = 0 on 9B},. To
simplify notations, let us also remark that r{ —rih?/4 = o7 ch(hs -e;). Then

Z/ i (un)a; (up, Uhch(hs e;)d;( Z/ O'hCh (hs - ez)dz(z/J)).

d;(c'd;w)| < C by assumption, this term then satisfies

T
< Cllunl 72, < Cﬁ.(&w)

Z/idi(uh)ai(uh)aflch(hs -e;)d; (1)

Finally, to estimate the term (3), using the rough estimates (4.12), one easily
checks that

S [(astw)? (rhestw) - ridi(w)

Combining estimates (4.15)—(4.16)—(4.17) and putting them in (4.13), we obtain
directly estimate (4.6). O

<C| | HuhHLQ(Bh C||fh||L2(WS)'(4'17)

4.3. Ezxistence of discrete CGO solutions

In this section we state the theorem of existence of discrete CGO solutions and we
give some estimates on them.

Theorem 4.4 Let m € Ry. For all g, € C(W,,) satisfying ||qhHLOQO;vh) < m, there

exist so > 0 that depends on m such that ¥n € C? such that n-n = 0, if s := R(n)
verifies so < |s| < cmin{egl, h*2/3}, there exists up, € C(Wh) a solution of

Apup, + qpup, =0, on W,
that satisfies
up(x) = e 4 ¥ Try(z) on Wy, (4.18)
with
178l 71 oy + [81l178ll 220w,y < C(L+ [sPeq + [5]A%), (4.19)
Moreover, the CGO solution uy, satisfies,
lunll 2 ow,y < Cel*l]s]?. (4.20)
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Before going into the proof, let us remark that when 1 € C? satisfies - n = 0,
easy computations show |R(n)| = |3(n)| and then |s| = |n|/v/2.
Proof Set @, (z) =n-z € C(Ky) and ¢s(x) = sz = R(P,(2)).
Writing = s + ia, (s,a) € (R?)?2, using Proposition 4.1, we get
e~ % (Ape® + gre®n) = eie® (e‘q’"Ae‘I”? n q)
and therefore
e (Ane® + an)ll o opy < CllslZea + IsIh2 + 1),
where, since |s|eq < ¢p, we have bounded |s|eg by some uniform constant.
The sought rp, € C(Ws) must verify
Ay, (e(bsr) +qne®ir, = —Ape® — qpe®  in Wy,
that is
Ag prh + qury = e s (Ahe(b” + qhe(b”) in Wh.
Lemmas 4.2-4.3 then prove the existence of such an r;, that verifies in addition
178l iz oy + [8Hll7nll 220wy < lle™* (Ane® + an)ll 200,
< C(1 + |s)%eq + |s[*h?),
which ends the proof of (4.19).

Estimate (4.20) then immediately follows. O

Of course, replacing r, by 7, = e S %, the solution wy, in (4.18) can be
rewritten as

up(z) = e (1 + () on Wy, (4.21)
and easy computations show that 7, also satisfy estimates (4.19).

In the sequel, we shall use this form of CGO solutions instead of (4.18).
Remark 4.5 Following Section 3.6, when k = d, one can construct CGO solutions
for |s] < cmin{egl,h_l}. Indeed, Lemma 4.2 and 4.3 only require |s| < ch™2/3 in
order to apply Theorem 8.1, which holds when k = d up to the scaling h™!.

However, in this case, we see that ||ry| 12 is bounded by |s|>h?, which is small only
for |s|h2/ 3 small, thus explaining why we cannot improve much the uniform stability
results when k = d despite the fact that the Carleman estimate is better in that case.

Howver, we shall see in Section 6 that, in the case of a uniform mesh, using
special “discrete harmonic functions”, we can slightly improve the stability estimates.

5. Stability estimate

In this Section, we focus on the proof of Theorem 2.7.
Proof Let ¢1, and ga,, be two potentials in C(Wj) such that [|gjnllp i,y < m,
j=1,2. )

For any ¢ € K, satisfying 27|¢| < cmin{e, ', h=2/3}, where ¢ > 0 is the one of
Theorem 4.4, we set 3 = —27¢ € R%.

Then find s and § in R? such that

e 5o < |s| < cmin{e; ', h=2/3}, where s is given by Theorem 4.4;
e the three real vectors (s, 3,9) are orthogonal: s-8=8-6=0-s=0;
o [s]* =101 +18I*
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For this to be possible, we strongly use the fact that we are in dimension greater than
3, d > 3. Also note that these conditions can be satisfied if and only if |s| > |3].
Set then 7; and 72 as

m=s+i(B+9) and na = —s+ (S — 9).

By construction, n; and 7y obeys the condition of Theorem 4.4. Therefore, there exist
solutions u; p, and us j of, respectively,

Apujp + gjnujn =0, on Wh, j=1,2,
that verify
uj(z) =eV*(14r;), j=1,2.
In order to simplify the notations, set A := ||Ap[q1,n] — Anlgz.nllle, -
Equation (2.24) then reads

/D (g1, — @2.0)eP (L +r10) (1 + o) = / (q1,n — q2,n)U1,nU2, 1
Wh, Wh,

= / (Anlgr,n] = Anlae,n]) (u1,n)uan
OWh

< Alu,nl g2 ow,)
< Mu,n

U2,h|H1/2(awh)

uzl o,y < Als|?e?*],

| own)
where we used (4.20) in the last inequality. Therefore,

[ Fn(qin — q2.n)(€)] < As®e® + /D(Ch — q2)e”(rn + ron + TLAT2R)
Wh

<A+ C([Irenllzzown) Flrzal zzov) Hlrenl zzovm lIr2.0 22w (p-1)

We first suppose that s is chosen so that it also verifies |s| < e;!. This implies that
71,1 llL20m,) and |72 4]l z2(w,) are bounded: indeed, using (4.19),

1
Ireallzzovn) + Ir2ll seovsy < © (H PR ea|s|) |

Setting i = max{e}/Q, h'/2, eq/c}, we always have 1/fi < cmin{e;',h"?/3} and a
simple study shows that, setting |s| = 1/f,

1 -
(E + |s]3h? + 6a|8|) < Ch.

Therefore, if A = 0, for all & € K}, such that 27|¢| < 1/,
| Fr(qi,n — g2,0)(§)| < Ch.

Of course, using (5.1), this is still the case when considering A small enough, namely
such that

A o
e /< i,
I
which can be guaranteed, for instance, for

3
—log(\) > i (5.2)
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Therefore, if (5.2) holds, taking |s| = 1//, we obtain that for all & € K, such that
2rlé| < 1/,
\Frlarn — q2n) ()| < Chu. (5.3)
On the other hand, if —log()) € (4]so|, 3//1), taking [s| = —log())/3 in (5.1), we
get, for all £ € K, such that 27|¢] < |log(M)|/3,

[Fh(g1,n — az.0) ()] < CAVP (log(N)? +
< ¢
= [log(M)]
where we used that fi = max{h'/?, e/?, eafco} < 3/]log(N)],
Combining these two cases, we obtain that, if A < e~4% setting
p = max{f, 3/ log(\)},
for all £ € Ky, such that 27[¢| < 1/p,
|Fr(qn = a2,0)(§)] < Cp, (5.4)

which of course coincides with (2.21).
We now turn our attention to proving the bounds (2.22) on the H~" norms of

q1,h — G2,h-
For any p € (0,1/4), we have

a1 — @alh—rgeny = D WFn(arn — en)©P+ €)™

1
+ [logMN)2h2 + | log(N)]eq
T+ 1R [ 10g(3)

Eek:h
= Z |Fn(qin — q2n)(E)P (1 + €)™
l€]<p,E€Kp
+ > | Fulqn — en)©PA+ )
l€]>p,6€Kp

< C(p'u +p77),

where we used that the two potentials ¢i,;, and g2, have L2-norms bounded by a
constant m and therefore,

> 1 Fnlgin — a0 @) <C.
§€’€h
Optimizing in p < 1/p, we take p = p~2/(@+27) which is indeed smaller than 1/p,
and we obtain (2.22). O

Remark 5.1 Let us emphasize that the above proof requires the knowledge of the
norm of the difference between the DtN maps only for CGO solutions corresponding
to frequency scaling smaller than pu=?'.

Therefore, we expect Theorem 2.7 to hold when replacing

[Anlg1,n] — Anlgz.nlll e, T max | (Anlgr,n] = Anlaz,n]) (9n)| g-1720m,)-

| thHl/2(6wh):
by

max Anlqi,n] — Anlgz,n]) ((un —1/ ;
1 oy <15 MGVSMH ] = Anlaz]) (Cundiown =172 om)
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where V< -1 is the space of functions of frequency smaller than 1/u, defined by
VSM—I = {u S C(Wh) s.t. HUHHI(W;L) < N_lHuHLQ(Wh)}-

Unfortunately, we do not know so far if the CGO solutions corresponding to |n| < u~
belong to that space or not. This would be interesting since it would mean that only the
solutions that are relevant from the numerical analysis point of view should be taken
mto account.

1

6. The special case of uniform meshes

When the meshes are uniform, that is when the set of directions (e;);=1. ., correspond
to an orthonormal basis of R? (hence k = d) and when o’ = 1 for every i = 1..d, the
analysis greatly simplifies. In this case, we have in particular that €4 = ¢, = 0.

But much more simplifications occur. This section aims at giving results
corresponding to that case. In particular, we shall see that in this case, a uniqueness
result can be derived from the knowledge of the DtN map, see Theorem 6.5.

6.1. Discrete CGO solutions

In the case of a uniform mesh, Theorem 3.1 can be improved as follows:

Theorem 6.1 Using the same notations as in Theorem 3.1, if h < ¢, for all |s|, for
all up, € C.(Bp),
[slllunllz>s,) < CllAsnullL2cy)- (6.1)

Proof Of course, the proof closely follows the one of Theorem 3.1. But, in the
case of uniform meshes, the proof turns out to be much easier since, using the same
decomposition as the one in Proposition 3.3, the commutator (As pup,Sspun) = 0.
This fact is due to d(o) = 0 implying d(L) = 0 as well. We omit the proof since it is
based on the same ingredients as in Section 3.4. In order to conclude (6.1), we only
need to prove a Poincaré inequality on A, that holds for all s, which coincides with
(3.15) since in this case fls,h = As p. Details are left to the reader. O

In the uniform case, we can construct more CGO solutions than in the non-
uniform case. This is in particular due to the fact that the Carleman estimate (6.1)
holds without any limitation on the size of s.

In particular, if n € CY, setting ®,(¥) = 71 -z, one easily checks that e®7 is a
solution of Apup = 0 if and only if

4 & hn - e;
=D (”T) =0. (6.2)
=1

Thus, based on these discrete harmonic solutions and the Carleman estimate
(6.1), we get the following;:

Theorem 6.2 Letm € Ry. If h < ¢, for all q, € CON) satisfying ||qh||Loo(Wh) <m,

there exist so > 0 depending on m such that ¥n € C? satisfying (6.2), if s := R(n)
verifies so < |s|, there exists up, € C(Wh) a solution of

Apup + guun, =0, on Wy,
that satisfies
up(x) = e (1 4+ rp(z)) on Wy (6.3)
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with
IslllrnllL2ow,) < C, (6.4)
for some C > 0 independent of h > 0 and s.

The proof of Theorem 6.2 is the same as the one of Theorem 4.4, and is therefore
omitted.

6.2. Application

The application we have in mind is very much related to the proof of Theorem 2.7.
Namely, we are going to prove the following:

Proposition 6.3 Suppose that the mesh is uniform, that is the set of connection
(ei)i=1..d4 s an orthonormal set of R and o' = 1 forall i = 1..d. Let m € R,.
Then for all g, € C(Wy) satisfying ||Qh||L°°(V°vh) < m, for all B € R?, if there exists
jo € [1,d] such that B -ej, = 0, then for all h > 0 there exists g, € C¢ that can be
made arbitrarily large so that there exist uy p € C(Wy) solutions of

Apug p +qrusp =0,
that satisfy

ui,h(l') = ei6~xeinh~x(1 + Ti,h(l‘))

with r4 p(x)

[nlllr£mllLzom,) < C.
Furthermore, np, is independent of qp.

Proof Let € R? , and assume, without loss of generality, that $-e; = 0. Then, one
has to find 7, € C? such that n; = i+ n;, and 12 = i3 — 1y, both satisfy (6.2), that is:

d .
T S (ISR )

j=1
After some tedious computations, this yields:
d d
0= Zsh(hnh-ej) sin(hf-e;) and Zch(hnh -e;) cos(hfB-e;) = d.(6.5)
j=1 j=1

We then choose a real unit vector aj orthogonal to Z?:l sin(hf - e;)e; such that
a-e; = 0. Such a vector always exist in dimension d > 3.
For a € R* arbitrary, let 7, € C? be a solution of

1
Vi =2.d, Esh(hnh -ej) = aa;p (6.6)
d
and ch(hny, - e1) =d — Z ch(hny, - €5) cos(hp - e;),
j=2

which can be solved in C since ch is surjective on C.

By construction, this vector 7y, is convenient for Proposition 6.3.

Besides the coefficient @ may be chosen arbitrarily large enough, which completes
the proof of Proposition 6.3. O

Remark 6.4 When there is no j such that B -e; = 0, we do not know how to solve
(6.5) with arbitrarily large . This would have important consequences with respect to
the uniqueness properties of the discrete Calderon problems on uniform meshes, see
for instance the paragraph below.
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6.3. A uniqueness result
The above construction allows us to state a uniqueness result:

Theorem 6.5 For g defined on Ky, and j = 1..d, define qu[j], the average of qn in
the direction j as follows: qp[j] :K?J — R, where

; k
Ky = {33 € [0,1]%7! such that 3k € [0, N — 1]*~! such that = = N} )

and is defined by
anlil(zr, . xj—1, Tj1, ., Ta) =
h Z (@1, -, Tj—1,Tj, Tjt1, - Td)-
(T1,25-1,2,Tj41,..,2a) EXH
If the mesh is uniform and Aplg1,p] = Anlge,n] and gi.n, g2, belong to L‘X’(Wh),

then for every direction j, we have g1 x[j] = q2,nlJ]-

Proof Fix j € [1,d]. Take then £ € I@?j. Our goal is to show that

Fr(qunli] — q2.nli])(€) =0,

which of course implies that 1 4[j] = g2.n[j]. In order to do that, we define £ € Kj, as
follows:

£= (6,610,850, o),
One then easily checks that
Filgun = @2.1)(€) = Fulqunli] — a2,n5]) ()
Thus we only have to prove that for all £ € K, such that £-e; =0,
Fn(q,n = q2,n)(€) = 0.

But, setting 8 = 27{, we can use then the functions uy and w_ built as in
Proposition 6.3 and apply equation (2.24):

0= / (q1,n — G2,n)Ug pU— 1y
Wh,
= / (q1h — qop)e® (T4 ro ) (1 +71_4)
Wh

1
~Fularn - 2O +0 (7).
Since n can be made arbitrarily large, we obtain Fp,(q1,n — q2,1)(§) = 0 for all £ € Kn
such that £ - e; = 0. This concludes the proof. O

7. Conclusion

In this article, we have derived uniform stability estimates for the discrete Calderén
problems. But still, a lot remains to be done.

1. Convergence of the inverse problems. The results developed here should
be considered as a first step of the convergence of the discrete Calderén problems
towards the continuous ones. Indeed, it would be very interesting to prove that if gy,
is such that A[gn] is close to Alg] for h small enough, then g, is close to g.
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However, this might be much more difficult than expected since the operators
Anlgr], Alg] are operators defined on different functional spaces. Besides, as we have
explained in that article, Ap[gn] contains all the solutions of the discrete Calderén
problem, which may have very unexpected behavior at large frequency scales.

2. Discrete vs continuous CGO. Another open problem concerns the
convergence of the discrete CGO solutions toward the continuous ones. This issue
is probably related to the above point, but so far, it is not clear how fast the discrete
CGO solutions converge to the continuous ones.

Of course, this study should help to understand in which sense the discrete
Calderén problems converge to the continuous one.

3. The 2 dimensional case. When considering the Calderén problem in 2-d,
one cannot use CGO solutions anymore, and the analysis in [2] rather uses tools of
complex analysis. To our knowledge, trying to get uniform stability estimates for the
discrete 2-d Calderén problems is completely open.

4. New bounds on the gradient. We point out that we obtained new bounds
on the gradient of r by performing a multiplier type estimate in the proof of Lemma 4.3.
Those bounds could be used to improve the results in the continuous case. This work
is in progress.

Acknowledgments. The authors thank Jéréme Le Rousseau and Gunther Uhlmann
for their interest in that work and fruitful discussions.

Appendix

We check in this appendix that Assumptions 2 and 3 hold in several relevant situations.
A finite-element method Set n the cardinal of KCp, we shall identify C'(Kp) and
C™ via a so-called numbering of the nodes. We suppose that the discretization of the
problem leads to a linear system of the form

Kpun + quup =0, (A1)

where Kj, is the n x n rigidity matrix representing the Laplacian and qpup is the
multiplication of the function g, by the function uj. Note that, for Lagrangian finite
elements, the discretization would rather yield a system of the form

Kpup, + Mp[gnlun, = 0, (A.2)

where Mjy[gp] is the mass matrix, a n X n matrix whose coefficient depend linearly on
qn defined by

(Mh[gn])s :/9(1@%7

where (¢;) is the basis function associated to the node i. We suppose that the so-called
“mass lumping” technique has been used. This technique reduces the mass matrix to
a diagonal matrix, hence to a multiplication coefficient-wise by a vector, which yields
a system of the form (A.1).

For each z,y € C(Kp,), we denote K, (z,y) the coefficient of the matrix K}, that
links the degrees of freedom of wj, associated to the nodes x and y. We suppose that
K, obeys the following standard conditions :

e Kj is symmetric, that is Kj(z,y) = Ki(y, x).
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e The constants functions of C'(KCs) are in the kernel of K}, , that is K(1) =0 on
K .

o Kp(x,y)=0ifxwyora#y

Note that these conditions are natural and usually satisfied when discretizing the
Laplace operator.
In order to simplify the notations, define, for any = € Kp,

, h ,
2T = g & 561' and xF" = x + he;
The third condition states that

Kpup(x Z Kn(z,y)un(y)
yeXn

= Kp(z, z)up(z) + ZKh (z, 2 up (1) + Kp(z, 27 Yup(z70).
The second condition states that

k
Kh(xvx) = Z (Kh(x7x+i) + Kh(xvx_i)) .
i=1

For each direction of connection i, define o} as o} (z) := h2Kj (z+/2,27V/2)
Then, for any u, € C(Kp),

1 : 7 /2 % —1/2
Zdadu :Eg o'dyu) (/%) — (0" dyu) (™)
k
= i Moh ) ) —unw) = oh ™ ) o) ™)

= > (Ba@™ o) (un(@™) —un(@)) = Kn(e, o) (un(@) —un(@™)))

k
=1

K3

B (Z (Kn(z, 2™ Yup (27) +Kn(a, xi)Uh(a:i))>

i=1

— up(z (ZKh (z, 2 —I—Kh(x T Z))

= Khuh(ac).

Below, we exhibit some particular cases of interest that verify Assumption 3.
First instance of Assumption 3. First, suppose that the mesh M;, € R? is regular
(i.e, F = Id) and that the discretization method is the 2d + 1 point Laplacian. In this
case, taking e1,...,eq as the canonical vectors of R%, the matrix K}, is the following:

hlz ifx~yandx #y

Kp(z,y) = —2% ifr=y
0 if x ey orx#y.
Such a K, verifies the hypotheses needed in the proof of Theorem 2. Moreover, o} is
a constant equal to 0 =1 and ¢, = ¢q = 0.
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Second instance of Assumption 3. If one discretizes the regular mesh with an
higher order finite difference Laplacian, say for instance the 9 points Laplacian in two
dimensions, it is sufficient to take a higher number of connections. For the 9 points
Laplacian, take e; = (1,0), ea = (0,1),e3 = (1,1), e4 = (1, —1), the matrix K takes 4
different values

ify=x+e ory=x+tey

ify=xtesory=xtey
+b) ifx=y

ifx ey orax#y.

By construction of o, we have : o} = 0}21 = a and 02 = 02 = b. Hence op has the
required properties with ¢, =eg=0fora+b=1
Third instance of Assumption 3. We now suppose that the mesh M} € R? is

A=

Kh(y71’) = Kh(-T,y) - 4

Y

—
Q

>
el

€3

Ey

Es

X2

Figure A1l. Left : The mesh refinement of the rectangular grid for triangular
finite elements. Right: Notation on a standard triangle

a perturbation of Wy, and that the discretrization used is the P; finite element on
triangles. we do not treat the case of tetrahedrons in R? which only adds complexity
to the notations. It is possible to uniformly refine a cartesian grid into a triangular
mesh without adding point by considering the connexions e; = (1,0), e = (0.1),
es = (1,1) (See Figure 7 left: The black point represent a node z, and all the grey
points represent the neighbours of ).

We recall that, in P1 finite elements for triangles, the coefficient K (z,y) of the
rigidity matrix is defined as

Kileg) == 3 [ vervey.

TeT(zy)” T

where T'(x,y) is the set of triangles that contains both = and y and ¢% is the only
linear form of T that is equal to 1 on the vertex z € T and equal to 0 on the two
other vertices of T'. If the triangle vertices x; and the triangle edges F; are numbered
as shown in Figure 7 on the right, if a' is the vector a rotated by 7/2, then:

Ef - (z— 1) Ey - (x — x2)

X1 :1_|_
o7 @) EL - B Ef - B

ea) =1+
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Consequently:

X El . Ef Ey - Ey
v¢11v¢$2 :/ 1 2 -9
/T T Jr (B B2 TIE; - B

We perform an explicit computation of K(z,z + hey) for which T(F(z), F(x + hey))
is made of two triangles. They both of course have F(xz), F(z + hey) as vertices,
the third vertex being either F(z + hes) or F(x — hes). For instance, for the
F(z),F(x + hey), F(x + hes) triangle, we get the following contribution in o, that
we call A hereafter:

A= / Vo Vet
T

_ 1 (F(x + hes) — F(x + hey)) - (F(z + he3) — F(x))
2|(F(z + hes) — F(z + hey))t - (F(z + hes) — F(x))|

If we suppose that F = Id 4 g, with ¢, = ||g|lc1 < 1 a Taylor expansion proves that
A = —1/2 and summing the different contributions on the triangles, we have

‘Zajej Ke; — Id| = O(Ga).
Besides, setting €4 = ||g||c2, the contribution to d;(c7) is of the form
dlA = O(Ed).
1/2

For instance, Theorem 2.7 ensures that the scaling that should be compared are €4, €4
and h'/2, meaning that if we want h'/? to be the dominant scale, the C'-norm of g
has to be smaller than h whereas its C?-norm can scale as h'/? at most. Note that the
scaling ||g|lcz/|lgllc: is a scaling of the oscillations of g and that it must be bounded
by h~1/2.
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