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Abstract

We derive a forward partial integro-differential equation for prices of
call options in a model where the dynamics of the underlying asset under
the pricing measure is described by a -possibly discontinuous- semimartin-
gale. This result generalizes Dupire’s forward equation to a large class of
non-Markovian models with jumps.
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Since the seminal work of Black, Scholes and Merton [7, 30] partial differen-
tial equations (PDE) have been used as a way of characterizing and efficiently
computing option prices. In the Black-Scholes-Merton model and various exten-
sions of this model which retain the Markov property of the risk factors, option
prices can be characterized in terms of solutions to a backward PDE, whose
variables are time (to maturity) and the value of the underlying asset. The use
of backward PDEs for option pricing has been extended to cover options with
path-dependent and early exercise features, as well as to multifactor models
(see e.g. [1]). When the underlying asset exhibit jumps, option prices can be
computed by solving an analogous partial integro-differential equation (PIDE)
(2, 14].

A second important step was taken by Dupire [15, 16, 18] who showed that
when the underlying asset is assumed to follow a diffusion process

dSt = St(j(t, St)th

prices of call options (at a given date () solve a forward PDE in the strike and
maturity variables:

6Ct0 8Ct0 K2U(T, K)2 820,50
oT 0K 2 OK?

on [tg, 00[x]0, co[ with the initial condition: VK >0 Cy,(to, K) = (St, — K)+.
This forward equation allows to price call options with various strikes and ma-
turities on the same underlying asset, by solving a single partial differential
equation. Dupire’s forward equation also provides useful insights into the in-
verse problem of calibrating diffusion models to observed call and put option
prices [6].

Given the theoretical and computational usefulness of the forward equation,
there have been various attempts to extend Dupire’s forward equation to other
types of options and processes, most notably to Markov processes with jumps
[2, 10, 12, 26, 9]. Most of these constructions use the Markov property of the
underlying process in a crucial way (see however [27]).

As noted by Dupire [17], the forward PDE holds in a more general context
than the backward PDE: even if the (risk-neutral) dynamics of the underlying
asset is not necessarily Markovian, but described by a continuous Brownian
martingale

(T7 K) = _T(T)K (T’ K) + (T’ K)

dS; = Si6,dW,

then call options still verify a forward PDE where the diffusion coefficient is
given by the local (or effective) volatility function o(¢,.S) given by

o(t,8) = \/E[6?|S, = S]

This method is linked to the “Markovian projection” problem: the construction
of a Markov process which mimicks the marginal distributions of a martingale
[5, 23, 29]. Such “mimicking processes” provide a method to extend the Dupire
equation to non-Markovian settings.
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We show in this work that the forward equation for call prices holds in a
more general setting, where the dynamics of the underlying asset is described
by a - possibly discontinuous - semimartingale. Our parametrization of the
price dynamics is general, allows for stochastic volatility and does not assume
jumps to be independent or driven by a Lévy process, although it includes these
cases. Also, our derivation does not require ellipticity or non-degeneracy of the
diffusion coefficient. The result is thus applicable to various stochastic volatility
models with jumps, pure jump models and point process models used in equity
and credit risk modeling.

Our result extends the forward equation from the original diffusion setting
of Dupire [16] to various examples of non-Markovian and/or discontinuous pro-
cesses and implies previous derivations of forward equations [2, 10, 9, 12, 16, 17,
26, 28] as special cases. Section 2 gives examples of forward PIDEs obtained
in various settings: time-changed Lévy processes, local Lévy models and point
processes used in portfolio default risk modeling. In the case where the under-
lying risk factor follows, an It6 process or a Markovian jump-diffusion driven by
a Lévy process, we retrieve previously known forms of the forward equation. In
this case, our approach gives a rigorous derivation of these results under precise
assumptions in a unified framework. In some cases, such as index options (Sec.
2.5) or CDO expected tranche notionals (Sec. 2.6), our method leads to a new,
more general form of the forward equation valid for a larger class of models than
previously studied [3, 12, 34].

The forward equation for call options is a PIDE in one (spatial) dimension,
regardless of the number of factor driving the underlying asset. It may thus
be used as a method for reducing the dimension of the problem. The case of
index options (Section 2.5) in a multivariate jump-diffusion model illustrates
how the forward equation projects a high dimensional pricing problem into a
one-dimensional state equation.

1 Forward PIDEs for call options

1.1 General formulation of the forward equation

Consider a (strictly positive) price process S whose dynamics under the pricing
measure P is given by a stochastic volatility model with jumps:

T T T too }
ST=50+/ r(t)Stfdt—i—/ Stfétth—i—/ / S, (e — 1) FI(dt dy) (1)
0 0 0 —0o0

where r(t) > 0 represents a (deterministic) bounded discount rate, §; the (ran-
dom) volatility process and M is an integer-valued random measure with com-
pensator p(dt dy;w) = m(t,dy,w) dt, representing jumps in the log-price, and
M = M — y is the compensated random measure associated to M (see [13] for
further background). Both the volatility d; and m(t,dy), which represents the
intensity of jumps of size y at time ¢, are allowed to be stochastic. In particular,
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we do not assume the jumps to be driven by a Lévy process or a process with
independent increments.
We assume the following conditions:

Assumption 1 (Full support). For every t, supp(S;) = [0, 0o].
Assumption 2 (Integrability condition).

vI'>0, E lexp <; /OT 62 dt + /OT dt/R(ey - 1)2m(t,dy)>1 < 0 (H)

The value Cy, (T, K) at time to of a call option with expiry T > ¢, and strike
K > 0 is given by
Coo (T, K) = ¢~ Jio "4 BP[max(Sy. — K, 0)| 5, ] 2)

As argued in Section 1.2, under Assumption (H), the expectation in (2) is finite.
Our main result is the following;:

Theorem 1 (Forward PIDE for call options). Let ¢; be the exponential double
tail of the compensator m(t, dy)

_ [Fodxe® [T m(t,du) z<0
Vile) = { f;oo dz e [ m(t,du) z>0 )
and define, fort € [tg,00[,z > 0,
olt,2) = VEDIS =4 "
Xty(2) =E[ (2)[S- =y]

Under assumption (H), the call option price (T, K) + C, (T, K), as a function
of maturity and strike, is a solution (in the sense of distributions) of the partial
integro-differential equation:

8Ct0 - 66750 KQO'(T, K)Q 820750 +oo 820t0 K
e = (K e IR S [ SRy vy (1w (5
(5)

on [to, 00[%x]0, 0o[ with the initial condition: VK >0 Cy,(to, K) = (S, — K)+.

Remark 1. Recall that f : [tg, 00[x]0, 00[— R is a solution of (5) in the sense
of distributions if for any test function ¢ € C§°(]0,00[,R) and for any T > to,

~ of of | K%0(T,K)®* &*f  [** &) VY] =
/o dK p(K) {aT”(T)KaK+ > oz '), Varz WXty <ln <y>)] -

where C§°(]0, 00, R) is the set of infinitely differentiable functions with compact
support in ]0,00[. This notion of generalized solution allows to separate the
discussion of existence of solutions from the discussion of their regularity (which
may be delicate, see [14]).
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Remark 2. The discounted asset price
ST — S r(tydt Sr,

1s the stochastic exponential of the martingale U defined by

UT:/OTétth+/oT/(ey—1)M(dtdy).

Under assumption (H), we have

vI'>0, E [exp (;(U, U)4 + (U, U)%)} < 00

and [32, Theorem 9] implies that (St) is a P-martingale.

The form of the integral term in (5) may seem different from the integral
term appearing in backward PIDEs [14, 25]. The following lemma expresses
XT,y(2) in a more familiar formin terms of call payoffs:

Lemma 1. Let n(t,dz,y,w)dt be a random measure on [0, T] x Rx RT verifying

vt € [0,T], / (e Az|?)n(t, dz,y,w) < oo a.s.

— 00

Then the exponential double tail x1,(2) of n, defined as

Fodxe® [T n(t,duyy) z2<0
R Nt )
L7 dx e [Ton(t,du,y) 2> 0

verifies
z =+ z + z _ K
R[(ye —K)" —e*(y— K)" — K(e" = Dlgsiyn(t.dz,y) = yxey (In m
Proof. Let K, T > 0. Then:
e = )T =y = K) = K€ = 1)1yt d2.0)
= /R[(yez - K)l{z>1n(g)} —e(y — K)l{y>K} — K(e* — 1)1{y>K}}n(t7dzvy)
= 1 = B oy + O = 06 e s 2,0,
o If K >y, then
/Rl{KZy}[(yez — K)o )y + (K = yed) gy iy Jn(t, dz, y)

+o0 K
= / y(e* — ™)) n(t,dz,y).
1

n(£)
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o If K <y, then

/Rl{K<y}[(y€Z = K)o 2y + (K = ye*)lys ey n(t, dz, y)

ln(%)

+oo
/1 ((ye” — K) + (K — ye)In(t, dz.y) + / K — yeln(t, dz )

n(%) —00

In (£)
- / Dy ) — et dz, y).

oo

Using integration by parts, X, can be equivalently expressed as

) e —emn(tduy) 2<0
Xt,y( ) - { fzoo(eu _ ez) n(t,du,y) 2> 0

Hence:
/R[(yez —K)T = (y—K)" = K(¢* = 1)1y i3]n(t, dz,y) = y xey <ln <Iy{>) '
O

1.2 Derivation of the forward equation

In this section we present a proof of Theorem 1 using the Tanaka-Meyer formula
for semimartingales [24, Theorem 9.43] under assumption (H).

Proof. We first note that, by replacing P by the conditional measure P, 7, given
Fi,, we may replace the conditional expectation in (2) by an expectation with
respect to the marginal distribution p*;«(dy) of St under P Fio- Thus, without
loss of generality, we set tg = 0 in the sequel and consider the case where Fy is
the o-algebra generated by all P-null sets and we denote Co(T, K) = C(T, K)
for simplicity. (2) can be expressed as

C(r.K) =0 [ Ky pian). ™

By differentiating with respect to K, we obtain:

oC — [Ty > — [Ty

a?(T’K)Z—e Jo (t)dt/K p3(dy) = —e~Jo T UE [Lisr>k}] .
8

0%C _ T,

oz (T dy) = e~ Jo 7Oy (dy).

Let LE = LK(S) be the semimartingale local time of S at K under P (see [24,
Chapter 9] or [33, Ch. IV] for definitions). For h > 0, applying the Tanaka-
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Meyer formula to (S; — K)™ between T and T + h, we have
T+h 1
(Sr4n — K)© = (Sr — K)* +/T Lis, >K}dSe + §(L¥+h - Ly)

+ > (Si—E)T = (8- — K)T = 1s, sk ASy.
T<t<T+h

As noted in Remark 2, the integrability condition (H) implies that the dis-
counted price Sy = e~ Jor(®)dsg, — E(U); is a martingale under P. So (1) can
be expressed as dS; = r(t)S;—dt + dS; and

T+h T+h R T+h
/ l{St,>K}dSt = / 1{St,>K}dSt +/ T(t)St_l{St7>K}dt
T T T
where the first term is a martingale. Taking expectations, we get:

eJo WAt o(T 4 b K — eld Tt e(T, K)

h 1 K K
T

+ El > (Si—K)T = (8- — K)T = 15, sk AS)
| T<t<T+h

Noting that Sy_1;g, >k} = (Si— — K)* + Klg, >k}, we obtain

T+h T+h . aC
E / r(1)S0-1gs, o xydt| = / r)els 7@ as (o i) - K99 4, k)| at

using Fubini’s theorem and (8). As for the jump term,

E| Y (Si—K)t = (S —K)* —1is,_sAS,
| T<t<T+h

[ pT+h
= E / dt/m(t,dw) (Se—e® = K)" — (Si— — K)" — 15, >y Se—(e” — 1)]
T

T+h
E[/T dt/m(t,dm)((St_ez CK)F = (S — K)*
~(Si- = K)F(e" = 1) = Klgs,_xy(e” = 1)]

_ /T+h dt]E{/ m(t, dx)((St—ez _ K)+

T

—e"(Si- — K)T = Klg, sk (e” — 1))}
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Applying Lemma 1 to the random measure m we obtain:

/m(hd:v)((St,e’“'—K)Jr—e‘”(St,—K)+—K1{St_>K}(ew—1)) =Si— s, (ln( K

holds, leading to:

E| Y (S —EK)" = (S — K)" = 1gs,_>x)AS,
T<t<T+h

- /TT+hth :st Vi.s,. (ln (;f_)ﬂ
- /TTMth :St_]E {¢t75t_ <ln <Sft(>) |St_”
= /TTMth :St_Xt,st (m (:f)ﬂ (10)

Let ¢ € C5°(]0,00[) be an infinitely differentiable function with compact sup-
port. The occupation time formula (see [24, Theorem 9.46]) yields:

+oo T+h T+h
/0 4K p(K)(LK,, — LK) = /; S )dIST; = /T 0t o(S,_) 28

(S'T) is a martingale, hence : E[S7] < oco. Since (S7ip — K)t < Sryn,
(ST—K)+ < ST, |ZT<t§T+h(St_K)+_(St*_K)+_1{St_>K}ASt‘ < 3S; and

E [ TT+h 1{st,>K}dSt] < oo then (65) leads to : E[L%,, — LX] < co; further-

more, since ¢ is bounded and has compact support, one may take expectations
on both sides and apply Fubini’s theorem to obtain:

T+h
/ so<st>s§6§dt]

B| [ axpmwt, - 15)] - e8| [

T+h

_ / dtE [p(S;-)S?_07]
T

T+h
. / dtE [E [(Si) 526215 ]]
T

= E

T+h
/ dw(st)sfa(ast)z]

T

%) T+h
/0 /T o(K)K%0(t, K)?p? (dK) dt

T Jir(s)d > 2 2820
z/ dt eJo /Ogo(K)Kcr(t,K) e

T

(t, dK)
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where the last line is obtained by using (8). Gathering together all the terms,
we obtain:

/ dK o(K) [ef0T+h' r(t) dtC(T +hK)— eJo Tt dtC(T7 K)
0

T+h . [e%) ac
_ / dt (1) e () ds / AK S(K)C( K — K2 (1K)
T 0 0K
T+h [e%s) 2
fot r(s)ds SO(K) 2 2 o°C
+ /T dte /0 5 Keo(t,K) EYE (t,dK)

+ /TT+h dt/ooo dK o(K)E [St Xt.5,_ (ln (;f_))} (11)

Dividing by h and taking the limit h — 0 yields:

b S ar | 9€ ,
/0 dK o (K) { (T ER) + (T)C(T,K)]

/000 dK p(K)eld rt {r(T)C(T, K) ~ (1)K 5 )]

ox K

* (K)o 2 [ r(t)dt *C
+ /0 5 K<o(t, K)%e aKZ(T,dK)

[ i ot s sy (in(22))]

- /Oo dK o(K)elo m(t)dt {r(T)C(T, K)-r(T)K

+

T K

]

* (K)o 2 fOTr(t)dt82C
+ /0 5 Keo(t,K)%e aK2(T,dK)

o T too 920 K
+ / dKSD(K)efo T(t)dt/ Vo (T, dy)XT.y <1n <>> (12)
0 0 Yy

Since this equality holds for any ¢ € C5°(]0, o[, R), C(.,.) is a solution of

oC K20(t, K)2 92C ac
67(T’ K) = f@(T,K) - r(T)Ka—K(T, K)

teo 92C K
/0 yW(Ta dy)Xr,y <1n <y>>

in the sense of distributions on [0, 7] x]0, ool. O

_|_

1.3 Uniqueness of solutions of the forward PIDE

Theorem 1 shows that the call price (T, K) — C4 (T, K) solves the forward
PIDE (5). Uniqueness of the solution of such PIDEs has has been shown using



analytical methods [4, 21] under various types of conditions on the coefficients .

We give below a direct proof of uniqueness for (5) using a probabilistic method,

under explicit conditions which cover most examples of models used in finance.
Define, for u € R,t € [0,T[, z > 0 the measure n(¢,du, z) by

(] >0

n(t, [u,00[,z) = —e™

1
o] w0

n(t,] —oo,ul,z) =e™ "

Throughout this section, we make the following assumption: and
Assumption 3.
VT > 0,VB € B(R) — {0}, (t,2) = o(t,z), (t,z)—n(t,B,z)

are continuous in z € RT, uniformly in t € [0,T] and
IK7r > 0,Y(t,2) € [0,T] x RT, |o(t, 2)| + /(1 Alz)?)n(t,du,z) < Ky (H')
R

Note that (H') implies our previous assumption (H).

Theorem 2. Under Assumption 3, if

either (1) YR>0 Vtel0,T], inf o(t,2z) >0
(0<=<R}
or (i1) o(t,z) =0 and 38 €]0,2[, 3C > 0,VR > 0,V(t,2) € [0, T[x[0, R],

vrec§®-hr). [ (nttaus) - S8 fw 20

Cdu
3K g > 0,/ |ul? (n(t,du,z) - > dt < K,
o (lul<1} [ul+5 b
T
and (#4)  lim sup n (¢, {|u| > R},z) dt =0

R—co Jg  zer+
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then the call option price (T, K) — Ci (T, K), as a function of maturity and
strike, is the unique solution (in the sense of distributions) of the partial integro-
differential equation (5) on [to, 00[x]0, 00| with the initial condition:

VK >0 Cy(to, K) = (S — K.

The proof uses the uniqueness of the solution of the forward Kolmogorov
equation associated to a certain integro-differential operator. We start with the
following result, which has some independent interest:

Proposition 1. Define fort € [0,T] and f € C(R), the integro-differential
operator Ly given by

220 (t,z)?

S2F )
+ / [t ze?) — f(t.) — a(e? — 1).f'(x)] n(t, dy, z)
R

Lif(x) = r(t)zf'(z) +
(14)

10
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Under Assumption 3, if either conditions (i) or (ii) and (iii) of Theorem 2
hold, then for each xqo in RT, there exists a unique family (p(zo,dy),t > 0) of
bounded measures such that

o0 dp
Ve 0.l B). [ 9 landn) = [ oo di)Ligl)  poleo) = e
(15)
where €4, is the point mass at xg. Furthermore, pt(xo,.) is a probability measure
on [0, 00l

Proof. Denote by (X¢)¢cjo,7] the canonical process on D([0,T],R;). Under
assumptions (¢) (or (44)) and (#73), L; verifies Assumptions 1-4 in [31] and by [31,
Theorem 1], the martingale problem for (L;);c[o,7) is well-posed: for any o €
R,s € [0,T], there exists a unique probability measure Qs ., on D([0,T],R)
such that Qs 4, (Xs = z9) = 1 and for f € C°(RT):

F(X0) — Flo) - / Lo f(X,) du

is a Qg 4,-martingale. Furthermore, (X;) is a Markov process under Q,, and
(Pt)te[o,T] defined by

VfeCRY) Pif(zo) =E%o [f(Xy)] (16)

is a (non-homogeneous) positive strongly continuous contraction semigroup on
CP(RT) [19, Chapter 1].

If pi(x0,dy) denotes the law of (X;) starting from zy under Q, the martingale
property shows that p;(zo, dy) satisfies the equation (15) that we simply rewrites
after integration with respect to time t:

/ P, dy)g(y) = gla0) + / / pa(zo, dy) Lag(y) ds (17)

This solution of (15) is in particular positive with mass 1.

To show uniqueness, let f € C5°(RT) and v € C*([0,7]) and consider the non-
time dependent operator A mapping functions of the form (¢,z) € [0,7] x R —
f(z)¥(t), which will be denoted C5°(R*) @ C1([0,T]), into :

A(f9)(t,2) =y Lef () + f(2)7' (1) (18)

Using [19, Theorem 7.1 and Theorem 10.1,Chapter 4]), uniqueness holds for
the martingale problem associated to the operator L on C§°(R™) if and only if
uniqueness holds for the martingale problem associated to the A on C§°(R"T) ®
CY([0,T]). For any zo in RT, if (X,Q,,) is a solution of the martingale problem
L, then the law of n; = (¢, X}) is a solution of the martingale problem for A: for
any f € Cg°(R1) and v € C([0,T)):

/ pe(zo, dy) F) () = F(20)7(0) + / / pe(0, dy)A(F7)(s5,9) ds (19)

11
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Assume there exists a measure ¢;(dy) such that go(dy) = €, (dy) solution of

(17), then after integration by

/ ge(dy) f () (t) =

holds.

parts:

4 / / 0. (dy)A(fy)(s.y)ds  (20)

Define, for ¢ in [0,7], g € C5°(RT) @ C1([0,T))

Pig(wo)

Qg =

a:(dy)g(t,y)

= / pe(zo, dy)g(t,y)
/

Given (19) and (20), for all € > 0:

Py(f~)(z0) — Pe(f7)(x0) /

Qe(f7) — Qe(fv) = /

/ P, dy) A(f7) (s ) du = / L (A(f)) (o) du

/qudy (f) uydu—/Qu (f7)
(21)

Since the functions t — o(t,.), and ¢ — n(t, B,.) for any B € B(R) — {0} are
bounded in ¢ on [0, T, it implies that for any fixed f € C§°(R™) and any fixed v €
CY([0,T)), t = Q:A(fv) and t — P, A(fv)(zo) are bounded on [0, 7] and shows
that Q;. ans P;.(zg) are weakly right-continuous in ¢ on C§°(R*) @ C1([0,T7),

ie, forT >t >t
Hm Py (fv)(xzo) =

t'—t

Fix A > 0, we have

4 /Oo" e M P(f)(wo) dt =

Consequently,

P(f7) (o) lim Qu(f7) = Q:(f7)

+>\/ /P (f7)) (o) ds dt
Flann0) +3 [~ e ([T i) R (e ds

flann)+ | T e PUA(f)) (o) ds

| e PO e de = fahi0) = [T e Q- a2

Since P, is a positive strongly continuous contraction semigroup on C}? (RT) for
the operator L on C5°(R™), one can easily show that it holds for the operator A

on the domain C§°(R™) ® C*(]0,

T]). Applying the Hille-Yosida theory (see [19,

12



Proposition 2.1 and Theorem 2.6]), for all A > 0, R(A — A) = C)(R* x [0,T7),
where R(\ — A) denotes the image of C§°(RT) ® C*([0,T]) by the mapping
g — (A — A)g. Hence, since (22) holds then for all h in CJ (R x [0,7T]) :

/ e—MPth(xo)dtz/ e M Quhdt (23)
0 0

Since Cf (RT x [0, T7) is separating (see [19, Proposition 4.4, Chapter 3]), P;.(zo)
and Q. are weakly right-continuous and (22) holds for any A > 0, the flows
q:(dy) and p;(wo, dy) are the same on CY(R™ x [0,77]) and obviously on CY(R™).
This ends the proof. O

We can now study the uniqueness of the forward PIDE (5) and prove The-
orem 2

Proof. of Theorem 2.
If one decomposes L; into a differential and an integral component:
Lt = At + Bt
2 2
y oty
Af) = rufw)+ TE )

Bif(y) = / [Fwe?) — F) — y(e — D) )l dz,y)

then using the fact that ya%(y — )" = zlfysey + (y — )4 = yliyse) and

2 . . .
8872(9 —z)% = €,(y) where ¢, is a unit mass at x, we obtain

y2o(t,y)?

5 € (y)

At(y - x)+ = r(t)y 1{y>w} +

and
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Brly 0" = [ =" ~ (=) = (€ =) (Lo + = 2) =)
— /R[(yez —o)T —efly—a)t —x(e” — Dlysayn(t, dz,y)

Then, using Lemma 1 for the random measure n(t, dz, y) and 9 , its exponential

double tail:
T
Bi(y — )" =yt <ln (y))

Hence, the following identity holds:

Li(y —2)" =r(t) (¢l{ysa) + (y — 2)4) + Mex(y) Ty (ln (D)

13



Let f : [to, 00[x]0, 00[— R be a solution in the sense of distributions of (5) with
the initial condition : f(0,z) = (S — ). Integration by parts yields

T Lty — oyt

|7 5w (vt + - 00+ L8 ) 4y (1 (£)))

0082 2
ot [ SR +r0) [ Sl -0
220(t,x)? 0% f < 9% f x
2 ), o (tdy)ww< (y)>

0 25(t, z)% 02 32

_|_

Hence given (5), the following identity holds:

2
S0 = —rOfta)+ [ L)L -0 (25)

or equivalently after integration with respect to time ¢:

o T st 2) — £(0,2) = / T edir Saf 5(tdy)Li(y—2)"  (26)
0

After integration by parts, one shows that:

2f
0

Hence (25) rewrites:

> I 7“(3)018a f + _ f r(u)du f +d
elo g2z (L) (y—2)"—=(So—2) 0 5 (s, dy)Ls(y—x)" ds
0
(28)
Define g;(dy) = elo r(s)ds %(t,dy), we have qo(dy) = eg,(dy) = po(So,dy).
Take g in C§°(]0, oo, R), after integration by parts, one shows that:

hal-00445641, version 3 - 21 Apr 2011

o(y) = / T ) — o) dz (20)

14
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Replacing in [; g(y)q:(dy) and using (28)

o0 o] 2
/Og(y)qt(dy) = / g(y) elo 7) ng(td)

0

s} . 82
= /O g"( / elor(s)ds afé(t,dy)(y —2)Tdz

A CICE S WP // S v L (o )Ly

— 4(S0) / / fi 4L o g, % ¢y — 2)* de]

= g(S0)+ /O /0 4s(dy) Lag(y) ds

This is the equation (17). Proposition 1 yields to efo 7(s)ds o f(t dy) is unique

that is efo (s)ds %(t, dy) = pt(So, dy) (with the notations in Proposition 1)and
leads to the uniqueness of the solution of the forward PIDE (5). O

2 Examples

We now give various examples of pricing models for which Theorem 1 allows to
retrieve or generalize previously known forms of forward pricing equations.

2.1 Ito processes

When (S;) is an It6 process i.e. when the jump part is absent, the forward
equation (5) reduces to the Dupire equation [16]. In this case our result reduces
to the following:

Proposition 2 (Dupire PDE). Consider the price process (St) whose dynamics
under the pricing measure P is given by:

T T
ST = S() +/ ’I"(t)Stdt +/ St(stth (30)
0 0

Define
a(t,z) = \/E[62]S; = 2]

1 T
exp | = / 62 dt
2 Jo

the call option price (2) is a solution (in the sense of distributions) of the partial
differential equation:

aC,,
oT

If

E < 00 a.s. (Aia)

8Ct0 + KQO'(T, K)2 82C’t0

= (MK 55 2 K2

(31)

15
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on [to, 00[Xx]0, oo with the initial condition: VK >0 Ci,(to, K) = (S, — K) 4.

Notice in particular that this result does not require a non-degeneracy con-
dition on the diffusion term.

Proof. Tt is sufficient to take y = 0 in (1) then equivalently in (5). We leave the
end of the proof to the reader. O

2.2 Markovian jump-diffusion models

Another important particular case in the literature is the case of a Markov
jump-diffusion driven by a Poisson random measure. Andersen and Andreasen
[2] derived a forward PIDE in the situation where the jumps are driven by a
compound Poisson process with time-homogeneous Gaussian jumps. We will
now show here that Theorem 1 implies the PIDE derived in [2], given here in
a more general context allowing for a time- and state-dependent Lévy measure,
as well as infinite number of jumps per unit time (“infinite jump activity”).

Proposition 3 (Forward PIDE for jump diffusion model). Consider the price
process S whose dynamics under the pricing measure P is given by:

T T T “+o00 _
Sy = So+ / r(t)S;_dt + / Sy_o(t,S,_)dB; + / / Sy_(e¥ — 1)N (dtdy)
0 0 0 —o00
(32)

where By is a Brownian motion and N a Poisson random measure on [0,T] x
R with compensator v(dz)dt, N the associated compensated random measure.

Assume:
o(.,.) is bounded (A1)

Ji=1y e*v(dy) < oo (A5,)
Then the call option price
Cio (T, K) = ™ B [max(S7 — K, 0)|Fy ]

is a solution (in the sense of distributions) of the partial integro-differential
equation:

aC,,
aT

Cry , K?o(T.K)* 0°C,
0K 2 0K?2

+ / v(dz) e* [C’to(T, Ke™?)—Cy(T,K) — K(e™* —1)
R

=—r(TK

oc, (33)

oK

on [tg, 00[%]0, co[ with the initial condition: VK >0 Cy,(to, K) = (St, — K)+.

Proof. As in the proof of Theorem 1, by replacing P by the conditional measure
Pr,, given Fy,, we may replace the conditional expectation in (2) by an expecta-

tion with respect to the marginal distribution p3.(dy) of Sy under Pz, - Thus,
without loss of generality, we put ty = 0 in the sequel, consider the case where Fy

16
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is the o-algebra generated by all P-null sets and we denote Co(T, K) = C(T, K)
for simplicity.
By differentiating (2) in the sense of distributions with respect to K, we obtain:

2

O°C (7, dy) = e W T O@p8 (ay). (34)

oC i
(K) == B0t [ i), 5

0K

In this particular case, m(t,dz) dt = v(dz) dt and v, is simply defined by:

B B [oodrer [F v(du) z<0
wt(z):d)(z)—{ erooda:ef”f v(du) z>0

Then (4) yields x¢4(2) = x(2) = ¥(2). Let now focus on the term

AN

n (5). Applying Lemma 1:

I, v (s (5))

/Oo e~ Jo ?(dy)/[(yez —K)" =&y — K)" — K(e* = 1)1y |v(d2)

= [ [T O - Ke ) - - K - K- ] v(d2)
# ) — —K(e % — @ v(dz
= /Re [C(T,Ke )—C(T,K) — K( 1)8[(} (d=z) (35)
This ends the proof. O

2.3 Pure jump processes

We now consider price processes with no Brownian component. Assumption
(H) then reduces to

E |exp (/OT dt/(ey— 1)2mt, dy))] <oo (A

and the forward equation for call option becomes

oC oC teo 92C K
e rors = [y man i, (n(E)) e

YT >0,

It is convenient to use the change of variable: v = Iny,k = In K. Define,
c(k,T) = C(e*,T). Then one can write this PIDE as:

oc de [T gy (0Pc e
T (T)% = /_OC e <8k2 - (%) (T, dv) xT0(k —v) (37)

17
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where xr,, is defined by:
Xt,0(2) = E [ (2)[Sr- = €”]

with:
[oodwer [T m(T,du) =<0
Yr(2) = +00 z [0
[ T dx e [ m(T, du) z>0
In the case, considered in [9], where the Lévy density my has a deterministic

separable form:
my (t,dz,y) dt = a(y,t) k(z) dz dt (38)

Equation (37) allows us to recover!' equation (14) in [9]:
Oc Oc +oo d*c  dc
e T)-= = _ 2(v—k) v == T
Gr D5 = [ w0t Y1) (55 - 50 ) (o
where k is defined as the exponential double tail of k(u) du, i.e:

) [oodrer [T k(u)du =<0
K(z) =
f;oo dz e® [ k(u)du z>0

The right hand side can be written as a convolution of distributions:

de dc &%c  Oc
— r(T)% = [ar(.) (8]{:2 - Bk>] *g where (39)

oT
g(u) =e"*"k(u)  ar(u) = a(e",T) (40)

Therefore, it implies that from the knowledge of ¢(.,.) and a choice for x(.)
we can recover ar hence «f.,.). As noted by Carr et al. [9], this equation is
analogous to the Dupire formula for diffusions: it enables to “invert” the struc-
ture of the jumps—represented by a— from the cross-section of option prices.
Note that, like the Dupire formula, this inversion involves a double deconvolu-
tion/differentiation of ¢ which illustrates the ill-posedness of the inverse problem.

2.4 Time changed Lévy processes

Time changed Lévy processes were proposed in [8] in the context of option
pricing. Consider the price process S whose dynamics under the pricing measure
P is given by:

t
Sy=elr@dux, X, =exp(Lo,) ©p= / Osds (41)
0

where L; is a Lévy process with characteristic triplet (b,02,v), N its jump
measure and (0;) is a locally bounded positive semimartingale. We assume L

I'Note however that the equation given in [9] does not seem to be correct: it involves the
double tail of k(z) dz instead of the exponential double tail.

18
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and 0 are 2}’-',g—adapted.

X, = e Jor@du g, is a martingale under the pricing measure P if exp (Ly) is
a martingale which requires the following condition on the characteristic triplet
of (Lt)l

1
b+ 502 + /(ez —1—21q<1pv(dy) =0 (42)
R

Define the value Ci, (T, K) at time ¢y of the call option with expiry T > to and
strike K > 0 of the stock price (S;):

Cio (T, K) = e~ o "4 EFmax(Sp — K, 0)|F, ] (43)
Proposition 4. Define
a(t,z) = E[0| X = a]

and x the exponential double tail of v(du)

) fdren [T v(du) z<0
X(Z) - { fz-l-oo de e® f;o V(du) >0 (44)

Assume B = 10% + [, (e¥ —1)%v(dy) < 0o holds and
E [exp (8O7)] < o0 (45)

Then the call option price Cy, : (T, K) — Cy, (T, K) at date to, as a function of
maturity and strike, is a solution (in the sense of distributions) of the partial
integro-differential equation:

oc 9C  K2a(T, K)o 8°C
o = Tl KK e+ 2 K2

+ /Om ygjg (T, dy) (T, y) x <ln (Igj))

on [t,00[x]0, oo with the initial condition: VK >0 Ci,(tg, K) = (St, — K)+.

(46)

Proof. Using [5, Theorem 4], (Le,) writes

t t
Le, = L0+/ o—\/ZstJr/ bO,ds
0 0

t t
+ / 95/ zN(dsdz)—i—/ 95/ zN(dsdz)
0 lz]<1 0 {z>1}

where N is an integer-valued random measure with compensator v(dz) dt, N its

19
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compensated random measure. Applying the Itd formula yields

X: = X0+/X _dLy, + /X _0%0.ds+> X, — X, — X, ALy,

s<t

t
X0+/ S[be +2029}ds+/X _o\/0,dB,

/X 9/ N(dsdz) /X 0/ N(dsdz)
{I= \<1} {I= \>1}

+ /O /R X, 0y(e* =1 — 2)N(ds dz)

+

Under our assumptions, [(e* —1— z1y;<1})v(dz) < oo, hence:

t 1 t
Xt = XO +/ XS, |:b95 + 70-295 + /(ez -1 zl{z|§1})95V(dz)] ds +/ Xsfo'\/édBS
R 0

+ //X _B,(e* — 1)N(ds dz)
= X0+/O Xs_a\/ést—l—/Ot/RXS_Gs(ez—1)N(dsdz)

and (S;) may be expressed as:

S, = SO+/SSr ds+/S gde+//s _0,(e* —1)N(dsdz)

Assumption (45) implies that assumption (H) of Theorem 1 and (S;) is now in
the suitable form (1) to apply Theorem 1, which yields the result. O

2.5 Index options in a multivariate jump-diffusion model

Consider a multivariate model with d assets:
SrH =5} +/ r(t)S;-dt +/ Si- 0 dWY +/ Si— (e’ —1)N(dtdy)
0 0 0o Jrd

where §° is an adapted process taking values in R representing the volatility of
asset i, W is a d-dimensional Wiener process, N is a Poisson random measure
on [0,T] x R% with compensator v(dy)dt, N denotes its compensated random
measure.

The Wiener processes W are correlated: for all 1 < (i,5) < d, (W W), =
pi,jt; with Pij > 0 and Pii = 1.

An index is defined as a weighted sum of the asset prices:

d
=1

20
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The value C, (T, K) at time ¢y of an index call option with expiry T > ¢, and
strike K > 0 is given by

O (T, K) = ¢ Jo ™ U B2 [iman (I — K, 0)|Fy, (47)

The following result is a generalization the forward PIDE studied by Avellaneda
et al. [3] for the diffusion case:

Theorem 3. Forward PIDE for index options. Assume

VI'>0 E [exp (% I ||5t||2dt)} <00 (Ap)
Jaa WA Tyl v(dy) < oo as. (Az) (48)
Sy €1 vidy) < oo as. (Aw)

Define

Ti—

mi(z) = - B (49)
t fz dz e” fRd 11n (Elﬁiﬁd—l wisifeyi>>xl/(dy) z>0

T,—

f—zoo dx e fRd 11 <Zl§i§d—1“’isti,—eyi) v(dy) z<0
n| ——m———"7-—77"—|<z

and

d

1 .

g(t’ Z) = ; E A‘Zl W;Wj Pi 5 5%5? S%_Sg_ |It— =Z|; (50)
i,j=

Xty(z) = Eln(2) i =y (51)

The index call price (T, K) — Cy (T, K), as a function of maturity and strike,
is a solution (in the sense of distributions) of the partial integro-differential
equation:

aC oC  o(T,K)? 0°C [T &°C K
—a = —T(l )Kai + T W +/0 yw(Tv dy) XT,y In Yy
1 K " (52)

on [to, 00[x]0, o[ with the initial condition: VK >0 Cy,(to, K) = (It, — K)+.

Proof. (By)i>o defined by
S wiSi_§idW]

dBy = 4 N 1/2
(Zi,j:l wiwjpij (5;(5? SZ?S,{?)

is a continuous local martingale with quadratic variation ¢: by Lévy’s theorem,
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B is a Brownian motion. Hence I may be decomposed as

d T T d 2
Ir =Y w;S;+ / r(t)I,_ dt + / > wiw;pi; 6161 S;_S]_ | dB,
i=1 0 0 i=1 (53)

T d
+/ / ZwiSIf_(eyi — 1)N(dt dy)
0 JRYG

The essential part of the proof consists in rewriting (I;) in the suitable form (1)
to apply Theorem 1. Applying the Itd formula to In (I7) yields:

In (I7) — In (Ip)
T 1 d . .
= / {T(t) — o D, wiw;pi; 6,67 S;_S]_
0 2L ij=1

B (Z1§i§d w;S}_eY:
T,

Zlgigd w;Sy_e¥r

I

—1—1In( ))l/(dy)} dt

2

T d
~ \ij=1

T w; SToeYi\
+ / /m (ZKK? ! ) N (dt dy)
0 t—

The last equality is obtained since

J (—21799“””3*6“ ~1-In (—Elgigdwisti’eyi
I Iy

))v(dy) < oo: using the convexity

property of the logarithm (one recalls that E1gigd wiSio _ 1), and the Holder

T

inequality:

<Z1gigd w; S;_eYt )
In
I

wZSt’_
< Z 7 Yl S Z lys| <yl

1<i<d 1T 1<i<d

KN ]
Di<icqg WiS{_eYi

S w; St eYi .
s=E———— ) and y » =S are in-

hence the functions y — In T
T

tegrable with respect to v(dy) by assumptions (Agp) and (Agp). We furthermore

observe that
In <Zl§i§d w; S;_eYi )

1A
/

T 2‘1n (M)’
/ / € Ty I/(dy) dt < 0o a.s.
0 J{lyll>1}

v(dy) < oo a.s.

(54)
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Similarly, since (Ag) and (Asp), forall1 < i <d, [ (e¥ — 1 — g, <13y ) v(dy) <
oo and In (S%) rewrites:

T
In(Sp) = (S + [ (0 - 5@~ [ (€~ 1 Lgpcum) vidy) de

0
T . . T ~
o [Pt [ [
0 0

Define the d-dimensional martingale W, = (W;',--- , W' B;). For all 1 <
i <d=1, (WLW = pijt;

. o
> -1 Wipii Sy

<Wi’B>t = ) N 1/2 ¢
(Zijzl wiw; pij 670} SZQSL)
Define
) pras - 9 wj'm;jfﬁ,ﬂéff 7z
(4, wiwjpij 6367 Si_5]_)
o= Pd—1,1 1 Ejr wipa1.581 51

LAk St M
o o (54 joy wiw;pi; 561 5j_s{_)"/
4 wip,;S]_5] o Y1 wipa—1,;5] 8 1
- \1/2 . i \1/2
(24 =y wiwjpiz 636l Si_s]_) (4, _y wiwjpij 6i6] Si_5]_)

There exists a standard Brownian motion (Z;) such that W; = AZ; where A is
a d X d matrix verifying

O ="4A.

Define X7 = (In(S%), - ,In (S5 1), In (I7));

YR 0 0
0 --- &t 0 1
4 i i \ 3
0 - 0 It% (Zi,j:l wiw;pij 010 St—Sf—)
r(t) — 5(0) = [ (" =1 —y1) v(dy)
b= r(t) = 2@ = [ (et — 1~ ya 1) v(dy)
R . . w; SI_eYi ; wisf_eyqz
r(t) — 21127 Zf’j:l wiw;pij 6167 Si_S7_ — [ (Elﬁﬁ# —1—1In (%)) v(dy)
and
'A%
11/}t(y) = Yd—1

23



hal-00445641, version 3 - 21 Apr 2011

then (X7) may be expressed as:

T T T
X=X+ / Bydt + / 5, AdZ; + / Gy N(dtdy) — (55)
0 0 0 R4

For all ¢ in [0, T],for all y € v(R?), if one defines

¢t(y) = (yl c L Yd—1,1n (eyd]t_ — Zliiﬁd—l sztZ—e%))

wde_

then ¢ is the left inverse ¢ of v that is:

d)t(wv ¢t(% y)) =Y.

Observe that ¢4(.,0) = 0, ¢ is predictable, and ¢¢(w,.) is differentiable on
Im(ty) with Jacobian matrix V,¢:(y):

1 0 0 0
(Vy¢t(y)) = 0 L 1 0
—eYlw S} 7eyd*1wd715td:1 eVdI,_
e¥dly_ —3 cicq1 wiS)_eYi eVdly_ =3 cica—rwiSi_eVi  eYdli_ =3 i q_q wiS]_eYi

(v, v) satisfies [5, Assumption (H3)]: since (Ag), for all T and for all ¢ in [0, T,

T
E V LAty vidy)ae

. 2
T cqwiSt_eYi
- //m y%+--~+y§1+1n<219§d : ) v(dy) dt
0 R4

I

IN

T
[ [ inli vy a < oc
0 R4
Define vy, the image of v by ¢:
VB € B(R?Y — {0}) € ¥¢(RY)  v4(w,t, B) = v(¢p+(w, B)) (56)

Applying [5, Lemma 2], X7 may be expressed as:

T T T
XT:X0+/ ﬂtdt+/ 5tAdZt+/ /yM(dtdy)
0 0 0

where M is an integer-valued random measure (resp. M its compensated ran-
dom measure) with compensator

p(w; dt dy) = m(t, dy; w) di
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defined via its density with respect to v4:

dp
@(w,t,y) = Ly, ray(y) [detVy o4 (y)

eydlt_

eval,_ — Zlgigd—l w;S;_eY

= gy, ()

Considering now the d-th component of X, one obtains the semimartingale
decomposition of In (I;):

In (IT) —In (I())

T d

1 o

_ / (r0) = 57 | 32 wiwsoss 161 {8
0 t—

i,j=1

) iSi_ Yi ) iSi_ Yi
(B (Baegn)) )

2

T d T
1 o )
b | | S waps s s | anr [ [uRaay
o li- 0

ij=1

where K is an integer-valued random measure on [0,7] x R with compensator
k(t, dy) dt defined by: VB € B(R — {0}),

k(t, B) = u(t,R¥"! x B) (57)

and K its compensated random measure. Let compute k:

k(t, B) / p(t, dy) = / Ly, rayy (y) [detVyé|(y) vo (t, dy)
Re-1x B Re-1x B
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/ etV el (6 (4)) v(dy)
Ra—1 x Briap, (R4)

w; Si_eYi v(dy)
/{yeRd—{o},ln (%)em

In particular, the exponential double tail of k(¢, dy) which we denote n:(2)

- ffoo dx e*k(t,] — c0,x]) 2<0
nt(z) - { f;roo da €mk(t, [x’ OOD 250

is given by (49). To conclude (I;) writes:

N

T T d T
Iy = Io—i-/ r(t) - dt+/ Z wiw;pij 0107 Si_S7_ dBt—i-/ / (e¥ — 1) I,_ K (dt dy)
0 0 o Jre

i,5=1
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The normalized volatility of I; satisfies for all ¢ in [0, 7],

S wawpy 6iel Si_si -
= <D pij i8]
t— i,j=1
and .
D i<icq WiSi_eY
1 == < |lyll.
n ( T <yl
Hence:
d N
1 TZ“=1wiijij6;5g Si_Si_ T
5/0 i 2 dt+/ /(ey—l)2k(t, dy) dt
t— 0
B 1/T ¢ iy wiw;pij 0167 Si_ S i
2 7
. 2
T o w St eYi 4 wySE ey
+ / / <21<Z<d ! ! il -1 Z/(dy17"' adyd—lady)dt
0 Rd It,
1 & w T
< 3 Y pdd e [ [ (1P dyasdy)de
2 0 Rd

ij=1

Using assumptions (A1), (Agp) and (Asp), the last inequality implies that (I;)
satisfies (H). Hence (I;) is now in a suitable form to apply Theorem 1, which
yields the result. O

2.6 Forward equations for CDO pricing

Portfolio credit derivatives such as CDOs or index default swaps are derivatives
whose payoff depends on the total loss L; due to defaults in a reference portfolio
of obligors. Reduced-form top-down models of portfolio default risk [20, 22, 34,
11, 35] represent the default losses of a portfolio as a marked point process
(L¢)t>0 where the jump times represents credit events in the portfolio and the
jump sizes AL; represent the portfolio loss upon a default event. Marked point
processes with random intensities are increasingly used as ingredients in such
models [20, 22, 28, 34, 35].

In all such models the loss process (represented as a fraction of the portfolio
notional) may be represented as

t 1
L, :/ / x M(dsdx)
0 Jo

where M (dt dz) is an integer-valued random measure whith compensator p(dt dz;w) =

m(t, dz;w) dt. Assume furthermore:
1
/ xm(t,dz) < oo (58)
0
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so that L; rewrites

L, = /Ot /le (m(s,dm) derM(dsd:c))

t pl
/ / x M (dsdzx)
o Jo
is a P-martingale.

The compensator p(dt dz;w) has finite mass

where

M) = [ it des)

N; represents the number of defaults and A represents the default intensity i.e.
the (random) jump intensity of the point process Ny = M ([0,¢] x [0,1]). Denote
by Ty <T5 < .. the jump times of N. The marked point process L may also be

represented as
Ny
Li=> 7
k=1

where the “mark” Z taking values in [0, 1] is distributed according to

mx (t,dz; w)
)\t(W)

Note that the percentage loss L; belongs to [0,1], so AL; € [0,1— L;_]. For the
equity tranche [0, K], we define the expected tranche notional at maturity T as

Ci, (T, K) = E[(K — Lr) 1| F4,] (59)

Fi(dz;w) =

As noted in [11], the prices of portfolio credit derivatives such as CDO tranches
only depend on the loss process through the expected tranche notionals. There-
fore, if one is able to compute Cy, (T, K) then one is able to compute the values
of all CDO tranches at date ty. In the case of a loss process with constant loss
increment, Cont and Savescu [12] derived a forward equation for the expected
tranche notional. The following result generalizes the forward equation derived
by Cont and Savescu [12] to a more general setting which allows for random,
dependent loss sizes and possible dependence between the loss given default and
the default intensity:

Proposition 5 (Forward equation for expected tranche notionals). Define the
integer-valued random measure My (dt dy) with compensator my (t,dy, z) dt de-
fined by :

VA e B(0,1)),  my(t, A, 2) = Elmx(t, A, )| L = 2] (60)

and the effective default intensity

1—2
At 2) = / my (£, dy, 2) (61)

0
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The expected tranche notional (T, K) — Cy, (T, K), as a function of maturity
and strike, is a solution of the partial integro-differential equation:

oC K 920 K-y v

67__ 0 6K2(T,dy) |:/0 (K—y—z)my(T,dz,y)—(K—y))\ (Tay)
(62)

on [to,00[x]0, 1] with the initial condition: VK € [0,1] Cy,(to, K) = (L, —

K)s.

Proof. By replacing P by the conditional measure Pz, given Fy, we may re-
place the conditional expectation in (59) by an expectation with respect to the
marginal distribution pr(dy) of Ly under P, Fio Thus, without loss of general-
ity, we put tg = 0 in the sequel and consider the case where Fy is the o-algebra
generated by all P-null sets.

(59) can be expressed as

CrK) = [ (K =)* prlay (63)

By differentiating with respect to K, we get:

oc (K 0*C
oK~ J, pr(dy) =Bl <iy] gz (Tdy) =pr(dy)  (64)

For h > 0, applying the Tanaka-Meyer formula to (K — L;)* between T and
T + h, we have

T+h
(K — LT+h)+ = (K — LT)Jr *\/ 1{L,,,§K}st
T

+ Y [(K—L)*— (K= Lio)" + 11, <xyAL].
T<t<T+h

(65)
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Taking expectations, we get:

C(T+hK)-C(T,K) = E
T

T+h 1-L.—
/ dt 1{Lt,§K} / xm(t,dx)]
0

+ E| > (K—L)" = (K —Li-)" + 11, <xyAL
T<t<T+h
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First:

E

T+h 1—L¢_
/ dt]—{Lt,<K} / xm(t,dm)
T B 0

T+h i 1—Ls—
/ dtE 1{Lt—SK} / :z:m(t,dx)
0

T

T+h [
/ dtE |E
T

1-L,_
Lir, <k} / xm(t,da:)‘Lt_
0

T+h 1-L;_
/ dtE 1{Lt,§K}/ J}my(t,dl‘,Lyt—)
T 0

/TT+h dt /OKpT(dy) (/Olya:my(t,dx,y))

As for the jump term,

But

.

E| S (K-L)" — (K- Lo)* + 14, <AL
T<t<T+h
T+h 1-Li_
E / dt/ m(t,dz) (K = Li- —ax)" — (K = Li-)" + 1{Lt_<K}$)]
T 0
T+h [ f1—L,_
/ dtE / m(t,dz) (K — Ly- —x)" — (K — L,_)" + l{Lt_gK}:r)]
T 0
T+h 1-L,_
/ dtE |E [/ m(t,dz) (K — Li— —2)" — (K — L)t + 141, <)
T 0
T+h 1-L,_
/ dtE / my (t,dx, L) (K — Li— —z)" — (K — L)t + 1{Lth}I)1
T 0
T+h -1 1—y
/ dt / PT(dy)/ my (t,dz,y) (K —y —2)" — (K —y)" + 1y<ryo)
T 0 0
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Gathering together all the terms, we obtain:

[C(T + h,K) — C(T, K))

[ [t ([ e ttan)
+ /TT+hdt/0 pr(dy) (/Kl_j my(tdw,y)(K—y—w))

T+h K K—y
/’ dﬂ/zﬁww<—/ nwmdmwm>w—xqu—yMWny0
T 0 0

Dividing by h and taking the limit A — 0 yields:

oC

K K-y
87 = —/0 pT(dy) [/0 (K -y x) mY(T7 dx,y) - (K - y))‘Y(T’ y)

K920 K—y
s 8K2(T dy) [/0 (K —y—a)my(T,dz,y) — (K —y) A" (T,y)

O

In [12], loss given default (i.e. the jump size of L) is assumed constant
0 = (1 — R)/n: the marks Zj, are then deterministic and equal to 6 : Ly = 6Ny
and one can compute C(T, K) using the law of N;. Setting ¢y = 0 and assuming
as above that F;, onl

O(T,K) = E[(K — Ly)*] = E[(k 6 — Ly)*] = 0E[(k — Np)*] = 6 CW(T)  (66)

The compensator of L; is A\; e5(dz) dt, where es(dz) is the point mass at
the point 0. The effective compensator becomes: my (t,dz,y) = E[M\|Li— =
yles(dz) dt = AV (t,y) es(dz) and the effective default intensity is AY (t,y) =
E\|L— = y].

If we set y = jd then : A\Y (t,j6) = E[\|Li— = j0] = E[\| N = j] = a;(t)
and p(dy) = Z?:o q;(t)ejs(dy) with the notations in [12].
Let us focus on (62) in this case. We recall from the proof of Proposition 5 that:

1

oC
pr(dy) Hr. (k6 —y)™©

ST ko) =

1
pr(d /' (k6 — y — 2)* — (k6 — )] A (T, ) ea(d2)

1
pr(dy) N (T,y) [(k6 —y — )" — (k6 — ) "] 1{s<1-yy

1
S— — —

= - ZQJ(T)%( ) Li<k—13 (67)
=0
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This expression can be simplified as in [12, Proposition 2], leading to the forward
equation

k—2

dCy(T)
oT

B
<.
Il
ey

—2

= [a(T) = ax—r(T)]Crr(T) = Y _(V?a);C5(T) = a—1(T)[Ci(T) = Cr—r(T)]

1

J

Hence we recover [12, Proposition 2] as a special case of Proposition 5.
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