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Incomplete markets, liquidation risk,

and the term structure of interest rates®

Edouard Challe Francois Le Grand Xavier Ragot!

Abstract

We construct a general equilibrium model with incomplete markets and borrowing con-
straints, in order to study the term structure of real interest rates. Agents are subject to both
aggregate and idiosyncratic income shocks, which latter may force them into early portfolio
liquidation whilst in recession. We derive a closed-form equilibrium with limited agents’ het-
erogeneity (despite market incompleteness), which allows us to derive analytical expressions for
bond prices and returns at any maturity. The desirability of bonds as liquidity makes the ag-
gregate bond demand downward-sloping. One consequence of this is that a larger bond supply

raises both the level and the slope of the yield curve.

Keywords: incomplete markets, yield curve, credit constraints.
JEL codes: E21, E43, G12.

*Acknowledgments: We are indebted to Yann Algan, Gabrielle Demange, Frangois Gourio, Guy Laroque,
Caroline Mueller, and Monika Piazzesi for helpful suggestions. We also thank participants at the PSE Lunch seminar,
at the joint HEC-INSEAD-PSE Workshop, at the 2007 Meeting of the Society for Economic Dynamics, and at the
2007 ESEM Conference for valuable comments. Financial support from the French National Research Agency is also

gratefully acknowledged.
fChalle: CNRS and University of Paris-Dauphine, edouard.challe@dauphine.fr. Le Grand: Paris School

of Economics and Barclays Capital, Paris, legrand@pse.ens.fr and francois.legrand@barclayscapital.com.

Ragot: CNRS and Paris School of Economics, ragot@pse.ens.fr.



halshs-00587679, version 1 - 21 Apr 2011

1 Introduction

Incomplete markets models have frequently been argued to overcome some of the difficulties en-
countered by the representative agent framework. They notably contribute to explain important
features of asset prices, such as the level of the risk-free rate (Huggett (1993)), the size of the
equity premium (Constantinides and Duffie (1996)), or the existence of money (Bewley (1983);
Scheinkman and Weiss (1986)). These contributions are based on the central idea that market
incompleteness introduces a specific motive for demanding (and actually trading) available assets,
since those are used to smooth out the idiosyncratic fluctuations that agents face.

Despite the potential insights to be gained, the term structure of interest rates studied under
complete markets in the seminal article of Cox, Ingersoll, and Ross (1985), has been the subject
of a surprisingly small number of studies with uninsurable idiosyncratic shocks. One potential
explanation is the inherent complexity of infinite-horizon, incomplete market models with a large
number of assets. On the one hand, market incompleteness usually implies that agents’ wealth and
optimal decisions depend on the whole history of idiosyncratic income shocks, so that infinitely many
types of agents (and associated Euler equations) coexist in the economy. This usually precludes
the derivation of analytical expressions and general conclusions about asset prices, except in very
special cases such as the paper of Constantinides and Duffie (1996) or the deterministic liquidity
constrained model of Kehoe and Levine (2001). On the other hand, the very nature of computational
techniques, when applied to models with uninsurable income shocks limits their scope to the study
of approximate equilibria with a limited number of assets, typically one or two (as in Krusell and
Smith (1997)).

In this paper, we analyze the term structure of real interest rates within an incomplete market,
general equilibrium model that features a single good, as well as both infinitely-lived agents and
arbitrarily many bond maturities. We manage to do so by assuming a specific implication of unin-
surable income shocks: After a fall in current individual income, agents are supposed to liquidate
all their assets. In our model, such an asset liquidation by low-income agents is obtained if their
ability to trade assets is restricted by an (exogenously imposed) debt limit. We concentrate on a
particular equilibrium where asset liquidation is full, in the sense that agents facing a drop in their
current earnings liquidate their bond portfolio entirely. As we show, the implied dynamic equi-
librium allows us to characterize analytically the entire term structure of interest rates (including
prices, yields, and returns of arbitrarily long bonds).

The main features of our model are as follows. The idiosyncratic income risk is specified as a
random switch of agents’ status between ‘employment’ and ‘unemployment’. Unemployed agents
earn a (low) home production income, while employed agents rent out their labor services to a
constant return-to-scale firm hit by aggregate productivity shocks. Agents’ attempts to smooth
out their labor income fluctuations result in twofold consequences. (i) When employed, employed
agents accumulate bonds for self-insurance purposes, and (ii) when falling into unemployed, they

liquidate them. To close the model, we assume that the government constantly renews stocks of
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zero-coupon bonds of all maturities. The deterministic final payment of bonds is financed through
taxes that are designed to minimize distortions.

Given this market structure, we start our analysis by establishing the existence conditions for
an equilibrium with full asset liquidation to prevail. This allows us to demonstrate the existence
of an equilibrium price system with arbitrarily many maturities, in the case where both aggregate
uncertainty and the total net supply of bonds are small (proposition 1).

We ask then the following question: How does the shape of the yield curve change as the net
supply of bonds changes? Our first result is that the aggregate bond demand is downward-sloping:
Increasing the supply of bonds of any maturity lowers the price of all bonds, that is, it raises the
entire yield curve. This effect is easily understood from the liquidity role played by bonds in our
economy. More specifically, the conjunction of idiosyncratic income risk with trade restrictions (i.e.,
debt limits) induces high-income agents to hold bonds of any maturity for precautionary purposes.
In this context, more liquidity lowers its desirability and equilibrium prices. Since bonds of various
maturities are partly substitute of each other, raising the supply of one particular type of bonds
must lower the price of all bonds.

Our second result states that a larger bond supply steepens the yield curve. The result bears
upon the relative prices of bonds with different maturities, that is, the risk premia associated
with each bond. In our model, risk premia differ across bonds because agents may be forced into
liquidating assets before maturity, when their selling price is low due to the aggregate uncertainty.
Since the risk of early liquidation increases with the bond maturity, long bonds must command a
higher premium in equilibrium than comparatively shorter ones. We then show that raising the
supply of bonds of any maturity raises the slope of the yield curve because it sharpens the variability
of the liquidation value of agents’ portfolio. Thus, both the level and the slope of the yield curve
tend to rise as the supply of bonds increases (proposition 2).!

We end the paper by analyzing the welfare properties of our incomplete market model. More
specifically, we establish that while increasing the quantity of bonds of any maturity unambiguously
raises ex ante welfare (i.e., from the point of view of date 0, before agents know their type), it may
decrease the welfare of some agents, when they are already aware of their type (proposition 3). In
a very simple way, employed agents who have to buy assets for self-insurance may suffer from a
larger supply; since they have to bear higher taxes.

The rest of paper is organized as follows. Section 2 introduces our framework. The third section
describes the equilibrium with full asset liquidation, while Section 4 establishes the conditions for
its existence. Section 5 studies the impact of changes in the bond supply on the shape of the yield
curve. Section 6 derives the welfare properties of the model, and Section 7 discusses further results,

which can be derived within this framework, and concludes.

1See Fleming (2002) for empirical evidence about the impact of the net bond supply on the yield curve consistent
with these results. See also Jegadeesh (2002) for a more general discussion of this evidence.
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2 The economy

2.1 Individual and aggregate states

In every period, each agent can be in either of two states, ‘employed’ or ‘unemployed’. Let e! denote
the status of the agent i at date t. The process ei = 1 if the agent is employed and e} = 0 if the
agent is unemployed. Each agent’s employment status on the labor market evolves independently
according to a first-order Markov chain with the following transition matrix:

a l—«
H:

L—p p

] , (a,p) € (0,1)%,

where « is the probability that an employed agent stays employed in the next period and p is the
probability that an unemployed agent stays unemployed in the next period.

The initial probability distribution is represented by a row vector wg = [ Wi wy ] , e wf (wi
respectively) is the probability at date 0 that the agent i is employed (unemployed). Thanks to
this simple Markovian structure, the probability distribution at date ¢ is wg IT*, which converges for

t — oo towards the invariant distribution w = [ w® W ], where:
-1 -1
w=1-p)2=p-a) ,w'=01-a)2—p—a) . (1)

To simplify the exposition, we assume that wy = w (i.e., the initial proportions of employed and
unemployed agents are given by the invariant distribution).

The history of individual shocks up to date ¢ is denoted by e“!, where e = {e},...,ei} €
{0,1}t = E'. E' is the set of all possible individual histories up to date t, and i : E* — [0,1], t =
0,1, ... denotes the probability measure of individual histories, consistent with the transition matrix
II and with the initial probability distribution w. For example, pi (eivt) is the probability that the
agent i experiences the history e®! at date t. We use the notation e®*! > e to indicate that e**+!
is a possible continuation of et.

The economy faces an aggregate (technology) shock, whose value at date ¢ is hy. The value
taken by this shock can be either high (hy = h) or low (hy = 1). Let ht = {hq,...,h:} denote the
history of aggregate shocks from date 0 to date t, and H' be the set of all such possible histories.

The aggregate shock evolves according to a first-order Markov chain with transition matrix 7"

T:
1—7t 7t

mh lwh]

Moreover, we make the following assumption:
Assumption A 7" + 7t > 1.

The assumption A is a statement about the persistence of aggregate shocks. In words, the

economy does not fluctuate too quickly between both aggregate states. While not necessary for the
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derivation of most of our results, it allows us to avoid discussing some uninteresting cases arising
with rapidly alternating states?.

The invariant distribution associated with the transition matrix 7" is denoted ® = [®; ®]. We
assume that the initial probability distribution across both aggregate states is ®. We denote vy the
probability measure over histories up to date ¢, consistent with the transition matrix 7', and the
initial distribution ®: 1 : H* — [0,1],¢ = 0,1, ... Finally, we denote by 14 (h') the probability that

the history h! occurs, and h**! = h! indicates that h!*! is a possible continuation of ht.

2.2 Assets and market structure

We posit a sharp form of market incompleteness by assuming that individual agents cannot issue
any financial securities. This has three significant implications. First, no asset provides a payoff
contingent on agents’ idiosyncratic employment status. The unemployment risk is thus entirely
uninsurable. Second, agents face an exogenous debt limit preventing them from issuing debt secu-
rities in both aggregate states. Third, no security offers a payoff contingent to the aggregate state
of the economy. We thus only study the yields of bonds, whose terminal payoff is certain. These

3 since the seminal

properties are the heart of a vast literature on liquidity-constrained economies
work of Bewley (1980).

The only assets that agents may buy and sell are riskless zero-coupon bonds. They pay off one
unit of goods at maturity, and are issued by the government. The maturities of these bonds vary
from 1 to n > 1, where n may be arbitrarily large. A bond of maturity & > 1 at date ¢t becomes a
bond of maturity £ — 1 at date ¢t + 1, and eventually yields 1 at date ¢ + k. The price of this bond
at date t is denoted py x(h'). To simplify notations, we define the price of a bond of maturity 0 as
its payoff: pyo(h') = 1.

Bond payoffs are financed by both new government bond issuances and taxes. At each date t,
a given net quantity A of zero coupon bonds paying one unit of good at period ¢ + k is issued by
the government at price p; i (h'). The government repays bonds arriving at maturity at date ¢

In order to minimize tax distortions, we assume that the government uses lump-sum transfers
contingent to the employment status. Unemployed agents pay no tax, while all employed agents
pay the same amount 7¢.* Given that the latter are in proportion w®, the government budget
constraint is given by:

n n
> bk Ak + 0T = Ak
k=1 k=1
The aggregate supply of securities with a given maturity is composed of newly issued bonds of

that maturity plus longer bonds issued earlier and becoming closer to maturity. At date ¢, a total

2This assumption appears as empirically relevant: Using US quarterly data on GNP, Hamilton (1994), chap 22,
finds that 7" + 7' = 1.65.

3See Kehoe and Levine (2001) for references on related papers.

“Introducing either proportional taxes on the labor income or lump sum taxes on the unemployed would generate
additional distortions and/or redistributive effects, whose impacts are beyond the scope of this paper.
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quantity By j of bonds reaching maturity at date ¢ 4 £ is available on the market, where:

n—k

B = A jrij
=0

For sake of conciseness, we focus on the case where the quantity bonds of a given maturity is
constant (i.e., By = By, Vt > 0), but the model can easily accommodate stochastic changes in
the bond supply. Constant bond quantities per maturity is equivalent to constant issuances, i.e.
Ay = Ag, Vt > 0.

2.3 Firms

There is a large number of perfectly competitive firms, which produce a single final good using
only labor with a constant return-to-scale technology. The labor productivity, z;, depends on the
aggregate state of the economy. The productivity levels in state h and [ are respectively 2" and 2/,
where 2" > 1> 2! > 0. The firms’ profit maximization under perfect competition implies that the

real wage w; is equal to the marginal product of labor, i.e. w; = z.

2.4 agents

There is a continuum of agents of mass 1. Each agent ¢ has preferences over consumption and
labor. We follow Scheinkman an Weiss (1986) in assuming that intertemporal preferences are time-
separable and that the agents’ instantaneous utility is u (¢) — [, where ¢ is the consumption, [ is the
labor supply, and u is a C? function satisfying u/(.) > 0, and u” (.) < 0. The marginal disutility
of labor is constant and normalized to 1. All agents discount their instantaneous utility with the
same factor § € (0,1).

In period ¢, each agent i consumes an amount ¢, supplies the labor quantity I{, and demands
the quantity bi’k of bonds with maturity k. The agent also pays a lump-sum tax 7(el), which
is contingent to his employment status. Employed agents choose their labor supply and earn a
hourly wage equal to w;. Unemployed agents earn no labor income, but a constant amount of home
production § > 0. Their labor supply is by definition equal to 0. We note bi_l,k the quantity of
k—period bonds that the agent ¢ holds at the beginning of period 0. Specific assumptions about
initial bond holdings will be made in section 4 in order to simplify the transitional dynamics of the
model.

The agent ¢’s problem consists in choosing the following sequences of functions:

d:H x E' - R,
li:H'x B! - Ry t=0,1,...
i7k:Ht><Et—>R+ k=1,...,n
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which maximize the agent’s intertemporal expected utility:

SO we W) D () (o e () 1 (0, 6)).

t=0 htcH? ei,tEEt

subject to the following constraints:

n
Ci (ht’ ei,t) + Tt(eé) + Zpt,k (ht) bt k Zpt b 1 t n (ht_l, ei,t—l)
k=1

+ el (r* ,eb N4+ (1- ef;) 4] 2
cf; (ht, ei’t) , li (ht, ei’t) >0
i . (ht,ei’t) >0

tlggo R4 (ct (ht, ei’t)) i,k (ht, ei’t) =0 fork=1,...,n

3

(2)
3)
(4)
()

5

The budget constraint (2) equalizes agents’ inflows and total outflows at date ¢. The total
inflows of the agent 7 at date t is the sum of the sale value of the bond portfolio on the one hand,
and on the other hand, of the labor income if e} = 1, or of the home production income if e = 0.
The agent spends his current income on consumption goods and on bonds of various maturities,
as well as on paying lump sum taxes. The constraint (4) indicates that agents cannot issue any
debt securities. Finally, (5) is the set of transversality conditions, which always hold along the
equilibrium we will be considering.

We also make the following assumption:
Assumption B 1/2! < 4/ (6)

This assumption implies that in equilibrium, the marginal utility of the consumption enjoyed
by an unemployed agent is always higher than that the one enjoyed by an employed agent (i.e. the
unemployed are always worse-off than the employed in both aggregate states). In other words, the
utility gain afforded by one unit of labor paid at the lowest wage provides an upper bound for the
jobless income 4.

The Lagrangian function associated with the agent i’s problem is as follows:

=30 Y w) Y m(ewx[u(cz‘(ha )~ (n +zm (B c54) B (A, )

t=0 hteHt et Bt
+ 172; (ht, ei’t) <ei 2t lf; (ht, ei’t) + (1 — ei) o — Tt(ei) + Zpt,k—l (ht) bi—l,k (ht_l, ei’t_l)

_Ci (ht,ei’t) _ Zpt,k (ht) ;k (ht7€i,t)>]
k=1

The Lagrange multipliers ¢ and gpi ., are positive functions defined over H' x E', and are

associated with the budget constraint (2) and the borrowing constraint (4), respectively. (We check
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below that the nonnegativity constraints (3) for i and [} are always satisfied in the equilibrium we
consider). From the Kuhn and Tucker theorem, the optimality conditions are, for t = 0,1,... and
for all (ht, ei’t) € H! x E:

u' (¢ (B, e™)) =n; (h',e™) (6)
{ w () = 1/ if =1 -
I (ht,e") = 0 if e =0
77% (hta ei’t) Ptk (ht) =p Z Vi+1 (htH) Z Mi+1 (ei’tﬂ) 77%+1 (htﬂa ei’tH) Pt+1,k—1 (htH)
ht+1x-pt eirttlyeist
—|—g0;k (h',e"t) fork=1,...,n (8)

. 7 t it (4 tooht) —
{elther %,k(h’e )>0andbt7k(h,e ) 0 for k=1,...,n 9)

or @;,k (ht, ez‘,t) — 0 and bi,k (ht’ eiﬂf) >0

The equation (6) defines the agent i"’s marginal utility of consumption, while the equality (7)
expresses his optimal labor supply. When the agent works (el = 1), he equalizes the marginal
gain in consumption and the marginal pain of labor (i.e., 1/u (¢} (h',e"")) = 1/z), while no labor
supply is provided when the agent is unemployed (el = 0). The equation (8) is the intertemporal

optimality condition, which can also be written more compactly as:
W (c (W) puge (R') = BB [u (chay (BT, €)) proage—y (BT)] 4oy (B €), (10)

where E,[] is the expectation over aggregate and idiosyncratic states, conditional on the information
available at date ¢ (i.e. h' and e®' here). The Euler equation (10) equalizes the marginal cost of
acquiring one unit of bonds of each maturity today with the marginal gain associated with its
payoff tomorrow. When the shadow cost of the borrowing constraints is positive, meaning that
the constraint is actually binding (cpi’k (ht, ei’t) > 0), then the agent i would like to increase his
expected utility by issuing k-period bonds (but he is prevented from doing so by assumption).
The equation (9) finally summarizes the relationship between the shadow-cost ¢ and the binding

borrowing constraint.

2.5 Market clearing

The bond markets clear at date ¢ when the bond supply for each maturity equates the bond demand

for the same maturity, i.e.:
1 ‘
/ ff,k (ht’el,t) di = Bk, Vk = ]_7'”7n‘ (11)
0

By the Walras Law, the good market clears when all the bond markets clear.
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3 Equilibrium with full asset liquidation

One implication of our particular market structure is that available assets play the role of buffer
stocks, since they allow agents to partially offset the lack of full credit and insurance markets.
However, many models of this class imply a smooth portfolio rebalancing in equilibrium: High
income agents gradually build up their asset wealth, while low income ones decumulate assets at a
sufficiently slow pace not to ever actually hit the borrowing constraint (e.g. Scheinkman and Weiss
(1986), or Aiyagari (1994)). Since we focus on the implications of the liquidation risk for the bond
pricing, we construct our equilibrium in such a way that agents indeed liquidate assets when a bad
idiosyncratic income shock hurts (i.e., bi,k (ht, ei’t) =0fork=1,...,nif el =0). All low income
agents face therefore a binding credit constraint, which cannot be offset through bond liquidation.
Incidentally, this full liquidation of bond holdings drastically reduces the number of agent types in
the economy, thereby allowing us to study bond pricing analytically for an arbitrarily large number
of maturities.

Our equilibrium is obtained by construction: We first conjecture, and then derive a sufficient
condition for, the existence of an equilibrium along which employed agents are never borrowing-
constrained (i.e. they are willing to save and thus hold a positive quantity of bonds at the end of
the current period), while unemployed ones always hit the borrowing constraint (i.e. they would
like to borrow, rather than hold positive bond holdings, at the end of the current period). From

(9), this joint conjecture can formally be written as:

If ¢ = 1 then @i, (h', ) =0
{ €t en%pt,k( e) foralk=1,...,n (12)

If el = 0 then gpi’k (k' e"t) >0

3.1 Equilibrium consumption levels

Let us first consider the consumption of an unemployed agent in period t. If the agent was employed
in the previous period, then from the budget constraint (2) and conjecture (12), he earns the home
production ¢ and the liquidation value of his portfolio. He consumes his complete revenue, because

he is borrowing constrained. His consumption expresses therefore as:

A= pe-1bi_1x+6 (>0) (13)
k=1

The consumption of unemployed agents, who were already unemployed in the previous period, is
identical across analogous agents. They earn the home production d and cannot raise consumption

through borrowing. Their current consumption, denoted ¢, is thus:
=0 (>0) (14)

Let us now turn to employed agents. From their intratemporal optimality conditions (6) and (7),
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their consumption level, denoted ¢f, is identical across employed agents. Employed agents equalize
the marginal utility of consumption to the marginal pain of labor. The constant disutility of labor

pins down the consumption, which depends only on preference parameters and the aggregate shock:
¢ =u"1(1/z) (>0) (15)

If this agent is employed in the next period, which occurs with the probability «, then 772 41 =1 (see
Eq. (7)). If the agent falls into unemployment in the next period, then from (6) 7., = v’ (¢, ),
where by construction c! 41 Is given by the equality (13). From the first order conditions (6), (7),
and (10 ) of the agent program and the equation (12), Euler equations for employed agents is given
by (k=1,...,n):

n
Ptk Dt+1,k—1 .
; = afE; [t; : ]—l—(l—a)ﬂEt u (Y prergo1 bl 40 | peasa (16)
t t+ .
J=1

We restrict our attention to the symmetric equilibrium, where all employed agents hold the same
quantities of bonds for maturities £k = 1,...,n. These quantities are only determined by preference
parameters and aggregate variables. Hence, we denote bf’k the quantity of k—period bond held
by employed agents at date ¢t. The consumption level cf* is now identical across agents, who are

unemployed at date ¢ and were employed at date ¢ — 1. The equation (13) becomes therefore:
n
= i by +0 (17)
k=1
3.2 Market clearing

Because all employed agents hold the same quantity of securities for each maturity, and unemployed
agents do not hold any asset, the bond market equilibrium (11) is simply:
Wby = Bg, Vk=1,...,n. (18)

where w® is the share of employed agents in the population given by (1).

3.3 Pricing equations

Since all employed agents hold the same quantity of securities, we are able to derive the simple
Euler pricing equations, which are the central equations of this paper. Using the Euler equation

(16) and the market equilibria (18), one obtains, for all ¢ > 0 and k € {1,...,n}:

n

Pt+1,k—1 1
= afE; [t;H] + (1= )BE; |pryip—au [0+ o > pir11B; (19)

Dtk
Zt

=1

10
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The previous equations pin down the price of any bond as a function of the current and next
aggregate states, of all future prices, and of the bond supply. Each of these equations express the
price of a k—period bond as the sum of two distinct terms, depending on the employment status of
the agent in the next period. If the agent stays employed (which occurs with probability «), then
the labor supply freely adjusts to equalize the marginal utility of consumption with the inverse of
the real wage 1/z;41. This term is the only one that would prevail if markets were complete and
if agents were fully able to smooth out idiosyncratic income shocks. The second term in the right
hand side of the equation (19) reflects the liquidation risk, associated with the possibility that the
agent could be hurt by an unfavorable change in employment status. Bond quantities directly affect
prices through their effect on the value of the liquidated portfolio, which in turn feeds back into

current equilibrium prices.

3.4 Conjectured asset price structure

We focus on the equilibrium where bond prices depend only on the realization of aggregate shocks.
Following the literature on asset pricing with a finite state space (Mehra and Prescott (1985) among

others), we conjecture the following expression for bond prices:
Vt>0,Vk e {1,...,n},Vs € {h,l} pi,=Cp2°, (20)

where the Cjs are constant. This conjectured price structure exhibits a form of stationarity, as
bond prices depend only on their maturity and the current aggregate state. In consequence, there
are two yield curves, one for each value of the aggregate state. Our existence proof will thus consist
in showing that such a stationary equilibrium exists.

The pricing equations (19) expressed in both states h and [ provide the expressions for C,ZL and

C’,lC for £ > 1. We introduce the following notations:

ch _ 1/2" (21)
C} 1/7
uh = (5 ot Bi+1/we> (22)

ut = (5 + 3ot Bi+1/w‘3)

The price structure (19) can then be written compactly in a recursive form as follows, for
k=1,...,n:

a+(1—a)hu™ 0

23
0 a+ (1 —a)tu" (23)

This system provides 2 x n equations that determine the 2 x n coefficients {CQ,C}C}k:L__m.

This system is not linear, because the whole price structure appears in each coefficient u* and .

11
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The yield to maturity of a bond with maturity k = 1,...,n in state s = h,[ and in period ¢ > 0
is defined by the usual expression 7“‘; = —k~'ln p; - Interest rates are supposed to be continuously
compounded. The average yield curve is the sum of yield curves in states h and [ weighted by the
average frequency of aggregate state h and [ (given by the matrix 7"). The average yield 7 of
maturity k at date ¢ is thus:

l h
11— h 1—m 1

Ty + .
2 gl —qgh btk T o gl ghitk

(24)

Ttk =

This simple recursive structure is now used first to prove the existence of a stationary equilib-

rium, and then to analyze how the equilibrium yield curve is affected by the bond supply.

4 Existence of the equilibrium

We begin with imposing some general conditions ensuring that our equilibrium with limited agents’
heterogeneity exists. We then establish the existence of an equilibrium with an arbitrarily large
number of bond maturities. This is done first by deriving the equilibrium yield curve under ag-
gregate certainty and zero net supply for all maturities. We show then, that the yield curve is
continuous with respect to both the introduction of small aggregate uncertainty and that of small

and positive supply of bonds. This allows us to extend our existence result to a more general case.

4.1 General conditions for the equilibrium to exist

The stationary distribution with four agents’ types is constructed under the assumption that un-
employed agents are always borrowing-constrained, while no employed agent is. We now derive the

conditions under which this is indeed the case.

4.1.1 Condition on agents’ initial wealth

In order to avoid the complications related to the transitional adjustment of agents’ wealth levels
towards the steady state, we assume that at the beginning of period 0, employed agents have a
probability « to hold an initial quantity of bonds beka = By /w®, and a probability 1 — « to hold
bljeLk = 0. Unemployed agents have a probability p to hold b4, = 0, and a probability 1 — p to
hold bi“l,k = By /w®. In consequence, from an ex ante point of view, agents have a probability o w®
to be employed with positive bond holdings, and a probability (1 — p) w" to be unemployed with
positive bond holdings. The initial cross distribution of labor status and bond holdings is thus

identical to the stationary one.

4.1.2 Condition on parameter values

agents who are unemployed at both dates ¢ — 1 and ¢ consume the amount c{; = ¢. If they

become employed in the next period, which occurs with probability 1 — p, then 7} 41 = 1 (see

12
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Eq.(7)). Moreover, if they remain unemployed, which occurs with probability p, then from (6)
niy1 = u () = ' (6). Equations (6), (7), and (10) imply that the condition (12), which

precisely states that these agents are constrained, is equivalent to:

Vk=1,....on, poid (8)> B(1—p)Es [“j} T Bou (0) B [prarsnd (8)]  (25)

agents who were employed at date £ —1 and become unemployed at date ¢t consume their home
production 0 as well as the liquidation value of their bond portfolio. From the equation (12) again,

these agents face binding borrowing constraints if and only if:

VE perpu’ |6+ Zpt,j—l bi1; | >B(1—p) Ey []%Zjl_l} + Bpu’ (6) By [pre1p—1u’ (6)]  (26)

j=1

Note that the inequality (25) holds; as soon as (26) does. We thus only need to check that
the inequality (26) holds, i.e. that agents just falling into unemployment become constrained and
liquidate their bond portfolio. This in turn implies that unemployed agents who were already so,

also face binding borrowing constraint.

4.2 Equilibrium existence with zero net supply and no aggregate shock

If assets are in zero net supply, then Z?Zl ptj—1bi_4 ; = 0. With no aggregate uncertainty, z; = z
Vt, and the equation (20) becomes p;j = Ciz (i.e. the Cjs only depend on the bond maturity).
Then, substituting (20) into (19) and (26) and rearranging, we obtain that the inequality (26) is
equivalent to:

(a+ @ —a)u (9)u (6) > (L—p) +pu'(9)

Since v’ () > 1 (from assumption B), this condition is satisfied as soon as a < 1°. As long
as credit constraints are binding, our equilibrium exists in an economy without aggregate risk and

with a zero net supply.

4.3 Continuity of the yield curve as a function of bond supply and shocks

The following proposition summarizes the regularity property of the yield curve, which will be used
extensively below. We introduce the following notations: B is the (column) vector of bond quantities
for the n maturities: B = [Bj. ..Bn]T, Z the vector of wages (or equivalently productivities)
Z = [zl zh]T and C is the vector of coefficients for both states h and [ and the n maturities:

C= [C’{1 C’{ e C’H T 1,, and 0,, are vectors of length n containing only 1 and 0, respectively.

Proposition 1 (Regularity of the yield curve) If B is in the neighborhood of 0,, and Z in the
neighborhood of 15 , then C is a C' function of B and of Z. The equilibrium exists; as long as both

the aggregate uncertainty and the bond supply are small.

®The RHS reaches its maximum v’ (§) when p = 1 and when a < 1, we have (a + (1 — a)u’ (§))u’ (8) >’ (9).

13
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All proofs are gathered in the Appendix. The proposition 1 essentially states that, starting
from a no uncertainty-zero net supply situation, a gradual increases in the aggregate risk or in the

bond supply does not cause the yield curve to jump.

4.4 Equilibrium existence in the general case

The system (23) with initial conditions (21) defines the vector of price constants C' as a continuous
function of bond volumes B and of real wages Z, when [BT ZT] is in a neighborhood Vi of
[0, 15]. Moreover, if [BT ZT] = [0} 1] ], the equilibrium vector C satisfies conditions (26). By
continuity, there exists a neighborhood Vo C V; of [0, 15 ], such that conditions (26) is fulfilled if
(BT ZT] e Va.

If the supply of bonds of any maturities remains small, and if the variance of the aggregate
shock is low enough (the process z remains around the mean 1), then the equilibrium with four

agents’ types exists.

5 Volume effects on the yield curve

We may now state our main results regarding the impact of bond volumes on the yield curve. The
following lemma characterizes the ranking of yield curves according to the aggregate state. All

results are obtained for @ < 1 and B small enough for the equilibrium to exist.

Lemma 1 (Ranking of yield curves) The yield curve in the good aggregate state lies strictly

below the one in the bad aggregate state: TZ < rfc k=1,...,n. Yields in both aggregate states

converge to a common limit: lim rt = lim 7} = 7™,
k—o0 k—o0

Note that this statement is not related to the presence of borrowing constraints per se. In the
good state, employed agents choose a higher level of savings than in the bad state (where their
labor income is lower), leading to higher bond prices for all maturities in the good state than in

the bad state.

We define the slope of the yield curve A as the difference between the long run yield r'™ (see

lemma 2) and the average short yield, 7 given by (24): A = '™ — ;. The following proposition
summarizes the effect of a variation in the net supply of bonds on the level and the slope of the

yield curve.

Proposition 2 (Impact of bond volumes on the shape of the curve) 1) Raising the net sup-

S

ply of bonds of any maturity increases the level of the yield curve: agk <0 fori,k=1,...,n
i
et s=h,l.

Moreover if o is close to 1, then:

>0

0A
2)  Raising the net supply of bonds of any maturity increases the slope of the yield curve : 95
i

fori=1,...,n.

14
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The first statement in the proposition 2 establishes that a larger bond supply of any maturity
decreases the prices bonds of all maturities (including the price of arbitrarily long bonds) in both
aggregate states, and thus shifts the yield curve upward. This effect stems from the specific liquidity
role played by bonds in this economy. Employed agents, who earn a high labor market income,
want to self-insure themselves against the risk of falling into unemployment. Available bonds of
any maturity may serve this purpose. A small supply of bonds makes such liquidity devices highly
valuable and thus yields a high price, relative to a situation where bonds are abundant. Conversely,
an increase in the total liquidity, through for example a larger bond supply (whatever the maturity),
lowers the price of all bonds. Put it shortly, incomplete markets coupled with borrowing constraints
make the aggregate bond demand downward-sloping (notice that when o = 1 no agent is ever
constrained and this effect of bond supply on equilibrium prices vanishes)®.

The second statement in proposition 2 bears upon the variations in relative bond prices induced
by a variation in the total supply of bonds. It is noteworthy that a should be close to 17.The increase
in the supply of bonds raises the slope of the yield curve because of two effects. First, note that
agents care about the expected liquidation value of their portfolio in the next period, which is
Z?Zl Pit1,j—1(Bj/w®). For simplification purpose, we assume that the volume of bonds with a
maturity k£ > 1 increases, whereas all other volumes are null. In this case, the variance of the
portfolio is var [pi41,k—1] (Bk/w®)?, which increases with By: The liquidation value of the portfolio
becomes more volatile, when the bond supply increases, whatever its maturity. However, long-
term bonds are more likely to be liquidated before maturity. When the volatility of the portfolio
increases, this increases the risk of holding long term bonds, which commands therefore a larger
risk premium than for shorter ones. Second, when the volumes of bonds increase, agents are better
able to self-insure themselves. In consequence, their demand for self-insurance decreases. As bonds
of various maturities are imperfect substitutes of each other, because their probability to be sold
before maturity differs, the relative demand for longer bonds decreases compared to shorter ones.
Here again, both effects of the total supply of bonds on the slope vanishes, when the idiosyncratic

uncertainty shuts down (i.e. when ao = 1).

6 Welfare

In our model, the net bond supply is arbitrarily set. Taxes simply adjust, so as to satisfy the
government budget constraint at all times. The equilibrium is then indexed by the quantity of bonds

available in the economy. This model is simple enough to allow us to rank equilibria according to

5The positive effect of bond volumes on interest rates have been underlined in various empirical works (Duffee
(1996), Fleming (2002) among others). Other empirical studies, however, have found the opposite effect (see Amihud
and Mendelson (1991), for example). Jegadeesh (2002) conjectures that the negative effect of volumes on prices may
occur in markets, which lack depth. In such markets, a larger bond supply may increase trading volumes, thereby
reducing trading frictions and raising prices.

"This case where « is close to one seems to be the most relevant one empirically. According to Nickell, Nunziata,
Ochel, and Quintini (2001), annual job-loss probabilities (1 — « in our model) are no higher than 0.04 in most OECD
countries.
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a Pareto criterion.

Proposition 3 (Pareto ranking of equilibria) Without aggregate shock, a larger bond supply:
1. always increases, in a Pareto sense, ex ante welfare,

2. always increases the welfare of ee and eu agents, but increases the welfare of ue and uu agents

if and only if 3> [a+ (1 — a)u] L.

If from an ex ante point of view, when agents ignore their types, a larger bond supply is Pareto
improving, this improvement is not homogeneous across types. First, instantaneous utilities of
agents ee and uu are not affected. It is neutral for uu since they only earn a constant income 9.
For ee agents, the increase in taxation (which finances a larger bond supply) is fully offset by the
higher value of the portfolio they sell. On the opposite, types ue do not have any asset to sell (they
were unemployed and thus credit constrained at the preceding period) and only sustain the tax
increase, which make them work more. Finally, agents eu are unemployed, but do not pay any tax:
They therefore benefit from a higher value of their bond portfolio. Instantaneously, a larger bond
supply is a redistribution from we (who work but do not have any security for sale) to eu (who
are unemployed, but liquidate a bond portfolio). Since the marginal gain of eu is larger than the
marginal loss of ue, and since both types are equally probable, the first part of the proposition is
straightforward: ex ante, a larger bond supply is always Pareto improving.

The expected welfare comparison from date 0 point of view, when agents know their type, is
less direct. The expected utility for each type balances today’s impact and tomorrow’s one. It is
noteworthy that the situation of the agent ee (resp. uu) is analogous to the one of eu (resp. we),
since he is currently not impacted with bond supply. On the one hand, the ue agent’s utility is
positively impacted by a larger bond supply, only if his current loss is offset by the gain of becoming
possibly tomorrow eu: If the agent is patient enough, the increase in bond supply will be welfare
improving. On the other hand, the today’s gain of the agent eu is mitigated by the probability of
becoming tomorrow ue and therefore by the fact from possibly suffering from a larger bond supply.
However, instantaneous utilities imply that this possible loss cannot be large enough to offset the
today’s certain gain. Finally, eu agents, as ee ones, always benefit from an increase in bond supply,

whereas ue and thus wu may suffer from it, if they are not patient enough.

7 Concluding remarks

This paper has analyzed the yield curve implications of a simple dynamic general equilibrium model
with incomplete markets, and where agents face both idiosyncratic and aggregate shocks. The
model was constructed under the assumption that assets are fully liquidated following an adverse
idiosyncratic income shock. This allowed us to derive analytical expressions for bond prices at any
maturity, and to study how changes in bond issuances could alter the level and slope of the entire

yield curve as well as the welfare of (heterogeneous) agents.
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Other analytical properties of the yield curve can be derived within this framework, and are
available in an extended version of this paper. First, market incompleteness contributes to the
rejection of the expectation hypothesis. Second, when markets are incomplete, bond supply affects
the variance of the yield curve. These results, which stem from the interaction between aggregate
and idiosyncratic risks, find some empirical support®. Finally, this simple model could be extended

to study the economic determinants of the yield curve under incomplete markets.

8The expectation hypothesis states that the one period holding return is identical whatever the bond maturity. It
is a natural outcome of yield curve models with complete markets. Data on nominal (Campbell and Shiller (1991))
and real (Seppéld (2004)) rates reject this hypothesis.
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A Proof of proposition 1

We prove that C§ are C! functions of B; and 2 2t for s = h,l and k,i = 1,...,n. We define the

following matrices (u" and u" are defined in (22)):

c:[c,’; cl ... ¢ch oot b Cé}T
X =1[" 2 B" with B=[B, ... Bi]'
B ah (a +(1—a)z" u’h) (1—7h) (a +(1—-a)7 u’l)
M(C7X) —5 [ (1—7Tl) (a—f—(l—a)zhu’h) 7rl (a+(1—a)zlu’l) (27)

The price structure (23) expresses using preceding notations as (0, xy, is the m x n null matrix;

if m = 0 or n = 0, then the matrix has no dimension):

- ] 0
O2x2 M(C,X) Oax2 ... O2x2
fie,x)y=c—-1 ' . ' . C—1 0 | =0@nt2)x1
M(C7X) ]./Zh
| 022 O2x2 | l/Zl

Since v/ is C! on R, M and f are also C! in (C,X). Before using the implicit function the-

orem to show that C is C! in (B, X), we prove that the Jacobian Dfy = (%, %,...,ag{f -
of of of "

acl 0 aCk aCT
As in (22) for u/" and ", we define " and u"" as follows:

) of f relative to C' is invertible.

i=0 =0

n—1 n—1
u'h = <5 + Z C’,;h thiH/we) and o' =" (5 + Z Cf leiH/we) (28)

We express partial derivatives of f relative to C5_, (i = 0,...,n — 1). First, derivatives with

respect to C” and C!, are:

1
or || or
och — T oct
02,x1 02,1

Second, derivatives relative to C’Zﬁi and C'f%i for 1 <i<n are:
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O2¢i—1)x1 thr}fq
—B(a+ (1 —a)zhuh)rh 1—-7"Cn_,
of  |-Blat(1—a)hum) (1= )| —(1-a) (M2 By ierfuf :
80{{71» 1 «—— Rank 21+ 1 WhC{f
0 (1—n=hch
i O2(n—i)x1 ] L O2xa1
i O2¢i—1)x1 ] TrhCTllfl
“Bla+ (1—a)a) (1 —7h) (1 -0y
of —fB(a+ (1 —a)u) 7! —B(1 = a) (") u" Byit1/w” :
oC;,_; 0 7 Ch
1 «— Rank 2i+ 2 (1—7HCh
i O2(n—i)x1 ] | 0241

The Jacobian D fy expresses as the sum of an upper triangular matrix with only 1 on its
diagonal and a matrix which is equal to 0 when B = 0. Close to the zero net supply, the Jacobian
is invertible and C is a C! function of B and of {z",2!}. QED.

B Proof of lemma 1

B.1 Ranking of yield curves.

We prove by inference in the zero net supply case (B = 0) that C,i‘zh > C’,lczl for k=1,...,nif
7" 4+ 7t > 1 using price definitions (23).

1. The result holds for k = 1. Indeed, substituting C} and C! using (23), one finds that

Chzh > CL2l s equivalent to

2 P
a (wh - (1- Wl)z—h + 1= mhy — 7rl> (29)

z

> (1 —a)d'(9) (wlzl + (=gt =gl — (1 - ﬂ'h)Zh>

Since z" > 2! and 7" + 7! — 1 > 0, one can check that the left hand side is strictly positive

whereas the right hand side is strictly negative.

2. For a given maturity k£ > 2, let us suppose that the result holds for the previous maturity:
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C’,}C‘flzh > C’,lfflzl. Proving our result C’,}C‘zh > C’,izl is equivalent to:

oY <<7Th —(1— 7Tl)51> Gy + j (1—7") - 7Tl> (30)

el
2 Cy_

h h
2Oy
Vel
20 Cy_

> (1 —a)d/(9) <7rlzl + (1 —7hy2t =zl 2l - (1- 7rh)zh>

First, consider the right hand side RHS. Since z* > 2! and 7" + 7t — 1 > 0, we have (1-—

h Ch
)2t — Z Zk=1 > 1 the RHS thus verifies:
2t CL_1

7h 2" < 0. By assumption
RHS < (1 — a)u/(6) (7rlzl b (1—ah)t — e (1 Wh)zh) < (1— ) B)( - ") <0

Second, consider the LHS. Using the same argument as for the RHS, we obtain:

l h

h l
h I N z h o N\ [(l1—-m 1—m
LHS>a<7r —7r—(1—7r)zh+zl(1—7r))>a<z —z>< o + por >>0

By inference, we obtain C,i‘zh > C,lczl for k =1,...,n if 7" + 7' > 1. The result is true in
zero supply and still holds, by continuity, for small bond volumes. QED.
B.2 Value of the long run interest rate.

We determine the common value, towards which yields converge in both states. We diagonalize the
matrix M (C, X) defined in (27) as M(C, X) = 3Q D Q. Matrices Q and D are defined as:

_a(7rh—7rl)—(a—l)(zhu’hﬂ'h—zlu'lwl)—H _a(ﬂ'h—7rl)—(a—l)(zhu/hwh—zlu’lwl)+H
Q= 2(177rl)(zhu’h(a71)fa) Q(Ifwl)(zhu’h(afl)fa)
1 1
D= 1| a(@+a) +(1-a) (v + 7)) —H 0
200 a(rh+7) +(1-a) (Zhurah + 2utxl
H= [(oz(ﬂ'h + ) 4+ (1= o) (2" 4 b)) — 41— a) + ) (N (1 - o) 4+ o) (7 4+ 7t 1)

(One can check that the term under the square is always positive in the neighborhood of the
zero net supply). We can now diagonalize the matrix defining C* and C' and modify the system

(23) and iterate it to obtain:

cr e
3]s (4] -

k

By
Py

20 | ch
o[ o]

z 0

Developing the preceding equality allows us to obtain an analytical expression for P,?. Remark-

a(rh ) —(a—1)(Pu P a4 2l e —H k
a(rh+rt)—(a—1)(zhuhrh+2lutnl )+ H

— 0. As a
k—oo

ing that H > 0, we simplify the expression with (

21

)+H

]1/2
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consequence, the price P,? verifies:

—1
1 ) —
[Jim log Ph <H2_k_1ﬁk> (a(x" +7") — (= 1) (z"uMa" + bty + H) k}
l h h, th_h 1,01 1,1 hy 2™
= log {H— (a(r' = 7") + (@ = 1) (" 7" = 2 7)) + 2(a+ 2 (1 — @) (1 = 7 )zlu’l]
As 1",}; = —% log P}, one finally deduces the expression of 7‘2 when its maturity goes to infinity.

By a simple symmetry argument, one obtains the same expression for the common limit:

a(rh + 7 + (1 — o) ("M r" + 2’7l + H
2

lim r,@ = lim 1"2 =M = _log 8 — log
k—o0 k—o0

(31)

C Proof of proposition 2

C.1 TImpact of bond volumes on prices.

We prove by inference that bond volumes decrease prices and increase yields. We prove the result
for C,’; and the method is the same for C,lg. We begin with expressing the derivative of C’Q relative
to B; for 1 < k,i <n (u"" and u"" are defined in (28)):

80}? _ h(?C,iLl h aCllffl haCl"ch h, th h aC’llcfl i, n
OB, = af (77 TBZ-+<1_7T )TBz +(1—-a)p|n TBI'Z u +<1—7r) B, z'u

h ~h hy\2 & 80;1—1 h 1h
+ (1—04)67'(' Ck:—l (Z ) aB B]—FCZ,l u
=1
" ACk_
+ (=) B -a") () o Bt Cly | " (32)
j=1 !

1. The result holds for k = 1, since the derivative (32) provides for small bond supply:

oCh
a~ (L=a) B [d" Ly MO+ (1= ) Oy (D2 Ol
1
h 1
2. We suppose that the result holds for k¥ — 1 and 83%;1, aggl < 0. Since C} is a C! function

oC?_, . . . oC? . .. .
of B;, —%— is continuous in B; and Bj—%— (s = h,1) is negligible relative to C;_; for small

h
bond supply. Eq. (32) implies that g—%’z < 0. Larger bond supply decreases prices. QED.

C.2 Impact of bond volumes on the slope.

We prove that larger bond volumes steepen the curve. Using the expression (31) of 7™ and the

one of r ((24) and the price structure (23)), the derivative of the slope relative to B; for j < n
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expresses as:
0 N )(1 — ) (1 — 7ty (P - 2 y 2 ou't B P ou/"
OB, —@ 2 —mh — gl mlzh + (1 =72t oB; (1 —wh)zh + 7h2l OB,
+0 ((1 - a)2)

with (we also give expressions when the bond supply is close to 0):

k=1

0 n __ acl " l - l ~ A "
BiBju =z (H@B Bk+1—|—C uw | d+B1+z ZCkBk-H ~ 2 Ci_qu’(6)

iu'h =’ By + Cj’-l_l w64 By + 2" Z Cl Biy1 | = 2" C]}-L_l u”(9)
0B; — 0B

k=1
) 1 h
The sign of aB A depends on the sign of A = m% - WW Substituting

the derivatives by their values allows to express A when bond supply is close to 0 as:

~ Zl Zh
A= l I _ h _h "
(WZ(Zh )4 4 Cj12 Th (o) + ZhCJ—lz )

As 2" > 2zl a sufficient condition for A to be positive is Ch 20> le»_lzl, which is always true.

Thus, bond volumes increase the slope of the curve as soon as 7 + 7! > 1. QED.

D Proof of proposition 3

We prove that: (i) ex ante welfare increases with bond supply and (ii) at date 0, the welfare of eu
and uu goes only if the discount factor (8 is large enough. We suppose that there is no aggregate
shock and z; = 1. We note U the vector of instantaneous utility. Using budget constraints, it

expresses as:

u(ce) — [1°° u(W(1) -1
U — u(cte) — [ue | (w=1(1) =1 =3}, Cr1 B
u(c) — v uw(d+ > 5 ; Cr_1Bx)
I () — v | I u(9) |

The transition matrix € for the four states {ee ue eu uu} of the economy is the following:

(& 0 1-a 0| (1 1-a 0 l—a |
0 l-a 0 10 1
a=|"“ “ U =QD.Q Y, withQ = P “
0O 1-p 0 »p 1 -« 0 —(1—=p)
(0 1=p 0 p] 10 —(1-p —(1-p) |
—-1).
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The vector U of the four intertemporal utilities is U = > 5o, BFQFU =502  BEQ D* QU
The impact of a bond increase By on this intertemporal utility U is:

ouee 1

o = 00 0 0
ou o it 0 10 0 o1 -1
s eu = k—l N *
0By, %ngk 0 0 1 0 u' (8 + 37—, Ch_1 By)
ouve 1
| OB 0 00 e i 0 ]

First, the first part of the proposition stems directly from the impact of bond supply on in-
stantaneous utility. Whereas in the states ee and uu, the utility does not change, it decreases from
—1 in we and goes up from v’ = ' (6 + > ;_; Cx—1 By) in eu. Since our equilibrium exists only if
W =4 (0+) _; Ck—1Bi) > 1, and that eu and ue states are equally probable, ex ante welfare
always increases with bond supply.

To obtain the second part of the result, we expand the preceding expression of %:

Bl —a)(u — B+ p(u' —1)))

ou Cr—1 (1=Bp)(Bla+ (1 —a)u) —1)

0By, 2-a—-p)(1-0B)1-pBla+p—1) | (1-pBa) —B(1+p —1)))
| B =p)(Bla+(1—a))—1) |

Noting By = [a + (1 — a)u' (6 + >, Cr—1 Bk)]fl, it is straightforward to prove that if 8 > Sy,
the expected welfare of all agents’ types increases with By and if 8 < [y, that the welfare of ue

and uu decreases.
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