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BILINEAR SOBOLEV-POINCARE INEQUALITIES AND
LEIBNIZ-TYPE RULES

FREDERIC BERNICOT, DIEGO MALDONADO, KABE MOEN, AND VIRGINIA NAIBO

ABSTRACT. The dual purpose of this article is to establish bilinear Poincaré-type
estimates associated to an approximation of the identity and to explore the con-
nections between bilinear pseudo-differential operators and bilinear potential-type
operators. The common underlying theme in both topics is their applications to
Leibniz-type rules in Sobolev and Campanato-Morrey spaces under Sobolev scaling.

1. INTRODUCTION

Leibniz-type rules quantify the regularity of a product of functions in terms of
the regularity of its factors. In this sense, Leibniz-type rules are represented by
inequalities of the form

(1.1) 1fgllz < [ 1xllgllve + 1l xallgllvs,

where X7, Xo, Y1, Y, and Z are appropriate functional spaces. Along these lines,
perhaps the better-known Leibniz-type rules correspond to the fractional Leibniz
rules, pioneered by Kato-Ponce [33], Christ-Weinstein [16] and Kenig-Ponce-Vega
[34] in their work on PDEs, where the spaces X, Xy, Y7, Y2, and Z belong to the
scale of Sobolev spaces W*P; namely,
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(1.2) 1fgllwsa S N fllwerillgllzee + (| l|zor | gllwrsre,
where s > 0 and

1 1 1
(1.3) —=—+4+ —  with 1 <pp,ps < 0.

q P11 P2

The estimates (1.2) follow as a consequence of boundedness properties on products of
Lebesgue spaces of bilinear Coifman-Meyer multipliers ([18, 19, 30]): If o € C*(R?*")
satisfies

(1.4) 0200 (&,m)| < Cap(l] + )~ ¢ neR”, o, e N,

and

To(f,9)(x) = / o(EmF©ImE= D dedy, xR, f.g € SR,

R2n
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then T, is bounded from LP' x LP? into L9, where py, ps, and ¢ conform to the Holder
scaling (1.3). Then, inequalities (1.2) are obtained from this result after observing
that, by frequency decoupling, the identity

(1.5) S (f9)(@) = To, (S f, 9) (@) + 1o, (f, J°g) (),

holds true for some bilinear symbols o7 and o9 satisfying (1.4) and

TM)(E) = (1+ €7 h(€), €€R™s>0,he SR

Two immediate conclusions can be derived from this approach. First, since the
symbol oy = 1 satisfies (1.4) and yields, through T,,, the product of two functions,
the Holder scaling (1.3) occurs naturally. Second, the identity (1.5) can be exploited
to produce Leibniz-type rules (1.1) involving function spaces that interact well with
the Bessel potentials J; (for example, Besov and Triebel-Lizorkin spaces) provided
that mapping properties for bilinear multipliers 7, are established for such spaces.
Indeed, implementations of this program (see, for instance, [11, 14, 15, 31, 36, 44]),
produce Besov, Triebel-Lizorkin, and mixed Besov-Lebesgue Leibniz-type rules.

A Littlewood-Paley-free path towards Leibniz-type rules was introduced in [42] in
the scales of Campanato-Morrey spaces. In this context, the role of the identity (1.5)
is played by the inequality

(1.6) |f(2)g(z) = eyl S Ti(IV fxs, l9lx8) + Ti(|fIxB, [Vy|xB), =€ B,
where B C R" is a ball, f,g € C'(B), Z, is a bilinear potential operator, and

fB = ﬁ [ f(z) dz. Inequality (1.6) arises as a bilinear interpretation of the linear
inequality
(1.7) [f(z) = f5] S L(IVflxs), w€B, feC(B),

where I; denotes the Riesz potential of order 1. Inequality (1.7) is usually re-
ferred to as a representation formula (for the oscillation |f(xz) — fg|). In the lin-
ear setting, representation formulas and Poincaré inequalities imply embedding of
Campanato-Morrey spaces (see, for instance, [40, 41] for such embeddings in the
Carnot-Carathéodory framework). As proved in [42], via (1.6), the bilinear analogs
to these embeddings come in the form of Campanato-Morrey Leibniz-type rules. More
precisely, in the scale of Campanato-Morrey spaces (£P*(w) and L4*(w) below), a
typical weighted Leibniz-type rule takes the form (see [42])

(1.8) HngLq»A(w) S ||vf||ﬁpl’>‘1(u)||gHCP2'A2(v) + ||f“cm»h(u)HVQHLP»M(U)a

for (a large class of) weights u,v,w and indices ¢, A, p1, A1, p2, and Ay. In the un-
weighted case, the natural scaling for (1.8) turns out to be the bilinear Sobolev scaling

1 1 1 1 .
(1.9) - + — ——  with 1 < pq,ps < .

q p1 p2 N
From (1.6), it now becomes apparent that the prevailing tools for obtaining inequali-
ties (1.8) rely on boundedness properties of suitable bilinear potential-type operators.
Thus, in the scale of Campanato-Morrey spaces, bilinear potential-type operators
play the role that paraproducts and the bilinear Coifman-Meyer multipliers play in
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the proofs of the Sobolev-based Leibniz-type rules (1.2) and their Besov and Triebel-
Lizorkin counterparts. Accordingly, the time-frequency Fourier-based tools in the
latter are replaced by real-analysis methods in the former.

The purpose of this article is twofold. On the one hand, we further develop time-
frequency and real-analysis approaches that allow to prove new Leibniz-type rules
in Sobolev and Campanato-Morrey spaces. We do so by separately examining the
mapping properties of bilinear pseudo-differential and potential operators, and by
later combining them via the inequalities

(1.10)  |To(f,9)l S Bs(Ifllgl) —and [T2(f,9)| S Zs(1f] 19l),  f.9 € S(RY),

where B is the bilinear fractional integral of order s, introduced and studied in [28]
and [35], Z; is the bilinear Riesz potential of order s introduced in [35], and o and 7
belong to standard classes of bilinear symbols of order —s. As a consequence of these
newly-found bonds between bilinear pseudo-differential and potential operators, we
obtain, among others, Sobolev-based fractional Leibniz rules such as

(1.11) 1fgllwma S N fllwsemaillglliee + 1 F o llgllwrstmen,  m 20,
under the bilinear Sobolev scaling

(1.12) 1:i—i-i—i with 1 < py1,pa < 00, s € (0,2n).

qa p1 P2 N
The relation (1.12) sheds additional light onto the balance between integrability and
smoothness built into inequalities of the type (1.2).

On the other hand, we explore the behavior of the bilinear oscillation |f(z)g(z) —
fBgs| when the mean-value operator is replaced by an approximation of the identity
{S¢}. Our exposition includes the case of the infinitesimal generator L of an analytic
semigroup {S;}s~0 on L*(R") (i.e. Sy = L) whose kernel p;(z,y) has fast-enough
off-diagonal decay. The quantity S;f = e~*L f can be thought of as an average version
of f at the scale ¢t and plays the role of fp for some t = tg, when defining function
spaces, such as BMOp, and H}, which better capture properties of the solutions to
Lu = 0; see for instance [22, 32]. In the linear case, the study of Sobolev-Poincaré
inequalities associated to the oscillation |f — S;, f| has been successfully carried out
in [2], yielding the so-called generalized or expanded Sobolev-Poincaré inequalities;
namely,

1 1/q 1 1/p
_ _ q < E k P

keNy

for suitable choices of indices 1 < p < ¢ and sequences {ax} C [0,00). As described
in [2], the presence of the series expansion on the right-hand side of (1.13) accounts
for the lack of localization of the approximation of the identity {S;}. Also, inequal-
ities like (1.13) are shown to be weaker than the classical ones (Proposition 4.2 in
[1]) (and even more, some of them can be proved in some situations where classical
inequalities fail, [2]), but are strong enough to sustain Calderén-Zygmund decom-
positions, see [1]. In the present article, we study bilinear oscillations of the type
|fg— Sty fStygl, use them to define bilinear Campanato-Morrey spaces associated to
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{S;} and estimate them to produce bilinear generalized Sobolev-Poincaré inequalities
(i.e., bilinear versions of (1.13)) and associated (weighted) Leibniz-type rules.

The article is organized as follows. In Section 2 we recall some definitions and
known results on boundedness properties of bilinear fractional integrals in weighted
and unweighted Lebesgue spaces that will be useful for our proofs. Throughout the
paper, we use upper-case letters to label theorems corresponding to known results
(such as Theorem A below) while we use single numbers (with no reference to the
section) for theorems, propositions and corollaries that are new and proved in this
article.

In Section 3 we establish bilinear Poincaré-type inequalities in the Euclidean set-
ting associated to a general approximation of the identity {S;}. These bilinear
Poincaré-type inequalities arise as a natural bilinear counterpart of the so-called
(linear) pseudo-Poincaré inequalities (see [2, 20, 51, 52, 53]). Following the outline
above, our proof consists in establishing a bilinear representation formula tailored to
the semigroup {S;}, which, as expected, turns out to be an expanded version of (1.6),
see Theorem 3. This bilinear representation formula involves logarithmic perturba-
tions of the bilinear fractional integral used in [42], whose kernels are proved to still
satisfy appropriate growth conditions that guarantee boundedness of the operator
on products of weighted Lebesgue spaces. In Section 4 we present applications to
Leibniz-type rules for products of functions in Campanato-Morrey spaces associated
to a semigroup. In Section 5 we point out relevant extensions to the contexts of
doubling Riemannian manifolds and Carnot groups.

In Section 6 we close the circle of ideas developed in Sections 1-3 by relating bilinear
pseudo-differential operators of the type

~

(1L14)  To(f, 9)(x) =/ g (2, &,n) f(E)g(n)dedn,  f.g € S(RY), z € R",

R2n

where now o is an x-dependent bilinear symbol in a standard class, and bilinear
potential operators. In particular, from estimates on the bilinear kernel of T, in
(1.14), we are able to prove (1.10) and subsequently deduce mapping properties under
the bilinear Sobolev scaling (1.12). These mapping properties supply a number of
new Leibniz-type rules, see Corollary 11 and Remark 6.3.

The bilinear Poincaré estimates introduced in [42] rely on the oscillation of the
pointwise product of two functions (i.e. T, with ¢ = 1); in turn, they give rise to
bilinear Sobolev inequalities of the form

(1.15) 1fgllze S IV fllzoillgllizee + N Lo [V gl Lr2,

for exponents py, p» > 1 and ¢ > 0 satisfying the Sobolev relation (1.9). These results
correspond to the limit of bilinear Poincaré inequalities on balls, by making the radius
of the ball tend to infinity. We direct the reader to [42, 46, 47] for other versions of
(1.15), including weights and higher order derivatives in the context of Hérmander
vector fields. The method presented in Section 6 further substantiates inequalities
of the type (1.15) under Sobolev scaling and unifies their study in the language of
bilinear pseudo-differential operators.
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2. BILINEAR FRACTIONAL INTEGRALS AND THEIR BOUNDEDNESS PROPERTIES ON
WEIGHTED LEBESGUE SPACES

Given a weight w defined on R™ and p > 0, the notation L? will be used to refer
to the weighted Lebesgue space of all functions f : R" — C such that |[f|, :=
Jan | f(@)[Pw(x) de < co, when w = 1 we will simply write L”.

If wy, wy are weights defined on R™, 1 < py, pa < 00, ¢ > 0, and w := w‘f/plwg/m,
we say that (wq,w,) satisfies the A, p,) 4 condition (or that (w;,ws) belongs to the

class Agp, po).q) if

2
1 1 N\
= — dz) I] (v () P da ) "
(0 02) 4. "y <|B| /Bw(x) x> j=1 <|B| /Bwj(x) ‘C) B

where the supremum is taken over all Euclidean balls B C R™ and |B| denotes the
Lebesgue measure of B.

The classes A, p,),q are inspired in the classes of weights A,,, 1 < p, ¢ < oo,
defined by Muckenhoupt and Wheeden in [48] to study weighted norm inequalities
for the fractional integral: a weight « defined on R” is in the class A, , if

]

a1 ) (g o)
sup [ — [ urdzx — [ ) gy < 00.
B (\BI B 1Bl Jp

The classes Ay, py),q for 1/q¢ = 1/p1+1/ps were introduced in [39] to study character-
izations of weights for boundedness properties of certain bilinear maximal functions
and bilinear Calderén-Zygmund operators in weighted Lebesgue spaces. As shown
in [46], the classes A, ,,), characterize the weights rendering analogous bounds for
bilinear fractional integral operators .

Remark 2.1. If (wy,w,) satisfies the Ag,, ;)4 condition then w = w‘ll/plwg/pQ and

w.l_p;, i=1,2, are A, weights as shown in [39, Theorem 3.6 | and [46, Theorem 3.4].

)

For o > 0, we consider bilinear fractional integral operators on R™ of order o > 0
defined by

(2.16) Bulf. o)) = [ 1= ngng_ (f =) 4 s eR"
o

(2.17) To(f, 9)(x) = / f(y)g(2)

ren (|2 =yl + [z = 2])*n=e

where s; # sg are nonzero real numbers. In the following theorem we summarize
results concerning boundedness properties on weighted and unweighted Lebesgue
spaces for the operators B, and Z,, which will be useful in some of our proofs.

Theorem A. In R":
(a) [35, 46] Let o € (0,2n), 1 < p1,p2 < 0o and q > 0 such that % = pll + p% —a

n

Then I, is bounded from LP! x LF2 into LI for w := w P WP and pairs of

weights (wy, wa) satisfying the A, p,).q condition.

dydz, x € R",
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(b) [28, 29, 35] Let o € (0,n), 1 < py,p2 < 00 and q > 0 such that % = pil + p% -
Then B, is bounded from LP'* x LP? into L9.

(c) [Remark 2.2] Let o € (0,n), 1 < py,ps < 00 such that 1/p == 1/p1 + 1/py < 1
and g > 1 such that 1/q = 1/p —a/n. Then B, is bounded from L%} x LE? into

q/p1, q/p2
1 Wy

LI forw :=w and weights wy, wy in A, ,.

Remark 2.2. Part (c) of Theorem A follows from the following observations. Muck-
enhoupt and Wheeden [48] showed that the linear fractional integral operator
fle—y
I.f(z) = Je—y) dy

O ] e

q 1/q 1/p
( / Lo f(x)|"u> d:c) <C ( | f(2)]Pu dx)
R» Rn

for 1/¢ =1/p—a/n, u e A,, and p, ¢ > 1. Using p and ¢ as in the statement of
part (c) of Theorem A, let » = p;/p and s = py/p, so that r,s > 1 and 1/r+1/s = 1.
By Holder’s inequality

satisfies

Ba(f,9) S La(| 1) La(lgl*),

and
1/q

1/q a4 a
([Batrome) < ([ namniayof o)
R™ Rn

q 1/qr q 1/sq
< ([ ntsreta) ([ nlred)

Using the result of Muckenhoupt and Wheeden, the last inequality is bounded by

1/rp 1/sp 1/p1 1/p2
c ( |f|’“”w1) ( |g|8pw2) _c ( |f|p1w1) ( |g|p2w2) |
Rn Rn R™ Rn

which is the desired result.

Multilinear potential operators, of which Z, is a particular case, were studied in
[42] in the context of spaces of homogeneous type. We now briefly recall some those
results, as they will be used in the proofs in the next sections.

Let (X, p,p) be a space of homogenous type in the sense of Coifman-Weiss [17].
That is, X is a non-empty set, p is a quasi-metric defined on X that satisfies the
quasi-triangle inequality

(2.18) p(r,y) < k(p(x,2) + p(2,y),  x,y2€X,

for some £ > 1, and p is a Borel measure on X (with respect to the topology defined
by p) such that there exists a constant Ly > 0 verifying

(2.19) 0 < p(By(z,2r) < Lo u(By(x,1)) < 00

for all z € X and 0 < r < oo, and where B,(z,r) = {y € X : p(x,y) < r} is the
p-ball of center = and radius r. Given a ball B = B,(z,r) and 6 > 0 we will usually
write r(B) to denote the radius r and 6B to denote B,(z,6r). In the Euclidean
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setting, this is, when X = R", p is Kuclidean distance and p is Lebesgue measure,
we use the notation B(z, ) instead of B,(z,r).

The measure p is said to satisfy the reverse doubling property if for every n > 1
there are constants ¢(n) > 0 and « > 0 such that

#Bplar,m)) )’
(2.20) p(By(w2,72)) = cln) <7’2> ’

whenever B,(xq,72) C By(z1,71), 21, 2 € X and 0 < 7y, ry < ndiam,(X).
We consider bilinear potential operators of the form

(2.21) T(o)@) = [ 00K w0, 2) duty)dn(z),

where the kernel K is the restriction of a nonnegative continuous kernel K (1, 2,9, 2)
(ie. K(z,y,2) = K(z,z,y,2) for (x,y,2) € X x X x X) that satisfies the following
growth conditions: for every ¢ > 1 there exists C' > 1 such that

K($1,$27y72> S C’f((v,w,y,z) if p(v,y)+p(w,z) SC(p(l’l,y)—i—p(IQ,Z)), and
(2.22)

K(xla x2,Y, Z) < CK(?% <0, 'LU) if p(ya U) + p(Z, 'LU) <c (p(xla y) + p($2a Z))
Following [54], the functional ¢ associated to K is defined by
p(B) :=sup{K(z,y,2) : (v,y,2) € Bx Bx B,p(x,y) + p(x,z) = cr(B)}
for a sufficiently small positive constant ¢ and for B a p ball such that r(B) <
n diam,(X), for some fixed n > 1. The functional ¢ associated to K will be assumed
to satisfy the following property: there exists ¢ > 0 such that for all C'; > 1 there
exists Cy > 0 such that
r(B)\°

(223) ey < (B8 amumy
for all balls B C B, with »(B’), r(B) < C; diam,(X).

We note that, in the Euclidean setting, the operator Z, defined in (2.17) has kernel
and associated functional given, respectively, by

1

K(z,y,z2) = and B) ~ r(B)*?",

D) = g A =P ABN )

and both satisfy (2.22) and (2.23).

Theorem B ([42]). Suppose that 1 < py,ps < 00, % =L+ L and % <p<gqc<
oo. Let (X, p, 1) be a space of homogeneous type that satisfies the reverse doubling
property (2.20) and let K be a kernel such that (2.22) holds with ¢ satisfying (2.23).
Furthermore, let u, vy, k = 1,2 be weights defined on X that satisfy condition (2.24)
if ¢ > 1 or condition (2.25) if ¢ < 1, where

(2.24)
+-L+

1 1/qt 2 1 ! l/tp;.
— uqtdu) (—/ v, id,u) < 00,
B p-ball (M(B) /B , w(B) Jp

1
sup o(B)u(B)* ™
7=1

WS
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for somet > 1,

(2.25)
e . Ya 2 1 I
sup p(B)u(B)? ™ P2 (—/uqd,u) (—/UZ Zd,u) < 00,
B p-ball ( ) ( ) M(B) B ]1:[ M(B) B

1

for some t > 1, with the supremum taken over p-balls with r(B) S diam,(X). Then
there exists a constant C' such that

(f (\T(fl,fa)\u)"d) cH(/ (1felo) Pkdu)l/pk

for all (fy1, f2) € LP}, (X) x L3, (X). The constant C depends only on the constants
Y1 U2
appearing in (2.18), (2.19), (2.20), (2.22), (2.23), (2.24) and (2.25).

Remark 2.3. A careful examination of the proof of Theorem B yields

o
where W is the constant from (2.24) or (2.25), C' = max(C4,Cy) and § > 0 are the
constants from (2.23), and D > 1 is a structural constant.

Remark 2.4. In the Euclidean setting, consider Weights Wi, Wy € Ay py),q and w =

w‘f/pl 1« L 1 L and suppose that 7 is an
P2

wg/m, for some 1 < pi, pp < 00,0 < ¢ < -

operator of the form (2.21) such that

1, 1 1 nyno4n
P

sup p(B)|B|" " ~sup p(B)r(B)" M < 0.
B B

1

It then follows that u := we and vy, = w,ﬁ’_’“, kE = 1,2, satisfy (2.24) and (2.25).
Indeed, the second factor in (2.24) is given by

1 1/qt 2 1 ot 1/tp]
(2.26) sup <7 wtda:) <7 / w; " d:c.)
z€R™,r>0 |B(.§L’, 7’)‘ B(z,r) j];II ‘B(I‘, T)| B(z,r)

S T
Since w, w; 7', w, "7 are A, weights (see Remark 2.1), there exists ¢ > 1 such

that (2.26) is bounded by

1 1/q 2 1 1/p,
Sup <|B‘ / wdm) H (‘B| / dx) B [(wl’wz)]A(prz)ﬂ < 00,

where finiteness is due to (wl, wo) satisfying the A, p,) 4 condition. A similar rea-
soning applies to (2.25).

The last two remarks imply the following

Corollary 1. In the n-dimensional Euclidean setting, consider weights wy, wy €

Al pa)g and w = w‘f/pl g/m, for some 1 < py1, ps < 00,0 < % < pilepiz. Suppose that
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T is an operator of the form (2.21) such that its kernel satisfies (2.22), the associated
functional ¢ satisfies (2.23), and

sup w(B)r(B)EJr”TJFE < 00.
B

Then there exists a constant A such that

1/q 2 1/pk
([t omoas) " <aT ([ 1)

for all (f1, fo) € LB} x L2 The constant A satisfies

1

A<csupp(B)r(B)? n 2,
B

where ¢ depends only on [(wy,ws)] and other absolute constants.

A(pppz),q

3. BILINEAR POINCARE-TYPE INEQUALITIES RELATIVE TO AN APPROXIMATION
OF THE IDENTITY

An approximation of the identity of order m > 0 in R” is a collection of operators
S = {Si}1>0 acting on functions defined on R",

54w = [ meo)fwdy, o R

such that for each ¢ > 0 the kernels p, satisfy [, pi(x,y)dy = 1 for all x and the
scaled Poisson bound

(3.27) pu(a,y)] < £ ('9” ‘y') . L yeRn

t1/m
where 7 : [0, 00) — [0, 00) is a bounded, decreasing function for which

(3.28) lim r?" ey (r) = 0, for some € > 0.
r—r00

As examples, it is well-known that if a sectorial operator L generates a holomorphic
semigroup {e *}, whose kernels satisfy suitable pointwise bounds, then S; = e~
gives rise to an approximation of the identity. The resolvents S; = (1 + tL)™™ or
S; =1 —(1—e )N can be considered as well. We refer the reader to [22] and
[45] for more details concerning holomorphic functional calculus. Other examples
can be built on a second-order divergence form operator L = —div(AV) with an
elliptic matrix-valued function A. Since L is maximal accretive, it admits a bounded
H.-calculus on L*(R™). Moreover, when A has real entries or when the dimension
n € {1,2}, then the operator L generates an analytic semigroup on L? with a heat
kernel satisfying Gaussian upper-bounds.

The main result of this section is the following:

Theorem 2. Let S := {S;}i~0 and 8" := {t0,S, }1~0 be approzimations of the identity
in R™ of order m > 0 and constant € in (3.28), 1 < py,ps < 00, ¢ >0, and 0 < a <
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min{1,e} such that l = i + i — 2 If (wi, wa) satisfy the A, py)q condition and

w = wP P then there e:msts a constant C' such that for all Euclidean balls B
Hfg_S’f‘(Bm(f)ST(B m HLq(B
< Cr(B)* 327 [Vl gy ooy M9z o) + 1Ny ) 190ty )| -

>0

Remark 3.1. Tt is possible to consider two collections of operators S' := {S}};~¢
and §? := {S?}i~0, then the proof of Theorem 2 holds true when estimating the

oscillation || fg — Srl,(B)m (f)ST(B (Dle,3)-

Remark 3.2. Note that condition (3.28) assumes exponent 2n + ¢ rather than n +
e. This is quite natural in our context since the proof of Theorem 2 involves the
semigroup P; := S;®S; which is expected to have decay for 2n-dimensional variables.

Remark 3.3. The scaling of the result in Theorem 2 is in accordance with the classical
situation corresponding to o = 0 and obtained in [42]. More precisely, a particular
case of [42, Theorem 1] reads

(3.29) 1fg— fBgBHLgJ(B) < C(”foLfUll(B) ||g||L5JZ‘2(B) + ||f||qull(B) ||Vg||ij}‘2(B))

for % o _'_ P2 ﬁ’ (wlv w2) S A(Pl,pl),q and w = w¢11/p1wt21/p2

the condltlons on the weights imply

1fg— fBgBHL;IU(B) <Cr(B)" (HVfHLZ}l(B) ||9HL{’U22(B) + HfHij}l(B) Hv9||L{’U22(B))

q/p1 Q/p2

. Holder’s inequality and

for % = - + — =2 (w1, ws) € Ay pr),q and w = w]
Fi or 1nstance let pl, D2, q, a wi, wy, w be as in the statement of Theorem 2. Define
q by == - + = — 5 = % and assume that ¢ > 0 and that the pair (wq,ws) is in

A(phm Settlng w = w™ g/ P2 and using Holder’s inequality and (3.29) we obtain

q—7 q-7 (g)’ q(til/q)’
1f9— fB9BllLm < w | w,"™ wy 1f9— fegsllLa
B w(B)
5 T(B)a (HVfHLpl ||9HL1’2(B + HfHqull(B) ||v9||qu22(B))-

Note, however, that Theorem 2 does not include the case a = 0.

Remark 3.4. Since we do not require spatial regularity on the kernels p; in (3.27),
our results can be extended to every subset of R™ (not necessarily Lipschitz) by
considering truncations as used in [23].

Our proof of Theorem 2 is based on an appropriate representation formula for the
bilinear oscillations associated to the approximation of the identity and the bound-
edness properties of operators studied in [42]. We present the details in the next two
subsections.
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3.1. Representation formula. We start by introducing the collection of bilinear
operators that shape our representation formula. For a ball B C R", the operator
Jg is defined as

(3.30) TIs(f1, fo)(z) = K(z,(a,b))f1(a)f2(b)dadb x € B,

BxB
with kernel

1 o ( 8r(B)
(z—a|+Jz—b))2 " 2 \Jz—a|+ |z — 0]

K(z,(a,b)) = ) , x,a,beB.

Theorem 3 (Bilinear representation formula). Let § = {S;}i~¢ and S’ = {t0;S; }i~0
be approximations of the identity in R™ of order m > 0 and constant ¢ in (3.28).
There exists a constant C' > 0 such that for every ball B C R™ and x € B,

|f(2)g(x) = Symym () (@) Srimm (9) ()]

<C Z 275+ 1) [Frers(IV fIxares, [9)xar8) (@) + Farers (| fIxar 5, Vg xares) (2)]

1>0

Remark 3.5. As mentioned in the Introduction, since the approximation operator
Sy(Bym is not a local operator, we cannot expect perfectly localized estimates as for
the “classical” Poincaré inequality.

Proof. We consider the operator on R?*" given by P; := S; ® S;, that is,

Pi(F)(x,x) = /n /npt(:c,y)pt(x, 2)F(y, z) dydz.

For given functions f and g defined on R", let F(y, z) := f(y)g(z). Fix B of radius
7(B), x € B and for each t € (0,7(B)™) let B; be the ball of radius t'/™ centered at
x € R". Then

r(B)™
F(x,z) — Prpym (F)(x,x) = _/0 toiP(F)(x, x) %

dt

r(B)™
_ _/ HOPUF = Fop,) (7).
0
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where we used that Fig,«p, = fB,gB, is a constant and 0,5;(1) = 0 for all £ > 0. The
pointwise bounds (3.27) for the kernels p,(z,y) give

|t8t73t F FBtXBt)(Z' l’)|

_ —2n—¢ . —2n—e
/n /n " ( ;y|) (1 + Ixt%z|> |f(y)g(2) — fB,gB.| dyd=
— —2n—¢ B —2n—e¢
s e (52 (B ) - faan dua:

BtXBt
—2n—e
€T — xr — Z
DI I (T y') () st - fagad v
IENCL(BtXBt
[0 f>ga +Z]lfg>

leN

where for [ > 1, C(B; x B;) denotes the annulus
C[(Bt X Bt) = QI(Bt X Bt) \ 21_1(Bt X Bt)

We now proceed to estimating each of the terms [;(f, g,t), [ > 0.

The bound for Iy(f,g,t). Notice that for all y, z € By,

(3.31) FW)9(2) — Figm] 5//3 ) IVf(ﬁz)llg(b)l+|f(a)||V_g(b)|dadb.

—al+ |z — b))t
Indeed, the usual representation formula for a linear oscillation in (R™)? gives

|VF(a,b)|

dadb
Bt X By |(y> Z) - (aa b)|2n—1

|F(y,2) — Fp,xp,| <C

which yields (3.31). Hence, we get

f g> t_2n/m|f ) - thgBt| dydz
")
5/ (IVF(a)llg(0)| + |f(a)[[Vg()])I(a,b,t) da db,
B x By

where

b t—2n/m d d
t .
Ia, // (Jy—al + |z — b2 Y
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For a,b € B;, we have

I(a.b,1) // dy dz
|y _ a| + |Z _ b|)2n—l tn/m gn/m

ly— a\<2t1/m
|z—b|<2tt/m

i ot/ yr—lyn—1 du dv
u—l—v 2n 1 v tn/m tn/m

ur 1 " 1
(3‘32) —2n+1) /m/ / dudv < t 2n+1)/m’
(u+v)

where the last integral is controlled by separately estimating for v > u and for u > v.
We conclude that, for a,b € By,

(3.33) / / dy dz _ (ominym < 1
R e T S e—d+la =8

By x By

and therefore

W00 % [ ABOL OIS0,

(lz = al + [z = b[)>»~
BtXBt

Integration with respect to the variable ¢t € (0,r(B)™) yields,

/Orww o dt /“B //IVf a)|lg(b)| + | f(a >||Vg<>|ddb£

(|lx —a| + |z — b])?n!

/’“(B [[ LTG0 1,

(|lx —a| + |z — b])2—1

|lz— a\<t1/m
lz—b|<t1/m
IV f(a)|lg(b)|+|f(a)|[Vg(b)| dt
0<t<r(B)™ d db
Ztl/"” (|‘T - a’| _I_ |:If - b|)2n_1
2Bx2B ‘f,Z‘Ltum
IV f(a)llg(b)] + | f(a)||[Vg(b)] r(B)™
| 1
/ lo—a+lo—thz—r  E\' " maxo—apr oy ) P
2Bx2B

s [f W@t + /e >||Vg<b>\log< 16r(B) )dadb

(|lx — a| + |z — b])2—1 |z —al + |z — b
2Bx2B

S LIV gD () + Fes(1£1 1V g]) (),

where the operator J5 was defined in (3.30). It remains to treat the terms [;(f, g, t)(z)
with [ > 1.
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The bound for [;(f,g,t) with [ > 1. Recall that I, is given by

—2n—¢ —2n—e
ravio= [[ e (i) ()

CL(BtXBt)
X ‘f(y)g(z) - thgBt| dydzv

where B; = B(z,t"™) (and therefore x € B;) and C)(B;x B;) := 2/(B;x B;)\2'"1(B; x
B;). We have to estimate the oscillation | f(y)g(z) — fB,95,|, with (y, z) € C\(B; x By),
for which we consider the intermediate averages as follows:

-1

1F()9(2) = f,98] < |fW)9(2) = fap,gup| + D | foripgoerip, — forp, 925, -

k=0
For all £ €0,...,1 — 1, we use
| fort1B, 9ok 118, — forp,Gorp,| S thl/m // — far+1p, gor+1p, |dudv
2kBt><2kBt
< (2kgt/my—2m // |f(u)g(v) — forr1p,gor+1p,|dudv.
2k+1BtX2k+1Bt

As done in (3.31) applied to the ball 2871 B, we obtain that for (u,v) € 281 B, x
2k+lBt

IV £(a)]|g(b)] + |f(a)]|Vg(b)]
(|lu—a| + |v—0b])2»! dadb.

fwg(e) ~ fongmanl S [

2k+1Bt ><2k+1Bt

Proceeding as in (3.33), by replacing the ball B; with 2¥*1B,, we have that for
(a,b) € 21 B, x 251 B, and (u,v) € 21 B, x 281,

2—2knt—2n/mdydz . - Con
63 [ e S @ S (el )

2k+1Bt X2k+1Bt

Combining everything we have

|f2k+1Btg2k+1Bt 2kBt 2kBt

g gon) IV @llg®)] + 1) Vo)

| B e
2k+1 B x 2k+1 B,

<[] OO,

(lz = al + [z = b[)"~

2k+1Bt X2k+1Bt
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We conclude that for (y, z) € 217Y(B; x B;) (actually for any y and z)
1f(W)9(2) = fa.98.] S If( )9(2) = forp, 9215,
5 +§: // VF@llg®)] + F @Yo ,

(|lx —a| + |z — b])?»—1!

2k+1Bt ><2k+1Bt

Consequently,

L(f.9.t)(x) ST} (f,9.0)(x) + I} (. 9,1)(x)

o= Jf 05205

with

CL(BtXBt
dydz
X 1FW)9(2) — fom 9o | e
and
l oo\ () ooy
[l f g> :Z 1+ 1+ -
k=0 tn t

Cy1(Byx By) 2k+1 By x2k+1 By

wﬂwm@wwmmw«wddqu

(jz = o[+ Tz =¥~

The first term I}'(f, g, t)(x) can be estimated in the same way as the quantity Io(f, g, 1)
by replacing B; with 2!B;. Since (y, z) € C)(B; x B;) and x € B;, the term

—2n—e
(141 yg 1=
tm tm

—l(e+2n)

provides an extra factor 2 which partially compensates the normalization co-

efficient 22", So we have

/ Ill(f,g,t)( )7 <S27" [\72l+1B(|Vf|X2l+1Ba |9|Xa1+18)(2)
0

+ Jarip(| fIxar+1m, [V Xar1p) (7).
We now study the term related to I?(f, g,t)(z). Since x € By,

—2n— —2n—
t% t2n/m N :

Cl(Bt ><Bt
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Integrating in the variable ¢ € (0,r(B)™), we obtain
T,(B)’UL dt
/ Il (.f g> e
0

r -1
< / B)" o-le+n) Z// V£ (@)llg®)| + |f(@)[Vg®)] , . dt
o ) Joripxorrip, (|2 —al + [z —bf)>t ;

dt IV f(a)llg(b)] + |f(a)[[Vg(b)]
< l(e+n)
2 [ e dac

(lz = al + [z = b[)"~

r— a\<2lt1/m
|z—b|<2ltl/m

< jg-letn) // V£ (@)llg®)] + | f(a)l[Vg(b)]
2!Bx2!'B

(J — al + & — b])2n T

r(B)
1 1 dadb
. °g< - —l<|x—a|+|x—b|>) ¢

U(e+n) //QIBXQZB [V (a)llg(b)] + |/ (a )HVg(b)HOg((‘ 8-2"1r(B) ))dadb

(|lx — a| + |z — b|)?»—1 r —al+ |z — Db

N j27 1) [\72l+1B(|Vf|X21+1Ba lg|x2r+18)(2) + Tarerp(| flx2+15, |V9|X21+1B)(95)]

Having obtained pointwise estimates both for Iy(f,g,t) and [;(f, g,t), we can now
conclude the proof of the theorem.

End of the proof of Theorem 3. Using the estimates for Iy(f, g,t), I}(f, g,t) and
IZ(f,g,t), we finally obtain that

| F(@)g(x) = Seimym (£)(@)Spimym (9) ()|
<Y 2

1>0
X [j2l+1B(|vf|X2l+1B> \glx2+18) () + T (| fx21+15: |V9|X21+1B)(95)}

S Z 27k [j2l+1B(|vf|X2l+1B> |9lXar+18) (2) + Tareip(| X215, |V9|X21+1B)(95)} :

1>0

O

3.2. Boundedness properties of the operator [Jz. Boundedness properties of
the operators Jp follow from results for multilinear potential operators in the context
of spaces of homogeneous type studied in [42]. We use those results, which were
recalled in Section 2, to prove the following proposition.

Proposition 4. Let p1,po > 1, ¢>0,0< a <1 and 1 = i + o L L Jf (wr, wo)
belongs to the class Ay, p,)q then the operator Jp deﬁned m (3. 30) satzsﬁes

||~7B||L{’Ull( BYx L2, (B)— L% (B) S [T(B)]a’

with a constant uniform in B.
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Proof. Following the results in [42], we work in the space of homogeneous type (B, |-
— - |, dz) noting that the constants in (2.18), (2.19), (2.20) are independent of B.
We will consider the kernel

~ 1 8r(B)
R 00) = g s (oaym) . v e bes

and check that K satisfies (2. 22) and (2.23). For condition (2.22), note that for
any ¢ > 1 the function h(t) = & log(gr(B)) satisfies h(t) < Ch(t') if ' < ct and
t, ¥ < 4r(B), for some C' > 0 independent of B. Regarding condition (2.23), recall
that the ball with center € B and radius > 0 in the space (B,|- — - |,dz) is
B(z,7)N B where B(z,r) is the Euclidean ball in R™ of radius r centered at x. Since
forx € Band r < r(B), |B(x,r)NB| ~ |B(z,r)| = ¢, 7™, we then have to prove that
there exists 0 > 0 such that given C; > 1 there is Cy > 0 independent of B for which

2n—a0
(p(BQ N B) 1

for all balls Bz = B(.ﬁ(]i,’f’i), Z; € B, T S Cff’(B), Bl NBC Bg N B, where
©(B;N B) =sup{K(x,a,b) :x,a, b€ BiNB, |v —a|+|z—b >cr;}

for some fixed positive small constant ¢ and ¢ = 1,2. We have ¢(B; N B) =
(L)t log(ST(B ) which gives

cr;

8r(B)

2n—1 lo <—> 2n—0
donnm (U ey
¢(B2N B) ! log (ST(B)> 1

since lﬁ)gg((i)) S(E)yfor2<t<tand0<vy<l.

We now check that the assumptions on the weights wy, ws, and w imply (2.24) if
g > 1and (2.25) if ¢ < 1 with u = w'/? = w;""wy™, v, = w}/™, k = 1,2. This
means that we have to prove that there exists t > 1 such that

(3.36)
SR 1 1/qt 2 1 t 1/tp
sup p(Q)[Q* ™ 72 (—/ wtdx) ( / d:):) <oo, ¢qg>1,
Q @l Jq H Q|
and
(3.37)
1/q 2 t 1/tp
Iy L4t (1 1 -t i
swﬂ@@q“%<—/@m) C—/%wdg <00, q<1,
Q Ql Jg JI:[I @l Jo
where the sup is taken over all balls @) in the space (B, |- —-|,dz) with r(Q) < r(B).
The proofs follow using the same ideas as in Remark 2.4 . Let () be a ball in the
space (B, |- —-|,dz) with r(Q) < r(B); then @ = BN B(z,r) for some x € B and

r>0,rQ)=r < r(B)and |Q| ~ |B(x,r)|. Moreover, using the relation between
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P1, P2, ¢ and « as in the statement of the proposition,

e (58]

v v ()

In addition, the second factor in (3.36) is bounded by

1 1/qt 2 1 . 1/tp;
(3.38) sup <7 wtdx) <7/ w; " dx) :
verny>0 \ | B(2,7)] B(a,r) H |B(x,7)] B(z,r)

S T
Since w, w; "7, w, "7 are Ay, weights (see Remark 2.1), there exists ¢ > 1 such
that (3.38) is bounded by

1 a 2 1 — L 1/p;
sup — wdx) <7/ w; " d:c) < 00,
T€R",r>0 <|B(95> 7)| B(z,r) jI:[l |B(z,7)| B(z,r)

where finiteness is due to (w, wy) satisfying the A, ;)4 condition. A similar reason-
ing applies to (3.37). We conclude that (3.36) and (3.37) are bounded by a multiple
(independent of B) of r(B)“.

By Theorem B and Remark 2.3 we have that Jp is bounded from L} (B) x LF2 (B)
into LI (B) and the operator norm is bounded by a multiple (uniform on B) of
r(B)~. O

1 1
5+

HQIQI T ~

3.3. Proof of Theorem 2. Let py, ps, ¢, wi, wy and w be as in the statement of
Theorem 2. By Proposition 4 we have

l (03
Hj2lelHL%(B)XL{%(B)%LZJ(B) S [2 T(B)} )
uniformly in B and [ > 0, this and Theorem 3 imply
Hfg - ST(B)m(f)ST’(B)m (g) HLZ,(B)

< 3 2 20 (B 9 fl s sy N9l sy + 11 s ey 1V 2 ey | -
>0 1 : 1 2

which concludes the proof of Theorem 2. U

Applying an analogous proof to that of Theorem 2, we obtain the following result:
Theorem 5. Under the same assumptions of Theorem 2,
1f9 = Sewym [Seiwym (£)Srmm (9] 14,5

< CT(B)a lz glEeme) [HVfHLZ}l (2!+1B) HgHLZ%(ﬂHB) + ||fHL{’,}1 (2!+1B) ||v9||L522(2l+1B)] :
>0
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We will leave it to the reader to check the details for the fact that the proof of
Theorem 2 still holds after noting that a similar representation formula can be used
as we can write

dt

r(B)
f9 = Srmym [Sewym () Semym(9)] = —/0 t0yS; [Py (F)] e

since t0,S; [P;] satisfies the same estimates as t0;P; and the cancellation property

4. LEIBNIZ-TYPE RULES IN CAMPANATO-MORREY SPACES ASSOCIATED TO
GENERALIZED APPROXIMATIONS OF IDENTITY

In this section we apply Theorem 2 to prove a Leibniz-type rule of the form (1.1)
where the spaces Xi, Xs, Y7, Y5 belong to the scale of the classical Campanato-
Morrey spaces and the space Z quantifies the oscillation |fg — Sygym (f)Sysy= (f)| of
the product fg in LY(B) where B C R" is a Euclidean ball in R™ (compare to (1.8)).
In this context, it will become clear how, as announced in the Introduction, the
bilinear potential operators introduced in Section 2 play the role that paraproducts
and the bilinear Coifman-Meyer multipliers play in the proofs of the Sobolev-based
Leibniz-type rules (1.2).

Next, we recall the definition of the classical Campanato-Morrey spaces and intro-
duce notions of bilinear Campanato-Morrey spaces associated to approximations of
the identity and semigroups.

For p > 0 and A > 0 we say that f € L} (R") belongs to the Campanato-Morrey
space LPM(R™) if

1 /1 v
4.39 PR (= SUD —— [ — )P dx
(489 v = sup s (o [ 17 o)

is finite. For f,g € LI(R") we say that the pair (f,g) belongs to the bilinear

Campanato-Morrey space L3® s(R™) associated to an approximation of the identity
S = {S;}i~0 of order m > 0 if
(4.40)

10 = 390 1 (51 [ 17@0(0) = Sn (1018, ) )

is finite. We use the notation S®S to signify that the oscillation in question coincides
with the tensorial oscillation |(f ® g)(z,y) — (S ® S)T(B (f®g)(x,y)|, for z,y € B,

restricted to the diagonal x = y. These new spaces L7, S(R”) arise as natural bilinear

B =

counterparts to the Campanato-Morrey spaces Lp " (R™) associated to S introduced
by Duong and Yan in [22, 23] and further studied in [21], [24] [55]. In this case,
fe LWAR) if

(4.41) 11 o @y = U 1BR (|B| / |[f (@) = Spmym (f )(SC)IpdSC)p < 0.
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Theorem 6. Let S := {S,}i~0 and S" := {t0,S; }1>0 be approximations of the identity
of order m > 0 in R™ and constant ¢ in (3.28), 1 < p1,ps < 00, 0 < @ < min(e, 1)
and g > 0 such that%: pil—l—p%—l_To‘. Given A\, Ay > 0 Set)\:%‘l—)\l—i—)\g and
assume that e > n ()\ + %) . Then there exists a structural constant C > 0 such that

the following Leibniz-type rule holds true
(4.42)

||(f7 Q)HL%S(Rn) <C (HVJCHU’LM(R”)||9HLP2»A2(Rn) + HfHLPMl(Rn)||v9||cpz’k2(Rn)) :
Proof. From Theorem 2 we have

Hfg—S%BmCﬂSHB D L)
22 (=) <|vf||LP1 2! B) ||g||LP2 21p) T Hf||Lp1(2lB Vgl r (2'B )

>0

By writing

1

1 1 " )
o (781 L, 7)< BB I

1

A +-L
||Vf||LP1(le) = [2'BI"" %

and
l >\2+— 1 D2 P2 I phot—=
9oy = 2BV s (g [ 1) < B E gl
and similarly with || f|| ., ) and ||Vg||Lp2(le) , and by setting s := \; +)\2+pi1 + p%,
we obtain

B)* Z 27! <||Vf||Lm(2lB) 191 2221y + 1 f 21 213) ||V9||Lpz(2lB))

>0
< |B‘%+822_l(€_a_m) (HVfHU’l»M(R”)HQHLPMz(Rn) + ||fH£PM1(1R”)||v9||cpz’k2(Rn))
>0
< C‘B|%+s (HVJCHU’LM(R”)HQHLPMz(Rn) + ||f“£?1»A1(R”)HVQHLMM(R”)) )

since a+ns=n (% + p% + p% + A+ )xg) =n ()\ + %) < e. Consequently, using that
Ao =2+,

1

|B‘a+s H.fg S 7”(f)ST(B HL‘I

< C(IV £l gornr @yllgll oare @ny + 1 | 2ornn @y IV 1] o2z ny)
and (4.42) follows. O

In relation with (4.41), we define another suitable notion of Campanato-Morrey
spaces associated to an approximation of the identity S = {S;}: a function f belongs
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to L2 (R") if

) 1 1 P
£l 22 @y := sup inf Br <® /B If(:v)—Sr(B)m(h)(:r)Vd:):) < 0,

BCR" hel]

loc

where the supremum is taken over all Euclidean balls B C R™. Then, we have the
following Leibniz-type rule:

Theorem 7. Let S := {S;}i~0 and &' := {t0,S: }1>0 be approximations of the identity
in R™ of order m > 0 and constant € in (3.28), 1 < p1,ps < 00, 0 < a < min(e, 1)
and g > 0 such that%: pil—l—p%—l_To‘. Given A\, Ay > 0 Set)\:%‘l‘)\l“—)\g and

assume that e > n ()\ + %) . Then there exists a structural constant C' > 0 such that
the following Leibniz-type rule holds true

(4-43) ||fg||Lq$vA(Rn) < C (vaHEPl’M(R”)

The proof follows by estimating the norm

|9||£P27*2(R") + ||f||£P1’A1(R")||Vg||£P2’A2(R")) :

1
P

BCR» heL}

loc

sop int o (g [ 1£@9(0) = Suan (0@ )

with h = S,y (f)Sr)ym(g) and following the arguments in Theorem 6 by invoking
Theorem 5 instead of Theorem 2.

5. EXTENSIONS TO DOUBLING RIEMANNIAN MANIFOLDS AND CARNOT GROUPS

5.1. Doubling Riemannian manifolds. Let (M, p,du) be a doubling Riemannian
manifold, this is a space of homogeneous type with a gradient vector field V (e.g. a
complete Riemannian manifold with nonnegative Ricci curvature).

An approximation of the identity of order m > 0 in M is a collection of operators
S = {S:}+>0 acting on functions defined on M,

smwzﬂﬁWMﬂmww,

such that for each ¢ > 0 the kernels p; satisfy [,, pi(x,y) du(y) = 1 for all z and the
scaled Poisson bound

myy — P, Y
(544) |pt(93,y)| < M(Bp(x>t1/ )) ! g ( l(fl/m )> ’
where v : [0, 00) — [0, 00) is a bounded, decreasing function such that
(5.45) lim 72"y (r) = 0, for some & > 0.
r—00

Theorem 8. Assume (M, p, i) is a doubling Riemannian manifold. Let S := {Si}i=0
and 8" := {t0,Si}is0 be approximations of the identity in M of order m > 0 and
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constant € in (5.45), 1 < p1,ps < 00, ¢ > 0, and 0 < o < min{l,e} such that
11 piz — 1_70‘ Then there exists a constant C' such that for all balls B C M

q p1

Hfg — Sp(myn (f)Srmym (g)HLq(B)

< Cr(B)* 327 [Vl s o) U9 a1y W s a1y 19 )| -
>0

The proof of this theorem follows from that of Theorem 2 after minor modifica-
tions. The Leibniz rules in Campanato/Morrey spaces, obtained in Section 4, can be
extended to this framework as well.

5.2. Carnot groups. In this section we provide a description of how to extend our
results of section 3 in the context of Carnot groups. Let {2 be an open connected
subset of R” and X = {X;}2L, be a family of infinitely differentiable vector fields
with values in R". We identify X} with the first order differential operator acting on
continuously differentiable functions defined on €2 by the formula

Xef(2) = Xi(x) - Vf(z), k=1--- M,
and we set Xf = (X1 f, Xof, -+, Xy f) and

M 1/2
IXﬂ@%=<§]Xmumﬁ . zeQ
k=1

Given two vector fields X; and X define the commutator or Lie bracket by [X;, X;]| =
X;X; — X,;X;. We will assume that X satisfies Hormander’s condition in €2; that is,
there is some finite positive integer M, such that the commutators of the vector fields
in X up to length M, span R™ at each point of §2.

Suppose that X = {X;}2, satisfies Hormander’s condition in Q. Let Cx be the
family of absolutely continuous curves ¢ : [a,b] — €, a < b, such that there exist
measurable functions ¢;(t), a <t <b, j=1,---, M, satisfying Zj\il ¢i(t)* <1 and
¢'(t) = Z;\il c;(t)Y;(C(t)) for almost every t € [a,b]. If z, y € Q define

p(z,y) =inf{T > 0 : there exists ( € Cx with ((0) = 2 and ((T) = y}.

The function p is in fact a metric in 2 called the Carnot-Carathéodory metric on {2
associated to X. For details about the geometry of Carnot-Carathéodory spaces see
Nagel-Stein-Wainger [50].

Let G be a Lie group on R", that is a group law on R" such that the map (z,y) —
xy~tis C*. The Lie algebra associated to G, denoted g, is the collection of all left
invariant vector fields on G. A Carnot group is a Lie group whose Lie algebra admits
a stratification

g=Vid---aV,
where [V}, Vi] =span{[Y, Z]: Y eV}, Z € V;} =V, 11,i=1,--- [ —1,and [V}, V}] =
{0} for i > I. A basis for V] generates the whole Lie algebra. We will often denote this
family as { X1, ..., X, } and refer to it as a family of generators for the Carnot group.
In particular, a system of generators { X7, ..., X, } satisfies Hormander’s condition,
and hence we have the notion of a Carnot-Caratheodory metric.
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Set n; = dim(V;), then n = ny + - - + n;, and the number Q) = Zizl in; is called
the homogeneous dimension of G . The dilation operators

o =AM N22® N0y g0 e R

form automorphisms of G for each A > 0. Furthermore, if B is a metric ball of radius
r(B) with respect to the Carnot-Carathéodory metric then |B| = cr(B)?, which
shows that (R™, p, Lebesgue measure) is a space of homogenous type. We refer the
reader to [12] for more information about analysis on Carnot groups.

An approximation of the identity of order m > 0 in G is a collection of operators
S := {5, }+~0 acting on functions defined on R",

50w = [ nwa) ) dy,

such that for each t > 0 the kernels p; satisfy fRn pe(z,y)dy = 1 for all x and the
scaled Poisson bound

_o/m z,
(. y)| <t 7(%),

where 7 : [0, 00) — [0, 00) is a bounded, decreasing function such that

lim 7?9 y(r) = 0, for some ¢ > 0.
r—00

Theorem 9. Suppose G is a homogeneous Carnot group of dimension () with gener-
ators X = {Xy,..., Xy, } and p is the Carnot-Carathéodory metric on R™ associated
to X. Suppose further that S = {S;}i=0 and §" = {t0;S; }i~0 are approximations of
the identity in G of order m and € as given above. If p1,ps > 1, 0 < o < min(e, 1)
and g > 0 are such that % = pll + piz — %, then, for every p-ball B,

Hfg — Sp(myn (f)Srmym (g)HLq(B)

Sr(B)* Y 27+ [IIXf||Lm(2z+1B) 191 £ra 18y + 1Ll on 003y Xl o> 21015 | -
1>0

Sketch of Proof. We will take the same approach as the proof of Theorem 2. The
multilinear representation formula is given by

|f(2)g(z) = Srmym [(2) Sy (mymg ()|
(5.46) S 27Ty (XS] gl (@) + Tareip(| £, [Xal) ().

1>0

where

B f(y)g(z) o cr(B) .
10 = [, G tote a7 (g s ) e <P

and B is a ball in R” with respect to the metric p. The operator Jp satisfies the
necessary growth bounds on its kernel and hence

(5.47) | TB|| Le (B)x LP2 (B)—L1(B) S [r(B))~.
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The inequalities (5.46) and (5.47) prove the desired result. The proof of inequality
(5.46) follows that of Theorem 3 with the Euclidean distance replaced by p(z,y) and
the dimension n replaced by ). We just highlight the analog to inequality (3.33),

1 1
(5.48) // (p(y,a) + p(z,b))221 dydz < (p(x,a) + p(x,b))2Q-1

BtXBt

Let B = B, be a ball in R with respect to the metric p, x € B, r(B) be the radius
of B. Suppose 0 < t < 7(B)™ and a,b € B; = B,(x,t/™) then

// (oly, @) + ;(Zv et WS // (p(y, a) + ;(z, gyt W

By x By Bp(a,2t1m)x B, (b,2t1/™)
1
< dydx
;O Z/ (p(y, a) + p(z,0))*@!
- k
where

Dy :={(y,2) : o kl/m < pla,y) < o kHIgl/m g=kyl/m < p(b,z) < 2_k+1t1/m}.

We continue estimating each term in the series

Zk/ (p(y,a) + ;(z, pyyra-t Wz

< (1 YmP B (0, 7K B (b, 2|

which leads to

// (p(y, a) + fl’(z’ gyt W // (p(y, a) + /l)(z, a1 W

Byx By B,(a,2t'™)x B, (b,2t1/™)
1/m
St
1
<
~Y

(p(z,a) + p(z, )22

This estimate contributes to the first term on the right side of inequality (5.46), the

other terms are obtained in a similar manner.
O

6. BOUNDEDNESS OF BILINEAR PSEUDODIFFERENTIAL OPERATORS UNDER

SOBOLEV SCALING

Let BST5(R") and BS)4(R"), where m € R, 0 <0 < p <1, 0 € (0,7), be the
classes of symbols o € C*°(R3") satisfying,

(6.49) 02070)0(2,&,m)| < Capy (14 [€] + ||y PWPHDIHlL,
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respectively,
(6.50) 0000 (x,6,m)| < Capry (14 [€ — tan(g) n|ym—PIAHNI+IL

for all z, £, n € R", all multi-indices «, 3, v € Ny and some constants C, g, with

the convention that § = 7 corresponds to decay in terms of 1 + [n|. We will use

the notation BS{%(R”) and BS{’}O;Q(R") for the homogeneous versions of the above
classes, defined by replacing 14 || +|n| by [£|+|n| and 14| —tan() n| by | —tan(0) 7|
in (6.49) and (6.50), respectively.

These classes can be regarded as the bilinear counterparts to the linear Hormander
classes S7'5(R"™) (and their homogeneous analogs SZL(;(]R”)) which consists of symbols
o € C*(R*) such that

920{0(2,€)| < Cay (L4171,

for all z, £ € R", all multiindices «, 3, and some constants C, s.
Our results assume symbols in the classes BST%(R") or BST'5(R"), as well as those

symbols in BSY.,(R™) or BS{%;@(R”) of the form

(651) ‘7(%5777) = 0'0(1’,5 —tan(@) 7])7

where oy € ST5(R") or Si’fé(Rn), respectively.

The bilinear operators with symbols in BSY 5(R") or BSY 4(R) generalize the prod-
uct of functions and, as such, enjoy boundedness properties on Lebesgue spaces with
indices related by Holder’s relation. The class BS?, was introduced by Coifman
and Meyer ([18, 19]). If 0 € BS?,(;(]R”), 0 <6 < 1, then T, is actually a bilinear
Calderon-Zygmund operator, and therefore it satisfies a rich variety of other bound-
edness properties including weighted inequalities (consult [3], [5] [39], [43]). For a
number of properties for the Hormander classes BS)'s (R™), including symbolic calcu-
lus and boundedness properties of the associated bilinear operators, see [3, 5, 6, 7, 8]
and references therein. The classes BSY ,,(R"), of which the symbol of the bilinear
Hilbert transform is a prototype when n = 1, give rise to operators with symbols
and kernels that are more singular and that do not fall into the scope of the bilin-
ear Calderén-Zygmund theory. The classes BS]'s,(R") were first introduced in [6]
inspired by their xz-independent versions which originated in the work of Lacey and
Thiele on the bilinear Hilbert transform in [37, 38] and were extensively studied in
[25, 26, 27, 49] and continued in [4, 9, 10, 11].

We summarize in the following theorem a few of the results referenced above.

Theorem C (Boundedness on Lebesgue spaces under Holder scaling). Let py, ps €
(1,00] and q defined by % = p% + p%.

(a) If o € BS);(R") with 0 < 6 < 1 then Ty, is bounded from LP! x LF? into
L%, for every pair of weights (w1, ws) satisfying the Ay, p).q condition and w =
wi]/plwg/m'
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(b) If 0 € BSY 4(R) for some 6 € (0,7)\ {r/2,3n/4} and pil + p% < 2 then T, is
bounded from LP* x LP? into L9. Moreover, there is o € BS?,0;3W/4(R) (respectively,
BS%O;W/Q(R)) such that T, is unbounded from LP'* x LP? into LA.

(c) If o € BSY;4(R) for some 6 € (0,7)\ {n/2,37/4}, 0 < § < 1, is of the form
(6.51) and pil + piz < 3 then T, is bounded from LP* x LP> into L? provided that
T(1,1) € BMO for T equal to T, and its two adjoints.

In this section we prove boundedness properties on Lebesgue spaces for bilinear
pseudodifferential operator with symbols of negative order where the indices relation
is now dictated by the Sobolev scaling. More precisely, the main result in this section
is the following:

Theorem 10. Suppose n € N and consider exponents py,ps € (1,00) and q, s > 0
such that

1 1 1
(6.52) _:__|___£.
q pP1 p2 N
(a) If s € (0,2n), 0 <6 < 1, and o € BS ;(R") U BS;;(]R”) then T, is bounded
from LB} x LF2 into LY for every pair of weights (w1, ws) satisfying the Agp, py).q

condition and w := wg/plwg/m.

(b) If s € (0,n), 6 € (0,m)\{m/2,37/4}, 0 < § < 1 and o € BS;3,(R*)UBS, §,(R")
is of the form (6.51) then the bilinear operator T, is bounded from LP* x LP? into
L1, If in addition % =L 4 p% < 1, then T, is bounded from L%} x L2 into L

p1 w1
for weights wy, wy in the class Ay, and w := w?"w??.

Proof. We start with the proof of part (a). Let 0 < < 1, s € (0,2n), and o €

BS[;(R") U BS| §(R"). The results will follow from part (a) of Theorem A once we
have proved that the operator 7, is controlled by the bilinear fractional integral Z;
as defined in (2.17). T, is given by the spatial representation

Tf0)w) = [[ ke == 2o ya:

where the kernel k is defined by

—

k(x,u,v) :=o(x,-,)(u,v).

We will prove that,

1
(653) |]{?(LU, u, U)| 5 W, U.l'lifOI'l’Illy in xZ,
u v

which gives

muo@ls [f IO i = 207 o o)

and therefore the boundedness properties of T, follow from part (a) of Theorem A.



hal-00587229, version 2 - 21 Apr 2011

BILINEAR SOBOLEV-POINCARE INEQUALITIES AND LEIBNIZ-TYPE RULES 27

Let ¥(£, ) be a smooth function in R*" supported on the annulus 1 < [(£,7)| < 2,

and such that . u
| vesmF =1 €00,

So for each scale t > 0, we have to estimate W(¢-)o(z,+). Integration by parts gives

t—2n+s

\I/'/(—T\fl?a' u,v 5 N
‘(t)( ) )‘ (1+t=(u,v)|)

for every large enough integer N. The factor t* comes from the extra decay (1 + [£| + |n])™° <
t* when taking into account the support of ¥. Then, integration over t € (0, c0) yields

o _— dt o ot dt
m@meA)WWwJ%”—gl L+ o)) ¢

t

—2n-+s > t2n—s dt —2n-+s

Sl [F e T Sl
0

which ends the proof of (6.53).
We now turn to the proof of part (b) of the theorem. If s € (0,n), & € (0,7) \

{m/2,3n/4} and o € BS| §,(R") U BS[§,(R") is of the form o(z,§,n) = oo(z,§ —
tan(0) n) with oy € S 5(R") or og € S| §(R") as appropriate, we consider the following
spatial representation for T, :

Ixﬂw@»zj’Mamﬂx+w«x—mmwymy

n

where the kernel k is defined by

k(x,y) = oo(z,-)(y)-
Following the same reasoning as above, we obtain
k()| S ly*~",  wniformly in ,

and therefore

151, 9)| < Bs(f 9),

with B defined in (2.16). The result then follows from parts (b) and (c) of Theorem A.
U

Remark 6.1. We note that pointwise decay properties of the kernels (and their
derivatives) of pseudodifferential operators with symbols in the Hérmander classes
have been studied in [5, Theorem 5.1]. In particular, it is proved there that if
o € BS§(R"), then (6.53) holds.

As usual, it is possible to get “off-diagonal decays” (which are stronger than global
estimates) for the inhomogeneous symbols: for every ball B of radius 1,

1T6(f, 9lLe) S (Z Q_kNHfHLm(sz)) (Z Q_kNHgHLPz(sz))

k>0 k>0
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for a large enough integer N. Indeed, the case k = 0 follows from Theorem 10 and
the fast decreasing coefficients, k& > 0, from the fast decay of the bilinear kernel, due
to the inhomogeneous condition of regularity (see Theorem 5.1 in [5]).

In the following, we consider the inhomogeneous and homogeneous Sobolev spaces
for indeces @« € R and 1 < p < o0,
WeP(R™) = {f € S'(R") : F7H (1 + )2 f(€)) € LP(R")}
and . A
Wer(R") = {f € S'(R") : F7H([¢]"f(€)) € LP(R™)},
where F~! denotes the inverse Fourier transform.

Corollary 11 (Leibniz-type rules). Let n € N and consider exponents p1, ps € (1,00)
andq,s>08uchthat%:i—l—p%—ﬁ.

p1 n
(a) If s €(0,2n), 0 <6 <1, and 0 € BSTs(R™) for some m > —s then
1T (f; 9)lea S N Fllwmesollgllizre + 1 F o llglwmssrn.
(b) IfneN, s€(0,2n),0<d <1, and o € BS%(R”) for some m > —s then

15 (fy e S 1 llmrsn lgllzre + [l Lo gllyms e
(¢c) If s € (0,n), 0 € (0,7) \ {7/2,3n/4} and o € BSTs,(R™) for some m > —s and
0 <0 <1 s of the form (6.51) then
IT5(f; Plle S W fllwmeseillgllore + [ f Lo [[gllwmrsss.
(d) If s € (0,n), 0 € (0,7) \ {7/2,37/4} and o € BS] 5(R") for some m > —s and
0 <6 <1 is of the form (6.51) then

175 (s Dlle S W F llmesmllgllee + Lo l[gllvirmesss -

Proof. Parts (a) and (c) of Corollary 11 follow from Theorem 10 and composition
with Bessel potentials of order m + s, along the lines of [6, Theorem 2] (see also [31,
Theorem 1.4] and [5, Corollary 8]). Let o be a symbol in one of the classes indicated
in the statements of parts (a) or (c¢) of Corollary 11 and consider ¢ € C*°(R) such
that 0 < ¢ < 1, supp(¢) C [-2,2] and ¢(r)+¢(1/r) = 1 on [0, 00), then, the symbols
o1 and oy defined by

1 2
01(17,5’77) = U(:E,f,n)gb (%:SP) (1 + |,)7|2)—(m+5)/2

and

2
oa(z,&,m) = o(z,&,n) G j; ||Z||2) (1+ [¢[2) o2

are symbols of order —s in the corresponding classes, and the operators 7, T, , and
T,, are related through

To(f,9) = To,(J"f,9) + Ty (f, "),

where J™** denotes the linear Fourier multiplier with symbol (1 + |£]?)(m+5)/2,
Parts (b) and (d) of Corollary 11 follow in the same way using the operators with
Fourier multiplier (|¢| + [n])™". O
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Remark 6.2. The case s = 0 in Theorem 10 for o € BS} 5(R™) or for special cases of
0 € BSY5,4(R) is contained in Theorem C; results for s = 0 remain unknown for the
general case of BSY 54(R) and for the classes BSY 5.(R™) with n > 1. Another result

in the spirit of Corollary 11 is given in [6, Propos1t10ns 3 and Remark 7], where it is
proven that if o € BSY(R"), then T, is bounded from I/VS PLR™) x W4P2(R") into

We4(R™) for p1, po > 1, ¢ > 0, 1 + 5 L<,1= ;n1 —I— — — 2 and s a nonnegative
number smaller than or equal to the largest mteger strlctly smaller than mm(p , p’;)

Remark 6.3. We emphasize the following particular cases of Corollary 11. Let n € N,
s € (0,2n), p1,p2 € (1,00) and g > 0 such that % = pil + piz — 2,

n

o Fractional Leibniz rule under Sobolev scaling. If m > 0

1fgllwma S N[ fllwmesrillgllzes + 1f 2o lgllwmssre.

o Paraproduct estimates under Sobolev scaling. Consider a radial, real-valued
function ¢ € S(R™) such that ¢(§) =1 for |{] < 1 and ¢(&) = 0 for |£] > 3/2. Let

¥ be given by ¥(€) = ¢(£/2) — ¢(€). For f e LY(R™) we set

Si(f) =g;xf and  A;(f) = Sja(f) —S;(f),
where @;(z) = 2"¢(272), j € Z. We also define ¢;(x) := 27")(2/x) and note that
supp(1;) C {€:27 < |¢| <327} For f, g € S(R™) we define the Bony paraproduct

of f and g by
)= A,(f)S;1(9)
JEL
Straightforward computations show that fg = II(f, ) +11(g, f) + > __ Ru(f,9),
where R, (f,9) =2 ;c7 A (f)Aj1m(g) for m = 1,0, 1.
The symbol o of the paraproduct II is z-independent,

/ n / o€ m) (e diy e

Z% &)@l

JEZ

is given by

and belongs to the class BS?O. As a consequence of Corollary 11, we have

ITCE, 9o S 1 i (19l o2+ [LF o 19 llyirsor-

o Lowering the exponents for linear embeddings. It is well-known that in R,
for s € (0,1), W*? is continuously embedded into L? as soon as p < d/s and ¢ > 1
with L1

s

g p d
By the previous approach, we get bilinear analogs: indeed we have proved that
(f,g9) — fg is continuous from W*P1 x WW*P2 into L7 as soon as p < d/s (where p
is the harmonic mean value of py,ps) and ¢ > 1/2. It is then possible to use this
bilinear approach to give extensions of the linear inequalities for ¢ < 1.



hal-00587229, version 2 - 21 Apr 2011

30 FREDERIC BERNICOT, DIEGO MALDONADO, KABE MOEN, AND VIRGINIA NAIBO

Proposition 12. Let consider s € (0,1) and p =1/2 < d/s and q < 1 with
1 1 s 2 s

¢ p d t d
Then for every nonnegative smooth function h, we have
1hllze S NP2 Ree = P2 e0

Proof. We just write h = h'/?2h/? and apply the bilinear inequalities to the functions
f = g = h'/? with the exponents p; = py = t. ]

Such inequalities are of interest since they allow for an exponent ¢ < 1. To do
that we have to pay the cost of estimating the regularity of v/h.
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