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Abstract: In this paper, we present a more detailed version of ourigusvwork for three-particle
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logarithmic approximation and shown to be rather cumbegsom
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1 Introduction

The observation of quark and gluon jets has played a crugialin establishing Quantum Chromody-
namics (QCD) as the theory of strong interaction within th@n8ard Model of particle physics [2, 3].
Jets, narrowly collimated bundles of hadrons, reflect conditiopns of quarks and gluons at short dis-
tances [4, 5].

The evolution of gluon and quark initiated jets is dominabgdsoft gluon bremsstrahlung. Powerful
schemes, like the Double Logarithmic Approximation (DLApahe Modified Leading Logarithmic Ap-
proximation (MLLA), which allow for the perturbative resumation of soft-collinear and hard-collinear
gluons before the hadronization occurs, have been dewkloper the past thirty years (for a review
see [6]). In the frame of high energy jets, one of the strifestictions of perturbative QCD (pQCD),
which follows as a consequence of Angular Ordering (AO) imitthe MLLA and the Local Parton
Hadron Duality (LPHD) hypothesis [7], is the existence of tump-backed shape [8] of the inclu-
sive energy distribution of hadrons, later confirmed by expents at colliders like the LEP [9, 10] and
the Tevatron [11]. Within the same formalism, the transver®mentum distribution, dt, -spectra of
hadrons produced ipp collisions at center of mass energi = 1.96 TeV at the Tevatron [12], was well
described by MLLA [13] and next-to-MLLA (NMLLA) [14, 15] prdictions inside the validity ranges
provided by such schemes, both supported by the LPHD. Thasstudy and tests of enough inclusive
observables like the inclusive energy distribution anditictusive transverse momentutn spectra of
hadrons have shown that the perturbative stage of the moedsch evolves from the hard scale or
leading parton virtualityQ ~ E to the hadronization scal@, is dominant. In particular, these issues
suggest that the hadronization stage of the QCD cascadet@dfact pQCD predictions and therefore,
that the LPHD hypothesis is successful while treating caugtigle inclusive observables.

The study of particle correlations in intrajet cascadesickviare less inclusive observables, provide a
refined test of the partonic dynamics and the LPHD. In [163, tiko-particle correlations inside quark
and gluon jets were first computed at DLA. In [17, 18], thisextvable was computed for the first time at
MLLA for such particles, whose energy or(energy fraction of the jet carried away by one parton) stays
close to the maximum of the one-particle distribution. I8][1he previous solutions were extended, at
MLLA, to all possible values of by exactly solving the QCD evolution equations. This obable was
measured by the OPAL collaboration in tiiee~ annihilation at theZ” peak, that is fog/s = 91.2 GeV

at LEP [20]. Though the agreement with predictions preskint§l 9] turned out to be rather good for the
description of the data [20], a discrepancy still subsisisifing out a possible failure of the LPHD for
less inclusive observables. However, these measurememnésradone by the CDF collaboration i
collisions at the Tevatron for mixed samples of quark andgjets [11]. The agreement with predictions
presented in [17, 18] turned out to be rather good, in pddaidor very soft particles® < 0.1) having
very close energy fractiong{ ~ x,). A discrepancy between the OPAL and CDF analysis showed up
and still stays unclear. That is why, the measurement offiarticle correlations at the LHC becomes
crucial.

By going one step beyond, in this paper we give predictionshiee-particle correlations inside quark
and gluon jets. This observable together with two-pardeelations can be measured in equal footing
at the LHC. Such tests will provide further verifications b&tLPHD for less inclusive observables
and shed more light on the role of confinement in jet evolutiurther issues on the importance of
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correlations versus single-particle distributions stsdiave been presented in [21, 22].

The paper is organized as follows.

e in section 2 we recall the formalism of jet generating fumaéls and their evolution equations;

e the kinematics and the process for the inclusive produatibthree particles inside the jet are
specified in subsection 2.1 and 2.1.1 respectively;

e in subsection 2.2, we obtain the MLLA exact system of intedjfterential evolution equations for
the three-particle correlations and in subsection 2.3sithgle logarithms (SLs) contributions are
obtained from the exact evolution equations;

e in subsection 2.4, we obtain the DLA solution of the evolnteguations and study the shape and
overall normalization of this observable;

e in subsection 2.5 the evolution equations are solved itetgtand the solution are expressed in
terms of the logarithmic derivatives of the one-patrticlstidoution and the two-particle correla-
tions;

e in subsection 2.6, we finally give the analytical predictiamhich will be displayed in order to
provide predictions for the Tevatron and the LHC;

e in subsection 2.7, the hump approximation is applied todhi&ervable;

e in subsection 2.8, the region inwhere the emission of three correlated particles becomes-do
nant is discussed,;

e in subsection 2.9, we give the analytical solution of the Dior-particle correlator and show
that including higher order corrections for differentiagter rank correlators would become a
cumbersome task;

e in subsection 3, the predictions are displayed and the phenology is applied to the Tevatron
and the LHC;

e a conclusion summarizes this work; the appendices areswrits complements of the main core
of the paper.

2 Formalism of the generating functional

A generating functiona¥ (E, ©; {u}) can be constructed [23] that describes the azimuth aveagéoh
content of a jet of energy’ with a given opening half-angl®; by virtue of the exact angular ordering
(MLLA), it satisfies the following integro-differential @tion equation [6]

as (k3)

s

d 1 Lo B
2 (p,©: {u}) = 5};/0 dz o2 (2)

(28 (zp. 03 {u}) Zo((1 = 2)p, ©:{u}) — Za(p.O5u}) )i (@)
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in (1), z and(1 — z) are the energy-momentum fractions carried away by the tfepiafig in theA —
BC parton decay described by the standard one loop splittingtifins [24]

1+ 22 1+ (1—2)2
¢g[gl(z) =COp — Qg[q](z) =COp %, 2)
U9 () = T (22 + (1 - 2)?), @I9(z) =20y (1 ; ‘4 - f —+2(1- z)) NG

Ca=N,, Cp=(N;-1)/2N,, Tr=1/2, 4

where N, is the number of colorsZ 4 in the integral in the r.h.s. of (1) accounts for 1-loop waitu
corrections, which exponentiate into Sudakov form facterg¢?) is the running coupling constant of

QCD
47

as(q2) = qg ’ %)
4Ncﬁ(] 11'1 A2—
QCD
whereAgcp ~ afew hundred MeV's is the intrinsic scale of QCD, and
1 /11 4
= —N,— =nT 6
bo 4Nc<3 3" R) ©)

is the first term in the perturbative expansion of thiinction,n s the number of light quark flavors.

If the radiated parton with 4-momentuin = (ko, k) is emitted with an angl® with respect to the
direction of the jet, one hag:( is the modulus of the transverse triveckar orthogonal to the direction
of the jet)k, ~ |k|© ~ k© ~ 2EO© whenz < 1ork, ~ (1 — z)EO whenz — 1, and a collinear
cutoff k| > Qg is imposed.

In (1) the symboK«} denotes a set gdrobing functions u, (k) with k& the 4-momentum of a secondary
parton of typez. The jet functional is normalized to the total jet produntiross section such that

Za(p,©O;u=1)=1; )
for vanishingly small opening angle it reduces to the prgbimction of the single initial parton
Z4(p,© = 0;{u}) = ua(k = p). 8

To obtainexclusive n-particle distributions one takes variational derivatives o/ 4 over u(k;) with
appropriate particle momenta= 1...n, and seta, = 0 afterwards;jnclusive distributions are gener-
ated by taking variational derivatives around= 1. We introduce the n-particle differential inclusive
distribution, also known as parton densities, as [6]

5

Zatkt, . ks O {u(B)D)| . ()

u=1
Accordingly, we introduce the following notations for gluand quark jetst = G, Q, Q
Z1

n Tn ~(n
Ag)n(z) = — 7Df4)( ~

ﬂ, el %,Y +1nz), Agn)n =z1... angl)(xl, ooz, YY),  (10)
which we will use hereafter;; corresponds to the Feynman energy fraction of the jet takery &y one
particle i”. In the case of three-particle correlations= 3, the observable to be measured experimen-
tally reads
o _ Ay

Aizs A Ay Ay
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2.1 Kinematicsand variables

The probability of soft gluon radiation off a color chargedwing in thez direction) has the polar angle

dependence
sin©dd  dsin(0/2) dO.

2(1—cos©®) sin(®/2) O
therefore, we choose the angular evolution parameter to be

2Fsin(©/2) dsin(0/2)
Y=Ih——— /2 o gy = — 1. 11
n Qo = sin(©/2) ’ (1)
note that this choice accounts for finite angi®gl) up to the full opening half-angl® = =, at which
2F
Yo—r = In—,
© Qo

where2F is the center-of-mass annihilation energy of the proeess — ¢g. For small angles (11)
reduces to

o) d d
Y ~ln 2 Lot
1os Ot T ime

where) = EO, defined as the virtuality of the jet, is the maximal transeemomentum of a parton
inside the jet with opening half-angl®. Moreover, we make use of variables known from previous
works [19, 25],

12)

;O \ Qo

z
f=In—, y=1In , = , (13)
z; Qo Agop
1 I"E@Q xT;
{; =1n — N o=1n =2 Y =Y : 14
i nl‘j’ Yj 2 QO s Ty nl‘j7 ity + i ( )

Since% = d#del’ y could also be used as the evolution-time variable in fortiog quark and gluon
jet evolution equations. Accordingly, the anomalous disiem, related to the coupling constant (5), can
be parametrized as follows

) = 2N Ly = L (15
T ,80(€+y+77ij+)\)
such that,
o for one particle [6], the denominator in (15) is simgly- y + A, with [26] £ =1n Z, y = In ﬂﬁQEf,

n=0;

o for two-particle correlation [19, 25}, + y + 112, with £ = In xil y=In “”25(?1 M2 = In ﬁ—;;

o for three-particle correlatiorf,+ y + 113, with £ = In xil y=In %fl, M3 = M2+ 123 = In L,

xr3

2.1.1 Integration boundsfor three-particle evolution equations

The production of three hadrons is displayed in Fig.1 aftguark or a gluon (A) jet of energy,
half opening angle9, and virtuality @ = E©( has been produced in a high energy collision. The
kinematical variable characterizing the process is giwethb transverse momentuln = zE0; > Qg
(or (1 — 2)E©1 > Qo) of the first splittingA — BC'. The parton C fragments into three offspring such

4
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Figure 1: Three-particle yield and angular ordering insidégh energy jet.

that three hadrons of energy fractions x5 andxg can be triggered from the same cascade following
the condition:
Oy > 61 > 03 > 63, (16)

which arises from the exact AO in MLLA [6]. In particular, teendition®©, > ©, is kinematical rather
than supported by the AO; it states that every collinear mylisoemitted inside the jet of half opening
angle©y. The two variables entering the evolution equationszamad®, such that

From (16) and the initial condition at threshald E©y > 230, > z3EO3 > (Jp, one has

— 50156 = 0<y<ys. (18)

2.2 From singleinclusive distribution and two-particle correlation to three-particle cor-
relation

The evolution equations satisfied by (9) are derived fromMh& A master equation for the generating
. . . 8§27 . .
funct;onal Z4(u(k;)) (1). In this case, one takes the firs! 7y secondm, and finally third
m functional derivatives o¥ 4 (u(k;)) over the probing functions(k;) so as to obtain the
system of evolution equations for 3-particle correlatiofsllowing from (1), after applying the oper-
ator W‘O’au(kg) to both members of the equation, according to (9) and (1®they with the initial

condition (7), it is straightforward to get the coupled systof evolution equations

1
QY = [ d:2ag:) [69) + (QUA—2) - Q) + GR(:)Qs(1 - 2) + Gal2)Q

Z1

+ G021 - 2) + G2(2)QF + G Q11— 2) + Gi()Q8 | (192)

1
G = [ a:221(2) [692) - 269 + G )Ga(1 - ) + G ()Gl - 2
1
1

g
+EREG 2] + [ %) [(2096) - 69) + 20 ()01 - 2)
x1
+ 20 (2)Qa(1 - 2) + 208 (:)Qu (1 - =) . (19b)
The I.h.s. of the equations (19a) and (19b) can be writteha@rcobnvenient form

A®) = AB®) — 434545 — (AY) — A1 Ay) A5 — (AD) — A1 45)Ay — (A — A3A3)4,,  (20)

5
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(n)

whered = G, Q, Q is the leading parton of the jet. Moreover, we have introdube notationsd;
A&")n( 1), where
Agn)n = Agn)n(l) =21...2y,D™ (1,...,2pn,Y),

for the sake of simplicity. The evolution equations for thegte inclusive distribution and the two-
particle correlation are written in [19] in the form

Q= /1 4= 2 5g(2) [(Q(l —-Q)+ G(z)], (212)
G, = /x 1 dz 22 [cbg( )(G(z) - zG) +ny BY(2) (QQ(z) - G)] (21b)
and
Q- Qua), = [ = % a3(a) [62) + (@1 - ) - @)
(610 = Q1) (@21 =) = Qo) + (Ga) = Q) (@1 = 2) - Ql)] . (22a)
(G — G1Gy), = /1 dz %@g(z) [<G<2>(z) - zG(2)> + (Gl(z) - Gl) (Ggu ) - Gg)}
+ /x 1 dz O‘? ny®Y(2) {2 <Q(2)(z) - Ql(z)Qg(z)> - (G<2> - G1G2>
+ (2010 - 61) (2201 - 2) - G|, (22b)

respectively. Making use of the equations (21a,21b) and,22b), one can then construct the total
derivatives[4; A> A3], , [(A(Q) AlAQ)Ag} , [(Ag?,) —AlAg)A2i| : [(A() AQAg)Al] as they ap-
pear in (20), which are to be subtracted, term by term fronsjdseem of equations (19a, 19b) Therefore,
we get the equivalent system for the three-particle cdiogla inside quark and gluon jets:

Q= [ a=%ag) [V + (@00 - ) - @) (232)
+ 5?(1 —2) = Q) (Gs(2) — @s) + (G (=) - QF ) (Qs(1 - 2) -~ Qy)
+ (QF (1 -2 - Q) (Ga(2) — Qo) + (G () - Q) (@21 = 2) — @)
+ (R0 -2 =) (Gi(:) - Q) + (6 (2) - Q) (i1 —2) - Q1)
+ ((Q1 = G1(2)) (Qa(1 = 2) = Q2) + (@2 — G2(2)) (11 = 2) = Q1) Qs
+ ((Q1 = G1(2)) (@s(1 = 2) = Q3) + (@3 = G3(2)) (Qu(1 = 2) = Q1) Q2
+ ((Q2 — G2(2)) (Qs(1 — 2) — Qs) + (@3 — G3(2)) (Q2(1 — 2) — Q2)) Q1]
G = / a2y [CROEEER ) (68 -3 (Gs1—2)-Gs)  (23D)
+ (63 - 63 (61— 2) = Go) + (G (2) - 6 ) (G1(1 = 2) - &)
+ (G1 = G1(2))(G2(1 — 2) — G2)G3 +(G1 = G1(2))(Gs(1 — 2) — G) G
+ (Ga — Gal2))(Ga(1 - 2) — Gy)Gh] + / 4=%n,04(2) [ (209 2) - 6
+2(QF () - 61) (@51 = 2) = Gs) + (2Q1(2)Q2(2) — G1G2)Gy
+2(QF () - 61 (@1 - 2) = G2) + (21 (=)Qs(2) - G1G5)Gy
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+2(QF)(2) = GE)) (@11 = 2) = G1) + (2Qa(:)Qs(2) — G2Gs)Gy
+ (G1 = 2Q1(2))(2Q2(1 — 2) — G2)Gs + (G1 — 2Q1(2))(2Qs(1 — 2) — G3)G
+ (GQ — 2@2(2))(2@3(1 — Z) — Gg)Gl] .

The system of evolution equations (23a,23b), which apmeaasconsequence of the exact AO in intra-jet
cascades, provides the complete theoretical picture dhtiee-particle correlations as a functionagf
and the characteristic hardness of th&jethis is the first new result of this paper. However, sinces¢he
equations could only be solved numerically, we will extrd SLs contribution® (/o) in order to
provide an approximated analytical solution in the follogi

2.3 Approximate evolution equations

Let us start with equation (23a). We proceed to cast all Shitmtions corresponding to hard-collinear
parton splittings in the shower. In the hard parton fragratéon region one has~ (1—z) ~ 1, such that
the second contribution in (23a) can be approximated thr@ugaylor series fom z ~ In(1 — z) < ¢4,
written in the appendix A. Therefore, one obtains the sifigaisystem of evolution equations

1
QY = /x ldz%fbg(z)G(g)(z), (24)
G® = / 1dz%(1—z)c1>g(z)a<3>(z)+ / 1dz%n o4 )[(2@ ) 2 (@ — %)) (25
N g ” fPg\% +< 12)()

X (Qs— Ga) + (201Q2 = G1G2)Ga +2 (QFF) = G ) (Q2 = G2) + 20105 = G1Ga) G

+2(QF - 6) (@1 - 1) + (2Q2Qs — G2G3)Gr + (Gr — 2Q1)(2Q2 — G2)Gy
+ (G1 —2Q1)(2Q3 — G3)G2 + (G2 — 2Q2)(2Q3 — G3)G1,

where we have kept all terms of ord®x,/a;), which contribute to MLLA. In addition, from the DLA
relation Z, = ZgA/NC [27], and EQs.(9-10), one has the useful expressions fositigle inclusive

distribution, two- and three-particle correlations:

o - (% )t it o) + H(E1)(% -2
X GchQGg, ‘ ‘ ’ ’ ‘ (27)

which in turn can be replaced in (25). The two expressionstewriin (26) are known from previous
works at DLA [16, 27], while (27) will be used for the first tinie this context. After integrating over
the regular part of the splitting functions (2), (3) and @)g obtains the integro-differential system of
equationsfiz = 712 + 723),

C 3CF
~ /0 A0 (¢ +33)G (€ ysima) = 3578 (6 + 9s) GO (G, s ma), (28)

~ 4
GP = /o A3 + y3) GO (€, y5ims) — avd (61 + y3) G (G, yzims) + (@ — b)2E (01 + y3)(29)

ay -

X [(Gg) (€1, y3 4+ m23;m2) — G1(l1,y3 +m3)Ga (b1 + n12,y3 + 7723)) Gs(l1 + ms3,y3)
+ (Gﬁ? (01, y35m3) — G1(€1,y3 +m3)Ga(l1 + ma, y3)> Ga (01 + ma,ys + n23)

7
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+ <G§? (01 4+ m2,y3;m23) — G2(l1 + M2, y3 + 123)G3 (41 + i3, ys)) G1(41,y3 + m3)
+ (a — )5 (1 + y3)G1 (1, y3 + ms)Ga(lr + ma, ys + 123) G (61 + i3, y3),

with the following hard constants,

1 [11 4 Cr\ 1 ny=3
— N4 =n TR (1—22E ) "2 0.935 30
a(ny) N, |3 o+ gng R( Nc>:| , (30)
1 (11 4 Cr\ 2] ny=3
b(ng) = N, —onTr (1 —22E =7 0.915 31
(ns) AN |37 3”fR< N>] ’ (31)
1 11 4 Cr\?| n,=3
o) = g | e g (127 ] = oo, (32)

wheren y = 3 corresponds to the number of light active flavors of quarks s. As an example of such
procedure, one could write the example,

a(ny) :/0le {(1—2)(2—2(1—2)) +%(z2+(1_z)2) (14%)] .

The first integral terms of the equations in (28) and (29) &mrdassical origin and therefore, universal.
Correctionsx —2, a, (a — b) and(a — ¢), which areO(,/a;) suppressed, better account for energy
conservation at each vertex of the splitting process, agpaosa with the DLA. Notice that the form of
the quark initiated jet equation (28) is universal at MLLA€S(80) and (82 in the appendix A.1 for the
single inclusive distribution and two-particle corretatirespectively), that is, invariant with respect to
the number of particles considered in the cascade. In thatiegufor the gluon initiated jet (29), the
first and second constantén ;) andb(n ) were obtained in the frame of the single inclusive distiiut
and two-particle correlations respectively [17, 18]. Thed constanic(n ;) appears in this paper for
the first time for the three-particle correlation. In pastér, notice that a certain recurrency shows up
in the coefficients combining the colour factgrs1)” ! (1 - 2]CV—F)n as a function of the number of
particles considered in the shower.

2.4 DLA solution of the evolution equations

In this subsection we compute the leading order DLA contidims in order to provide general features
concerning the the shape and overall normalization of tpesticle correlations. This procedure is
equivalent to cast the leading order (LO) solution of theagigms (28,29). We differentiate (28) and
(29) with respect to”, such that after setting hard correctiors3 /4, a, b, c = 0, the MLLA evolution
equations are reduced to the new DLA compact differentiashégn

. C
(3) — A 2~(3)
AV, = §ie, (33)

with

A O O ) PO

after having setl®) = ij1)23A1A2A3 for the three-particle correlator amﬁ?) = Cfi)j A; A; for the two-

particle correlator. We fix the anomalous dimension to theratteristic hardness of the @t~ E©,
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(13 (E©y) = const) and solve this equation iteratively by derivating thes.tof (34) with respect té
andy, such that the solution of (33) reads

(€9, =1) = (€8, - 1) = (8, - 1) = (e, - 1) (35)
N (€8, 1)+ (e —1) + (¢7 -1) 2 .
" Ca 24+ Apg + Ay + Aoy C—i2+512+513+A23’

which have been written in terms of the logarithmic deriesiof the one-particle spectrum,

X _ 1 04; 1 04;
By =" (auebasy +¥asbase) . Yae= 755 Yaw= 15 (36)

and the DLA two-particle correlator [6, 16] (for a review ssdso [28])

@ g Ne 1
CAU CAl—i-Aij.

(37)

The dot ove (™ differentiates the DLA correlators from the MLLA correlasambtained below. In DLA
however, since the single inclusive distribution satisfles: %G [27], one has

in,Z = wGi,Z = 1/%‘,27 in,y = wGi,y = wi,y-

That is why, we will use the much simplest notation, , = v, ¥a,,y = Viy- Itis worth giving the
order of magnitude of some quantities that will be considéneforthcoming calculations. In DLA, the
one-particle inclusive distribution can be written 45/, y) o exp (2y0v/Cy) asymptotically for fixed
running couplingy, = const [27]. Though the solution with fixed coupling constant pdmsg general
features of the single inclusive distribution, it is not aghb for the description of a more realistic picture
at colliders. However, from its simplicity, it can be usedjtee the order of magnitude of terms involved
in the solution of the DLA and MLLA evolution equations. Thésre, making use of (36), one has

Va0 =00), Yay=0m0), Yaw=03), Yay =000, Yauy=003),  (38)
Ay =0(1), Ajje=0(5), Aijy = 0(p), (39)

wherey 4, ¢, VY4, 0y @aNd1y, ., are double derivatives ap4, = In A;(¢,y). The DLA solution (35)
describes the following picture: the first teffs —1) in the |.h.s. translates the independent or decor-
related emission of three hadrons in the shower like depileyeFig.2a. After inserting the two-particle
correlator (37) in the I.h.s. of (35), terms JCV—A correpond to the case where two partons are correlated
inside the same subjet, while the other one is emitted intbigrely from the rest like in Fig.2b. Next, re-
placing (37) in the r.h.s. of (35) one obtains a contribuﬂo% described by Fig.2c, where two partons

are emitted independently inside the same subjet. Thedamtt g_?j depicted by Fig.2d, involves three
particles strongly correlated inside the same partoniavehand corresponds to the cumulant of genuine
correlations. Actually, this interpretation has been giafter computing the color factors of such Feyn-
man diagrams describing the process, normalized'hyn the end. Notice that diagrams displayed in
Fig.2c and Fig.2d present the same color factors but diffdrerentz structure. In both cases, the DLA
strong AOO > ©' > ©” and strong energy ordering > z» >> x3 are necessary conditions satisfied
by (33) [29].
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[z

Figure 2: Three particles emitted inside the shower witloictdctors for the square of the amplitudes:
C3%, C%4N., CAN? andC4N? for a, b, ¢ and d respectively.

@ A

Performing the steepest descent evaluation of the DLA siimgtlusive distribution from an integral
representation, which was written in Mellin space in thexf¢i6, 27],

o) 1/Bo(w—v)
G(L,y) €+y+)\// dwdv wf+vy/ ds (z’(”“)) e, Q:%G (40)
0

2mi)? v+s \(w+s)v

and which accounts for the running of the coupling the energy of most particles inside the jet was
proved to be close to the maximum of the distribution, whichpes like a Gaussian in this region [27],

3 (i — lmaz)? Y
\/% Y3/2 :| ) gmax ~ 5 (41)

From this method [16], the expressions of the logarithmidvdéve of the one particle distribution were
written as,

Ai(4;,Y) ~ exp {—

Vi o(pei, vi) = ol iy (p,v) = yoe M. (42)
such thatA;; and the correlator were given in the form [16],

5(2 N, 1
Aij = 2cosh(p; — v;), Cﬁll bt C4 1+ 2cosh(; — ) (43)

respectively, wheréu;, v;) were related t@/;, y;) through the 2x2 non-linear system of equations [16],

yi —€;  (sinh2p; —2p;) — (sinh2v; — 213)  sinhy;  sinhypy (44)
yi + 0 2(sinh? y1; — sinh? ;) ’ VA VEGFyi X
Therefore, the DLA three-particle correlator reads in #pproximation
5(3 5(2 5(2
61(41)23 = 1 + <Cz(41)2 - 1> + <Cz(41)3 ) <CA2)3 ) (45)
5(2) (2) (2)
n N, <CA12 > <CA13 ) (CAQS )
26’54 1 + cosh(py — po) + cosh(py — ps) + cosh(ug — ps)
N, 1
_|_ C

2C% 1+ cosh(u — pg2) + cosh(py — p3) + cosh(pg — pg)”

with Cii)j extracted from (43). Taking £; — e |< o o Y32 fori = 1,2,3, one has in this
approximation (see appendix C.2)

10
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so that,

0 — 0o\ 2 01 — 03\ 2 ly — 03\ 2
A12+A13+A23%6+9<1Y2> —|—9<1Y3> —|—9<2 3)

Y
B In(xg/x1) 2 In(xs/x1) 2 In(x3/22) 2
_6+9[1H(Q/Qo)] +9[1n<@/@0>] +9[1n<@/@0>] - @

Therefore, the shape of the three-particle correlator eaexipected to be quadratic as a function of the
difference(¢; — ¢;), as for the two-particle correlator. Thus, the correlatostrongest when particles
have the same energy = 2, = x3.

Moreover, the decreasing behavior of the correlator as @am®mp gets much harder than the others
x; > x; shows that QCD coherence effects dominate this region opliase space as interferences
between such gluons occur. New kinds of contributions liledne in the first term of the r.h.s. of (35)
appear in this context.

The overall normalization of the-particle correlator is fixed by that of the same rank muittip}-
correlator determining the multiplicity fluctuations idsithe jet [16],

(n(n—1)...(n—k+1))
(n)*

CA(Ak)(xlw . 7'%.16) S

Then, one has
2

c (3) N. NC
1< == . 48
3CA’ CA (.171,.172,.173) = CA + 4Ci ( )
These bounds can also be obtained by setfitig;, z;) = 2 (for z; = ;) in (37) and (35) respectively.
Since DLA neglects the energy balance, it is not realistit does not provide the real physical picture

of any jet process in the frame of jet calculus.

Cf)($1,$2) -1 S

2.5 Iterative solution of the evolution equations

As we can see, the computation of three-particle correlati@quires a mastering knowledge of the
one-particle inclusive energy distribution and two-paeticorrelations. The behavior of the two-particle
correlators as shown by these solutions was proved to beafias a function of/; —¢;) and increasing
as a function of¢; + ¢;) like in the Fong-Webber approximation [17,18]. Howeveg $iolutions (92,93)
(see appendix A.1) were shown to better account for softrglumherence effects, by describing the
flatting of the slopes ag{+ ¢;) increases. In [25], the solution was obtained by the sttegpescent
evaluation of the spectrud; (¢, y), while in [19], the evaluation was performed by taking thpression

of G;(¢,y) given by (89) in the appendix A.1. In [19], the solution of #eolution equations for two-
particle correlation were obtained from the differentiarsion of the equations (90,91) ovérand y
written in the appendix A.1. Therefore, in this subsectiwn,will make some transformations in order
to simplify this cumbersome task without adding furtheoimfiation. In the appendix A.1, we briefly
summarize what should be known in order to complete the isoluf the evolution equations for the
three-particle correlations.

Differentiating (28) and (29) with respect td”, one has the differential system of evolution equations

11



hal-00587196, version 1 - 19 Apr 2011

for three-particle correlations,

@§2)=7§G(3)—a7§( ~63G )(a—b)'y%{KG(Q) G1G2 ) G (50)

+ <G§?—G1G3) G2+<G( G2G3) GIL Bo2 [(G% G1G2> Gs
+ (61 = G1Ga) Go + (G — GG ) G| }+(a=)d [(G1GaGn)i— B3 G1GaGi]

which is written in this paper for the first time. The equati{®) is self-contained and can be solved
iteratively like (33). For this purpose, one sét§®) = Cg’l) G1G>G3 and G(Q) = 0(2)G Gj in the
left and right hand sides of (50), such that the solutioniabthin the appendlx B can be written in the

compact form

3 2 2 2 2 2 2 3
Cony — 1= (&), — 1) + (&), —1)r3) + (e&), - 1)) + F, (51)
where,
(2)
NS NG
) Gij 3) G
J Dg) 123 Dg)
with
NGy =1 =b (Yo + e+ tse = Bond) —ale+ (a— b +&7 +05 —e1—e2,  (530)
Dg) =24 App + Az + Aoz + ale + 2aBor + €1 + €2, (53b)

N =1 = ¢ (dre + o + e — Bord) — ale+ (a— b))k + xi® +x3%) + (612 + 6% (53¢)
+ (67 +8°) + (67 +65°) — et — o,
Dg’) = Dg) =2+ A1z + Arz + Aoz + aly + 20807 + €1 + €. (53d)

The solution (51) can be checked to recover the DLA resul} if3Sde a gluon jet, that is fat's = N,
Since DLA neglects recoil effects at each splitting insige tascade, one should expect the DLA three-
particle correlation to be much larger than MLLA predicsaand therefore to overestimate the data. We
introduce the following notations and give the order of nmiagle of each contribution following from
(38) and (39),

) &
C lncé'l)zs’ C - 1237 - O(’YO) Cy ﬂ = 0(73)7 (54&)
G123 G’123
vy )
Xg] = C(;J)7 = 0(73)’ ngf = C(;Jiy = O(ryg)’ (54b)
Gij Gij
i LT ii
i = 2 [Xe] (V1,y + Yoy + ¥3y) + X (V1,0 + o + ws,z)] = O(0), (54c¢)
0
i L (i i
o = 2 (x/xyj + x/,y> = 0(%), (54d)
1
€1 =2 [Ce(P1,y + P2y +13y) + Gy (1, + P20 + ¥30)] = O(70), (54e)
0
1
(Cz(y + (oy) = O(%)- (54f)

12
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The solution of the gluon evolution equation for the con@iaan be either obtained numerically by
solving (50) or by performing the evaluation from the prexdasolution (51). However, in this paper,
we will directly compute the solution (51) from the steepdsscent method introduced in [25] and
make some approximations in subsection 2.6. Accordingjg, dolution of (49) is also obtained in
the appendix B by settin@®) = 05’123@1@2@3 and Qg = C 2) Q Q; in the L.h.s. of (49) and
GB) = Cg’l)%GngGg in the r.h.s. of the same equation, such that,

(3) _ (2@ ;(2) (2) [(2) (2) (2) | 7(3)
CQ123 1= (CQ12 B 1> F12 + (Cle B 1> F13 + <CQ23 - 1) F23 + F12 ) (55)
where,
®) o NG
Y =14 =2 pi =% (56)
ij 2 123 (3)°
DQ DQ
with
NG =&+ —&1 - &, (57a)
D@ _ A A A Qiey . .
Q =AR12tA+ 23+272Q+61+62’ (57b)
i 10t
C 3 G1G2G 1
NG = FC( [1—— + o + a0+ Co — 2}712?# 244812 (57c
Q Chos 1 (V1,6 + 20 + 3.0+ Co — Bop) 0,0,05 (&1°+03%)  (57c)
+(EP +05°) + (6 + 43 )—61—627
Dy = é’—A12+A13+A23+Z ;g a+ (57d)
where one find the list of corrections,
O oo
(=mCP),, G=-2L0(}), &=-222 - 0(p), (58a)
Q123 CQ123
s o
Y=o = o(g), xi = C(—;)y = 0(3), (58b)
Qij Qij
oy 1 [ »
= 2 [X/ (VQ1y + Yoy + VQs) + Xy (V@i + Yaae + 7/%23,6)} =0(n),  (58¢)
0
59— L (wiicii o 21 _ o(a2 5ad
5 Xi' Xy + Xiy (70 (58d)
'Y
4= [Q(le’y + ¥Quy +%Qsy) + Cu(WQue + Qur T YQue )] = 0(), (58e)
0
) (ny +Gy) = O0R). (58f)
0

The order of magnitude of these terms follows from (38) arfi).(Fetting all corrections to zero, one
recovers the DLA solution (35) faf'y = Cr. The solutions (51) and (55) of the evolution equations en-
tangle corrections of ord&?(vy) andO(»3), which are MLLA and NMLLA respectively. Furthermore,
every term in (51) and (55) can be associated to a Feynmaradiaaf Fig.2 as was explained in subsec-
tion 2.4. The functlonsFl(Qg andFl(23 in (51) and (55) correspond respectively to the cumulantoiine
correlations associated to the process displayed in FiglF&y.2d. These contributions, (54a-54f) and
(58a-58f) are small corrections arising from the iteratio@ution of the evolution equations because one
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takes the derivatives over the functiafis= In C'g’l)%,f =1In C'g’l)% andy” = In C'(G2i)j, ¥4 =1In Cg}j for
both quark and gluon jets. For the evaluation of such camestone needs to take the DLA expressions
of C'fl)% andc'i)i written in (35) and (37) respectively.

2.6 MLLA approximation and evaluation by the steepest descent method

In [19], the exact solutions of the two-particle evolutioquations were compared with the MLLA so-

lutions from the steepest descent method for the one madistribution. The agreement between both
approaches was successful and made possible the fast atioputf the correlators from the steepest
descent. That is the reason for in this paper, we limit oueseto this method. Making use of the ratio
(87), itis easy to demonstrate that,

You =+ O0M), oy =1, +002), Ay "™ Ay +0M). (59)

Dropping corrections of orde®(+3), which go beyond the MLLA approximation, we obtain for the
gluon jet

mila 1- b i -
Fi(JQ) fla ) (V10 + oo +b30) + &5

60
2+ A+ A+ Az +e (60)
F(3) mila 1—c(Pre+top+bsg) +E2+ &3 + 683 - -
% 2+ A+ A3+ Az + €1
and for the quark jet
F2 mlla &9 & -
i 3+ Ag+ A+ Aoz —a(P1p+Pae +b34) + &1

F(3) mila NZ CG1)23 (1 —a(re+oe+30)] +E2+EB +E8 e

123 - A2 . (63)

C% 3+ A1+ A3+ Doy —a(Wre+ o+ hse) + €

The subtracted termg —a in the denominators of (62) and (63) appear after havingaoegl (87) and
(88) in (57b) and (57c¢) respectively. Such simplified expimss are useful for the steepest descent eval-
uation that proved successful while describing the singttusive distribution and two-particle correla-
tions in [25]. Except the MLLA corrections andf? , all the other corrections and functions appearing
in the solutions of the evolution equations were obtaind@%), which will allow for the straightforward
computation of the three-particle correlators in quark ghubn jets. We write some of these formulee
for the evaluation in the appendix C. Integrating the equa(B1) over %", the solution for the single
inclusive distribution is given by the following integrapresentation in Mellin space [25],

dwdv o0 Y /OO ds w(v + s) 1/Bo(w—v) ” a/Bo .
ewltv s 4
G(fy) €+y+)\ // 271'@ 0 V+s (W+S)V U+ s e (64)

The integral representation (64) was estimated by the estajescent method at small < 1 and
high energy scal€) > 1; the approached solution was compared with the exact enl89) (see
the appendix A.1) in the limiting spectrum (= 0) and beyond X # 0). In particular, (64) was also
demonstrated to be equivalent to (89) for= 0 [19]. The agreement between the approached and
exact solutions turned out to be good, such that the follgweixpressions of the approached logarithmic
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derivatives from the steepest descent method were suit¢itef@valuation of the two-particle correlators
[25],

1 . .
Vi o(piy vi) = yoe + §ng {e“iQ(,ui, v;) — tanh v; — tanh v; coth p; (1 + e Q (i, 1/@))] (65)

- %5073 [1 + tanh Vz'<1 + K (i, Vz')) + C(pi, i) (1 + e Q (s, Vz‘))] +0(13),

1 A A
Yiy(p,v) =y0e 1 — 5@73 [2 + e " Q(ui, v;) + tanh v; — tanh v; coth ,ul-(l + e M Q (i, 1/@))}

— %5073 [1 4+ tanh 1/2(1 + K (4, I/Z)) — C(ps, i) (1 + e*“iQ(ui, 1/2))} + (’)(*yg), (66)

where the functions) (u;, v;), C(us, v;) and K (;, v;) are defined in the appendix C. The tesma in

(65) and (66) accounts for energy conservation while ¢h&t accounts for the running of the coupling
a. The variablegy;, v;) are related t@/;, y;) through the same 2x2 non-linear system of equations (44).
After inverting (44) numericallyy; (¢;, y;) andy;(¢;, y;) can be plugged into (65) and (66) so as to get the
logarithmic derivatives of the single inclusive spectrusradunction of the original kinematical variables
£; andy; as it was done in [25]. The MLLA two-particle correlators éived in (51) and (55) are (108)
and (109) and are written in the appendix C. These exprestiave been taken from reference [25].

Corrections{{j , ? andep, €; are new for three-particle correlations. Such expressaasexplicitly
written in the appendix C.1 from the steepest descent eNafuaf the single inclusive distribution
(64). They are small and decrease the three-particle atorefor /; # ¢;, that is when one parton
is much harder than the other. Notice that the steepest miasethod constitutes the only way for the
disentanglement between MLLA(,/a;) and NMLLA O(a,) corrections appearing in the solution of
the evolution equations for the two and three-particlealations. It makes also possible to distinguish
between corrections following from the energy balance aedtinning effects of the coupling constant
a. Finally, this method also allows for the application of tmemp approximation or Fong-Webber
expansion of the solutions with MLLA(,/a5) accuracy [17,18].

In this frame, the role of MLLA corrections should be expécte be larger than for the two-particle
correlations. Indeed, higher order corrections increaiie tlve rank of the correlator, which is known
from the Koba-Nielsen-Olesen (KNO) problem for intra-jatltiplicity fluctuations [28, 30, 31]. For the
2-particle for instance one has—b(v ¢ + 12 ¢) and for the three-particle correlator one gets the larger
correctionoc —c(v1,¢ + Y20 + P34).

2.7 Hump approximation

From the steepest descent evaluation introduced in [258},the hump of the single inclusive distribution
|6 —Y/2|< o Y32 fori = 1,2,3, correctionst’’, £/ ande;, ¢ could be written in the symbolic
form (see appendix C.2),

iz (=4 2
160 = % Y + O(75), (67)

3 0 — 0o\ 2 0y — 03\ 2 Oy — 03\ 2
ai=(252) et (A52) w0+ (B52) 0+ 00D, (68)

such that both can be neglectgd ~ 0, e; ~ 0 in this approximation, likey”/ was also in [25]. In the
appendix C.2, following from the steepest descent methmekpressions of (53a-53d) are given and

15



hal-00587196, version 1 - 19 Apr 2011

(57a-57d) expanded itya;. In particular, the expressions (128e) and (128g), aftergoexpanded in
~9, can be demonstrated to recover the Fong-Webber resulteddmwo-particle correlations [17, 18].
Replacing the expressions (128a-128j) into (51,52) ancb@5one finds those for the three-particle
correlators in the Fong-Webber approximation [17, 18].sTolution will be compared with that from
(61) and (63) after making use of (65) and (66) in subsection 3

2.8 From twotothree-particle correlationsin the small x region

In [19], the sign of the two-particle correlat(ifﬁf) — 1 > 0) was studied as a function efin the region
of the phase space where the two partons (hadrons after imgstie LPHD) are strongly correlated.
From the previous inequality, it turned out that two partenth ¢; = 2.6 (z; < 0.07) at LHC energy

scales (i.e.Q = 450 GeV, see subsection 3) are correlated as they are emittedtfre same cascade
following the QCD AO. Asymptoticallyy’ — oo, one had; = 4.5 (z; < 0.011).

For three-particle correlations we study the sign of the uamt of the genuine correlatd?g’é > 0and
determine the approximate regionarwhere diagrams displayed in Fig.1 and Fig.2d become dornhinan
One has,

1—c(Pre+oe+ 130 + &7 +E° +6° — e > 0.

However, correctionsij, €1 have been shown to be negligible and to vanish for partide®l the same
energy momentum. Thus, we rather study the sign of

1—c(re+20+13e) > 0.

Making use ofy, = 70\/% = Y04/ % for the sake of simplicity, one has,

Y —¢ M 9c?
Y

Thus, for LHC energyy” = 7.5, the value of/(z) where the cumulant becomes positive turns out to
be /¢ = 4.3, which in x corresponds ta < 0.014. AsymptoticallyY — oo, one has/; = 10.1

(z; < 4.1 x 1079). Therefore, there exists a rangeziwhere the observab[égé is dominated by the
emission of two correlated partons emitted independentiyn fthe third one, that i8.014 < = < 0.07

for diagrams Fig.2b and Fig.2c; far < 0.014, the process will be dominated by three particles emitted
from the same partonic cascade following the QCD AO desdribd=ig.2d. Asymptoticallyy” — oo,

one hast.1 x 107° < z < 0.011 for diagrams Fig.2b and Fig.2c, and< 4.1 x 10~° for Fig.2d. These
values will indeed justify our choices for the representaif the three-particle correlations as function
of (z1, z2,x3) in subsection 3.

2.9 Beyond three-particle correlations

It is worth reminding that the LPHD hypothesis has also beamfronted to multi-particle factorial
moments up to the 5th order in the experimental studiep ahde*e™ collisions at HERA [34] and LEP
[35] respectively, where it was found that the LPHD hypoihéeces difficulties when it is applied to soft
multi-particle fluctuations. In this work the studies arerigal out by using the momentum and transverse
momentum cuts in order to test the MLLA soft limit calculat®[33]. The theoretical computation of
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multiplicity correlators or multiplicity fluctuationgn(n — 1) ... (n — k + 1)) was performed in [32] at
MLLA up to the rankk = 5 of the correlator.

However, performing these calculations for higher rankedéntial inclusive correlators, related to the
previous ones by the integral

(n(n—l)(n—k+1)>A:/dm1dxkxlmkDXC)(xl,,mk,Y)

becomes rather cumbersome. As an example, in this subseet® display the DLA equation and
solution of the 4-particle correlator. The DLA equationdsa

~(4 Ca 4
A(12)34 N, 'Yg G§2)347 (69)

whereA has been defined in the appendix D in (129). The solution gf\6 the definition ofA (129)
reads,

(70)

N_§2H2 (6(3) C(z)) N3 H, (0(3) C(Z))
C

N .
cV—1==H, (¢?)+
A 1< > % C33+A12+A13+A14+A23+A24+A34

Ca
where the functiongi,, H, and H3 are written in the appendix D in (130), (131) and (132) retpely.
The solution (70) can also be interpreted in terms of Feyndiagrams contributing to the emission of
four hadrons inside the jet. Accordingly, the tetmcﬂ correspond to the casé — 12(34) where
two offspring are correlated while the other two are emittetbpendently; as a consequence it depends
only on the two-particle correlator. The second temng—g is associated to the casds— (12)(34)
and A — (123)4, which translates into either emitting two sub-jets witlotparticles correlated within
each, or emitting three correlated partons like in Fig.hvaihother independent emission. Finally, the
termoc after settingHs; = 1+ ... corresponds to the full correlated emission of four offisglinside
the same shower The inclusion of SLs corrections to (70)ldvbe cumbersome and stays beyond the
scope of this paper. On the other hand, the computation fefrdiftial higher order rankij correlators
at MLLA would imply the failure of the perturbative approabbcause of the increasing size of higher
order correctionsc (¢ ¢+. .. Y1) = O(\/a5). Hence, for higher ordekr correlators, the small range
where MLLA predictions stay valid gets reduced even at higérgy scales, such that (see subsection

2.8)
k2 M
Ck > k

with
1 |11 4 Cr

N+ (=1 Zn TR (1 - 2=

w, |3 Nt CUigny R( Nc>

C —

3 Predictionsfor the LHC and phenomenological consequences

In this section, we perform theoretical predictions foetuparticle correlations for the LHC. We display
the MLLA solutions (51) and (55) of the evolution equatioBf) and (49) respectively. We compare
the DLA solution of the evolutions equations from sectiof\&ith the MLLA solution from the steepest
descent evaluation of the one-particle distribution insadtion 2.6 and the solution from the hump
approximation in 2.7. Thus,
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e the DLA solution is computed by plugging (43) into (45);

e the MLLA solution from the steepest descent will be dispthyy substituting the MLLA two-
particle correlators (108), (109) and the functions (66),){ (62) and (63) into (51) and (55) for
gluon and quark jets respectively;

e the MLLA hump approximation will be displayed by plugging2@a)-(128)) into (52) and (56)
and finally (51) and (55).

In particular, the computation of the DLA and MLLA solutiofrem the steepest descent needs the prior
inversion of the system of equations (44) in order to obtainy; ) as functions of the original kinematical
variables (;,y;). The correlators are functions of the variablés y;) and the virtuality of the jet

Q = EO,. After settingy; = Y — ¢; with fixedY = In(Q/Qo) in the arguments of the solutions (51)
and (55) the dependence can be reduced to the foIIovmgg:3 (01,02,03,Y) andcg’l)23 (01,09,03,Y).

3.1 Predictionsfor thelimiting spectrum A = 0

In this subsection we give predictions within the limitingestrumA < 0.5 for charged hadrons mostly
composed by pions and kaons.

In Fig.3, the DLA (35), MLLA hump approximation from subsiect 2.7 and MLLA (51) three-patrticle
correlators are displayed, as a function of the differeffge- ¢3) = In(x2/x;) for two fixed values of

l3 =1In(1/x3) = 4.5, 5.5, fixed sum(¢; + ¢3) = |In(z122)| = 10 and finally fixedY” = 7.5 (virtuality

@ = 450 GeV andAgcp = 250 MeV), which is realistic for the LHC phenomenology [13]. Tvelues

ls = In(1/x3) = 4.5, 5.5 (x3 = 0.011, 23 = 0.004) have been chosen according to the range of the
energy fractionz; < 0.1, where the MLLA scheme can only be applied and in particutse, range

z < 0.014, where the cumulant correlat;b?l(zg,) is dominant (see subsection 2.8).

In Fig.4, the DLA (35), MLLA hump approximation from subsect 2.7 and MLLA (51) three-particle
correlators are displayed, in this case, as a function otime (¢; + ¢3) = |In(x122)| for the same
values of¢s = In(1/x3) = 4.5, 5.5, for z; = x9 andY = 7.5. The ranger.0 < |In(z122)| < 13.0 has

been chosen according to the conditiorf 0.014 discussed in 2.8.

As expected in both cases, the DLA and MLLA three-particleralators are larger inside a quark than
in a gluon jet. Of course, these plots will be the same andntieegretation will apply to all possible per-
mutations of three particles (123). As observed and writgove, the difference between the DLA and
MLLA results is quite important pointing out that overallroections inO(,/a;) are quite large. Indeed,
the last behavior is not surprising as was already obsermatieotreatment of multiplicity fluctuations
of the third kind, where [32]

(n(n 3)52 206 _ 9951 - (1.425 — 0.021n;) /@3],
n(n— 1)1 — )}
%

(n

. — 4.52[1 — (2.280 — 0.018n) /) -

For instance, for one quark jet produced at #ifepeak of theet e~ annihilation (Q = 45.6 GeV), one
hasa, = 0.134. Replacing this value into the previous formula for a quatkmultiplicity correlator,
one obtains a variation from 4.52 (DLA) to 0.83 (MLLA). Thatane of the reasons for DLA has been
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Y=1.5;A=0.1; |Ln(x,x,)|=10 Y=7.5;A=0.1; |Ln(x,x,)|=10

—— DLALN(Ux)=45 | | ——— DLALn(Ux,)=45
- - -DLALN(l/x))=55 - - —DLALN(1/x)=55
351 Hump Ln(1/x,)=4.5| | Hump Ln(1/x,)=4.5
325} Hump Ln(L/x,)=5.5
— MLLALn(1/x )=45| |
- - -MLLALN(Lix,)<55 3
2.75¢ ] 50 = = = MLLALn(1/x,)=5.

8o 25f 1 8o

[§) © /\
2.25/___,____\\ 4r : : ]

2

175k

3.75¢

6 : Hump Ln(l/xs) 3
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Figure 3: Three-particle correlations inside a gluon jeft{land a quark jet (right) as a function of
@1 — 52 = ln(.%'g/l'l) for @1 + 52 = lln(xlxg)\ = 10, @3 = ln(l/mg) = 4.5, 5.5, fixedY = 7.5 in the
limiting spectrum approximation = 0.

known to provide unreliable predictions which should notthenpared with experiments. From Fig.3,
the correlation are observed to be the strongest when leartiave the same energy = z; for fixed

x; and to decrease when one parton is much harder the othersednih this region of the phase
space two competing effects should be satisfied: on one lharaiconsequence of gluon coherence and
AO, gluon emission angles should decrease and on the othdr tiee convergence of the perturbative
seriesk, = z;E©; > Qo should be guaranteed. That is why, as the collinear cut-afampeterQ)

is reached, gluons are emitted at larger angles and degtructerferences with previous emissions
occur. Moreover, the observable increases for softer pssdthx3 decreasing, which is for partons less
sensitive to the energy balance. In Fig.4 the MLLA correlagi increase for softer partons, then flatten
and decrease as a consequence of soft gluon coherencajusgppfor three-particle correlations, the
hump-backed shape of the one-particle distribution. Beeanf the limitation of the phase space, one
hasC® < 1 for harder partons. Finally, in Fig.5, we display the thpeeticle correlators as function
of the sum| In(z z9x3)|, for x; = x2 = x3; when compared with Fig.4 and Fig.3, the correlators are
shown to be larger. That is why, and as expected, the cametaare the strongest for particles having
the same energy-momentum = x, = z3. In these figures, the MLLA hump approximation is seen
to become larger than the DLA correlator for smaller values than those close to the hump region,
which is unphysical. This is due to the fact that this appr@ation should not be trusted beyond the
hump region ¢ — Y/2 |< o o« Y?/2,3Y/2 = 11.25 in this case.

The MLLA hump approximation from subsection 2.7 is obsertete larger than the MLLA solution
from the steepest descent of the one-particle distributitnone should bear in mind that this is only
an approximation made for the sake of clarity in the intagiren of the solutions. In particular, from
Fig.3 one can observe a smoother descent for the slope obtheators in this case than that given from
the more exact steepest descent. This difference comedfimnole played by the iterative corrections
displayed in Fig.8, which decrease the correlators away flee hump region when one of the partons
becomes harder than the others. Near the maximum z; of the correlators, the difference between
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Figure 4. Three-particle correlations inside a gluon jeft{land a quark jet (right) as a function of
01 + by = |In(zy22)| for 1 = x9, f3 = In(1/x3) = 4.5, 5.5, fixed Y = 7.5 in the limiting spectrum
approximation\ ~ 0.

the two approaches @ <f/—iﬂo) and should decrease foy — 1, according to (68).

3.2 Predictions beyond the limiting spectrum X # 0

The approximated evaluation of the one-particle distrdsufrom the steepest descent method made
possible the evaluation of the two-particle correlatioagdnd the limiting spectrum approximation, that
is for Qo # Agcp. Accordingly, it makes also possible the evaluation of tiree-particle correlators
681)23(61,62,63,1/) andcg’l)%(fl,@,&,i/) beyond this limitA # 0. This parameter, also known as
hadronization parameter, guarantees in particular theecgance of the perturbative approach< 1.

In Fig.6 and Fig.7 we display the same set of curves beyondirthitng spectrum § = 1.5) as in
Fig.3 and Fig.4 in the limiting spectrum\ (~ 0), with the exception of curves coming from the hump
approximation. The value of in this case was evaluated f@f, ~ 1 GeV, which corresponds to the
proton mass, andgcp = 250 MeV. As observed the correlation increases witand the range where

C®) > 1 becomes larger in this case.

4 Conclusions

In this paper we provide the first full pQCD treatment of thpegticle correlations in parton showers
and a further refined test of the LPHD within the limiting sppam approximation and beyond. The
evolution equations satisfied by this differential obsbl@ahave been obtained for the first time and
the differential version of the equations has been solvexdtively. It has been possible to interpret
the analytical solution in terms of Feynman diagrams dbswgithe process and to evaluate it from the
steepest descent method applied to the single inclusitrébdison. The correlations have been displayed
in the ranger < 0.014, where the process is dominated by three particles emitbad the same partonic

cascade following the QCD AO described in Fig.1 and Fig.2drttfermore, four-particle correlations
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Figure 5: Three-particle correlations inside a gluon jeft{land a quark jet (right) as a function of
0+ Ly + U3 = |In(x12923)| for 21 = x9 = x3, fixedY = 7.5 in the limiting spectrum approximation

A~ 0.

Y=75;N=15; |Ln(x1x2)|:10

25

2.25F

=~ 9
Lo 1757
[@)

15f

1.25

— DLALn(U/x)=4.5
- - - DLALn(l/x)=55
—— MLLALn(Ux,)=4.5

- = = MLLALn(1/x)=5.5

-----
-~

~

Ln(lex 1)

Y=75;N=15; |Ln(x1x2)|:10

45
4k
35
o
=~ 9
Lo 3
[@)

— DLALN(Ux)=45
- = - DLALN(Ux)=55
—— MULALN(U/x)=45

- = = MLLALN(l/x)=55

-2 -15 -1 -05 0.5 1 15 2 25

0
Ln(lex 1)

Figure 6: Three-particle correlations inside a gluon jeft{land a quark jet (right) as a function of
b — 4ty = ln(xg/ml) for {1 + 49 = lln(xlxg)\ =10, {5 = ln(l/mg) = 4.5, 5.5, fixedY = 7.5 in the
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Figure 7: Three-particle correlations inside a gluon jeft{land a quark jet (right) as a function of
01 + by = |In(zy22)| for 1 = x9, f3 = In(1/x3) = 4.5, 5.5, fixed Y = 7.5 in the limiting spectrum
approximation\ = 1.5.

have been computed at DLA so as to show that the inclusiongbfeiorder corrections for more than
three particles would rather be a cumbersome task. Thelatores have been shown to be strongest
for the softest hadrons having the same energy= 2 = x3 in both quark and gluon jets, increasing
as a function ofn(x;/z;) and|In(z;x;)| whenzy, softens, that is for partons being less sensitive to the
energy balance.

Coherence effects appear when one or two of the partonsvawadh the process is harder than the
others, thus reproducing for this observable the humpdzhahape of the one particle distribution.
Away from the maximum at;; = z;, because of limitation of the phase space, oneMas < 1.
Predictions beyond the limiting spectrum for heavier chdrigadrons as compared with pions and kaons
show that the correlations should increase as the parafgtegquals the mass of such hadrons and the
range wher&®) > 1 has been enlarged beyond this limit. The last statementtisutprising because
soft gluon emission gets suppressed between the two s@glasad Agcp for A # 0, thus decreasing
the particle yield inside the whole jet. This measurementild/an particular provide an additional
and independent check of the LPHD for massive charged hadrés was shown in 2.4, the DLA
solution of the evolution equations provide general fesgtwof the observable showing its unreliability
to be compared with the experiment. That is why, the MLLA €hapd overall normalization of this
observable should be compared with the data. In the cagg obllisions at the Tevatron, since diet
events consist of both gluon and quark jets, in order to coengata to theory, a parametgy for mixed
samples of quark and gluon jets was chosen [11pplnollisions at the LHC, the same procedure can be
applied so as to measure the two- and three-particle cboe$a Furthermore, MLLA corrections have
been shown to be larger for three than for two particles, ighéd increase as the number of particles
increases.

As was the case for two particles, the three-particle catimals are larger inside a quark than in a gluon
jet. Same trends have been observed in HERA and LEP dataffonsiti-particle fluctuations in [34,35].

Finally, we give the first analytical predictions for intjigt-three-particle correlations in view of forth-
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coming measurements by ATLAS, CMS and ALICE at the LHC.
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A MLLA approximation

In (23a), forln(1 — z) < Inz andln z < In z, we perform the following Taylor expansions:

dQ®)
dly

Q(3)(1 —2) — QB ~ In(1 —2) + O(as), (71)

(@51 -2 = Q) (Gr(=) - @) + (G5 () - @) (@u1 - 2) - Qi)

10
= (1 - 2) [ Z (G- Qo+ (68 - @) T2 | +ofa,) (72)
(@ = Gi(2) (@01 - 2) Q) Qe = (1 - 2)(@: — G SR+ Oa). (73

Since none of these terms contribute to MLICX, /o), they will be dropped hereafter. In equation
(23b), we perform the following approximations in the haraimentation region,

2
dGZ(j) Gy,

(G§§>< ) — G§j>) (Gr(1 = 2) = Gi) = Inzn(1 = 2)= 7 + Ofaw). (74)
(Gi —Gi(2)(Gj(1 —2) = Gj)Gp = —InzIn(1 — )Cclllci Cfgj G + O(as). (75)
Neither (74) nor (75) contribute to MLLA. The other terms &80b) can be written as,
3)
209(2) = 6 ~ (209 - 69) + 21227 1 0(a,) (76)
1
@)y _ 2 _ ~ 2 _ 3@ _
2(QF(:) - ¢) (Qu1 - 2) - G ~2(QF)) - 6T ) (@i - Gy) (77)
0
+2In(1 — 2) (ng.) - ) 99k 4 o1 2(Qp — Gi) Z + O(a),
(0. NG~ (20.0 — GG dQ; | dQ;
(2QZ(Z)Q_] (Z) - GzG])Gk ~ (2QZQ] - GZG_])G/{: +Inz(Qi—— i, + Q] + O(as), (78)

(G = 2Qi(2))(2Q;(1 — 2) — Gj)Gy, = (Gi — 2Q:)(2Q; — G;)Gx — 2(2Q; — G})Gh, 1“'2%(;’“
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+2(G; —2Q;) In(1 — 2) d% G + O(as), (79)

such that only the first terms in (76), (77), (78) and (79) wédlkept in the following. Furthermore, we
make use of the identity [19]

1 1
/ d=9(2) <G(3)(z) ~ zG(3)) - / dz(1 — 2)®9(2) <G<3>(z) + (G<3>(z) - G<3>)) :
such thaiG(™(z) — zG™ can be replaced by,

dgm)

(n)
G'"(z)+Inz i

)

GM(2) — 2G™ (1 2) [G<">(z) + <G(")(z) - G<">)] ~(1-2)

(n = 1,2,3) in the r.h.s. of equations (21b), (22b) and (23b). Indeednso In z,In(1 — z) provide
NMLLA corrections O(«;) which improve energy conservation; however, their indosjoes beyond
the scope of the present paper.

A.1 Oneand two particledistributions at small =

The MLLA integro-differential version of equations (21atf) and (22b,22a) is obtained after integrating
over the regular part of the splitting functions, such tigaiB, 19]

CF ' 20 Ny CF 2 )
Qu=SE [ a3 +0Gie) - S SEap e+ i) (80
Gi,y:/ df'%%(f'ﬂLy)Gi(f',y)—GWS(fﬂLy)Gz’(f,y), (81)
0

with 3 (¢ +y) = W and the two-particle correlationsiﬁ.) = Ag) — A;A;) [18,19],

g.
~ (2 Cr ¢ 2 3CF 2
Qz(j,)y =N g (€ + yj)Gz('j)(&ijnij) - ZE’Y@(& + yj)Gz(j)(ehyjﬂ%j)v (82)
l;
ngz)y = /0 W+ )G (€, y5,mi5) — avd (€ + w)Gﬁf) (4i, Y5 mij)
+ (a = )5 (4 + y;) G, yj + mij) G (s + i y5), (83)

with 73 (¢; + yj) = W after accounting for hard correctiody /). After differentiating
(80,81) and (82,83) with respect té”, one has [19]

Cr Cr3
Qiey = A G, - N, 473( — Bo3Gy), (84)
Givy =V5Gi — av§(Giy — B3 Gi), (85)

from where the following useful relations hold in MLLA [19],

CrGi

Qz’,é 2

Gi N,

= @jr—@——)m4+omm @)
%ﬁzl—wu+a%> (88)
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Correctionsx Sy in (84) and (85), which are NMLLA, account for the running bétcoupling constant

a and thosex %, a, (a — b) account for energy conservation in the hard parton sgiittegion. The

MLLA gluon inclusive spectrum is given by the solution of §§6] and can be written in the form [14]:

o LB) [Fdr g,
Gz(&y) =2 ﬁO /(] T € fB(T,y,f), (89)

where the integration is performed with respect tefined byo = % In % + 47 and with

B/2

sinh «

cosh o — y

]:B(Tayag) = IB(2 Z(T,y,f)),

+/
{4+ y o
Bo sinh «

l+y « y—+{ .
Z g = wh — 4 h
(1,y,¢) 3, smho <cos a o sin a> ,

B = a/py and I is the modified Bessel function of the first kind. The formuia(89) corresponds
indeed to the so-called hump-backed plateau, which desctite energy spectrum of soft hadrons in the
limiting spectrum approximatio®y = Agcp [6,28]. This result is well known and constitutes one of
the strikest predictions of pQCD. The corresponding sofutf (84) for@;(¢,y) can be obtained from
(87) with accuracy?d(,/a;). The system of differential evolution equations for twatfzde correlations

follows from (82) and (83), such that [19]
Cr o2 3CF o 2)
@ —Q)], = Fied - N —8 (G5 — BB GY) (90)

[G(Q) GG} —%Gg)_a%( =BG 2’) (a— b7 [(GiGy), — g GiG;] - (91)

In [19], the system (82,83) was solved iteratively afterlaiejmg GEJQ Cg) .G;G; and Q(2 =

Lj

Cg)z jQin in (91) and (90) respectively. The MLLA solutions of (90) &i®d), which are to be used in
the present paper read [19]

1— 69 —b (1 :
A P al) el C YR V1) o)
C(Q) _ N, 1 N
Qij . + Ay
Cg) 1 CF 1+ (b a)(wz ¢+ % 2)2 + Aij (93)

ij
which were evaluated by the steepest descent method ovsingle inclusive distribution in [25]. We
have introduced the following notations and functions [19]

Nij =752 (Vi ehjy + Vigthje) = O(L); (94)
.y . s oY XY

W=l =0, X =T =000)  x = gy =0(5);  (99)

5? =% [Xg (wz y + U5, y) + X (% ¢+ Z)] = O(m), (96)

where, following from (38) and (39), we have evaluated theesponding order of magnitude of these
guantities in powers of the anomalous dimensignx ,/as. The solution is iterative with respect to
correctionsy andd;, which need the prior evaluation of the DLA solutidg}j of the equations.
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B Iterative solution of the evolution equations

Let us first solve the equation (50). For the sake of simpliditis much easier to solve the equivalent
equation:

&) =869 —ard (61 =p0dc ) +(a —bd { [0 s + GG + GE G | (97)
— Bt |GGy + G Ga + GG} + (20 = 36+ 033 [(G1GaGis)e— B GrGaGs)
One has to substitute the following in the I.h.s. of the eiguat97):
3) 2 2)
GO =l 1G:Gs, G =C) GiG.
Thus, after normalizing by G1G2G3, one finds,

(€ —1)G1G2G
13 G1G2Gs

Y= (at+e)+ €, ~1B+An+Ais+Ay  (98)

123
— a(1,0 + o+ ¥30) + 3aBog)
while for the other terms in the r.h.s. of the same equatianfims,
(€& = 1)G1GaGy
12G1G2Gs

Y= (Z oy -+ A+ Az + A23>+ Cgi €7 + Cgi 55

= (Cgfj — 1) [3+ Arg + Az + Aoz — a(thie + o+ ¥s.0) + 3aBog

+ &7 + 0|+ + oy, (99)
The r.h.s. provides the following contribution

r.h.s.

~2GH GaGs = Cgl)% - GC§1)23 (1.0 + Pap + P30+ Co — Borg) + (a—b) [Cgll()dz + 10+ hoe
0

+ 30) + Cg) (X0° + P10+ o+ U30) + 6833(x%3 + 1+ Yo+ Y30)

13

~ B (s + cgm +CE )|+ (3b — 2a — &) (e + o + Y30 — Bord)- (100)

After adding (98) and (99) and equating with (100) togethiéhwome algebra in between, one finds the
solution written in (51). Following the same iterative pedare

QY =5, @1Q:Qs Q) =C5 Qi G =C), 61GaG,

for the quark jet evolution equation written in (49), one,has

3
<Cg)1)23 - 1) <A12 + A13 + A23 + Z Q;g;i +é + EQ) (101)
<C(2) ) A A A Qi,ty 12
~ Qe 12 + A3 + 23+Z 2Q1+£

Qz Ly

- <Cgl)3 ) <A12 + Arz+ Ags + Z 220, +&° + 55’)

Qz Ly

L a5
w®Q: ' 7

A+ Az 4 Agz + Z
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G1G2G3

_Cf
B Q1Q2Q3

3
Cém {1 - 1(1/11,6 + o+ P30+ G — 5073)]
+< 2400+ (€ + 0P + (P +03%) — & — &

Finally by adding and subtracting; + €2) in every termcx (CS)J — 1> in the I.h.s. of (101) one finds
(55).

C Steepest descent evaluation: reminder from [25]

The evaluation of the integral representation by the swegescent method at small<< 1 (or large
£ > 1) and very high energy¥” > 1 leads to the result,

— UV a
G(l,y) = N(u,v,\) exp[ <v€+y+ >Sinth+V—%(M—V) ,  (102)

(3)

/mcoshvDet A(u,v)’

where

N(u,u,A):%(HyM)

with

Det A, v) = Bo(l+y+ A {(,u V) cosh,ucoshu—i—cosh,usinhu—sinh,usinhu} .

sinh® y1 cosh v

The logarithmic derivatives of the spectrum given in (65) é66) were derived from (102) and it was also
shown that (102) reproduces the Gaussian shape of theiirectlistribution near the humfy,, .. ~ Y/2.
From (102), one has indeed,

Gll,y) ~

< 3 >1/ ? ( 2 3 (- Y/2)
Rl y+ V) TP\ TR Uy v e 2 )
(103)

where the MLLAZ,,,,.. reads,
Y
bnaz = — Y A).
+55 (VA VA)
Settinga = 0 and\ = 0 in the previous expressions one recovers the DLA resultihnre needed for
subsection 2.4. The functions entering as a functionupf) in (65) and (66) are the following,

cosh psinh pcoshv — (u — v) cosh v — sinh v

) = 104
Qu.v) (1 — v) cosh pcosh v + cosh psinh v — sinh pcosh v’ (104)
1 _ 3 —
K1) = — - sinh v (1 —v)coshp .smh,u . 7 (105)
2 (u — v) cosh p cosh v 4 cosh psinh v — sinh p cosh v
L(,u,y):§coth,u—1 (,u—V)coshysinh,u—k.sinhysin.h,u 7 (106)
2 2 (u — v) cosh pr cosh v + cosh psinh v — sinh p cosh v
C(p,v) = L(p,v) + tanhvcoth u (1 + K (p,v)) . (107)
The expressions for the two particle correlations folloandr(92) and (93) [25],
1—by(eti + i) — &Y
¢ =1+ M) - (108)
K 1 + 2 cosh(u; —,uj) + A (4, viy g, v) + 07
N, et + et
¢Sl =1+ e —1+ (b 109
Qi * Cr T3 ( )0 o1+ cosh(p; — pj) (109)
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where,
2 sinh? <—“i7“]

3+4smh2< “’)(

[\
N—

o7 = o Qpis ) + Qug,vy) ) (110)

and

A (i, vi, Wi, Vi) = —ao {e“i + e — sinh(p; — Mj)(@i - QJ) + cosh pq tanh vo + cosh o tanh vq
— sinh p; tanh v; coth p; — sinh p; tanh v; coth p;
+ sinh(p; — p ) < tanh v; coth 1;Q; — tanh vj coth ,uij>]
— Boo [cosh i — sinh p;C; + cosh p; — sinh p1;,C; + sinh(p; — ,uj)(CiQi — Cij)
+ cosh p; tanh v (1 + Kj) + cosh pj tanh v;(1 + K3)] . (111)

The solutions (108) and (109) are the ones to be used in thesr par the evaluations of the three-particle
correlations and will be directly inserted in the solutigb%) and (55) respectively.
C.1 Corrections&? €9 and e;, &

For the computation of these corrections, one only needskethe DLA part of the logarithmic deriva-
tives of the one-particle distributiap; , = yoe#* andy; ,, = voe™#¢, such that after replacement in (54c)
and (58c) one finds,

. 1 . .
U= = {XEJ (efm +eH2 4 e*us) + X (e + e + @HS)] , (112)
o
iy 1 . -
ij - {)22] (e*ul +eH2 4 e*us) + X;] (e“l + et 4 6“3)] , (113)
o
where @)
tanhM e“i()i—e"f@j 07 N, CGrv ]
X, = ————2x7 114
/8070 1 n 2 COSh(MZ ,u]) 2 ) Xﬁ CF CQ2) Xﬁ ) ( )
ij
-~ ~ 5(2)
. tanh 2= ,u] e HQ; —e HiQ); . N, CG’ B
iy v J g = < . 115
Xy /8070 1 + 2COSh(ILLZ ILLJ) 9 ) Xy C C ) Xy ) ( )
ij
with ) N )
¢? =1 2 4 ¢ . 116
Gij 1+ 2cosh(p; — pj)’ @i + Cr 1+ 2cosh(u; — pj) (116)
Accordingly, replacingp; = voe' andy; , = yoe™** in (54e) and (58e), one has
1
€ = ’y_ [Q (e—ul LeH2 4o ua) + ¢y (M etz 4 6“3)] 7 (117)
0
1 r-~
& =— |:<g (e_’“ +e M te “3) +( (el + et 4+ 6“3)] , (118)
Yo

where¢y, ¢ anddy, Ey should be found from the DLA expression@) written in (35), forC4 = N, in
a gluon jet and”4 = Cr in a quark jet. Introducing the parametrization jin £), one has respectively,

=1+ (€L —1) + (€8 —1) + (¢8 —1) (119)

1 (Cgf2 ) n (cg33 — 1) n <C§2)3 — 1)

21+ cosh(py — p2) + cosh(pg — ps) + cosh(ue — p3)
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1 1
+ 5 )
21+ cosh(py — p2) + cosh(pg — ps) + cosh(ue — p3)

and
5(3) 5(2) 5(2) 5(2)
CQ123 =1+ (CQ12 o 1> + (Cle o 1) + <CQ23 o 1) (120)
5(2) 5(2) 3(2)
i N, <CQ12 o 1) + (Cle o 1) + <CQ23 a 1)
205 1+ cosh(uy — p2) + cosh(py — pg) + cosh(ug — us3)
N, 1
+ C

202 1 + cosh(uy — pi2) + cosh(py — p3) + cosh(pg — p3)’
Thus, in order to gef, and(,, one should start from (119,120) and make use of

Oy Opj _ —8 Qi —eQ; O dpy 5 pe Qi — e Q;
o ar 00 2 C ay oy PO 2 '

Therefore, everything is ready for the computation of

EERC) __ s . os__1 50 = _ 1 50
G = C’(3) CG123,€’ Gy = 5(3) CG1237y’ Ce= 5(3) CQ12375’ Gy = 5(3) CQ1237?J' (121)
G123 G123 Q123 Q123

For instance,

125(2) 135(2) 230(2)
6O 1260 | 1360 | a360) 1 XeChr, + Xa"Con + Xi7Cyy
Gras,t t G t “Gis 6 %G T o1 4 cosh(uy — p2) + cosh(py — pg) + cosh(ug — us)

5(2) 5(2) 5(2)
= <CG12 _ 1> i <CG13 _ 1> i <CG23 _ 1) sinh(p1 — p2) (Wl 8M2>
_Z L — o) [ L _ZF2
21 + cosh(pg — pr2) + cosh(uy — pig) + cosh(pg — p13)]* ot ot
+ st = ) ( o0 ot > +sinh(ue = pia) < ot ot )|
1 1 _sinh(,u ~ o) (% _ %)
21+ cosh(u — prz) + cosh(yur — pz) +cosh(uz — ) L T\ 9L K
. 0 0 . 0 s\ |
+ sinh(p; — p3) % - %) + sinh(pe — p3) % - %)_ , (122)
and
-125(2) | ~135(2) | ~235(2)
0B 1260 4 130 oasp) | Ne Xe Coy, T X07Co,, +Xi7Cos,
Q23 ¢ T £ Qs £ 7Q2 T 9CH 1 + cosh(py — p2) + cosh(py — pg) + cosh(pg — ps)
5(2) 5(2) 5(2)
o (@) (g - ) + (66 ) o — (22 - 22)
2CF [1 + cosh(uy — o) + cosh(p1 — ps) + cosh(pa — p3)]? Y ol
. Om Oy . Oua  Ous
+ sinh(p = pia) < o~ or ) bl —m) | B =y
N 1 sinh(p — o) <% _ %)
2C% [1 + cosh(uy — pg) + cosh(p1 — ps) + cosh(pa — p3)]? Y ol
. d s, . s, 3,
+ sinh(uy — us) (% - %) + sinh(ue — p3) <§ — %)] . (123)

For derivatives with respect tg it is enough to replacéby y in the previous expressions. In Fig.8, we
displaye; (41,42, ¢5,Y") as a function of the sunin(z;z2)| and the differencé/; — ¢3) = In(xa/x1)
for two fixed values ofs = In(1/x3) = 4.5, 5.5, x1 = 2 and fixed sun(¢; + ¢2) = |In(z1x2)| = 10
and fixedY = 7.5. As expected, this correction decreases the correlatimay &§om the hum region
and for harder particles.
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Y=75;)=0.1; Ln(lexl):o Y=75;)=0.1; |Ln(x1x2)|:10
0.7 . . . . . 0.45 . . . . . .

—— Ln(Ux)=45 041

0.6

—— Ln(1x)=45

- - -Ln(llxs):5.5

- = =Ln(1/x,)=5.5
05l (1/x)

0.4
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! i i 0 i i i i i i i i
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|Ln(x x.)| Ln(lexl)

172
Figure 8: Correction; ({1, ¢2,¢3,Y) as afunction of; —¢y = In(zy /1) for {1+4s = |In(z122)| = 10,
l3 =1In(1/xz3) = 4.5, 5.5, fixedY = 7.5 in the limiting spectrum approximatiok ~ 0.

C.2 Hump approximation

In this approximation, we consider the energy of the thretopa to be close to the maximum of the
single inclusive distribution £ — Y/2 |« o o< Y3/2 fori = 1,2, 3. In [25], it was demonstrated that,

£i~Y )2 6 ~Y )2

1 1 /2 3y — 0
A O o O R R (I e TR o) M

— 124
2y+ 10’ (124)
for a, By, A = 0, which is DLA. In the same approximation one has the follayfor a, 5y # 0 and

A =0,

0 j~Y)2 )
A TR 24 (i — pg)? — avo(2 4 i + 15) — 28070, (125)
where ,
(1i — pj)? (L) i + p (1o 5N (126)
Y Y
Moreover,
i linY /2 2 0—0;\°
67 = 55070(/% — 15)* = 2800 ( ! v ]> , (127)

.\ 2 1\ 2 . . . .
since~y <ZZYZJ> < (ZZYZJ) , 01 was neglected in this approximation.

Applying the previous expansions to (53a-53d) and (573,57 easy to find:

Ng., =0, (128a)
C) 3c § B lln(xlxgxg)\ 1 _1_ § B b + by + 15
Vo™ =1 VBo (2 In(Q/Qo) )x/ln(Q/Qo) 3c<2 Y >’Y°’ (1280)
®) _ @ _ In(wy/21)]% | [In(zs/z1)]? | [In(es/ze)]® 650
o = o =swo| 5] +sliaran) lnors) veeay 42
_ 3a_ <5_2\ln(x1x2m3)]> 1
VB In(Q/Qo) n(Q/Qo)’

B 0 —6\" 0 —03\° l—t3\" U +-Lo+03
—8+9< = >+9< S )49 (22 ) =680 —3a(5 - 27 ),
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5 5 Ui +ly+ 43

2" (Q/Qo) >¢m:1‘3b<§‘ Y

= Vh

N(Q) —1 3b <5 |ln T1T2X3 | )707 (128d)

(5 3 | In(z;z;)| > 1
Cg) 1 n \/5_0 ln Q/QO \/IH(Q/QO (1289)
j In(z;/x;) _ qlIn(@iz;)| 1 ,
3+9 [ln(Q/QJ)} 2\/ Q/Qo <5 3ln(Q/QJO ) v/In(Q/Qo)
14 1_b( )% (128f)
3+9<—5i;@') — 26070 —a (5 M)
N |In ;2]
¢ =14 2¢ c(’—1+ (b — S T e L 128
@ =T |G “n VIn(Q/Qo) (1269
B Ne | L@ 1 f —|— 5
—1+C_F[CGU—1+Z(5—G)WO< :
In(ze/z1)]? In(zs/z1) ln In(zs/x2) 6050
D(3):9+9[7 +9 0% (128h
@ In(Q/Qo) In( Q/QO n(Q/Qo) BoIn(Q/Qo) ( :

9a <§ B \ln(xlxgxg)]>
2 In(Q/Qo) 111(@/@0)

VBo
_ 9+9<—€1;€2> +9<€1;€3> +9 <€2Y€3> —Gﬁm—ga(g - 7€1+§ﬁ+€3>70, (128i)
@ _Neo® |,_ 3a (5_ Un(ﬂﬁlxﬂs)\) 1 128]
NQ 02 CG123 [ V5o <2 In(Q/Qo) (Q/Q0) (128j)
B cc(g) _ 3a <§_€1+€2+€3> 1
O3 G VB \2  In(Q/Qo) m(Q/Qo) |

D DLA solution of the 4-particle correlations

Below, we display the expressions related to subsectionl2 e |.h.s. of the evolution equation (69),
we define

Al = Al — (A5 — A1) A — (A3~ AidaAs) Ay — (AR — A3 40) 41 (129)
(Ag4 A1A2A4> As — (A%’ _ A1A2> <Ag33 _ A3A4) _ (A( ) A1A3> (Agi) _ A2A4)
(A§4 A1A4> (A( ) A2A3> (Ag? - A1A2> AzAy + <Ag3> - A1A3) Ay Ay
(Agf1 - A1A4> AyAs + <A( ) A2A3) A Ag + (A( ) _ A2A4> A As
(Agi) — A3A4> Ay Ay — Ay Ay AsAy.

In the DLA solution (70) of the equation (69), we have introdd the expressions:

Hy = (€5 1) + (¢ —1) + (¢ = 1) + (¢ 1) + (¢ = 1) + (¢ —1), (230)
< 123 — ) + < 124 — 1) <ngl - 1) + <C§§21 - 1) + <Cﬁ) - 1) <C§§) - 1) (131)
+ (G0 —1) (67 1)+ (6 - 1) (60 - 1) -2 (63 - 1) -2 (6 - 1)

1)-

—2<Cﬁ 2 (e - )—2(053)—1) —2(cf) - 1),
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Hy=1+ (€3~ 1) + (€ —1) + (¢ —1) + (¢ —1) + (¢ - 1) (¢§) —1) @32)

+ (G - 1) (C) = 1) + (€ — 1) (¢ — 1) — (¢ —1) = (¢ - 1)
— (e 1) = (e —1) = (¢ 1) - (e ).
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