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STABLE CATEGORIES OF COHEN-MACAULAY MODULES AND

CLUSTER CATEGORIES

CLAIRE AMIOT, OSAMU IYAMA, AND IDUN REITEN

ABSTRACT. By Auslander’s algebraic McKay correspondence, the stable category of
Cohen-Macaulay modules over a simple singularity is equivalent to the 1-cluster category
of the path algebra of a Dynkin quiver (i.e. the orbit category of the derived category
by the action of the Auslander-Reiten translation). In this paper we give a systematic
method to construct a similar type of triangle equivalence between the stable category
of Cohen-Macaulay modules over a Gorenstein singularity R and the generalized cluster
category of a finite dimensional algebra A. The key role is played by a bimodule Calabi-
Yau algebra, which is the higher Auslander algebra of R as well as the higher preprojective
algebra of an extension of A. As a byproduct, we give a triangle equivalence between the
stable category of graded Cohen-Macaulay R-modules and the derived category of A.
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INTRODUCTION

There has recently been a lot of interest centered around Hom-finite triangulated Calabi-
Yau categories over a field k, especially in dimension two. The work on 2-Calabi-Yau cat-
egories was originally motivated by trying to categorify the ingredients in the definition of
the cluster algebras introduced by Fomin and Zelevinsky [FZ02]. It started in [BMR~+06]
through the cluster categories together with a special class of objects called cluster tilting
objects, and in [GLS06, BIRS09, GLS07, I009] through the investigation of preprojective
algebras and their higher analogue.

Recently the generalized n-cluster categories associated with finite dimensional algebras
of global dimension at most n were introduced in [Ami09, Guol0]. In these categories,
special objects called n-cluster tilting play an important role. The cluster categories are
a special case of the generalized 2-cluster categories, and the 2-cluster tilting objects are
then the cluster tilting objects. The generalized n-cluster categories are considered to be
the canonical ones among n-Calabi-Yau triangulated categories having n-cluster tilting
objects.

On the other hand, a well-known example of Calabi-Yau triangulated categories was
given in old work by Auslander [Aus78], where the stable category of (maximal) Cohen-
Macaulay modules over commutative isolated d-dimensional Gorenstein singularities are
shown to be (d — 1)-Calabi-Yau. Recently they are studied from the viewpoint of higher
analogue of Auslander-Reiten theory, and the existence of (d — 1)-cluster tilting objects is
shown for quotient singularities in [Iya07a] and for some three dimensional hypersurface
singularities in [BIKROS8]. They are further investigated in [IY08, KR08, KMVO08].

It is of interest to understand the relationship between these two classes of Calabi-Yau
triangulated categories, i.e. the stable categories of Cohen-Macaulay modules and the
generalized n-cluster categories. A well-known example is given by Kleininan singularities.
They are given as hypersurfaces R = k[z,y, 2]/(f) as well as invariant subrings R = S¢
of G, where S = k[X,Y] is a polynomial algebra over an algebraically closed field k of
characteristic zero and G is a finite subgroup of SLy(k). The correspondence between f
and G is given as follows.

type A, D, Eg FEr FEg
f anrl +yz l,nfl +xy2 +22 .IA +y3 +22 x3y+y3 +22 .1'5 +y3 +22
G I binary binary binary binary
cyehe dihedral tetrahedral | octahedral | icosahedral
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In this case the stable category CM (R) is equivalent to the mesh category M (@) of the
Auslander-Reiten quiver of CM (R), which is the double @ of a Dynkin quiver Q. On
the other hand, M(Q) is equivalent to the 1-cluster category C;(kQ) of Q, i.e. the orbit
category DP(kQ) /7 of the derived category DP(kQ) by the action of 7. Hence we have an

equivalence [Rei87, RV89, BSW10]
0.0.1) CM(R) =~ C,(kQ).

One of the aims of this paper is to prove this type of equivalence for a more general class
of quotient singularities. A crucial observation in the above setting is the following:

e [Her78, Aus86] R is representation-finite in the sense that there are only finitely
many indecomposable Cohen-Macaulay modules. More precisely CM (R) = add S
holds.

e [Aus86] The Auslander algebra Endg(S) is isomorphic to the skew group algebra
S x G. In particular, the AR quiver of CM (R) is isomorphic to the McKay quiver
of G, which is a double of an extended Dynkin quiver @

e [Rei87, RV89, BSW10] S * G is Morita-equivalent to the preprojective algebra II
of @ Hence k@ is the degree zero part of a certain grading of II.

In particular we have an equivalence (0.0.1). Also we have the following bridge between
R and kQ), where e is the idempotent of Endg(S) ~ S * G corresponding to the summand
Rof S:

Auslander algebra degree 0 part - —/(e)
S+ G — kQ kQ
e(—)e preprojective algebra
We will deal with the more general class of quotient singularities S¢, where S = klx1, ..., 4]

and G is a finite cyclic subgroup of the special linear subgroup SL4(k), where no g # 1
has eigenvalue 1. We will construct in Theorem 5.2 a triangle equivalence

CM(S9) =~ Coy(A)

for the generalized (d — 1)-cluster category C4_1(A) of some algebra A of global dimension
at most d— 1, which we describe. This is shown as a special case of our main Theorem 4.1,
which is much more general. There we start from a bimodule d-Calabi-Yau graded algebra
B of Gorenstein parameter 1 (e.g. the skew group algebra SxG when we deal with quotient
singularities). For an idempotent e satisfying certain axioms, we have a similar picture
as above:

(d — 1)-Auslander algebra degree 0 part —/{e)
eBe B By By/(e)

e(—)e d-preprojective algebra

Our main result asserts that there exists a triangle equivalence
CM (eBe) ~ Cyq_1(By/{e)).

For the case d = 3 and G = diag(w, w,w) where w is a primitive third root of unity, this
gives a result in [KROS|.
The main step of the proof consists of constructing a triangle equivalence

CM?(eBe) ~ D (Bo/(e))
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where CM?%(eBe) is the category of graded Cohen-Macaulay eBe-modules. This inter-
mediate result in the case where B = S % G recovers a result due to Kajiura-Saito-
Takahashi [KSTO07] and Lenzing-de la Pena [LP06] for d = 2 and due to Ueda [Ued08]
for any d and G cyclic. It would be interesting to generalize our result to non-cyclic quo-
tient singularities, which could then be regarded as an analogue of a triangle equivalence
CMZ%(S%) ~ DP(A) for some finite dimensional algebra A given in [IT10].

Results of a similar flavour have been shown in previous papers. In [Ami09, ART11,
AIRT10], it was shown that the 2-Calabi-Yau categories C,, associated with elements w
in Coxeter groups in [BIRS09] are triangle equivalent to generalized 2-cluster categories
Ca(A) for some algebras A of global dimension at most two. In [IO09], it was shown that
the stable categories of d-preprojective algebras of (d—1)-representation-finite algebras are
triangle equivalent to generalized d-cluster categories of stable (d— 1)-Auslander algebras.
We were able to use some of the ideas in these papers for d > 2.

We refer to [TV10] for similar independent results based on the language of quivers
with potential. We thank Michel Van den Bergh for informing us about his work with
Thanhoffer de Volcsey.

Some results in this paper were presented at a workshop in Oberwolfach (May 2010)
[Iyal0].

In section 1 we give some background material on n-cluster tilting subcategories in
n-Calabi-Yau categories and on generalized n-cluster categories. Let B be a bimodule
d-Calabi-Yau algebra (see Definition 2.1) with an idempotent e, and let C' = eBe. In
section 2, under certain conditions on B and e, we show that C' is an Iwanaga-Gorenstein
algebra (see Definition 1.1), and that Be is a (d — 1)-cluster tilting object in the category
CM(C) of Cohen-Macaulay C-modules. In section 3, which is independent of section 2,
we assume that B = @, By is graded, and give sufficient conditions for B to be the
d-preprojective algebra of A = By. In particular A is a (d — 1)-representation-infinite
algebra in the sense of [HIO] and a quasi extremely-Fano algebra in the sense of [MM10].
In section 4, we use results from sections 2 and 3 to prove our main result, which gives
sufficient conditions for the stable category CM (C') to be triangle equivalent to a gener-
alized (d — 1)-cluster category. The application to C' being an invariant ring is given in
section 5. Section 6 is devoted to illustrations through examples.

Notation. Let k be a field. We denote by D = Homy(—, k) the k-dual. All modules are
right modules.

For a k-algebra A, we denote by Mod A the category of A-modules, by mod A the
category of finitely generated A-modules and by fd A the category of finite dimensional
A-modules. We let ® = ®; and A° := A® ® A. For a Z-graded k-algebra B, we
denote by Gr B the category of all Z-graded B-modules, by gr B the category of finitely
generated Z-graded B-modules and by grproj B the category of finitely generated Z-graded
projective B-modules. We often regard B¢ as a Z-graded algebra naturally, and consider
the category Gr B¢ of Z-graded B®-modules.

For an abelian category A, we denote by C(A) the category of chain complexes, by
K(A) the homotopy category and by D(A) the derived category. We denote by C(.A) the
category of bounded chain complexes, by KP(A) the bounded homotopy category and by
DP(A) the bounded derived category.
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For a k-algebra A, we let D(A) := D(Mod A). We denote by per A the thick subcategory
of D(A) generated by A. We denote by D™ (A) the full subcategory of D(A) consisting
of objects X satisfying dimy(H*(X)) < co. For a noetherian k-algebra A, we denote by
DP(A) the full subcategory of D(A) consisting of objects X satisfying H*(X) € mod A.

We denote by gf the composition of morphisms (or arrows) f: X - Yandg:Y — Z.

1. BACKGROUND MATERIAL

In this section we give some background material on cluster tilting subcategories and
on generalized cluster categories.

1.1. Cohen-Macaulay modules over Iwanaga-Gorenstein algebras. The following
class of noetherian algebras was given by Iwanaga [Iwa79].

Definition 1.1. A noetherian algebra C' is called Iwanaga-Gorenstein if inj.dim C < oo
and inj.dimgo, C' < 00.

For example, commutative Gorenstein algebras and finite dimensional selfinjective al-
gebras are clearly Iwanaga-Gorenstein. Iwanaga-Gorenstein algebras have a distinguished
class of modules defined as follows.

Definition 1.2. Let C' be an Iwanaga-Gorenstein algebra. The category CM(C) of
Cohen-Macaulay C-modules is defined by
CM(C) :={X € modC' | Ext,(X,C) =0 for any i > 0}.
The stable category CM (C') has the same objects as CM (C'), and the morphism space is
given by
Homewm (o) (X, Y) := Home (X, Y)/[C](X,Y)
where [C](X,Y) consists of morphisms factoring through add C'.

If C'is a commutative Gorenstein algebra, then CM(C) is exactly the category of
maximal Cohen-Macaulay C-modules. If C' is a finite dimensional selfinjective algebra,
then CM (C) is just mod C.

Let us give basic properties of the category CM (C).

Proposition 1.3. Let C be an lwanaga-Gorenstein algebra.

(a) CM(C) is a Frobenius category and CM(C) is a triangulated category [Hap88].
Hom¢ (—,C)

(b) We have dualities CM (C') CM (C°P) which are mutually quasi-inverse

Homgop (—,C)
and preserve the extension groups.

(c) We have a triangle equivalence CM (C') ~ D"(C)/perC. [Buc87, KV87, Ric89]

When an Iwanaga-Gorenstein algebra C' is a Z-graded algebra, the category CM%(C)
of graded Cohen-Macaulay C'-modules is defined by
CMZ(C) = {X € grC | Ext-(X,C) =0 for any i > 0}.

Then the stable category CM?%(C) is defined similarly as above.
We have the following parallel results.
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Proposition 1.4. Let C be a Z-graded Iwanaga-Gorenstein algebra.

(a) CM%(C) is a Frobenius category and CM*(C) is a triangulated category.
Home (—,C)

(b) We have dualities CM Z(C)

CM Z(C’Op) which are mutually quasi-inverse
Homgop (—,C)

and preserve the extension groups.
(c) We have a triangle equivalence CM*(C') ~ D"(grC') /grperC'.
1.2. d-Calabi-Yau categories and d-cluster tilting objects.

Definition 1.5. A k-linear triangulated category T is said to be d-Calabi- Yau if it is
Hom-finite and if there is a functorial isomorphism
Hom7(X,Y) ~ DHom#(Y, X[d]) forall X,Y € T.
Definition 1.6. [BMR+06, Iya07a, KRO7| A d-cluster tilting subcategory V in a triangu-
lated category 7T is a functorially finite subcategory of T such that
V={XeT,Hmr(X,V[i]) =0, V1<i<d-—1}
={X € T,Homr(V,X[i]) =0, V1 <i<d—1}.
An object T € T is called d-cluster tilting if the subcategory add (T') C T is d-cluster
tilting.
Cluster tilting subcategories are interesting because they determine the triangulated

category in the following sense:

Proposition 1.7. Let T and T’ be triangulated categories and ¥V C T and V' C T’
be d-cluster tilting subcategories. If F :T ——T' 1is a triangle functor such that its

restriction F|y to V is an equivalence Fly:V ——=)' | then F is an equivalence.

Proof. The proposition is clear for d = 1 since 7 =V and 7’ =V’ hold in this case. It is
proved in [KR08, Lemma 4.5] for d > 2. Note that the proof in [KR08] does not use the
fact that 7 and T’ are d-Calabi-Yau. O

1.3. Generalized cluster categories. Let n > 1 be an integer.
Let A be a finite dimensional algebra of global dimension at most n. Denote by © =
©,(A) a projective resolution of
RHomy (DA, A)[n] ~ RHomye (A, A®)[n] ~ RHompes (DA, A)[n] in D(A®).
Definition 1.8. [Kel09, I009] We denote by A the differential graded category (DG
category for short) of bounded complexes of finitely generated projective A-modules. We
define a DG functor by
F:Z—®A@IA—>A.
The DG orbit category A/F has the same objects as A, and
Hom 4/ p(X,Y) =
colim(@D,o Homa(F*X,Y) = @ ng Homa(F X, FY) = @, Homa(F X, F?Y) — - --).
We denote by D(A/F) the derived category of A/F. The generalized n-cluster category

Cn(A) is defined as the smallest thick subcategory of D(.A/F') containing all representable
functors of A/F.
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L

Let S = — ®, DA be the Serre functor of the category DP(A), and denote by S, the
composition S, := S o [-n]. Then we have an isomorphism S;! ~ — ®, © of functors on
DP(A). From the construction of the generalized cluster category C,(A), we have a triangle

functor 7y : DP(A) — C,(A) which induces a fully faithful functor D*(A)/S,, — C,(A) for
the orbit category D(A)/S,,.

Remark 1.9. e For n = 2 and an algebra A of global dimension 1, one gets the usual
cluster category DP(A)/S, constructed in [BMR+06].
e For n = 2, and an algebra A of global dimension 2, the construction is given
in [Ami09] in the case where Cy(A) is Hom-finite.
e The generalization of results of [Ami09] from 2 to n > 2 is described in [Guol0)].

The functor 7 : DP(A) — C,(A) is also described by a universal property (cf [Kel05,
Ami09]). Here is the version we will use in this paper (see appendix [I009]).

Proposition 1.10. [Kel05, Ami09, 1009] Let A be a finite dimensional algebra of global
dimension at most n. Let C be an Iwanaga-Gorenstein algebra and T be in DP(AP ® C).
If there exists a morphism T — © @5 T in DP(A°P @ C') whose cone is perfect as an object
in D(C), then there exists a commutative diagram of triangle functors

Dh(A) — T ()
Ca(A) cM(0).

Generalized cluster categories also have a nice description using certain DG algebras
called derived preprojective algebras.

Definition 1.11. [Kel09, IO09] Let A be a finite dimensional algebra of global dimension
at most n. The derived (n + 1)-preprojective algebra of A is defined as the tensor DG
algebra

IL, 1 (A) :=Ta(B,(A) =ADOD(O®\O)D....

The (n + 1)-preprojective algebra of A is defined as the tensor algebra
41 (A) := TAEXt} (DA, A) ~ HO(IT, ., (A)).

The next result is shown in [Ami09] for n = 2. The generalization to n > 2 is done
in [Guol0].

Theorem 1.12. [Ami09, Guol0, Iyall] Let A be a finite dimensional algebra of global
dimension at most n. Then the generalized n-cluster category C,(A) is Hom-finite if and
only if the (n + 1)-preprojective algebra 11,1 (A) is finite dimensional. In this case, we
have the following properties.

(a) The category add{S! A | i € Z} is an n-cluster tilting subcategory of DP(A).

(b) The category C,(A) is n-Calabi- Yau, and the object w(A) is n-cluster tilting with

endomorphism algebra 11,11 (A).
(c) We have a triangle equivalence C,(A) ~ perIlL, 1 (A)/DM (I1,,41(A)).
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2. CALABI-YAU ALGEBRAS ARE HIGHER AUSLANDER ALGEBRAS

Under certain conditions on a bimodule d-Calabi-Yau algebra B and an idempotent
e € B, we show in this section that C' := eBe is an Iwanaga-Gorenstein algebra, and
that Be is a (d — 1)-cluster tilting object in the category CM (C') of Cohen-Macaulay
C-modules.

Definition 2.1. [Gin06] Fix an integer d > 2. We say that a k-algebra B is bimodule
d-Calabi-Yau if B € per B and RHompge (B, B®)[d] ~ B in D(B°).

Note that if B is bimodule d-Calabi-Yau, then so is B°P.
Ezample 2.1. Let R = k[xy,--- ,x4) be a polynomial algebra. If an R-algebra B is a

finitely generated free R-module and satisfies Homg(B, R) ~ B as B®-modules, then it is
bimodule d-Calabi-Yau [Gin06, IR0S].

Let B be a k-algebra, and e an idempotent in B. Assume that B and e(# 1) satisfy
the following conditions.
(A1) B is bimodule d-Calabi-Yau.
(A2) B is noetherian.
(A3) B := B/BeB is a finite dimensional k-algebra.
The aim of this section is to prove the following results.
Theorem 2.2. Let B be a k-algebra, e € B be an idempotent and C' := eBe. Under
assumptions (A1), (A2) and (A3), we have the following.
(a) C is an Iwanaga-Gorenstein algebra.
(b) Be is a Cohen-Macaulay C-module.
(c) We have natural isomorphisms Endc(Be) ~ B and Endcor(eB) ~ B°P which
induce isomorphisms Endem (oy(Be) ~ B and Endey (cor)(eB) ~ BP.
(d) Be is (d — 1)-cluster tilting in CM (C).
The above statements (c) and (d) show that B is a higher Auslander algebra of C' in
the sense of [Iya07b].
If moreover B is a graded k-algebra, we have the following additional information.

Proposition 2.3. In addition to assumptions (A1), (A2) and (A3), assume that B =
D~ Be is a graded k-algebra such that dimy, By is finite for all ¢ € Z. Then we have the
following.
(a) Be is a graded Cohen-Macaulay C-module.
(b) The isomorphisms in Theorem 2.2 preserve the grading, i.e. they induce isomor-
phisms

Home, ¢ (Be, Be(l)) ~ By, Homg, cory(eB,eB({)) ~ B,”,

Homeyz o) (Be, Be(l)) ~ B, and Homeyz(cop)(eB,eB(()) ~ B,
(c) The category add {Be(i) | i € Z} is a (d—1)-cluster tilting subcategory of CM%(C").

The proof of Theorem 2.2 is given in the next two subsections. Assertions (a), (b) and
(c) are proved in subsection 2.1. Subsection 2.2 is devoted to the proof of (d).
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2.1. C' is Iwanaga-Gorenstein. In the rest of the section we assume that the algebra
B satisfies (A1), (A2) and (A3).
The following is a basic property of bimodule d-Calabi-Yau algebras.
Proposition 2.4. Let B be a bimodule d-Calabi-Yau algebra.
(a) [Gin06, Kel08] For any X € D(B) and Y € D" (B), we have a functorial isomor-
phism
HomD(B) (X, Y) ~ DHomD(B) (Y, X[d])
In particular, D™ (B) is a d-Calabi- Yau triangulated category.
(b) We have gl.dim B = d.

Proof. (b) For any X,Y € D(B), it is easy to see that we have

L

RHomp(X,Y) ~ RHomp: (B, Homy(X,Y)) ~ Homy(X,Y) ® g RHomp:(B, B)
L

~ Hom(X,Y) ®pe B[—d].

In particular, for any X,Y € Mod B, we have

L
ExtGHH (X, Y) ~ H*™ (Homy(X,Y) ®pe B[—d]) = 0.

Hence the global dimension of B is at most d. It is exactly d since Ext4(B,B)
DHomp (B, B) # 0 holds by (A3) and (a).

0 R

Let us start with the following easy observations.

Lemma 2.5. (a) For any X € fd B, we have Ext'y (X, B) =0 for any i # d.
(b) For any X € mod B, we have Extz(X,eB) =0 for any i € Z.

Proof. We only prove (b) since (a) is simpler. Since dimy X < oo by (A3), we have
Extl,(X,eB) ~ DExtL " (eB, X)

by Proposition 2.4. If ¢ # d, then ExtdB’i(eB,X) is zero since eB is projective. If ¢ = d,
then it is zero since X € mod B. O

Proposition 2.6. We have

0 ifl<i<d—2

Extl(Be, C) ~ { 0 4i70 and Ext.(Be, Be) ~ { B ifi=0

eB ifi=0
Proof. We consider the triangle

L f L
Be ®¢ eB B X Be ®c eB[1] in D(B°),

mult.

L
where f is the composition Be ®c eB — Be ®c eB —> B of natural maps. Applying

L L L
— ®p Be, we have an isomorphism f ®pg Be. Thus X ®p Be = 0 holds. This means that
H(X)e =0 and hence H(X) € mod B for any i € Z.
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By Lemma 2.5(b), we have RHomp (X, eB) = 0. Applying RHompg(—, eB) to the above
triangle, we get

L
eB = RHomp(B,eB) ~ RHomg(Be ®¢ eB, eB)
~ RHom¢(Be, RHomg(eB,eB)) ~ RHomg(Be,C) in D(C? ® B).

Thus the first assertion follows.
Similarly we have

L
RHomg(Be ®¢ eB, B) ~ RHom¢(Be, RHomg(eB, B)) ~ RHom¢(Be, Be) in D(C? ® B).

4 L
Since Be and eB are concentrated in degree 0, H*(Be ®¢ e B) vanishes for ¢ > 0, and then
H{(X) =0 for any i > 0. Hence we have H'(RHomp(X, B)) = 0 for any i < d again by
Lemma 2.5(a). Applying RHomg(—, B) to the above triangle, we have an exact sequence

Homp(z) (X, Bli]) — Hompp)(B, Bli]) — Homp(s) (Be éc eB, Bli]) — Hompp) (X, Bli + 1]).
In particular, for any ¢ with 0 < i < d — 2, we have isomorphisms

4 L
Exty(Be, Be) ~ Hompp)(Be ®¢ eB, Bli]) ~ Hompp) (B, Bli])
which show the second assertion. O

Now we are ready to prove Theorem 2.2(a), (b) and (c).

(i) First we show that C' is noetherian.

This follows from (A2) by the following easy argument: Any right ideal I of C gives
a right ideal [:=1IBof B satisfying Ie = I. Thus any strictly ascending chain of right
ideals of C gives a strictly ascending chain of right ideals of B. Thus C' is right noetherian.
Similarly C' is left noetherian.

(ii) Next we show that C is an Iwanaga-Gorenstein algebra.

For any X € ModC, we shall show Ext4 (X, C) = 0. Let Y := X ®¢ eB and P, be
a projective resolution of the B-module Y. Then P,e is a bounded complex in add ¢ (Be)
which is quasi-isomorphic to Ye ~ X. Since by Proposition 2.6 Ext.(Be, C') vanishes for
any ¢ > 0, we have

ExttHH (X, C) ~ H™ (Homg(P,e, ©)).

Since we have isomorphisms
Home (Pee, C) ~ Home (P, ®p Be, C) ~ Homg(P,, Hom(Be, C)) ~ Homg(P,, eB)),

we get
ExtZ (X, C) ~ H™ (Homp(P,, eB)) ~ Ext§ ' (Y,eB) = 0
by Proposition 2.4.

(iii) We show that Be is a Cohen-Macaulay C-module.

By Proposition 2.6, we only have to show that Be is a finitely generated C-module. By
(A2), the right ideal BeB of B is finitely generated. There exists a finite generating set
of the B-module BeB which is contained in Be. Clearly it gives a finite generating set of
the C-module Be.

(iv) We show Theorem 2.2(c).
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We have Endc(Be) ~ B by Proposition 2.6. Hence we have an equivalence
Homq(Be, —) : add ¢(Be) — proj B
which sends C to eB. Thus we have
Endcm (o) (Be) = End¢(Be)/[C] ~ Endg(B)/[eB] ~ B/BeB = B.

Here we denote by [C] (respectively, [eB])the ideal of Endc(Be) (respectively, Endg(B))
consisting of morphisms factoring through add C' (respectively, addeB).
Similarly we have B°? ~ Endcer(eB) and B° ~ Endcm (cory(eB). O

We end this subsection with the following observation (which will not be used in this
paper) asserting that C' enjoys the bimodule d-Calabi-Yau property except that C' may
be not perfect as a bimodule over itself.

Remark 2.7. We have RHomge(C, C®)[d] ~ C in D(C®).

Proof. Let P, be a projective resolution of the B®-module B. Applying eB ®p — ®p Be,
we get an isomorphism eP,e ~ C' in D(C*®). By Proposition 2.6, we have

RHom¢e(eB ® Be,C°) = RHomces(eB,C) @ RHomg(Be, C)
= Homcer (eB, C') ® Home(Be,C') = Homee(eB ® Be, C°).
Thus each term ePe in eP,e satisfies Extl.(ePie, C®) = 0 for any i > 0, and we have
RHome.(C, C°) ~ Homge(ePe, C°).
Since the functor
eB ®p — ®p Be : proj B° — mod C*°
is fully faithful by Theorem 2.2(c), we have
Homce(ePe, C°) ~ Homp.(P;, Be ® eB) = eHompg.(P;, B®)e

Consequently we have

12

RHome.(C, C°) Homce(ePse, C°)
eHompe (P,, B®)e
eRHomp: (B, B®)e
~ ¢(B[-d])e = C[—d].

Thus the assertion follows. O

12

12

2.2. Be is (d — 1)-cluster tilting. In this subsection we prove Theorem 2.2(d).
By Proposition 2.6, we have Exty(Be, Be) = 0 for any i with 1 < i < d — 2. The
assertion follows from the following lemmas.

Lemma 2.8. For any X € modC, we have proj.dimge.,Home (X, Be) < d — 2.

Proof. Let P, = X 0 be a projective presentation of X in modC'. Ap-
plying Hom¢(—, Be), we have an exact sequence

0 — Hom¢ (X, Be) — Hom¢ (P, Be) — Hom¢ (P, Be)

of B°®-modules. Then Hom¢(P;, Be) is a projective B°°-module for i = 0,1. Since
gl.dim B°? = d by Proposition 2.4, we have proj.dim go, Homg (X, Be) < d — 2 O
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Lemma 2.9. If X € CM(O) satisfies Exto (X, Be) = 0 for any i with 1 <1i < d—2, then
we have X € add¢(Be).
Proof. Let

0—=Qi-1X Py o Py X 0

be a projective resolution of the C-module X. Applying Homs(—, Be), we get an exact
sequence

0 — Hom¢ (X, Be) — Hom¢ (P, Be) — - - - — Hom¢ (Py_2, Be) — Hom¢(Q47 X, Be)

of B°?-modules, where we used that Ext,, (X, Be) = 0 for any i with 1 < i < d—2. Denote
by Y the cokernel of the map Hom¢(P,_3, Be) — Hom¢(P,_o, Be), it is a sub-B°P-module
of Homg(Q41 X, Be). Since gl.dim B°® = d by Proposition 2.4, it follows that we have a
surjective map

Ext4., (Home(Q1 X, Be), B®) — Ext%., (Y, B®) —=0 .

By Lemma 2.8, we have Ext%o, (Homa(Q9-1X, Be), B°?) = 0 and hence proj.dimpge,Y <
d — 1. Since each Hom¢(P;, Be) is a projective B°P-module, it follows that Hom (X, Be)
is a projective B°°-module. Thus we have Homq (X, C') = eHom¢ (X, Be) € add cor(eB)
and

X =~ Homger (Home (X, C), C) € add cHomeor (e B, C) = add ¢( Be)

by Propositions 1.3 and 2.6. O

Lemma 2.10. If X € CM(C) satisfies Ext,(Be, X) = 0 for any 1 < i < d — 2, then we
have X € add o (Be).

Proof. Let (—)* := Homg(—,C) : CM(C') — CM(C°P) be the duality in Proposition 1.3.
Then we have (Be)* = eB by Proposition 2.6. Since the duality (—)* preserves the
extension groups, we have Extl.,(X*,eB) = 0 for any 7 with 1 < i < d — 2. Applying
Lemma 2.9 to (B,C, Be, X) := (B°?,C° eB, X*), we have X* € add cor(e¢B). Applying
(—)* again, we have X € add¢(Be). O

Now Theorem 2.2(d) is a direct consequence of Lemmas 2.9 and 2.10.

3. GRADED CALABI-YAU ALGEBRAS ARE HIGHER PREPROJECTIVE ALGEBRAS

In this section, which is independent of Section 2, we work with a graded algebra
B = ,~, B¢ such that dimy By is finite for all ¢ € Z. We show under assumptions of
d-Calabi-Yau type on B, that B is isomorphic to the d-preprojective algebra of A := B,.
Since we work with graded algebras, we need the following technical lemma.

Lemma 3.1. Let B = @,~, B¢ be a Z-graded k-algebra such that dimy, By is finite for all
¢ € Z. Then the category grproj B is a Krull-Schmidt category. In particular, any object
i gr B has a minimal projective resolution.

Proof. This is an immediate consequence of Hom-finiteness and the splitting idempotents
property. O]
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3.1. Basic setup and main result.

Definition 3.2. Let d > 2. Assume that B = @,., B, is a Z-graded k-algebra such that
dimy, By is finite for all £ € Z. We say that B is bimodule d-Calabi-Yau of Gorenstein
parameter 1 if B € per B¢ and

RHomge (B, B®)[d|(—1) ~ B in D(Gr B°).

By Lemma 3.1, this is equivalent to the property that the minimal graded projective
resolution P, of the B-module B satisfies

(3.1.1) P, ~ P)[d](—1) in C(grproj B°),

where we denote by (—)¥ = Homp.(—, B®) : C*(grproj B°) — CP(grproj (B°)°P) ~ CP(grproj B®)
the natural duality induced by a canonical isomorphism (B€)°P ~ B®,

Throughout this section we assume
(A1*) B is bimodule d-Calabi-Yau of Gorenstein parameter 1.

The aim of this section is to prove the following.

Proposition 3.3. Let B be as above, A := By and © = 04_1(A) be a projective resolution
of RHom e (A, A®)[d — 1] in D(A®). Then there exists a triangle

O®sB(-1)—==B—=A4A O ®a B(=1)[1] in D(Gr(A® ® B))

where a : B — A is the natural surjection.
As an application, we get the following results.

Theorem 3.4. Let B be as above and A := By. Then we have the following.

(a) A is a finite dimensional k-algebra with gl.dim A < d — 1.

(b) The derived d-preprojective algebra I14(A) is concentrated in degree zero.

(c) There exists an isomorphism I14(A) ~ B of Z-graded algebras, where I14(A) is the
d-preprojective algebra of A.

Before proving Proposition 3.3 and Theorem 3.4, let us give an application.

Definition 3.5. [HIO] Let n be a positive integer. A finite dimensional algebra A is
called n-representation infinite if gl.dim A < n and S;*A belongs to mod A for any i > 0.

Clearly an algebra A with gl.dim A < n is n-representation infinite if and only if I, 1(A)
is concentrated in degree zero. Thus we have the following immediate consequence.

Corollary 3.6. Let B be bimodule d-Calabi- Yau of Gorenstein parameter 1. Then By is
(d — 1)-representation infinite.

They are also called extremely quast n-Fano and studied from the viewpoint of non-
commutative algebraic geometry in [MM10]. In particular, Corollary 3.6 was proved in
[MM10] using quite different methods.
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3.2. Splitting the graded projective resolution. Let us start with the following ob-
servation.

Lemma 3.7. Let Q, be a complex in CP(grproj B®) such that each term is generated in
degree zero.

(a) The degree zero part (Qs)o is isomorphic to A ®p Q. @p A in CP(proj A°).
(b) We have isomorphisms B @4 A ®p Qe ~ Qs ~ Qs @ A ®4 B in C*(grproj B®).

Let B, P,, and A = By be as in subsection 3.1. The following observation is crucial.

Lemma 3.8. In the setup above, the following assertions hold.

(a) There exist complexes

Qe = (Qa—1 e Q1 Qo) and
Re = (R4 e Ry Ry)  in C"(grproj B°)

and a morphism f: Re(—1) — Q. in C"(grproj B®) such that P, is the mapping
cone of f and each Q); and R; are generated in degree zero.

(b) We have Ry ~ QY[d — 1] and Q, ~ R)[d — 1] in C®(grproj B°).

Proof. (a) Since the resolution P, of B is minimal, and since B; = 0 for any ¢ < 0, each
P; is generated in non-negative degrees. If P; has a generator in degree a > 0, then by
the isomorphism (3.1.1) P;_; has a generator in degree 1 — a, which implies 1 — a > 0.
Therefore a has to be 0 or 1, and each P; is generated in degree O or 1.

For each i = 0,...,d we write P, := P? @ P!(—1), where all the indecomposable
summands of P and P! are generated in degree zero. By the isomorphism (3.1.1), we

7 K3

have P! ~ PY . for any i € Z. Since the B®-module B is generated in degree zero, we

have P} = 0 and so P? = 0. Then the map d; : P, — P,_; can be written

i
0 —C;
d;: P' & PY(—1) Pli@®PLi(-1)

Therefore we have

d2 dl
P, = (P Py e P, P, Py)
Qo = (0 Pl - P} —=—P ——F)

i '

c3 c

Ri(-1):= (0 —= Pj(-1) —= -+ —= P{(~1) —= P}(~1) —= P/(~1))

Hence P, is the mapping cone of the morphism f : Re(—1) — Q.
(b) We have an exact sequence

0 Qo P, Ro(~1)[1] —=0 in C"(grproj B°).
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Applying (—)¥(—1)[d] and using the isomorphism (3.1.1), we have an exact sequence
0— RY[d— 1] —= P, —= QY(~1)[d] —=0 in C"(grproj B°).

Since (), is generated in degree zero and the degree zero part of Q) (—1)[d] is zero, we have

Home(grprOJ Be) (Q'u@o( )[d]) = 0. Slmllaﬂy Home(grprOJ Be) (R [d 1] ( )[ ]) =0
holds. Thus we have a commutative diagram

.

0—>RJld—1] —= P —=Q)(-1)[d] —=0

which implies Qo ~ R)[d — 1] and R, ~ Q)[d — 1]. O

Lemma 3.9. Let Q, be as defined in Lemma 3.8. We have the following isomorphisms.

(a) A®Rp Qs ®p A~ A in D(A®).
(b) A®p Qe ~ B in D(GrA°® ® B).

Proof. (a) Since P, is isomorphic to the mapping cone of f : Re(—1) — Q,, we have an
isomorphism

(P)o =~ Cone((R,)_1 — (Qa)o) in C"(projA°)

where (X), is the degree ¢ part of the complex X € C"(grproj B¢). Since B is only in
non-negative degrees, then so is R,. Hence we have

(P)o ~ (Qs)o in C"(proj A®).

Since P, >~ B in D(GrB°®), we have (P,)y ~ By = A in D(A®). Therefore we get
A®p Qe ®p A~ (Qs)g ~ A in D(A®) by Lemma 3.7.
(b) We have the following isomorphisms in D(Gr (A°® ® B)):

ARp Qe ~ (A®p Qe ®p A) ®4 B by Lemma 3.7

L
~A®yB~B by (a).

Proposition 3.10. We have gl.dmA < d — 1.

Proof. By Lemma 3.9 , A®p Q. ®p A is a projective resolution of the A°-module A. Thus
we have gl.dim A < proj.dim 4. A <d — 1. O

Lemma 3.11. Let R, be as defined in Lemma 3.8. Then we have the following isomor-
phisms.

(a) A®p Ry ®p A~ 0O in D(A°).

(b) A®p Re ~ O ®4 B in D(GrA°® ® B).



hal-00586612, version 1 - 18 Apr 2011

16 CLAIRE AMIOT, OSAMU IYAMA, AND IDUN REITEN

Proof. (a) We have the following isomorphisms in D(A®):
ARp Re®p All —d] ~ A®p Q] ®p A by Lemma 3.8
~ A®p Hompg:(Q,, B°) ®p A
~ Hompge(Q., A°)
~ Homp:(B ®4 A ®p Qe @p A®4 B, A®) by Lemma 3.7
~ Hom e (A ®@p Qs ®p A, A°)

~ RHom (A, A°) by Lemma 3.9.
(b) We get the following isomorphisms in D(Gr (A® @ B)):
A®p Ry~ (A®p Re®p A) ®4 B by Lemma 3.7
~0O®sB by (a).

O

Now we are ready to prove Proposition 3.3.

By Lemma 3.8 there exists a triangle Ro(—1) Q. P, RJ(—1)[1] in D(Gr B®).

L
Applying the functor A ® g — to this triangle we get the triangle
A®p Re(—1) — A®p Qo —> A®p P, —= A®p R (—1)[1] in D(Gr(A® ® B)).
By Lemmas 3.9 and 3.11, we get a commutative diagram

A®p Ro(—1) —> A®p Qe —= A®p P, —= A®p R.[1](—1)

lz iz lz lz
O ®4 B(—1) B £ A © ®4 B(-1)[1]
in D(Gr(A°” ® B)) with the natural surjection a. O

We end this subsection with recording the following observation, which is not used in
this paper and follows easily from Lemmas 3.9 and 3.11.

Remark 3.12. We have isomorphisms ), >~ B (}%A B and Ry ~ B®4 0 ®4 B in D(A°).
3.3. Proof of Theorem 3.4. From Proposition 3.3, we have a triangle
O®4 B(-1)—=B—>A O ®a B(-1)[1] in D(Gr(A® @ B)).
Since a is the natural surjection, « is an isomorphism except for the degree zero part.
For any ¢ > 1 we use the following notation:
O =0®40 @4 - ©10 € D(A°).
¢ times

Definition 3.13. Let oy : ©° ®4 B — B(f) be a morphism in D(Gr(A°%® @ B)) defined
as the composition

lge—1®aa(l) lge—2®aa(2) a(l)

O @4 Bl — 1) = B(0).

Oégi@£®AB e-1 ®AB(1)
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Let 8, : H°(©%) — By, be a morphism in Mod (A°) defined as
ﬁg = Ho(ag)o : HO(@Z) — Bg.

Now we are ready to prove Theorem 3.4.
(a) This is already shown in Proposition 3.10.
(b) Looking at the degree zero part of ay, we have an isomorphism

0= (0'®4 B)y—= B, in D(A)

for any ¢ > 0. Thus IT;(A) = TAO is concentrated in degree zero.
(c) Consider the following diagram for any ¢, m € Z:

Be®alB,,

HO<@Z) ®a By, = By ®4 B,

M Lmult.
B£+m eym

~ Bé—i—m

1HO(@Z)®ABm
—_—

H(©) ©.4 H(O™)

|

HO (@Z—f—m)

The left square commutes since ayy.,, = ag(m) o (1ge ® 4 vy,) holds, and the right triangle
commutes since H%(ay) : H°(©%) ®4 B — B({) is a morphism of right B-modules. In
particular, the k-linear isomorphism

@ezo Be: Ma(A) = @zzo H(e") — B = @zzo By

is compatible with the multiplication. O]

The next lemma, which we will use later, follows immediately from the definitions of
ayp and fSy.

Lemma 3.14. (a) The following diagram is commutative:
H(](@Z) = HomD(A) (A, @g)
L
l@AB
Be HomD(GrB)(B, o Xa B)

|

Bg HomD(GrB)(B, B(ﬁ))

(b) B¢ is equal to the composition

B1®a®aB1 mult.
>

B HY(OF) —= H°(©) ®4 - -- ®4 H*(O) By ®a...®4 By — By.

~

4. MAIN RESULTS

Let B = @ézo By be a Z-graded algebra such that dimy By is finite for all ¢ € Z. Let
A = Bj and let e € A be an idempotent. Assume that the conditions (A1*), (A2) and
(A3) are satisfied, and in addition

(Ad) eA(1 —e) =0.
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. . . eAe 0 .
That is, we have an isomorphism of algebras A =~ {(1 —¢)Ae A} Combining Propo-
sition 3.10 and (A4) we immediately get that gl.dimA < d — 1. Moreover recall from
Section 2 that C' := eBe is also noetherian and that we have Be € CM(C) and eB €
CM (C°P).

The aim of this section is to prove the following result.
Theorem 4.1. Under assumptions (A1%), (A2), (A3) and (A4), we have the following.

L
Res. —®aBe

(a) The functor F :D"(A) —— DP(A) DP(grC) —= CMZ%(C) is a tri-

angle equivalence. In particular, Be is a tilting object in C_MZ(C).
(b) There exists a triangle equivalence G : Cy4_1(A) — CM (C') making the diagram

D°(A) L cM%(0)
Ca_1(A) = CM (C)

commutative, where Cq_1(A) is the generalized (d — 1)-cluster category of A.

4.1. Notations and plan of the proof. Let us start with some notations that we use
in the proof.

We denote as before by © = ©,_1(A) a projective resolution of RHom 4c(A, A®)[d — 1]
in D(A®), and by © = ©,-1(A) a projective resolution of RHom 4¢(A, A°)[d — 1] in D(A°).
For ¢ > 1 we put

0 =0010®4- - ®10E€D(A) and O =0®R1O®,-- ©410 € D(A).

4

£ times ¢ times

We denote by ©~! a projective resolution of DA[1 —d] in D(A°®), and by ©~" a projective
resolution of DA[1 — d] in D(A®). For £ > 1 we put

O '=0"®,1..0.0"'€D(A) and O =0"®4...R107" € D(A).

hd ~"
£ times ¢ times

Then for any ¢, m € Z we have isomorphisms ©‘®,40™ ~ ™ in D(A®) and of ® 0™ o~
Qﬁ-i-m in D(Ae)-

The proof of Theorem 4.1 is given in the next subsections. It consists of several steps
that we outline here for the convenience of the reader.
In subsection 4.2, we construct for all / > 0 an isomorphism

(4.1.1) Homp(a)(4,0") ~ B, (Lemma 4.3)
compatible with composition in D(A) and product in B.

L L
In subsection 4.3 we construct a map A®4 Be(l) - O ®4 Be in D(Gr (A ® C')) whose
cone is perfect as an object in D(GrC') (Proposition 4.8). With F as in Theorem 4.1(a),
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it gives us a commutative square for any ¢ € 7Z

(4.1.2) DP(A) CMZ(C)  (Proposition 4.9)
—®A®fl J/(Z)
Db(A) —— = CM*(0)
and an isomorphism
(4.1.3) F(©") ~ Be(f) (Proposition 4.12).

Moreover we can use this to show that F' induces a triangle functor G : C4_1(A) — CM (C)
(Proposition 4.10).

In subsection 4.4 we show that the isomorphisms (4.1.1) and (4.1.3) are compatible
with the map F)y ¢ for any £ > 0, that is, there is a commutative diagram

F, oe

A©
(414) HOme(é) <A7 @Z) HomC_MZ(0)(F(A), F(QZ)) '
B = Hom Be, Be(!
= Prop.2.3(b) C—MZ(C)( € 6( ))

It implies that the map F; o¢ is an isomorphism (Proposition 4.13).

The last step of the proof consists of using (d — 1)-cluster tilting subcategories in the
categories DP(A) and CM%(C), (resp. C4_1(A) and CM (C)) and Proposition 1.7 to show
that [ : D(A) — CMZ(C) (resp. G : C4_1(A) — CM(C)) is an equivalence.

4.2. Preprojective algebras. Using the following observation, we identify A®4 0O ®4 A
and O in the rest of this section.

Lemma 4.2. We have an isomorphism A®4© ®4 A — © in D(A°).

Proof. We have the following isomorphism
A®40 ~RHomy(DA,A) in D(AP ® A).

Let I, be an injective resolution of A as an A°-module. It follows from (A4) that I, is also
an injective resolution of A as an A-module. Hence we have the following isomorphisms

in D(A°):

AR,1O®4 A RHomy4 (DA, A) Q%A A
HomA(DA I) AA

Hom gop (D14, A) ® 4

Hom gor (D1,, A)

Hoonp (D[.,A)

Homu (DA, I,) ~ ©.

12 1111
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Denote by py : A — A the natural projection in Mod (A®). For £ > 1 we define the map
pe: O = 0 in D(A°) as the following composition:
O 2 AR ORUARIORy--- ®1O®4 A
lPO@)Al@@APO@A"'@APO
ARIORUARLOR,---®1OR4 A
|
(AR1O@sA) @4 (ARIOR4- Da (AR O @4 A) ~ O,

Lemma 4.3. Let B, : H*(©%) = By be as in Definition 3.15. Then there exists an
isomorphism H°(©%) = B, making the following diagram commutative.

H(OY) — 2. B,
lHO(pz) Lnat
HO(QK) — EZ'

Proof. Let E := H°(©), E := H°(©) and for £ > 1
E'=F@1E®)..Q4E and E':=EQ E®4...04E.

4

£ times ¢ times

(i) We show that 3, : E = Bj induces an isomorphism E < B;.
Taking H° of the isomorphism © ~ A®4 0 ®4 A constructed in Lemma 4.2, we obtain
isomorphisms

E By
AeE + EcA  AeB; + BieA

E~A®@rE®@1 A~ ~ B, in Mod(A4°).

(ii) We show that £ = B, in (i) induces an isomorphism E‘ = B, for any ¢ > 1.
Note that for M and N in Mod(A®) we have a canonical isomorphism M @4 N ~
M ®4 N. Thus we have the following isomorphisms

E FE E* TWE
) p—— Y Y ~ ~ .
= AeE + EeA AeE + EeA Zf:o EieEt—i (e) ),

Using the isomorphism of Z-graded algebras T4y F ~ B in Theorem 3.4, we obtain

£=(15).> (@), =2

(iii) We show that the natural map

Rt HO(p1)®a4..0 aH® (p1)

nat. :
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makes the following diagram commutative:

HO(@Z) _ y) 51®A:®A51 Bl Q4... Q4 Bl mult. Bg
lHO(pg) lnat. inat.
HO(@E) _ Eg (i) B,

The right pentagon is clearly commutative since both horizontal maps are induced by
the isomorphism of Z-graded algebra Ty F ~ B.
We then show that the left square is commutative. Since the square

Po®APO

A®4 A ARuA—=A®s A
Lz lz
A o A

is clearly commutative, we have the assertion from the following isomorphisms:

(H (p1))®4¢ =~ (H°(po®a lo ®a po))®*
~ H%po) ®a (Lpo) ®a H(po ®4 p0))®4 ! @4 1poe) ®a H(po)
~ H%(po) ®a (o) ®a HO(po))®4 @4 1poe) @4 H (po)
~ Hp).
(iv) Now the assertion follows from the commutative diagram in (iii) since the upper
horizontal map is 3, by Proposition 3.14. U

From Lemma 4.3, we immediately get the following consequence.
Corollary 4.4. We have an isomorphism I143(A) ~ B of Z-graded algebras.

By hypothesis (A3), the algebra B is finite dimensional. Therefore we get the following
consequence of Theorem 1.12.

Corollary 4.5. Let Cy—1(A) be the generalized (d — 1)-cluster category associated to A.
Then the following hold.
(a) Cq—1(A) is a (d — 1)-Calabi- Yau triangulated category.
(b) The object m(A) is a (d — 1)-cluster tilting object in Cy—1(A).
(c) The category add{©" | ¢ € Z} C D"(A) is a (d — 1)-cluster tilting subcategory of
Dv(A).

4.3. Compatibility of gradings. For any ¢ > 0, we consider the map
L ¢ - : z
G =pr®alp 0" ®4Be = 0" ®4 Be in CM7(C).
L
Lemma 4.6. The cone of the map q; : ©' ®4 Be — 0° ®4 Be in D(Gr (AP ® () is
perfect as an object in D(GrC).

Proof. The cone of py : A — A is in thick (AeA) C D(A). Moreover, since A is of finite
global dimension and is finite dimensional, © is in per A°>. Then the cone of the map
P1=DPo®a lo ®pg is in thick (AeA) C D(A). By an easy induction, we get that the cone
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of p, is in thick (AeA) C D(A). Since AeA is in thick (eA) C D(A) and eA ®4 Be = C,
L
then the cone of ¢, = p; ®4 1. is in thick (C') C D(GrC). O

For ¢ > 1 we consider the map
L
Yo = Oy Xa 1Be . @g XA B€—>B€<€) in D(Gr(AOp(X)C'))

L L
Lemma 4.7. The morphism 14 @471 : A®4 0O @4 Be — A®4 Be(1) is an isomorphism
in D(Gr (AP @ C)).

Proof. The cone of this morphism is A ®4 A(1) ® Be = A®p Be(1) = Ae(1) =0, so we
have the assertion. O

From Lemmas 4.6 and 4.7 we get the following fundamental consequences.

Proposition 4.8. The cone of the composition map

L L
(1a®a71)7t (lag 40)Rapo®alpe

L L
A®4O®4 Be A®1O®s ARy Be~0O®y Be

A4 Be(1)
in D(Gr(A® ® C)) is perfect as an object in D(GrC).

Proposition 4.9. The following diagrams of triangle functors are commutative up to
isomorphism.

Db (A) CMZ(C) Db (A) CMZ(C)
®@l J{(l) ®@—1l l(l)
DY(A) ——— CM*(C) DP(A) ——— CMZ(C).

Combining Proposition 4.8 with the universal property of the generalized cluster cate-
gory (Proposition 1.10), we get the following consequence.

Proposition 4.10. There exists a triangle functor G : Cq—1(A) — CM(C) such that we
have a commutative diagram

D°(4)

po—e—ae

Ca1(A) —F—— CM(O).

The following isomorphism in CM%(C') plays an important role.

Proposition 4.11. The morphism in Proposition 4.8 gives an isomorphism

§:F(Q) :@éABe%AéABe(l) — F(4) in CM*(O)
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such that the following diagram commutes:

q L
© XA Be @ R4 Be
[71 lé
q0(1) L
A®4 Be(1) A ®4 Be(1)
Proof. The assertion follows from the following commutative diagram:
q1 L
O ®4 Be © ®4 Be
WEE) /
. <
(lag ,0)®ap0®@alpe L
7 A@A@@AB@ A®A6®AA®ABG é
L
q0(1) L
ARq Be(l) A®y Be(l)
OJ

L L
For any ¢ > 1, let 0, : ©° ®4 Be - A®4 Be(f) be an isomorphism in CMZ(C) defined
as the composition

L L
lge-1®46 lge—2®458(1)

L L L 6(0—1)
6 : 0" @4 Be O @4 Be(1) O ®4Be(l —1) Be(0).
The isomorphism §, and Lemma 4.6 for ¢ = 0 give us in particular the following
consequence.

Proposition 4.12. For any { € 7 we have F(Q") ~ Be() in CM?%(C).
4.4. F and G are equivalences. The following result is the key step for proving that
the triangle functors F' and G are equivalences.
L L
Proposition 4.13. The map F ¢ : Hompa)(A, o' — Hom ey () (A ®a Be, 0" ® 4 Be)
s an isomorphism for any ¢ € Z.
In order to prove this we need the following intermediate lemmas.

Lemma 4.14. The isomorphism B, ~ Homey 7 (Be, Be({)) of Proposition 2.3(b) makes
the following diagram commutative:

HO<@€) = HomD(A) (A, @E)
| Be l/_é)ABe
By Homepy z () (Be, O° ®4 Be)

nat. \LW'
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Proof. The above diagram is a part of the following:

HO<@Z) HOI’T‘ID A) A @Z)
e
Be HomD(G,B B, o’ Xa B) ®—BB;eHomD(GrC (Be, o Xa Be)

| P

~ — Be
By ——~ Hompc, 5 (B, B(£)) —2=°~ Hompc, cy(Be, Be(())

(
B, ~ Homey 2 c*)(Be Be(())

The upper left pentagon is commutative by Lemma 3.14. The upper right square is

commutative since by definition v, = ay Q%) A1ge. The lower pentagon is commutative since
the isomorphism of Z-graded algebras B ~ ., Homeyz oy (Be, Be({)) is induced by
the isomorphism of Z-graded algebras B ~ &,., Homg, g(53, B({)) (Proposition 2.3(b)).
Hence the original diagram is commutative. O

Lemma 4.15. For any ¢ > 0 the following diagram commutes.

HO(py)

H°(©) H°(6")
i l

HomD(A)(A, @Z) e HomD(A)(A,QZ)

L] PO
—$aBe Homp4)(4, ©°)

L

—®aBe
-1

Homc_Mz<C)(B€, @Z ®A Be) &

L L
Homepwz (o) (A ©4 Be, 8° @4 Be)

L
Proof. This is clear since by definition ¢, = p; ®4 1. O

Lemma 4.16. We have the following commutative diagram in CM*(C):

0’ @, Be O $, Be

Ve lé[
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Proof. For the case ¢ = 1, the assertion is shown in Proposition 4.11. Assume that the
assertion is true for £ — 1. Consider the following commutative diagram:

po®a(l L )
L lo®Aaqe—1 L 0® 40718 4 Be o1 L
O®,4 0 @, Be O®40" ' ®4 Be O®40"" ®4 Be
lo®ave—1 \L1@®A5£—1 le®ade—1
loe®aqo(£—1) pO®A1A§ Be(£—1)
o®aqo(f— L AB g Be(t— L
© ®4 Be(l — 1) O ®4AR4 Be(l —1) O @4 AD4 Be(l —1)
v1(¢—1) 61(6—1)
q0(£) L
Be({) A ®4 Be(l)

Clearly the upper right square is commutative. The upper left square is commutative
by our induction assumption, and the lower pentagon is commutative for the case ¢ = 1.
Thus the commutativity for the case ¢ follows from the biggest square. OJ

Proof of Proposition 4.13. For £ < 0, the spaces Hompa)(A, %) and Homcyz () (F(A), F(0") ~
B, vanish, hence Fy g¢ is an isomorphism in this case.
For ¢ > 0 consider the following diagram:

HO
B, Be HO(@Z) (pe) HO (_g)
) zl
Homp4)(A, ©F) Hompa) (4, 8°)
L L
nat. —®aBe l _®ABe:FA,@Z
P @ - a4 L , L
Homcyz () (Be, ©° @4 Be) Homeyz (o) (A ®4 Be, ©° ®4 Be)
Yer lisz-

q0(4) - g9

L L
Homep (o (Be, Be(l)) = Homeyz (o) (A ®a Be, A®4 Be(())

B,

By Lemma 4.14 the left hexagon is commutative, by Lemma 4.15 the upper right hexagon
is commutative, and by Lemma 4.16 the lower square is commutative. Hence the whole
diagram commutes.

Moreover by Lemma 4.3 the map 3, : H°(©%) ~ B, induces an isomorphism H°(©") ~
B,. Therefore the following diagram is commutative

Faet

Homp(4)(4, ©°) —— Homeyz (o (F(4), F(€"))

ZL llqo(f)wz © qo

Bg = Homc_Mz<C)(B€, Be(f))

and F4 g¢ is an isomorphism. O
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Proof of Theorem 4.1. By Proposition 4.12, the functor F' restricted to the subcategory
add{©° | £ € Z} ¢ D"(A) induces a functor:

add{0"| ¢ € Z} — add{Be(() | ¢ € Z} c CMZ*(0).

This is an equivalence by Propositions 4.12 and 4.13. These subcategories are (d —
1)-cluster tilting subcategories by Corollary 4.5 and Proposition 2.3(c). Thus F' is an
equivalence by Proposition 1.7.

Similarly, the map Gra x4 is an isomorphism since F, ¢ is an isomorphism for any
¢ € 7. Therefore we deduce that G is an equivalence using the same criterion. OJ

5. APPLICATION TO QUOTIENT SINGULARITIES

In this section we apply the main theorem in the previous section to invariant rings.

Let S be the polynomial ring k[z1, ..., x4 over an algebraically closed field & of charac-
teristic zero, and G be a finite subgroup of SL4(k) acting freely on k%\{0}. Then G = (g)
acts on S in a natural way, and we denote by R := S the invariant ring and by S * G
the skew group algebra. Then R is a Gorenstein isolated singularity of Krull dimension
d. Let us recall some well-known results.

Theorem 5.1. In the setup above, the following assertions hold.

(a) [AusT78] The stable category CM(R) of mazimal Cohen-Macaulay R-modules is a
(d — 1)-Calabi- Yau triangulated category.

(b) [Aus86, Yos90, IT10] We have Endg(S) ~ S * G.

(c) [Iya07a] The R-module S is a (d — 1)-cluster tilting object in CM (R).

(d) [BSW10] S * G is presented by the McKay quiver of G with relations given by
higher derivative of a potential.

Recall that the McKay quiver of G over k is defined as follows [Mck80, Yos90]: The
vertices are isomorphism classes Vi,...,V, of irreducible representations of G over k.
Let V' be the d-dimensional representation corresponding to the embedding G C SL,4(k).

il

Write V @ V; = @),_, V;,i as a direct sum of irreducible representations. Then we draw
d;;i arrows from V; to Vj,, and get by definition the McKay quiver.

5.1. Realization as generalized cluster categories. In the rest of this section, we
assume that G is a cyclic group generated by g = diag(¢*, ..., (%) with a primitive n-th
root ¢ of unity and integers a; satisfying

(B1) 0 < a; <nand (n,a;) =1 for any j with 1 < j <d.

(B2) ay +---+aqg=n.

We regard S = kfz1,- -+, x4] as a Z-graded ring @, S+ by putting deg z; = 2. Since
G acts on S by ¢ - x; = (“x;, the invariant subring is given by
S =P s
tez

Now we define graded S“-modules for each i with 0 < i < n by

T ::@SH%W

LeZ
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where the degree ¢ part of 7% is S, i. Then we have T° = S¢. Let

n—1 n—1
T := @Ti and T := @T
=1

=0
Note that we have T ~ S as (ungraded) S“-modules. Define k-algebras by
A= EndGr(SG)(T), A = EndC_MZ(SG)(T)
B = EndSG(T), E = Endm(SG)(T)
Then B and B are graded algebras such that A = By and A = B,. We will give explicit
presentations of B, A and A in terms of quivers with relations in Proposition 5.5.

Let e be the idempotent of B = Endge(T') associated with the direct summand 7° of
T. Then we have eBe ~ SY A~ A/AeA and B ~ B/BeB.

Our main result in this section is the following.
Theorem 5.2. Under the assumptions and notations above, we have the following.
L
(a) The functor F :D°(A) Jes, DP(A) ~@abe DP(gr S¢) — CM%(S%) is a tri-

angle equivalence. In particular, Be is a tilting object in C_MZ(SG).
(b) There exists a triangle equivalence G : Cq_1(A) — CM (SY) making the diagram

D(4) CM*(59)

| e

Ca—1(A) —=—> CM(S59)

commutative, where Cq_1(A) is the generalized (d — 1)-cluster category of A.
As a special case we have the following.

Corollary 5.3. Let G C SL3(k) be a finite cyclic subgroup satisfying (B1). Then the
stable category CM (S) of mazimal Cohen-Macaulay modules is triangle equivalent to
the generalized 2-cluster category Co(A) for the finite dimensional algebra A of global
dimension at most 2.

Proof. We only have to check the condition (B2). Let g = diag(¢®*, (*?,(*?) be a generator
of G. Since 0 < a; < n and g € SL3(k), we have a; + as + ag = n or 2n. If this is n, then
(B2) is satisfied. If this is 2n, then ¢7! = diag(¢" ™, ("%, ("~ %) satisfies (B2) since
(n—ay)+ (n—az) + (n—as) =n. O

Remark 5.4. (a) The equivalence F' : DP(A) — CM%(S%) is obtained by Ueda [Ued08].
Our proof is very different since he uses a strong theorem due to Orlov [Orl05].
(b) The equivalence G : C4_1(A) — CM(S%) is an analogue of an independent result
proved by Thanhoffer de Volecsey and Van den Bergh [TV10, Proposition 1.3].
They use generalized cluster categories associated with quivers with potential in-
stead of those associated with algebras of finite global dimension.
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5.2. Koszul bimodule resolution of S*G. Let G be a finite cyclic subgroup of SLy(k)
generated by g = diag(¢*, ..., (%) as above, and let S¢ and A, B, A and B be as defined
in the previous subsection. Then B = S * G is the skew group algebra, which is known to
have global dimension d. We want to show that conditions (A1*) to (A4) in the previous
section are satisfied in this case. We start with condition (A1*), and here we need some
notation.

First we give a concrete description of the McKay quiver () of the cyclic group GG. The
set Qo of vertices is Z/nZ. The arrows are

x}zxj:i—>i+aj (i €Z/nZ, 1 <j<d).

Proposition 5.5. (a) A presentation of B is given by the McKay quiver with com-
mutative relations

ita; g +ay . ..
xy, "V wi=x; 0wl (i€ Z/nZ, 1< 4,5 <d).

(b) A presentation of A is obtained from that of B by removing all arrows ZL‘; i — 1
with i > 1'.
(c) A presentation of A is obtained from that of A by removing the vertez 0.
Proof. (a) This is well-known (e.g. [BSW10]).
(b) By our grading on T, the degree of the morphism :E; T TV is 0if i <4/, and 1
otherwise. Thus we have the assertion.
(c) This is clear. O

We denote by @), the set of paths of length ¢, and by k@), the k-vector space with basis
Q¢. Then k(@) is a k-algebra which we denote by L := k@)y. Clearly we have
kQe = kQ1 ®p -+ - ®1 kQ .

TV
£ times

Define a vector space U, as the factor space of k), modulo the subspace generated by
VR QT; QV + vz, Qx; QU
We denote by v1 Avg A--- Av the image of v1 @ vy ® - - ® vy in U,. Then U, has a basis
consisting of
Tj, NTj,_y N Ny
where
iﬂ)i"“aﬁi)"'l>i+aj1+"'+ajz
is a path of length ¢ satisfying j; < jo < --- < js. Now let

d, 0q—1 01
P, ZI(B@LUd(X)LB—d)B@LUdfl@LBd—>"'—>B®LUO®LB>7

where §, is defined by
5g(b &® (SL’]'I N T o VANRERIVAY Lj,_4q A sz) ® b/)

l
= Z(_l)i_l(bxﬁ ® ($j1 ARRE :\L/,ji A x]’z) @b +b® ($j1 AR ';I:/‘ji A xje) ®xjib/)'
i=1

Then we have the following observation which implies the condition (A1*).



hal-00586612, version 1 - 18 Apr 2011

STABLE CATEGORIES OF COHEN-MACAULAY MODULES AND CLUSTER CATEGORIES 29

Theorem 5.6. The complex P, is a projective resolution of the graded B¢-module B
satisfying Py ~ Pr[d](—1) in C*(grproj B®). In particular B is a bimodule d-Calabi- Yau
algebra of Gorenstein parameter 1.

Proof. The assertion except the grading is well-known and easy to check (e.g. [BSW10,
Thm. 6.2]). We will show that each J§y is homogeneous of degree 0 by introducing a
certain grading on P,. Define the degree map ¢ : Q1 — Z by

ST 0 0<i<i <nm,
9@ =1)= 1 g<i<i<n,

Then we have a well-defined degree map

g(@jy A Naj,) = g(xj,) + - + g(w5,)
on basis vectors of U,. Since the value is always 0 or 1 by the condition (B2) a;+---4aq =
n, we have a decomposition
U=U0aU,;
where Uy (respectively, U}) is the subspace spanned by the elements of degree 0 (respec-
tively, 1). We regard U as having degree 0 and U} as having degree 1. Then each map
0 is homogeneous of degree 0. O

We proceed to show the other conditions.

Lemma 5.7. S G satisfies the conditions (A1%), (A2), (A8) and (A4) in Theorem J.1.

Proof. (A1*) This was shown in the previous theorem.

(A2) The ring B = S % G is clearly noetherian.

(A3) S is an isolated singularity by (B1). Then the stable category CM (S¢) has finite
dimensional homomorphism spaces [Aus78, Yos90]. Hence dimy, B is finite.

(A4) It is a direct consequence of the definition of A that the vertex 0 in the McKay
quiver is a source. We use the idempotent e corresponding to this vertex. O]

Now Theorem 5.2 is an immediate consequence of Theorem 4.1 and Lemma 5.7. 0

6. EXAMPLES

We use the notation *(as,...,aq) for the element diag(¢™,..., (") € SLy(k), where
a1+ ...+ aqg=n and ( is a primitive n-root of unity.

6.1. Case d = 2. Here we apply our result for the case where d = 2.
Let G C SLy(k) be a finite cyclic subgroup. Then there exists a generator of the form
%(1, n — 1). The algebra S x G is presented by the McKay quiver

H
SES
[N}
P
(98}
|
|
e
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with the commutativity relation zy = yx. The grading induced by the generator %(1, n—1)
makes the arrows x of degree 0 and the arrows y of degree 1. The idempotent correspond-
ing to the direct summand T of T" corresponds to the vertex 0 of the McKay quiver. Hence,
the algebra A = Endcyzge)(T) is isomorphic to kQ where @ is A, with the linear ori-
entation. Hence by Theorem 5.2, we obtain a triangle equivalence CM (S%) ~ C;(4,,_1).

More generally, if G is a finite subgroup (not necessarily cyclic) of SLy(k), the algebra
B = S+ is Morita equivalent to the preprojective algebra Hg(é) of an extended Dynkin
quiver @ There exists a Z-grading on B such that A := By is Morita equivalent to the
path algebra ké and B is bimodule 2-Calabi-Yau of Gorenstein parameter 1. Moreover
B has an idempotent e such that eBe = S¢ and e is the exceptional vertex of @ Thus
by Theorem 4.1 we have a triangle equivalence Ci(kQ) ~ CM(S%) for Q := Q\{e}.

Moreover, the triangulated category C; (k@) is equivalent to the category projIly(kQ),
where I, (k@) is the preprojective algebra associated to the Dynkin quiver ). Hence we
recover the well-known proposition below.

Proposition 6.1. Let G C SLy(k) be a finite subgroup and Q) be the corresponding Dynkin
quiver.

(a) [Rei87, RV89, BSW10] We have equivalences CM (S¢) ~ C;(kQ) ~ projI1,(kQ).
(b) [KST07, LP06] We have equivalences CM*(SE) ~ DP(kQ) ~ grprojIl,(kQ).

Remark 6.2. Let A be a finite-dimensional algebra of global dimension at most 1. Then,
if k£ is algebraically closed, A is Morita equivalent to the path algebra k(@) of an acyclic
quiver ). The 1-cluster category C;(kQ) is Hom-finite if and only if @ is of Dynkin type.
Thus we obtain a kind of converse of Theorem 4.1 for d = 2: every 1-cluster category can
be realized as the stable category of Cohen-Macaulay modules over an isolated singularity.

6.2. Case d = 3.

Ezample 6.1. Let d = 3 and GG be the subgroup of SL3(k) generated by %(1, 1,1). Then
B = S % (G is presented by the McKay quiver

with the commutativity relations zy = yx, vz = zx and yz = zy. By the choice of the
grading, the arrows z;, y; and z; for ¢ = 0,1 have degree 0 and the arrows x,, ¥ and 2o
have degree 1. Hence the algebra A, which is the degree 0 part of B, is presented by the
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with the induced relations. The idempotent e of the algebra B corresponds to the sum-
mand S¢ which corresponds to the vertex 0. Therefore A is presented by the quiver

quiver

Z1

2 Y 1
I

without any relations. By Theorem 5.2 the category CM (S%) is triangle equivalent to the
cluster category Co(kQ), where @) is the acyclic quiver

2 1

This result was already shown in [KR08].

Example 6.2. Let d = 3 and G be the subgroup generated by é(l, 2,2). Then B=Sx*G
is presented by the McKay quiver

0//1/21]\\
\ yI Ty

with the commutativity relations zy = yx, yz = zy, zx = xz. By the choice of the
grading, the algebra A, which is the degree 0 part of B, is presented by the quiver

2

0
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with the commutativity relations. The idempotent e of the algebra B corresponds to the
summand S¢ which corresponds to the vertex 0. Therefore A is presented by the quiver

with the commutativity relations. By Theorem 5.2 the category CM (S%) is triangle
equivalent to the generalized cluster category Ca(A) .

Now take another generator of the group G given by (3 1,1). Then the algebra B is
same as the above, but has a different grading.

The algebra A’, which is the part of degree 0 of B, is presented by the quiver

/

with the commutativity relations. By Theorem 5.2 the category CM (S%) is triangle
equivalent to the generalized cluster category Co(A’) . Hence we get a triangle equivalence
between the generalized cluster categories Co(A) ~ Co(A’) (the algebras A and A’ are
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cluster equivalent in the sense of [AO10]). However, one can show that the algebras A
and A’ are not derived equivalent. Indeed they have different Coxeter polynomials.

Cox(A) =2* —42® —62° —4x+1 and Cox(A) =a2* —T2° + 92> — 7w + 1

One can also see this using results of [AO10].
Now we have two different gradings on S¢, which we denote by Z and Z'. Then we
have

CMZ(S%) ~ DP(A) £ DP(A') ~ CMZ'(5%).

6.3. Case d > 4.

Example 6.3. Now let d = n and G be generated by 5(1, ..., 1). Then, proceeding as
before, it is not hard to see that B = S x GG is presented by the McKay quiver

/"xd T \
/ ) \
1 ) 2 ) 3 d—2 To—— d—1

Tg—

with the commutative relations x;x; = x;x;. Then, with the grading corresponding to the
generator 5(1, ..., 1), one can check that the algebra A is given by the quiver

T T 1 —
1 T2 2 T2 3 d—2 Ta—— d—1
Tdq Tq Tg——

with the commutativity relations.
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