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 !"#$%&
"($!
 ! "#$% "#&%$%' (& $!)&%"$*+"& "#& ,$!$,+- "$,& ./"$,+- 01!"21- 3214-&,  !"#$ 512%$!*-&6$!/7" 
1!"21-6+9!& %:%"&,% $!  ;n

ẋ = X(x) + u1Y1(x),($"# <=&> $!$"$+- +!> <!+- "$,&% 
1!>$"$1!%
x(0) = x̂0 , x(tf ) = x̂1 ,(#&2& X +!> Y1 +2& %,11"# )&
"12 <&->%' +!> "#& 
1!"21- u1 $% + ,&+%72+4-& %
+-+2 57!
"$1!%+"$%5:$!* "#& 
1!%"2+$!"
|u1(t)| ≤ 1 , ∀t ∈ [0, tf ]($"# tf "#& <!+- "$,&? @& >&)&-1/ 2&*7-+2$A+"$1! /21
&>72&% $! 12>&2 "1 
1,/7"& %,11"#+//21=$,+"$1!% 15 "#& +41)& 4+!*64+!* 
1!"21- /214-&,' +!> "1 
1,/7"& 
1!B7*+"& "$,&%?C#& <2%" 
1!B7*+"& "$,& 15 + "2+B&
"12: x(·) $% "#& "$,& +" (#$
# $" -1%&% $"% -1
+- 1/"$,+-$":?C#& >&<!$"$1! +!> 
1,/7"+"$1! 15 
1!B7*+"& /1$!"% +2& +! $,/12"+!" "1/$
 $! "#& "#&12: 15
+-
7-7% 15 )+2$+"$1!% D%&& &?*? EFG℄I?  ! EJJ℄ "#& $!)&%"$*+"$1! 15 "#& >&<!$"$1! +!> 
1,/7"+"$1!15 
1!B7*+"& /1$!"% 512 ,$!$,+- "$,& 
1!"21- /214-&,% $% 4+%&> 1! "#& %"7>: 15 !&
&%%+2:+!>K12 %79
$&!" %&
1!> 12>&2 
1!>$"$1!%?  ! EFFL℄' "#& "#&12: 15 &!)&-1/&% +!> 
1!B7*+"&/1$!"% $% 7%&> 512 "#& %"7>: 15 "#& %"27
"72& 15 -1
+--: 1/"$,+- 4+!*64+!* "2+B&
"12$&% 512 "#&/214-&,  !"#$ $!  ;2 +!>  ;3M "#&%& 2&%7-"% (&2& *&!&2+-$A&> $! ENL℄?  ! EOF' FLL℄ <2%" +!>%&
1!> 12>&2 %79
$&!" 1/"$,+-$": 
1!>$"$1!% +2& >&2$)&> $! "&2,% 15 + P7+>2+"$
 512, Qt' 512+ ,$!$,+- "$,& 
1!"21- /214-&, ($"# 
1!"21-6+9!& %:%"&,%?  ! EFLL℄ L16-1
+- 1/"$,+-$": $%
1!%$>&2&> +!> $! EOF℄ %"21!* -1
+- 1/"$,+-$":?  ! EQ℄ "#& +7"#12% >&2$)& %&
1!> 12>&2 %79
$&!"
1!>$"$1!%' 7!>&2 "#& %+,& 2&*7-+2$": +%%7,/"$1!% +% EOF℄' 512 +! 1/"$,+- 
1!"21- /214-&,$! "#& R+:&2 512, ($"# <=&> <!+- "$,&' ($"# 
1!"21-6+9!& %:%"&,% +!> 4+!*64+!* 1/"$,+-
1!"21-%?  ! EJL℄ "#& +7"#12% /21)&> "#& &P7$)+-&!
& 15 "#& %&
1!> 12>&2 %79
$&!" 
1!>$"$1!%*$)&! $! EOF℄ ($"# "#& 1!&% *$)&! $! EQ℄?  ! EJQ℄ +! +!+-1*17% P7+>2+"$
 512, "1 "#& 1!& $! EQ℄$% >&<!&>' 47" "#& %79
$&!" 1/"$,+-$": 
1!>$"$1!% >&2$)&> +2& )+-$> 512 + %"21!*&2 S$!> 151/"$,+-$": D%"+"& -1
+- 1/"$,+-$":I?C#& 
1,4$!+"$1! 15 !&
&%%+2: +!> %79
$&!" 
1!>$"$1!% 512 4+!*64+!* &="2&,+-% /21)$>&>$! EG'Q'OF'OT'JQ℄ +--1(% "1 2&-+"& "#& -1
+- %"21!* 1/"$,+-$": %"+"7% 15 + "2+B&
"12: x(·) ($"# "#&F
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 !"#$ %
 '( 
'%)*+,$ $"- #. /'0 10 
"# 234 "( $5 #$0"
$ 6,%+76,%+ 8 + %90 
'%9"$"'% 5'29#('0 , 6,%+76,%+  !$0 -,2 $0,) 
$'03 x(·) ,%9 $5 :*,90,$"
 ('0- Qt "# 1'#"$"; 9 <%"$ '% [0, t]4$5 % x(·) "# 2'
,223 '1$"-,2 ('0 10'62 -  !"#$ "% $5 C0 $'1'2'+3 '% [0, t] = >?4 @A4 @B4 C?℄E.F( G ,##*- -'0 '; 04 $5,$ x(·) 5,# , *%":*  !$0 -,2 2"($ =*1 $' , -*2$"12"
,$"; #
,2,0E
(x(·), p(·), p0, u1(·))4 G5"
5 "# -'0 '; 0 %'0-,2 (p0 = −1) ,%9 x(·) "# 2'
,223 '1$"-,2 "% C0$'1'2'+3 ('0 10'62 -  !"#$ '% [0, t] $5 % Qt "# %'%% +,$"; = >H℄E. I%9 0 $5 # ,##*-1$"'%#4$5 $"- # t4 t > 04 #*
5 $5,$ $5 :*,90,$"
 ('0- Qt 5,# , $0";",2 J 0% 2 ,0 "#'2,$ 9 ,%9 
,%'%23 
'%#"#$ '( #'- #G"$
5"%+ $"- # '( $5 6,%+76,%+  !$0 -,2 
'%$0'2 =#  >?℄EK $5  !"#
%&'()*#+ #,-+ tc '( , 6,%+76,%+ #$0'%+ 2'
,223 '1$"-,2 $0,) 
$'03 x(·) =#$,0$"%+ (0'- x̂0E "#$5 % 9 <% 9 63

tc = sup{t | Qt "# 1'#"$"; 9 <%"$ } = inf{t | Qt "# "%9 <%"$ } .L5 1'"%$ x(tc) "# 
,22 9 $5  !"# 
%&'()*#+ .%,&# '( $5 $0,) 
$'03 x(·).M*N
" %$ '1$"-,2"$3 
'%9"$"'%# ,0 9 ; 2'1 9 "% >@B℄ =#  ,2#' >AAH℄E 6,# 9 '% $5 - $5'9'( 
5,0,
$ 0"#$"
# ,%9 $5 $5 '03 '(  !$0 -,2 < 29#. M*N
" %$ '1$"-,2"$3 
'%9"$"'%# ,0 +"; %('0  -6 99"%+ , 0 ( 0 %
 $0,) 
$'03 "%$' , 2'
,2 < 29 '( 60'J %  !$0 -,2#. F% >A4O4?4C?℄4 *#"%+P,-"2$'%",% - $5'9# ,%9 $5  !$0 -,2 < 29 $5 '034 $5 ,*$5'0# 
'%#$0*
$4 *%9 0 
 0$,"%
'%9"$"'%#4 , %'%7"%$ 0# 
$"%+ < 29 '( #$,$  !$0 -,2# $5,$ 
'; 0# , +"; %  !$0 -,2 $0,) 
$'03
x(·). F% >?4 QA4 @B℄ $5 ,*$5'0# ,##'
",$ $5 '

*00 %
 '( , 
'%)*+,$ 1'"%$ G"$5 , /%01 .%,&#'( $5 R'G '( $5  !$0 -,2 < 294 $5,$ "#4 , #'7
,22 9 '; 02,1 '( $5 R'G % ,0 $5 #G"$
5"%+#*0(,
 .L5 
'-1*$,$"'% '( 
'%)*+,$ $"- # "% $5 6,%+76,%+ 
,# "# 9"N
*2$ "% 10,
$"
 . F% $5 2,#$3 ,0# G'0J# 5,; 6  % 9 ; 2'1 9 '% $5 %*- 0"
,2 "-12 - %$,$"'% '( # 
'%9 '09 0 #*N
" %$'1$"-,2"$3 
'%9"$"'%# =#  4  .+.4 >QA4 B@4 @A℄ ,%9 0 ( 0 %
 # 
"$ 9 $5 0 "%E. L5 # 10'
 9*0 #,22'G $5 
5,0,
$ 0"S,$"'% '( $5 <0#$ 
'%)*+,$ $"- 4 ('0 6,%+76,%+ '1$"-,2 
'%$0'2 10'62 -#G"$5 
'%$0'27,N% #3#$ -#4 G5 % ; 0 "$  !"#$# ,%9 "# ,$$,"% 9 ,$ , jth #G"$
5"%+ $"- . P'G ; 04"% 10,
$"
 4 "( j "# $'' 2,0+ $5 % $5 %*- 0"
,2 
'-1*$,$"'% -,3 6 
'- ; 03 9"N
*2$. T #"9 #4$5 '0 $"
,2 ,%9 10,
$"
,2 "##* # ('0 
'%)*+,$ $"- $5 '03 ,0 G 22 J%'G% "% $5 #-''$5 
,# =#   .+. >U4 @Q℄E4 ,%9  N
" %$ "-12 - %$,$"'% $''2# ,0 ,;,"2,62 =#  >A?℄E.L5 
'%$0"6*$"'%# '( $5"# $5 #"# ,0 $5 ('22'G"%+.V 10'1'# , 0 +*2,0"S,$"'% 10'
 9*0 G5"
5 1 0-"$# $' *# $5  N
" %$ $''2# '( 
'-1*7$,$"'% '( 
'%)*+,$ $"- # "% $5 #-''$5 
,# 10';"9 9 "% >A?℄ ('0 $5 
'-1*$,$"'% '( $5 <0#$
'%)*+,$ $"- '( $5 10'62 -  !"#$. L5 0 +*2,0"S,$"'% 10'
 9*0 "# $5 ('22'G"%+. 8 $ ε6 , 1'#"$"; 0 ,2 1,0,- $ 0 ,%9 2 $ Y2, . . . , Ym 6 m−1 ,06"$0,03 #-''$5 ; 
$'0 < 29# '% FWn4G5 0 m ≥ 2 "# ,% "%$ + 0. V 
'%#"9 0 $5 -"%"-,2 $"- 10'62 -  !"#$ε ('0 $5 
'%$0'2#3#$ -

ẋε(t) = X (xε(t)) + uε
1(t)Y1 (xε(t)) + ε

m
∑

i=2

uε
i (t)Yi (xε(t)) ,U
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 !"#$ %&# 
(!)%$*+!%
m
∑

i=1

(uε
i (t))

2 ≤ 1 ,,+%& %&# -.#" /( !"*$0 
(!"+%+(!) xε(0) = x̂01 xε(tf ) = x̂1 (2 %&# +!+%+*3 4$(/3#5  !"#$67! %&# !#.% %&#($#5 ,# "#$+8# !+
# 
(!8#$9#!
# 4$(4#$%+#)6%&'()'* +,+,- :
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'+$#A'+) /-#!1 (#// .&!#, )/ -&//+*(#9 B%# /&(<$+&! $& $%+/ -'&*(#. +.-(+#/ $& 
%&/# /#
&!1)','&)1/2 5&' 5'##2 )!1 %# 3+(( $);# ) (&$ .&'# $+.# $& %+/ 1#/$+!)$+&! C5&((&3+!4 $%# +!$#'!#$ /+$# !!"#$$%%%&'((')*&"!$+,"- 
%&&/+!4 $%# %+4%3), $%# 1'+0#' $);#/ D% 5'&. >+/*&! $& ?&'$&)!1 *, $%# /#
&!1)', '&)1/ E%FG.H9B%# $%#&', &5 &-$+.)( 
&!$'&( +/ &5 4'#)$ +.-&'$)!
# +! )#'&/-)
# #!4+!##'+!42 +! -)'$+
<()'5&' 
&!1<
$+&! -'&*(#./2 )#'&A)//+/$#1 $')!/5#' &'*+$/2 1#0#(&-.#!$ &5 '#
&0#')*(# ()<!
%#'/C$%# 6!)!
+)( )/-#
$ %#'# +/ 0#', +.-&'$)!$H )!1 -'&*(#./ &5 )$.&/-%#'+
 '##!$',2 /<
% )/ $%#5).&</ -'&I#
$  !"# $!%&'( )(*+", 5'&. $%# -+".&(!, $&!
( 01(,
2 CJK@H 3%+
% 
&!/+/$/+! /#!1+!4 ) /-)
#
')5$ $& L)'/ 3+$% $%# &*I#
$+0# &5 *'+!4+!4 $& J)'$% .)'$+)! /).-(#/C=+4<'# M9MH9

=+4<'# M9MN  -$+.)( 
&!$'&( $%#&', %)/ )! +.-&'$)!$ '&(# +! $%# )#'&#/-)
+)( #!4+!##'+!49 !" #$%&' $()'%&(
+, %-.&-(./B%# 
)(
<(</ &5 0)'+)$+&!/ 3)/ *&'! +! $%# /#0#!$##! 
#!$<', 3+$% $%# 
&!$'+*<$+&! &5 O#'!&<((+2=#'.)$2 >#+*!+7 )!1 P#3$&!9 K&.# .)$%#.)$+
+)!/ )/ Q9R9 K<//.)!! )!1 R9S9 T+((#./ 1#A5#!1 $%)$ $%# &'+4+! &5 &-$+.)( 
&!$'&( 
&+!
+1#/ 3+$% $%# *+'$% &5 
)(
<(</ &5 0)'+)$+&!/2 +!MEUV2 1)$# &5 $%# -<*(+
)$+&! &5 $%# /&(<$+&! &5 $%# *')
%+/$&
%'&!# -'&*(#. *, $%# .)$%#.)$+A
+)! R&%)!! O#'!&<((+ WMMF℄9 B%# *')
%+/$&
%'&!# -'&*(#. C+! Y'##; 3"!456#*.#2 Z$%# /%&'$#/$[2)!1 
5".,.#2 Z$+.#[H 3)/ /$<1+#1 *, Y)(+(#< +! MED\9 B%# )+. 3)/ $& 1#$#'.+!# $%# 
<'0#*#$3##! $3& -&+!$/ &! ) 0#'$+
)( -()!# $%)$ +/ 
&0#'#1 +! $%# (#)/$ $+.# *, ) /-%#'# $%)$ /$)'$/)$ $%# 6'/$ -&+!$ A 3+$% 7#'& /-##1 )!1 +/ 
&!/$')+!#1 $& .&0# )(&!4 $%# 
<'0# $& $%# /#
&!1V
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 !"#$ B% &#'() $*( +
$"!# !- 
!#.$+#$ /)+0"$1 +#' +..&2"#/ #! -)"
$"!# 3! $"2+4 .4"'"#/% .((5"/&)( 67897 :# 
!#$)+.$ $! ;*+$ 
!&4' <( !&) "#$&"$"0( =).$ +#.;()% $*( .*!)$(.$ $"2(  +$*
5"/&)( 678> ?)+
*".$!
*)!#(  )!<4(27<($;((# $;!  !"#$. ". #!$ + .$)+"/*$ 4"#(@ A+4"4(! <(4"(0(' 3;)!#/419 $*+$ $*( )(B&")(' 
&)0(;+. +# +)
 !- + 
")
4(% <&$ *( *+' +4)(+'1 #!$"
(' $*+$ $*( .$)+"/*$ 4"#( ". #!$ $*( .*!)$(.$ $"2( +$*7 :# 6CDC% E(+# ?()#!&44"  !.(' $*(  )!<4(2 +. + 
*+44(#/( $! $*( <(.$ 2+$*(2+$"
"+#. !-*". $"2(7 E(+# ?()#!&44" *"2.(4- -!&#' $*( .!4&$"!#% +. ;(44 +. *". <)!$*() E+
B&(. ?()#!&44"%F(;$!#% G("<#"H +#' $*( I+)B&". '( 4JK! "$+47 L*( .!4&$"!# ". + 
1
4!"' +)
 .$+)$"#/ ;"$* +0()$"
+4 $+#/(#$ MCN%66N℄7 PQ+$(<!+)'"#/ )+2 .% +. ;(44 +. $*( -+.$(.$ '(
)(+.(. !-  !" #$ %&'%*+0( $*( -!)2 !- 
1
4!"' 35"/&)( 67R97

5"/&)( 67R> S1
4!"' +)
. 4(+' $! -+.$(.$ '(
)(+.(. +#' 2+T"2+4 +')(#+4"#(7P!2( +&$*!). /! -&)$*()% )(2+)Q"#/ $*+$ F(;$!#J.  )!<4(2 !- +()!'1#+2"
+4 )(.".$+#
(% )! !.(' +#' .!40(' <1 :.++
 F(;$!# "# 6CUC% "# *". (%)*
)$) , -./0 -)
 % ". + $1 "
+4! $"2+4 
!#$)!4  )!<4(2 3.(( V67N7U +#' (7/7 M6W8% 66U℄97:# 2+$*(2+$"
.% ! $"2+4 
!#$)!4 $*(!)1 (2()/(' +-$() $*( P(
!#' X!)4' X+) )(. !#'"#/$!  )+
$"
+4 #(('. !- (#/"#(()"#/%  +)$"
&4+)41 "# $*( =(4' !- +()!#+&$"
. +#' Y"/*$ '1#+2"
.7L*( -!)2+4"H+$"!# !- $*". $*(!)1 )+".(' .(0()+4 #(; B&(.$"!#.7 5!) (T+2 4(% $*( $*(!)1 !-! $"2+4 
!#$)!4 2!$"0+$(' $*( "#$)!'&
$"!# !- #(; 
!#
( $. -!) /(#()+4"H(' .!4&$"!#. "# $*($*(!)1 !- '"Z()(#$"+4 (B&+$"!#. +#' /(#()+$(' #(; )(.&4$. !# $*( (T".$(#
( !- $)+[(
$!)"(.7:# /(#()+4% "$ ". 
!#."'()(' $*+$ $*( $*(!)1 !- ! $"2+4 
!#$)!4 *+. (2()/(' "# $*( 4+$(U
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 !"#$% #& "'$ !()*$) +(,#$" -&#(&. /#"' "'$ !()*012"#(& 2&3 3$*(&%")2"#(& (! "'$ 4(&")526#&*27#*0* 8)#&
#81$ :5 ;<+< 4(&")526#& =>#60)$ ?<@A 2&3 '#% 6)(08 (! 
(112:()2"()% #& ?BCDEF<G< H(1"52&%I##. J<F< G2*I)$1#3K$ 2&3 L<>< M#%'
'$&I( NBD℄<

>#60)$ ?<@E ;$, +$*$&(,#
' 4(&")526#& =PQ+$8"$*:$)Q?BRS T PQM25Q?BSSA4(&")526#& 2&3 '#% 2%%(
#2"$% #&")(30
$3 2& #*8()"2&"$ 8(#&"E "'$5 6$&$)21#K$3 "'$ "'$()5(! 
21
010% (! ,2)#2"#(&% "( 
0),$% "'2" "2I$ ,210$% (& 
1(%$3 %$"% =/#"' :(0&32)5A< U'$ "'$()5(! (8"#*21 
(&")(1 #% 
1(%$15 )$12"$3 "( 
12%%#
21 *$
'2&#
%. #& 82)"#
012) ,2)#2"#(&21 8)#&
#81$%=>$)*2"V% 8)#&
#81$. L01$)W;26)2&6$. $"
<A< X& !2
" "'$ *27#*0* 8)#&
#81$ (! 4(&")526#& 6$&$)W21#K$% "'$ &$
$%%2)5 
(&3#"#(&% (! L01$)W;26)2&6$ 2&3 Y$#$)%")2%%< +(*$ %")$&6"'% (! "'$ &$/"'$()5 /2% "'$ 3#%
(,$)5 (! "'$ 35&2*#
 8)(6)2**#&6 *$"'(3. "'$ #&")(30
"#(& (! !0&
"#(&212&215%#% "( "'$ "'$()5 (! (8"#*21 %5%"$*% 2&3 "'$ 3#%
(,$)5 (! 1#&I% :$"/$$& "'$ %(10"#(&% (!2& (8"#*21 
(&")(1 8)(:1$* 2&3 "'$ )$%01"% (& %"2:#1#"5 (! ;5280&(, "'$()5 N?ZR. ?ZZ℄< ;2"$)
2*$ "'$ !(0&32"#(&% (! %"(
'2%"#
 
(&")(1 2&3  1"$)#&6 #& 35&2*#
 %5%"$*%. 62*$ "'$()5.
(&")(1 (! 82)"#21 3#[$)$&"#21 $\02"#(&% 2&3 '5:)#3 
(&")(1 %5%"$*%. /'#
' 2)$ %(*$ 2*(&6 "'$*2&5 2)$2% (! 
0))$&" )$%$2)
' NZ. ?RD℄< !" #$%&'( )*+$,'- 
)%+()-U'$ (8"#*21 
(&")(1 "'$()5 #% *0
' *()$ %#*81$ /'$& "'$ 
(&")(1 %5%"$* 0&3$) %"035 #% 1#&$2)<U'$ &(&1#&$2) (8"#*21 
(&")(1 "'$()5 /#11 :$ )$
211$3 #& +$
"#(& ?<@< L,$& #& (0) 325% "'$1#&$2) 
(&")(1 "'$()5 #% (&$ (! "'$ 2)$2% *()$ 0%$3 #& $&6#&$$)#&6 2&3 #"% 2881#
2"#(&% =%$$$<6< NS℄A< !"! #$%$&'&($ )* $+& ,-)./&';$" Mn,p(XJ) 3$&("$ "'$ %$" (! *2")#
$% /#"' n )(/% 2&3 p 
(10*&%. /#"' $&")#$% #& XJ< ;$"
I :$ 2& #&"$),21 (! XJ] A,B, r "')$$ 1(
2115 #&"$6)2:1$ *288#&6% (& I =A,B ∈ L1

locA. "2I#&6B
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 !"#$% &$%'$
)* $"+ *, Mn,n(-.)/ Mn,m(-.) !,0 Mn,1(-.)1 2$) Ω 3$ ! %#3%$) 45 -.m/ !,0 "$)
x0 ∈ -.n1 6$ 
4,%*0$& )7$ "*,$!& 
4,)&4" %+%)$8

ẋ(t) = A(t)x(t) +B(t)u(t) + r(t) , ∀t ∈ I ,
x(0) = x0 ,

9:1:;<7$&$ )7$ 
4,)&4"% u !&$ 8$,%#&!3"$ "4
!""+ 34#,0$0 8!''*,=% 4 $& I/ )!>*,=  !"#$% 4, !%#3%$) Ω ⊂ -.m1?7$ $@*%)$,
$ )7$4&$8 54& %4"#)*4,% 45 0*A$&$,)*!" $B#!)*4,% $,%#&$% 9%$$ $1=1 C:D:/ E7!')$&::℄;/ 54& $ $&+ 
4,)&4" u/ )7$ $@*%)$,
$ 45 ! #,*B#$/ !3%4"#)$"+ 
4,)*,#4#%/ %4"#)*4, x(·) : I →-.n 54& )7$ %+%)$8 9:1:;1 2$) M(·) : I →Mn,n(-.) 3$ )7$ 5#,0!8$,)!" 8!)&*@ %4"#)*4, 45 )7$7484=$,$4#% "*,$!& %+%)$8 ẋ(t) = A(t)x(t)/ 0$G,$0 3+ Ṁ(t) = A(t)M(t)/ M(0) = Id1 H4)$)7!) *5 A(t) = A *% 
4,%)!,) 4 $& I/ )7$, M(t) = etA1 ?7$&$54&$/ )7$ %4"#)*4, x(·) 45 %+%)$89:1:; !%%4
*!)$0 )4 )7$ 
4,)&4" u *% =* $, 3+
x(t) = M(t)x0 +

∫ t

0
M(t)M(s)−1 (B(s)u(s) + r(s)) ds ,54& $ $&+ t ∈ I1?7*% 8!''*,= 0$'$,0% 4, )7$ 
4,)&4" u1 ?7$&$54&$/ *5 <$ 
7!,=$ )7$ 5#,
)*4, u <$ 43)!*,! 0*A$&$,) )&!I$
)4&+ t 7→ x(t) *, -.n 9%$$ J*=#&$ :1K;1

x0

J*=#&$ :1KL ?7$ )&!I$
)4&+ %4"#)*4, 45 )7$ 
4,)&4" %+%)$8 9:1:; 0$'$,0% 4, )7$ 
74*
$ 45 )7$
4,)&4" u1-, )7*% 
4,)$@)/ %48$ B#$%)*4,% !&*%$ ,!)#&!""+L9*; M* $, ! '4*,) x1 ∈ -.n/ *% )7$&$ ! 
4,)&4" u %#
7 )7!) )7$ !%%4
*!)$0 )&!I$
)4&+ x %)$$&%
x0 )4 x1 *, ! G,*)$ )*8$ tfN 9%$$ J*=#&$ :1O; ?7*% *% )7$ 
!"#$!%%&'(%(#) *$!'%+,1

x0
x(t)

x1 = x(tf )

J*=#&$ :1OL E4,)&4""!3*"*)+ '&43"$81:P
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 !!" #$ %&' ()'*!+,- .,'-%!+/ !- -0%!-1'23 !- %&')' 0 
+/%)+5 6&+-' 0--+
!0%'2 %)07'
%+)8-%'')- x0 %+ x1 0/2 9!/!9!:'- 0 ;!*'/ $,/
%!+/05 C(u)  <'' =!;,)' >?@"? #% !- 0/  !"#$%&
 (") & !) *&+$? A&' $,/
%!+/05 C(u) !- %&' +(%!9!:0%!+/ 
)!%')!03 0/2 6' 
055 !% 
 ,"? =+)'B09(5' !$ %&' 
+-% !- %&' %)0/-$') %!9' $)+9 x0 %+ x13 %&'/ 6' &0*' %&' -+C
055'2 $#(#$%& "#$+!) *&+$?
x0

x1 = x(tf )

=!;,)' >?@D E(%!905 
+/%)+5 ()+F5'9 !"!# $%&'(%))*+,),'-. /01&,',%& *&/ *

033,+)0 30'G+/-!2') %&' 5!/'0) 
+/%)+5 -8-%'9  >?>"? #/ 6&0% $+55+6- 6' !/%)+2,
' 0 *')8 !9(+)%0/% -'%D"-+ %

+,,#*&+ ,+"3 05-+ 
055'2 %""%#(%*&+ ,+" +) )+%
-%*&+ ,+"  -'' '?;? HIJ3 KL℄"? !"#$%$&# '()('( A&' -'% +$ 0

'--!F5' (+!/%- $)+9 x0 !/ %!9' T > 0 !- 2'/+%'2 F8 A(x0, T )0/2 2'1/'2 F8
A(x0, T ) = {xu(T ) | u ∈ L∞([0, T ],Ω)} ,6&')' xu(·) !- %&' -+5,%!+/ +$ -8-%'9  >?>" 0--+
!0%'2 %+ %&' 
+/%)+5 u?#/ +%&') 6+)2-3 A(x0, T ) !- %&' -'% +$ '/2(+!/%- +$ %&' -+5,%!+/- +$  >?>" !/ %!9' T 3 6&'/%&' 
+/%)+5 u *0)!'-  -'' =!;,)' >?N"? O' -'% A(x0, 0) = {x0}?

x0
A(x0, T )

=!;,)' >?ND P

'--!F5' -'%?#/ 6&0% $+55+6- -+9' ()+(')%!'- +$ %&' 0

'--!F5' -'% $+) 5!/'0) 
+/%)+5 -8-%'9- 0)' ;!*'/ -''3 '?;? HKL3 >L>℄ $+) %&' )'-('
%!*' ()++$-"? >>
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 !"#$"% &'(')'  !"#$%&' ()& *$"&+' 
!"('!* #-#(&. $" /0n

ẋ(t) = A(t)x(t) +B(t)u(t) + r(t)1)&'& Ω ⊂ /0m $# 
!.2+
(3 4&( T > 0 +"% x0 ∈ /0n3 5)&" 6!' &7&'- t ∈ [0, T ]8 A(x0, t) $#
!.2+
(8 
!"7&9 +"% 7+'$&# 
!"($":!:#*- 1$() t $" [0, T ]3*#$#++,$- &'('(' /6 1& "!(& ;- AΩ(x0, t) ()& +

&##$;*& #&( #(+'($"< +( x0 $" ($.& t 6!' 
!"('!*#(+=$"< 7+*:&# $" Ω8 ()&" 1& #&(
AΩ(x0, t) = AConv(Ω)(x0, t) ,1)&'& Conv(Ω) $# ()& 
!"7&9 &"7&*!2& !6 Ω3 /" 2+'($
:*+'8 1& )+7& A∂Ω(x0, t) = AΩ(x0, t)81)&'& ∂Ω $# ()& ;!:"%+'- !6 Ω3 !"# $%#& '(#)$& "$$)#&'%&(# &!(  !"#$ !"# %&'"
'%)*  !"" #$"%&"' ()*)(+,) -. /0
23 4. '0.5%624'07 
%.2&%7 6&%87"'! 2$" %624'07 
%.2&%7! 209" :07;"! 07<05! %. 2$" 8%;.=0&5 ∂Ω %/ 2$"
%.2&%7 
%.!2&04.2 !"2 Ω)+*,!&- ()*)>. ?" %8!"&:" 2$02 4/ r = 0 0.= x0 = 03 2$". 2$" !%7;24%. %/ ẋ = Ax + Bu3

x(0) = 03 4! @4:". 85
x(t) = M(t)

∫ t

0
M(s)−1B(s)u(s)ds ,0.= 4! 74."0& <42$ &"!6"
2 2% u)#$4! &"'0&9 7"0= ;! 2% 2$" /%77%<4.@ 6&%6%!424%.) !"#"$%&%"' ()*)+) /0%%12* 34!3 r = 05 x0 = 0 !"6 Ω = 7+m. 84*"59. ∀ t > 0 A(0, t) '2 ! :*
31&'!) 20 2%!
* 1; 7+n. <1&*1:*&5=. ∀t1, t2, 2.3. 0 < t1 < t25 A(0, t1) ⊂ A(0, t2).,-.'%&%"' ()*)/) #$" !"2 A(0) = ∪t≥0A(0, t) 4! 2$" !"2 %/ 0

"!!487" 6%4.2!  02 0.5 24'",!20&24.@ 02 2$" %&4@4.)0"!"112!3 ()*)4) 84* 2*3 A(0) '2 ! :*
31&'!) 20 2%!
* 1; 7+n.#$" 
%.2&%770847425 ="A.424%. /%& 74."0& 
%.2&%7 !5!2"'! /%77%<!),-.'%&%"' ()*)5) #$" 
%.2&%7 !5!2"' ẋ(t) = A(t)x(t)+B(t)u(t)+r(t) 4! !04= 2% 8" 
1"3&1))! )*'" 3',* T 4/ A(x0, T ) = -Bn3 2$02 4!3 /%& ":"&5 x0, x1 ∈ -Bn3 2$"&" "C4!2! 0 
%.2&%7 u !;
$ 2$022$" 0!!%
402"= 2&0D"
2%&5 !2""&! x0 2% x1 4. 24'" T  !"" E4@;&" ()F,)#$" /%77%<4.@ 2$"%&"' @4:" ;! 0 ."
"!!0&5 0.= !;G
4".2 
%.=424%. /%& 
%.2&%7708474253 4.2$" 
0!" <$"&" A 0.= B =% .%2 ="6".= %/ t 0.= 2$"&" 0&" .% 
%.!2&04.2! %. 2$" 
%.2&%7 u(t) ∈ -Bm,) (H

te
l-0

05
85

37
6,

 v
er

si
on

 1
 - 

12
 A

pr
 2

01
1



x0
x1 !"#$% &'() *+,-$+../0!.!-1 !"#$"% &'(') 23/.4/, 
+,6!-!+,7'  !""#$% &'(& Ω = )*m +,# 
#,$&.(/,&$ #, &'% 
#,&.#0123'% $4$&%5 ẋ(t) = Ax(t) +Bu(t) + r(t) /$ 
#,&.#00(60% /, &/5% T +(.6/&.(.41 /7 (,8 #,04 /7 &'%5(&./9 C = (B,AB, · · · , An−1B) /$ #7 .(,: n289% 4/-$!: C !; 
/..%6 -9% ;(05(, 5(&./9'*%5(.: &'<'&=2 89% 3/.4/, 
+,6!-!+, 6+%; ,+- 6%>%,6 +, T ,%!-9%$ +, x0' ?, +-9%$ @+$6;A!B /, /#-+,+4+#; .!,%/$ ;1;-%4 !; 
+,-$+../0.% !, -!4% T ;-/$-!," /- x0A -9%, !; 
+,-$+../0.% !,/,1 -!4% ;-/$-!," /- /,1 >+!,-'?, 89%+$%4 &'<'( ,+ 
+,;-$/!,- +, -9% 
+,-$+. !; 
+,;!6%$%6' 89% ,%:- -9%+$%4 !; / 
+,C-$+../0!.!-1 $%;#.- @9%, -9% 
+,-$+. !; ;
/./$A !'%'A m = 1A /,6 u(t) ∈ Ω ⊂ ?D' !"#$"% &'('&&' <%& b ∈ )*n (,8 Ω ⊂ )* (, /,&%.=(0 '(=/,> 0 /, /&$ /,&%./#.2 ?#,$/8%. &'%$4$&%5 ẋ(t) = Ax(t) + bu(t)@ A/&' u(t) ∈ Ω2 3'%, %=%.4 "#/,& #7 )*n 
(, 6% $&%%.%8 &# &'%#./>/, /, B,/&% &/5% /7 (,8 #,04 /7 &'% 
#!"0% (A, b) $(&/$B%$ &'% ;(05(, 
#,8/&/#, (,8 &'% .%(0"(.& #7 %(
' %/>%,=(0!% #7 A /$ 0%$$ #. %C!(0 &'(, D%.#2 !"!" #$%$&'( )$&* +,-.(*&E% ;-/$- 01 B+$4/.!F!,"A @!-9 -9% 9%.> +B -9% /

%;;!0.% ;%- A(x0, t)A -9% ,+-!+, +B 4!,!4/.-!4%'*+,;!6%$ -9% 
+,-$+. ;1;-%4 +, ?Dn

ẋ(t) = A(t)x(t) +B(t)u(t) + r(t) ,@9%$% -9% 
+,-$+.; u -/G% H/.#%; !, / 
+4>/
- ;%- Ω ⊂ ?Dm @!-9 ,+,%4>-1 !,-%$!+$' I%- x0, x10% -@+ >+!,-; +B ?Dn' J#>>+;% -9/- x1 !; /

%;;!0.% B$+4 x0A !'%'A ;#>>+;% -9/- -9%$% %:!;-;/- .%/;- +,% -$/K%
-+$1 ;-%%$!," x0 -+ x1' L%-@%%, /.. -9% -$/K%
-+$!%; -9/- ;-%%$ x0 -+ x1 @%@+#.6 .!G% -+ 
9/$/
-%$!F% -9% +,% -9/- 6+%; !- !, 4!,!4/. -!4% t̂f 2;%%  !"#$% &'&=7'
x0

x1 = x(tf )

 !"#$% &'&=) E9!
9 !; -9% -$/K%
-+$1 x @!-9 4!,!4/. -!4%M&<
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 ! t̂f "# $%& '"("')* $"'&+ $%&( !,- &.&-/ t < t̂f + x1 6∈ A(x0, t) 0"( &1&
$+ ,$%&-3"#& x13,4*5 6& )

&##"6*& !-,' x0 "( ) $"'& #')**&- $%)( t̂f )(5 t̂f 3,4*5 (,$ 6& $%& '"("')* $"'&789%&-&!,-&+
t̂f = inf{t > 0 |x1 ∈ A(x0, t)} . 0:8;79%& .)*4& ,! t̂f "# 3&** 5&<(&5 6&
)4#&+ !-,' 9%&,-&' :8=8;+ A(x0, t) .)-"&# 
,($"(4,4#*/ 3"$%

t+ $%4# {t > 0 |x1 ∈ A(x0, t)} "# 
*,#&5 "(  >8  ( ?)-$"
4*)- $%& "(<'4' "( 0:8;7 "# ) '"("'4'89%& $"'& t = t̂f "# $%& <-#$ "(#$)($ #4
% $%)$ A(x0, t) 
,($)"(# x1 0#&& @"A4-& :8::78
x0

x1

A(x0, tf )

A(x0, t)@"A4-& :8::B C"("')* $"'&8D( $%& ,$%&- %)(5+ 3& %).&
x1 ∈ ∂ A(x0, t̂f ) = A(x0, t̂f )\intA(x0, t̂f ) . ( !)
$+ "! x1 6&*,(A# $, $%& "($&-",- ,! A(x0, t̂f )+ $%&( !,- t < t̂f 
*,#& $, t̂f + x1 )*#,6&*,(A# $, A(x0, t) #"(
& A(x0, t) .)-"&# 
,($"(4,4#*/ 3"$% t8 9%"# 
,($-)5"
$# $%& !)
$ $%)$ t̂f"# '"("')* $"'&89%& (&E$ $%&,-&' #$)$&# $%)$ "! ) '"("')* $"'& ?-,6*&' 3"$% ) *"(&)- 
,($-,* #/#$&' "( >n "# 
,($-,**)6*& $%&( "$ %)# )$ *&)#$ ,(& #,*4$",(8 !"#$"% &'('&)'  ! "#$ %&'(" x1 ') *

$))',-$ !.&/ x0 "#$( "#$.$ $0')") * /'('/*- "'/$".*1$
"&.2 )"$$.'(3 x0 "& x145$/*.6 :8=8:=4 F& 
)( )*#, 
,(#"5&- $%& #$&&-"(A ?-,6*&' $, ) $)-A&$ $%)$ 5,&# (,$ -&54
&$, ) #"(A*& ?,"($8 9%&-&!,-&+ *&$ (M1(t))0≤t≤tf 6& ) !)'"*/ ,! 
,'?)
$ #46#&$# ,!  >n .)-/"(A
,($"(4,4#*/ 3"$% t8 G# 6&!,-&+ 3& #&& $%)$ "! $%&-& &E"#$# ) 
,($-,* u $)H"(A .)*4&# "( Ω#$&&-"(A x0 $, M1(tf )+ $%&( $%&-& &E"#$# ) '"("')* $"'& 
,($-,* 5&<(&5 ,( [0, t̂f ] #$&&-"(A x0$, M(t̂f )89%"# -&')-H A".& 4# ) A&,'&$-"
 ."#",( ,! $%& (,$",( ,! '"("'4' $"'& )(5 *&)5 4# $, $%&!,**,3"(A 5&<("$",(8 :I
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 !"#$%$&# '()('*(  !" 
$%&'$( u )* +%  !"# $%& $% [0, t] ), &!" &'+-"
&$'. $, *.*&"/ 01213+**$
)+&"4 &$ u *+&)*5"* x(t) ∈ ∂ A(x0, t)267"'. /)%)/+( &)/" 
$%&'$( )* +% "8&'"/+(2  !" 
$%7"'*" 4$"* %$& !$(4 )% 9"%"'+(2+,%$-./$%0 
&#2$%$&#3 -.4$-5- ,6$#
$,/! $# %7! /$#!.6 
.8! !" %"8& &!"$'"/ 9)7" :* + %"
"**+'. +%4 *:;
)"%& 
$%4)&)$% )% $'4"' &!+& "8&'"/+( 
$%&'$(*+'" +(*$ $<&)/+( 
$%&'$(*297!&6!- '()(':( '()*+, # "- &+) %# 
()"#(& */*" $






ẋ(t) = A(t)x(t) +B(t)u(t) + r(t) ,

x(0) = x0 ,0- # "- ,($%+) (1 
()"#(& 
()*"#%+)"* Ω ⊂ 23m +* 
($4%
"5 6 " tf > 05 7- 
()"#(& u+* %)  !"# $%& () [0, tf ] +1 %), ()&/ +1 "- #  !+*"* % )()"#+8+%& *(&9"+() p(t) (1 "-  :9%"+()
ṗ(t) = −p(t)A(t) *9
- "-%"

p(t)B(t)u(t) = max
w∈Ω

p(t)B(t)w 012=31(#  8 #/ t ∈ [0, tf ]5 7- #(0 8 
"(# p(t) ∈ 23n +* 
%&& , "- %,;(+)" 8 
"(#53 $%#< 12=21>5 ?% &!" 
+*" $, + *
+(+' 
$%&'$(@ +%4 ), /$'"$7"' Ω = [−a, a] A!"'" a > 0@ &!"/+8)/)B+&)$% 
$%4)&)$% 012=3 )/<()"* )//"4)+&"(. &!+& u(t) = a sign〈p(t), B(t)〉2  !" ,:%
&)$%
ϕ(t) = 〈p(t), B(t)〉 )* 
+(("4 + *0+"
-+)= 19)
"+()@ +%4 &!" &)/" ts +& A!)
! &!" "8&'"/+( 
$%&'$(
u(t) 
!+%9" )&* *)9% )* 
+(("4 + *0+"
-+)= "+$ 2 ?& )*@ )% <+'&)
:(+'@ + '$$& $, &!" ,:%
&)$% ϕ2 !" )%)&)+( 
$%4)&)$% p(0) 4"<"%4* $% x12 C* &!)* 
$%4)&)$% )* %$& 4)'"
&(. D%$A%@ &!"+<<()
+&)$% $,  !"$'"/ 12=21E )* /$*&(. 4$%" )%4)'"
&(.2 F"& :* *"" +% "8+/<("2 !"!# $%&'()*+ ,(-.'&) 
,0-1,) ,2 &0 3&1',0.
 ,4
.))&-,1 5).0*&1 
&4*6G$%*)4"' + <:%
&:+( /+** m@ ,$'
"4 &$ /$7" +($%9 +% +8)* 0Ox3@ +&&+
!"4 &$ + *<')%9 0*""H)9:'" 121I32

xm

~ι

O H)9:'" 121IJ C *<')%91E
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 !" #$%% &% '!"( )*$+( ',+$*)% '!" ,*&-&( ./ $ 0,*
" '!$' &% $%%2#") "32$4 ', −k1(x −
l) − k2(x − l)35 +!"*" l &% '!" 4"(-'! ,0 '!" %6*&(- $' *"%'5 $() k15 k2 $*" '!" 
,"7
&"('% ,0%'&8("%%9 :" $664/ ', '!&% #$%% 6,&(' $( ";'"*($4 !,*&<,('$4 0,*
" u(t)~l9  !" 4$+% ,0 6!/%&
%-&=" 2% '!" #,'&,( "32$'&,(

mẍ(t) + k1(x(t)− l) + k2(x(t)− l)3 = u(t) . >?9@AB,*",="* +" &#6,%" $ 
,(%'*$&(' ,( '!" ";'"*($4 0,*
"5
|u(t)| ≤ 1 , ∀ t . !&% #"$(% +" 
$( (,' $664/ $(/ ";'"*($4 !,*&<,('$4 0,*
" ', '!" 6,&(' #$%%C '!" ";'"*($40,*
" 
$( ,(4/ '$D" =$42"% ,( '!" &('"*=$4 [−1, 1]5 *"E"
'&(- '!" 0$
' '!$' ,2* 6,+"* ,0 $
'&,(&% 4&#&'")9F%%2#" '!$' '!" &(&'&$4 6,%&'&,( $() ="4,
&'/ ,0 '!" ,.G"
' $*"5 *"%6"
'&="4/5 x(0) = x0 $()

ẋ(0) = y09  !" 6*,.4"# 
,(%&%'% &( )*&=&(- '!" 6,&(' #$%% ', '!" "32&4&.*&2# 6,%&'&,( x = l&(  !"! #$ %! & 
("%)($$!"* %+& &,%&)"#$ -()
& u(t) '!$' &% $664&") ', '!&% ,.G"
'5 $() '$D&(-&(', $

,2(' '!" 
(".%)#!"% |u(t)| ≤ 19  !" 02(
'&,( u &% '!" 
("%)($9 !"#$%& '()('*( H&="( '!" &(&'&$4 
,()&'&,(% x(0) = x0 $() ẋ(0) = y05 '!" -,$4 &% ', I()$ 02(
'&,( u(t) +!&
! $44,+% '!" #,="#"(' ,0 '!" 6,&(' #$%% ', &'% "32&4&.*&2# 6,%&'&,( &(#&(&#$4 '&#"9+,-.%&,-/
 &"1%$/23 , %&#64&0/ '!" 6*"%"('$'&,(5 +" +&44 %266,%" '!$' m = 1 kg5 k1 = 1N.m−1 $() l = 0m >+"6$%% ', l = 0 ./ '*$(%4$'&,(A9  !" "32$'&,( ,0 #,'&,( >?9@A &% "32&=$4"(' ', '!" 
,('*,44"))&8"*"('&$4 %/%'"#






ẋ(t) = y(t)

ẏ(t) = −x(t)− k2x(t)
3 + u(t)

>?9JA+&'! x(0) = x0 $() ẋ(0) = y09:*&'&(- >?9JA &( #$'*&
&$4 (,'$'&,( +" !$="
Ẋ(t) = AX(t) + f(X(t)) +Bu(t) , X(0) = X0 , >?9KA+!"*"

A =

(

0 1

−1 0

)

, B =

(

0

1

)

,

X =

(

x

y

)

, X0 =

(

x0

y0

)

, f(X) =

(

0

−k2x
3

)

.?K
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 ! "#$% %&
"$(! )& *+& 
(!%$,&+$!- .$!&*+ 
(!"+(. %/%"&0%1 "#&+&2(+& )& 34& k2 = 01 *!,)& ,( !(" "*5& $!"( *

(6!" "#& !(!.$!&*+ 
(!%&+7*"$7& &8&
"% 9$! :&
"$(! ;<=1 )& 
(!%$,&+!(!.$!&*+ 
(!"+(. %/%"&0% *!, "*5& k2 6= 0><  2 k2 = 0 "#&! f(X) ≡ 0 *!, "#& 
(!"+(. %/%"&09;<?> #*% "#& 2(+0 (2 9;<;> 9.$!&*+ 
(!"+(. %/%"&0>< @& )$%# "( *!%)&+ "#& ")( 2(..()$!-A6&%"$(!%<;<  % "#&+& *.)*/%1 2(+ *!/ $!$"$*. 
(!,$"$(! x(0) = x0 *!, ẋ(0) = y01 *! #(+$B(!"*. &4"&+$(+2(+
& 9* 
(!"+(.> "#*" *..()% "( 0(7&1 $! 3!$"& "$0& tf 1 "#& C($!" 0*%% "( $"% &A6$.$D+$60C(%$"$(! x(tf ) = 0 *!, ẋ(tf ) = 0EF<  2 "#& *!%)&+ "( "#& 3+%" A6&%"$(! $% *G+0*"$7&1 )#$
# $% "#& 2(+
& 9)#$
# $% "#& 
(!"+(.>"#*" 0$!$0$B&% "#& "+*!%2&+ "$0& (2 "#& C($!" 0*%% "( $"% &A6$.$D+$60 C(%$"$(!E !"#$% 
'(#)'**+,-*-#!H6+ %/%"&0 )+$"&% $! "#& 2(+0






Ẋ = AX +Bu

X(0) = X0)$"# A =

(

0 1

−1 0

) *!, B =

(

0

1

)< @& #*7& "#&!
rank (B,AB) = rank

(

0 1

1 0

)

= 2*!, "#& &$-&!7*.6&% (2 A #*7& B&+( +&*. C*+"< I#&+&2(+&1 2+(0 I#&(+&0 ;<J<;;1 "#& %/%"&0 $%
(!"+(..*D.&1 "#*" $%1 "#&+& &4$%" 
(!"+(.% u %*"$%2/$!- "#& 
(!%"+*$!" |u(t)| ≤ 1 %6
# "#*" "#&*%%(
$*"&, "+*K&
"(+$&% %"&&+ X0 "( L< @& *!%)&+&, *G+0*"$7&./ "( "#& 3+%" A6&%"$(!<I#$% *!%)&+ 
(++&%C(!,% "( "#& C#/%$
*. $!"&+C+&"*"$(! (2 "#& C+(D.&0<  ! 2*
"1 $2 )& ,( !("*CC./ *! &4"&+$(+ 2(+
&1 "#*" $%1 $2 u = 0 "#&! "#& 0("$(! &A6*"$(! $% ẍ+ x = 0 *!, "#& C($!"0*%% )$.. 
(!"$!6&% "( (%
$..*"&1 !&7&+ %"(CC$!-1 $! * 3!$"& "$0&1 *" $"% &A6$.$D+$60 C(%$"$(!<H! "#& ("#&+ #*!,1 )#&! &4"&+$(+ 2(+
&% *+& *CC.$&,1 )& "&!, "( ,*0C&! "#& (%
$..*"$(!%< I#&
(!"+(. "#&(+/ C+&,$
"% "#*" )& 
*! %"(C "#& (DK&
" $! * 3!$"& "$0&<.'%/0#+#-'( '1 #2$ '/#-%+* 
'(#)'*@& 5!() "#*" "#&+& &4$%" 
(!"+(.% "#*" *..() "( %"&&+ "#& %/%"&0 2+(0 X0 "( 0 $! 3!$"& "$0&<M() )& )*!" "( 
(0C6"&1 
(!
+&"&./1 )#$
# (!& (2 "#&%& 
(!"+(.% ,(&% $" $! 0$!$0*. "$0&< I(,( %( )& *CC./ "#& I#&(+&0 ;<J<;N *!, (D"*$!
u(t) = sign (〈p(t), B〉) ,;O
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 !"#" p(t) ∈ $%2 &' (!" ')*+(&), )- ṗ = −pA. /"( p(t) =

(

p1(t)

p2(t)

). 0!",1 u(t) = sign (p2(t))2,3 ṗ1 = p21 ṗ2 = −p11 (!2( &'1 p̈2 + p2 = 0. 0!+' p2(t) = λ cos t + µ sin t. 0!"#"-)#"1 (!")4(&52* 
),(#)* &' 4&"
" &'" 
),'(2,( &, &,("#72*' )- '&8" π 2,3 (29" 2*("#,2("*: (!" 72*+"' ±1.
• $- u = −11  " ;"( (!" 3&<"#",(&2* ':'("5







ẋ = y ,

ẏ = −x− 1 .
=>.?@

• $- u = +11  " ;"(






ẋ = y ,

ẏ = −x+ 1 .
=>.A@0!" )4(&52* (#2B"
()#:1 '(""#&,; X0 () 01 
),'&'(' &, 
),
2(",2("3 4&"
"' )- ')*+(&),' )- =>.?@2,3 =>.A@. 0!" ')*+(&),' )- =>.?@ 2,3 =>.A@ 2#" )C(2&,"3 "2'&*:D -#)5 "E+2(&), =>.?@  " !27"

(x + 1)2 + y2 = const = R2 2,3  " 
),
*+3" (!2( (!" ')*+(&), 
+#7"' )- =>.?@ 2#" 
&#
*"'
",("#"3 ), x = −1 2,3 y = 0 )- 4"#&)3 2π =&, -2
(1 x(t) = −1 + R cos t 2,3 y(t) = R sin t@F2' ')*+(&),' )- =>.A@  " ;"( x(t) = 1 +R cos t 2,3 y(t) = R sin t1 &.".1 (!" ')*+(&),' )- =>.A@ 2#"
&#
*"' 
",("#"3 &, x = 1 2,3 y = 0 )- 4"#&)3 2π.0!" )4(&52* (#2B"
()#: (!2( '(""#' X0 () 0 -)**) ' 2*("#,2("*: 2, 2#
 )- 2 
&#
*" 
",("#"3 &,
x = −1 2,3 y = 0 2,3 2, 2#
 )- 2 
&#
*" 
",("#"3 &, x = 1 2,3 y = 0. 0!" 3"(2&*"3 '(+3: )- (!")4(&52* (#2B"
()#: 2,3 &(' ,+5"#&
2* &54*"5",(2(&),1 -)# "7"#: X01 
2, C" -)+,3"3 &, G>H>℄.J"" 2*') J"
(&), H.K  !"#" (!" )4(&52* 
),(#)* 4#)C*"5 &' ')*7"3. !" #$%&'%()* $+,'-)& 
$%,*$&L" ,) 4#"'",( ')5" ("
!,&E+"' () 2,2*:8" ,),*&,"2# )4(&52* 
),(#)* 4#)C*"5' =(!" 4#))-')- (!" 4#"'",("3 #"'+*(' 
2, C" -)+,31 -)# "M254*"1 &, GKH1 >H>℄@. $, 42#(&
+*2#1  " ",+,
&2("(!" N),(#:2;&, 52M&5+5 4#&,
&4*" &, 2 5)#" ;","#2* -)#5 (!2, (!" ),"  " !27" '"", &,J"
(&), >.O. 0!" ,),*&,"2# "M254*" )- (!" '4#&,;  &** C" )," )- (!" 244*&
2(&), "M254*"'. !"! #$%$&'&($ )* $+& ,-)./&'P#)5 2 ;","#2* 4)&,( )- 7&" 1 (!" 4#)C*"5 '!)+*3 C" 4#"'",("3 &, 2 52,&-)*3M 1 C+( )+# 4)&,()- 7&"  &** C"  !
# 2,3  "  )#9 ), 2, )4", V )- $%n '52** ",)+;!. 0!" ;","#2* )4(&52*
),(#)* 4#)C*"5 &' (!" -)**) &,;. Q),'&3"# (!" 
),(#)* ':'("5

ẋ(t) = f(t, x(t), u(t)) , x(t0) = x0 , =>.R@>A
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 !"#" f $% & '&(($)* +, 
.&%% C1  ,#+' I × V × U $)/+ 01n2 I $% &) $)/"#3&. +, 012 V $% &)+(") %"/ +, 01n2 U $% &) +(") %"/ +, 01m2 (t0, x0) ∈ I × V 4 5" %6((+%" /!&/ /!" 
+)/#+.% u(·)7".+)* /+ & %67%"/ +, L∞loc(I, 01m)48!"%" !9(+/!"%"% &%%6#"2 ,+# "3"#9 
+)/#+. u(·)2 /!" ":$%/")
" &); 6)$<6")"%% +, & '&:$'&.%+.6/$+) xu(·) +3"# &) $)/"#3&. J ⊂ I2 +, /!" =&6
!9 (#+7."' >?4@A >%"" "4*4 B?C?2 =!&(/"# ??℄A40)  !&/ ,+..+ %  "  $.. 
+)%$;"#2  $/!+6/ .+%% +, *")"#&.$/92 t0 = 04 !"#$%$&# '()('( E"/ tf > 02 tf ∈ I4 F 
+)/#+. ,6)
/$+) u(·) ∈ L∞([0, tf ], 01m) $% %&$; !"#$$#%&' +) [0, tf ] $, /!" /#&G"
/+#9 x(·)2 %+.6/$+) +, >?4@A &%%+
$&/"; /+ u(·)2 $%  ".. ;"H)";+) [0, tf ]4 8!" %"/ +, &;'$%%$7." 
+)/#+.% +) [0, tf ] $% ;")+/"; Utf ,!"m 2 &); /!" %"/ +, &;'$%%$7."
+)/#+.% +) [0, tf ] /&I$)* /!"$# 3&.6"% $) Ω $% ;")+/"; Utf ,Ω40)  !&/ ,+..+ %  "  $.. &77#"3$&/" /!" )+/&/$+) ,+# &;'$%%$7." 
+)/#+.% /&I$)* 3&.6" $) 01m #$/$)* Utf 4E"/ f0 7" & ,6)
/$+) +, 
.&%% C1 +3"# I × V ×U 2 &); g & 
+)/$)6+6% ,6)
/$+) +3"# V 4 J+#"3"#9 
+)/#+. u(·) ∈ Utf  " ;"H)" /!" 
+%/ +, /!" &%%+
$&/"; /#&G"
/+#9 xu(·) +3"# /!" $)/"#3&.
[0, tf ] 79

C(tf , u) =

∫ tf

0
f0(t, xu(t), u(t))dt + g(tf , xu(tf )) .E"/ M0 &); M1 7" / + %67%"/% +, V 4 8!" +(/$'&. 
+)/#+. (#+7."' $% /+ 
+'(6/" /!" /#&G"
K/+#$"% xu(·) %+.6/$+)% +,

ẋu(t) = f(t, xu(t), u(t)) ,%6
! /!&/ xu(0) ∈M02 xu(tf ) ∈M12 &); '$)$'$L$)* /!" 
+%/ C(tf , u)4 5" %&9 /!&/ /!" +(/$'&.
+)/#+. !&% ()'' *+ & ,#"' $, /!" H)&. /$'" tf $% ,#""2 +/!"# $%"  " %&9 /!&/ /!" (#+7."' !&%*-'! *+ & ,#"'4 !"!# $%&'()*%+ ,-((*%.=+)%$;"# ,+# /!" %9%/"' >?4@A /!" ,+..+ $)* +(/$'&. 
+)/#+. (#+7."'M *$3") & (+$)/ x1 ∈ 01n2H); & /$'" tf &); & 
+)/#+. u +3"# [0, tf ] %6
! /!&/ /!" /#&G"
/+#9 xu &%%+
$&/"; /+ /!" 
+)/#+.
u2 %+.6/$+) +, >?4@A2 %&/$%H"%

xu(0) = x0 , xu(tf ) = x1 .8!$% ."&;% 6% /+ /!" ,+..+ $)* ;"H)$/$+)4  !"! #$%&'( )* +,( %-+,.& ./ +,( *.0
%$$(2  !"#$!!%& '"()*#+# 
&(%+(2 )3 +,( *(4(3+)(* 5,)
, %$$.5* +,(*+-26 ./ 7.&( 8(3(&%$ .9+)7%$ 
.3+&.$ 9&.:$(7*; 5,(&( +,( -*(2 /-3
+).3* %&( 3.+ 3(
(**%&)$6 2)<(&(3+)%:$()3 +,( 
$%**)
 *(3*(!  .& % 2(+%)$(2 *+-26 .3 =.3*7..+, >3%$6*)* *((; (!8!; ?@AB@@℄ %32 +,( &(/(&(3
(* 
)+(2+,(&()3! ?@
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 !"#$%$&# '()(*(  !" tf > 0# $%!  !"#$%&!' ()$$&!* &' "&(! tf )* "%! 
)'",)- ./."!( 01#23."4,"&'5 &' x0 &. "%! (466&'5
Etf : Utf −→ 78n

u 7−→ xu(tf ) .7' )"%!, 9),:.; "%! !':<6)&'" (466&'5 &' "&(! tf 4..)
&!. ") 4 
)'",)- u "%! ='4- 6)&'" )*"%! ",4>!
"),/ 4..)
&4"!: ") "%! 
)'",)- u 0.!! ?&5@,! 1#1A3#+ (),- 1#B#A. C! 4-.) 
4' :!')"! "%! !':<6)&'" (466&'5 D/ E(x0, tf , u) 0.!!; !#5#; E!
"&)'F1#G3#
x0

xu(·, x0)

xu(tf , x0)?&5@,! 1#1AH I':<6)&'" (466&'5#J K!,/ &(6),"4'" &..@! &' "%! "%!),/ )* )6"&(4- 
)'",)- &. "%! ."@:/ )* "%! (46 Etf ;:!.
,&D&'5 &". &(45!; .&'5@-4,&"&!.; ,!5@-4,&"/; !"
# $%! 4'.9!, ") "%!.! L@!."&)'. :!6!':.;)DK&)@.-/; )' "%! .64
! Utf 4': )' "%! .%46! )* "%! ./."!( 0)' "%! *@'
"&)' f3# C&"% 4-- "%!5!'!,4-&"/ 9! %4K! "%! *)--)9&'5 ,!.@-" 0.!!; !#5#; M1N; GA; 1ON℄3#+,&-&.$%$&# '()()( /%!0&" , '1 020' ( 01#23 31 , f &0 Cp4 p ≥ 14 )!" 5 ' Utf ⊂ L∞([0, tf ], 6+m)7 '1 "%()&! %8 Etf 4 '1)' &04 '1 0 ' %8 
%!',%50 31%0 )00%
&)' " ',): 
'%,2 &0 3 55 " ;! "%< , [0, tf ]. =1 ! Utf &0 )! %$ ! 0 ' %8 L∞([0, tf ], 6+m)4 )!" Etf &0 Cp &! '1 L∞ 0 !0 .>%, %< , '1 ?,@
1 ' "&A , !'&)5 %8 Etf )' ) $%&!' u ∈ Utf &0 *&< ! 72 '1 5&! ),&B " 020' ()' u &! '1 8%55%3&!* 3)2. C '4 8%,  < ,2 t ∈ [0, tf ]4
A(t) =

∂f

∂x
(t, xu(t), u(t)) , B(t) =

∂f

∂u
(t, xu(t), u(t)) .=1 5&! ),&B " 
%!',%5 020' (

ẏv(t) = A(t)yv(t) +B(t)v(t)

yv(0) = 0&0 
)55 " '1 5&! ),&B " 020' ( )5%!* '1 ',): 
'%,2 xu. =1 ?,@
1 ' "&A , !'&)5 %8 Etf )' u &0'1 ! '1 ()$$&!* dEtf (u) 0D
1 '1)'4 8%,  < ,2 v ∈ L∞([0, tf ], 6+m)4
dEtf (u) · v = yv(tf ) = M(tf )

∫ tf

0
M−1(s)B(s)v(s)dsQO

te
l-0

05
85

37
6,

 v
er

si
on

 1
 - 

12
 A

pr
 2

01
1



 !"#" M $% &!" '()*+,")&+- ,+&#$. /' &!" -$)"+#$0"* %1%&",2 $3"32 &!" ,+&#$
$+- %/-(&$/) /'
Ṁ = AM 2 M(0) = Id3 !" #$"%&'() $")(*+ 
-. /" &0#$'%"1 2'$ 
'.+$'*3-4." )5)+"0) 6)"" 789:; 88<℄>? !"#$%$&# '()(*( @ 
/)&#/-5+6)" %1%&", &) - )5)+"0 '2 +!" 2'$0

ẋ(t) = f0(x(t)) +

m
∑

i=1

ui(t)fi(x(t)) ,A!"$" fi -$" %"
+'$ B"*1) '2 CDn?+,&-&.$%$&# '()(/( 7/)%$*"# + %,//&! 
/)&#/-5+6)" %1%&",2 +)* -"& Utf 8" &!" */,+$) /'
Etf 3 9!") Utf $% +) /:") %"& /' L2([0, tf ], ;<m)2 +)* &!" ")*5:/$)& ,+::$)= Etf $% %,//&! $)&!" L2 %")%"2 +)* $% +)+-1&$
 $' &!" >"
&/# ?"-* +#" +)+-1&$
3 !"!# $

&''()*& '&+ ,-. 
/-+0/**,)(*(+1 !"#$%$&# '()(0( 9!" +

"%%$8-" %"& $) + &$," tf 2'$ +!" )5)+"0 68?<>; 1".'+"1 /5 A(x0, tf );&) +!" )"+ '2 -** "E+$"0&+&") &. +&0" tf '2 +!" )'*(+&'.) '2 +!" )5)+"0 )+-$+&.F -+ x0 &. +&0"
t = 0? C. '+!"$ A'$1); &) +!" &0-F" '2 +!" ".13#'&.+ 0-##&.F &. +&0" tf ?12!&,!3 '()(4( 7/)%$*"# &!" 
/)&#/- %1%&",

ẋ = f(t, x, u) , x(0) = x0 , !"#" &!" '()
&$/) f $% C1 />"# ;<1+n+m2 +)* &!" 
/)&#/-% u 8"-/)= &/ &!" %"& Utf ,Ω /' ,"+5%(#+8-" '()
&$/)% &+@$)= >+-("% $) + 
/,:+
& Ω ⊂ ;<m3 A" %(::/%" &!+&5 &!"#" ".$%&% + :/%$&$>" #"+- b %(
! &!+& &!" +%%/
$+&"* &#+B"
&/#1 $% ()$'/#,-1 8/()*"* 81
b />"# [0, tf ]2 $3"32

∃b > 0 | ∀u ∈ U ∀t ∈ [0, tf ] ‖xu(t)‖ ≤ b , 68?89>5 '/# ">"#1 (t, x)2 &!" %"& /' >"-/
$&1 >"
&/#%
V (t, x) = {f(t, x, u) |u ∈ Ω} 68?88>$% 
/)>".39!") &!" %"& A(x0, t) $% 
/,:+
& +)* >+#$"% 
/)&$)(/(%-1 $) t />"# [0, tf ]3<",+#@ 8?G?<3  !" !5#'+!")&) 68?89> &) .'+ - 
'.)"H(".
" '2 +!" '+!"$ !5#'+!")") -.1 &)&.1&)#".)-/*"? C. 2-
+; 
'.)&1"$ +!" )5)+"0 ẋ = x2 + u; x(0) = 0; A!"$" A" )(##')" +!-+

|u(t)| ≤ 1 -.1 +!-+ +!" B.-* +&0" &) tf = π
2 ?  !". 2'$ "%"$5 
'.+$'* u 
'.)+-.+ "H(-* +' c;A&+! 0 < c < 1; +!" +$-I"
+'$5 -))'
&-+"1 &) xc(t) =

√
c tan

√
ct; +!"$"2'$" &) A"** 1"B."1 '%"$

[0, tf ]; /(+ A!". c +".1) +' 1 +!". xc(tf ) +".1) +' +∞ 6)"" J&F($" 8?8G>? K. +!" '+!"$ !-.1&+ &) "-)5 +' )"" +!-+ &. +!&) "E-0#*" +!" )"+ '2 -10&))&/*" 
'.+$'*); +-L&.F %-*(") &. [−1, 1]; &)+!" )"+ '2 0"-)($-/*" 2(.
+&'.) )(
! +!-+ u(t) ∈ [−1, 1[?M8
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 !"#$% &'&() *$+,%
./$0 xc(t) /1 %2+345% !6 7%3+$8 &'('9: 1/$ t ∈ [0, π
2 ] +6; c = 0.5; 0.75; 0.9' !"#$% &'('&<& =6+5/"/#>50: .?% 
/6@%2!.0 ?04/.?%>!> A&'&&B !> 6%
%>>+$0 A>%% CDE: F2+3G45% E:4+"' E((℄B' !"#$%$&# '()(''( *?% >0>.%3 A&'9B !> >+!; ./ I% 
()*$(++#,+! -.) #) #$,.*$#$/ *."!0 >.+$.!6"+. x0 !1

⋃

T≥0

A(x0, T ) = J7n .*?% >0>.%3 A&'9B !> >+!; ./ I% 
()*$(++#,+! .) *."! T !1 A(x0, T ) = J7n'=$"#3%6.> I+>%; /6 .?% !345!
!. 1#6
.!/6 .?%/$%3 +55/K ./ ;%;#
% $%>#5.> /6 +(
#+ 
()1*$(++#,.+.*/ /1 .?% >.+$.!6" >0>.%3 I0 .?% >.#;0 /1 .?% 
/6.$/55+I!5!.0 /1 .?% 5!6%+$!L%; >0>.%3A>%%: %'"': CDE℄B'  /$ %2+345%: K% ;%;#
% 1$/3 .?% 
/6.$/55+I!5!.0 .?%/$%3 !6 .?% 5!6%+$ 
+>%.?% 1/55/K!6" 4$/4/>!.!/6'*+&,&-$%$&# '()('.( 2()3.4!$ *5! 
()*$(+ 3/3*!" A&'9B 65!$! f(x0, u0) = 0& 7!* A =
∂f
∂x(x0, u0) #)4 B = ∂f

∂u (x0, u0)& 89
rank (B|AB| · · · |An−1B) = n*5!) *5! )()+.)!#$ 3/3*!" A&'9B .3 +(
#++/ 
()*$(++#,+! #* x0&J6 "%6%$+5 .?% 
/6.$/55+I!5!.0 4$/I5%3 !> ;!M
#5.' N!O%$%6. +44$/+
?%> +$% 4/>>!I5%' P/3%/1 .?%3 3+8% #>% /1 =6+50>!>: /.?%$> Q%/3%.$0: /.?%$> =5"%I$+: %.
' *?% 
/6.$/55+I!5!.04$/I5%3 !> 
/66%
.%;: 1/$ %2+345%: ./ .?% R#%>.!/6 /1 86/K!6" K?%6 + "!@%6 >%3!G"$/#4 +
.>.$+6>!.!@%50' *?%$% +$% +5>/ >/3% .%
?6!R#%> ./ 4$/@%: !6 >/3% 
+>%>: "5/I+5 
/6.$/55+I!5!.0'S6% /1 .?%3: +6 !34/$.+6. /6%: !> 
+55%; !)+#$:!"!)* *!
5).;<! A>%% CTU℄B'EE
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 !"!" #$%&'()* 
,%-*,(. !"#$%$&# '()('*(  !" u #! $ 
&'"(&) *!+'!* &' [0, tf ] ,-
. ".$" ".! $,,&
/$"!* "($0!
"&(1
xu ,"$("/'2 $" x(0) = x0 /, *!+'!* &' [0, tf ]3 4! ,$1 ".$" $ 
&'"(&) u 5&( ".! "($0!
"&(1 xu6 /, !"#$%&' &7!( [0, tf ] /8 ".! 9(:
.!" *!(/7$"/7! dEtf (u) &8 ".! !'*;<&/'" =$<</'2 $" ".! <&/'"
u /, '&" ,-(0!
"/7!3 >".!(?/,! ?! ,$1 ".$" u /, '(#$%&'3+,&-&.$%$&# '()(')( )(* x0 &"+ tf ,( -.(+/ 01 u ! & '(#$%&' 
3"*'3%4 *5(" Etf ! &" 36("7&6 !" & "(!#5,3'533+ 31 u/@' &".!( ?&(*,A $" $ <&/'" x1 $

!,,/#)! /' "/=! tf 8(&= x0 #1 $ (!2-)$( "($0!
"&(1 x(·)A ".!$

!,,/#)! ,!" A(x0, tf ) /, %3
&%%8 36("A /3!3A /, $ '!/2.#&(.&&* &8 ".! <&/'" x13 @' <$("/
-)$("./, /=<)/!, ".$" ".! ,1,"!= /, %3
&%%8 
3"*'3%%&,%( /' $ '!/2.#&(.&&* &8 ".! <&/'" x13 4! $),&,$1 
3"*'3%%&,!%!*8 &%3"# *5( *'&9(
*3'8 x(·)3 B.! '!C" <(&<&,/"/&' 8&))&?,3+,&-&.$%$&# '()('/( 01 u ! & '(#$%&' 
3"*'3% 3:(' [0, tf ]4 *5(" *5(  8 *(7 ! %3
&%%8 
3"*'3%%&,%(&%3"# *5( *'&9(
*3'8 &  3
!&*(+ *3 *5&* 
3"*'3%/0&,&112,3 '()('4( )(* u ,( & 
3"*'3% +(-"(+ 3" [0, tf ]  $
5 *5&* *5( &  3
!&*(+ *'&9(
*3'8 xu *&'*!"# &* x(0) = x0 ! +(-"(+ 3:(' [0, tf ] &"+  &*! -( &* *!7( tf

x(tf ) ∈ ∂A(x0, tf ) .;5(" *5( 
3"*'3% u !  !"#$%&' 3:(' [0, tf ]/<(7&'= D3E3DF/ B.! ,1,"!= 
$' #! )&
$))1 
&'"(&))$#)! $)&'2 $ ,/'2-)$( "($0!
"&(13 B./, /, ".!
$,! &8 ".! ,
$)$( ,1,"!= ẋ = u3A ?.!(! ".! 
&'"(&) u = 0 /, ,/'2-)$(3 !"!/ 01$.-2%
2 ,3 ,4-$5)( -*)62
-,*$2.G&(! ".$' $ 
&'"(&) <(&#)!=A ?! 
&',/*!( $),& $' &<"/=/H$"/&' <(&#)!=I #!"?!!' $)) ".!,&)-"/&', &8 ".! ,1,"!= 5D3J6 ,"!!(/'2 0 "& x1A +'* $ "($0!
"&(1 ".$" =/'/=/H!, 5&( =$C/=/H!,6$ 
!("$/' 
3 * 8-'
"/&' C(tf , u)3 K-
. $ "($0!
"&(1A /8 /" !C/,",A /, 
$))!* 36*!7&% 8&( ".$" 
&,"3B.! !C/,"!'
! &8 &<"/=$) "($0!
"&(/!, *!<!'*! &' ".! (!2-)$(/"1 &8 ".! ,1,"!= $'* &8 ".! 
&,"39&( $ 2!'!($) !C/,"!'
! ".!&(!= ,!!A !323A LMNA OP℄3 @" 
$' $),& .$<<!' ".$" $' &<"/=$) 
&'"(&)*&!, '&" !C/," /' ".! 
)$,, &8 
&',/*!(!* 
&'"(&),A #-" ".!(! !C/,", /' $ ?/*!( ,<$
! 3 B./,R-!,"/&' )!$*, -, "& $' /=<&("$'" $(!$I ".! ,"-*1 &8 (!2-)$(/"1 &8 &<"/=$) "($0!
"&(/!,3 S'/=<&("$'" 
&'"(/#-"/&' /' "./, $(!$ /, 2/7!' /' LNEA NOA DPN℄A ?.!(! $ ,1,"!=$"/
 ,"-*1 &8 ".! /<,
./"/H/$' (!2-)$(/"1 &8 ".! =/'/=/H!(, &' ".! )/'!$( &<"/=$) 
&'"(&) /, /'"(&*-
!*3 T!'!($)(!,-)", &' ".!  /<,
./"/H/$' (!2-)$(/"1 &8 =/'/=/H/'2 "($0!
"&(/!, 8&( '&')/'!$( 
&'"(&) ,1,"!=,
$' #! 8&-'*!* /' LDDF℄3  ! "#$% 
#'(")* "#) ")*+ ,%$!-./'*0 $% '%%1
$'")2 "1 ' -)1+)"*$
 
1!"*1/ "#)1*3 2)4!$"$1!5 6! "#) 1"#)*#'!27 (/)'%) !1") "#'"7 $! 8#'(")* 9 ,%$!-./'* 
1!"*1/0 $% '%%1
$'")2 "1 
1!"*1/:';!) %3%")+% <#)! "#) %<$"
#$!-=.!
"$1! >'!$%#)% 1! ' !1!"*$>$'/ $!")*>'/5 PN
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 !" #$%%$&'() *!"$+", -..%'"/ *$ )"("+-% 
$(*+$% /1/*",/2 "3"(*4-%%12 &'*! /*-*" 
$(/*+-'(*/5 !"#$"% &'('&)'  !"#$%&' ()& 
!"('!+ #,#(&-
ẋ(t) = f(t, x(t), u(t)) ,.)&'& f $# C1 /'!- 011+n+m $"(! 01n2 ()& 
!"('!+# u (34& 53+6&# $" 3 
!-73
( Ω ⊂ 01m2 3"%.)&'& ()&'& &8$#(2 &5&"(63++,2 
!"#('3$"(# !" ()& #(3(& 53'$39+&

c1(x(t)) ≤ 0, ..., cr(x(t)) ≤ 0 ∀ 0 ≤ t ≤ tf = t(u) ,.)&'& c1, ..., cr 3'& 
!"($"6!6# /6"
($!"# $" 01n: ;&( M0 3"% M1 9& (.! 
!-73
(# #69#&(# !/01n #6
) ()3( M1 $# 3

&##$9+& /'!- M0: ;&( U 9& ()& #&( !/ 
!"('!+# (34$"< 53+6&# $" Ω #(&&'$"<
M0 (! M1: ;&( f0 9& 3 C1 /6"
($!" !5&' 011+n+m2 3"% g 3 
!"($"6!6# /6"
($!" !5&' 01n: =&
!"#$%&' ()& 
!#(

C(u) =

∫ t(u)

0
f0(t, x(t), u(t))dt + g(t(u), x(t(u))) ,.)&'& t(u) ≥ 0 $# #6
) ()3( x(t(u)) ∈M1: =& #677!#& ()3(> ()&'& &8$#(# 3 7!#$($5& '&3+ b #6
) ()3( &5&', ('3?&
(!', 3##!
$3(&% (! 3 
!"('!+ u ∈ Utf $#6"$/!'-+, 9!6"%&% 9, b !5&' [0, t(u)]2 $:&:

∃b > 0 | ∀u ∈ U ∀t ∈ [0, t(u)] ‖xu(t)‖ ≤ b ,> /!' &5&', (t, x) ∈ 011+n2 ()& 36<-&"(&% #&( !/ 5&+!
$(, 5&
(!'#
Ṽ (t, x) = {(f0(t, x, u), f(t, x, u)) |u ∈ Ω}$# 
!"5&8:@)&" ()&'& &8$#(# 3" !7($-3+ 
!"('!+ u !5&' [0, t(u)] #6
) ()3( ()& 3##!
$3(&% ('3?&
(!', #(&&'#

M0 (! M1 $" ($-& t(u) .$() -$"$-3+ 
!#(:6$+ -( $.*',-% 
$(*+$% .+$7%", &'*! 89": 8(-% *'," &" ',.$/" t(u) = tf ;'( .-+*'
4%-+&" /4..$/" *!-* *!" *-+)"* M1 '/ -

"//'7%" #+$, M0 '( *'," tf <51&-3'4 =5>5=?: @ ,$+" )"("+-% +"/4%* 
-( 7" /*-*": &!"+" *!" /"*/M0 -(: M1 :"."(: $( *!"*'," t2 -/ &"%% -/ *!" :$,-'( $# *!" 
$(*+$% 
$(/*+-'(*/ ;/"" ABC℄<56$+ 
$(*+$%E-F(" /1/*",/ *!" #$%%$&'() +"/4%* !$%:/5*$#+#,-.-#/ &'('01'  !"#$%&' ()& 3A"& #,#(&- $" 01n

ẋ = f0(x) +

m
∑

i=1

uifi(x) , x(0) = x0, x(tf ) = x1 ,C>
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 !"# "#$ 
&'"
Ctf (u) =

∫ tf

0

m
∑

i=1

u2
i (t)dt , #$($ tf > 0 !' )*$+ ,-+ "#$ 
.,'' Utf &/ ,+0!''!1.$ 
&-"(&.' !' "#$ '21'$" &/ L2([0, tf ], 34m)'2
# "#,"56 ∀u ∈ U xu !'  $.. +$)-$+ &7$( [0, tf ]896 ∃Btf | ∀u ∈ U ∀t ∈ [0, tf ] ‖xu‖ ≤ Btf 63/ x1 !' ,

$''!1.$ /(&0 x0 !- "!0$ tf : "#$- "#$($ $*!'" ,- &;"!0,. 
&-"(&. '"$$(!-< x0 "& x16 !"!# $%&'()*+,& -*.,-/- 0(,&
,023 !"#$ %$ &'(!)%* 
&$(,&* ',&-*#) .&, /0!
0 #1!2(#$
# %$3 ,#45*%,!(6 
&$3!(!&$2 %,# 2%(!27#3.&, (0# &'(!)%* 2&*5(!&$8 0&/ (& 7$3 (0# &'(!)%* ',&
#22#29 :0# %$2/#, (& (0!2 ;5#2(!&$ !24!"#$ -6 (0# /#** <$&/$ =&-"(>,<!- ?,*!020 =(!-
!;.$= >&, % 3#(%!*#3 2(536 &$ $#
#22%,6&'(!)%*!(6 
&$3!(!&$2 /# 2544#2( ?@A8 BAC8 BDB℄=F# 2(%,( -6 20&/!$4 (0%( % 2!$45*%, (,%G#
(&,6 
%$ -# '%,%)#(,!H#3 %2 % ',&G#
(!&$ &. %2&*5(!&$ &. %$ 0%)!*(&$!%$ 262(#) 25-G#
( (& % 
&-'"(,!-" $@2,"!&-= I&$2!3#, (0# A,0!."&-!,-.&, (0# 
&$(,&* 262(#) JB=KLM

H : NOn × NOn\{0} × NOm → NO
(x, p, u) 7→ H(x, p, u) = 〈p, f(x, u)〉/0#,# 〈 , 〉 3#$&(#2 (0# 525%* !$$#, ',&35
( &. NOn= !"#"$%&%"' ()*)+() B$" u 1$ , '!-<2.,( 
&-"(&. ,-+ x , '!-<2.,( "(,C$
"&(> ,''&
!,"$+ "& "#!'
&-"(&. &- [0, tf ]6 D#$-: "#$($ $*!'"' , 
&-"!-2&2' (& 7$
"&( p : [0, tf ] → 34n\{0} '2
# "#,""#$ /&..& !-< $@2,"!&-' ,($ ',"!')$+ /&( ,.0&'" $7$(> t ∈ [0, tf ]E

ẋ(t) =
∂H

∂p
(x(t), p(t), u(t)) ,

ṗ(t) = −∂H
∂x

(x(t), p(t), u(t)) ,

∂H

∂u
(x(t), p(t), u(t)) = 0 F
&-'"(,!-" $@2,"!&-G #$($ H !' "#$ A,0!."&-!,- &/ "#$ '>'"$06=(&&/6 P6 Q#7$!(!&$ B=R=B@8 (0# '%!, (x, u) !2 2!$45*%, &"#, [0, tf ] !. dEtf (u) !2 $&( 25,G#
(!"#=:0#,#.&,#8 (0#,# #1!2(2 % ,&/ "#
(&, p̄ ∈ NOn\{0} 25
0 (0%(

∀ v(·) ∈ L∞([0, tf ]) 〈p̄, dEtf (u) · v〉 = p̄

∫ tf

0
M(tf )M−1(s)B(s)v(s)ds = 0 .DC
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 !"#$
p̄M(tf )M−1(s)B(s) = 0 %&' ()*&#+ ,-,'. /&01+ &% [0, tf ] .2,+ p(t) = p̄M(tf )M−1(t)$ t ∈ [0, tf ]3 4, !(-, +!(+ p 0# ( '&5 -,
+&' &% 78n\{0} (19 p(tf ) = p̄3:0;,',1+0(+01<$ 5, <,+

ṗ(t) = −p(t)∂f
∂x

(x(t), u(t)) .71+'&9"
01< +!, =(*0)+&10(1 H(x, p, u) = 〈p, f(x, u)〉 5, 
&1
)"9, +!(+
ẋ(t) = f(x(t), u(t)) =

∂H

∂p
(x(t), p(t), u(t))(19

ṗ(t) = −p(t)∂f
∂x

(x(t), u(t)) = −∂H
∂x

(x(t), p(t), u(t)) . !, 
&1#+'(01+ ,>"(+0&1 
&*,# %'&* p(t)B(t) = 0 ?,
("#, B(t) = ∂f
∂u(x(t), u(t))3 !"#$%$&# '()(**(  !, '&5 -,
+&' p : [0, tf ]→ 78n\{0} &% @'&/&#0+0&1A3B3CA 0# 
()),9  !"#$%&'(
&#* &% +!, #.#+,* DA3EF3+!,- .,/$.0. 12$#
$14!G&1#09,' +!, 2(<'(1<, /'&?),* <0-,1 ?. +!, 
&1+'&) #.#+,*

ẋ(t) = f(t, x(t), u(t)) , DA3ACF5!,', +!, 
&1+'&)# u(·) ∈ Utf (', 9,H1,9 01 [0, tf ] (19 +(I, -()",# 01 Ω = R
m D+!,', (', 1&',#+'0
+0&1# &1 +!, -()",# &% +!, 
&1+'&)F3  !, (##&
0(+,9 +'(J,
+&'0,# *"#+ #(+0#%. x(0) = x0(19 x(tf ) = x13  !, /'&?),* 
&1#0#+ 01 *010*0K01< ( 
&#+ &% +!, %&'*

C(u) =

∫ tf

0
f0(t, x(t), u(t))dt , DA3ALF5!,', tf 0# HM,93N##&
0(+, +& +!, #.#+,* DA3ACF +!, %&))&501<  +,-(%&(! ./.&(-

ẋ(t) = f(t, x(t), u(t))

ẋ0(t) = f0(t, x(t), u(t))
DA3ABF(19 "#, +!, 1&+(+0&1 x̃ = (x, x0) (19 f̃ = (f, f0)3  !, /'&?),* 0# ',9"
,9 +& H1901< ( +'(J,
O+&'. #&)"+0&1 &% DA3ABF 50+! x̃0 = (x0, 0) (19 x̃1 = (x1, x

0(tf )) #"
! +!(+ +!, )(#+ 
&&'901(+,
x0(tf ) 0# *010*0K,93 !, #,+ &% (

,##0?), #+(+,# #+('+01< (+ x̃0 %&' +!, #.#+,* DA3ABF 0# Ã(x̃0, tf ) = ∪u(·)x̃(tf , x̃0, u)3 !, %&))&501< 2,**( 0# 
'"
0()35!.., '()(*6( 01 &2( 
#%&*#3 u  ..#
$ &(! &# &2( 
#%&*#3 ./.&(- DA3ACF $. #4&$- 3 1#* &2( 
#.&DA3ALF5 &2(% $& $. .$%,+3 * #% [0, tf ] 1#* &2(  +,-(%&(! ./.&(- DA3ABF6CP
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 !""#$  !" u #! $ 
&'"(&) $'* x̃ "+! $,,&
-$"!* "($.!
"&(/0 ,&)1"-&' &2 "+! $134!'"!* ,/,"!4567689 ,"$("-'3 $" x̃0 = (x0, 0)7 :2 u -, &;"-4$) 2&( "+! 
(-"!(-$ 5676<90 "+!' "+! ;&-'" x̃(tf )#!)&'3, "& "+! #&1'*$(/ &2 "+! ,!" Ã(x̃0, tf )7 :' 2$
"0 -2 "+$" =$, '&" "+! 
$,! "+!' "+!(! =&1)*!>-," $ '!-3+#&(+&&* &2 "+! ;&-'" x̃(tf ) = (x1, x
0(tf )) -' Ã(x̃0, tf ) 
&'"$-'-'3 $ ;&-'" ỹ(tf ),&)1"-&' &2 ,/,"!4 567689 $'* ,1
+ "+$" y0(tf ) < x0(tf )0 =+-
+ 
&'"($*-
", "+! &;"-4$)-"/ &2"+! 
&'"(&) u 5,!! ?-31(! 676@97 A+!(!2&(!0 #/ B(&;&,-"-&' 678768 "+! 
&'"(&) ũ -, ,-'31)$( 2&("+! %&'()*+), -.-+)( 5676897

x

x0

x1

x0(tf )

Ã(x̃0, tf )

?-31(! 676@C :2 u -, &;"-4$)0 "+!' x̃(tf ) ∈ ∂Ã(x̃0, tf )7D'*!( "+! $,,14;"-&', &2 "+! ;(!E-&1, )!44$0 2&))&=-'3 B(&;&,-"-&' 6787F60 "+!(! !>-,", $4$; p̃ : [0, tf ]→ :Gn+1\{0} ,1
+ "+$" (x̃, p̃, ũ) -, ,&)1"-&' &2 "+! H$4-)"&'-$' ,/,"!4
˙̃x(t) =

∂H̃

∂p̃
(t, x̃(t), p̃(t), u(t)) , ˙̃p(t) = −∂H̃

∂x̃
(t, x̃(t), p̃(t), u(t)) ,

∂H̃

∂u
(t, x̃(t), p̃(t), u(t)) = 0=+!(! H̃(t, x̃, p̃, u) = 〈p̃, f̃(t, x̃, u)〉7I(-"-'3 p̃ = (p, p0) ∈ (:Gn × :G)\{0}0 =+!(! p0 -, 
$))!* "+! *1$) E$(-$#)! &2 "+! 
&,"0 =!3!"

(ṗ, ṗ0) = −(p, p0)

(

∂f
∂x 0
∂f0

∂x 0

)

.:' ;$("-
1)$(0 ṗ0(t) = 00 "+$" -,0 p0 -, 
&',"$'" -' [0, tf ]7 J, "+! E!
"&( p̃(t) -, *!K'!* 1; "&$ 41)"-;)-
$"-E! ,
$)$(0 =! 
+&,! p0 ≤ 07 L' "+! &"+!( +$'*0 H̃ = 〈p̃, f̃(t, x, u)〉 = pf + p0f 0"+1,
∂H̃

∂u
= 0 = p

∂f

∂u
+ p0 ∂f

0

∂u
.I! 3!" "+! 2&))&=-'3 (!,1)"7 FM
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 !"#$"% &'(')(  !"#$ %#&'%(% )*'+
')-" . /"01"+"020 13"4*"% 567℄9'  ! "#$ 
&'"(&) u*++&
,*"$- "& "#$ +.+"$/  :;:<9 ,+ &0",/*) !&( "#$ 
&+"  :;:=91 "#$' "#$($ $2,+"+ * /*0 p(·)*3+&)4"$). 
&'",'4&4+ &' [0, tf ]1 "*5,'6 7*)4$+ ,'  8n1 
*))$- *-9&,'" 7$
"&(1 *'- * ($*) '4/3$(
p0 ≤ 01 +4
# "#*" "#$ 
&40)$ (p(·), p0) ,+ '&'"(,7,*)1 *'- "#$ !&))&:,'6 $;4*",&'+ *($ +*",+<$-!&( *)/&+" $7$(. t ∈ [0, tf ]

ẋ(t) =
∂H

∂p
(t, x(t), p(t), p0, u(t)),

ṗ(t) = −∂H
∂x

(t, x(t), p(t), p0, u(t)),

∂H

∂u
(t, x(t), p(t), p0, u(t)) = 0,

 :;:>9:#$($ H ,+ "#$ =*/,)"&',*'
H(t, x, p, p0, u) = 〈p, f(t, x, u)〉+ p0f0(t, x, u)*++&
,*"$- "& "#$ +.+"$/  :;:<9 *'- "& "#$ 
&+"  :;:=9>?3" ?3"4*"% :;6;<6 3#0 '10 4*'@'+ '+ 13" A4*$0 4B C*#D"0 4B :7==E F"'+@ G*01-H 4F1#'+"IFH /"01"+"0 '+ :7>J 567℄; K1 '0 # )#*1'
(-#* 
#0" 4B L4+1*H#@'+ M#&'%(% L*'+
')-" A3"*" +4*"01*'
1'4+0 4+ 13" 
4+1*4-0 #*" 
4+0'I"*"I  ';";E u(t) ∈ Ω A'13 Ω = KNm9;*#+,$-./0+ %.10%2% 3$0+
035" 67,$#+/ 8"$70#+ #9  !"#$"% &'(')(:?3" L4+1*H#@'+ %#&'%(% )*'+
')-" '0 # 01*4+@ D"*0'4+ 4B ?3"4*"% :;6;<6 A3"*" *"01*'
1'4+04+ 13" D#-("0 4B 13" 
4+1*4-0 #*" #--4A"I  Ω ⊂ KNm 
#+ F" # 
-40"I 0"19; ?3" "&'01"+
" 4B 0(
3*"01*'
1'4+0 #*" '%)40"I FH #))-'
#1'4+0 #+I 
3#+@" 
4%)-"1"-H 13" +#1(*" 4B 13" 04-(1'4+0;?3" L4+1*H#@'+ %#&'%(% )*'+
')-" '0 %(
3 %4*" I'O
(-1 14 )*4D" 13#+ /"01"+"020 ?3"4*"% 0""E ";@;E 5P<E 7P℄9;?3" @"+"*#- B4*%(-#1'4+ '0 13" B4--4A'+@; !"#$"% &'(');  L4+1*H#@'+ %#&'%(% )*'+
')-"9' ?&'+,-$( "#$ 
&'"(&) +.+"$/ ,'  8n

ẋ(t) = f(t, x(t), u(t)) ,  :;:P9:#$($ f :  8 ×  8n ×  8m →  8n ,+ &! 
)*++ C1 *'- "#$ 
&'"(&)+ *($ 3&4'-$- /$'+4(*3)$/*00,'6+ -$<'$- &' "#$ ,'"$(7*) [0, tf (u)] &!  8+ *'- "*5,'6 7*)4$+ ,' Ω ⊂  8m> @$" M0*'- M1 3$ ":& +43+$"+ &!  8n> A$ -$'&"$ 3. Ut(u),Ω "#$ +$" &! *-/,++,3)$ 
&'"(&)+ u :#&+$*++&
,*"$- "(*9$
"&(,$+ +"$$( *' ,',",*) 0&,'" &! M0 "& * <'*) 0&,'" &! M1 ,' ",/$ t(u) < tf (u)>B&( +4
# * 
&'"(&) :$ -$<'$ "#$ 
&+" &! * 
&'"(&) u &' [0, t] 3.
C(u) =

∫ t

0
f0(s, x(s), u(s))ds + g(t, x(t)) ,<Q
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 !"#" f0 : $%× $%n × $%m → $% &'( g : $%× $%n → $% &#" )* 
,&-- C1. &'( x /- 0!" 0#&1"
0)#2-),30/)' )*  !"!#$ &--)
/&0"( 0) 0!" 
)'0#), u45" 
)'-/("# 0!" *),,) /'6 )70/8&, 
)'0#), 7#)9,"8: ("0"#8/'" & 0#&1"
0)#2 -0""#/'6 M0 0)
M1 &'( 8/'/8/;/'6 0!" 
)-04 <!" ='&, 0/8" tf 
&' 9" =>"( )# ')04$* 0!" 
)'0#), u(·) ∈ Utf ,Ω &--)
/&0"( 0) 0!" 0#&1"
0)#2 x(·) /- )70/8&, )' [0, tf ]. 0!"' 0!"#"">/-0- & 8&77/'6 p(·) : [0, tf ] → $%n &9-),30",2 
)'0/'3)3- 
&,,"( &(1)/'0 ?"
0)#. &'( & #"&,'389"# p0 ≤ 0. -3
! 0!&0 0!" 7&/# (p(·), p0) /- ')'0#/?/&,. &'( -3
! 0!&0. *)# &,8)-0 "?"#2
t ∈ [0, tf ].

ẋ(t) =
∂H

∂p
(t, x(t), p(t), p0, u(t)) ,

ṗ(t) = −∂H
∂x

(t, x(t), p(t), p0, u(t)) ,

 !"!%$ !"#" H(t, x, p, p0, u) = 〈p, f(t, x, u)〉 + p0f0(t, x, u) /- 0!" @&8/,0)'/&' )* 0!" -2-0"8 &'(  "!&?" 0!" 8&>/8/;&0/)' 
)'(/0/)' &,8)-0 "?"#2 !"#" )' [0, tf ]

H(t, x(t), p(t), p0, u(t)) = max
w∈Ω

H(t, x(t), p(t), p0, w) .  !"!&$$* 0!" ='&, 0/8" 0) -0""# 0!" 0&#6"0 M1 /- ')0 =>"(.  " !&?" 0!" 
)'(/0/)'
max
w∈Ω

H(tf , x(tf ), p(tf ), p0, w) = −p0∂g

∂t
(tf , x(tf ))  !"!'$&0 0!" ='&, 0/8" tf 4$* M0 &'( M1 A)# 13-0 )'" )* 0!"-" 0 ) -"0-B &#" 8&'/*),(- /' $%n !&?/'6 0&'6"'0 -7&
"-&0 x(0) ∈ M0 &'( x(tf ) ∈ M1. 0!"' 0!" &(1)/'0 ?"
0)# 
&' 9" 
)'-0#3
0"( /' -3
! &  &2 0!&00!" 0#&'-?"#-&,/02 
)'(/0/)'- !),( &0 9)0! ">0#"8/0/"- A)# &0 13-0 )'" )* 0!"8B:

p(0)⊥T x(0)M0  !"()$&'(
p(tf )− p0 ∂g

∂x
(tf , x(tf ))⊥T x(tf )M1 .  !"(!$%"8&#C !"*"(#4 +,-./ 01. 
3,-4043,5 36 71.3/.8 !"*"(9: ;. 1<=. 83/.3=./ 01<0

d

dt
H(t, x(t), p(t), p0, u(t)) =

∂H

∂t
(t, x(t), p(t), p0, u(t))63/ <>8350 .=./? t ∈ [0, tf ]" @, A</04
B></ 46 01. <BC8.,0.- 5?50.8 45 &30)')8)3-: 4".": 46 f <,-

f0 -3 ,30 -.A.,- 3, t: 01., H -3.5 ,30 -.A.,- 3, t: <,- ;. 1<=.
max
w∈Ω

H(x(t), p(t), p0, w) = constant ∀t ∈ [0, tf ] .D30. 01<0 0145 .EB<>40? 45 01., 0/B. .=./?;1./. 3, [0, tf ]  4, 6<
0 0145 6B,
043, 36 t 45 F4A5G
140H4<,$" ('
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 !"#$%  !"!#$& %&' 
)*+'*,-)* p0 ≤ 0 .'/0 12 ,) ,&' "#'(")" 34-*
-3.'! %&' 
)*+'*,-)*
p0 ≥ 0 5-.. .'/0 ,) ,&' "(*(")" 34-*
-3.'6 -!'!6 ,&' 
)*0-,-)* 7 ! 89 5-.. :' / ;-*-;1;
)*0-,-)*! !"#$%  !"!#8& <* ,&' 
/2' 5&'4' Ω = <=m6 -!'!6 5&'* ,&'4' /4' *) 
)*2,4/-*,2 )* ,&' 
)*,4).6,&' ;/>-;-?/,-)* 
)*0-,-)* 7 ! 89 :'
);'2 ∂H

∂u = 06 /*0 5' @*0 ,&' 5'/A ;/>-;1; 34-*
-3.'7%&')4';  !"!#"9! !"#$%$&# '()(*+( B* !'+$!"#, C)4 ,&' )3,-;/. 
)*,4). 34):.'; -2 / "D,13.' (x(·), p(·), p0, u(·))2).1,-)* )C ,&' 'E1/,-)*2 7 ! $9 /*0 7 ! 89! <C p0 = 06 5' 2/F ,&/, ,&' '>,4';/. -2 #-*.$"#,6/*0 -C p0 6= 0 ,&' '>,4';/. -2 2/-0 ,) :' *.$"#,!%&' 0'2-G*/,-)* #-*.$"#, -2 &-2,)4-
/.! H' A*)5 *)5/0/F2 ,&/, /:*)4;/. ;-*-;-?'42 /4'121/..F I*)4;/.J -* ;/*F )3,-;-?/,-)* 34):.';2! K)4 / 2,10F )* /:*)4;/. '>,4';/.2 2''6'!G!6 L$℄! !"#$%  !"!NO& H&'* Ω = <=m6 -!'!6 5&'* ,&'4' -2 *) 
)*2,4/-*, )* ,&' 
)*,4).6 ,&'* ,&',4/P'
,)4F x(·) /22)
-/,'0 ,) ,&' 
)*,4). u(·) -2 / 2-*G1./4 ,4/P'
,)4F )C ,&' 2F2,'; 7 ! Q9 -C/*0 )*.F -C -, -2 ,&' 34)P'
,-)* )C /* /:*)4;/. '>,4';/. (x(·), p(·), 0, u(·))!%&-2 4'21.,2 )* ,&' R/;-.,)*-/* 
&/4/
,'4-?/,-)* )C 2-*G1./4 ,4/P'
,)4-'2 7
C! S4)3)2-,-)* !"!# 9! T),' ,&/, )*
' p0 = 06 ,&' ,4/P'
,)4-'2 0) *), 0'3'*0 )* ,&' 
)2,! %&'F /4' -*,4-*2-
,) ,&' 2F2,';! %&' C/
, ,&/, ,&'F 
/* :' )3,-;/. 
/* :' '>3./-*'0 -* ,&' C)..)5-*G 5/FU -*G'*'4/.6 / 2-*G1./4 ,4/P'
,)4F &/2 / $(/(0(+1 34)3'4,F6 -!'!6 -,V2 ,&' )*.F ,4/P'
,)4F P)-*-*G ,5)'>,4';-,-'26 /*0 ,&'4'C)4' -* 3/4,-
1./4 -, -2 )3,-;/.6 -*0'3'*0'*,.F )C ,&' 
&)2'* )3,-;-?/,-)*
4-,'4-/!%&-2 4'./,-)* :',5''* /:*)4;/. '>,4';/.2 /*0 2-*G1./4 ,4/P'
,)4-'26 C)4 Ω = <=m6 2&)52+'4F 5'.. ,&' 0-W
1.,F )C 34)+-*G ,&' '>-2,'*
' )C 21
& ,4/P'
,)4-'2! !"#$%$&# '()(,'( %&' 
)*0-,-)*2 7 !#O9 /*0 7 !# 9 /4' 
/..'0 +$#*23!$2#,(+1 
.*0(+(.*2 .*+5! #06.(*+ 3!
+.$! %&' 
)*0-,-)* 7 ! X9 -2 
/..'0 +$#*23!$2#,(+1 
.*0(+(.* .* +5! 7#"(,+.*(#*! !"#$%  !"!N#& %&' "(*("#, +("! 34):.'; 
)44'23)*02 ,) ,&' 
/2' 5&'4' f0 = 1 /*0 g = 06)4 f0 = 0 /*0 g(t, x) = t! <* ,&'2' ,5) 
/2'2 ,&' ,4/*2+'42/.-,F 
)*0-,-)*2 /4' ,&' 2/;'! !"#$%  !"!NN& %&' ,4/*2+'42/.-,F 
)*0-,-)* )+'4 ,&' R/;-.,)*-/* 7 ! X9 -2 +/.-0 )*.F -C ,&'@*/. ,-;' tf ,) /,,/-* ,&' ,/4G', -2 *), @>'0! <* ,&-2 
/2'6 -C ,&' C1*
,-)* g 0)'2 *), 0'3'*0 )*,-;' t 75&-
& -2 ,41'6 C)4 '>/;3.'6 C)4 ,&' Y/G4/*G' 34):.';96 ,&'* 
)*0-,-)* 7 ! X9 :'
);'2
max
w∈Ω

H(tf , x(tf ), p(tf ), p0, w) = 0 ,)4 '+'*6 -C u -2 
)*,-*1)12 /, ,-;' tf 6
H(tf , x(tf ), p(tf ), p0, w) = 0 .<* ),&'4 5)4026 ,&' R/;-.,)*-/* +/*-2&'2 /, ,&' @*/. ,-;'!NO
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 !"#!$#"% &' ()# *+,-#.(#/ 010(#- &0 *+(!.!-!+0% &2#2% &' f *./ f0 /! .!( /#3#./ !. t%()#. '"!- 4#-*"5 627289 :# )*$#
max
w∈Ω

H(x(t), p(t), p0, w) = 0 ∀ t ∈ [0, tf ]*;!., *.1 #<("#-*;2=)# >!.("1*,&. -*<&-+- 3"&.
&3;# &0 * /##3 *./ &-3!"(*.( "#0+;( &. 
!.(#-3!"*"1  *()@#-*(&
0% :&() -*.1 *33;&
*(&!.0 &. >)10&
0% A&!;!,1%  *.*,#-#.(% B
!.!-1% C!
&*; C
&#.
#0%B.,&.#"1% #(
2 D0##% #2,2% E86℄G2 =)#"# *"# !()#" -!"# ,#.#"*; $#"0&!.0 !' ()# -*<&-+- 3"&.
&3;#'!" .!. 0-!!() !" )1H"&/ /1.*-&
0 D0## '!" #<*-3;# EIJ%666%668℄ *./ ()# "#'#"#.
#0 ()#"#&.G2 !"!# $%&'()*+ ,(-.'&) 
,0-1,) ,2 &0 3&1',0.
 ,4
.))&-,1 50,0).0*&1 
&4*6K!.0&/#" *,*&. ()# #<*-3;# D.!.;&.#*"G !' ()# 03"&.,% -!/#;#/ H1 ()# 
!.("!; 010(#-
ẋ(t) = y(t) ,

ẏ(t) = −x(t)− 2x(t)3 + u(t) ,:)#"# :# */-&( *0 
!.("!;0 #$#"1 '+.
(&!. u(·) 3&#
#:&0# 
!.(&.+!+0 0+
) ()*( |u(t)| ≤ 12 =)#*&- &0 (! -!$# ()# 03"&., '"!- *.1 &.&(&*; 3!0&(&!. (x0, y0 = ẋ0) (! &(0 #L+&;&H"&+- 3!0&(&!.
(0, 0)  ! " ! "#$ % "& t∗2M#( +0 *33;1 ()# >!.("1*,&. -*<&-+- 3"&.
&3;# (! ()&0 3"!H;#-2 =)# N*-&;(!.&*. &0 ,&$#.H1

H(x, y, px, py, p
0, u) = pxy + py(−x− 2x3 + u) + p0 .O' (x, y, px, py, p

0, u) &0 *. #<("#-*;% ()#.
ṗx = −∂H

∂x
= py(1 + 6x2) *./ ṗy = −∂H

∂y
= −px .P!(&
# ()*( 0&.
# ()# */Q!&.( $#
(!" (px, py, p

0) 0)!+;/ H# .!.("&$&*;% py 
*. .!( $*.&0) !. *.&.(#"$*; D!()#":&0# :# :!+;/ *;0! )*$# px = −ṗy = 0 *./% H1 ()# $*.&0)&., !' ()# N*-&;(!.&*.%:# :!+;/ )*$# *;0! p0 = 0G2 R. ()# !()#" )*./% ()# -*<&-&S*(&!. 
!./&(&!. ,&$# +0
py(t)u(t) = max

|w|≤1
py(t)w .O. 3*"(&
+;*"% ()# !3(&-*; 
!.("!;0 *"# 0+

#00&$#;1 #L+*; (! ±1% ()*( &0% ()# '#!()'#!( 3"&.
&3;#)!;/0 D0##% #2,2% E98% 9T℄G2 K!.
"#(#;1% :# 
*. 0*1 ()*(

u(t) = sign(py(t)) :)#"# py &0 ()# 0!;+(&!. !' 


p̈y(t) + py(t)(1 + 6x(t)2) = 0

py(t∗) = cosα, ṗy(t∗) = − sinα ,

α ∈ [0, 2π[2 I6
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 !"#$%&'$"( )*& )$+& $",&'#$!" (t 7→ −t) !-' .'!/0&+ $# &1-$,20&") )! )*& +$"$+20 )$+&.'!/0&+ 3!' )*& #4#)&+






























ẋ(t) = −y(t)
ẏ(t) = x(t) + 2x(t)3 − sign(py(t))

ṗy(t) = px(t)

ṗx(t) = −py(t)(1 + 6x(t)2) . !"#$ %&# !$!%!'( 
*$+!%!*$, x0 '$+ ẋ0 -,%'%# '$+ !$!%!'( "#(*
!%. */ %&# 0',,12 %&# 34*5(#0!, #',!(. ,*("#+6 7$ 89:9℄ ' 4#,*(<%!*$ */ %&# ,.,%#0 !, +*$# <,!$= %&# >*03<%#4 ?(=#54'@.,%#0 ->?@1 A'3(#6 B*4 %&# <,# */ A'3(# *$ %&# 
'(
<(<, */ "'4!'%!*$, '$+ *3%!0'( 
*$%4*(,##2 #6=62 8CD2 EC℄6 !"!# $%&'()*+ ,*-./012 (3/4)*' /5 '606'&) 3*262.&0
*F#G%*$H, 34*5(#0 */ 0!$!0'( 4#,!,%'$
# !, *$# */ %&# I4,% 34*5(#0, */ *3%!0'( 
*$%4*(J !% G',34*3*,#+2 '$+ !%, ,*(<%!*$ =!"#$2 5. 7,''
 F#G%*$ !$ &!, 0',%#4/<(  !"#
"%"& '&()*+&("
&2 !$9EKE6 L&# 34*5(#0 
*$,!,%, */ +#%#40!$!$=2 !$ +!0#$,!*$ %&4##2 %&# ,&'3# */ '$ 'M!,N,.00#%4!
5*+.2 G!%& ',,!=$#+ 4'+!<, '$+ &#!=&%2 G&!
& *O#4, 0!$!0<0 4#,!,%'$
# G&#$ !% !, 0*"!$=!$ ' 4#,!,%'$% 0#+!<06 L&# 34*5(#0 &', ' "#4. 4!
& &!,%*4. '$+ !, G#(( +*
<0#$%#+ !$ %&#(!%#4'%<4# -,## #6=6 89P9℄16F#G%*$ &', !$+!
'%#+ !$ %&# '&()*+&("
&, %!"#
"%,*- ./ #&(0!&, %)",.-.%)1 %&# 
*44#
%,*(<%!*$ %* &!, 34*5(#0 -,## B!=<4# 969E16 Q# &', $*% #M3('!$#+2 &*G#"#4J &*G ,<
& ,*(<%!*$
'$ 5# *5%'!$#+R &*G %&# 34*5(#0 !, /*40<('%#+ !$ %&# ('$=<'=# */ 0'%&#0'%!
,6 L&!, &',5##$ %&# G*4S */ 0'$. 0'%&#0'%!
!'$, ,!$
# F#G%*$H, %!0# -,## #6=6 8::299T299K℄16 UM%#$,!*$,*/ F#G%*$H, 34*5(#0 !, ' %*3!
 */ 
<44#$% !$%#$,!"# 4#,#'4
&2 G!%& 0'$. V<#,%!*$, 4#0'!$!$=*3#$ 
&'((#$=!$= 34*5(#0,6 W#
#$% 4#,<(%,2 *5%'!$#+ 5. 4#('M!$= F#G%*$H, &.3*%&#,#,2 !$
(<+#J$*$N,.00#%4!
 5*+!#, 8:X℄R *$#N
*((!,!*$ $*$N
*$"#M 5*+!#, 8XD℄R 
*((!,!*$, G!%& /4!
%!*$ 8T9℄R0<(%!3(# 
*((!,!*$, '((*G#+ 8Y:℄R %#03#4'%<4# $*!,# */ 3'4%!
(#, 8YX2 YC℄6 Q#4# G# '4# !$%#4#,%#+!$ %&# 
(',,!
'( 34*5(#02 <$+#4 %&# 
(',,!
'( &.3*%&#,#, 
*$,!+#4#+ 5. F#G%*$6 !"#$%&' ()$*+!, $- ,.%.,/+ )!'.'#/%
! .% 1.,!%'.$% #2)!!F#G%*$H, '#4*+.$'0!
'( 34*5(#02 !$ +!0#$,!*$ %&4##2 !, ' 
(',,!
 34*5(#0 -,## #6=6 8992CC2TD℄167% 
*$,!,%, !$ Z*!$!$= %G* =!"#$ 3*!$%, (0, 0) '$+ (T, h) */ %&# 3('$# 5. ' 
<4"#H, '4
 %&'%2 G&!(#%<4$!$= '4*<$+ ' =!"#$ 'M!,2 =#$#4'%# %&# 5*+. */ 4#"*(<%!*$ *O#4!$= %&# (#',% 4#,!,%'$
# G&#$0*"!$= !$ ' [<!+ !$ %&# +!4#
%!*$ */ %&# 'M!,67$ %&# 
(',,!
'( %&4## +!0#$,!*$'( F#G%*$H, 34*5(#0 */ 0!$!0'( '#4*+.$'0!
'( 4#,!,%'$
#2%&# 4#,!,%'$
# /*4
# !, =!"#$ 5. R [ẋ(·)] =
∫ T
0

t
1+ẋ(t)2 dt6 A!$!0!\'%!*$ */ %&!, /<$
%!*$'( !, '%.3!
'( 34*5(#0 */ %&# 
'(
<(<, */ "'4!'%!*$,6 A*,% 3'4% */ %&# *(+ (!%#4'%<4# G4*$=(. ',,<0# %&#X:
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 !"#$% &'&() *%+,-./0 0-1!2'
1400!
41 *%+,-./0 5$-61%7 ,- 6% 8-.% -9 ,:% ;$0, 4551!
4,!-.0 -9 ,:% 
41
#1#0 -9 <4$!4,!-.0=' >:%,$#,:? 40 @%"%.2$% ;$0, .-,!
%2 !. &ABB C0%% D&E℄G? !0 ,:4, 0-7% $%0,$!
,!-.0 -. ,:% 2%$!<4,!<%0-9 427!00!61% ,$4H%
,-$!%0 7#0, 6% !75-0%2) ẋ(t) ≥ 0? t ∈ [0, T ]' >:!0 $%0,$!
,!-. !0 
$#
!41?6%
4#0% +!,:-#, !, ,:%$% %I!0,0 .- 0-1#,!-.? 4.2 ,:% 5$-61%7 0#J%$0 9$-7 K%$$-./0 54$42-I D&EL?M&N℄) 0!.
% ,:%  !"#$"# 400#75,!-. ,:4, 4 0-1#,!-. %I!0,0 !0 .-, 9#1;11%2? 2-%0 .-, 74O% 4.P0%.0% ,- ,$P ,- ;.2 !, 6P 4551P!." .%
%004$P -5,!741!,P 
-.2!,!-.0' Q, ,#$.0 -#, ,:4,? +!,: ,:%.%
%004$P $%0,$!
,!-.? ,:% 5$-61%7 !0 6%,,%$ 
-.0!2%$%2 40 4. -5,!741 
-.,$-1 -.% C0%% D&&(? 5' (A℄4.2 D&&B℄G' R-$$%
, 9-$7#14,!-. -9 *%+,-./0 5$-61%7 -9 7!.!741 $%0!0,4.
% !. 2!7%.0!-. ,:$%%!0 C
9' %'"' DSS? &&L℄G)
R [u(·)] =

∫ T

0

t

1 + u(t)2
dt −→ min ,

ẋ(t) = u(t) , u(t) ≥ 0 ,

x(0) = 0 , x(T ) = h , h > 0 ,

C&'EEG+:%$% +% 7!.!7!T% ,:% $%0!0,4.
% R !. ,:% 
1400 -9 
-.,!.#-#0 9#.
,!-.0 x : [0, T ] → R +!,:5!%
%+!0% 
-.,!.#-#0 2%$!<4,!<%'U

-$2!." ,- K-.,$P4"!. V4I!7#7 K$!.
!51% C0%% >:%-$%7 &'S'ELG !9 (x(·), u(·)) !0 4 7!.!W7!T%$ -9 5$-61%7 C&'EEG? ,:%. ,:%$% %I!0,0 4 .-.WT%$- 54!$ (p0, p(·))? +:%$% p0 ≤ 0 !0 4 
-.0,4.,4.2 p(·) !0 4. 460-1#,%1P 
-.,!.#-#0 9#.
,!-. -. [0, T ]? 0#
: ,:4, ,:% 9-11-+!." 
-.2!,!-.0 4$%04,!0;%2 9-$ 417-0, 411 t !. [0, T ])̇
p(t) = −∂H

∂x
(u(t), p0, p(t)) = 0 C&'EXG

H(p0, p(t), u(t)) = max
w≥0

H(p0, p(t), w) C&'ESG+:%$% ,:% Y47!1,-.!4. H !0 2%;.%2 6P
H(p0, p, u) = pu+ p0 t

1 + u2
. C&'ELGXX
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 !" #$%&'() "*+#)'&( ,-./01 #22"3)2 )!#) p(t) ≡ c4 5')! c # 
&(2)#(). 73&8 )!" 8#9'8':#)'&(
&($')'&( ,-./;1 ') <&==&52 )!#) p0 6= 0 ,)!"3" #3" (& #>(&38#= "9)3"8#=2 <&3 ?3&>="8 ,-.//11. !"#"$%&%"' ()*)+*)  !! "#$ %&'"()*+,' $-"($.*!/ (

x(·), p0, p(·), u(·)
) &0 1(&2!$. ,-.//1 *($'&(.*! $-"($.*!/ 3p0 6= 045 6,"# p(·) * '$+*",7$ 
&'/"*'"9 p(t) ≡ −λ5 λ > 05 t ∈ [0, T ]:%(&&0:  !" @#8'=)&('#( H <&3 ?3&>="8 ,-.//14 H (

p0, p, u
)

= pu + p0 t
1+u2 4 $&"2 (&) $"?"($&( x.  !"3"<&3"4 >A ,-./01 5" 
&(
=+$" )!#)

ṗ(t) = −∂H
∂x

(

p0, p(t), u(t)
)

= 0 ,)!#) '24 p(t) ≡ c4 c # 
&(2)#()4 <&3 #== t ∈ [0, T ]. B< c = 04 )!"( p0 < 0 ,>"
#+2" &(" 
#( (&)!#C" >&)! p0 #($ p :"3&1 #($ )!" 8#9'8':#)'&( 
&($')'&( ,-./;1 2'8?='D"2 )&
p0 t

1 + u2(t)
= max

w≥0

{

p0 t

1 + w2

}

. ,-./E173&8 ,-./E1 5" 
&(
=+$" )!#) )!" 8#9'8+8 '2 (&) #
!'"C"$ ,w → ∞1.  !"3"<&3" c 6= 0.F'8'=#3=A4 <&3 c > 0 )!" 8#9'8+8
cu(t) + p0 t

1 + u2(t)
= max

w≥0

{

cw + p0 t

1 + w2

}$&"2 (&) "9'2)4 #($ 5" 
&(
=+$" )!#) c < 0. G" 
#( D9 p(t) ≡ −λ4 5')! λ ∈ BH+. B) 3"8#'(2)& ?3&C" )!#) p0 6= 0. B< 5" #22+8" )!#) p0 = 04 )!"( )!" 8#9'8':#)'&( 
&($')'&( 3"#$2
− λu(t) = max

w≥0
{−λw} , λ ∈ BH+ , ,-./I1#($ ') <&==&52 u(t) ≡ 0 #($ x(t) ≡ c24 c2 # 
&(2)#() ,ẋ(t) = u(t)1.  !'2 '2 (&) ?&22'>="4J'C"( )!" >&+($#3A 
&($')'&(2 x(0) = 0 #($ x(T ) = h 5')! h > 0.  !"3"<&3" p0 6= 0 #($ 5"
&(
=+$" )!#) )!"3" "9'2)2 (& #>(&38#= K&()3A#J'( "9)3"8#=2.;$.*(< -.;.0L: B< (x(·), p0, p(·), u(·)

) '2 #( "9)3"8#=4 )!"( (

x(·), γp0, γp(·), u(·)
) '2 #=2& # K&(M)3A#J'( "9)3"8#=4 <&3 #== γ > 0.  !"3"<&3" &(" 
#( D94 5')!&+) =&22 &< J"("3#=')A4 p0 = −1.73&8 K3&?&2')'&( -.;.0; #($ H"8#3N -.;.0L )!" @#8'=)&('#( ,-./L1 )#N"2 )!" <&38

H (u) = −λu− t

1 + u2
, λ > 0 . ,-./O17&3 u > 04 '< <&==&52 <3&8 )!" 8#9'8':#)'&( 
&($')'&(4 H(t, u(t)) = maxw>0

{

−λw − t
1+w2

})!#)
∂H

∂u
(t, u(t)) = 0 ⇔ −λ+

2tu(t)

(1 + u2(t))2
= 0⇔ tu(t)

(1 + u2(t))2
=
λ

2
,)!#) '24

tu(t)

(1 + u2(t))2
= q , 5')! q # 2)3'
)=A ?&2')'C" 
&(2)#(). ,-./P10;
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 !" 
$%&"'()*+$% ,)- ./0123 +& 4%$-% )&  !"#$%&' ()*!+!%#),- !./,#)$%05* +& %$* ")&6 *$ 7'$(" *!" "8+&*"%
" $9 ) &$,:*+$% 9$' 7'$;,"< ./0113 -+*! 
,)&&+
), )'=:><"%*&0 ?" -+,, :&" ) @+A"'"%* )77'$)
!0 ?" -+,, &!$-B 9$,,$-+%= C//D℄B *!)* 9$' 7'$;,"< ./0113*!" F$%*'6)=+% "8*'"<),& )'" );&$,:*" <+%+<+G"'&0  !+& <")%& *!)* *$ &$,(" 7'$;,"< ./0113+* +& "%$:=! *$ +@"%*+96 +*& F$%*'6)=+% "8*'"<),&0 !"#$"% &'(')*' 0$%#+1,2)% !3#+!4,-' 5$+ 6+$7-!4 ./0113 ,+! ,7'$-/#! 4)%)4)8!+'90+$$59 H"* û(·) ;" ) F$%*'6)=+% "8*'"<), 
$%*'$, 9$' 7'$;,"< ./01130 ?" -)%* *$ 7'$(" *!)*
∫ T

0

t

1 + u2(t)
dt ≥

∫ T

0

t

1 + û2(t)
dt9$' )%6 )@<+&&+;," 
$%*'$, u(·)0 I+("% ./01D3B -" 
$%
,:@" 9'$< *!" <)8+<+G)*+$% 
$%@+*+$%./01J3 *!)*

− λû(t)− t

1 + û2(t)
≥ −λu(t)− t

1 + u2(t)
./0KL39$' ),, 7+"
"-+&" 
$%*+%:$:& 9:%
*+$%& u(·) @"M%"@ +% [0, T ] &)*+&96+%= u(t) ≥ 00 N)(+%= +% <+%@*!)* ),, *!" )@<+&&+;," 7'$
"&&"& (x(·), u(·)) $9 ./0113 &)*+&96

∫ T

0
u(t)dt =

∫ T

0
ẋ(t)dt = x(T )− x(0) = h ,-" $%,6 %""@ *$ +%*"=')*" ./0KL3 *$ 
$%
,:@" *!)* û(·) +& )% );&$,:*" 
$%*'$, <+%+<+G"'O

∫ T

0

(

−λû(t)− t

1 + û2(t)

)

dt ≥
∫ T

0

(

−λu(t)− t

1 + u2(t)

)

dt

⇔ λ

∫ T

0
û(t)dt +

∫ T

0

t

1 + û2(t)
dt ≤ λ

∫ T

0
u(t)dt +

∫ T

0

t

1 + u2(t)
dt

⇔ λh+

∫ T

0

t

1 + û2(t)
dt ≤ λh+

∫ T

0

t

1 + u2(t)
dt

⇔
∫ T

0

t

1 + û2(t)
dt ≤

∫ T

0

t

1 + u(t)2
dt .?" 
$%
,:@"B

R[û(·)] ≤ R[u(·)] ,)%@ û(·) +& ) );&$,:*" <+%+<+G"' 9$' P"-*$%Q& 7'$;,"< $9 <+%+<), '"&+&*)%
"0 !"#$"% &'(')+ .R$,:*+$% $9 P"-*$%Q& 7'$;,"< $9 <+%+<), '"&+&*)%
"3' :;! '$-/#)$% x̂(·)5$+  !"#$%&' 6+$7-!4 $5 4)%)4,- +!')'#,%
! ./0113 )' 2)=!% 71 x̂(t) = 0 5$+ 0 ≤ t ≤ ξ ,%(>";!% ξ ≤ t ≤ T > )# )' 2)=!% )% #;! 6,+,4!#+)
 5$+4 71










t(u) = λ
2

(

1
u + 2u+ u3

)

,

x(u) = λ
2

(

− lnu+ u2 + 3
4u

4
)

− 7λ
8

./0K/3";!+! #;! 
$%'#,%# λ )' (!?%!( 71 #;! 7$/%(,+1 
$%()#)$% x(T ) = h ,%( ξ = 2λ9KS
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 !""#$  !" x̂(·) #! "$! %&'(")&* &+ ,!-"&*.% /0&#'!1 &+ 1)*)12' 0!%)%"2*
! 45677869$! %&'(")&*: x̂(·): )% ;)<!* #= "-& >)?!0!*" 
&*>)")&*%@ A0%" )% 2 ')*! %!;1!*" -)"$ %"20"/&)*" 2" "$! &0);)* &+ "$! +021! &+ 0!+!0!*
! tOx 2*> !*> /&)*" 2" "$! /&)*" (ξ, 0) )* "$!/&%)")<! %!1)B2C)% ttD 2+"!0 "$! /&)*" (ξ, 0): ,!-"&*.% %&'(")&* +&''&-% "$! %&B
2''!> %&'(")*+
-!.&6 !" (% %"(>= )* >!"2)' !2
$ &*! &+ "$! /20"% &+ "$! %&'(")&* &+ ,!-"&*.% /0&#'!16E% -! $2<! &#%!0<!>: )* ,!-"&*.% /0&#'!1 456778 "$! 
&*"0&'% "2F! <2'(!% )* 2 
'&%!>)*"!0<2' &+ GH: "$(% "-& 
2%!% 1(%" #! "2F!* )* 
&*%)>!02")&*@ u = 0 2*> u > 06I$!* u = 0 "$! %&'(")&* )% ;)<!* #= x(t) = 0@ )+ u(t) = 0 "$!*: 2% u(t) = ẋ(t): -! $2<! "$2"
ẋ(t) = 0: "$!0!+&0! x(t) = c: -)"$ c 2 0!2' 
&*%"2*"D +0&1 "$! #&(*>20= 
&*>)")&* x(0) = 0 -!
&*
'(>! "$2" c = 06 9$! 2#%&'("! 1)*)1)J!0 4
+6 9$!&0!1 56K6LM8 %"20"% -)"$ "$! ')*! %!;1!*"
x(t) = 0: -)"$ t ∈ [0, ξ] 2*> 0 < ξ < T 42+"!0 %&1! /&)*" (ξ, 0): u > 0 %)*
! x(T ) = h > 086N* "$! &"$!0 $2*>: -$!* u > 0: -! 
2* >!A*! )* 2 /2021!"0)
 +&01 "$! %&'(")&* &+,!-"&*.% /0&#'!1 +0&1 ,!-"&*.% >)?!0!*")2' !O(2")&* 4567P8 4-$)
$ >!0)<!% +0&1 Q&*"0=2;)*12C)1)J2")&* 
&*>)")&*86R0&1 !O(2")&* 4567P8 -! 
2* -0)"! t 2% 2 +(*
")&* &+ "$! /2021!"!0 u: "$2" )%:

tu

(1 + u2)2
=
λ

2
⇔ 2ut = λ(1 + u2)2 ⇔ t =

λ

2

(

1

u
+ 2u+ u3

)

.I! >!A*! )* 2 /2021!"0)
 +&01 t(·) #=
t(u) =

λ

2

(

1

u
+ 2u+ u3

)

.9& >!A*! )* 2 /2021!"0)
 +&01 x(·): 0!
2'' "$! 
$2)* 0('!
d

du
x(t(u)) =

dx

dt

dt

du
= u

dt

du
,%)*
! dx

dt = u6 9$!0!+&0!: x(u) =
∫

u dt
dudu . I! $2<!:

dt

du
(u) =

λ

2

(

− 1

u2
+ 2 + 3u2

)

,"$(%:
x(u) =

∫

λ

2
u

(

− 1

u2
+ 2 + 3u2

)

du =
λ

2

(

− lnu+ u2 +
3

4
u4

)

+m, 456L78-$!0! m )% 2 
&*%"2*"69& 
&1/("! "$! 
&*%"2*" m &* "$! /0!<)&(% !O(2")&*: -! 1(%" 
&1/("! ξ6 E" (ξ, 0): #=
&*")*()"= &+ x̂(·): #&"$ #02*
$!% 
&)*
)>!6 !" û(t) #! "$! 1)*)1)J)*; 
&*"0&' &+ ,!-"&*.% /0&#'!16 9$!*:
H(ξ, 0) = H (ξ, û(ξ)) . 456LL8LM
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 ! "#$%&'&(% () '*# +,-&.'(%&,% )(/ 0#1'(%23 4/(5.#- () -&%&-,. /#3&3',%
#7 1# *,8#
H(ξ, 0) = −λ× 0− ξ

1 + 02
= −ξ ,%" H(ξ, û(ξ)) = −λû(ξ)− ξ

1 + (û(ξ))2
.9*#/#)(/#7 )/(- :;<==>7 1# *,8#

H(ξ, 0) = H (ξ, û(ξ)) ⇔ ξ = λû(ξ) +
ξ

1 + (û)2
. :;<=?>@% '*# ('*#/ *,%"7 û(ξ) -A3' 3,'&3)! 0#1'(%23 "&B#/#%'&,. #CA,'&(% :;<DE>7 '*A3

ξû(ξ)
(

1 + (û(ξ))2
)2 =

λ

2
. :;<=F>G#' A3 3(.8# #CA,'&(% :;<=?> &% (/"#/ '( 
(-4A'# '*# 
(%3',%' λ7

ξ =
ξ

1 + (û(ξ))2
+ λû(ξ) ⇔ − ξ

1 + (û(ξ))2
+ ξ = λû(ξ) ⇔

−ξ + ξ
(

1 + (û(ξ))2
)

1 + (û(ξ))2
= λû(ξ)

⇔ ξ (û(ξ))2

1 + (û(ξ))2
= λû(ξ)⇔ ξû(ξ)

1 + (û(ξ))2
= λ .9*,' &37 '*# 
(%3',%' λ &3 H&8#% 5! 
(%"&'&(%

λ =
ξû(ξ)

1 + (û(ξ))2
. :;<=I>J#4.,
&%H :;<=I> &%'( :;<=F> 1# H#'

ξû(ξ)
(

1 + (û(ξ))2
)2 =

ξû(ξ)

2
(

1 + (û(ξ))2
) ⇔ û2(ξ) = 1 ,,3 û(x) ≥ 07 '*#% û2(ξ) = 1 ⇒ û(ξ) = 1<K3 0#1'(% 3','#" &% *&3  !"#
"%"&7 L'*# ',%H#%' '( '*# H/,4*&
 ,' '*# '!(&) %*"#+ &3 #CA,.'( ;M< 9*,' &37 3,! '*,' ,' '*# 5/#,N 4(&%'7 %,-#.!7 ,' '*# 4(&%' (ξ, 0)7 '*# ',%H#%' &3 ;7 &3#CA&8,.#%' '( 3,! '*,' û(ξ) = 1 (tanα = 1 ⇔ ẋ(ξ) = 1⇔ û(ξ) = 1)<O%3#/'&%H û(ξ) = 1 &%'( #CA,'&(% :;<=F> 1# *,8# ξ

(1+12)2
= λ

2 7 '*,' &37 ξ = 2λ<P# ,/# &% 
(%"&'&(% '( "#'#/-&%# '*# 
(%3',%' m () #CA,'&(% :;<=D>< 9*&3 &3 4(33&5.# &) 1#',N# &%'( ,

(A%' '*,' ,' '*# 4(&%' (ξ, 0)7 û(ξ) = 1 ,%" x (û(ξ)) = 0< 9*#%7
x (û(ξ)) = 0 ⇔ x(1) = 0⇔ λ

2

(

− ln 1 + 1 +
3

4

)

+m = 0 ⇔ 7λ

8
= −m,'*,' &37 m = −7λ

8 <Q&%,..!7 1# 
,% 
(%
.A"# '*,' &% '*# 
,3# u > 07 '*# 3(.A'&(% () 0#1'(%23 4/(5.#- ()-&%&-,. /#3&3',%
# &3 H&8#% &% , 4,/,-#'/&
 )(/- 5! #CA,'&(%3 :;<=;>7 ,3 1# 1,%'#" '( 4/(8#<=R
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 !" #$%&'(") 
+,-" .,#/ 012314 '5 
&66")  !"#$%&' 
)*+!275 '/8#,%&(% %# ,"/&,9 %!" ,"&5#( :!; <":%#(=5 8,#$6"/ 5#6+%'#( 5%&,%5 :'%! x(t) = 0 .#,
t ∈ [0, ξ]> 0 < ξ = 2λ> &() .#, x ∈ [ξ, T ] $; 0123142 7( .&
%> '. <":%#(=5 8,#$6"/ 5#6+%'#( :&5?'-"( $; "@+&%'#(5 012314 .#, "-",; t ∈ [0, T ] %!" $#+()&,; 
#()'%'#( x(0) = 0 :#+6) (#% $"5&%'5A")2B"% +5 (#: 5"" !#: :" 
&( #$%&'( %!" ?,&8!'
 ,"8,"5"(%&%'#( #. <":%#(=5 8,#$6"/ 5#6+%'#(>?'-"( & ,&)'+5 &() &( !"'?!%2 !" A,5% 8&,% #. %!" 5#6+%'#( '5 ?'-"( $; x(t) = 0 .#, "-",; t ∈ [0, ξ]> :'%! ξ = 2λ> &() '%5?,&8!'
 ,"8,"5"(%&%'#( '5 "&5'6; #$%&'(")2C'%! ,"58"
% %# %!" 5"
#() 8&,%> t ∈ [ξ, T ]> '( #,)", %# ,"8,"5"(% ?,&8!'
&66; <":%#(=5
+,-" %!" -&6+" #. λ> %!" $,"&9 8#'(% (ξ, 0) &() -&,'&%'#( '(%",-&6 #. %!" 8&,&/"%", u /+5% $")"%",/'(") .#, & ,&)'+5 &() &( !"'?!% 8,"-'#+56; ?'-"(2 7( 8,&
%'
"> :!"( :" 
#/8+%" %!"-&6+" #. %!" 
#(5%&(% λ %!" 8#'(% (ξ, 0) '5 &+%#/&%'
&66; )"%",/'(")> $"
&+5" ξ = 2λ2 !" -&,'&%'#( '(%",-&6 #. %!" 8&,&/"%", u '5 ?'-"( $; %!" '("@+&6'%'"5

ξ ≤ t(u) ≤ T ⇔ ξ ≤ λ

2

(

1

u
+ 2u+ u3

)

≤ T ,%!&% '5> &5 ξ = 2λ>
2λ ≤ λ

2

(

1

u
+ 2u+ u3

)

≤ T .D,#/ '("@+&6'%; 2λ ≤ λ
2

(

1
u + 2u+ u3

)> :" #$5",-" %!&% %!" /'('/&6 -&6+" %&9"( $; %!"8&,&/"%", u '5 1> '()"8"()"(%6; .,#/ %!" -&6+" #. %!" ,&)'+5 &() %!" !"'?!% #. %!" 5#6')> :!'
!>#(
" /#,"> 6"&)5 +5 %# <":%#(=5 5%&%"/"(% %!&% #,! #-%.!%# #$ #,! .*-/,0
 -# #,! 1*!-2 /$0%#0' !3)-4 #$ 52  !" /&E'/&6 -&6+" %&9"( $; %!" 8&,&/"%", u 
&( $" .#+() 5'/+6%&("#+56; :'%!%!" 
#(5%&(% λ 5#6-'(? %!" 5;5%"/










t(u) = T

x(u) = h

⇔











T = λ
2

(

1
u + 2u+ u3

)

h = λ
2

(

− lnu+ u2 + 3
4u

4
)

− 7λ
85'(
" %!" 
#(5%&(% λ '5 
#/8+%") +5'(? %!" $#+()&,; 
#()'%'#( x(T ) = h2 !" 8,"-'#+5 5;5%"/ '5 "&5'6; 5#6-") $;  !"#$ 05""> "2?2> F1G1℄4> &5 :"66 &5 %!" ?,&8!'
&6,"8,"5"(%&%'#( #. <":%#(=5 8,#$6"/ #. /'('/&6 ,"5'5%&(
"2 7( D'?+," 121I %!" ?,&8!'
5 0#$J%&'(") :'%!  !"#$4 #. <":%#(=5 8,#$6"/ 5#6+%'#( &," ?'-"( .#, & AE") ,&)'+5 T = 1 &() &(!"'?!% h = 0.5> h = 1> h = 2> h = 52 !"#$%&' ()$*+!, $- ,.%.,/+ )!'.'#/%
! .% 1.,!%'.$% #"$K% A,5% ?6&(
"> #(" 5+58"
%5 %!&% %!" %:# )'/"(5'#(&6 
&5" 5!#+6) $" :"66 9(#:(> '( F1GL℄'% '5 5!#:( %!&% %!" %:# )'/"(5'#(&6 8,#$6"/ '5 /#," ,'
! %!&( %!" 
6&55'
&6 #(" $"'(?> '(3M
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0

1

2

3

4

5

0.2 0.4 0.6 0.8 1 !"#$% &'&() *%+,-./0 1$-23%4 0-3#,!-.0-4% 0%.0%5 4-$% !.,%$%0,!."' 67% .-8%3,!%0 9$%) :!; +7!3% !. ,7% 
3900!
93 ,7$%%=>!4%.0!-.931$-23%4 :&'??; -.3@ ,7% $%0,$!
,%> 
90% 49A%0 0%.0% :+!,7-#, $%0,$!
,!-. -. ,7% 4-.-,-.!
!,@-B 9>4!00!23% B#.
,!-.0 ,7% 1$-23%4 >-%0./, 9>4!, 9 3-
93 4!.!4#4;5 !. >!4%.0!-. ,+- ,7%#.$%0,$!
,%> 1$-23%4 !0 930- +%33=1-0%> +7%. ,7% $9,!- 7%!"7, 8%$0#0 $9>!#0 -B 290% !0 "$%9,%$,79. 9 "!8%. C#9.,!,@D :!!; +7!3% !. ,7$%% >!4%.0!-.0 ,7% :$%0,$!
,%>; 1$-23%4 790 9 #.!C#%0-3#,!-.5 !. ,7% $%0,$!
,%> ,+-=>!4%.0!-.93 1$-23%4 ,7% 4!.!4!E%$ !0 .-, 93+9@0 #.!C#% F+7%. ,7% 7%!"7, -B ,7% 2->@ !0 3%00 -$ %C#93 ,79. !,0 290% $9>!#05 ,7%$% %G!0,0 !.H.!,%3@ 49.@4!.!4!E!." B#.
,!-.0'67% B-$4#39,!-. -B *%+,-./0 1$-23%4 -B 4!.!493 $%0!0,9.
% !. >!4%.0!-. ,+- !0 "!8%. 2@:0%% I&&J℄;)
R [u(·)] =

∫ T

0

1

1 + u(t)2
dt −→ min ,

ẋ(t) = u(t) , u(t) ∈ Ω ,

x(0) = 0 , x(T ) = h , h > 0 .

:&'L(;M% 
-.0!>%$ ,+- 
90%0) :!; #.$%0,$!
,%> 1$-23%45 +7%$% .- $%0,$!
,!-. -. ,7% 9>4!00!23% ,$9=N%
,-$!%0 x(·) -,7%$ ,79. ,7% 2-#.>9$@ 
-.>!,!-.0 x(0) = 05 x(T ) = h !0 
-.0!>%$%> :Ω = R;D:!!; $%0,$!
,%> 1$-23%45 +7%$% ,7% 9>4!00!23% B#.
,!-.0 4#0, 09,!0B@ ,7% $%0,$!
,!-. ẋ(t) ≥ 05
t ∈ [0, T ] :Ω = R

+
0 ;' M7!3% B-$ ,7% 
3900!
93 ,7$%%=>!4%.0!-.93 1$-23%4 -.3@ ,7% $%0,$!
,%>1$-23%4 9>4!,0 9 4!.!4!E%$5 ,7% ,+-=>!4%.0!-.93 1$-23%4 :&'L(; !0 4-$% $!
7) ,7% #.$%0,$!
,%>
90% 930- 9>4!,0 9 4!.!4!E%$ +7%. ,7% "!8%. 7%!"7, h -B ,7% 2->@ !0 2!" %.-#"7' O30- !. ,7%$%0,$!
,%> 
90% ,7% ,+-=>!4%.0!-.93 1$-23%4 !0 4-$% !.,%$%0,!.") !B T ≥ h5 ,7%. !.H.!,%3@49.@ >!P%$%., 4!.!4!E%$0 9$% 1-00!23%5 +7!3% !. ,7% 
3900!
93 ,7$%%=>!4%.0!-.93 1$-23%4 ,7%4!.!4!E%$ !0 93+9@0 #.!C#%'O

-$>!." ,- Q-.,$@9"!. R9G!4#4 Q$!.
!13% :0%% 67%-$%4 &'S'?T; !B (x(·), u(·)) !0 9 4!.!=4!E%$ -B 1$-23%4 :&'L(;5 ,7%. ,7%$% %G!0,0 9 .-.=E%$- 19!$ (p0, p(·))5 +7%$% p0 ≤ 0 !0 9 
-.0,9.,9.> p(·) !0 9. 920-3#,%3@ 
-.,!.#-#0 B#.
,!-. -. [0, T ]5 0#
7 ,79, ,7% B-33-+!." 
-.>!,!-.0 9$%LU
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 !"# $%& '() !*+( " !** t #, [0, T ]-̇
p(t) = −∂H

∂x
(u(t), p0, p(t)) = 0

H(p0, p(t), u(t)) = max
w∈Ω

H(p0, p(t), w) ;./%)% "/% 0!+#*"(,#!, H # &%$,%& 12
H(p0, p, u) = pu+ p0 1

1 + u2
. !"#"$%&%"' ()*)+,)  !! "#$ %&'"()*+,' $-"($.*!/ (

x(·), p0, p(·), u(·)
) &0 1(&2!$. 345678 *($'&(.*! $-"($.*!/ 3p0 6= 045 6,"# p(·) * '$+*",7$ 
&'/"*'"9 p(t) ≡ −λ5 λ > 05 t ∈ [0, T ]:-./"!/0 ()*)+1) %&'"()*+,' $-"($.*!/ 0&( 1(&2!$. 345678 *($ *2/&!;"$ .,',.,<$(/:9/% :)((' (' ;)(:( #"#(, 45<56= !,& 9/%()%+ 45<56> ?!*#& '() "/% ".( &#+%, #(,!* @%.A"(,B :)(1*%+ 345678 !)% !,!*(C(D "( "/% :)((' (' ;)(:( #"#(, 45<56< !,& 9/%()%+ 45<56EF)% :%
"#?%*2F ?!*#& '() "/% "/)%% &#+%, #(,!* @%."(,B :)(1*%+ 345HH852'!/$&!%
&/4 #!"56/0 7Ω = 89: 9/% '(**(.#,C  "!,&!)& )% D*" (' 
!*
D*D 3 %% %5C5 I<H℄8.#** 1% D %& #, "/%  %KD%*5-./"!/0 ()*)*;) =$" n ≥ 2 *'> Ω ⊆ R 2$ *' &1$' /$": ?0 f : Ω → R ,/ n − 1 ",.$/>,@$($'",*2!$ &' Ω *'> n ",.$/ >,@$($'",*2!$ *" /&.$ 1&,'" a ∈ Ω 6#$($ f (k)(a) = 0 0&(

k = 0, . . . , n − 1 *'> f (n)(a) 6= 05 "#$'9
• $,"#$( n ,/ $7$'5 *'> f(·) #*/ *' $-"($.;. *" a5 "#*" ,/ * .*-,.;. ,' 
*/$ f (n)(a) < 0*'> * .,',.;. ,' 
*/$ f (n)(a) > 0A
• &( n ,/ &>>5 *'> f(·) >&$/ '&" *""*,' * !&
*! $-"($.;. *" a:L)(+ 9/%()%+ 45<56> "/% :)(1*%+ 345678 
!, 1% )%&D
%& "( "/%  "D&2 (' "/% (,%A&#+%, #(,!*+!M#+#N!"#(, :)(1*%+-

max
u∈Ω

H (u) = max
u∈Ω

{

− 1

1 + u2
− λu

}

, λ > 0 . 3456=8O% !)% 
(, #&%)#,C ,(. "/% D,)% ")#
"%& ".(A&#+%, #(,!* @%."(,B :)(1*%+ (' +#,#+!*)% # "!,
%F "/!" # F Ω = R #, 3456785 P ,%
%  !)2 3 DQ
#%,"8 
(,&#"#(, '() u "( 1% ! *(
!*+!M#+#N%) '() :)(1*%+ 3456=8 # C#?%, 12 H ′ (u) = 0 !,& H ′′ (u) ≤ 0 3H ′′ (u) < 08F ./%)%
H ′ (u) =

2u

(1 + u2)2
− λ ,

H ′′ (u) = −2
3u2 − 1

(1 + u2)3
.<R
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 !"# $%& '!($ "!)&! 
"+),$,"+ -#./,#,0.$,"+ 
"+),$,"+ -123455 ,$ 6"77"8( $%.$
u(t)

(1 + u2(t))2
=
λ

2
⇔ ẋ(t)

(1 + ẋ2(t))2
=
λ

2
. -129:5;(,+< $%& =">+).!? 
"+),$,"+( x(0) = 0 .+) x(T ) = h@ 8& 
"+
7>)& $%.$ x(t) = h

T t -u = h
T 5,( . 7"
.7 
.+),).$& 6"! $%& ("7>$,"+ "6 $%& >+!&($!,
$&) A!"=7&# -λ = 2T 3h

(T 2+h2)2
52 B"8&C&!@ =?D%&"!&# 12424E@ 8& 
"+
7>)& $%.$ (>
% u ,( . #./,#,0&! "+7? 8%&+ h > √

3
3 T 2  "! h < √

3
3 T$%& C.7>& u = h

T 
"!!&(A"+)( $" . 7"
.7 #,+,#,0&! "6 H (u) (,+
& H ′′ > 0F 6"! h =
√

3
3 r 6>+
$,"+

H (u) %.( +&,$%&! 7"
.7 #./,#># +"! #,+,#># (,+
& H ′′ (√3
3 T

)

= 0 .+) H ′′′
(√

3
3 T

)

=

−27
√

3
16 6= 02 !"#$"% &'('(&'  ! h > √

3
3 T " #$%& !'&
#)*& x(t) = h

T t )+ , -.*
,./ 0)&)0'0 !*1 #$% '&1%2+#1)
#%3 41*5.%0 -129G56 7*1 h ≤ √
3

3 T #$% 41*5.%0 $,+ &* +*.'#)*&68%0,19 1242436 D%& >+!&($!,
$&) A!"=7&# -129G5 )"&( +"$ .)#,$ <7"=.7 #,+,#>#2 H+)&&)@ 7&$>( $.I&@ 6"! 7.!<& C.7>&( "6 $%& A.!.#&$&! a@ $%& 
"+$!"7 6>+
$,"+
ũ(t) =











a ,6 0 ≤ t ≤ T
2 + h

2a

−a ,6 T
2 + h

2a ≤ t ≤ T .D%,( <,C&( R[ũ(t)] = T
1+a2 8%,
% C.+,(%&( .( a→∞@ (%"8,+< $%.$ +" <7"=.7 ("7>$,"+ 
.+ &/,($2J? $%& (?##&$!? 8,$% !&(A&
$ $" $%& xx ./,(@ $%& ("7>$,"+ $" $%& >+!&($!,
$&) $8"K),#&+(,"+.7 L&8$"+M( A!"=7&# "6 #,+,#.7 !&(,($.+
& 8,$% h > √

3
3 T ,( . $!,.+<7&@ 8,$% C.7>&6"! !&(,($.+
& R &N>.7 $" T 3

T 2+h2 2)"*+$,
+". /$#01"% 2Ω = R
+
0 3 O& +"8 ($>)? A!"=7&# -129G5 8,$% Ω = R

+
0 2 H+ $%,( 
.(&$%& "A$,#.7 
"+$!"7 
.+ $.I& C.7>&( "+ $%& =">+).!? "6 $%& .)#,((,=7& (&$ "6 
"+$!"7 C.7>&( Ω-u = 052 H6 $%& "A$,#.7 
"+$!"7 u(·) ,( .78.?( $.I,+< C.7>&( ,+ $%& ,+$&!,"! "6 Ω@ u(t) > 0 ∀

t ∈ [0, T ]@ $%&+ $%& "A$,#.7 ("7>$,"+ #>($ (.$,(6? -129:5 .+) ,$ 
"!!&(A"+)( $" $%& "+& 6">+)6"! $%& >+!&($!,
$&) A!"=7&#P
u(t) =

h

T
, ∀t ∈ [0, T ] , -124E58,$% !&(,($.+
&

R =
T 3

T 2 + h2
. -12415O& (%"8 +&/$ $%.$ $%,( ,( ("7>$,"+ "6 $%& !&($!,
$&) A!"=7&# "+7? 6"! h ≥ T P 6"! h ≤ T $%&#,+,#># C.7>& 6"! $%& !&(,($.+
& ,( R = T − h

2 2H$ ,( 
7&.!@ 6!"# $%& =">+).!? 
"+),$,"+( x(0) = 0@ x(T ) = h@ T > 0@ h > 0@ $%.$ u(t) = 0@
∀ t ∈ [0, T ]@ ,( +"$ . A"((,=,7,$?P $%&!& #>($ &/,($ .$ 7&.($ "+& +"+K&#A$? (>=,+$&!C.7 "6 [0, T ]41
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 !" #$%
$ u(t) > 0 '!($)"#%*) x(t) #!+,- .) 
!/*(0/(1 0/- %( #!+,- .) /!( 2!**%.,) (! *0(%* 3*%4+,(0/)!+*,3 x(0) = 0 0/- x(T ) = h56 7$) *%42,)*( *%(+0(%!/* 0") 8%9)/ .3
u(t) =







0 % 0 ≤ t ≤ ξ ,

h
T−ξ % ξ ≤ t ≤ T ,

':6;<5!"
u(t) =







h
ξ % 0 ≤ t ≤ ξ ,

0 % ξ ≤ t ≤ T .
':6;=5>) 8)( ':6;?5  "!4 ':6;<5 (0@%/8 ξ = 0A ':6;?5  "!4 ':6;=5 #%($ ξ = T 6 B!" ':6;<5 ($)")*%*(0/
) %* 8%9)/ .3 R(ξ) = ξ + (T−ξ)3

(T−ξ)2+h2 1 ($0( $0* 0 4%/%4+4 90,+)  !" ξ = T − h ≥ 0C
R(T − h) = T − h

2 1
u(t) =







0 % 0 ≤ t ≤ T − h ,
1 % T − h ≤ t ≤ T .

':6;;5B!" T = h ':6;;5 
!%/
%-)* #%($ ':6;?5A  !" T > h
(

T − h

2

)

−
(

T 3

T 2 + h2

)

= − h(T − h)2
2(T 2 + h2)

< 0 ,0/- ':6;;5 %* .)(()" ($0/ ':6;?56 D%4%,0",31  !" ':6;=5 ($) ")*%*(0/
) %* 8%9)/ .3
R(ξ) =

ξ3

ξ2 + h2
+ T − ξ , ':6;E5($0( $0* 4%/%4+4 90,+)  !" ξ = h > 0C

u(t) =







1 % 0 ≤ t ≤ h ,

0 % h ≤ t ≤ T ,
':6;F5

R(h) = T − h
2 1 #$%
$ 
!%/
%-)* #%($ ($) 90,+)  !" ($) ")*%*(0/
) !.(0%/)- #%($ ':6;;56 G !/)
!420")* -%")
(,3 ':6;:5 #%($ ':6;E5 !/) 8)( ($) 
!/
,+*%!/ ($0( ':6;?5 %* .)(()" ($0/ ':6;=52")
%*),3 #$)/ T < hC

T 3

T 2 + h2
−

(

ξ3

ξ2 + h2
+ T − ξ

)

=
ξh2

(

T 2 − Tξ − h2
)

[(T − ξ)2 + h2] (T 2 + h2)
, ':6;H50/- *%/
) −h2 ≤ T 2−Tξ−h2 ≤ T 2−h21 ':6;H5 %* /)80(%9) % T < h1 ($0( %*1  !" T < h ':6;?5%* .)(()" ($0/ ':6;=56 B!" T = h ':6;F5 
!%/
%-) #%($ ':6;?51  !" T > h ':6;F5 %* .)(()" ($0/':6;?5 0/- 0* 8!!- 0* ':6;;56>) /!# *$!# ($0(  !" T > h %( %* 2!**%.,) (! !.(0%/ ($) ")*%*(0/
) 90,+) T− h

2  "!4 %/I/%(),340/3 !($)" #03*1 .+( /! .)(()" '*40,,)"5 90,+) ($0/ ($%* J+0/(%(36 K)/)"%
 *%(+0(%!/ %* 8%9)/.3
un(t) =







0 % ξ2i ≤ t ≤ ξ2i+1 , i = 0, . . . , n ,

µi+1−µi

ξ2i+2−ξ2i+1
% ξ2i+1 ≤ t ≤ ξ2i+2 , i = 0, . . . , n− 1 ,

':6;L5;<
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 !"#" n ∈ N$ 0 = ξ0 ≤ ξ1 ≤ · · · ≤ ξ2n+1 = T $ 0 = µ0 ≤ µ1 ≤ · · · ≤ µn = h% &" #"'(#) *!(*+,# *!" -.'/0"-* 
(-" n = 1 23%456 -.'/0.7"- *,
u1(t) =



















0 .+ 0 ≤ t ≤ ξ1 ,

h
ξ2−ξ1

.+ ξ1 ≤ t ≤ ξ2 ,

0 .+ ξ2 ≤ t ≤ T , !.
! 
,8"#- (00 *!" /#"8.,9-0: 
,;-.<"#"< -.*9(*.,;-= +,# ξ1 = 0$ ξ2 = T  " ,>*(.; 23%4?6@+,# ξ2 = T 23%4A6@ (;< +,# ξ1 = 0 ,;" ,>*(.;- 23%4B6% C00 D,;*#:(E.; 
,;*#,0 "F*#"'(0- ,+ *!"#"-*#.
*"< /#,>0"' (#" ,+ *!" +,#' 23%456$ (;< >: G!",#"' 3%4%BH (0-, *!" '.;.'.I.;E 
,;*#,0-%G!" #"-.-*(;
" +,#
" Rn (--,
.(*"<  .*! 23%456 .- E.8"; >:
Rn (ξ0, . . . , ξ2n+1, µ0, . . . , µn)

=

n
∑

i=0

(ξ2i+1 − ξ2i) +

n−1
∑

i=0

(ξ2i+2 − ξ2i+1)
3

(ξ2i+2 − ξ2i+1)
2 + (µi+1 − µi)

2 . 23%4H6J* .- ( -.'/0" "F"#
.-" ,+ 
(0
909- *, -"" *!(* +9;
*.,; 23%4H6 !(- *!#"" 
#.*.
(0 /,.;*-= * , ,+*!"' ;,* (<'.--.>0"$ *!" *!.#< ,;" ( '.;.'.I"#% G!" 7#-* 
#.*.
(0 /,.;* .- <"7;"< >: µi = 0$
i = 0, . . . , n$  !.
! .- ;,* (<'.--.>0" E.8"; *!" +(
* *!(* µn = h > 0% G!" -"
,;< 
#.*.
(0 /,.;*.- E.8"; >: µi − µi−1 = ξ2i−1 − ξ2i$ i = 1, . . . , n$  !.
! .- ;,* (<'.--.>0" -.;
" µi − µi−1 ≥ 0$
ξ2i−1 − ξ2i ≤ 0$ (;< µi = µi−1$ i = 1, . . . , n$ .- ;,* ( /,--.>.0.*: E.8"; µn = H > µ0 = 0% G!"*!.#< 
#.*.
(0 /,.;* .-

µi − µi−1 = ξ2i − ξ2i−1 , i = 1, . . . , n , 23%K?6 !.
! .- ( '.;.'.I"# +,# h ≤ T % G!9-$ (00 *!" '.;.'.I.;E 
,;*#,0- +,# *!" #"-*#.
*"< * ,L<.'";-.,;(0 /#,>0"'  .*! h ≤ T (#" ,+ *!" +,00, .;E +,#'=
un(t) =







0 .+ ξ2i ≤ t ≤ ξ2i+1 , i = 0, . . . , n ,

1 .+ ξ2i+1 ≤ t ≤ ξ2i+2 , i = 0, . . . , n− 1 ,
23%K36

n = 1, 2, . . .$ 0 = ξ0 ≤ ξ1 ≤ · · · ≤ ξ2n+1 = r% M,# un(t) E.8"; >: 23%K36 *!" #"-.-*(;
" 23%4H6#"<9
"- *, Rn = T − h
2 $ ∀ n ∈ N% !"#$"% &'('()'  !" #"$%#&
%"( %)*+(&,"-$&*-./ 0")%*-1$ 2#*3/", *4 ,&-&,./ #"$&$%.-
"./).5$ .(,&%$ . $*/6%&*-7

• %!" 6-&86" $*/6%&*- .$$*
&.%"( %* 
*-%#*/ 23%4?69 )!"- h > T :
• &-;-&%"/5 ,.-5 $*/6%&*-$ .$$*
&.%"( %* %!" 
*-%#*/$ 23%K369 )!"- h ≤ T <=- %!" 
.$" h > T %!" ,&-&,6, >./6" 4*# %!" #"$&$%.-
" &$ T 3

T 2+h2 9 *%!"#)&$" T − h
2 <4B
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 !" #$%%& %& '() #%*'$+,-.* /,0./1/ 2$.*
.24) &%$ , -)*)$,4/.*./,4 './) 2$%54)/ ! "#$% %&
"$(!) *& +&
,-- &-&.&!"% (/ , %",!0,+0 1+((/ (/ "#& .,2$.3. 1+$!
$1-& /(+ , 4&!5&+,- .$!$.,- "$.& 1+(6-&. 3%$!4 !&&0-&5-$7& 8,+$,"$(!% 9%&& &:4: ;<=℄?: @(.& 0&A!$"$(!% ,!01+(1&+"$&% (/ "#$% %&
"$(! *$-- 6& 3%&0 $! B#,1"&+ C:B(!%$0&+ , 4&!&+,- 
(!"+(- %D%"&.
ẋ(t) = f(x(t), u(t)), x(0) = x0, 9E:FC?*#&+& x0 ∈  Gn $% A2&0) f :  Gn× Gm −→  Gn $% %.(("#) "#& 
(!"+(- u $% , 6(3!0&0 .&,%3+,6-&/3!
"$(! ",7$!4 $"% 8,-3&% $! , .&,%3+,6-& %36%&" Ω (/  Gm:B(!%$0&+ "#& %&" (/ ,0.$%%$6-& 
(!"+(-% (! [0, tf ]) Utf , !m ) ,!0 "#& %&" (/ ,0.$%%$6-& 
(!"+(-%(! [0, tf ] ",7$!4 "#&$+ 8,-3&% $! Ω) Utf ,Ω:H#& %&" Utf , !m ) &!0(*&0 *$"# "#& %",!0,+0 "(1(-(4D (/ L∞([0, tf ],  Gm)) $% (1&!) ,!0 "#&&!051($!" .,11$!4 E(x0, tf , u) = x(tf ) $% %.(("# (! Utf , !m :I&" x1 ∈  Gn: B(!%$0&+ "#& (1"$.,- 
(!"+(- 1+(6-&. (P) (/ 0&"&+.$!$!4 , "+,J&
"(+D%(-3"$(! (/ 9E:FC? %"&&+$!4 x0 "( x1 $! .$!$.,- "$.&:"  ! ("#&+ *(+0%) "#$% $% "#& 1+(6-&.(/ .$!$.$K$!4 tf ,.(!4 ,-- ,0.$%%$6-& 
(!"+(-% u ∈ L∞([0, tf ],Ω) %,"$%/D$!4 "#& 
(!%"+,$!"

E(x0, tf , u) = x1:L(+ &8&+D t ≥ 0) 
(!%$0&+ "#&  

"##$%&" #"' AΩ(x0, t) 1+&8$(3%-D 0&A!&0 ,% "#& $.,4& (/"#& .,11$!4 E(x0, t, ·) : Ut →  Gn) *$"# "#& ,4+&&.&!" AΩ(x0, 0) = {x0}:M(+&(8&+) 0&A!&
AΩ(x0,≤ t) =

⋃

0≤s≤t

AΩ(x0, s). !" #"$ AΩ(x0,≤ t) 
&'(
')"# *'$! $!" '+,-" &. $!" +,//'(- E(x0, ·, ·) : [0, t]×Ut → 01n 2#""3'-45" 676897
x0

x(t1)

AΩ(x0, t1)

x(t)

x(t2)

AΩ(x0, t2)3'-45" 6768: ;

"##'<=" #"$ AΩ(x0,≤ t)7  !"# "$%" &# 
!()*+#, $#,# % -,!./#0 &*"$ 12#+ #2",#0*"*#)3 4!, )*0-/*
*"5 !4 -,#)#("%"*!(6 7// &$%"4!//!&) $!&#8#, #%)*/5 #2"#(+) "! "$# 
%)# !4 *(*"*%/ %(+ 1(%/ )9.)#") :)## #6;6 <=>℄@6>>
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 !" u #! $ %&'&%$( "&%! 
*'"+*( *' [0, tf ] ,*+ "-! .+*#(!% (P)/ $'0 0!'*"! #1 x(·) "-!"+$2!
"*+1 3*(4"&*' *, 56789: $33*
&$"!0 "* "-! 
*'"+*( u *' [0, tf ]7 ;-!' "-! .*&'" x1 = x(tf )#!(*'<3 "* "-! #*4'0$+1 *, AΩ(x0,≤ tf )7 ;-&3 <!*%!"+&
 .+*.!+"1 &3 $" "-! #$3&3 *, "-! .+**,*, "-! =*'"+1$<&' %$>&%4% .+&'
&.(! 53!! ?&<4+! 676@:7
x0

x(t1)

AΩ(x0, t) AΩ(x0, tf )?&<4+! 676@A x1 ∈ ∂AΩ(x0, tf )7 !"#$"% &'('& 5=*'"+1$<&' %$>&%4% .+&'
&.(!:'  ! "#$ "%&'$
")%* x(·)+ &,,)
-&"$. ") & 
)/"%)0
u ∈ Utf ,Ω+ -, )1"-2&0 )/ [0, tf ]+ "#$/ "#$%$ $3-,", & /)/1),-"-4$ %$&0 /526$% p0 &/. &/ &6,)05"$0*
)/"-/5)5, 2&11-/7 p(·) )/ [0, tf ]+ 
&00$. $02*&'" B!
"*++ ,&"-,!*-/7 (p(·), p0) 6= (0, 0)+ ,5
# "#&""#$%$ #)0.,

ẋ(t) =
∂H

∂p
(x(t), p(t), p0, u(t)) ,

ṗ(t) = −∂H
∂x

(x(t), p(t), p0, u(t)) ,&02)," $4$%*8#$%$ )/ [0, tf ]+ 8#$%$ H(x, p, p0, u) = 〈p, f(x, u)〉 + p0 -, "#$ 9&2-0")/-&/+ &/.
H(x(t), p(t), p0, u(t)) = max

w∈Ω
H(x(t), p(t), p0, w)#)0., &02)," $4$%*8#$%$ )/ [0, tf ]: ;)%$)4$%+ maxw∈ΩH(x(t), p(t), p0, w) = 0 !)% $4$%* t ∈

[0, tf ]:C! '!>" +!
$(( "-! 3"$'0$+0 
*'
!."3 *, '!!0(!D(&E! B$+&$"&*'3 $'0 *, =*'"+1$<&' 
*'! F-&
-.!+%&" "* 0!+&B! $ 3"$'0$+0 .+**, *, "-! %$>&%4% .+&'
&.(!7 !"! #$$%&$'&()$ *+,(+-(./0 !" t1 ∈ [0, tf ) $'0 u1 ∈ Ω7 ?*+ η1 > 0 34
- "-$" t1 + η1 ≤ tf / "-! '!!0(!D(&E! B$+&$"&*'
π1 = {t1, η1, u1} *, "-! 
*'"+*( u &3 0!G'!0 #1

uπ1
(t) =

{

u1 &, t ∈ [t1, t1 + η1],

u(t) *"-!+F&3!53!! ?&<4+! 679H:7 I8
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t

u

0 tf

u1

t1 t1 + η1

 !"#$% &'()* +%%,-% ./$!/0!12 π1'34% 
120$1- uπ1
0/6%7 !07 ./-#%7 !2 Ω' 80 !7 210 ,!9
#-0 01 :$1.% 04/0; !< η1 > 0 !7 7=/--%21#"4; 04%2 04% 
120$1- uπ1

!7 /,=!77!>-%; !'%'; 04% 0$/?%
01$@ xπ1
(·) /771
!/0%, A!04 uπ1

/2,70/$0!2" <$1= xπ1
(0) = x0 !7 A%-- ,%B2%, 12 [0, tf ]' C1$%1.%$; xπ1

(·) 
12.%$"%7 #2!<1$=-@ 01
x(·) 12 [0, tf ] A4%2%.%$ η1 0%2,7 01 0'D%
/-- 04/0 t1 !7 / E%>%7"#% :1!20 1< 04% <#2
0!12 t 7→ f(x(t), u(t)) 12 [0, tf ) A4%2%.%$

lim
h→0

1

h

∫ t1+h

t1

f(x(t), u(t))dt = f(x(t1), u(t1)),/2, 04/0 /-=170 %.%$@ :1!20 1< [0, tf ) !7 / E%>%7"#% :1!20' !"#$%$&# '()(*( E%0 t1 >% / E%>%7"#% :1!20 12 [0, tf ); -%0 η1 > 0 >% 7=/-- %21#"4; /2, uπ1>% / 2%%,-%F-!6% ./$!/0!12 1< u; A!04 π1 = {t1, η1, u1}'  1$ %.%$@ t ∈ [t1, tf ]; ,%B2% 04%  !"#!$#%& '
$%" vπ1
(t) /7 04% 71-#0!12 12 [t1, tf ] 1< 04% G/#
4@ :$1>-%=

v̇π1
(t) =

∂f

∂x
(x(t), u(t))vπ1

(t) , H&'IJK
vπ1

(t1) = f(x(t1), u1)− f(x(t1), u(t1)) .+!,,- '()(. H7%% %'"' LMN℄K( )'$ t1 *' ! )'*'+,-' .%#&$ %& [0, tf )/ 0'$ η1 > 0 *' +1!00 '&%-,2/!&3 uπ1
*' ! &''30'40#5'  !"#!$#%& %6 u/ 7#$2 π1 = {t1, η1, u1}8 92'&/

xπ1
(tf ) = x(tf ) + η1vπ1

(tf ) + o(η1) . H&'IPK:"%%68 Q@ ,%B2!0!12 1< uπ1
/2, xπ1

; A% 4/.% xπ1
(t1) = x(t1)' 34%2

xπ1
(tf ) = x(t1) +

∫ t1+η1

t1

f(xπ1
(t), u1)dt +

∫ tf

t1+η1

f(xπ1
(t), u(t))dt .PN
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 ! "#$%&'&(% () *#+#,-.# /(&%'0 1# 234#
∫ t1+η1

t1

f(xπ1
(t), u1)dt = η1f(x(t1), u1) + o(η1) ,3%"

∫ tf

t1+η1

f(xπ1
(t), u(t))dt =

∫ tf

t1

f(xπ1
(t), u(t))dt −

∫ t1+η1

t1

f(xπ1
(t), u(t))dt

=

∫ tf

t1

f(xπ1
(t), u(t))dt − η1f(x(t1), u(t1)) + o(η1) ,,&%
# xπ1

(t1) → x(t1) 12#% η → 06 7# "#".
# '23'
xπ1

(tf ) = x(t1) + η1(f(x(t1), u1)− f(x(t1), u(t1))) +

∫ tf

t1

f(xπ1
(t), u(t))dt + o(η1) .8% '2# ('2#9 23%"0

x(tf ) = x(t1) +

∫ tf

t1

f(x(t), u(t))dt'2.,
xπ1

(tf )− x(tf )

η1
= vπ1

(t1) +
1

η1

∫ tf

t1

(f(xπ1
(t), u(t)) − f(x(t), u(t)))dt .:9(; <=6>?@ 1# 234#

vπ1
(tf ) = vπ1

(t1) +

∫ tf

t1

∂f

∂x
(x(t), u(t))vπ1

(t)dt .A3B&%- '2# "&C#9#%
#0 1# #3,&D! "#".
# )9(; E9(%13DD D#;;3F, '23' '2# G.('&#%' xπ1
(tf )−x(tf )

η13";&', 3 .%&G.# D&;&' 12#% η1 → 00 η1 > 00 3%" '2&, D&;&' &, #G.3D '( vπ1
(tf )6 !"#$% =6>6H& A2# ,&-% () η1 &, &;/(9'3%'6 I% )3
'0 )(9 η1 () 3% 39+&'939! ,&-%0 &) 1# "#$%#'2# /#9'.9+3'&(% π1 = {t1, η1, u1} +!

uπ1
(t) =























u1 &) t ∈ [t1, t1 + η1] 3%" &) η1 > 0 ,

u1 &) t ∈ [t1 + η1, t1] 3%" &) η1 < 0 ,

u(t) ('2#91&,# ,'2#%
xπ1

(tf ) = x(tf ) + |η1|(f(x(t1), u1)− f(x(t1), u(t1))) +

∫ tf

t1

f(xπ1
(t), u(t))dt .I% /39'&
.D390 '2# ).%
'&(% η1 7→ xπ1

(tf ) &, 9&-2' 3%" D#)' "&C#9#%'&3+D# 12#% η1 = 00 +.' &, %('"&C#9#%'&3+D# 3' '2&, /(&%'6 HJ

te
l-0

05
85

37
6,

 v
er

si
on

 1
 - 

12
 A

pr
 2

01
1



 !"#$%  !"!"& #$% &'&%( α > 0) *+& ',%-,*-$. {t1, αη1, u1} /&.&%,*&0 *+& ',%-,*-$. '&
*$% αvπ1
!2* 3$44$50 *+,* *+& 0&* $3 ',%-,*-$. '&
*$%0 ,* *-6& t -0 , 
$.& $3 '&%*&7 x(t)! !"#$%$&# '()(*( #$% &'&%( t ∈ (0, tf ]) *+& '$() *+,)$-#./, 
+,! ,* *-6& t) 8&.$*&8 K(t)) -0*+& 06,44&0* 
4$0&8 
$.'&7 
$.& 
$.*,-.-./ ,44 ',%-,*-$. '&
*$%0 vπ1

(t) 3$% ,44 9&:&0/;& <$-.*0
t1 0;
+ *+,* 0 < t1 < t!=. -66&8-,*& -*&%,*-$. 4&,80 *$ *+& 3$44$5-./ /&.&%,4->,*-$. $3 9&66,  !"!?!+!,,- '()(.( 1!) t1 < t2 < · · · < tp 2! 1!2!(.3! 4+/,)( +5 )6! 53,
)/+, t 7→ f(x(t), u(t))+, (0, tf )7 #,8 u1, . . . , up 2! 4+/,)( +5 Ω& 1!) η1, . . . , ηp 2! ("#99 !,+3.6 4+(/)/:! $!#9 ,3"2!$(&;+,(/8!$ )6! :#$/#)/+,( πi = {ti, ηi, ui}7 #,8 8!,+)! 2- vπi

(·) )6! #((+
/#)!8 :#$/#)/+, :!
)+$(78!',!8 #( #2+:!& <!',! )6! :#$/#)/+,
π = {t1, . . . , tp, η1, . . . , ηp, u1, . . . , up}+5 )6! 
+,)$+9 u +, [0, tf ] 2-

uπ(t) =

{

ui /5 ti ≤ t ≤ ti + ηi, i = 1, . . . , p,

u(t) +)6!$=/(!& @ !""A1!) xπ(·) 2! )6! (+93)/+, +5 >?&@AB 
+$$!(4+,8/,. )+ )6! 
+,)$+9 uπ +, [0, tf ] #,8 (3
6 )6#)
xπ(0) = x0& C6!,7

xπ(tf ) = x(tf ) +

p
∑

i=1

ηivπi
(tf ) + o

(

p
∑

i=1

ηi

)

. @ !"BAC+& ',%-,*-$. 3$%6;4, @ !"BA 0+$50 *+,* &'&%( 
$6:-.,*-$. 5-*+ <$0-*-'& 
$&D
-&.*0 $3',%-,*-$. '&
*$%0 @*,E&. ,* 8-0*-.
* 9&:&0/;& <$-.*0A <%$'-8&0 *+& <$-.* x(t) + vπ(t)) 5+&%&
vπ(t) =

p
∑

i=1

ηivπi
(t), @ !"FA5+-
+ :&4$./0) ;< *$ *+& %&6,-.8&% *&%6) *$ *+& ,

&00-:4& 0&* AΩ(x0, t) ,* *-6& t 3$% *+&0(0*&6 @ !"GA 0*,%*-./ 3%$6 *+& <$-.* x0! 2. *+-0 0&.0&) *+& H%0* I$.*%(,/-. 
$.& 0&%'&0 ,0 ,.&0*-6,*& $3 *+& ,

&00-:4& 0&* AΩ(x0, t)!J-.
& 5& 8&,4 5-*+ , 6-.-6,4 *-6& <%$:4&6) 5& 6;0* %,*+&% 
$.0-8&% *+& 0&* AΩ(x0,≤ t))5+-
+ 4&,80 *$ -.*%$8;
& ,40$ $%-&.*&8 *-6& ',%-,*-$.0) ,0 3$44$50! =00;6& H%0* *+,* x(·) -08-K&%&.*-,:4& ,* *-6& tf ! 9&* δ > 0 :& 06,44 &.$;/+L *+&.) 5-*+ *+& ,:$'& .$*,*-$.0)

xπ(tf − δ) = x(tf ) +

p
∑

i=1

ηivπi
(tf )− δf(x(tf ), u(tf )) + o

(

δ +

p
∑

i=1

ηi

)

. @ !"MA  !"# !$%&# '()* *+,+ -!*.*/*( tf "# 0 1*2*#,)* 3$".' $4 '!* 4).
'"$. t 7→ f(x(t), u(t))+NM
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 !"#$%$&# '()(*(  !" 
$%" K1(tf ) &' (!" ')*++"'( 
+$'", 
$%-". 
$%" 
$%(*&%&%/ K(tf ) *%,(!" -"
($0 −f(x(tf ), u(tf ))12"" 3&/40" 5165 7$0 (!" 
$%-". 
$%" K1(tf )1 !"#$% 51819& :7 x(·) &' %$( ,&;"0"%(&*<+" *( (&)" tf = (!"% (!" *<$-" 
$%'(04
(&$% &' '+&/!(+>)$,&?",= <> 0"@+*
&%/ f(x(tf ), u(tf )) A&(! *%> 
+$'40" @$&%( $7 (!" 
$00"'@$%,&%/ ,&;"0"%
"B4$(&"%( &% *% $<-&$4' A*>1
x1

x0

x(·)

AΩ(x0, tf )

K1(tf )

f

−f

3&/40" 5165C D$%" K1(tf ) !"!# $%&'
 )*+,'
'- ./&
-'%& 012%32*E" %".( @0$-&," * 
()*
 *"+,*
*- ./)
-*() -0!($!"= A!&
! &' *( (!" <*'&' $7 (!" @0$$7 $7 (!")*.&)4) @0&%
&@+" F'"" "1/1 G6℄ 7$0 * @0$$7I1J"
*++ (!" 7$++$A&%/ ,"?%&(&$% $7 ,&;"0"%(&*<&+&(> &% (!" '"%'" $7 KL("*4. 1 !"#$%$&# '()('+( M"( E= F <" (A$ +$
*++> 
$%-". ($@$+$/&
*+ -"
($0 '@*
"'= f : E → F =
x0 ∈ E *%, h ∈ E1  !" KL("*4. ,"0&-*(&-" df(x0) · h *( x0 A&(! (!" ,&0"
(&$% h &' ,"?%", *'

df(x0) · h = lim
t→0

f(x0 + th)− f(x0)

t&7 (!" +&)&( ".&'('1:7 (!" +&)&( ".&'(' 7$0 *++ h ∈ E *%, &( &' "B4*+ ($ * +&%"*0 )*@ gx0
(h)= (!"% $%" '*>' (!*( f &'KL("*4. ,&;"0"%(&*<+" *( x0 *%,

df(x0) · h = gx0
(h) .,!--. '()(''( 1!- C ⊂ 2 m 3! # 
()4!5 6/36!- (. 2 m 7*-0 )()!"+-8 *)-!$*($9 (. 4!$-!5 09#): F : C → 2 n 3! # 1*+6
0*-;*#) "#++*)< 6/
0 -0#- F (0) = 0 #): F *6 :*=!$!)-*#3,! *) -0!6!)6! (. >?-!#/5 #- 0& @66/"! -0#- dF (0) · Cone(C) = 2 n9 70!$! Cone(C) 6-#):6 .($ -0!A
()4!5B 
()! <!)!$#-!: 38 !,!"!)-6 (. C& C0!) 0 3!,()<6 -( -0! *)-!$*($ (. F (V ∩ C)9 .($!4!$8 )!*<03($0((: V (. 0 *) 2 m& N9
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 !"!# $%&'%(&) *+,-./,.)'0 %(1 23(-'4%&.( *%5.*+* /'.(
./,) ! "!#$ %!&$%'
$ $)! !"*+,-'"$ ./,,'"0 $- $'.! /"* "!!*1!+1'2! 3/%'/$'-"&4 5!$ p 6! / ,-&'$'3!'"$!0!%4 7!$ 89p+1
+ = {(δ, η1, . . . , ηp) ∈ 89p+1 | δ ≥ 0, η1 ≥ 0, . . . , ηp ≥ 0}.5!$ t1 < · · · < tp 6! 5!6!&0:! ,-'"$& -; $)! ;:"
$'-" t 7→ f(x(t), u(t)) -" (0, tf )< /"* u1, . . . , up6! ,-'"$& -; Ω4 5!$ V 6! / &./11 "!'0)6-%)--* -; 0 '" 89p4 =!>"! $)! ./,,'"0 F : V ∩89p+1

+ →89n 6?
F (δ, η1, . . . , ηp) = xπ(tf − δ),@)!%! π '& $)! 3/%'/$'-" π = {t1, . . . , tp, η1, . . . , ηp, u1, . . . , up} /"* δ ≥ 0 '& &./11 !"-:0) &-$)/$ tp < tf − δ4 8; V '& &./11 !"-:0)< $)!" F '& @!11 *!>"!*A .-%!-3!% $)'& ./,,'"0 '&
1!/%1? 5',&
)'$B'/"< /"* F (0) = x(tf )4 C%-. DE4FGH< F '& IJ$!/:# *'K!%!"$'/61! -" $)! 
-"'
"!'0)6-%)--* V ∩ 89p+1

+ -; 048; $)! 
-"! K1(tf ) @-:1* 
-'"
'*! @'$) 89n< $)!" $)!%! @-:1* !#'&$ δ ≥ 0< /" '"$!0!% p/"* 3/%'/$'-"& πi = {ti, ηi, ui}< i = 1, . . . , p< &:
) $)/$ F ′089p+1
+ = 89n< /"* $)!" 5!../ E4F4EE@-:1* '.,1? $)/$ $)! ,-'"$ x(tf ) @-:1* 6!1-"0 $- $)! '"$!%'-% -; $)! /

!&&'61! &!$ AΩ(x0,≤ tf )<@)'
) @-:1* %/'&! / 
-"$%/*'
$'-"4L)!%!;-%! $)! 
-"3!# 
-"! K1(tf ) '& "-$ !M:/1 $- 89n4 N& / 
-"&!M:!"
!< $)!%! !#'&$& ψ ∈89n\{0} 
/11!*  !"#!$"% &'()*+(*%# &:
) $)/$ 〈ψ, v(tf )〉 ≤ 0 D&!! C'0:%! E4OOH ;-% !3!%? 3/%'/$'-"3!
$-% v(tf ) ∈ K(tf ) /"* 〈ψ, f(x(tf ), u(tf ))〉 ≥ 0 D/$ 1!/&$ @)!"!3!% x(·) '& *'K!%!"$'/61! /$$'.! tf A -$)!%@'&! %!,1/
! f(x(tf ), u(tf )) @'$) /"? 
1-&:%! ,-'"$ -; $)! 
-%%!&,-"*'"0 *'K!%!"
!M:-$'!"$H4
x1

AΩ(x0, tf )

−f
f

x0

ψ

C'0:%! E4OOP 〈ψ, f(x(tf ), u(tf ))〉 ≥ 0L)!&! '"!M:/1'$'!& $)!" ,!%.'$ $- ,%-3! $)! ./#'.:. ,%'"
',1! D&!! QRS℄H< /

-%*'"0 $-@)'
) $)! $%/U!
$-%? x(·)< /&&-
'/$!* $- $)! -,$'./1 
-"$%-1 u(·)< '& $)! ,%-U!
$'-" -; /" %,)#%&!(
(x(·), p(·), p0, u(·)) D
/11!* !#$%!./1 1';$H< @)!%! p0 ≤ 0 /"* p(·) : [0, tf ] → 89n '& / "-"$%'3'/1/6&-1:$!1? 
-"$'":-:& ./,,'"0 
/11!* !-./*$) 0%
)/#< &:
) $)/$

ẋ(t) =
∂H

∂p
(x(t), p(t), u(t)), ṗ(t) = −∂H

∂x
(x(t), p(t), u(t)),FV
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 !"#$% &'&()*+&(& #, [0, tf ]- *+&(& H(x, p, u) = 〈p, f(x, u)〉 + p0 .$ %+& / ".!%#,. ,-  ,0
H(x(t), p(t), p0, u(t)) = M(x(t), p(t), p0)  !"#$% &'&()*+&(& #, [0, tf ]- *+&(&M(x(t), p(t), p0) =

max
w∈Ω

H(x(t), p(t), p0, w)1 2#(&#'&(- %+& 34,
%.#, t 7→ M(x(t), p(t), p0) .$ .0&,%.
 !!) &64 ! %#7&(# #, t ∈ [0, tf ]18+& (&! %.#, 9&%*&&, %+& : ;( ,;& "4!%.<!.&( ψ  ,0 p(·)- p0 .$
ψ = p(tf )  ,0 p0 = −max

w∈Ω
〈ψ, f(x(tf ), w)〉. =>1?@AB, < (%.
4! (- %+& : ;( ,;& "4!%.<!.&( ψ .$ 4,.64& =4< %#  "4!%.<!.
 %.'& $
 ! (A .3  ,0 #,!).3 %+& %( C&
%#() x(·)  0".%$  4,.64& &D%(&" ! !.3% =4< %#  "4!%.<!.
 %.'& $
 ! (A1B, %+& 
 $& #3  ,#(" ! &D%(&" !- .1&1- p0 < 0- $.,
& %+& : ;( ,;& "4!%.<!.&( .$ 0&E,&0 4<%#  "4!%.<!.
 %.'& $
 ! (- .% .$ 4$4 ! %# ,#(" !.7& .% $# %+ % p0 = −11 !"#$% >1?1>F& 8+& %( C&
%#() x(·) + $  ,  9,#(" ! &D%(&" ! !.3% (x(·), p(·), 0, u(·)) #, [0, tf ].3  ,0 #,!) .3 %+&(& &D.$%$  4,.% '&
%#( ψ ∈ BGn $4
+ %+ % 〈ψ, v〉 ≤ 0 3#( &'&() v ∈ K(tf )  ,0

max
w∈Ω

〈ψ, f(x(tf ), w)〉 = 0. B, %+ % 
 $&- #,& + $ p(tf ) = ψ- 4< %#  "4!%.<!.
 %.'& $
 ! (1 !"#$%$&# '()('*( 8+& '$() !*)!+,!, -.+)$/#01+ 
.+! K̃(t)  !#,; x(·) .$ %+& $" !!&$% 
!#$&0
#,'&D 
#,& 
#,% .,.,; K1(t)  ,0 f(x(t), u(t)) = % !& $% *+&,&'&( x(·) .$ 0.H&(&,%. 9!&  %%."& tI #%+&(*.$& (&<! 
& f(x(t), u(t)) *.%+  ,) 
!#$4(& <#.,% #3 %+& 
#((&$<#,0.,; 0.H&(&,
&64#%.&,%A1J#%& %+ % x(·) 0#&$ ,#%  0".%  ,)  9,#(" ! &D%(&" ! !.3% #, [0, tf ] .3  ,0 #,!) .3 K̃(tf ) =BGn18+& 3#!!#*.,; (&" (K & $.!) 3#!!#*$ 3(#" %+&  9#'& 
#,$.0&( %.#,$1 !"#$% >1?1>L& M#( %+& #<%." ! %( C&
%#() x(·)- %+& 3#!!#*.,; $% %&"&,%$  (& &64.' !&,%N
• 8+& %( C&
%#() x(·) + $  4,.64& &D%(&" ! !.3% =4< %#  "4!%.<!.
 %.'& $
 ! (AI "#(&#'&(-%+& &D%(&" ! !.3% .$ ,#(" !1
• K1(tf ) .$  + !3O$< 
&  ,0 K̃(tf ) = BGn1
• K(tf ) .$  + !3O$< 
&  ,0 max

w∈Ω
〈ψ, f(x(tf ), w)〉 > 018+.$ (&" (K <&(".%$ %# %( ,$! %& %+&  $$4"<%.#,$ #3 %+& " ., (&$4!% #3 P+ <%&( F =8+&#O(&" F1?1>A .,%# ;&#"&%(.
 
#,$.0&( %.#,$1 !" #$%$&'()*$+ 
-%.&-(/M#!!#*.,; Q "K(&!.07&  (;4"&,%$ ., RLS℄- *& 
 , &D< ,0 %+& 
! $$ #3  0".$$.9!& 
#,%(#!$.,%(#04
.,; %+& ;&,&( !.7&0 
#,%(#!$1 ?>
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 !"! #$%$&'()*$+ 
-%.&-( +$/%).)-% !" µt# t ∈ R $! % &%'()* +& ,%-+. '!%/01!/ +. R
m "2%" -!3!.- +. "2! 3%1%'!"!1 t ∈ R %.-

g(t, u) % 
+."(.0+0/ 5/
%)%16 +1 7!
"+167%)0!-8 &0.
"(+. +& ("/ %190'!."/ t ∈ R %.- u ∈ R
m:("2 % 
+'3%
" /033+1" (. u &+1 !7!1* ;<!- t ∈ R 5"2! /033+1" 
%. -!3!.- +. t8= !"#$%$&# '()('( >."!91%"(.9 g(t, u) :("2 1!/3!
" "+ µt# :! +$"%(. "2! &+))+:(.9 &0.
"(+. +&

t?
h(t) =

∫

Rm

g(t, u) dµt(u) =

∫

Rm

g(t, u) dµt , t ∈ R .>& "2! &0.
"(+. h(t) (/  !$!/90! '!%/01%$)! &+1 %. %1$("1%1* g(t, u) +& "2(/ "*3!# "2!. :! /%*"2%" "2! &%'()* µt# t ∈ R# (/  !"#$% &!"'()"*$! 5:("2 1!/3!
" "+ t8= !"#$%$&# '()(*( >& "2!1! !<(/"/ % 
+'3%
" /!" K ⊂ R
m "2%" -+!/ .+" -!3!.- +. t ∈ R %.-(/ /0
2 "2%" "2! '!%/01!/ µt %1! 
+.
!."1%"!- +. K &+1 %)'+/" %)) t ∈ R 5(. "2! /!./! +& "2! !$!/90! '!%/01! +. R8# "2!. "2! &%'()* µt# t ∈ R# (/ /%(- "+ $! +,-.!=@2! 1!/0)" +& "2! (."!91%"(+. +& % 
+."(.0+0/ &0.
"(+. g(t, u) :("2 1!/3!
" "+ % '!%/01! µt
%. $! -!.+"!- $*

〈µt, g(t, u)〉 =

∫

Rm

g(t, u) dµt .A. %-'(//($)! 
+."1+) "%B(.9 7%)0!/ (. % /0$/!" +& R
m# u(t) ∈ UU # 
%. $! 
+./(-!1!- %/% &%'()* +& C(1%
 '!%/01!/ 5% C(1%
 '!%/01! (/ % 0.("# 3+/("(7! '!%/01! 
+.
!."1%"!- %" %3+(."8 +. R

m "2%" -!3!.- +. "('! t ∈ R= >.-!!-# "2! 7%)0! u(t) +& "2! 
+."1+) %" "2! "('!
t# 
+11!/3+.-/ "+ "2! 0.("# 3+/("(7! '!%/01! δu(t) :2(
2 (/ 
+.
!."1%"!- %" "2! 3+(." u(t) ∈ U%.- %
"/ +. %. %1$("1%1* 
+."(.0+0/ &0.
"(+. g(t, u) (. %

+1-%.
! :("2 "2! &+1'0)%

〈δu(t), g(t, u)〉 =

∫

Rm

g(t, u) dδu(t) = g(t, u(t)) .@2! &%'()* +& '!%/01!/ δu(t) (/ ;.("! %.- :!%B)* '!%/01%$)!=D+.7!1/!)*# (& :! %//0'! "2%" δv(t)# t ∈ R (/ %. %1$("1%1*# :!%B)* '!%/01%$)! ;.("! &%'()*+& C(1%
 '!%/01!/# :2!1! "2! '!%/01! δv(t) (/ 
+.
!."1%"!- %" "2! 3+(." v(t) ∈ U %" "2! "('!
t# "2!. "2! &0.
"(+. v(t)# t ∈ R# (/ !//!."(%))* $+0.-!-= E!""(.9 g(t, u) = u# :! +$"%(. "2!'!%/01%$)! &0.
"(+.

〈δv(t), u〉 = v(t) ∈ U .@20/# :! 2%7! !/"%$)(/2!- % .%"01%) 
+11!/3+.-!.
! $!":!!. %-'(//($)! 
+."1+)/ u(t) ∈ UU%.- :!%B)* '!%/01%$)! %.- ;.("! &%'()(!/ +& C(1%
 '!%/01!/ δu(t)# t ∈ R# 
+.
!."1%"!- +. "2!/!" U ⊂ R
m= !"#$%$&# '()(+( A.* :!%B)* '!%/01%$)! %.- ;.("! &%'()* +& /)0*"*-$-.% &!"'()!'# (=!=# 0.("#3+/("(7!# ,%-+. '!%/01!/ µt :("2 t ∈ R "2%" %1! 
+.
!."1%"!- +. "2! /!" U ⊂ R

m# (/ /%(- "+$! % 1!,!)"$-2!3 
0,.)0$= FG
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 ! "!#$%! %&! '!% $( )** +!#!,)*-.!" 
$#%,$*' 01 MU )#" 
)** -% %&! 
!"## $% &'(')"!*+',
$(-)$!#2 340'!54!#%*16 µt 7-%& t ∈ R 7-** )*7)1' "!#$%! ) +!#!,)*-.!" 
$#%,$*2 8$,!$9!,6 7!&)9! UU ⊂MU 2.'/")0 :2;2<1 =&! ,!)'$# ($, %)>-#+ ) ?,$0)0-*-%1 @!)'4,!6 )#" #$% )# ),0-%,),1 A)"$#@!)'4,! -# %&! "!B#-%-$# $( ) +!#!,)*-.!" 
$#%,$*6 -' %&)% $#*1 ()@-*-!' $( ?,$0)0-*-%1 @!)C'4,!' &)9! %&! ?,$?!,%1 %&)% @)>!' %&!@ 4'!(4* -# 
$#%,$* ?,$0*!@' )#" %&)% -' !D?,!''!" -#E)@>,!*-".!F' )??,$D-@)%-$# *!@@) G'!! H<;6 I&)?%!, J℄L2 !"!# $%&%'() *%'+ ,-./)+'I$#'-"!, %&! @-#-@)* %-@! ?,$0*!@ (P) %&)% 
$#'-'%' -# B#"-#+ ) 
$#%,$* u(·) ∈ UU '4
& %&)%%&! )''$
-)%!" %,)M!
%$,1 x(·) -' '$*4%-$# $( %&! 
$#%,$* '1'%!@
ẋ(t) = f(x(t), u(t)) G:2;NL7-%& u(t) ∈ U )#" 7&!,! f : OAn × OAm → OAn -' ) 
$#%-#4$4' (4#
%-$# )#" &)' 
$#%-#4$4'"!,-9)%-9! 7-%& ,!'?!
% %$ x6 )#" '%!!,' %&! ?$-#% x0 = x(0) %$ x1 = x(tf ) -# @-#-@)* %-@! tf 2340'%-%4%-#+ ) +!#!,)*-.!" 
$#%,$* µt ($, u $# %&! 
$#%,$* '1'%!@ G:2;NL 7! $0%)-# %&!($**$7-#+ "-P!,!#%-)* !54)%-$#̇

x = 〈µt, f(x, u)〉 =

∫

Rm

f(x, u) dµt , G:2;:L7&-
& -' )#)*$+$4' %$ !54)%-$# G:2;NL2 O( %&! -#-%-)* 
$#"-%-$# x(0) = x0 -' +-9!#6 %&!# %&!!54)%-$# $0%)-#!" -' !54-9)*!#% %$ %&! -#%!+,)* !54)%-$#
x(t) = x0 +

∫ tf

0
〈µs, f(x(s), u)〉ds ,7&-
& &)' ) 4#-54!*1 "!%!,@-#!" '$*4%-$# "!B#!" $# ) #!-+&0$,&$$" $( %&! ?$-#% t = 0G'!! H<;6 I&)?%!, <℄L2=&! @-#-@)* %-@! $?%-@)* 
$#%,$* ?,$0*!@ (PG) 
$#'-'%' -# B#"-#+ ) +!#!,)*-.!" 
$#%,$*

µt ∈MU '4
& %&)% %&! )''$
-)%!" %,)M!
%$,1 -' '$*4%-$# $( %&! "-P!,!#%-)* !54)%-$# G:2;:L )#"'%!!,' x0 = x(0) %$ x1 = x(tf ) -# @-#-@)* %-@! tf 2 =&! ?,$0*!@ (PG) 7-** )*'$ 0! 
)**!" %&!
$(2'3 $4-*/"! 4)$5!'/ 7&-
& 
$,,!'?$#"' %$ %&! $?%-@)* ?,$0*!@ (P)2.'/")0 :2;2Q1 =&! '!% $( )** +!#!,)*-.!" 
$#%,$*'MU )#" %&! '!% $( ,-+&%C&)#"C'-"!' $( !54)C%-$# G:2;:L6 µt ∈ MU ),! 
$#9!D2 O# ?),%-
4*),6 %&! '!% $( )** ?$''-0*! ?&)'! 9!*$
-%-!' $( %&!
$#%,$* '1'%!@ G:2;:L6 7-%& BD!" t )#" x6 -' )*'$ 
$#9!D -# R
n2 !"!0 1(-%(*%.& .2 3+&+-()%4+5 
.&*-.)7 (&5 8.&*-9(3%& '(:%'%4(*%.& 
.&;5%*%.&R!% µ̃t 0! )# ),0-%,),1 +!#!,)*-.!" 
$#%,$*6 )#" *!% x̃(t)6 t0 ≤ t ≤ tf 6 0! ) %,)M!
%$,1 $( %&!!54)%-$#

ẋ = 〈µ̃t, f(x, u)〉 = F (x) . G:2;SLQJ
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 !" #$%
'()% F (x) (* +",%"+ )% '!" "%'(-" *./
" R
n0 
)%'(%$)$*12 +(3"-"%'(/41" 5('!-"*."
' ') x /%+ 4)$%+"+ )% /%2 
)6./
' *"' K ⊂ R

n 7*"" 89:℄<= !"#$%$&# '()()( >%2 +(3"-"%
"
δµt = µt − µ̃t , µt ∈MU ,5(11 4" 
/11"+ /  !"#!$#%& )- / '("$)"*!$#%& )# '!" ?"%"-/1(@"+ 
)%'-)1 µ̃t= !" *"' )# /11 A/-(/'()%* )# '!" 
)%'-)1 µ̃t 5(11 4" +"%)'"+ 42 δMµ̃t =  !" *"' δMµ̃t (* 
)%A"B7*"" 89:℄ #)- /% (%'"%*(A" /%+ 
)6.1"'" *'$+2<= !"#$%$&# '()(*( C" *!/11 */2 '!/' / *"D$"%
" )# ?"%"-/1(@"+ 
)%'-)1* µ(i)

t 
%& (",(- .(!/012$% ! ,(&("!0#3(4 
%&$"%0 µt /* i→∞ (# 5" !/A"
∫

R

〈µ(i)
t , g(t, u)〉 dt →

∫

R

〈µt, g(t, u)〉 dt , (i→∞)#)- /% /-4('-/-2 
)%'(%$)$* #$%
'()% g(t, u) 5('! 
)6./
' *$..)-'=E"' µ ∈MU /%+ +",%" '!" (&45'%#&$ 6!''#&,
Ex0,tf (µ) : MU −→ R

n

µ 7−→ x(tf )5!"-" x (* *)1$'()% )# ẋ = 〈µ(t), f(x(t), u)〉 5('! x(0) = x0=+,&-&.$%$&# '()(/( 789: ;<!'$(" =℄ ?<( (&45'%#&$ 6!''#&, Ex0,tf #- @A$(!)B 4#C("(&$#!*0(D%" $<( .(!/2 $%'%0%,1 !&4
dEx0,tf (µ) · δµ = M(tf )

∫ tf

0
M−1(s)〈δµ, f(x(s), u)〉ds , ∀δµ ∈MU . 7F=:G<+&#%,012$# 314$3$51%$&# 
&#7$%$&# H% 5!/' #)11)5* 5" +"-(A" '!" 6/B(6(@/'()% 
)%+(I'()% )# J)%'-2/?(% 6/B(6$6 .-(%
(.1" #)- '!" 6(%(6/1 '(6" .-)41"6 (PG)=E"' (x(t), µt) 4" ).'(6/1 #)- '!" .-)41"6 (PG)0 '!"% (x(t), µt) (* *(%?$1/- #)- '!" /$?6"%'"+*2*'"6 7*"" E"66/ F=9=KG<







ẋ(t) = 〈µt, f(x(t), u)〉
ẋ0(t) = 〈µt, f

0(x(t), u)〉 .L2 '!" 
)%(
 (6.1(
(' #$%
'()% '!")-"6 7 !")-"6 F=M=FF<
dEx0,tf : Cone(Ω− µ) −→ R

n

δµ 7−→ δx(tf )M9
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 ! "#$ !%&'(
$ *(+ ,-(&(.#&(/ $-(&( (0 !$! ψ ∈ R
n\{0} !%
- $-1$

ψ · dEx0,tf (µ) · δµ ≤ 0 .2&#3 4&#5#! $ #" 6+7+8/ ∫ tf
0 ψM(tf )M(t)−1〈δµ, f(x(t), u)〉 dt ≤ 0+9($ %! :("#$( p(t) = ψM(tf )M(t)−1+ ,-("/

p(t)〈δµt, f(x(t), u)〉 ≤ 0-#;:! 1;3#!$ (*(&<=-(&( #" [0, tf ]/ .#& (*(&< 9(>(!?%( 5# "$ t 1": .#& (*(&< δµt #. Cone(Ω−µ)+@" 51&$ 
%;1&/  . δµt = δv − δµ(t) A=-(&( v ∈ UU B/ $-("
p(t) · (f(x(t), v)− f(x(t), u(t))) ≤ 0 . A6+7CB,-(&(.#&(

∀v ∈ UU , p(t) · f(x(t), v) ≤ p(t) · f(x(t), u(t)) , A6+7DB>%$
p(t) · f(x(t), v) = H (x(t), p(t), v) 1": p(t) · f(x(t), u(t)) = H (x(t), p(t), u(t)) . A6+77B@$ .#;;#=! $-1$

H (x(t), p(t), u(t)) = max
v∈Ω

H (x(t), p(t), v) . A6+7EB

DD
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 !"#$%& ' !""#$ %&'()*%+,*#+"- ". /*-'0/*-'"1#+!*) 
"-#%") 1%"/)&!3
 !" #$%&'()
%+'$ ! "#$% 
#'(")* +) 
,!%$-)* "#) .$!$.'/ "$.) 
,!"*,/ (*,0/). 1,* ' %$!2/)3$!(4" 
,!"*,/3'5!)%6%"). ẋ = X(x) + u1Y1(x) $!  7n8 +#)*) "#) %
'/'* 
,!"*,/ u1(·) %'"$%9)% "#) 
,!%"*'$!"
|u1(t)| ≤ 18 1,* ):)*6 t ∈ [0, tf ];<) (*,(,%) "#) 1,//,+$!2 %.,,"#$!2 (*,
)-4*); =,* ε > 0 %.'// '!- Y1, . . . , Ym '*0$"*'*62$:)! :)
",* 9)/-%8 +) 
,!%$-)* "#) .$!$.'/ "$.) (*,0/). 1,* "#) 
,!"*,/ %6%"). ẋ = X(x) +

uε
1Y1(x) + ε

m
∑

i=2

uε
iYi (x)8 +#)*) "#) %
'/'* 
,!"*,/% uε

i (·)8 i = 1, . . . ,m8 +$"# m ≥ 28 %'"$%16 "#)
,!%"*'$!" m
∑

i=1

(uε
i (t))

2 ≤ 1;>!) ,1 "#) (,%%$0/) .,"$:'"$,!% 1,* "#$% *)24/'*$?'"$,! (*,
)-4*) $% "#) 4%) ,1 %#,,"$!2.)"#,-%; @.,!2 "#) !4.)*,4% !4.)*$
'/ .)"#,-% "#'" )A$%" ", %,/:) ,("$.'/ 
,!"*,/ (*,03/).%8 "#)  !""#$%& '(#!") 
,!%$%" $! %,/:$!28 :$' B)+",!3/$C) .)"#,-%8 "#) "+,3(,$!" ,*.4/"$3(,$!" 0,4!-'*6 :'/4) (*,0/). '*$%$!2 1*,. "#) '((/$
'"$,! ,1 "#) D,!"*6'2$! .'A$.4.(*$!
$(/); E,*) (*)
$%)/68 ' B)+",! .)"#,- $% '((/$)- $! ,*-)* ", 
,.(4") ' ?)*, ,1 "#) !""#$%& *+%
#$"% '%%,
$'")- ", "#) (*,0/). F%)) );2; GHIJ℄L;=,* "#) $!$"$'/ (*,0/).8 ,("$.'/ 
,!"*,/% .'6 0) -$%
,!"$!4,4%8 '!- $" 1,//,+% "#'" "#) %#,,"$!214!
"$,! $% !," %.,,"# ,!  7n $! 2)!)*'/; @
"4'//6 $" .'6 0) !,! -$M)*)!"$'0/) ,! %+$"
#$!2%4*1'
)%; N#$% $.(/$)% "+, -$5
4/"$)% +#)! 4%$!2 ' %#,,"$!2 .)"#,-; =$*%"8 $1 ,!) -,)% !,"C!,+ ' (*$,*$ "#) %"*4
"4*) ,1 "#) ,("$.'/ 
,!"*,/8 "#)! $" .'6 0) :)*6 -$5
4/" ", $!$"$'/$?)(*,()*/6 "#) %#,,"$!2 .)"#,-8 '!- $! 2)!)*'/ "#) $")*'")% ,1 "#) 4!-)*/6$!2 B)+",! .)"#,-+$// 0) 4!'0/) ", 
*,%% 0'**$)*% 2)!)*'")- 06 %+$"
#$!2 %4*1'
)% F%)) );2; GOH℄L; P)
,!-8 "#) !43.)*$
'/ 
,.(4"'"$,! ,1 "#) %#,,"$!2 14!
"$,! '!- ,1 $"% -$M)*)!"$'/ .'6 0) $!"*$
'") %$!
) "#)%#,,"$!2 14!
"$,! $% !," 
,!"$!4,4%/6 -$M)*)!"$'0/); Q,+):)*8 "#) %#,,"$!2 14!
"$,! *)/'")-RO
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 !  "# $%!$!&#' %#()*+%,-#' !$ ,.+* 
!0 %!* $%!1*#. ,& &.!! "230  "# .+,0 %#&)* !4  ",& 
"+$ #% 56#
 ,!0 7829: ;"#!%#. 8292<= ># $%!?#: )0'#% +$$%!$%,@+ # +&&).$ ,!0&:  "+  "# !$ ,.+* 
!0 %!*& !4  "# *+  #% &A& #.: '#$#0',0( !0 ε: +%# &.!! "4)0
 ,!0& !4 t: +0' 
!0?#%(# >#+B*A  !  "# !$ ,.+* 
!0 %!* !4  "# ,0, ,+* &A& #.C .!%#!?#% "# +&&!
,+ #'  %+D#
 !%,#& 
!0?#%(# )0,4!%.*A2 34  "# !$ ,.+* 
!0 %!* !4  "# ,0, ,+* &A& #. ,&.!%#!?#% 1+0(@1+0(:  "#0  "# 
!0?#%(#0
# !4  "# %#()*+%,-#' 
!0 %!* "!*'& +*.!& #?#%A>"#%#C ",& $%!$#% A .+A "!>#?#% 4+,* >"#0#?#%  "# 1+0(@1+0( $%!$#% A '!#& 0! "!*'230 6#
 ,!0 782E #F+.$*#& +0' 
!)0 #%#F+.$*#& +%# $%!?,'#' >",
" ,**)& %+ # ;"#!%#. 8292<2 ! "#$#%&%'# () #*% +,(-.%&G!0&,'#%  "# &,0(*#@,0$) 
!0 %!*@+H0# &A& #. ,0 3In

ẋ = X(x) + u1Y1(x), 582<=>"#%# X +0' Y1 +%# &.!! " ?#
 !% J#*'&: +0'  "# 
!0 %!* u1 ,& + .#+&)%+1*# &
+*+% 4)0
 ,!0&+ ,&4A,0(  "# 
!0& %+,0 
|u1(t)| ≤ 1 , ∀t ∈ [0, tf ]. 5828=K# M0 +0'M1 1#  >! 
!.$+
 &)1&# & !4 3In2 L&&).#  "+ M1 ,& %#+
"+1*# 4%!.M0:  "+ ,&:  "#%# #F,& +  ,.# T > 0 +0' + 
!0 %!* 4)0
 ,!0 u1(·) ∈ L∞(0, T ) &+ ,&4A,0(  "# 
!0& %+,0 5828=: &)
"  "+  "#  %+D#
 !%A x(·): &!*) ,!0 !4 582<= >, " x(0) ∈M0: &+ ,&J#& x(T ) ∈M12M# 
!0&,'#%  "# !$ ,.+* 
!0 %!* $%!1*#.  !"#$ !4 '# #%.,0,0(: +.!0( +** &!*) ,!0& !4582<=N5828= & ##%,0( M0  ! M1 ,0 .,0,.+*  ,.#2 !/ 0('#,1$23' %4#,%&$.5L&&).#  "+  "# &)1&# M1 ,& %#+
"+1*# 4%!. M0C , 4!**!>&  "+  "# !$ ,.+* 
!0 %!* $%!1*#. !"#$ +'., & + &!*) ,!0 x(·): +&&!
,+ #'  ! + 
!0 %!* u1(·): !0 [0, tf ]: >"#%# tf > 0 ,&  "#.,0,.+*  ,.# 5&## #2(2 O8E: G"+$ #% P℄ 4!% !$ ,.+* 
!0 %!* #F,& #0
#  "#!%#.&=2L

!%',0(  !  "# R!0 %A+(,0 .+F,.). $%,0
,$*# 5&## OPE℄ +0' G"+$ #% <=: "#%# #F,& +%#+* 0).1#% p0 ≤ 0 +0' + 0!0 %,?,+* +1&!*) #*A 
!0 ,0)!)& .+$$,0( p(·) : [0, tf ]→ 3In: 
+**#' !"#$%& '(
&#*: >, " (p(·), p0) 6= 0 +0' &)
"  "+ 

ṗ(t) = −∂H
∂x

(x(t), p(t), p0, u(t))

= −
〈

p(t),
∂X

∂x
(x(t))

〉

− u1(t)

〈

p(t),
∂Y1

∂x
(x(t))

〉 582S=>"#%#  "# 4)0
 ,!0 H(x, p, p0, u) = 〈p,X + uY1(x)〉 + p0 ,& 
+**#'  "# T+.,* !0,+0: +0'  "#.+F,.,-+ ,!0 
!0', ,!0
H(x(t), p(t), p0, u(t)) = max

|w|≤1
H(x(t), p(t), p0, w) 582U=9V
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 !"#$ %"&!$' ()(*+, (*( !- [0, tf ]. /!*(!)(*0 max|w|≤1H(x(t), p(t), p0, w) = 0 1!* ()(*+
t ∈ [0, tf ]. 2' 1!""!,$ 1*!& 34.56 ' %'

u1(t) = $78-〈p(t), Y1(x(t))〉 34.961!* %"&!$' ()(*+ t0 :*!)7#(# ' ( 3
!-'7-<!<$6 $,7'
 7-8 1<-
'7!- ϕ(t) = 〈p(t), Y1(x(t))〉 #!($-!' )%-7$ !- %-+ $<=7-'(*)%" !1 [0, tf ]. 2- ' %' 
%$(0 u1(t) !-"+ #(:(-#$ !- x(t) %-# !- ' (%#>!7-' )(
'!*0 %-# 7' 1!""!,$ 1*!& 34.?6 ' %' ' ( (@'*(&%" (x(·), p(·), p0, u1(·)) 7$ 
!&:"('("+#('(*&7-(# =+ ' ( 7-7'7%" %#>!7-' )(
'!* p(0). A ( 
%$( , (*( ' ( $,7'
 7-8 1<-
'7!- &%+)%-7$ !- % $<=7-'(*)%" I 7$ *("%'(# '! $7-8<"%* '*%>(
'!*7($ . 2- ' %' 
%$(0 #(*7)%'7-8 ' (*("%'7!- 〈p(t), Y1(x(t))〉 = 0 !- I "(%#$ '! 〈p(t), [X,Y1](x(t))〉 = 0 !- I0 %-# % $(
!-# #(*7)%'7!-"(%#$ '! 〈p(t), [X, [X,Y1 ]](x(t))〉+u1(t)〈p(t), [Y1, [X,Y1]](x(t))〉 = 0 !- I0 , 7
 :(*&7'$0 <-#(*8(-(*7
 %$$<&:'7!-$ !- ' ( )(
'!* B("#$ X %-# Y1 3$(( C4DE4F℄ 1!* 8(-(*7
7'+ *($<"'$ *("%'(#'! $7-8<"%* '*%>(
'!*7($60 '! 
!&:<'( ' ( $7-8<"%* 
!-'*!" u1(·) !- I. H-#(* $<
 8(-(*7
%$$<&:'7!-$0 ' ( (@'*(&%" (x(·), p(·), p0, u1(·)) 7$ $'7"" 
!&:"('("+ #('(*&7-(# =+ ' ( 7-7'7%"%#>!7-' )(
'!*.I!'( ' %'0 $7-
( x(·) 7$ !:'7&%" !- [0, tf ]0 %-# $7-
( ' ( 
!-'*!" $+$'(& <-#(* $'<#+ 7$%<'!-!&!<$0 7' 1!""!,$ ' %' x(·) 7$ $!"<'7!- !1 ' ( !:'7&%" 
!-'*!" :*!="(& !1 $'((*7-8 ' ($+$'(& 34.J6E34.46 1*!& x0 = x(0) '! x(t) 7- &7-7&%" '7&(. !" #$%&'()*+(,*-. /)-
$1&)$K(' ε =( % :!$7'7)( *(%" :%*%&('(* %-# "(' Y2, . . . , Ym =( m− 1 %*=7'*%*+ $&!!' )(
'!* B("#$!- 2Ln0 , (*( m ≥ 2 7$ %- 7-'(8(*. M!-$7#(* ' ( 
!-'*!"N%O-( $+$'(&
ẋε(t) = X (xε(t)) + uε

1(t)Y1 (xε(t)) + ε

m
∑

i=2

uε
i (t)Yi (xε(t)) , 34.P6, (*( ' ( 
!-'*!" uε(t) = (uε

1(t), . . . , u
ε
m(t)) $%'7$B($ ' ( 
!-$'*%7-'
m
∑

i=1

(uε
i (t))

2 ≤ 1. 34.D6M!-$7#(* ' ( !:'7&%" 
!-'*!" :*!="(&  !"#$ε !1 #('(*&7-7-8 % '*%>(
'!*+ xε(·)0 $!"<'7!- !134.P6E34.D6 !- [0, tεf ]0 $<
 ' %' xε(0) ∈ M0 %-# xε(tεf ) ∈ M10 %-# &7-7&7Q7-8 ' ( '7&( !1'*%-$1(* tεf . A ( :%*%&('(* ε 7$ )7(,(# %$ % :(-%"7Q%'7!- :%*%&('(*0 %-# 7' 7$ (@:(
'(# ' %'%-+ $!"<'7!- xε(·) !1  !"#$ε '(-#$ '! % $!"<'7!- x(·) !1  !"#$ %$ ε '(-#$ '! Q(*!. 2' 7$ !<*%7& '! #(*7)( $<
 % *($<"'.R

!*#7-8 '! ' ( S!-'*+%87- &%@7&<& :*7-
7:"(0 %-+ !:'7&%" $!"<'7!- xε(·) !1  !"#$ε0%$$!
7%'(# ,7' 
!-'*!"$ (uε
1, . . . , u

ε
m) $%'7$1+7-8 ' ( 
!-$'*%7-' 34.D60 7$ ' ( :*!>(
'7!- !1 %-  !
#$$ %&#% &!'! %&! %!'( )*+,-.$#'/ &#* # 0+1!'!,% (!#,+,- 2'3( %&! 3,! .*!0 +, 4&#5%!' 6 7*!! 5#-! 89:;9F
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 !"# $%& (xε(·), pε(·), p0ε, uε(·)) '(
* "*%"
ṗε(t) = −∂H

ε

∂x
(xε(t), pε(t), p0ε, uε(t))

= −
〈

pε(t),
∂X

∂x
(xε(t))

〉

− uε
1(t)

〈

pε(t),
∂Y1

∂x
(xε(t))

〉

− ε
m
∑

i=2

uε
i (t)

〈

pε(t),
∂Yi

∂x
(xε(t))

〉

+,-./
0* # Hε(x, p, p0, u) = 〈p,X(x) + u1Y1(x) + ε

∑m
i=2 uiYi(x)〉+ p0 1' "* 2%$1&"341%45 %46

H(xε(t), pε(t), p0ε, uε(t)) = max
∑m

i=1
w2

i≤1
H(xε(t), pε(t), p0ε, w) +,-7/%&$3'"  8 #90* # 34 [0, tεf ]- :3# 38 #5 "* $%!1$1; 6 2%$1&"341%4 1'  <(%& "3 0 34 [0, tεf ]-=* $%!1$1;%"134 
3461"134 +,-7/ "(#4' 14"3

uε
1(t)〈pε(t), Y1(x

ε(t))〉+ ε
m
∑

i=2

uε
i (t)〈pε(t), Yi(x

ε(t))〉

= max
∑m

i=1
w2

i≤1

(

w1〈pε(t), Y1(x
ε(t))〉 + ε

m
∑

i=2

wi〈pε(t), Yi(x
ε(t))〉

)

,

+,->?/%46 "03 
%' ' $%9 3

(#@  1"* # "* $%!1$($ 1' %""%14 6 14 "* 14" #13# 3A "* 63$%145 3#1" 1' %""%14 6 34 "* B3(46%#9- C4 "* D#'" 
%' 5 "* # $('" *3&6 〈pε(t), Yi(x
ε(t))〉 = 05 A3# 8 #9 i ∈ {1, . . . ,m}E 14 F%#"1
(&%#5 1A "* m A(4
"134' t 7→ 〈pε(t), Yi(x

ε(t))〉5 i = 1, . . . ,m563 43" 8%41'* '1$(&"%4 3('&95 "* 4 "* $%!1$($ 1' %""%14 6 34 "* B3(46%#9 3A "* 63$%14-=*#3(G*3(" "*1' "* '1'5 0 $%H "* A3&&3014G %''($F"134- !!"#$%&'( )*+*,*  !" #$%"&"' m ($) %!" *"
%,' -".)/ Y2, . . . , Ym ('" 
!,/"$ /0
! %!(%
Span{Yi | i = 1, . . . ,m} = 12n.I46 # "*1' %''($F"1345 "* $%!1$1;%"134 
3461"134 +,->?/ 91 &6'

uε
1(t) =

〈pε(t), Y1(x
ε(t))〉

√

√

√

√〈pε(t), Y1(xε(t))〉2 + ε2
m
∑

i=2

〈pε(t), Yi(x
ε(t))〉2

,

uε
i (t) =

ε〈pε(t), Yi(x
ε(t))〉

√

√

√

√〈pε(t), Y1(xε(t))〉2 + ε2
m
∑

i=2

〈pε(t), Yi(x
ε(t))〉2

, i = 2, . . . ,m,

+,->>/
A3# %&$3'"  8 #9 t ∈ [0, tεf ]5 %46 $3# 38 # "* 
34"#3& A(4
"134' uε

i (·)5 i = 1, . . . ,m %# '$33"*A(4
"134' 3A t +'3 "*%" "* %B38 A3#$(&% *3&6' %
"(%&&9 A3#  8 #9 t ∈ [0, tεf ]/- C46  65 "3 F#38 "*1' A%
"5 1" '(J
 ' "3 F#38 "*%" "* A(4
"134' t 7→ 〈pε(t), Yi(x
ε(t)〉5 i = 1, . . . ,m 63 43"K?
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 !"#$% $#&'()!"*+'$(,- .%* !/0'&*") 0+*$ 1, 
+")/!3#
)#+"4 #5 )%*$* 5'"
)#+"$ 6+'(3  !"#$%$#&'()!"*+'$(,7 )%*"7 '$#"0 )%* 8$$'&9)#+" :-;-<7 )%#$ 6+'(3 #&9(, )%!) pε(t) = 0 5+/ $+&* t=
+&1#"*3 6#)% )%* 5!
) )%!) )%* &!>#&#?*3 @!&#()+"#!" #$ *A'!( )+ ?*/+ !(+"0 !", *>)/*&!(7#) 6+'(3 5+((+6 )%!) p0ε = 07 !"3 )%#$ 6+'(3 /!#$* ! 
+")/!3#
)#+" $#"
* )%* !3B+#")  *
)+/
(pε(·), p0ε) +5 )%* &!>#&'& 9/#"
#9(* &'$) 1* "+")/# #!(-C/+& D:-<<E7 #) #$ *>9*
)*3 )%!) uε

1(·) 
+" */0*$ )+ u1(·) !"3 uε
i (·)7 i = 2, . . . ,m7 )*"3 )+?*/+7 #" $+&* )+9+(+0, )+ $9*
#5,- .%#$ 5!
) #$ 3*/# *3 /#0+/+'$(, #" )%* "*>) $*
)#+"- !" #$%&'()'%
' ('+,-.+.%* &!#" /*$'() +5 )%#$ 
%!9)*/ #$ )%* 5+((+6#"0 )%*+/*&- !"#$"% &'(')'  !!"#$ %&'% %&$ ()*+,$#  !"#$ &'! ' "-./"$ !*,"%.*- x(·)0 1$2-$1 *-

[0, tf ]0 '!!*
.'%$1 4.%& ' 
*-%)*, u1(·) *- [0, tf ]5 6*)$*7$)0 '!!"#$ %&'% x(·) &'! ' "-./"$ $89%)$#', ,.:% ;"( %* ' #",%.(,.
'%.7$ !
',')<0 %&'% .! #*)$*7$) -*)#',0 '-1 1$-*%$1 += (x(·), p(·),−1, u1(·))5>&$-0 "-1$) %&$  !!"#(%.*- ?5@5A0 %&$)$ $8.!%! ε0 > 0 !"
& %&'%0 :*) $7$)= ε ∈ (0, ε0)0%&$ ()*+,$#  !"#$ε &'! '% ,$'!% *-$ !*,"%.*- xε(·)0 1$2-$1 *- [0, tεf ] 4.%& tεf ≤ tf 0 '!!*
.'%$14.%& ' !#**%& 
*-%)*, uε = (uε
1, . . . , u

ε
m) !'%.!:=.-B %&$ 
*-!%)'.-% D:-FE0 $7$)= $8%)$#', ,.:% *:4&.
& .! -*)#',5 C$% (xε(·), pε(·),−1, uε(·)) +$ !"
& ' -*)#', $8%)$#', ,.:%5 >&$-0 '! ε %$-1!%* 00

• tεf 
*-7$)B$! %* tf D
• xε(·) 
*-7$)B$! "-.:*)#,= %* x(·)0 '-1 pε(·) 
*-7$)B$! "-.:*)#,= %* p(·) *- [0, tf ]D
• uε

1(·) 
*-7$)B$! 4$'E,=! %* u1(·) :*) %&$ 4$'E L1(0, tf ) %*(*,*B=5F: %&$ 
*-%)*, u1 .! #*)$*7$) +'-B9+'-B0 .5$50 .: %&$ ;
*-%.-"*"!< !4.%
&.-B :"-
%.*- ϕ(t) =

〈p(t), Y1(x(t))〉 1*$! -*% 7'-.!& *- '-= !"+.-%$)7', *: [0, tf ]0 %&$- uε
1(·) 
*-7$)B$! %* u1(·) '-1

uε
i (·)0 i = 2, . . . ,m0 
*-7$)B$ %* 0 ',#*!% $7$)=4&$)$ *- [0, tf ]0 '-1 %&"! .- (')%.
",') :*) %&$!%)*-B L1(0, tf ) %*(*,*B=5G$#')E :-G-:5 H* 9/+ #3* #" I*
)#+" J:-K *>!&9(*$ 6#)% "'&*/#
!( $#&'(!)#+"$ #" +/3*/ )+#(('$)/!)* .%*+/*& :-G-<- .%* L/$) *>!&9(* #$ )%* M!,(*#0% 9/+1(*&7 +" 6%#
% )%* &#"#&!()#&* )/!B*
)+/, #$ 1!"0N1!"07 !"3 !(&+$) * */,6%*/* 
+" */0*"
* +5 )%* /*0'(!/#?*3 
+")/+(
!" 1* +1$*/ *3 #" !0/**&*") 6#)% +'/ &!#" /*$'()- O'/ $*
+"3 *>!&9(* #" +( *$ ! $#"0'(!/!/
 !"3 6* 9/+ * !"3 +1$*/ * )%!) +$
#((!)#+"$ !99*!/7 $+ )%!) )%* /*0'(!/#?*3 
+")/+( 6*!P(,
+" */0*$7 1') 5!#($ )+ 
+" */0* !(&+$) * */,6%*/*-  ! 
#$%&'!( )$* 
#$+&$,#,% !-+!$%&#$ #. xε(·) #$ [0, tf ]/!0+ 1!)$% +2)+ ∫ tf

0
uε

1(t)g(t)dt →
∫ tf

0
u1(t)g(t)dt )% ε → 03 .#( !4!(* g ∈ L1(0, tf )3 )$' 52!(! +2! .,$
+&#$

uε
1(·) &% !-+!$'!' 
#$+&$,#,%6* #$ [0, tf ]/ K<
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 !"#$%  !"!#& $% &' ('')*+, %-(% %-+ ./012+*  !"#$ -(' ( )3&4)+ '02)%&03 x(·) !"#$%& "'%$(') )*+,)-". .$/+ +!"+ $0 %1,-".2 3'
! "% "00'-5+$1% !1.60 +,') 7!)%)#), +!) -$%$-'-+$-) /'%
+$1% 8+!) #".') /'%
+$1% 1/ +!) 15+$-". 
1%+,1. 5,19.)-: )%;1<0 6$=),)%+$"9$.$+< 5,15>),+$)0 80)) )2&2 ?@ AB℄ /1, " 5,)
$0) ,)."+$1%0!$5 0)) ".01 ?DE @F @G HIG℄ /1, ,)0'.+0 1% +!) 0$J)1/ +!) 0)+ 7!),) +!) #".') /'%
+$1% $0 6$=),)%+$"9.):2K/ 1%) ,)-1#)0 +!)0) '%$(')%)00 "00'-5+$1%0 +!)% +!) /1..17$%& ,)0'.+ 0+$.. !1.60 5,1>#$6)6 +!"+ )#),< )*+,)-". .$/+ 1/ )#),< 01.'+$1% 1/  !"#$ $0 %1,-".2 L1%0$6), +!) +151>.1&$
". 05"
)0 X = C0([0, tf ], KMn) )%617)6 7$+! +!) '%$/1,- 
1%#),&)%
) +151.1&< "%6
Y = L∞(0, tf ; [−1, 1]) )%617)6 7$+! +!) 7)"N 0+", +151.1&<2 K% +!) /1..17$%& 0+"+)-)%+ +!) 05"
) X × X × Y $0 )%617)6 7$+! +!) ,)0'.+$%& 5,16'
+ +151.1&<2 O1, )#),< ε ∈ (0, ε0) .)+ xε(·) 9) " 01.'+$1% 1/  !"#$ε "%6 .)+ (xε(·), pε(·),−1, uε(·)) 9) " 8%1,-".: )*+,)-". .$/+1/ xε(·)2 P!)% )#),< 
.10',) 51$%+ $% X × X × Y 1/ +!) /"-$.< 1/ +,$5.)0 (xε(·), pε(·), uε

1(·))$0 " +,$5.) (x̄(·), p̄(·), ū1(·)) 7!),) x̄(·) $0 "% 15+$-". 01.'+$1% 1/  !"#$ "001
$"+)6 7$+! +!)
1%+,1. ū1(·) !"#$%& "0 " %1,-". )*+,)-". .$/+ +!) 4>+'5.) (x̄(·), p̄(·),−1, ū1(·))2 P!) ,)0+ 1/ +!)0+"+)-)%+ 1/ P!)1,)- D2B2H 0+$.. !1.60 7$+! "% 19#$1'0 "6"5+"+$1% $% +),-0 1/ 
.10',) 51$%+02 !"#$% D2B2E& Q!)% "55.<$%& " 0!11+$%& -)+!16 +1 +!) 5,19.)-  !"#$ε 1%) $0 %1+ )%0',)6+1 6)+),-$%) "% 15+$-". 01.'+$1% 9'+ 1%.< "% )*+,)-". 01.'+$1% +!"+ $0 %1+ %)
)00",$.< 15+$>-".2 R1+$
) !17)#), +!"+ +!) ",&'-)%+0 1/ +!) 5,11/ 1/ P!)1,)- D2B2H 5),-$+ +1 5,1#) +!)/1..17$%& 0+"+)-)%+2 S00'-) +!"+ +!),) $0 %1 "9%1,-". )*+,)-". "-1%& +!) 0)+ 1/ )*+,)-".019+"$%)6 9< "55.<$%& +!) T1%+,<"&$% -"*$-'- 5,$%
$5.) +1 +!) 5,19.)-  !"#$U +!)% /1,
ε > 0 0-".. )%1'&! )#),< )*+,)-". 01.'+$1% 1/  !"#$ε $0 %1,-". "%6 '0$%& +!) %1+"+$1%01/ +!) 5,)#$1'0 ,)-",N )#),< 
.10',) 51$%+ 1/ 0'
! )*+,)-". 01.'+$1%0 $0 " %1,-". )*+,)-".01.'+$1% 1/  !"#$2 !"#$% D2B2B& P!),) $0 " .",&) .$+),"+',) 6)".$%& 7$+! 15+$-". 
1%+,1. 5,19.)-0 6)5)%6$%&1% 01-) 5","-)+),0 $%#1.#$%& 0+"+) 
1%+,1. 1, -$*)6 
1%0+,"$%+0 '0$%& " 0+"9$.$+< "%6 0)%>0$+$#$+< "%".<0$0 $% 1,6), +1 $%#)0+$&"+) +!) 6)5)%6)%
) 1/ +!) 15+$-". 01.'+$1% 7$+! ,)05)
++1 5","-)+),0 80)) )2&2 ?EI EG BV VV VF FE FV GH GD GE℄ "%6 ,)/),)%
)0 +!),)$%:2 K% +!) 0)%0$>+$#$+< "55,1"
! '%6), 0)
1%6 1,6), 0'W
$)%+ 
1%6$+$1%0 ,)0'.+0 ",) 6),$#)6 +!"+ 5,1#) +!"++!) 01.'+$1%0 1/ +!) 5","-)+,$J)6 5,19.)-0 "0 7).. "0 +!) "001
$"+)6 X"&,"%&) -'.+$5.$),0 ",) X$50
!$+J 
1%+$%'1'0 1, 6$,)
+$1%"..< 6$=),)%+$"9.) /'%
+$1%0 1/ +!) 5","-)+),2 Q) 0+,)00!17)#), +!"+ P!)1,)- D2B2H 
"%%1+ 9) 6),$#)6 /,1- +!)0) /1,-), 71,N02 K%6))6 $% +!)0) ,)/>),)%
)0 +!) ,)0'.+0 ,).< 1% 0)
1%6 1,6), 0'W
$)%+ 
1%6$+$1%0 "%6 
),+"$% ,)&'.",$+< 
1%6$+$1%01% +!) $%$+$". 5,19.)-2 K% 1', 71,N 7) 61 %1+ "00'-) "%< 0)
1%6 1,6), 0'W
$)%+ 
1%6$+$1%U1', "55,1"
! $0 6$=),)%+ /,1- +!) '0'". 0)%0$+$#$+< "%".<0$0 "%6 $0 ,"+!), $% 01-) 0)%0) "+151.1&$
". "55,1"
!2  !"# $%
' "# ()** +,-(,. /0) '- '!) $%
' '!%' '!) 1-,'23%4", 5%6"505 72",
"7*) "# -,*3 % 82#' -2/)2,)
)##%23 
-,/"'"-, $-2 -7'"5%*"'39 #0:
"),' 
-,/"'"-,# /- )6"#' ;0' '!"# "# -0'#"/) '!) #
-7) -$ '!"# <!%7')2=#)) >)
'"-, ?@ABA@ $-2 #0:
"),' 
-,/"'"-,#CA VD
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 ! "#$% &'(('") )*+*,$( (*--$) ".(( /* 0,'+*12 3#* 0,''& '& 3#*',*- 42526 &'(('") &,'-7*--$) 42528942526:2;,'- !'" '!< $))=-* %#$% $(( $))=-0%.'!) '& 3#*',*- 42526 #'(12 >* 1*!'%* %#* *!1?0'.!%-$00.!@ &', %#* )A)%*- B428C /A
E(ε, x0, tf , u

ε) = xε(tf ),"#*,* xε(·) .) %#* )'(=%.'! '& B428C $))'
.$%*1 ".%# %#* 
'!%,'( uε(·) = (uε
1(·), . . . , uε

m(·)) $!1)=
# %#$% xε(0) = x02 EA *F%*!).'!< %#* *!1?0'.!% -$00.!@ &', %#* )A)%*- B426C 
',,*)0'!1)%' ε = 0<
E(0, x0, tf , (u1, 0, . . . , 0)) = x(tf ),"#*,* x(·) .) %#* )'(=%.'! '& B426C $))'
.$%*1 ".%# %#* 
'!%,'( u1(·) $!1 )=
# %#$% x(0) = x02 % ".(( /* $()' 1*!'%*1 E(x0, tf , u1) = E(0, x0, tf , (u1, 0, . . . , 0)) = x(tf )2 ! %#* )*G=*(< "* 1*!'%* /A u1(·) %#* -.!.-$( %.-* 
'!%,'( )%**,.!@ %#* )A)%*- B426C &,'-

M0 %' M1 .! %.-* tf 2>* H,)% 1*,.+* %#* &'(('".!@ *F.)%*!
* ,*)=(%2 !""# $%&%'%  !" #$#"% ε > 0& '(# )"!*+#,  !"#$ε -.,/'0 -' +#-0' !1# 0!+2'/!1 xε(·)&-00!
/-'#. 4/'( - 
!1'"!+ uε(·) = (uε
1(·), . . . , uε

m(·)) 0-'/05%/16 '(# 
!10'"-/1' B42IC !1 [0, tεf ]78!"#!$#"& 0 ≤ tεf ≤ tf 79"!!57 J!'".!@ %#$% %#* 
'!)%,$.!*1 -.!.-.K$%.'! 0,'/(*-










min tf

|u1| ≤ 1, E(0, x0, tf , (u1, 0, . . . , 0)) = x1

x0 ∈M0, x1 ∈M1#$) $ )'(=%.'!< .% .) '=, $.- %' 0,'+* %#$% %#* 0,'/(*-






















min tεf

uε = (uε
1, . . . , u

ε
m),

m
∑

i=1

(uε
i )

2 ≤ 1, E(ε, x0, t
ε
f , u

ε) = x1

x0 ∈M0, x1 ∈M1#$) $ )'(=%.'!< &', *+*,A ε > 02 ;.,)% '& $((< "* 
($.- %#$%< &', *+*,A ε > 0< %#* )=/)*% M1 .),*$
#$/(* &,'- %#* )=/)*% M0< .2*2< .% .) 0'))./(* %' )'(+* %#* *G=$%.'!
E(ε, x0, t

ε
f , u

ε) = x1".%# $ 
'!%,'( uε = (uε
1, . . . , u

ε
m) )$%.)&A.!@ %#* 
'!)%,$.!% ∑m

i=1(u
ε
i )

2 ≤ 1< $!1 ".%# )'-*
x0 ∈ M0 $!1 x1 ∈ M12  !1**1< .& uε

i = 0< i = 2, . . . ,m< %#*! %#* )A)%*- B428C 
'.!
.1*) ".%#  !"# "$%" ε &' (!" (##)#) "! *# '+%,,- 8L
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 !" #$# "% &'()*+ ,-. / #01
"#  3 
!33#" uε
1 = u1 ,-.  !" 
344"#53-./-6 /-/ /,7 ,-. 8-,753/- #( 9!" ":/# "-
" 3; , %/-/%,7  /%" 
3- 437 # ""4/-6  !" #$# "% &'(<* ;43% M0  3 M1 /# !"- , # ,-.,4. ;,
  3 ."4/=" ;34 #0
! , 
3- 437>,1-" #$# "% &#"" "(6( ?'<+ @!,5 "4 A℄+ ,-.-3 "  !, M0 ,-. M1 ,4" 
3%5,
 *( C34"3="4+  !" %/-/%,7  /%" tεf ;34  !" 543D7"%  !"#$ε/# 7"## 34 "E0,7  !,-  !" %/-/%,7  /%" tf ;34  !" /-/ /,7 543D7"%(F# ":57,/-". /- G"
 /3- '(H+ ;34 ǫ > 0 8:".+ ,-. I/ ! F##0%5 /3- '(H() #, /#8".+ / ;3773I#;43%  !" J3- 4$,6/- %,:/%0% 54/-
/57" ,557/".  3  !"#$ε  !, xε(·) /#  !" 543K"
 /3- 3; ,-": 4"%,7 (xε(·), pε(·), p0ε, uε(·)) #0
!  !, 

ṗε(t) =−
〈

pε(t),
∂X

∂x
(xε(t))

〉

− uε
1(t)

〈

pε(t),
∂Y1

∂x
(xε(t))

〉

− ε
m
∑

i=2

uε
i (t)

〈

pε(t),
∂Yi

∂x
(xε(t))

〉,-.
uε

1(t) =
〈pε(t), Y1(x

ε(t))〉
√

√

√

√〈pε(t), Y1(xε(t))〉2 + ε2
m
∑

i=2

〈pε(t), Yi(x
ε(t))〉2

,

uε
i (t) =

ε〈pε(t), Yi(x
ε(t))〉

√

√

√

√〈pε(t), Y1(xε(t))〉2 + ε2
m
∑

i=2

〈pε(t), Yi(x
ε(t))〉2

, i = 2, . . . ,m.L" # 4"##  !" ;,
  !,  !" 
3- 437# uε
i + i = 1, . . . ,m+ ,4" 
3- /-030# ;0-
 /3-# 3; t(%&''( )*+*,*  ! ε > 0 "#$%& "' 0( ")#$ tεf 
'$+#,-#& "' tf ( uε

1(·) 
'$+#,-#& "' u1(·) .$
L∞(0, tf ) !', ")# /#01 &"0, "'2'3'-4( 0$% xε(·) 
'$+#,-#& "' x(·) 5$.!',634 '$ [0, tf ]78,''!7 M" (εn)n∈ ! D" ,- ,4D/ 4,4$ #"E0"-
" 3; 53#/ /=" 4",7 -0%D"4# 
3-="46/-6  3 0 ,# n "-.#  3 +∞( N43% M"%%, '(O(<+ 0 ≤ tεn

f ≤ tf + !"-
"+ 05  3 , #0D#"E0"-
"+ (tεn

f )n∈ !
3-="46"#  3 #3%" T ≥ 0 #0
!  !, T ≤ tf ( P$ ."8-/ /3-+  !" #"E0"-
" 3; 
3- 437# (uεn

1 (·))n∈ !/# D30-.". /- L∞(0, tf ) &I/ !  !" ,64""%"-  !,  !" ;0-
 /3- uεn
1 (·) /# ": "-.". 3- (tεn

f , tf ]"(6( D$ 0*( 9!"4";34"+ 05  3 #0D#"E0"-
"+ / 
3-="46"# I",Q7$  3 #3%" 
3- 437 ū1(·) ∈ L∞(0, tf );34  !" I",Q # ,4  353736$( R- 5,4 /
07,4+ / 
3-="46"# I",Q7$  3 ū1(·) ∈ L2(0, tf ) ;34  !" I",Q 353736$ 3; L2(0, tf )( 9!" 7/%/ 
3- 437 ū1(·) #, /#8"# |ū1(t)| ≤ 1 ,7%3# "="4$I!"4" 3- [0, tf ](93 543="  !/# ;,
 + 
3-#/."4  !" #" 
V = {g ∈ L2(0, tf ) | |g(t)| ≤ 1 ,7%3# "="4$I!"4" 3- [0, tf ]}.N34 "="4$ /- "6"4 n+ uεn

1 (·) ∈ VS %34"3="4 V /# , 
3-=": 
73#". &;34  !" # 43-6  353736$* #0D#" 3; L2(0, tf )+ ,-. !"-
" /# , 
3-=": 
73#". &;34  !" I",Q  353736$* #0D#" 3; L2(0, tf )( R ;3773I# !, ū1 ∈ V( <H
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 !"
$ M0 %"& M1 %'$ 
()*%
+, !+ -(..(/0 +1%+, 2* +( % 0230$42$"
$, xεn(0) 
("5$'6$0 +(0()$ x̄0 ∈M0, %"& xεn(tεn

f ) 
("5$'6$0 +( 0()$ x̄1 ∈M178$+ x̄(·) &$"(+$ +1$ 0(.2+!(" (- +1$ 090+$) :;7<=, %00(
!%+$& /!+1 +1$ 
("+'(. ū1(·) (" [0, T ],%"& 02
1 +1%+ x̄(0) = x̄07  !"
$ +1$ 
("+'(. 090+$)0 2"&$' 
("0!&$'%+!(" %'$ 
("+'(.>%?"$, !+!0 "(+ &!?
2.+ +( *'(5$ +1%+ +1$ /$%@ 
("5$'6$"
$ (- 
("+'(.0 !)*.!$0 +1$ 2"!-(') 
("5$'6$"
$(- 
(''$0*("&!"6 +'%A$
+('!$0 :0$$ B<<C℄ -(' &$+%!.0=7 E" *%'+!
2.%', !+ -(..(/0 +1%+ x̄(T ) = x̄17F1$'$-('$, /$ 1%5$ *'(5$& +1%+ +1$ 
("+'(. ū (" [0, T ] 0+$$'0 +1$ 090+$) :;7<= -'() M0 +(
M1 !" +!)$ T 7  !"
$ T ≤ tf %"& +1$ *'(3.$)  !"#$ 1%0 % 2"!42$ 0(.2+!(", /$ !"-$' +1%+
T = tf , ū1 = u1 %"& x̄(·) = x(·)7F( 
("
.2&$, !+ 02?
$0 +( '$)%'@ +1%+ +1$ %3(5$ '$%0("!"6 *'(5$0 +1%+ (tf , u1(·), x(·)) !0+1$ 2"!42$ 
.(02'$ *(!"+ (- (tεn

f , u
εn

1 (·), xεn(·)), /1$'$ (εn)n∈ ! !0 %"9 0$42$"
$ (- *(0!+!5$ '$%."2)3$'0 
("5$'6!"6 +( 07 !"#$% ;7G7H& E- ("$ &($0 "(+ %002)$ +1$ 2"!42$"$00 (- +1$ (*+!)%. 0(.2+!(" (-  !"#$, +1$"+1$ -(..(/!"6 0+%+$)$"+ 0+!.. 1(.&07 E- ε > 0 +$"&0 +( 0, +1$" tεf 0+!.. 
("5$'6$0 +( +1$ )!"!)%.+!)$ tf , +1$ -%)!.9 (uε
1(·))ε 1%0 % 
.(02'$ *(!"+ ū1(·) !" L∞(0, tf ) -(' +1$ /$%@ 0+%' +(*(.(69,%"& +1$ -%)!.9 (xε(·))ε 1%0 % 
.(02'$ *(!"+ x̄(·) !" C0([0, tf ], EIn) -(' +1$ 2"!-(') 
("5$'6$"
$+(*(.(69, /1$'$ x̄(·) !0 +1$ 0(.2+!(" (- +1$ 090+$) :;7<= 
(''$0*("&!"6 +( +1$ 
("+'(. ū1(·) ("

[0, tf ], 02
1 +1%+ x̄(0) ∈M0 %"& x̄(tf ) ∈M17 F1!0 )$%"0 +1%+ x̄(·) !0 %"(+1$' *(00!3.$ 0(.2+!("(- (OCP)7E" (+1$' /('&0, $5$'9 
.(02'$ *(!"+ (- % -%)!.9 (- 0(.2+!("0 (-  !"#$ε !0 % 0(.2+!(" (-
(OCP)7F1$ "$J+ .$))% /!.. 0$'5$ %0 % +$
1"!
%. +((. +( &$'!5$ 8$))% ;7G7<K7%&''( )*+*,* '!( T > 0) #*+ ,!( (gε)ε>0 -! # .#"/,0 1. 
1*(/*3134 .3*
(/1*4 1* [0, T ]
1*5!$6/*6 7!#%,0 (1 41"! g ∈ L2(0, T ) #4 ε (!*+4 (1 0) .1$ (8! 7!#% (191,160 1. L2(0, T )&:8!*) .1$ !5!$0 t ∈ (0, T )) (8!$! !;/4(4 # .#"/,0 (tε)ε>0 1. 91/*(4 1. [t, T ) 43
8 (8#( tε → t #*+
gε(tε) → g(t) #4 ε→ 0&<$11.& L!'0+ (- %.., "(+$ +1%+, 0!"
$ gε 
("5$'6$0 /$%@.9 +( g (" [0, T ], !+0 '$0+'!
+!(" +( %"9023!"+$'5%. (- [0, T ] 
("5$'6$0 /$%@.9, %0 /$.., +( +1$ 
(''$0*("&!"6 '$0+'!
+!(" (- g7 8$+ 20*'(5$ +1%+, -(' $5$'9 β > 0, -(' $5$'9 α > 0 :0)%.. $"(261 0( +1%+ t + α ≤ T =, +1$'$ $J!0+0
ε0 > 0 02
1 +1%+, -(' $5$'9 ε ∈ (0, ε0), +1$'$ $J!0+0 tε ∈ [t, t+ α] 02
1 +1%+ |gε(tε)− g(t)| ≤ β7F1$ *'((- 6($0 39 
("+'%&!
+!("7 M002)$ +1%+ +1$'$ $J!0+ β > 0 %"& α > 0 02
1 +1%+, -('$5$'9 !"+$6$' n, +1$'$ $J!0+0 εn ∈ (0, 1/n) 02
1 +1%+, -(' $5$'9 τ ∈ [t, t + α], +1$'$ 1(.&0
|gεn(τ)− g(t)| ≥ β7  !"
$ gεn !0 
("+!"2(20, !+ -(..(/0 +1%+ $!+1$' gεn(τ) ≥ g(t) + β -(' $5$'9
τ ∈ [t, t+α], (' gεn(τ) ≤ g(t)−β -(' $5$'9 τ ∈ [t, t+α]7 F1!0 !"$42%.!+9 
("+'%&!
+0 +1$ /$%@
("5$'6$"
$ (- +1$ '$0+'!
+!(" (- gεn +( [t, t+ α] +(/%'&0 +1$ '$0+'!
+!(" (- g +( [t, t+ α]7E" /1%+ -(..(/0, /$ &$"(+$ 39 K(t), K1(t), K̃(t), +1$ N("+'9%6!" 
("$0 %.("6 +1$ +'%A$
+('9
x(·) 0(.2+!(" (-  !"#$, &$O"$& %0 !" +1$ *'$5!(20  $
+!(" P<7G7  !)!.%'.9, -(' $5$'9 ε > 0,QG
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 ! "!#$%! &' Kε(t)( Kε
1(t)( K̃ε(t) %)! *$#%+',-.# 
$#!0 ,1$#- %)! %+,2!
%$+' xε(·)(  ).
) .0 ,0$13%.$# $4  !"#$ε5%&''( )*+*,-*  !" #$#"% v ∈ K(tf )& '!" #$#"% ε > 0& ()#"# #*+,(, vε ∈ Kε(tεf ) ,-
) ()/( vε
!0$#"1#, (! v /, ε (#02, (! 034"!!'3 6' 
$#0%+3
%.$# $4 K(tf )( .% 037
!0 %$ 8+$9! %)! 1!::, 4$+ , 0.#-1! #!!"1!;1.<! 9,+.,;%.$#5 =003:! %),% v = vπ(tf )(  )!+! %)! 9,+.,%.$# 9!
%$+ vπ(·) .0 %)! 0$13%.$# $# [t1, tf ] $4 %)!>,3
)' 8+$&1!:
v̇π(t) =

(

∂X

∂x
(x(t)) + u1(t)

∂Y1

∂x
(x(t))

)

vπ(t)

vπ(t1) = (ū1 − u1(t1))Y1(x(t1)),

?@5A@B )!+! t1 .0 , C!&!0-3! 8$.#% $4 [0, tf )( ū1 ∈ [−1, 1]( ,#" %)! #!!"1!;1.<! 9,+.,%.$# π = {t1, η1, ū1}$4 %)! 
$#%+$1 u1 .0 "!D#!" &'
u1,π(t) =

{

ū1 .4 t ∈ [t1, t1 + η1],

u1(t) $%)!+ .0!.E$+ !9!+' ε > 0( 
$#0."!+ %)! 
$#%+$1 uε = (uε
1, . . . , u

ε
m) $4 C!::, @5F5G( 0$13%.$# $4  !"#$ε5H% 0,%.0D!0 %)! 
$#0%+,.#% ∑m

i=1(u
ε
i )

2 ≤ 15 E+$: C!::, @5F5I( %)! 
$#%.#3$30 
$#%+$1 43#
%.$#
uε

1 
$#9!+-!0  !,<1' %$ u1 .# L2(0, tf )5 H% %)!# 4$11$ 0 4+$: C!::, @5F5J %),%( 4$+ !9!+' ε > 0(%)!+! !K.0%0 tε ≥ t1 03
) %),% tε → t1 ,#" uε
1(tε) → u1(t1) ,0 ε→ 05E$+ !9!+' ε > 0( 
$#0."!+ %)! #!!"1!;1.<! 9,+.,%.$# πε = {tε1, η1, (ū1, 0, . . . , 0)} $4 %)! 
$#%+$1

(uε
1, . . . , u

ε
m) "!D#!"( 4$+ i = 2, . . . ,m( &' 

uε
1,πε(t) =

{

ū1 .4 t ∈ [tε1, t
ε
1 + η1],

uε
1(t) $%)!+ .0!,,#"

uε
i,πε(t) =

{

0 .4 t ∈ [tε1, t
ε
1 + η1],

uε
i (t) $%)!+ .0!C!% %)! 9,+.,%.$# 9!
%$+ vπε(·) &! %)! 0$13%.$# $# [tε1, t

ε
f ] $4 %)! >,3
)' 8+$&1!:

v̇πε(t) =

(

∂X

∂x
(xε(t)) + uε

1(t)
∂Y1

∂x
(xε(t)) + ε

m
∑

i=2

uε
i (t)

∂Yi

∂x
(xε(t))

)

vπε(t)

vπε(tε1) = (ū1 − uε
1(t

ε
1))Y1(x

ε(tε1))− ε
m
∑

i=2

uε
i (t

ε
1)Yi(x

ε(tε1)).

?@5ALBE+$: C!::, @5F5I( tεf 
$#9!+-!0 %$ tf ( uε
1(·) 
$#9!+-!0  !,<1' %$ u1(·)( xε(·) 
$#9!+-!0 3#.;4$+:1' %$ x(·)M :$+!$9!+( εuε

i (·) 
$#9!+-!0  !,<1' %$ 0( εuε
i (t

ε
1) 
$#9!+-!0 %$ 0( 4$+ i = 2, . . . ,m(,#" uε

1(t1) 
$#9!+-!0 %$ u1(t1)5 =0 .# %)! 8+$$4 $4 C!::, @5F5I(  ! .#4!+ %)! 3#.4$+: 
$#9!+;-!#
! $4 vε
π(·) %$ vπ(·) ?0!! NAAJ℄ 4$+ "!%,.10B( ,#" %)! 
$#
130.$# 4$11$ 05  !"# "$%" tε

1 &' % (#)#'*+# ,!&-" !. "$# .+-
"&!- t 7→ X(xε(t)) + uε
1(t)Y1(x

ε(t)) + ε
∑m

i=2
uε

i (t)Yi(x
ε(t))'&-
# "$# 
!-"0!1' uε

i %0# 
!-"&-+!+' .+-
"&!-' !. t2 GG
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 !" #"$% &"''( )*&& +" ,-".,& *# %!" /011. 1. 2"''( 3454634 !""# $%&%''%  !" m #! $ %&'("()! (*"!+!,- g #! $ 
&*"(*/&/' 0/*
"(&* &* 12× 12m- $*3 C#! $ 
&4%$
" '/#'!" &0 12m5 6&, !)!,7 ε > 0- '!" M(ε) = max
u∈C

g(ε, u)- $*3 M = max
u∈C

g(0, u)589!*- M(ε) "!*3' "& M $' ε "!*3' "& 05:,&&05 710 "8"09 ε > 0: &"% uε ∈ C -,
! %!(% M(ε) = g(ε, uε): (#< &"% u ∈ C -,
! %!(%
M = g(0, u)4 =1%" %!(% uε <1"- #1% #"
"--(0*&9 
1#8"0>" %1 u: !1)"8"0 )" )*&& /018" %!(%
M(ε) %"#<- %1 M : (- ε %"#<- %1 04 2"% u0 ∈ C +" ( 
&1-,0" /1*#% 1. %!" .('*&9 (uε)ε>04  !"#:+9 <"?#*%*1# 1. M : 1#" !(- g(0, u0) ≤ M. @# %!" 1%!"0 !(#<: -*#
" g *- 
1#%*#,1,-: g(ε, u)%"#<- %1 g(0, u) = M (- ε %"#<- %1 04 A9 <"?#*%*1#: g(ε, u) ≤M(ε) = g(ε, uε) .10 "8"09 ε > 04 !"0".10": /(--*#> %1 %!" &*'*%: 1#" >"%- M ≤ g(0, u0)4 B% .1&&1)- %!(% M = g(0, u0)4 C" !(8"%!,- /018"< %!(% %!" D+1,#<"<E .('*&9 (M(ε))ε>0 1. 0"(& #,'+"0- !(- ( ,#*F," 
&1-,0" /1*#%:)!*
! *- M 4  !" 
1#
&,-*1# .1&&1)-4 !""# $%&%'$% 89!,! !;('"' ε0 > 0 '/
9 "9$"- 0&, !)!,7 ε ∈ (0, ε0)- !)!,7 !;",!4$< <(0"
(xε(·), pε(·), p0ε, uε(·)) &0 $*7 '&</"(&* xε(·) &0  !"#$ε (' *&,4$<5:,&&05 C" (0>," +9 
1#%0(<*
%*1#4 G--,'" %!(%: .10 "8"09 *#%">"0 n: %!"0" "$*-% εn ∈ (0, 1/n)(#< ( -1&,%*1# xεn(·) 1. ()*+,εn

!(8*#> (# (+#10'(& "$%0"'(& &*.% (xεn(·), pεn(·), 0, uεn (·))4H"% ψεn = pεn(tεn

f ): .10 "8"09 *#%">"0 n4  !"#: .01' I"'(0J 645463: 1#" !(-
〈ψεn , vεn〉 ≤ 0,.10 "8"09 vεn ∈ Kεn(tεn

f ): (#<
M(εn) = max

∑m
i=1

w2
i≤1

(〈

ψεn ,X(xεn(tεn

f ))
〉

+ w1

〈

ψεn , Y1(x
εn(tεn

f ))
〉

+εn

m
∑

i=2

wi

〈

ψεn , Yi(x
εn(tεn

f ))
〉)

= 0,.10 "8"09 *#%">"0 n4 H*#
" %!" ?#(& (<K1*#% 8"
%10 (pεn(tεn

f ), p0 εn) *- <"?#"< ,/ %1 ( ',&%*/&*
(L%*8" -
(&(0: (#< p0 εn = 0: )" (--,'" %!(% ψεn *- ( ,#*% 8"
%104  !"#: ,/ %1 ( -,+-"F,"#
": %!"-"F,"#
" (ψεn)n∈ ! 
1#8"0>"- %1 -1'" ,#*% 8"
%10 ψ4 M-*#> 2"''(- 3454N: 34546O (#< 345466:)" *#."0 %!(%
〈ψ, v〉 ≤ 0,.10 "8"09 v ∈ K(tf ): (#<

M = max
|w1|≤1

(〈ψ,X(x(tf ))〉+ w1 〈ψ, Y1(x(tf ))〉) = 0.B% %!"# .1&&1)- .01' I"'(0J 645463 %!(% %!" %0(K"
%109 x(·) !(- (# (+#10'(& "$%0"'(& &*.%4 !*- *- ( 
1#%0(<*
%*1# -*#
": +9 (--,'/%*1#: x(·) !(- ( ,#*F," "$%0"'(& &*.%: )!*
! *- '10"18"0#10'(&4 PN
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 !"#$%  !"!#$& %& '( )(*+,( -.( /001*2-3+4 -./- -.( +2-3*/5 -)/6(
-+)8 x(·) ./0 / 14391((:-)(*/5 53&-; '.3
. 30 *+)(+,() 4+)*/5; -.(4 <(**/  !"!# 0-355 .+5=0 2)+,3=(= -./- (,()8(:-)(*/5 53&- +& x(·) 30 4+)*/5!>3-. -.( 4+-/-3+40 +& <(**/  !"!# ; &)+* 4+' +4 '( 4+)*/53?( -.( /=6+34- ,(
-+) 0+ -./-
p0 ε = −1; &+) (,()8 ε ∈ (0, ε0)! !""# $%&%'(% '( )*! +!)),(- ./ 0!""# 1&2&314 )*! +!) ./ #55 6.++,75! pε(tεf )4 8,)* ε ∈ (0, ε0)4,+ 7.9(:!:&;$../& @.( 2)++& A+(0 B8 
+4-)/=3
-3+4! C001*( -./- -.()( (:30-0 / 0(91(4
( (εn)n∈ ! +&2+03-3,( )(/5 41*B()0 
+4,()A34A -+ 0 01
. -./- ‖pεn(tεn

f )‖ -(4=0 -+ +∞! D34
( -.( 0(91(4
(
(

pεn (tεn
f

)

‖pεn (tεn
f

)‖

)

n∈ ! 30 B+14=(= 34 %En; 12 -+ / 01B0(91(4
( 3- 
+4,()A(0 -+ 0+*( 143- ,(
-+) ψ!F034A -.( </A)/4A( *15-3253()0 2)+2()-8 /4= G#!"HI; -.()( .+5=0
〈pεn(tεn

f ), vεn〉 ≤ 0,&+) (,()8 vεn ∈ Kεn(tεn

f ); /4=
max

∑m
i=1

w2
i≤1

(〈

pεn(tεn

f ),X(xεn(tεn

f ))
〉

+ w1

〈

pεn(tεn

f ), Y1(x
εn(tεn

f ))
〉

+εn

m
∑

i=2

wi

〈

pεn(tεn

f ), Yi(x
εn(tεn

f ))
〉)

= 1,&+) (,()8 34-(A() n! J3,3=34A B8 ‖pεn(tεn

f )‖; /4= 2/0034A -+ -.( 53*3-; 1034A <(**/0  !"!K;  !"!#L/4=  !"!##; /4= E(*/)M #!"!# ; -.( 0/*( )(/0+434A /0 34 -.( 2)++& +& -.( 2)(,3+10 5(**/ 83(5=0-./- -.( -)/6(
-+)8 x(·) ./0 /4 /B4+)*/5 (:-)(*/5 53&-; '.3
. 30 / 
+4-)/=3
-3+4! !"#$%  !"!#"& E(*/)M  !"!#$ /2253(0 /0 '(55 -+ <(**/  !"!#N! !""# $%&%')% <.$ !=!$> ε ∈ (0, ε0)4 5!) xε(·) 7! # +.59),.( ./  !"#$ε4 #(: 5!) (xε(·), pε(·),−1, uε(·))7! # ?(.$"#5@ !A)$!"#5 5,/) ./ xε(·)& B*!( pε(·) 
.(=!$-!+ 9(,/.$"5>" ). p(·) .( [0, tf ] #+ ε)!(:+ ). 04 8*!$! (x(·), p(·),−1, u(·)) ,+ )*! 9(,D9! ?(.$"#5@ !A)$!"#5 5,/) ./ x(·)&;$../& O+) (,()8 ε > 0; 0(- ψε = pε(tεf )! @.( /=6+34- (91/-3+4 +& -.( P+4-)8/A34 Q/:3*1*P)34
325( 30
ṗε(t) =−

〈

pε(t),
∂X

∂x
(xε(t))

〉

− uε
1(t)

〈

pε(t),
∂Y1

∂x
(xε(t))

〉

− ε
m
∑

i=2

uε
i (t)

〈

pε(t),
∂Yi

∂x
(xε(t))

〉

,'3-. pε(tεf ) = ψε! Q+)(+,(); -.()( .+5=0
〈ψε, vε〉 ≤ 0,  ! 
#$%&'!( )$* 
#$+&$,#,% !-+!$%&#$ #. pε(·) #$ [0, tf ]/RS
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 !" #$#"% vε ∈ Kε(tεf )& '()
max

∑m
i=1

w2
i≤1

(

〈

ψε,X(xε(tεf ))
〉

+ w1

〈

ψε, Y1(x
ε(tεf ))

〉

+ ε

m
∑

i=2

wi

〈

ψε, Yi(x
ε(tεf ))

〉

)

= 1.*"!+ ,#++' -./.01& 23#  '+45% ! '55 ψε& 0 < ε < ε0& 46 7!8()#). ,#2 ψ 7# ' 
5!68"# :!4(2 ! 23'2  '+45%& '() (εn)n∈ ! ' 6#;8#(
# ! :!6424$# "#'5 (8+7#"6 
!($#"<4(< 2! 0 68
3 23'2 ψεn2#()6 2! ψ. =64(< ,#++' -./.>& '() '6 4( 23# :"!! ! 2346 5#++'& ?# 4( #" 23'2 23# 6#;8#(
#
(pεn(·))n∈ ! 
!($#"<#6 8(4 !"+5% 2! 23# 6!5824!( z(·) ! 23# @'8
3% :"!75#+

ż(t) =−
〈

z(t),
∂X

∂x
(x(t))

〉

− u1(t)

〈

z(t),
∂Y1

∂x
(x(t))

〉

, z(tf ) = ψ.A!"#!$#"& :'664(< 2! 23# 54+42 '6 4( 23# :"!! ! ,#++' -./.01
〈ψ, v〉 ≤ 0, !" #$#"% v ∈ K(tf )& '()

max
|w1|≤1

(〈ψ,X(x(tf ))〉+ w1 〈ψ, Y1(x(tf ))〉) = 1.B2  !55!?6 23'2 (x(·), z(·),−1, u1(·)) 46 '( #C2"#+'5 54 2 ! x(·)& '()  "!+ 23# 8(4;8#(#66 '6D68+:24!( ?# 4( #" 23'2 z(·) = p(·). E3# 
!(
5864!(  !55!?6. !"#$% -./.0>& B !(# "#+!$#6 23# '668+:24!(6 ! 8(4;8#(#66 ! 23# 6!5824!( !  !"#$ '()8(4;8#(#66 ! 23# #C2"#+'5 54 2& 23#( 23#  !55!?4(< "#6852 62455 3!5)6& :"!$4)#) 23'2 #$#"% #CD2"#+'5 54 2 ! #$#"% 6!5824!( !  !"#$ 46 (!"+'5. @!(64)#" 23# 2!:!5!<4
'5 6:'
#6 X =

C0([0, tf ], BFn)& #()!?#) ?423 23# 8(4 !"+ 
!($#"<#(
# 2!:!5!<%& '() Y = L∞(0, tf ; [−1, 1])&#()!?#) ?423 23# ?#'G 62'" 2!:!5!<%. B( 23#  !55!?4(< 62'2#+#(2& 23# 6:'
# X × X × Y 46#()!?#) ?423 23# "#68524(< :"!)8
2 2!:!5!<%. *!" #$#"% ε ∈ (0, ε0)& 5#2 xε(·) 7# ' 6!5824!(!  !"#$ε& '() 5#2 (xε(·), pε(·),−1, uε(·)) 7# ' H(!"+'5I #C2"#+'5 54 2 ! xε(·). E3#(& #$#"%
5!68"# :!4(2 ! 23#  '+45% (xε(·), pε(·), uε
1(·)) 4( X ×X ×Y 46 ' 2"4:5# (x̄(·), p̄(·), ū1(·))& ?3#"#

x̄(·) 46 '( !:24+'5 6!5824!( !  !"#$& '66!
4'2#) ?423 23# 
!(2"!5 ū1(·)& 3'$4(< '6 ' (!"+'5#C2"#+'5 54 2 23# 4D28:5# (x̄(·), p̄(·),−1, ū1(·)). E346 62'2#+#(2 4()##)  !55!?6  "!+ F#+'"G6-./.J& -./.0K '() -./.0/.%&''( )*+*,-* '( )*! 
,-)$,. u1 /0 ",$!,1!$ 2#-342#-35 /&!&5 /( )*! 6
,-)/-7,708 09/)
*/-3(7-
)/,- ϕ(t) = 〈p(t), Y1(x(t))〉 :,!0 -,) 1#-/0* ,- #-; 072/-)!$1#. ,( [0, tf ]5 )*!- uε
1(·) 
,-41!$3!0 ), u1(·) #-: uε

i (·)5 i = 2, . . . ,m5 
,-1!$3! ), 0 #.",0) !1!$;9*!$! ,- [0, tf ]5 #-: )*70 /-<#$)/
7.#$ (,$ )*! 0)$,-3 L1(0, tf ) ),<,.,3;&=$,,(& =64(< 23# #C:"#664!( H-.00I ! 23# 
!(2"!56 uε
1 '() uε

i & i = 2, . . . ,m& 23# #C:"#664!( H-./I! 23# 
!(2"!5 u1& '()  "!+ ,#++'6 -./.> '() -./.0L& 42 46 
5#'" 23'2 uε
1(t) 
!($#"<#6 2! u1(t)'() uε

i (t)& i = 2, . . . ,m& 
!($#"<# 2! 0 '6 ε 2#()6 2! 0&  !" '5+!62 #$#"% t ∈ [0, tf ]. M4(
# 23#
!(2"!56 '"# 7!8()#) 7% 1& 23# 62"!(< L1 
!($#"<#(
#  !55!?6  "!+ 23# )!+4('2#) 
!($#"<#(
#23#!"#+ H6## #.<. N-O℄I. LQ
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 !"# $%#& $'((% ')*# &!' +,--. -.  !'-,'( /01020 !"#$% /01023& 4##5(+&"-) /0602 ,'75",'# &!%& m ≥ n0 8)' (%9 !-:';', :"#! &- 
!--#'
m = 2= "0'0= &- %** -)$9 -)' )': ;'
&-, >'$* Y2= ") &!' ,'?5$%,"@%&"-) +,-
'*5,'0 A) &!%&
%#'= &!' 4##5(+&"-) /0602 *-'# )-& !-$* :!')';', n > 3= %)* &!') &:- +,-B$'(# (%9 -

5,C>,#&= ") &!' (%D"("@%&"-) 
-)*"&"-) E/02FG &!' (%D"(5( "# )-& )'
'##%,"$9 -B&%")'* %& &!'B-5)*%,9= "0'0= &!' 'D+,'##"-)# E/022G *- )-& )'
'##%,"$9 !-$*= %)* #'
-)*= &!' 
-)&,-$# uε

i (·)=
i = 1, . . . ,m %,' )-& )'
'##%,"$9 
-)&")5-5# E&!' 
-)&")5"&9 "# 5#'* ") % 
,5
"%$ :%9 ") &!'+,--. -. -5, (%") ,'#5$&G0  !'#' &:- +,-B$'(# %,' !-:';', )-& $"H'$9 &- -

5,= ") :!%& .-$$-:#:' +,-;"*' #-(' 
-((')&# -) &!' ?')',"
 ;%$"*"&9 -. E/022G %)* -) &!' #(--&!)'## -. &!','?5$%,"@'* 
-)&,-$#= ") &!' 
%#' m = 20I'& m = 2= &!%& "#= 
-)#"*', -)$9 -)' %,B"&,%,9 %**"&"-)%$ #(--&! ;'
&-, >'$* Y20 J-,
ε > 0 >D'*= &!' (%D"("@%&"-) 
-)*"&"-) .,-( &!' K-)&,9%?") (%D"(5( +,")
"+$' %++$"'* &-&!' +,-B$'(  !"#$ε "#

uε
1(t)〈pε(t), Y1(x

ε(t)〉+ εuε
2(t)〈pε(t), Y2(x

ε(t)〉
= max

w2
1
+w2

2
≤1

(w1〈pε(t), Y1(x
ε(t)〉+ εw2〈pε(t), Y2(x

ε(t)〉)%$(-#& ';',9:!',' -) [0, tεf ]0  !',' %,' &:- 
%#'#C '"&!', &!' (%D"(5( "# %&&%")'* ") &!'")&',"-, -. &!' *-(%")= -, "& "# %&&%")'* %& &!' B-5)*%,90  !' +,--. -. -5, (%") ,'#5$& ,'75",'#&!"# (%D"(5( &- B' %&&%")'* %& &!' B-5)*%,9 E#'' E/022GG= %)* &!' 
-,,'#+-)*")? 
-)&,-$# &-B' 
-)&")5-5#0  !"# .%
& *'+')*# -) &!' 
!-"
' -. &!' ;'
&-, >'$* Y204 #"(+$' 'D%(+$' :!',' &!"# !-$*# &,5' "# &!' 
%#' Y2 = X0 A) &!%& 
%#' "& "# ")*''*+-##"B$' &- ')#5,' &!%& B-&! .5)
&"-)# t 7→ 〈pε(t), Y1(x
ε(t)〉 %)* t 7→ 〈pε(t), Y2(x

ε(t)〉 *- )-&;%)"#! #"(5$&%)'-5#$9 .-, ε > 0 #(%$$ ')-5?! E%)* &!"# "(+$"'# &!' *'#",'* 
-)
$5#"-)G0  -+,-;' &!"# %##',&"-)= :' %,?5' B9 
-)&,%*"
&"-) %)* %##5(' &!%&= .-, ';',9 n ∈ AL= &!',' 'D"#&# %#'75')
' (εn)n∈ ! 
-);',?")? &- 0 %)* % #'75')
' (tεn)n∈ ! #5
! &!%& 〈pεn(tεn),X(xεn(tεn))〉 =

〈pεn(tεn), Y2(x
εn(tεn))〉 = 00 M-(B")'* :"&! &!' .%
& &!%& &!' N%("$&-)"%) "# 
-)#&%)& %$-)?%)9 'D&,'(%$= %)* ;%)"#!'# %& &!' >)%$ &"('= &!'#' '75%$"&"'# "(+$9 &!%& p0εn = 00  !"#
-)&,%*"
&# &!' 
-)
$5#"-) -. I'((% /0102/0O-,' ?')',%$$9= %)* %$&!-5?! #5
! % #&%&'(')& (%9 B' )-)&,";"%$ &- *',";'= :' 
-)P'
&5,'&!%& &!"# .%
& !-$*# &,5' .-, ?')',"
 ;'
&-, >'$*# Y2 E#'' Q/RS/3℄ .-, #5
! ?')',"
"&9 #&%&'(')&#G0L-&' &!%&= .-, ?')',"
 &,"+$'# -. ;'
&-, >'$*# (X,Y1, Y2)= &!"# .%
& !-$*# &,5'0 A)*''*= &- *',";'&!"# #&%&'(')& "& #5U
'# &- 
-(B")' &!' .%
& &!%& %)9 &-&%$$9 #")?5$%, (")"("@")? &,%P'
&-,9(5#& #%&"#.9 &!' V-! 
-)*"&"-) E#'' Q/℄ %)* Q21=  !'-,'( 203℄ .-, *'&%"$#G %)* &!' .%
& &!%&=.-, ?')',"
 E") &!' #&,-)? #')#' -. W!"&)'9G &,"+$'&# -. ;'
&-, >'$*# (X,Y1, Y2)= &!' %##-
"%&'*
-)&,-$X%U)' #9#&'( *-'# )-& %*("& )-)&,";"%$ V-! #")?5$%, &,%P'
&-,"'# E#'' Q/3= M-,-$$%,9/0R℄G0 RF
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 !" #$%&'()* !"!# $%& '()*&+,% -+.+-(* /+-& 
1./21* 3214*&- ! "##$%&'(&) !$' ')%$#&%* +) 
!-%".)' &/) 0"-"0(# &"0) 
!-&'!# 1'!2#)0 3!' &/) 4(5#)"6/ 
!-&'!#%5%&)0 .)%
'"2). "- 789℄*
ẋ1(t) = x2(t),

ẋ2(t) = −x1(t) + x2(t)(1.4 − 0.14x2(t)
2) + u1(t),

;<=>?@+"&/ "-"&"(# (-. A-(# 
!-."&"!-%
x1(0) = x2(0) = −5, x1(tf ) = x2(tf ) = 0, ;<=>B@(-. &/) 
!-&'!# 
!-%&'("-&

|u1(t)| ≤ 4 , ∀t ∈ [0, tf ]. ;<=>9@C

!'."-6 &! &/) D!-&'5(6"- 0(E"0$0 1'"-
"1#)* (-5 !1&"0(# %!#$&"!- x(·) !3 ;<=>?@F;<=>9@"% &/) 1'!G)
&"!- !3 (- )E&')0(# (x(·), p(·), p0, u1(·)) %$
/ &/(&
ṗ1(t) = p2(t)

ṗ2(t) = −p1(t)− p2(t)
(

1.4− 0.42x2(t)
2
)(-. &/) 0(E"0"H(&"!- 
!-."&"!- p2(t)u1(t) = max|w|≤4 (p2(t)w) /!#.% (#0!%& )I)'5+/)') !-

[0, tf ]= J& "% )(%5 &! %)) &/(& p2(·) 
(--!& I(-"%/ !- %!0) %$2"-&)'I(#* (-. "& 3!##!+% &/(& &/)!1&"0(# 
!-&'!# u1(·) "% 2(-6K2(-6* )L$(# &! u1(t) = 4 %"6-(p2(t))=C11#5"-6 ( %/!!&"-6 0)&/!. &! 1'!2#)0 ;<=>?@F;<=>9@ ;+"&/ p0 = −1@* +) .)&)'0"-) &/)"-"&"(# (.G!"-& I)
&!' p(0) ≃ (0.12234128; 0.08265161)* (-. !2%)'I) &/(& &/) &'(G)
&!'5 /(% &+!%+"&
/"-6 &"0)% τ1 ≃ 1.12050659 (-. τ2 ≃ 3.31004697 !- [0, tf ]* &/(& "%* u1(·) "% 6"I)- 25
u1(t) =



















+4 3!' 0 ≤ t ≤ τ1

−4 3!' τ1 ≤ t ≤ τ2

+4 3!' τ2 ≤ t ≤ tf ,+"&/ ( A-(# &"0) tf ≃ 3.66817338 ;%)) M"6$')% <=>F<=?@= M$'&/)'0!')* x(·) "% &/) $-"L$)0"-"0(# &"0) %!#$&"!- (-. /(% ( $-"L$) )E&')0(# #"3& ;$1 &! ( 0$#&"1#"
(&"I) %
(#('@* +/"
/ "%0!')!I)' -!'0(# ;%)) 789℄@=N) 1'!1!%) &/) ')6$#('"H). 
!-&'!# %5%&)0
ẋε

1(t) = xε
2(t) + εuε

2(t) ,

ẋε
2(t) = −xε

1(t) + xε
2(t)(1.4 − 0.14xε

2(t)
2) + uε

1(t),
;<=>8@8>
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 !"#$% &'()  !"#$%& "'%()
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5
Control

t

u
1

 !"#$% &'&)  !"#$%& 
+-"'+&

0 0.5 1 1.5 2 2.5 3 3.5 4
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

t

p
1

 !"#$% &'*) ./(+#-" 0)
"+' p1

0 0.5 1 1.5 2 2.5 3 3.5 4
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

t

p
2

 !"#$% &'+) ./(+#-" 0)
"+' p2,!-. -.% /01% !2!-!03 024 5203 
724!-!72/8 024 ,.%$% -.% 
72-$73 uε(·) = (uε
1(·), uε

2(·)) /0-!/5%/-.% 
72/-$0!2-
(uε

1(t))
2 + (uε

2(t))
2 ≤ 16. 9&'(:;<2= 7>-!103 /73#-!72 xε(·) 7? 9&'(@;8 9&'(A;8 9&'(:; !/ -.% >$7B%
-!72 7? 02 %C-$%103 (xε(·), pε(·), p0ε, uε(·))/#
. -.0-

ṗε
1(t) = pε

2(t)

ṗε
2(t) = −pε

1(t)− pε
2(t)

(

1.4 − 0.42xε
2(t)

2
)

.D.% <//#1>-!72 &'+'( !/ E%$!5%48 024 -.% 
72-$73/ -.0- /0-!/?= -.% F72-$=0"!2 10C!1!G0-!72
724!-!72 9&'(H; 0$% "!E%2 I=
uε

1(t) =
4pε

2(t)
√

(pε
2(t))

2 + ε2(pε
1(t))

2
, uε

2(t) =
4εpε

1(t)
√

(pε
2(t))

2 + ε2(pε
1(t))

2
. 9&'(J;<33 0//#1>-!72/ 7? D.%7$%1 &'@'( 0$% /0-!/5%4'A&
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 !!"#$%& ' ()**+$%& ,-+)*. +* +)- !/*0"-, 1234567 1234867 1234967 :- .-+-/,$%- +)- *!;+$,'" +/'<-
+*/# *> +)- /-&?"'/$@-. !/*0"-,7 '%. :- $%.--. *0(-/A- +)- -B!-
+-. 
*%A-/&-%
-*> (xε(·), pε(·),−1, uε) +*:'/.( (x(·), p(·),−1, u1)7 '( ε +-%.( +* C7 $% '&/--,-%+ :$+) D)-*;/-, 23534 1(-- E$&?/-( 2357 23F '%. 23863 G% +)$( -B',!"-7 +)- ,$%$,'" +$,- 
*%+/*" (*"?+$*% *>1234H6I1234F6 $( 0'%&;0'%&7 '%. :- $%.--. *0(-/A-7 *% +)- %?,-/$
'" ($,?"'+$*%(7 +)- '",*(+-A-/#:)-/- 
*%A-/&-%
- *> +)- /-&?"'/$@-. 
*%+/*"3
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E$&?/- 238J .',&!'/ !"! #$%$&'( )$&* +,)$&'( 
+%).+( ,.+/(*& $%0+(0$%1 ' 2$%13('. '.
G% +)- -B',!"- !/*A$.-. $% +)$( (?0(-
+$*%7 +)- ,$%$,'" +$,- 
*%+/*" u1(·) $( ($%&?"'/3 G+ $(+)-% %*+ -B!-
+-. ' !/$*/$ +)'+ +)- /-&?"'/$@-. 
*%+/*" uε
1(·) 
*%A-/&-( '",*(+ -A-/#:)-/- +*

u1(·) '"*%& +)- ($%&?"'/ '/
3 K?/ ,'$% /-(?"+ *%"# '((-/+( ' :-'L 
*%A-/&-%
- !/*!-/+# '"*%&8M
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 !"# $%
' ()  !* *+$,-.* -%*#*) */ 0*.123  !* %*45.$%"6*/ 
1) %1. uε
1(·) 
1)7*%4*# 2*$8.9  1

u1(·) 05 )1 $.,1# *7*%92!*%*' :*  !*) -%17"/* #1,* )5,*%"
$. #",5.$ "1)#3 1) 2!"
! 2*")/**/ 10#*%7*  !$  !* $.,1# *7*%92!*%* 
1)7*%4*)
* -%1-*% 9 ;$".# $.1)4  !* #")45.$% $%
3$)/ 2* 10#*%7* $) 1#
"..$ ")4 -%1-*% 93 2!"
! "# $  9-"
$. ;*$ 5%* 1; 2*$8 
1)7*%4*)
*'<1)#"/*%  !* ,")",$.  ",* 
1) %1. -%10.*, ;1%  !* #9# *,
ẋ1(t) = 1− x2(t)

2,

ẋ2(t) = u1(t),
=>'>?@2" ! ")" "$. $)/ A)$. 
1)/" "1)#

x1(0) = x2(0) = 0, x1(tf ) = 1, x2(tf ) = 0, =>'>B@$)/  !* 
1) %1. 
1)# %$") 
|u1(t)| ≤ 1 , ∀t ∈ [0, tf ]. =>'>>@( "# 
.*$%  !$  !* #1.5 "1) 1;  !"# 1- ",$. 
1) %1. -%10.*, "# 5)"C5*3 $)/ "# -%17"/*/ 09  !*#")45.$% 
1) %1. u1(t) = 03 ;1% *7*%9 t ∈ [0, tf ]3 2" ! tf = 1' D!* 
1%%*#-1)/")4  %$E*
 1%9 "#4"7*) 09 x1(t) = t $)/ x2(t) = 0':* 
.$",  !$  !"# 1- ",$.  %$E*
 1%9 !$# $ 5)"C5* *+ %*,$. ."; =5-  1 $ ,5. "-."
$ "7*#
$.$%@3 2!"
! "# ,1%*17*% )1%,$.' ()/**/3 /*)1 ")4 09 p = (p1, p2)  !* $/E1") 7*
 1%3  !*F$,". 1)"$) 1;  !* $017* 1- ",$. 
1) %1. -%10.*, "# H = p1(1 − x2

2) + p2u1 + p0, $)/  !*/"G*%*) "$. *C5$ "1)# 1;  !* $/E1") 7*
 1% $%* ṗ1 = 03 ṗ2 = 2x2p1' H")
* x2(t) = 03 " ;1..12# !$  !* $/E1") 7*
 1% 1; $)9 *+ %*,$. ."; 1;  !* 1- ",$.  %$E*
 1%9 "# 
1)# $) ' I1%*17*%3 !* F$,". 1)"$) 7$)"#!*# $  !* A)$.  ",*3 $)/ !*)
*  !*%* ,5# !1./ p1(t)+p
0 = 03 ;1% *7*%9

t ∈ [0, tf ]' H")
*  !* #")45.$% 
1) %1. u1(t) = 0 "# 1- ",$. $)/ 0*.1)4#  1  !* ") *%"1% 1;  !*/1,$") 1; 
1)# %$") =>'>>@3  !* ,$+","6$ "1) 
1)/" "1) 9"*./# ∂H
∂u1

= 03 $)/  !5#3 p2(t) = 0;1% *7*%9 t ∈ [0, tf ]' D!*)3 #")
*  !* $/E1") 7*
 1% "# )1) %"7"$.3 p0 
$))1 0* *C5$.  1 03 $)/5-  1 $ ,5. "-."
$ "7* #
$.$% 2* $##5,*  !$ p0 = −1' D!* $##*% "1) "#  !5# -%17*/3 $)/  !*5)"C5* =)1%,$.@ *+ %*,$. ."; "# 4"7*) 09 (x1(t), x2(t), p1(t), p2(t), p
0, u1(t)) = (t, 0, 1, 0,−1, 0)':* -%1-1#*  !* ;1..12")4 %*45.$%"6$ "1) 1;  !* -%10.*, =>'>?@J=>'>>@' K* g(·) $)/ h(·) 0*#,11 ! ;5)
 "1)#3  1 0* 
!1#*)L 
1)#"/*%  !* ,")",$.  ",* 
1) %1. -%10.*, ;1%  !* #9# *,

ẋε
1(t) = 1− xε

2(t)
2 + εuε

2(t)g(x
ε
1(t)),

ẋε
2(t) = uε

1(t) + εuε
2(t)h(x

ε
1(t)),

=>'>M@2" ! ")" "$. $)/ A)$. 
1)/" "1)#
xε

1(0) = xε
2(0) = 0, xε

1(t
ε
f ) = 1, xε

2(t
ε
f ) = 0, =>'>N@$)/  !* 
1) %1. 
1)# %$") 

(uε
1(t))

2 + (uε
2(t))

2 ≤ 1 , ∀t ∈ [0, tεf ]. =>'>O@PN
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 !"
$ %&$ '("
%!)" g %) *$ 
&)+$" *$,)- ./"!+&$+ /% +)0$ 1)!"%+2 %&$ 3++(01%!)" 456578)$+ ")% &),8 $.$9:-&$9$5 ;$ 
,/!0 &)-$.$9 %&/%2 !' %&$ '("
%!)" g 0/: )",: ./"!+& )" /+(*+$% )' <$9) 0$/+(9$2 /"8 !' ε > 0 !+ +0/,, $")(=&2 %&$" %&$ ')90(,/ >4577? &),8+2 /"8 %&$9$=(,/9!<$8 
)"%9),+ /9$ 
)"%!"()(+2 +) %&/% -$ /9$ !" %&$ '9/0$-)9@ )' A&$)9$0 45B575C"8$$82 %&$ D/0!,%)"!/" )' %&!+ 9$=(,/9!<$8 )1%!0/, 
)"%9), 19)*,$0 !+
H = pε

1(1− (xε
2)

2) + pε
2u

ε
1 + εuε

2(p
ε
1g(x

ε
1) + pε

2h(x
ε
1)) + p0ε,/"8 %&$ /8E)!"% $F(/%!)"+ /9$

ṗε
1(t) = −εuε

2(t)(p
ε
1(t)g

′(xε
1(t)) + pε

2(t)h
′(xε

1(t))),

ṗε
2(t) = 2xε

2(t)p
ε
1(t).C% !+ ")% 8!G
(,% %) +$$ %&/%2 ')9 ε > 0 +0/,, $")(=&2 %&$ )1%!0/, %9/E$
%)9: 0(+% *$ +(
&%&/% ẋε

1(t) > 0H &$"
$2 xε
1(·) !+ /" !"
9$/+!"= '("
%!)" )' t5 I)-2 /9=($ *: 
)"%9/8!
%!)"2 /"8/++(0$ %&/% %&$ )1%!0/, 
)"%9), %/@$+ !%+ ./,($+ !" %&$ !"%$9!)9 )' %&$ 8)0/!" >454B?2 ')9 t ∈ I2-&$9$ I !+ / +(*+$% )' [0, tεf ] )' 1)+!%!.$ 0$/+(9$5 A&$"2 %&$ 0/J!0!</%!)" 
)"8!%!)" :!$,8+

∂H
∂uε

1

= ∂H
∂uε

2

= 02 /"8 &$"
$ pε
2(t) = 0 /"8 pε

1(t)g(x
ε
1(t)) + pε

2(t)h(x
ε
1(t)) = 02 ')9 t ∈ I5 C%'),,)-+ %&/% pε

1(t)g(x
ε
1(t)) = 02 ')9 t ∈ I5  !"
$ %&$ '("
%!)" g 0/: )",: ./"!+& )" / +(*+$%)' <$9) 0$/+(9$2 /"8 +!"
$ xε

1(·) !+ !"
9$/+!"=2 !% '),,)-+ %&/% %&$9$ $J!+%+ t1 ∈ I +(
& %&/%
g(xε

1(t1)) 6= 02 /"8 %&$9$')9$ pε
1(t1) = pε

2(t1) = 05  !"
$ %&$ D/0!,%)"!/" ./"!+&$+ /,0)+%$.$9:-&$9$2 %&!+ :!$,8+ 0)9$).$9 p0ε = 02 -&!
& !+ / 
)"%9/8!
%!)"5A&$9$')9$2 ("8$9 %&$ /*).$ /++(01%!)" )" g2 %&$ ')90(,/ >4577? &),8+2 /"8 %&$ )1%!0/,
)"%9),+ /9$ =!.$" *:
uε

1(t) =
pε
2(t)

√

pε
2(t)

2 + ε2 (pε
1(t)g(x

ε
1(t)) + pε

2(t)h(x
ε
1(t)))

2
,

uε
2(t) =

ε (pε
1(t)g(x

ε
1(t)) + pε

2(t)h(x
ε
1(t)))

√

pε
2(t)

2 + ε2 (pε
1(t)g(x

ε
1(t)) + pε

2(t)h(x
ε
1(t)))

2
,

>454K?')9 /,0)+% $.$9: t ∈ [0, tεf ]5L$% (+ 19).$ %&/% %&$ 
)"%9),+ uε
1(·) /"8 uε

2(·) /9$ +0))%& '("
%!)"+ )' t5 M)9 %&!+ 1(91)+$2-$ 19).$ &$9$/'%$9 %&/% %&$ '("
%!)" pε
2(·) 8)$+ ")% ./"!+& )" /": +(*+$% )' 1)+!%!.$ 0$/+(9$539=($ *: 
)"%9/8!
%!)" /"8 /++(0$ %&/% %&$9$ $J!+%+ / +(*+$% I )' [0, tεf ] )" -&!
& pε

2(·) ./"!+&$+5A&$"2 )" )"$ 1/9%2 >454K? !01,!$+ %&/% uε
1(t) = 0 /"8 uε

2(t) = +!="(pε
1(t)g(x

ε
1(t))+p

ε
2(t)h(x

ε
1(t)))2')9 /,0)+% $.$9: t ∈ I5 N" %&$ )%&$9 1/9%2 (+!"= %&$ /8E)!"% $F(/%!)"+2 -$ &/.$ xε

2(t)p
ε
1(t) = 02')9 t ∈ I5 A&$ +
/,/9 pε

1(t) 
/"")% ./"!+&2 ')9 /": t ∈ IH !"8$$8 )%&$9-!+$ %&$9$ -)(,8 &),8
pε
1(t) = pε

2(t) = 02 /"8 +!"
$ %&$ D/0!,%)"!/" ./"!+&$+2 !% -)(,8 '),,)- %&/% p0ε = 02 -&!
& !+/ 
)"%9/8!
%!)" -!%& %&$ ")90/,!%: )' %&$ $J%9$0/, ,!'% >+$$ L$00/ 45B574?5 D$"
$2 xε
2(t) = 0')9 t ∈ I2 /"8 %&(+2 *: 8!O$9$"%!/%!)"2 uε

1(t) + εuε
2(t) = 05 A&!+ 
)"%9/8!
%+ %&$ $F(/,!%!$+

uε
1(t) = 0 /"8 uε

2(t) = +!="(pε
1(t)g(x

ε
1(t)) + pε

2(t)h(x
ε
1(t)))5M9)0 A&$)9$0 45B572 -$ 
/" /++$9% %&/%2 /+ ε %$"8+ %) 02PB
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• xε
1(·)  !"#$%& xε

2(·)' 
)*+"!,"# -*./)!012 3) x1(·)  !"#$%& x2(·)' )* [0, 1]&
• pε

1(·)  !"#$%& pε
2(·)' 
)*+"!,"# -*./)!012 3) p1(·) ≡ 1  !"#$%& p2(·) ≡ 0'&

• uε
1(·) 
)*+"!,"# 4"5612 3) u1(·) ≡ 0%7"3 -# *"83 $!)+" 3953& /)! 
"!35.* 
9).
"# )/ 39" /-*
3.)*# g(·) 5*: h(·)& 39" !",-15!.;": 
)*3!)1

uε
1(·) :)"# *)3 
)*+"!," 510)#3 "+"!249"!" 3) u1(·)% <" 
9))#" 5 #0))39 /-*
3.)* g(·) :"=*":)* >? 3953 .# #3!)*,12 )#
.1153.*, .* 39" *".,9@)!9)): )/ 1/2& /)! .*#35*
"&

g(x) = h(x) sin
1

x− 1/2
,5*: 5 A53 /-*
3.)* h #) 3953 g .# .*:"": #0))39& /)! .*#35*
"&

h(x) = exp

( −1

(x− 1/2)2

)

.>/ ε .# #0511 "*)-,9& 39"* xε
1(t) .# 
1)#" 3) t& pε

1(t) .# 
1)#" 3) 1& pε
2(t) .# 
1)#" 3) 0& 5*: 9"*
"39" #.,* )/ uε

2(t)& 3953 .# "B-51 3) 39" #.,* )/
h(xε

1(t))

(

pε
1(t) sin

1

xε
1(t)− 1/2

+ pε
2(t)

).# 
1)#" 3) 39" #.,* )/ sin 1
t−1/2 % C9"!"/)!"& 39" 
)*3!)1 uε

2(·) #3!)*,12 )#
.1153"# @"34""* −1 5*:
1 /)! t 
1)#" 3) 1/2% D.*
" uε

1(·) 5*: uε
2(·) 5!" 
)*3.*-)-# 5*: #53.#/2 (uε

1(t))
2 + (uε

2(t))
2 = 1&/)! "+"!2 t ∈ [0, 1]& .3 /)11)4# 3953 39" 
)*3!)1 uε

1(·) #3!)*,12 )#
.1153"# 5# 4"11 @"34""* −1 5*:
1 /)! t 
1)#" 3) 1/2%C9.# )#
.1153.)* /"53-!" .# #.0.15! 3) 4953 95$$"*# 4.39 
9533"!.*, 
)*3!)1#& 5*: .11-#3!53"#39" /5
3 3953 uε

1(·) 4"5612 
)*+"!,"# 3) u1(·) = 0 5# ε 3"*:# 3) 0& @-3 :)"# *)3 
)*+"!," 510)#3"+"!249"!"%E-0"!.
51 #.0-153.)*# 1"5: 3) F.,-!"# G%H 5*: G%I& )* 49.
9 4" 
5* )@#"!+" 39" )#
.1153.*,$!)$"!3."# )/ 39" !",-15!.;": 
)*3!)1#% E)3" 3953 39"#" *-0"!.
51 #.0-153.)*# 5!" :.J
-133) )@35.* 4.39 39" 5@)+" /-*
3.)* h& @"
5-#" )/ .3# A53*"##% F.!#3 )/ 511& .* )-! *-0"!.
51#.0-153.)*# 4" !539"! 
9))#" 39" /-*
3.)* h(x) = (x− 1/2)3& 3953 .# *)3 #) A53& @-3 /)! 49.
939" #2#3"0 .# 9)4"+"! *)3 #0))39  @-3 39.# :)"# *)3 
95*," 5*239.*, 3) 39" !"#-13'% D"
)*:&.3 .# :.J
-13 3) 056" 
)*+"!," 39" #9))3.*, 0"39): /)! #0511 +51-"# )/ ε& 5*: 4" 95: 3) 056"-#" )/ 5 
)*3.*-53.)* 0"39):& #35!3.*, 4.39 5 15!," +51-" )/ ε 5*: :"
!"5#.*, 3953 +51-" #3"$@2 #3"$% !"!# $%& %'()*+,
 *.
,//'0*( 1(*2/&) 3/,+&'( 
'.&4C9.# "850$1" 45# 
)*#.:"!": .* D"
3.)* KL%M%N% O"!" 4" $!)$)#" 3) #)1+" 39" 95!0)*.
 )#
.115P3)! $!)@1"0  .* 39" 1.*"5! 
5#"' -#.*, 5 #.*,1" #9))3.*, 0"39):% <" .11-#3!53" 39" 
)*+"!,"*
"!"#-13 )/ C9")!"0 G%Q%L /)! 39.# 0.*.051 3.0" $!)@1"0%NR
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 !"#$% &'() *+,-$+. uǫ
1 /ε = 0.010 0 0.2 0.4 0.6 0.8 1
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 !"#$% &'1) *+,-$+. uǫ
2 /ε = 0.010*+,2!3%$ -4% 5!,!56. -!5% 
+,-$+. 8$+9.%5 :+$ -4% 2;2-%5







ẋ(t) = y(t) ,

ẏ(t) = −x(t) + u1(t) ,
/&'&<0=!-4 !,!-!6. 6,3 >,6. 
+,3!-!+,2

x(0) = 3 , y(0) = 1 ,

x(tf ) = 0 , y(tf ) = 0 ,
/&'&(06,3 -4% 
+,-$+. 
+,2-$6!,-

|u1(t)| ≤ 1 , ∀ t ∈ [0, tf ] . /&'&10?% 8$+8+2% -4% $%"#.6$!@%3 
+,-$+. 2;2-%5






ẋε(t) = yε(t) + εuε
2(t) ,

ẏε(t) = −xε(t) + uε
1(t) ,=!-4 -4% 265% !,!-!6. 
+,3!-!+,2A 6,3 =4%$% -4% 
+,-$+. uε(·) = (uε

1(·), uε
2(·)) 26-!2>%2 -4%
+,2-$6!,-

(uε
1(t))

2 + (uε
2(t))

2 ≤ 1 , ∀t ∈ [0, tεf ] .B.. 622#58-!+,2 +: C4%+$%5 &'D'E 6$% 26-!2>%3 /-4% 5!,!56. -!5% 8$+9.%5 /&'&<0F/&'&10462 6 #,!G#% 2+.#-!+, (x(·), y(·))A 3%>,%3 +, [0, tf ]A 622+
!6-%3 =!-4 6 
+,-$+. u1(·) +, [0, tf ]'B,3 (x(·), y(·)) 462 6 #,!G#% %H-$%56. .!:- /#8 -+ 6 5#.-!8.!
6-!I% 2
6.6$0A -46- !2 5+$%+I%$,+$56.0' J,  !"#$%2 &'EK 6,3 &'EE =% 
6, +92%$I% -4% +8-!56. -$6L%
-+$; 6,3 +8-!56. 96,"M96," 
+,-$+. =!-4 5!,!56. -!5% !2 tf ≃ 5.202346' C4% 63L+!,- I%
-+$ (px, py) 622+
!6-%3 -+-4% +8-!56. -$6L%
-+$; !2 $%8$%2%,-%3 !,  !"#$%2 &'E& 6,3 &'EN'<<
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 !"#$% &'(2* py +,$ -&'&./0-&'&1/
34456!7" 8 9:,,;!7" <%;:,= ;, ;:% $%"#58$!>%= 4$,?5%< @% ,?9%$A%B 5!C% !7 ;:% D$9; %E8<45%,+ ;:!9 
:84;%$B ;:% 
,7A%$"%7
% ,+ ;:% ;$8G%
;,$!%9B ;:% 8=G,!7; A%
;,$9 87= ;:% ,4;!<85 
,7;$,59;,@8$=9 ;:% ,4;!<85 ;$8G%
;,$6B 8=G,!7; A%
;,$ 87= ,4;!<85 
,7;$,5 ,+ ;:% <!7!<85 ;!<% 4$,?5%<4$,?5%< -&'&./0-&'&1/B $%94%
;!A%56B 89 ε ;%7=9 ;, ) -9%%  !"#$%9 &'(H0&'(. +,$ ε = 0.2 87=

ε = 0.5 87=  !"#$%9 &'(I0&'&( +,$ ε = 0.1 87= ε = 0.05/' J% $%4,$; ,7 K8?5% &'( ;:% A85#%9 ,+;:% D785 ;!<% tεf ,+ ;:% ,4;!<85 ;$8G%
;,$6 x̂ε(·)B +,$ =!L%$%7; A85#%9 ,+ ε' J% ,?9%$A% ;:8;B 89%E4%
;%=B tεf 
,7A%$"%9 ;, tf ≃ 5.202346 89 ε ;%7=9 ;, 0'.I
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ε tεf
0.1 5.140856...

0.05 5.183549...

0.001 5.202331... !"#$ %&'( )!#*$+ ,- tεf
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./0*1$ %&'5( uε
1 !"!# $%&%'() *%'+ 
-&*.-) -/ ( 0(& 1+. 2-) -3
%))(*-. 6/+ ,78/9!# 
,;81,# 71,"#$9 <+$$ $&0& =>'℄@ 
,;+/+8 /; 9/;/9/A/;0 86$ B;!# 8/9$ tf +*"C$
8 8,86$ 
,;81,# +D+8$9







ẋ1(t) = x2(t) ,

ẋ2(t) = −x1(t) + x2(t)
(

1− x2
1(t)

)

+ u1(t)5E
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 !"#$% &'&(* pε
y-!./ ./% !0!.!12 103 4012 
603!.!607

x1(0) = −0.4 , x2(0) = 0.6 ,

x1(tf ) = 0.6 , x2(tf ) = 0.4 ,103 ./% 
60.$62 
607.$1!0.
|u1(t)| ≤ 1 , ∀ t ∈ [0, tf ] .8% 9$6967% ./% $%"#21$!:%3 
60.$62 7;7.%<







ẋε
1(t) = xε

2(t) + εuε
2(t) ,

ẋε
2(t) = −xε

1(t) + xε
2(t)

(

1− (xε
1(t))

2
)

+ uε
1(t)-!./ ./% 71<% !0!.!12 
603!.!607= 103 -/%$% ./% 
60.$62 uε(·) = (uε

1(·), uε
2(·)) 71.!74%7 ./%
607.$1!0.

(uε
1(t))

2 + (uε
2(t))

2 ≤ 1 , ∀ t ∈ [0, tεf ] .),
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 !"#$%$&'#( )$ *+",-#*' .! /*
).$!' 123435 "!6 123437 )8* "''&,-).$!' "!6 )8* 
$!9*:%*!
*:*'&#)' $; <8*$:*, 23=35 ":* 9*:.>*6 ?'** @.%&:*' 2322A232=B3
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 !"#$%& ' !"#$%&%'
 )$$*&)
+ &, 
&,-./)%0$&',%! 1&* 2),/32),/ 
&,%*&4 $*&240#!
 !" #$%&'()
%+'$ ! "#$% 
#'(")* +) ,-
.% -! "#) (*-/0)1 -, 2)")*1$!$!3 '! )4
$)!" (*-
)2.*) "- 
-1(.")"#) 5*%" 
-!6.3'") "$1) tc ,-* "#) 1$!$1'0 "$1) 
-!"*-0 (*-/0)1 
-!%$2)*)2 $! 7#'(")* 89 ,-*%$!30):$!(." 
-!"*-0:'4!) %;%")1% ẋ = X(x) + u1Y1(x) $!  <n +$"# 5=)2 $!$"$'0 '!2 5!'0 "$1)
-!2$"$-!% x(0) = x̂09 x(tf ) = x̂19 '!2 +#)*) "#) %
'0'* 
-!"*-0 u1 %'"$%5)% "#) 
-!%"*'$!"
|u1(t)| ≤ 19 ,-* )>)*; t ∈ [0, tf ]? @-* "#)%) %;%")1% ' "#)-*)"$
'0 
-!
)(" -, 
-!6.3'") "$1)
tc #'% /))! 2)5!)2 $! )?3? AB9 CD9 CE9 FB℄ $! "#) /'!3:/'!3 
'%)9 #-+)>)* 2$*)
" '03-*$"#1%-, 
-1(."'"$-! '*) 2$4
.0" "- '((0;? H)%$2)%9 "#)-*)"$
'0 '!2 (*'
"$
'0 $%%.)% ,-* 
-!6.3'")"$1) "#)-*; '*) +)00 I!-+! $! "#) %1--"# 
'%) J%)) )?3? A89 CK℄L9 '!2 )4
$)!" $1(0)1)!"'"$-!"--0% '*) '>'$0'/0) J%)) ADB℄L? M#) 5*%" 
-!6.3'") "$1) '0-!3 '! )="*)1'0 $% "#) "$1) '"+#$
# "#) )="*)1'0 0-%)% $"% 0-
'0 -("$1'0$";? N) .%) "#) '%;1("-"$
 '((*-'
# 2)>)0-()2 $!7#'(")* 8 +#$
# 
-!%$%"% $! '22$!3 !)+ %1--"# >)
"-* 5)02% Y2, . . . , Ym '!2 ' %1'00 ('*'1)")*
ε > 09 %- '% "- 
-1) .( +$"# "#) 1$!$1'0 "$1) (*-/0)1  !"#$ε ,-* "#) %;%")1 ẋ = X(x) +

uε
1Y1(x) + ε

∑m
i=2 u

ε
iYi(x)9 .!2)* "#) 
-!"*-0 
-!%"*'$!" ∑m

i=1(u
ε
i (t))

2 ≤ 19 +$"# "#) %'1)/-.!2'*; 
-!2$"$-!% '% "#) $!$"$'0 (*-/0)19 '!2 $!>)%"$3'") "#) 
-!>)*3)!
) (*-()*"$)% -,
-!6.3'") "$1)%? @*-1 M#)-*)1 8?B?D9 .!2)* '((*-(*$'") '%%.1("$-!%9 "#) -("$1'0 
-!"*-0%-, "#) 0'"")* (*-/0)19 2)()!2$!3 -! ε9 '*) %1--"# ,.!
"$-!% -, t9 '!2 "#) "#)-*)"$
'0 '!2(*'
"$
'0 *)%.0"% ,-* "#) 
-!6.3'") "$1) "#)-*; "#'" '*) +)00 I!-+! $! "#) %1--"# 
'%) 
'!/) '((0$)2 "- "#) *)3.0'*$O)2 (*-/0)1?  ! -.* 1'$! *)%.0" JP)
"$-! QR?89 M#)-*)1 R?8?DLL +)(*->) "#'" "#) 5*%" 
-!6.3'") "$1) tεc -, *)3.0'*$O)2 (*-/0)1 
-!>)*3)% "- "#) 5*%" 
-!6.3'")"$1) tc -, "#) $!$"$'0 (*-/0)19 +#)! ε ")!2% "- S? N) "#.% 3)" '% ' /;(*-2.
" '! )4
$)!" +';"- 
-1(.") 
-!6.3'") "$1)% $! "#) /'!3:/'!3 
'%)? ! P)
"$-! QR?D?R +) 
-!%$2)* "#) /'!3:/'!3 
'%) '!2 *)
'00 "+- 2$T)*)!" '((*-'
#)% "-2)*$>) %)
-!2 -*2)* !)
)%%'*; '!2U-* %.4
$)!" 
-!2$"$-!% ,-* %"*-!3 0-
'0 -("$1'0$"; '!2 "#)$*CR
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 !"#$%&' (%$) $)! !*%+$!'
! &- 
&'./0#$! $%1!+2 3' 4!
$%&' 562728 (!  !
#"" $)!  !0/"# %9#$%&': &
!;/ ! %'$ &;/
!; %' 4!
$%&' 5<28 &- =)#:$! <2 3' 4!
$%&' 56272> (!  !
#"" # +/?
%!'$ &:$%@1#"%$A 
&';%$%&'+ %' $)! +1&&$) 
#+! #'; $)! 
&'
!:$ &- 0!&1!$ %
 
&'./0#$! $%1!2 B)!+! $(&+!
$%&'+ # ! C! A %1:& $#'$ -& $)! -& 1/"#$%&' #'; : &C! &- &/ 1#%'  !+/"$ DB)!& !1 62<27E%' 4!
$%&' 562<2 3' 4!
$%&' 5626 (! : &C%;! $(& !*#1:"!+ $& %""/+$ #$! $)! 1#%'  !+/"$+ &- $)%+$)!+%+ DB)!& !1+ <2>27 #'; 62<27E2 !"!" #$%$&'&($ )* $+& ,-)./&'=&'+%;! $)! +%'0"!@%':/$ 
&'$ &"@#?'! +A+$!1 %' 3Fn

ẋ = X(x) + u1Y1(x), D627E()! ! X #'; Y1 # ! +1&&$) C!
$& G!";+H #'; $)! 
&'$ &" u1 %+ # 1!#+/ #I"! +
#"# -/'
$%&'+#$%+-A%'0 $)! 
&'+$ #%'$
|u1(t)| ≤ 1 , ∀t ∈ [0, tf ]. D62<EJ!$ x̂0 #'; x̂1 I! $(& :&%'$+ &- 3Fn2 K++/1! $)#$ x̂1 %+  !#
)#I"! - &1 x̂0H $)#$ %+H $)! !!*%+$+ # $%1! T > 0 #'; # 
&'$ &" -/'
$%&' u1(·) ∈ L∞(0, T ) +#$%+-A%'0 $)! 
&'+$ #%'$ D62<EH+/
) $)#$ $)! $ #.!
$& A x(·)H +&"/$%&' &- D627E (%$) x(0) = x̂0H +#$%+G!+ x(T ) = x̂12L! 
&'+%;! $)! &:$%1#" 
&'$ &" : &I"!1  !"#$ &- ;!$! 1%'%'0 # +&"/$%&' x̂(·) #++&
%#$!;$& # 
&'$ &" û1(·)H &' [0, tf ]H +#$%+-A%'0 D627EMD62<E #'; +$!! %'0 x̂0 $& x̂1 %' 1%'%1#" $%1! tf 2L! #++/1! $)#$ +/
) # +&"/$%&' x̂(·) -&  !"#$ !*%+$+2  !"!0 1%(23.%(2 4)($-5%26( &7$-&'%/8F!
#""%'0 4!
$%&' 5<26 (! N'&( $)#$H -&""&(%'0 $)! O&'$ A#0%' 1#*%1/1 : %'
%:"! D+!! PQR℄EH$)! ! !*%+$+ #' #I+&"/$!"A 
&'$%'/&/+ 1#::%'0 p̂(·) : [0, tf ] → 3FnH 
#""!;  !"#$%& '(
&#*H #'; # !#" '/1I! p0 ≤ 0H (%$) (p̂(·), p0) 6= (0, 0)H +/
) $)#$

˙̂p(t) = −∂H
∂x

(x̂(t), p̂(t), p0, û1(t))

= −
〈

p̂(t),
∂X

∂x
(x̂(t))

〉

− û1(t)

〈

p̂(t),
∂Y1

∂x
(x̂(t))

〉 D626E()! ! $)! -/'
$%&' H(x, p, p0, u1) = 〈p,X(x) + u1Y1(x)〉 + p0 %+ 
#""!; $)! + ,$-&#%$ %H #';$)! 1#*%1%9#$%&' 
&';%$%&'
H(x̂(t), p̂(t), p0, û1(t)) = max

|w|≤1
H(x̂(t), p̂(t), p0, w) D628E)&";+ #"1&+$ !C! A()! ! &' [0, tf ]2 T& !&C! H max|w|≤1H(x̂(t), p̂(t), p0, w) = 0 -& !C! A

t ∈ [0, tf ]2 3$ -&""&(+ - &1 D628E $)#$
û1(t) = +%0'〈p̂(t), Y1(x̂(t))〉 D62>E  !! !"#" $%&℄ ()* !+,-.!/
! *!-12.- )( )3.,452 -)21.,)/-"U8
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 !" #$%!&' ()("* t+ ,"!)-.(. '/#' '/( 0
!2'-23!3&4 &5-'
/-26  32
'-!2
ϕ1(t) = 〈p̂(t), Y1(x̂(t))〉.!(& 2!' )#2-&/ !2 #2* &37-2'(")#$ ! [0, tf ]8 93
/ #2 (:'"(%#$ (x̂(·), p̂(·), p0, û1(·)) -& '/(2
!%,$('($* .('("%-2(. 7* '/( -2-'-#$ #.;!-2' )(
'!" p̂(0)8 </-& (:'"(%#$ -& # ,"-!"- .(=2(.!2 '/( '-%( -2'(")#$ [0, tf ]+ 73' &-2
( -' -& 
!%,$('($* .('("%-2(. 7* '/( .->("(2'-#$ &*&'(%0?8@4A0?8?4 #2. -'& -2-'-#$ 
!2.-'-!2+ -' %#* 7( (:'(2.(.  !"5#". !2 # %#:-%#$ '-%( -2'(")#$

I ! [0,+∞)+ 
!2'#-2-26 [0, tf ]8 B2 '/-& 5#*+ 5( 
!2&-.(" '/( '"#;(
'!"* x̂(·) !2 '/-& %#:-%#$-2'(")#$ I8C!'( '/#'+ &-2
( x̂(·) -& !,'-%#$ !2 [0, tf ]+ #2. &-2
( '/( 
!2'"!$ &*&'(% 32.(" &'3.* -&#3'!2!%!3&+ -'  !$$!5& '/#' x̂(·) -& #& 5($$ !,'-%#$  !" '/( ,"!7$(% ! &'(("-26 '/( &*&'(% 0?8@4 "!% x̂(0) = x̂0 '! x̂(t)+  !" ()("* t ∈ (0, tf ]8 !!"#$%&'( )*+*+*  ! "##$%! &'"& &'! !(&)!%"* (x̂(·), p̂(·), p0, û1(·)) +# ,"-./,"-. 0- &'!+-&!)1"* I2 &'"& +#2 &'! #3+&
'+-. 5$-
&+0- ϕ1 60!# -0& 1"-+#' 0- "-7 #$,+-&!)1"* 05 I8D(2!'( 7* τ̂1, . . . , τ̂s, ... '/( E("!& ! ϕ1 !2 I 0,!&&-7$* -2 -2=2-'( 23%7("48 !!"#$%&'( )*+*,*  ! "##$%! %0)!01!) &'"& &'! !(&)!%"* (x̂(·), p̂(·), p0, û1(·)) #"&+#9!# &'!&'"-
' 7#26F7#26 G(6(2."( 
!2.-'-!22 &'"& +#2
ϕ̇1(τ̂j) =

d

dt
〈p̂(t), Y1(x̂(t))〉

∣

∣

∣

t=τ̂j

6= 0,50) !1!)7 τ̂j 3+&' j = 1, ..., s8</( H&&3%,'-!2 ?8@8I -%,$-(& '/#' '/( '-%(& τ̂1, . . . , τ̂s #"( -&!$#'(. #2. #"( -2 =2-'( 23%7("!2 ()("* 
!%,#
' &37-2'(")#$ ! I8 B2 ,#"'-
3$#"+ 5( #&&3%( '/#' '/("( #"( (:#
'$* s &5-'
/-26'-%(& !2 '/( -2'(")#$ [0, tf ]+ &3
/ '/#' 0 < τ̂1 < ... < τ̂s < tf 8 J!"(!)("+ '/( H&&3%,'-!2 ?8@8I-%,$-(& '/#' (#
/ τ̂1, . . . , τ̂s -& # &5-'
/-26 '-%( ! '/( 
!2'"!$ #2. /(2
( '/( 
!2'"!$ -& 6-)(2 7*
û1(t) =







1 - ϕ1(t) > 0,

−1 - ϕ1(t) < 0, !" ()("* t ∈ I8-./(&%&'( )*+*)* G(' T > 0+ T ∈ I8 </( '"#;(
'!"* x̂(·) -& &#-. '! 7( *0
"**7 %+-+%"* &+%! 0-
[0, T ] +- C0 &0:0*0.7 - '/("( (:-&' # 2(-6/7!"/!!. W ! '/( '"#;(
'!"* x̂(·) -2 BKn #2. # "(#$23%7(" η > 0 &3
/ '/#'+  !" ()("* '"#;(
'!"* y(·) '/#' -& &!$3'-!2 ! 0?8@4+ 
!2'#-2(. -2 W +#&&!
-#'(. 5-'/ # 
!2'"!$ v !2 [0, T + η] &#'-& *-26 '/( 
!2&'"#-2' 0?8I4+ &#'-& *-26 y(0) = x̂0#2. y(t1) = x̂(T ) 5-'/ t1 ∈ [0, T + η]+ '/("( /!$.& t1 ≥ T 8  !" 
$%" &!"'" (!" %&)(
!)*+ ,-*
().* /$0 1$*)%! .* $ %-2)*("'1$3 )% '"3$("4 (. %)*+-3$' ('$5"
(.')"%6 $*4)% .-(%)4" ., (!" %
.7" ., (!)% 
!$7("' &!"'" &" ,.
-% .* (!" 2$*+82$*+ 
$%"9LM
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 !" C0 #$
&# $'()*&#)(+ ), &#,$ 
&##"-  !"#$% &#
(& #)!*+(&*!,.  !" /$()$/ $0 1#$2&# $'()3*&#)(+ ), -"4/"- ,)*)#&5#+6 7)(! W = 89n &/- η = +∞. !" :$/(5+&1)/ *&;)*<* '5)/
)'#" *"/()$/"- 0$5*"5#+ ), & /"
",,&5+ 45,( $5-"5 
$/-)()$/0$5 $'()*&#)(+= 
$/>"5,"#+6 ";(5"*&#, &5" /$( /"
",,&5)#+ #$
&##+ $'()*&#6 &/- (!"5" !&>" 2""/*&/+ 7$5?, $/ !)1! $5-"5 /"
",,&5+ $'()*&#)(+ 
$/-)()$/, @,"" ".1. ABC℄E &/- $/ ,<F
)"/( @45,(&/- ,"
$/- $5-"5E $'()*&#)(+ 
$/-)()$/, -"(&)#"- )/ (!" /";( ,"
()$/. !"! #$
&'( &)($) &*+,-./,+0 
&'(,+,&'1 .'( 2.'342.'3 
&'563.+$ +,-$1G$/,)-"5 (!" ";(5"*&# (x̂(·), p̂(·), p0, û1(·)) $0 (!" '5$2#"*  !"#$ )/(5$-<
"- '5">)$<,#+.%&'()*)+( ,-.-/-  !" 
-! !*+. t
!"(x̂0) ), -"4/"- &, (!" 45,( '$,)()>" ()*" $0 I 2"+$/- 7!)
!(!" (5&H"
($5+ x̂(·) #$,", )(, 1#$2&# $'()*&#)(+ ,(&(<, 0$5 (!" '5$2#"* $0 ,(""5)/1 (!" ,+,("*@I.BEJ@I.KE 05$* x̂0 ($ x̂1 )/ *)/)*&# ()*"6 7)(! (!" &15""*"/( (!&( t
!"(x̂0) = +∞ 7!"/">"5
x̂(·) ), 1#$2&##+ $'()*&# $/ ">"5+ )/("5>&# [0, T ]6 T > 06 T ∈ I.  !" '$)/( x̂(t
!"(x̂0)) ), 
&##"-& 
-! )#*$!.L!"5"&, ,<
! & 1#$2&# $'()*&#)(+ ,(&(<, ), -)F
<#( ($ 
!&5&
("5)M"6 (!" #$
&# $'()*&#)(+,(&(<, $0 & (5&H"
($5+ *&+ 2" 
!&5&
("5)M"- <,)/1 (!" 
$/
"'( $0 
$/H<1&(" ()*"6 (!&( ),6(!" ()*" &( 7!)
! (!" $'()*&# (5&H"
($5+ x̂(·) #$,", )(, #$
&# $'()*&#)(+. L" /";( 5"
&## 7"##?/$7/ 0&
(, $/ 45,( 
$/H<1&(" ()*", $0 ,$#<()$/, x̂(·) $0 (!" $'()*&# 
$/(5$# '5$2#"*  !"#$&,,$
)&("- ($ 2&/132&/1 
$/(5$#, û1(·). !" -"4/)()$/ &/- 
$*'<(&()$/ $0 
$/H<1&(" '$)/(, &5" &/ )*'$5(&/( ($')
 )/ (!" (!"$5+ $0
&#
<#<, $0 >&5)&()$/, @,"" ".1. ABI℄E. 8/ ANN℄ (!" )/>",()1&()$/ $0 (!" -"4/)()$/ &/- 
$*'<(&()$/$0 
$/H<1&(" '$)/(, 0$5 *)/)*&# ()*" 
$/(5$# '5$2#"*, ), 2&,"- $/ (!" ,(<-+ $0 ,"
$/- $5-"5
$/-)()$/,. 8/ 0&
(6 ,"
$/- $5-"5 /"
",,&5+ &/-O$5 ,<F
)"/( 
$/-)()$/, &5" 
5<
)&# 0$5 ,(<-+ $0(!" 45,( 
$/H<1&(" ()*" $0 (!" '5$2#"*  !"#$. 8/ ABBP℄6 (!" (!"$5+ $0 "/>"#$'", &/- 
$/H<1&("'$)/(, ), <,"- 0$5 (!" ,(<-+ $0 (!" ,(5<
(<5" $0 #$
&##+ $'()*&# 2&/132&/1 (5&H"
($5)", 0$5 (!"'5$2#"*  !"#$ )/ 892 &/- 893= (!"," 5",<#(, 7"5" 1"/"5&#)M"- )/ AQP℄.0&
+(2 +32&3 +4*)567)*8 
+(2)*)+(9L!"/ (!" $'()*&# 
$/(5$# '5$2#"* !&, & /$/#)/"&5 
$/(5$# ,+,("* &/- (!" ";(5"*&# 
$/(5$#,&5" 
$/()/<$<,6 (!" #)("5&(<5" $/ 45,( &/-O$5 ,"
$/- $5-"5 ,<F
)"/( 
$/-)()$/, ), >&,(= ,""".1. ABR6 RB6 QC6 ST6 SS6 SN6 CI6 CQ6 BKQ℄ &/- 5"0"5"/
", (!"5")/. 8/ (!), 
&," /<*"5)
&# '5$
"-<5",&5" &>&)#&2#" ($ (",( ,"
$/- $5-"5 ,<F
)"/( 
$/-)()$/,= ,"" ".1. ABP6 SP6 SS℄. U$5 ,"
$/- $53-"5 /"
",,&5+ &/-O$5 ,<F
)"/( 
$/-)()$/, $0 $'()*&# 
$/(5$# '5$2#"*, 7)(! /$/#)/"&5 
$/(5$#,+,("*, &/- -),
$/()/<$<, 
$/(5$#, ,"" ".1. ACN℄ &/- 5"0"5"/
", (!"5")/.L" 7)## /";( 0$
<, $/ ,"
$/- $5-"5 /"
",,&5+ &/-O$5 ,<F
)"/( $'()*&#)(+ 
$/-)()$/, 0$5$'()*&# 
$/(5$# '5$2#"*, 7)(! &F/"3
$/(5$# ,+,("*, &/- 2&/132&/1 $'()*&# 
$/(5$#,.CQ
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 ! "#$$℄ & '(!('&) *('+ 
-!*.-) /.-0)+' 1-. 
-!*.-)2&3!+ 454*+'4 (4 
-!4(6+.+6 &!6 7.4*&!6 4+
-!6 -.6+. 483
(+!* -/*('&)(*5 
-!6(*(-!4 &.+ 6+.(9+6: 1-. 0&!;20&!; <-!*.5&;(! +=2*.+'&) 
-!*.-)4 >?(
? &.+ L12)-
&))5 -/*('&)@  ! "A#℄ *?+ 4&'+ -/*('&) 
-!*.-) /.-0)+' (44*86(+6 &!6 *?+ &8*?-.4 /.-9(6+ 483
(+!* 
-!6(*(-!4 1-. 4*.-!; )-
&) -/*('&)(*5 &!6 6+9+)-/!8'+.(
&) '+*?-64 *- *+4* *?+ /-4(*(9+ 6+7!(*+!+44 -1 & 4/+
(7
 B8&6.&*(
 1-.'@  ! 0-*? /&2/+.4 "#$$℄ &!6 "A#℄: *?+ 483
(+!* -/*('&)(*5 
-!6(*(-!4 &.+ +=/.+44+6 (! *+.'4 -1 B8&6.&*(
1-.'4: ?->+9+. &)*?-8;? *?+ 4&'+ 
.(*(
&) 4804/&
+ (4 84+6: *?+ B8&6.&*(
 1-.' (! "#$$℄ (4 &)->+. 0-8!6 1-. *?+ -!+ (! "A#℄@  ! 1&
*: *?+ 4+
-!6 -.6+. 483
(+!* -/*('&)(*5 
-!6(*(-! (! "A#℄(4 &)>&54 18)7))+6 >?+!+9+. *?+ 
-..+4/-!6(!; 
-!6(*(-! (! "#$$℄ (4@ ! "CA: A#℄ -/*('(D&*(-! '+*?-64 &.+ ;(9+! *- *+4* 4+
-!6 -.6+. 483
(+!* -/*('&)(*5 
-!26(*(-!4 1-. -/*('&) 
-!*.-) /.-0)+'4 >(*? 0-8!6+6 4
&)&. 
-!*.-)4 "A#℄: &!6 9+
*-.29&)8+6
-!*.-)4 "CA℄@ ! "E℄ *?+ &8*?-.4 6+.(9+ 4+
-!6 -.6+. 483
(+!* 
-!6(*(-!4: 8!6+. *?+ 4&'+ .+;8)&.(*5&448'/*(-!4 &4 "A#℄: 1-. &! -/*('&) 
-!*.-) /.-0)+' (! *?+ F&5+. 1-.' >(*? 7=+6 7!&) *('+:>(*? &3!+2
-!*.-) 454*+'4 &!6 0&!;20&!; -/*('&) 
-!*.-)4@  ! "G$℄ *?+ &8*?-.4 4?->+6 *?&*:(! 
+.*&(! 
&4+4: *?+ 4+
-!6 -.6+. 483
(+!* 
-!6(*(-!4 ;(9+! (! "A#℄ &.+ +B8(9&)+!* *- *?+ -!+4(! "E℄@  ! *?+ 
&4+4 >?+.+ *?+ +B8(9&)+!
+ ?-)64: *?+ .+48)*4 -0*&(!+6 (! "G$℄ +=*+!6 *?-4+ (! "E℄*- *?+ /.-0)+' -1 1.++ 7!&) *('+: >(*? '(=+6 (!(*(&) &!6 *+.'(!&) 
-!6(*(-!4 -1 +B8&)(*5 &!6(!+B8&)(*5 *5/+@ H?+ 6+*&()+6 /.--14 -1 *?+ '&(! .+48)*4 (! "G$℄ &.+ ;(9+! (! "G#℄@  ! "E℄ &7!(*+26('+!4(-!&) 480/.-0)+' (4 
-!4(6+.+6 >?(
? 
-!4(4*4 (! '-9(!; *?+ 4>(*
?(!; *('+4 &!6& 4+
-!6 9&.(&*(-! (4 6+7!+6 &4 & 
+.*&(! B8&6.&*(
 1-.' &44-
(&*+6 *- *?(4 480/.-0)+'I *?+!:7!6(!; & 
-!J8;&*+ *('+ 
-!4(4*4 (! *+4*(!; *?+ /-4(*(9(*5 -1 *?&* B8&6.&*(
 1-.'@ H?+ &8*?-.4/.-9+ *?&* *?(4 
&! -!)5 ?&//+! &* & 4>(*
?(!; *('+@ ! "GE℄ *?+ '(!('&) *('+ /.-0)+' 1-. 
-!*.-)2&3!+ 454*+'4 (4 4*86(+6@ K! &!&)-;-84B8&6.&*(
 1-.' *- *?+ -!+ (! "E℄ (4 6+7!+6: 08* *?+ L(!6 -1 -/*('&)(*5 4*86(+6 (4 & 4*.-!;+.-!+ M4*&*+ )-
&) -/*('&)(*5N@ !"#$"%&
 ()$*+K4 '+!*(-!+6 &0-9+ *?+ B8&6.&*(
 1-.'4 6+7!+6 (! "E:A#℄ &.+ +B8(9&)+!* M4++ "G$:G#℄N: &)*?-8;?*?+ >&5 *?+5 &.+ 6+7!+6 (4 6(O+.+!*@  ! *?(4 
?&/*+. >+ -!)5 ;(9+ & 0.(+1 4L+*
? -1 & /-44(0)+/.-
+68.+ *- 6+7!+ *?+ B8&6.&*(
 1-.' M4++ K//+!6(= K >?+.+ *?+ B8&6.&*(
 1-.' 6+68
+6(! "A#℄ (4 .+
&))+6N@P+* F (t; τ1, ..., τs) = x(t; τ1, ..., τs) 0+ *?+ '&//(!; &44-
(&*+6 >(*? *?+ 7!(*+26('+!4(-!&)/.-0)+' 
-..+4/-!6(!; *- ,-./0 *?&* 
-!4(4*4 (! '-9(!; *?+ 4>(*
?(!; *('+4 τ1, . . . , τs(! & !+(;?0-.?--6 -1 *?+ .+1+.+!
+ 4>(*
?(!; *('+4 τ̂1, . . . , τ̂s M4++ "E: CA: G$: G#: GE℄N: >?+.+
x(t; τ1, ..., τs) (4 *?+ *.&J+
*-.5 4-)8*(-! -1 MQ@#N: -! [0, t]: >(*? x(0) = x̂0: &44-
(&*+6 *- *?+0&!;20&!; 
-!*.-) u1(·) >(*? 4>(*
?(!; *('+4 τ1, ..., τs &!6 48
? *?&* (* 
-(!
(6+4 >(*? *?+.+1+.+!
+ *.&J+
*-.5 x̂(·) >?+!+9+. τi = τ̂i 1-. +9+.5 i@ R-*+ *?&* *?+ *.&J+
*-.5 x(·; τ1, ..., τs)AC
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 ! "#$ $%& '(#)&
$ #" #+ ," &-$(&.,/ 0%&"&1&( τi 6= τ̂i2 3%& .,'' "4 F  ! 0&// 5&6"&5 +#( t " , "& 4%7#(%##5 #+ tf ,"5 τi  " , "& 4%7#(%##5 #+ τ̂i +#( &1&(8 i9 ,"5  ! $%& 
#.'#! $ #" #+!.##$% .,'' "4!9 $%&(&+#(&  ! 5 :&(&"$ ,7/&2 ;&"#$ "4 τ = (τ1, ..., τs)9 #"& %,!
∂F

∂τ
(t; τ1, ..., τs) =









∂x1

∂τ1
(·) . . . ∂x1

∂τs
(·)222 222 222

∂xn

∂τ1
(·) . . . ∂xn

∂τs
(·)









,,"5
∂F

∂t
(t; τ1, ..., τs) = ẋ(t; τ1, ..., τs).< "
& x̂(·)  ! #'$ .,/9  $ +#//#0! $%,$

rank

(

∂F

∂τ
(t; τ̂1, ..., τ̂s)

)

≤ n− 1.="5&&59 #$%&(0 !&9  + rank
(

∂F
∂τ (t; τ̂1, ..., τ̂s)

)

= n $%&" F 0#>/5 7& , /#
,/ !>7.&(! #"9 0% 
%
#"$(,5 
$! $%& #'$ .,/ $8 #+ x̂(·)2 3%&(&+#(&9 $%&(& &- !$! , .>/$ '/ &( ψt ∈ =?n\{0} !>
% $%,$
ψt · ∂F

∂τ (t; τ̂1, ..., τ̂s) = 02 ;&"#$& 78 Qt $%&  "$( "! 
 !&
#"5 5&( 1,$ 1& #+ $%& .,'' "4 F 9 5&6"&578
Qt = ψt ·

∂2F

∂τ2
(t; τ̂1, ..., τ̂s)

∣

∣

∣

ker ∂F
∂τ

(t;τ̂1,...,τ̂s)
. @A2BCD-'/ 
 $ +#(.>/,! #+ Qt ,(& 4 1&"  " EA9F9GH9IF℄K  " ',($ 
>/,( +#(.>/,!  " $&(.! #+ L & 7(,
M&$!#+ $%& 1&
$#( 6&/5! 
," 7& 5&( 1&523%& "&-$ $%&#(&.9 
#.7 ",$ #" #+ !&1&(,/ M"#0" (&!>/$!9 '(#1 5&! , "&
&!!,(8 ,"5N#(!>O
 &"$ 
#"5 $ #" +#( !$(#"4 /#
,/ #'$ .,/ $82 !"#$"% &'(') @ EA9F9GH9GP9IF℄C'  !" (x̂(·), p̂(·), p0, û1(·)) #! $ #$%&'#$%& !(")!*$+ ,-)  !"#$.!/%!. -% $ *$(0*$+ "0*! 0%"!)1$+ I -, [0,+∞) 
-%"$0%0%& [0, tf ]3 4, "506 !(")!*$+ 6$"06/!6"5! 6")0
" #$%&'#$%&  !&!%.)! 
-%.0"0-% -% I 76!! 8669*:"0-% ;3<3=>? "5!% ,-) !1!)@ t ∈ I? "5!,-++-A0%& 5-+.6B

• 4, "5! C9$.)$"0
 ,-)* Qt 06 :-60"01! .!/%0"! "5!% x̂(·) 06 $ +-
$+ *0%0*0D!) 0% "5! C0"-:-+-&@ -% [0, t]3
• 8669*! *-)!-1!) "5$" x̂(·) 5$6 $ 9%0C9! !(")!*$+ +0," 79: "- $ *9+"0:+0
$"01! 6
$+$)>

(x̂(·), p̂(·), p0, û1(·))? A50
5 06 *-)!-1!) %-)*$+ 7p0 = −1>3 4, x̂(·) 06 +-
$++@ -:"0*$+ 0%"5! C0 "-:-+-&@ -% [0, t] "5!% Qt &01!% #@ @A2BC 06 %-%%!&$"01!3E!*$)F A2H2B3 Q"5&( $%& ,!!>.'$ #"! #+ $%& 3%&#(&. A2H2F9 $%& !&$
{t > 0 | Qt %,! , "#"$( 1 ,/ M&("&/} ! 5 !
(&$& ,"5 
," #"/8 
#"! !$ #+ !#.& !0 $
% "4 $ .&! @!&& EF℄C2 3% ! (&.,(M '&(. $! $#5&6"& $%& "#$ #" #+ 6(!$ 
#")>4,$& $ .&2 GG
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 !"#$%$&# '()(*(  !"  !"# 
%&'()*#+ #,-+ tc #$ x̂(·) %& '"()"' *+
tc = sup{t | Qt %& ,#&%-%." '"()%-"} = inf{t | Qt %& %)'"()%-"} . !" ,#%)- x̂(tc) %& 
011"' -!"  !"# 
%&'()*#+ .%,&# #$ -!" -203"
-#2+ x̂(·)4/+-*!0 546471 8 
#)39:0-" -%;" 
0) #)1+ #

92 0- 0 &<%-
!%): -%;"4+,%-!./0 "!01 /22-&/
4=9>
%")- #,-%;01%-+ 
#)'%-%#)& $#2 0 :")"201 #,-%;01 
#)-2#1 ,2#*1"; 02" ,2#.%'"' %) ?7@℄ B&""01&# ?CDEC℄F <%-! 0 '%G"2")- ,#%)- #$ .%"< -!0) -!" #)" 2"
011"' %) -!" ,2".%#9& ,020:20,!4 H)?7@℄ -!" 09-!#2& &-9'+ 1#
01 #,-%;01%-+ 
#)'%-%#)& $#2 *#-! 
#)-%)9#9& 0)' ,%"
"<%&" 
#)-%)9#9&B%)
19'%): *0):I*0):F 
#)-2#1&4  !" &9>
%")- 
#)'%-%#)& '"."1#,"' %) -!0- 02-%
1" 02" *0&"'#) -!" ;"-!#' #$ 
!020
-"2%&-%
& 0)' -!" -!"#2+ #$ "J-2";01 ("1'&4 =9>
%")- #,-%;01%-+
#)'%-%#)& 02" :%.") $#2 ";*"''%): 0 2"$"2")
" -203"
-#2+ %)-# 0 1#
01 ("1' #$ *2#K") "J-2";01&4  !" #

922")
" #$ 0 
#)39:0-" ,#%)- %& 2"10-"' <%-! 0 &#I
011"' #."210, #$ -!" L#< )"02 -!"&<%-
!%): &92$0
"4 ="
#)' #2'"2 &9>
%")- #,-%;01%-+ 
#)'%-%#)& &-0-"' %) ?7@℄ !0." *"") -"&-"')9;"2%
011+ $#2 *0):I*0): 
#)-2#1 ,2#*1";&M &"" "4:4 ?N6℄4 ="" 01&# ?665℄ <!"2" &9>
%")-#,-%;01%-+ 
#)'%-%#)& $#2 *0):I*0): 
#)-2#1& *0&"' #) -!" "J-2";01 ("1' 0,,2#0
! 02" &-9'%"'4H) ?6DODC℄D 9&%): P0;%1-#)%0) ;"-!#'& 0)' -!" "J-2";01 ("1' -!"#2+D %- %& 
#)&-29
-"'D 9)'"2
"2-0%) 
#)'%-%#)&D 0 )#)I%)-"2&"
-%): ("1' #$ &-0-" "J-2";01&! -!0- 
#."2& 0 :%.") "J-2";01-203"
-#2+ x̂(·)4 H) ?C℄ -!" 09-!#2& 0&&#
%0-" -!" #

922")
" #$ 0 
#)39:0-" ,#%)- <%-! 0 $#1',#%)- #$ -!" L#< #$ -!" "J-2";01 ("1'4 Q" )"J- 2"
011 -!" P0;%1-#)%0) 0,,2#0
! ,2"&")-"'%) ?CD EC℄4R#2 "."2+ z0 = (x0, p0) ∈ HSn × HSnD 1"- z(·, z0) = (x(·, z0), p(·, z0)) '")#-" -!" &#19-%#) #$-!" &+&-"; #$ "T90-%#)& B546F 0)' B545FD <%-! -!" 
#)-2#1 B54CFD &9
! -!0- z(0, z0) = z04  !"+2.%&+&#,*3 -*..,&) %& -!") '"()"' *+

exp(t, z0) = x(t, z0).H) 56789 0& %) -!" ,2#*1";& 
#)&%'"2"' %) ?C℄ 0)' ?EC℄ -!" %)%-%01 ,#%)- %& )#- $2"" Bx̂0 %& 0(J"' ,#%)- #$ HSnF4  # 0,,1+ -!" P0;%1-#)%0) 0,,2#0
! ,2"&")-"' %) ?CDEC℄D <" 
#)&%'"2 0 C2$9)
-%#) α : HSn → HS &9
! -!0- α′(x̂0) = p̂0D <!"2" α′(x0) '")#-"& dα
dx (x0) 0)' p̂0 = p̂(0)4 !" $9)
-%#) α 2",2"&")-& 0 ,")01%U0-%#) #) -!" %)%-%01 ,#%)- x̂0 0)' 0 )"< ()%-"I'%;")&%#)01&9*,2#*1"; %& 
#)&%'"2"'D <%-! $2"" %)%-%01 ,#%)- α(x̂0)D -!0- 
#)&%&-& %) ;#.%): -!" &<%-
!%):-%;"& 0)' ;%)%;%U%): α(x̂0) + tf 4  !"#$% $&'!$()*+ )!$ )++"
-)'$. '" /-$
$0-+$ 
"%'-%1"1+ 
"%'!"*+2! 3 %"%4-%'$!+$
'-%5 $&'!$()*+ 0$ ($)% '6)' 7"! )%3 8&$. t ∈ (0, tc) )%. )%3 $&'!$()* '!)9$
'"!-$+ x(·):

y(·) 0-'6 -%-'-)* /"-%'+ x0, y0: !$+/$
'-;$*3: 0-'6 x0: y0 
*"+$ '" x̂0: 0$ 6);$ x(t) 6= y(t)27E
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 !" "#$%&"'
" )* + *,'
&$)' α $' &!" -."/$),% 
)'0$&$)'% 1+% -.)/"0 $' 234℄6 7).")/".8$' 293℄ &!" +,&!).% -.)/"0 &!+& $* &!" :,+0.+&$
 *).; <=6>? $% -)%$&$/" 0"@'$&"8 &!"' &!" :,+0.+&$
*).; +%%)
$+&"0 &) &!" @'$&"A0$;"'%$)'+B %,C-.)CB"; )* ;)/$'D &!" %1$&
!$'D &$;"% 1$&! *.""$'$&$+B -)$'& $% +B%) -)%$&$/" 0"@'$&"6E"& O C" + '"$D!C).!))0 )* &!" $'$&$+B -)$'& x̂06 E"& x0 ∈ OF 0"@'" &!"  !"#
%"&' #"()*+&
#",& τj : O → GH 1$&!
τ0(x0) = 0 +'0 τj(x̂0) = τ̂j , j = 1, ..., s,%,
! &!+&

ϕ1(τj(x0)) = 〈p(τj(x0), x0, α
′(x0)), Y1(x(τj(x0), x0, α

′(x0)))〉 = 0 , j = 1, ..., s .G' )&!". 1).0%8 τj(x0) $% &!" jthA%1$&
!$'D &$;" )* &!" "#&.";+B x(·, x0, α
′(x0)), p(·, x0, α

′(x0))%&+.&$'D *.); (x0, α
′(x0))8 1$&! x0 
B)%" &) x̂06I$'
" x̂(·) $% + ;$'$;+B &$;" &.+J"
&).K8 &!"." !)B0% max

|w|≤1
H(x̂0, p̂0, p

0, w) = 06 L)'%$0". &!"%"&
X = {x0 ∈ O | max

|w|≤1
H(x0, α

′(x0), p
0, w) = 0}.M" 
B+$; &!+& X $% + (n − 1)A0$;"'%$)'+B ;+'$*)B06  !"##"$ 
&!'("#) *+# ,-.

G : O →  /
x0 7→ G(x0) = max

|w|≤1
H(x0, α

′(x0), p
0, w)

01234-!" *+# 5#
*&) 6#7" h1(x0) = X(x0) + u1Y1(x0) *+-* "#6!#' *+# #8*)#,-7 *)-9#
*&): x(·) &!*+# (!*#)5-7 [0, τ1(x0))$ -''&
(-*#" *& *+# 5-7;# u1 *+-* '-*('6#' *+# ,-8(,(<-*(&! 
&!"(*(&!012=4 &! *+# )#>#))#" (!*#)5-72 ?)&5(!@ *+-* X (' - (n − 1)A"(,#!'(&!-7 ,-!(>&7" -,&;!*' *&.)&5# *+-*$ >&) #5#): >;!
*(&! α ∈ C2 ';
+ *+-* α′(x0) = p0$ *+#)# +&7"' dG(x0) 6= 0 B#>&)#*+# 6)'* 
&!9;@-*# *(,# tc2 C+# '#
&!" 5-)(-*(&! >&),;7- @(5#! (! DEF$ .2 G3F$ #H;-*(&! 0IG4℄*-K#! -* (δx, ε) = (h1(x0),−1, 0, ..., 0) (' #H;-7 *&$ ->*#) '&,# '(,.7(6
-*(&!'$ dG(x0) · h1(x0)2L(!
# *+# '#
&!" 5-)(-*(&! (' .&'(*(5# "#6!(*# &! (0, tc) *+#! dG(x0) ·h1(x0) 6= 0 B#>&)# tc2 C+#
7-(, (' .)&5#"2M#6!# *+# jth 'N(*
+(!@ ';)>-
# Σj$ >&) j = 1, ..., s$ -' *+# (,-@# &> *+# ,-..(!@
x0 7→ exp(τj(x0), x0, α

′(x0)) ,N+#)# x0 ∈ X2 !"#$% 12I2E&  > *+# '*)(
* B-!@AB-!@ O#@#!")# 
&!"(*(&! +&7"'$ *+#! *+# P&N -''&
(-*#" *&*+# ,-8(,(<#" Q-,(7*&!(-! 
)&''#' *+# 'N(*
+(!@ ';)>-
# Σj -* *+# (!'*-!* τ̂j *)-!'5#)'-77:$>&) j = 1, ..., s 0'## DF℄42  !" #$%&'"() )!#) *+,,+-. /. 0&" )+ 12 3+%%/+,/(/2ER
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 !"#$"% &'('()  !"#$%#$&#$'℄)'  !" (x̂(·), p̂(·), p0, û1(·)) #! $ #$%&'#$%& !(")!*$+ ,-)  !"#$".$" /$"0/1!/ ".! /")0
" #$%&'#$%&  !&!%3)! 
-%30"0-% -% [0, tc)4 50". tc < +∞6 7.! ")$8!
"-)9
x̂(·) 0/ /")-%& +-
$++9 -:"0*$+ 0, $%3 -%+9 0, ".!)! !(0/"/ $ ,;%
"0-% α ∈ C2 50". α′(x̂0) = p̂0/;
. ".$"<
• ".! ")$8!
"-)9 x̂(·) 
$% #! !*#!33!3 0%"- ".! 1!+3 -, %-%'0%"!)/!
"0%& =#)->!%? !(")!*$+/

(t, x0) 7→ exp(t, x0, α
′(x0)) 5.!)! x0 ∈ O@

• ".0/ 1!+3 -, !(")!*$+/ 
)-//!/ ".! /50"
.0%& /;),$
!/ Σj ")$%/A!)/$++94 ,-) j = 1, ..., s4$%3 ,-) j = 1, ..., s + 14 50". τs+1(x̂0) = tc4 ".! *$::0%&
(τj−1(x0), τj(x0))×X −→ BCn

(t, x0) 7−→ exp(t, x0, α
′(x0))0/ -, )$%> n6C!*$)> *+&+&&6 ,- ./0 
2-34.42-5 26 7/02809 *+&+&%# :. ./0 ;85. 
2-<=>:.0 ?24-. x̂(tc)# ./0@2A 26 ./0 0B.809:C ;0C3 80@0
.5 2D ./0 5A4.
/4-> 5=86:
0# 
:=54-> :- 2E08C:? 26 ./0 @2A -0:8./45 5=86:
0  500 F4>=80 *+& G 5A4.
/4-> 5=86:
0 Σs+1# :-3 500 !H&# $'℄)+

Σs Σs+1

F4>=80 *+&I F40C3 26 0B.809:C5C!*$)> *+&+&J6 K0. fj(x0) = X(x0) + ujY1(x0)# 628 j = 1, ..., s+ 2 :-3 x0 ∈ O# L0 ./0 E0
.28;0C35 ./:. 30;-0 ./0 0B.809:C .8:<0
.28M x(·) 2- (τj−1(x0), τj(x0))# A4./ τs+1(x̂0) = tc :-3A/080 uj 45 ./0 E:C=0  1 28 −1) 26 ./0 
2-.82C ./:. 5:.45;05 ./0 9:B494N:.42- 
2-34.42-  *+O) 4-0:
/ 805?0
.4E0 4-.08E:C+ ,6 A0 .:P0 x0 ∈ X :-3 j = 1, ..., s+1# ./0- 628 (t, x0) ∈ (τj−1, τj)×X

det
(

exp(t, x0, α
′(x0)), fj(x0)

)/:5 
2-5.:-. 54>-  500 !Q"℄)+R2802E08# ./0 30.0894-:-.5
det

(

d

dx0
exp(t, x0, α

′(x0))
∣

∣

∣

(t,x0)∈(τs(x0),τs+1(x0))×X
, fs+1(x0)

)Q&
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 !"
det

(

d

dx0
exp(t, x0, α

′(x0))
∣

∣

∣

(t,x0)∈(τs+1(x0),τs+2(x0))×X
, fs+2(x0)

)# $% "&'%(%!) *&+!* ,*%% -./℄123#% 
5678) )&5! 59 
5!:8+ )% )&6%* &! )#% ; !+<; !+ 
 *% &* "&=
8>) &! 7( 
)&
%2 ?!)#% > *) 9%@ A% (* *%$%( > 6%)#5"* # $% ;%%! "%$%>57%" 95( )#% !86%(&
 > &67>%6%!) )&5! 59*%
5!" 5("%( *8=
&%!) 57)&6 >&)A 
5!"&)&5!* ,*%%B %2+2B -CDB DE℄  !" (%9%(%!
%* 
&)%" )#%(%&!123#%*% !86%(&
 > 7(5
%"8(%*  >>5@ )#% 
5678) )&5! 59 )#% F(*) 
5!:8+ )% )&6%B 95( ; !+<; !+57)&6 > 
5!)(5> 7(5;>%6* @&)#  =!%<
5!)(5> *A*)%6*B @#%!%$%( &) %G&*)*  !" &*  )) &!%"  )  
jth *@&)
#&!+ )&6%2 H%*&"%*B &! )#% *655)# 
 *%B %=
&%!) )55>*  (%  $ &> ;>%I *%% %2+2 -E/℄2 J%!%G) 7(575*%  (%+8> (&K )&5! 7(5
%"8(% @#&
#  >>5@* )#% 8*% 59 )#%*% )55>* 95( )#% 
5678) )&5!59 )#% F(*) 
5!:8+ )% )&6% 95( )#% 7(5;>%6  !"#$2 L5@%$%(B &! 7( 
)&
%B &9 j &* )55 > (+% )#%!)#% !86%(&
 > 
5678) )&5! 59 )#% F(*) 
5!:8+ )% )&6% 6 A ;%
56% $%(A "&=
8>) %&)#%( 8*&!+)#% 6%)#5"* 95( ; !+<; !+ 5( *655)# 
5!)(5>*2 !"!# $%&'()*+,)-+./ 0*.
%2'*%M%
 >> )#% (%+8> (&K )&5! 7(5
%"8(% &!)(5"8
%" &! N%
)&5! OP2Q 59 R# 7)%( P2S%) ε ;%  75*&)&$% (% > 7 ( 6%)%(  !" >%) Y2, . . . , Ym ;% m − 1  (;&)( (A *655)# $%
)5(F%>"* 5! ?MnB @#%(% m ≥ 2 &*  ! &!)%+%(2 R5!*&"%( )#% 
5!)(5>< =!% *A*)%6

ẋε(t) = X (xε(t)) + uε
1(t)Y1 (xε(t)) + ε

m
∑

i=2

uε
i (t)Yi (xε(t)) , ,T2D1@#%(% )#% 
5!)(5> uε(t) = (uε

1(t), . . . , u
ε
m(t)) * )&*F%* )#% 
5!*)( &!)
m
∑

i=1

(uε
i (t))

2 ≤ 1. ,T2.1R5!*&"%( )#% 57)&6 > 
5!)(5> 7(5;>%6  !"#$ε 59 "%)%(6&!&!+  )( :%
)5(A xε(·)B *5>8)&5!59 ,T2D1U,T2.1 5! [0, tεf ]B *8
# )# ) xε(0) = x̂0  !" xε(tεf ) = x̂1B  !" 6&!&6&K&!+ )#% )&6% 59)( !*9%( tεf 2 3#% 7 ( 6%)%( ε &* $&%@%"  *  7%! >&K )&5! 7 ( 6%)%(2 3#% %G&*)%!
% 59  ) >% *)5!% *5>8)&5! 95(  !"#$ε &* 7(5$%" &! S%66 P2/2V ,R# 7)%( P12?! 3#%5(%6 P2/2E ,N%
)&5! OP2/ 59 R# 7)%( P1 @% 7(5$% )# ) &9 )#% 7(5;>%6  !"#$ # * 8!&W8% *5>8)&5! x̂(·)B "%F!%" 5! [0, tf ]B  **5
& )%" @&)#  ; !+<; !+ 
5!)(5> û1(·) 5! [0, tf ]B !" &9B 65(%5$%(B x̂(·) # *  8!&W8% %G)(%6 > >&9) ,87 )5  68>)&7>&
 )&$% *
 > (1B @#&
# &*65(%5$%( !5(6 >B "%!5)%" (x̂(·), p̂(·),−1, û1(·))B )#%!B 8!"%( )#% X**867)&5! P2Q2EB )#% 57)&6 >
5!)(5>* 59  !"#$ε  (% *655)# 98!
)&5!* 59 t  !" 
5!$%(+%  >65*) %$%(A@#%(% 5! [0, tf ] )5)#% 57)&6 > 
5!)(5> 59  !"#$2 Y5(%5$%(B )#%  **5
& )%" )( :%
)5(&%* x̂ε(·)  !"  ":5&!) $%
)5(*
p̂ε(·) 
5!$%(+% 8!&95(6>A )5 x̂(·)  !" p̂(·)B (%*7%
)&$%>AB 5! [0, tf ]B @#%! ε )%!"* )5 Z2 !"#$% T2E2ET& 3#&* (%*8>) (%6 &!* )(8% &9 @% %G)%!" 95(@ (" )#% &!)%($ > [0, tf ] 5!  ! &!)%($ >
[0, T ] 95( T ∈ IB @#%(% I &*  6 G&6 > )&6% &!)%($ > 59 [0,+∞) 
5!) &!&!+ [0, tf ]2.P
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 !"!# $%&'()*+, +-.,/ -& +0, /.%%+0 
*/, ! "!
$%% &'( )' *!+,! )&! 
',
!-) '. +"/) 
',012$)! )34! .'" )&! /4'')& '-)34$% 
',)"'%-"'5%!4  !"#$ε6 7 +"/) -'//35%! *!+,3)3', '. 
',012$)! )34!/ 3/ 3, )!"4/ '. $ 81$*"$)3
.'"49 (&3
& 3/ )&! /!
',* '"*!" 3,)"3,/3
 *!"3:$)3:! '. )&!  !"#$%&!' ()$$&!* *!+,!* 5;
E(ε, tεf , x̂0, u

ε) = xε(tεf ) (&!"! t 7→ xε(ε, t, x̂0, u
ε) 3/ )&! )"$0!
)'"; /'%1)3', '. <=6>?9 $//'@
3$)!* )' )&! 
',)"'% uε9 /1
& )&$) xε(ε, 0, x̂0, u

ε) = x̂06 A!/)3,2 $ 
',012$)! )34! $4'1,)/ )')!/)3,2 )&! -'/3)3:3); '. )&$) 81$*"$)3
 .'"46 B'(!:!"9 )&3/ *!+,3)3', "!813"!/ $ 
'"$,C ',!$//14-)3',9 $,* (! (3%% "$)&!" 1/! $ 2!'4!)"3
 
',
!-) '. 
',012$)! )34!9 *!+,!* 5!%'(6  !"!.!" )&! "!$*!" )' DEF℄ .'" $ /1":!; ', )&$) )&!'"; $,* )' DH℄ .'" !I)!,/3:! !I-%$,$)3',/ $,*.'" )&! 4'"! 2!,!"$% J'"/! 3,*!I )&!'";6%&'(&)*+
 
'-./01)& )+(&2&3-+)+'- 4565675 K!) x0 ∈ O6 A&! -'3,) xε(tεc) 3/ * %( '+&
)--. 
%!/0*)' )' xε(0) 3. $,*',%; 3. )&! 4$--3,2 x0 7→ expε(tεc, x0, α
′(x0)) 3/ ,') 344!"/3:!9 )&$) 3/9

det

(

d

dx0
expε(tεc, x0, α

′(x0))

)

= 0.A&! )34! tεc 3/ 
$%%!* $ * %( '+&
 
%!/0*)' '&( 61 ()+2 =6E6EF3 L3:!, $, !I)"!4$% (x̂ε(·), p̂ε(·), p0ε, uε(·))9 )&! ,')3', '. 2!'4!)"3
 
',012$)!)34! 
'3,
3*!/ (3)& )&! ,')3', '. 
',012$)! )34! *!+,!* 3, )!"4/ '. 81$*"$)3
 .'"49 -"':3*!*)&! .'%%'(3,2 $//14-)3',/ &'%*M
• )&! /)"',2 K!2!,*"! 
',*3)3', &'%*/ $%',2 )&! !I)"!4$%9 )&$) 3/9 )&!"! !I3/)/ γ > 0 /1
&)&$)

∂2H

∂u2
(x̂ε(·), p̂ε(·), p0ε, uε

1(·)) · (v, v) ≤ −γ‖v‖2,.'" !:!"; v ∈ NOmP
• )&! 
',)"'% uε 3/ '. 
'"$,C ',! ', !:!"; /153,)!":$% <$//14-)3', '. 4'+%!* + *0-)+&'.9/!! DQQ℄?6J'"!':!"9 3, )&$) 
$/! )&! +"/) 
',012$)! )34! tεc 
&$"$
)!"3R!/ )&! '-)34$%3); /)$)1/ '. )&!!I)"!4$%M )&! )"$0!
)'"; x̂ε(·) 3/ /)"',2%; %'
$%%; '-)34$% ', [0, t]9 .'" !:!"; t < tεcP .'" t > tεc9)&! )"$0!
)'"; x̂ε(·) 3/ ,') %'
$%%; '-)34$% ', [0, t] </!!9 !6269 DH9 EF9 QQ℄?61 ()+2 =6E6ES3 T',! '. )&! )(' $//14-)3',/ '. )&! -"!:3'1/ "!4$"C (3%% 5! 4$*! .'" )&!!I)"!4$% (x̂ε(·), p̂ε(·), p0ε, ûε(·))6 N, .$
)9 '1" $34 3/ )' -"':! )&$) )&! +"/) 2!'4!)"3
 
',012$)!)34! tεc 
',:!"2!/ )' )&! +"/) 
',012$)! )34! tc '. )&! 5$,2@5$,2 
$/!9 (&!, ε )!,*/ )' U6 A&3/"!/1%)9 *!"3:!* 3, A&!'"!4 =6H6E <V!
)3', W=6H?9 (3%% -!"43) )' 1/! $/ (!%% 3, )&! 5$,2@5$,2
$/! )&! $:$3%$5%! !X
3!,) 34-%!4!,)$)3', -"'
!*1"!/ )&$) !I3/) 3, )&! /4'')& 
$/!9 %3C! .'"3,/)$,
! )&! ."!! -$
C$2! 567567  </!! DEF℄?6  !"#$%$!"& !' ()#*) +,!-  ("./01%* +$2*&- 3%%456614!7*"&**$3%7')6
!%
!%6Q=
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 !" #!"$%& '()"'$%&* (xε(·), pε(·),−1, uε(·)) )+%) *%),*-. )+' *)"!#/ 0'/'#1"' 
!#1,),!#3)+' %4*'#
' !- 
!#56/%)' 7!,#)* ,* % *68
,'#) 
!#1,),!# -!" &!
%& !7),$%&,). 9*'' ':/: ;<℄>: ?+,**68
,'#) !7),$%&,). 
!#1,),!# @,&& 4' '(7"'**'1 6*,#/ )+' '()"'$%& A'&1 %77"!%
+: !"#$%&' ($') &**#+&
- "!$ ?+'!"'$ <:B:C 'D'". '()"'$%& &,-) !- )+' 7"!4&'$ ./012ε ,* #!"$%& 9p0ε = −1>: E#%&F!/!6*&. )! )+' 4%#/F4%#/ 
%*'3 )+' %,$ ,* )! 
!#*)"6
) % -%$,&. !- '()"'$%&* 
!#)%,#,#/ )+'"'-'"'#
' #!"$%& '()"'$%& (x̂ε(·), p̂ε(·),−1, ûε(·))3 *+%",#/ #,
' #!#F,#)'"*'
),!# 7"!7'"),'* 4'F-!"' )+' A"*) 
!#56/%)' ),$': !" 'D'". z0 = (x0, p0) ∈ GHn× GHn3 &') zε(·, z0) = (xε(·, z0), pε(·, z0)) 4' )+' *!&6),!# !- )+'*.*)'$ !- 'I6%),!#* 9J:K> %#1 9<:K>3 @,)+ )+' 
!#)"!&* 9<:CC>3 *6
+ )+%) zε(0, z0) = z0: ?+''(7!#'#),%& $%77,#/ %**!
,%)'1 )! ./012ε ,* 1'A#'1 4.
expε(t, z0) = xε(t, z0).0') x0 ∈ O %#1 αε : GHn → GH 4' % C2 -6#
),!# *6
+ )+%) αε′(x0) = pε(0)3 %#1 *6
+ )+%))+' -%$,&. !- -6#
),!#* (αε) 
!#D'"/'* )! )+' -6#
),!# α %**!
,%)'1 @,)+ )+' 7"!4&'$ ./012,# C2 )!7!&!/.3 %* ε )'#1* )! 0: E* ,# )+' 4%#/F4%#/ 
%*'3 1'A#'

Xε = {x0 ∈ O | max
∑m

i=1
w2

i≤1
Hε(x0, α

ε′(x0),−1, wε) = 0} . !" ε > 0 *$%&& '#!6/+3 Xε ,* % (n − 1)F1,$'#*,!#%& $%#,-!&1: G#1''13 &') Gε 4' 1'A#'1 !#
O 4. Gε(x0) = max∑m

i=1
w2

i≤1H
ε(x0, α

′(x0),−1, wε): G) -!&&!@* -"!$ ?+'!"'$ <:B:C )+%) Gε
!#D'"/'* )! G 9J:L> 91'A#'1 ,# M'
),!# J:C:J> %* ε /!'* )! N3 %#1 )+'"'-!"'3 -!" α ∈ C2 *6
+)+%) α′(x0) = p03 )+'"' +!&1* dGε(x0) 6= 03 *,#
' dG(x0) 6= 0:3-$+#$% 456567 9 ;<℄>5  ! "#$ %&'()* $+"'$()* (x̂ε(·), p̂ε(·),−1, ûε(·)) ,)"-,.$, "#$ ,"'&%/ 0$/1$%2'$ 
&%2-"-&% )%24 (&'$&5$'4 
)% 6$ $(6$22$2 -%"& "#$ !)(-*7 &! $+"'$()*, expε(t, x0, α
ε′(x0)),8
# "#)" "#$ ()99-%/

(0, tεc)×Xε →  :n

(t, x0) 7→ expε(t, x0, α
ε′(x0))-, &! ')%; n4 "#$% (x̂ε(·), p̂ε(·),−1, ûε(·)) -, ) *&
)* (-%-(8( -% C0 "&9&*&/7 !&' "#$ 9'&6*$( !"#$ε<:$()'; J:C:CK< ?+' ).7,
%& 4'+%D,!" !- )+' O!@ !- )+' '()"'$%& A'&1 %) )+' A"*) 
!#56/%)'7!,#) ,* % -!&1 7!,#) 9*''  ,/6"' J:<3 %#1 *'' ;<3 BP℄>:  ! "#
% "&"'#"(%)*%
(#&" +)&+%)(#%* ,% -%." . "&"'#"(%)*%
(#"/ 0%12 &3 %4()%-.1* 5
36 3&&("&(% #" +./% 7896QP
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 !"#$% &'()  !%*+ ,- %./$%01*2 !3 /4% 20,,/4 
12% !"#$% &'6'67& 8- ,3% 
,32!+%$2 x0 ∈ Xε9 /4%3 xε(tεc) !2 "%,0%/$!
1**: 
,3;#"1/% /, xε(0) !-13+ ,3*: !-
det

(

d

dx0
expε(tεc, x0, α

ε′(x0))|Xε , f ε(x0)

)

= 0 ,<4%$% f ε(x0) = X(xε(x0)) + ε

m
∑

i=1

uε
i (x0, α

ε′(x0)) 13+ uε
i (x0, α

ε′(x0)) 1$% 20,,/4 -#3
/!,32/41/ 21/!2-: /4% 01.!0!=1/!,3 
,3+!/!,3 >('6?@' !"#$% &'6'(?& A,/% /41/9 12 *,3" 12 /4% 0!3!0#0 /!0% -#3
/!,3 !2 +!B%$%3/!1C*% 1/ /4% D,!3/
x̂ε(t)9 /4% ,D/!01* /$1;%
/,$: x̂ε(·) 
13 C% %0C%++%+ !3/, 1 3,3E!3/%$2%
/!3" %./$%01* F%*+' !"#$% &'6'(6& G, +%$!H% 1 3%
%221$: ,D/!01*!/: 
,3+!/!,39 1 
,$13I ,3% 122#0D/!,3 !2 $%EJ#!$%+ -,$ /4% %./$%01* (x̂ε(·), p̂ε(·), p0ε, ûε(·)) >2%% K6L℄@' !" #$%&'()'%
' ('+,-.+N% F$2/ $%
1** /4% 
,3/%./' O%/ x̂(·) +%3,/% /4% 2/$,3" *,
1**: ,D/!01* /$1;%
/,$: ,- ( !")9
,$$%2D,3+!3" /, /4% 
,3/$,* û1 ,3 [0, tf ]' 83 D1$/!
#*1$9 tf !2 /4% 0!3!01* /!0% 2, /41/
x̂(0) = x̂0 13+ x̂(tf ) = x̂1' N% %./%3+ x̂(·) ,3 1 01.!01* !3/%$H1* I ⊂ [0,+∞) 
,3/1!3!3"
[0, tf ]9 13+ +%3,/% C: tc !/2 F$2/ 
,3;#"1/% /!0%'  ,$ %H%$: ε > 09 *%/ x̂ε(·) +%3,/% 13 ,D/!01*/$1;%
/,$: 2,*#/!,3 ,- ( !")ε9 
,$$%2D,3+!3" /, 1 
,3/$,* ûε = (ûε

1, . . . , û
ε
m) ,3 [0, tεf ]' 83D1$/!
#*1$9 tεf !2 /4% 0!3!01* /!0% 2, /41/ x̂ε(0) = x̂0 13+ x̂ε(tεf ) = x̂1' N% %./%3+ x̂ε(·),3 1 01.!01* !3/%$H1* ,- [0,+∞) 
,3/1!3!3" [0, tεf ]9 13+ +%3,/% C: tεc !/2 F$2/ "%,0%/$!
1**:
,3;#"1/% /!0%'G4% 01!3 /4%,$%0 ,- /4!2 
41D/%$ !2 /4% -,**,<!3" /4%,$%0'#$%&'%( )*+*,* '(()"! *+#* *+! ,$-./!" ( !") +#( # )012)! (-/)*1-0 x̂(·)3 #((-
1#*!561*+ # .#078.#07 
-0*$-/ û1(·)3 -0 # "#91"#/ 10*!$:#/ I& ;-$!-:!$3 #(()"! *+#* x̂(·) +#( #)012)! !9*$!"#/ /1<* =), *- # ")/*1,/1
#*1:! (
#/#$>3 6+1
+ 1( "-$!-:!$ 0-$"#/3 #05 5!0-*!5 .?7L
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(x̂(·), p̂(·),−1, û1(·)) !" #$% %&#'%()* (x̂(·), p̂(·),−1, û1(·)) +)#,+-%+. (/'%/0%'. #$% +#',
# 2)3452)34 6%4%37'% 
/37,#,/3 /3 [0, tc]. #$%3 #$% -'+# 4%/(%#',
 
/3894)#% #,(% tεc 
/30%'4%+ #/ #$%-'+# 
/3894)#% #,(% tc )+ ε #%37+ #/ : ;%()'<  !"!" #$% t
!" &$'(%$ %)$ 
+% %,-$ ./('0 %)$ $1%2$-./ (x̂(·), p̂(·), p0, û(·))! 3'./(0(+4/5%( %)$ 6.'076.'0 
.4$8 9$ 
.' &$:'$ %)$ 
9# #,(% tε
!" (; %)$ (<%,-./ %2.=$
%(25 x̂ε(·) ;(2 %)$<2(6/$- ( !")ε .4 %)$ :24% %,-$ .% 9),
) x̂ε(·) /(4$4 ,%4 (<%,-./,%5! >$ 
/.,- %).%8 +'&$2%)$ .44+-<%,('4 (; ?)$(2$- "!@!A8 %)$2$ )(/&4 lim sup
ε→0

tε
!" ≤ t
!"!?)$ '$1% <2(<(4,%,(' ,4 %)$ B$5 2$4+/% %( &$2,C$ ?)$(2$-  !"!A!"#$%$&'('$) *+,+*+ 6%# O 2% ) 3%,4$2/'$//7 /" x̂0 )37 x0 ∈ O =$% %&>/3%3#,)* ()>>,34
(t, x0) 7→ expε(t, x0, α

ε′(x0)) 
/30%'4%+ #/ (t, x0) 7→ exp(t, x0, α
′(x0)) >,%
%?,+% ,3 C1 #/>/*/4@/3 I × O. ?,#$ τs+1(x̂0) = tc. )+ ε #%37+ #/ : A/'% >'%
,+%*@. /3 %0%'@ 
/(>)
# +92,3#%'0)*/" (τj−1(x0), τj(x0)) × O. ?,#$ (τj−1(x0), τj(x0)) ⊂ I )37 j ∈ !B. #$% ()>>,34 (t, x0) 7→

expε(t, x0, α
ε′(x0)) 
/30%'4%+ #/ (t, x0) 7→ exp(t, x0, α

′(x0)) 93,"/'(*@ ,3 #$% C1 #/>/*/4@ C'//" D' 9).% ;(//(948 9)$' ,% ,4 
('C$',$'%8 9$ 4,-</,;5 %)$ '(%.%,(' .'& 92,%$ exp(t, x0) (2
x(t, x0) E2$4<$
%,C$/58 expε(t, x0) (2 xε(t, x0)F ;(2 exp(t, x0, α

′(x0)) E2$4<$
%,C$/58 ;(2 expε(t, x0, α
ε′(x0))F!#$% ε > 0 6$ 4-.// $'(+0)! G(2 x0 ∈ O8 
('4,&$2 %)$ ;+'
%,('

ϕ1(ε, t, x0) = 〈p(ε, t, x0), Y1(x(ε, t, x0))〉.G(2 (ε, t, x0) = (0, τ̂j , x0)8 65 &$:',%,(' (; %)$ 49,%
),'0 %,-$8 ('$ ).4 ϕ1(0, τ̂j , x0) = 08.'& 65 %)$ 4%2,
% 6.'076.'0 #$0$'&2$ 
('&,%,('8 ∂ϕ1

∂t (0, τ̂j , x0) 6= 0! H5 %)$ ,-</,
,% ;+'
%,('%)$(2$- %)$2$ $1,4%4 . '$,0)6(2)((& (−ε0, ε0) (; 0 ∈ DI8 4+
) %).% ;(2 ε ∈ (−ε0, ε0)8 %)$2$$1,4%4 . C1 ;+'
%,(' τ ε
j (x0) = τ ε

j (ε, x0)8 9,%) j = 1, ..., s8 4.%,4;5,'0 ϕ1(ε, τ
ε
j (x0)) = 0 .'& 4+
)%).%8 .4 ε %$'&4 %( J8 τ ε

j (x0) 
('C$20$4 %( τj(x0)8 .'& ∂τε
j

∂x0
(x0) 
('C$20$4 %( ∂τj

∂x0
(x0)!3'./(0(+4/5 %( %)$ &$:',%,(' (; 49,%
),'0 %,-$ ;+'
%,(' (; .' $1%2$-./ %2.=$
%(25 x(·)8 9$).C$ %)+4 &$:'$& 4(-$ ;+'
%,('4 τ ε

j (·) : O → DI8 %).% .2$ )(9$C$2 '(% 49,%
),'0 ;+'
%,('4!-.//0 *+,+1+ =$% ()>>,34 (t, x0) 7→ expε(t, x0, α
ε′(x0)) 
/30%'4%+ #/ (t, x0) 7→ exp(t, x0, α

′(x0))93,"/'(*@ ,3 #$% C1 #/>/*/4@ /3 J ×O. ?$%'% J ,+ )3@ 
/(>)
# +92,3#%'0)* /" [0, τ1(x0)). )+
ε #%37+ #/ : C'//" #$% J 6$ . 
(-<.
% 4+6,'%$2C./ (; [0, τ1(x0))! ?)$ +',;(2- C0 
('C$20$'
$ (' J ×O(; %)$ -.<<,'0 (t, x0) 7→ expε(t, x0) %( (t, x0) 7→ exp(t, x0)8 .4 ε %$'&4 %( J8 ,4 . &,2$
%
('4$K+$'
$ (; ?)$(2$- "!@!A! >$ ).C$

∂ expε

∂t
(t, x0) = ẋε(t, x0)9)$2$ ẋε(t, x0) ,4 0,C$' 65 E !LF! G2(- ?)$(2$- "!@!A8 ẋε(t, x0) 
('C$20$4 %( ẋ(t, x0) =

d exp
dt (t, x0) .4 ε %$'&4 %( J! M' %)$ (%)$2 ).'&8

d

dx0
expε(t, x0, α

ε′(x0)) =
∂ expε

∂x0
(t, x0, α

ε′(x0)) +
∂ expε

∂p0
(t, x0, α

ε′(x0))α
ε′′(x0) ,NO
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 !"#" ∂ expε

∂x0
(t, x0, α

ε′(x0))$ %&' ∂ expε

∂p0
(t, x0, α

ε′(x0)) %#" ()*+,-)&( ). ,!" *-&"%#-/"' (0(,"1 %(2()
-%,"'  -,! ,!" 4%1-*,)&-%& (0(,"1$ .)# ,!" 5#)6*"1  !"#$ε )& [0, t]$ 7-8"& 60
ẋε(t) = X (xε(t)) + uε

1(t)Y1 (xε(t)) + ε

m
∑

i=2

uε
i (t)Yi (xε(t))

ṗε(t) = −
〈

pε(t),
∂X

∂x
(xε(t))

〉

− uε
1(t)

〈

pε(t),
∂Y1

∂x
(xε(t))

〉

− ε
m
∑

i=2

uε
i (t)

〈

pε(t),
∂Yi

∂x
(xε(t))

〉

.9#)1 :!")#"1 ;<=<>$ (xε(·), pε(·)) 
)&8"#7"( +&-.)#1*0 ,) ,!" ()*+,-)& ). ,!" 4%1-*,)&-%&(0(,"1 %(()
-%,"'  -,! ,!" 5#)6*"1  !"#$ %( ε ,"&'( ,) ?< :!-( 
)&8"#7"&
" 
*"%#*0 !)*'(%(  "** .)# ,!" ()*+,-)&( ). ,!" *-&"%#-/"' (0(,"1 %(()
-%,"'  -,! ,!" 4%1-*,)&-%& (0(,"1 .)# !"#$ε@ ,!"#".)#"$ %( ε ,"&'( ,) ?$ ∂ expε

∂x0
(t, x0, α

ε′(x0)) A#"(5"
,-8"*0$ ∂ expε

∂p0
(t, x0, α

ε′(x0))B
)&8"#7"( ,) ∂ exp
∂x0

(t, x0, α
′(x0)) A#"(5"
,-8"*0$ ∂ exp

∂p0
(t, x0, α

′(x0))B +&-.)#1*0 )& [0, t]<C&  !%, .)**) ($ ,!" &),%,-)& τ+
j (x0) A#"(5< τ−j (x0)B (,%&'( .)# ,!" #-7!, *-1-, A#"(5< ,!"*"., *-1-,B< 9)# x0 ∈ O %&' j = 1, ..., s$  " 
%** ,!"  !"# ). ∂ exp

∂x0
(t, x0) %, τj(x0) ,!" '-D"#"&
"

∂ exp

∂x0
(τ+

j (x0), x0)−
∂ exp

∂x0
(τ−j (x0), x0) , !-
! -($ %

)#'-&7 ,) EFG$ HI+%,-)& J<>?$ 5< >;J℄$ 7-8"& 60

∂ exp

∂x0
(τ+

j (x0), x0)−
∂ exp

∂x0
(τ−j (x0), x0)

=
(

u1(τ
+
j (x0), x0)− u1(τ

−
j (x0), x0)

)

Y1(x(τ1(x0), x0))
∂τj
∂x0

(x0)

=
(

sign(ϕ1(τ
+
j ))− sign(ϕ1(τ

−
j ))

)

Y1(x(τj(x0), x0))
∂τj
∂x0

(x0) .

AJ<>?BL+" ,) ,!-( M+15 
)&'-,-)& )&" 
%&&), "N5"
, ,) 7", % C1 
)&8"#7"&
" #"(+*, )& ,!"  !)*"-&,"#8%*< O"  -** &"N, "(,-1%," ,!" '-D"#"&
"
∂ expε

∂x0
(τ ε

j (x0) + η, x0)−
∂ expε

∂x0
(τ ε

j (x0)− η, x0), AJ<>>B.)# η > 0 (1%**$ %&' (!) ,!%, -, 
)&8"#7"( ,) AJ<>?B$  !"&"8"# ε ,"&'( ,) 0$ %&' ,!"& η ,"&'(,) 0<%&''( )*+*,* $%&'& %()*+
lim
η→0

lim
ε→0

(

∂ expε

∂x0
(τ ε

1 (x0) + η, x0)−
∂ expε

∂x0
(τ ε

1 (x0)− η, x0)

)

=
∂ exp

∂x0
(τ+

1 (x0), x0)−
∂ exp

∂x0
(τ−1 (x0), x0).

AJ<>;BPG
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 !""#$  !" #$%
∂

∂t

(

∂xε

∂x0
(t, x0)

)

=
( ∂X

∂x0
(xε(t, x0)) + uε

1(t, x0)
∂Y1

∂x0
(xε(t, x0))

+ ε

m
∑

i=2

uε
i (t, x0)

∂Yi

∂x0
(xε(t, x0))

)∂xε

∂x0
(t, x0)

+ Y1(x
ε(t, x0))

∂uε
1

∂x0
(t, x0) + ε

m
∑

i=2

Yi(x
ε(t, x0))

∂uε
i

∂x0
(t, x0).&' ()**)+% '#$'

∂xε

∂x0
(τ ε

1 (x0) + η, x0)−
∂xε

∂x0
(τ ε

1 (x0)− η, x0) =

∫ τε
1
(x0)+η

τε
1
(x0)−η

(∂X

∂x0
(xε(t, x0)) + uε

1(t, x0)
∂Y1

∂x0
(xε(t, x0)) + ε

m
∑

i=2

uε
i (t, x0)

∂Yi

∂x0
(xε(t, x0))

)∂xε

∂x0
(t, x0)dt

+

∫ τε
1 (x0)+η

τε
1
(x0)−η

Y1(x
ε(t, x0))

∂uε
1

∂x0
(t, x0)dt +

∫ τε
1 (x0)+η

τε
1
(x0)−η

ε
m
∑

i=2

Yi(x
ε(t, x0))

∂uε
i

∂x0
(t, x0)dt .&' ,% "$%- ') %"" '#$' '#" *,.,' +#"! η '"!/% ') 0"1) )( '#" *,.,' +#"! ε '"!/% ') 0"1) )( '#"21%' $!/ '#,1/ '"1. )( '#" 1,3#'4#$!/ %,/" )( '#" *$%' "56$',)! ,% "56$* ') 0"1)7  !*- '#" *,.,''"1.

lim
η→0

lim
ε→0

∫ τε
1 (x0)+η

τε
1
(x0)−η

Y1(x
ε(t, x0))

∂uε
1

∂x0
(t, x0)dt/"%"18"% $ %9"
,$* $''"!',)!7 ;"' 6% /"!)'"

ϕε
i (t, x0) = 〈pε(t, x0), Yi(x

ε(t, x0))〉, i = 1, ...,m.<1). =>7??@A +" 
).96'" "$%,*-
∂uε

1

∂x0
(t, x0) =

ε2

(

∂ϕε
1

∂x0
(t, x0)

m
∑

i=2

ϕε
i (t, x0)

2 − ϕε
1(t, x0)

m
∑

i=2

ϕε
i (t, x0)

∂ϕε
i

∂x0
(t, x0)

)

(

ϕε
1(t, x0)2 + ε2

m
∑

i=2

ϕε
i (t, x0)

2

)3/2
.

B" +,** 
)!%,/"1 $%-.9')',
 "C9$!%,)!% )( '#"%" 56$!',',"% $1)6!/ τ ε
1 (x0)7 D,!
" ϕε

1(τ
ε
1 (x0), x0) =

0 ()1 "8"1- x0A ,' ()**)+% '#$'
∂ϕε

1

∂x0
(τ ε

1 (x0), x0) = −∂ϕ
ε
1

∂t
(τ ε

1 (x0), x0)
∂τ ε

1

∂x0
(x0).EF
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 ! "#$% &'(('")* +,!'%, τ ε
1 = (τ ε

1 (x0), x0)- .!, #$)
∫ τε

1
+η

τε
1
−η

Y ε
1 (xǫ(t, x0))

∂uε
1

∂x0
(t, x0)dt

=

∫ τε
1
+η

τε
1
−η

(Y1(x
ε(τ ε

1 )) +O(t− τ ε
1 )) ·

[

ε2
(

∂ϕε
1

∂x0
(τ ε

1 ) +O(t− τ ε
1 )
)

m
∑

i=2

(ϕε
i (τ

ε
1 ) +O(t− τ ε

1 ))2

(

(

∂ϕε
1

∂t (τ ε
1 )(t− τ ε

1 ) + o(t− τ ε
1 )
)2

+ ε2
m
∑

i=2

(

ϕε
i (τ

ε
1 ) +

∂ϕε
i

∂t
(τ ε

1 )(t− τ ε
1 ) + o(t− τ ε

1 )

)2
)3/2

−
ε2 (ϕε

1(τ
ε
1 ) +O(t− τ ε

1 ))

m
∑

i=2

(ϕε
i (τ

ε
1 ) +O(t− τ ε

1 ))

(

∂ϕε
i

∂x0
(τ ε

1 ) +O(t− τ ε
1 )

)

(

(

∂ϕε
1

∂t (τ ε
1 )(t− τ ε

1 ) + o(t− τ ε
1 )
)2

+ ε2
m
∑

i=2

(

ϕε
i (τ

ε
1 ) +

∂ϕε
i

∂t
(τ ε

1 )(t− τ ε
1 ) + o(t− τ ε

1 )

)2
)3/2

]

dt$!+ )/01(/&2/!3 %#, ($)% ,415,))/'! 6%#, %,50) '& '5+,5 O((t − τ ε
1 )k) $!+ o((t − τ ε

1 )l)* "/%#
k = 2, 3 $!+ l = 1, 2, 3* $5, '0/%%,+7 ", 3,%
∫ τε

1
+η

τε
1
−η

Y ε
1 (xǫ(t, x0))

∂uε
1

∂x0
(t, x0)dt

=

∫ τε
1 +η

τε
1
−η

(Y1(x
ε(τ ε

1 )))
−ε2 ∂ϕε

1

∂t (τ ε
1 )N1

((

(

∂ϕε
1

∂t (τ ε
1 )
)2

+ ε2N2

)

(t− τ ε
1 )2 + ε2N3(t− τ ε

1 ) + ε2N1

)3/2

∂τ ε
1

∂x0
(x0)

+
ε2(M1 −M2)O(t− τ ε

1 )− ε2 ∂ϕε
1

∂t (τ ε
1 )N1

∂τε
1

∂x0
(x0)O(t− τ ε

1 )
((

(

∂ϕε
1

∂t (τ ε
1 )
)2

+ ε2N2

)

(t− τ ε
1 )2 + ε2N3(t− τ ε

1 ) + ε2N1

)3/2
dt ,"#,5,

N1 =

m
∑

i=2

(ϕε
i (τ

ε
1 ))2 , N2 =

m
∑

i=2

(

∂ϕε
i

∂t
(τ ε

1 )

)2

, N3 = 2

m
∑

i=2

ϕε
i (τ

ε
1 )
∂ϕε

i

∂t
(τ ε

1 ),

M1 = 2
∂ϕε

1

∂x0
(τ ε

1 )
m
∑

i=2

ϕε
i (τ

ε
1 ) +

m
∑

i=2

(ϕε
i (τ

ε
1 ))2 , M2 =

m
∑

i=2

(

∂ϕε
i

∂x0
(τ ε

1 )

)2

.8'%/
, %#$% %#, +,!'0/!$%'5 !,:,5 :$!/)#,)* )/!
, ;2 <))=01%/'! >-?-@ %#, &=!
%/'!) (t, x0) 7→
ϕi(t, x0)* i = 1, . . . ,m +' !'% :$!/)# )/0=(%$!,'=)(2-A#, (/0/% "#,! η %,!+) %' B,5' '& %#, (/0/% "#,! ε %,!+) %' B,5'* '& %#, C5)% $!+ ),
'!+%,50 '& %#, 5/3#%D#$!+ )/+, '& %#, ($)% ,E=$(/%2 $5, 5,)1,
%/:,(2 ,E=$( %'

(

sign(ϕ1(τ
+
1 ))− sign(ϕ1(τ

−
1 ))

)

Y1(x(τ1(x0), x0))
∂τ1
∂x0

(x0) $!+ 0 .FF
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 !"
$
lim
ε→0

∂τ ε
1

∂x0
(x0) =

∂τ1
∂x0

(x0),!% &'((')* %+,%
lim
η→0

lim
ε→0

(

∂xε

∂x0
(τ ε

1 (x0) + η, x0)−
∂xε

∂x0
(τ ε

1 (x0)− η, x0)

)

=
(

sign(ϕ1(τ
+
1 ))− sign(ϕ1(τ

−
1 ))

)

Y1(x(τ1(x0), x0))
∂τ1
∂x0

(x0),,"- %+$ ($.., &'((')*/0 *!.!(,1 ($.., +'(-* &'1 ∂ exp
∂p0

/ 2+!* 1$*3(% 4$1.!%* %' $5%$"- %+$ 
'"6$17$"
$ 1$*3(% 8$9:'"- %+$ ;1*% *)!%
+!"7 %!.$< %+$ $5%$"*!'" '& =$.., >/?/@ %' $6$1: &31%+$1 !"%$16,( (τj−1, τj)!* %+$" *%1,!7+%&'1),1-/ 2+!* 41'6$* %+$ 41'4'*!%!'"/A$ ,1$ "') !" , 4'*!%!'" %' 41'6$ 2+$'1$. >/?/B/ C1'. 2+$'1$. >/B/BDE %+$ %1,F$
%'1:
x̂(·) 
," 8$ $.8$--$- !"%' %+$ ;$(- '& $5%1$.,(* x0 7→ exp(t, x0, α

′(x0)) )!%+ x0 ∈ O ,"- %+$.,44!"7
(0, tc)×X → GHn

(t, x0) 7→ exp(t, x0, α
′(x0))!* '& 1,"I nE )+$1$ X = {x0 ∈ O | max

|w|≤1
H(x0, α

′(x0), p
0, w) = 0}E O !* , "$!7+8'1+''- '& x̂0E,"- tc !* %+$ ;1*% 
'"F37,%$ %!.$ '& x̂(·)/C1'. H$.,1I >/B/B?E %+$ -$%$1.!","%*

det

(

d

dx0
exp(t, x0, α

′(x0))
∣

∣

∣

(t,x0)∈(τs(x0),τs+1(x0))×X
, fs+1(x0)

),"-
det

(

d

dx0
exp(t, x0, α

′(x0))
∣

∣

∣

(t,x0)∈(τs+1(x0),τs+2(x0))×X
, fs+2(x0)

)+,6$ -!J$1$"% *!7"*E )!%+ τs+1(x̂0) = tc/K: L$;"!%!'" >/B/B@E %+$ 4'!"% xε(τ ε
c (x0)) !* 7$'.$%1!
,((: 
'"F37,%$ %' xε(0) = x0E )!%+

x0 ∈ XεE !& ,"- '"(: !&
det

(

d

dx0
expε(t, x0, α

ε′(x0)), f
ε(x0)|x0∈Xε

)

= 0&'1 t = τ ε
c (x0)/ =$% x0 ∈ Xε/ A$ +,6$

∂ expε

∂x0
(τ ε(x0), x0, α

ε′(x0)) =
∂ expε

∂t
(τ ε(x0), x0, α

ε′(x0))
∂τ ε

∂x0
(x0)

+
∂ expε

∂x0
(τ ε(x0), x0, α

ε′(x0))

+
∂ expε

∂p0
(τ ε(x0), x0, α

ε′(x0))α
ε′′(x0).BDD
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 !"
$ ∂ expε

∂t (τ ε(x0), x0, α
ε′(x0)) = ẋε(x0) = f ε(x0)% &'$($ ')*+,%

det

(

∂ expε

∂t
(τ ε(x0), x0, α

ε′(x0))
∂τ ε

∂x0
(x0), f

ε(x0)

)

= 0.-'.,% !& /)**)0, &'1&
det

(

d

dx0
expε(τ ε(x0), x0, α

ε′(x0)), f
ε(x0)

)

= det

(

∂ expε

∂x0
(τ ε(x0), x0, α

ε′(x0)) +
∂ expε

∂p0
(τ ε(x0), x0, α

ε′(x0))α
ε′′(x0), f

ε(x0)

)

= det

(

d

dx0
expε(t, x0, α

ε′(x0)), f
ε(x0)

)/)( t = τ ε(x0)2 34 5()6),!&!)" 72827% )" $9$(4 
):61
& ,.;!"&$(91* )/ (τj−1(x0), τj(x0))% &'$:166!"< (t, x0) 7→ expε(t, x0, α
ε′(x0)) 
)"9$(<$, &) (t, x0) 7→ exp(t, x0, α

′(x0)) ."!/)(:*4 !"
C1 &)6)*)<4% &'$($/)($ &'$ +$&$(:!"1"&,

det

(

d

dx0
expε(t, x0, α

ε′(x0))
∣

∣

∣

(t,x0)∈(τε
s (x0),τε

s+1
(x0))×Xε

, f ε(x0)

)1"+
det

(

d

dx0
expε(t, x0, α

ε′(x0))
∣

∣

∣

(t,x0)∈(τε
s+1

(x0),τε
s+2

(x0))×Xε
, f ε(x0)

)'19$ +!=$($"& ,!<", ;$/)($ 1"+ 1/&$( τ ε
s+1(x0)2 -'$($/)($% ;4 
)"&!".!&4% &'$ /."
&!)" t 7→

det
(

d
dx0

expε(t, x0, α
ε′(x0)), f

ε(x0)
) 91"!,'$, /)( ,):$ &!:$% 
*),$ &) τ ε

s+1(x0)2 34 >$?"!@&!)" 72A2AB% &'!, &!:$ tεc(x0) !, 1 <$):$&(!
1**4 
)"C.<1&$ &!:$% 1"+ 0'$" ε &$"+, &) D% tεc(x̂0)
)"9$(<$, &) &'$ ;1"<@;1"< 
)"C.<1&$ &!:$ tc = τs+1(x̂0)2 -'!, $"+, &'$ 6())/ )/ &'$ -'$)@($: 7282A2 ! "#$%&'()E" &'!, ,$
&!)" 0$ !**.,&(1&$ -'$)($: 7282A 0!&' &0) $F1:6*$, )/ :!"!:1* &!:$ 
)"&()* 6();@*$:,2 ! !" #$%&' ()*+,-(. /*0-($12 +$3$+*- '$+( 
53'%5- ,%56-(+G$ 
)",!+$( &'$ :!"!:1* &!:$ 
)"&()* 6();*$: /)( &'$ H14*$!<' 
)"&()* ,4,&$: I,$$ $2<2 JKL%MA℄O%
ẋ1(t) = x2(t),

ẋ2(t) = −x1(t) + x2(t)(1.4 − 0.14x2(t)
2) + u1(t),

I72A7O0!&' &'$ 
)"&()* 
)",&(1!"&
|u1(t)| ≤ 4, ∀t ∈ [0, tf ] I72ABOADA
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 !" #$%& '()!" *+ 
(!"$%$(!- .$/0! '+
x1(0) = −4, x2(0) = −3, x1(tf ) = x2(tf ) = 0 . 1234567

(*"$!. %( %&0 8(!%*+ .$! 9 :$9)9 ;*$!
$;<0=  !+ (;%$9 < -(<)%$(! x̂(·) (> 123426?123456 $-%&0 ;*(@0
%$(! (>  ! 0:%*09 < (x̂(·), p̂(·), p0, û1(·)) -)
& %& %

˙̂p1(t) = p̂2(t)

˙̂p2(t) = −p̂1(t)− p̂2(t)
(

1.4− 0.42x̂2(t)
2
)

1234A6 !" %&0 9 :$9$B %$(! 
(!"$%$(! p̂2(t)û1(t) = max|w|≤4 (p̂2(t)w) &(<"-  <9(-% 0/0*+#&0*0 (!
[0, tf ]3 C% $- 0 -+ %( -00 %& % p̂2(·) 
 !!(% / !$-& (! -(90 -)'$!%0*/ <=  !" $% >(<<(#- %& %%&0 (;%$9 < 
(!%*(< û1(·) $- ' !.D' !.= 0E) < %( û1(t) = 4 -$.!(p̂2(t))3 7;;<+$!.  -&((%$!.90%&(" %( ;*('<09 123426?123456 1#$%& p0 = −16= #0 "0%0*9$!0 %&0 $!$%$ <  "@($!% /0
%(*
p̂(0) ≃ (0.53095052; 0.34206485)=  !" ('-0*/0 %& % %&0 %* @0
%(*+ & - (!<+ (!0 -#$%
&$!. %$90
τ̂1 ≃ 0.57613128 (! [0, tf ]= %& % $-= û1(·) $- .$/0! '+

û1(t) =







+4 >(* 0 ≤ t ≤ τ̂1

−4 >(* τ̂1 ≤ t ≤ tf ,#$%&  F! < %$90 tf ≃ 2.97812917 1-00 G$.)*0- 232  !" 23H63 G)*%&0*9(*0= x̂(·) $- %&0 )!$E)09$!$9 < %$90 -(<)%$(!  !" & -  )!$E)0 0:%*09 < <$>% 1); %(  9)<%$;<$
 %$/0 -
 < *6= #&$
& $-9(*0(/0* !(*9 <3

−5 −4 −3 −2 −1 0 1
−3

−2

−1

0

1

2

3

x
1

x
2

G$.)*0 232I  !"#$%& "'%()
"+', 0 0.5 1 1.5 2 2.5 3
−4

−3

−2

−1

0

1

2

3

4

t

u
1

G$.)*0 23HI  !"#$%& 
+-"'+&8*(<(!. %$!. %&0 %* @0
%(*+ x̂(·) %( %&0 $!%0*/ < [0, 4]= #0 ('-0*/0  -0
(!" -#$%
&$!. %$90 % τ̂2 ≃ 3.147509553J(%$
0 %& % %&0 -0
(!"D(*"0* -)K
$0!% 
(!"$%$(!- (> LMN?N4℄  *0 - %$-F0" '0>(*0 τ̂2= 
(!DF*9$!. %&0 <(
 < (;%$9 <$%+ -% %)- (> %&0 %* @0
%(*+= ')%  *0 !( <(!.0* - %$-F0" '0+(!" %&$-4PQ
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 !
#$%  &'(
)'$* ('+!, &! 
-$ (). !/0!
( ()! (1-2!
(#13 $#( (# 4! 5#
-553 #0('+-5 4!3#$% τ̂26 !! 700!$%'/ 789 :# '$;! ('*-(! ()' #0('+-5'(3  (-(. &! . ! ()! !/(1!+-5 <!5% -001#-
)9=1#+ :)!#1!+ >9?9?@ -$% A!+-1B >9?9??C ()! <1 ( 
#$2.*-(! 0#'$( x̂(tc) ' -$ #;!15-00#'$( #D ()! !/(1!+-5 <!5% !+-$-('$* D1#+ ()! )#1'E#$(-5 #$!F%'+!$ '#$-5 +-$'D#5% X =

{x0 ∈ O | max
|w|≤1

H(x0, α
′(x0),−1, w) = 0}9 G$ 01-
('
!C ()! D.$
('#$ α ' $#( B$#&$C -$%&! 1-()!1 . ! ()! <!5% #D !/(1!+-5 !+-$-('$* D1#+ ()! ;!1('
-5 +-$'D#5% Xp = {p0 ∈

Op | max
|w|≤1

H(x̂0, p0,−1, w) = 0} 6 !! H?ICJI℄8C &)!1! Op ' - $!'*)4#1)##% #D ()! '$'('-5 ;-5.! #D()! -%2#'$( ;!
(#1 p̂(0)9 :)! 
)-1-
(!1'E-('#$ '$ (!1+ #D D#5% 0#'$(  ('55 )#5% D#1 ()' ;!1('
-5+-$'D#5% 6 !! HJI℄89 L! #4 !1;! #$ ='*.1! >9I -$% >9M ()-( ()' <!5% #D !/(1!+-5 1!N!
( #O()!  &'(
)'$*  .1D-
! -( ()!  !
#$%  &'(
)'$* ('+!, ()! 0#'$( x̂(τ̂2) ' - D#5% 0#'$( -$% ()! <1 (
#$2.*-(! ('+! ' !P.-5 (# ()!  !
#$%  &'(
)'$* ('+!C tc = τ̂2 ≃ 3.147509559

−5 −4 −3 −2 −1 0 1
−3

−2
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x
1

x
2

='*.1! >9IQ  !"#$%&' ($') *+# t ∈ [0, 4]
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 !"#$% &'() ,-$#'&. +* "/$ 0+1*% +%,- .$/./0% 1 $%"#21$!31-!/+ .$/
%5#$%6 7/$ 89!
9 8% 
/:.#-% -9% ;$0- "%/:%-$!

/+<#"1-% -!:% tεc 1+5 
9%
= -91- !- !+5%%5 
/+>%$"%0 -/ -9% ;$0- 
/+<#"1-% -!:% tc /7 -9%?1+"@?1+" 
10% 10 ε -%+50 -/ 0'*% 
/+0!5%$ -9% $%"#21$!3%5 
/+-$/2 0A0-%:
ẋε

1(t) = xε
2(t) + εuε

2(t),

ẋε
2(t) = −xε

1(t) + xε
2(t)(1.4 − 0.14xε

2(t)
2) + uε

1(t),
B&'CDE8!-9 -9% ?/#+51$A 
/+5!-!/+0 B&'CFE6 1+5 89%$% -9% 
/+-$/2 uε(·) = (uε

1(·), uε
2(·)) 01-!0;%0 -9%
/+0-$1!+-

(uε
1(t))

2 + (uε
2(t))

2 ≤ 16 , ∀t ∈ [0, tεf ]. B&'CGEH+A /.-!:12 0/2#-!/+ x̂ε(·) /7 B&'CFE6 B&'CDE 1+5 B&'CDE !0 -9% .$/<%
-!/+ /7 1+ %,-$%:12CI&
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(x̂ε(·), p̂ε(·), p0ε, ûε(·))  !
# $#%$
˙̂pε
1(t) = p̂ε

2(t)

˙̂pε
2(t) = −p̂ε

1(t)− p̂ε
2(t)

(

1.4 − 0.42x̂ε
2(t)

2
)

.&#' (  !)*$+,- ./0/1 + 2'3+4'56 %-5 $#' 
,-$3,7 $#%$  %$+ 89 $#' :,-$39%;+- )%<+)+=%$+,-
,-5+$+,- >./1?@ %3' ;+2'- A9
ûε

1(t) =
4p̂ε

2(t)
√

(p̂ε
2(t))

2 + ε2(p̂ε
1(t))

2
, ûε

2(t) =
4εp̂ε

1(t)
√

(p̂ε
2(t))

2 + ε2(p̂ε
1(t))

2
. >B/1C@(**79+-; %  #,,$+-; )'$#,5 $, $#+ *3,A7')6 D' 5'$'3)+-' $#' ,*$+)%7 $3%E'
$,39 ,8 $#'3';!7%3+='5 *3,A7')6 %-5 D' +-5''5 ,A '32' $#' '<*'
$'5 
,-2'3;'-
' ,8 (x̂ε(·), p̂ε(·),−1, ûε)$,D%35 (x̂(·), p̂(·),−1, û1)6 % ε $'-5 $, ?6 +- %;3'')'-$ D+$# &#',3') ./F/1 > '' G+;!3' B/HIB/C@/
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G+;!3' B/KJ )*#'+,& -$
&'!&#' ,*$+)%7 
,-$3,7 >B/1C@ %3'  ),,$# 8!-
$+,- ,8 t6 $#'3'8,3' $#' %7;,3+$#) *3' '-$'5+- L1F℄ $, 
,)*!$' $#' 43 $ 
,-E!;%$' $+)' %7,-; %  ),,$# '<$3')%7 
!32' 
%- A' %**7+'5/N'3' D' D+77 %**79 $#' $' $ 8,3 
,-E!;%$' $+)' '<*7%+-'5 +- L1F℄ D#'- $#' 4-%7 $+)' + 83''%-5 $#' '<$3')%7 + -,3)%7/ O'$ ! A3+'P9 3'
%77 $#+ $' $/ &#' )%<+)+='5 N%)+7$,-+%- D3+$' % 
Hε

r (x̂ε, p̂ε) = p̂ε
1

(

x̂ε
2 +

4ε2p̂ε
1

√

(p̂ε
2)

2 + ε2(p̂ε
1)

2

)

+ p̂ε
2

(

−x̂ε
1 + x̂ε

2(1.4 − 0.14(x̂ε
2)

2) +
4p̂ε

2
√

(p̂ε
2)

2 + ε2(p̂ε
1)

2

)

− 1.&#' %+) + $, 
,)*!$' $#'  ,7!$+,- Zε(·) = (δxε
1(·), δxε

2(·), δpε
1(·), δpε

2(·))T ,8 $#'  ,Q
%77'51?0

te
l-0

05
85

37
6,

 v
er

si
on

 1
 - 

12
 A

pr
 2

01
1



0 0.5 1 1.5 2 2.5 3
−4

−3

−2

−1

0

1

2

3

4

t

u
1e
p
s

epsilon=0

epsilon=0.1

epsilon=0.01

 !"#$% &'()  !"#$!%
*+$!+,!-.+/ 010,%2 Żε(t) = V (t)Zε(t) +/-." ,3% %4,$%2+/ (x̂ε(·), p̂ε(·))5 63%$%

V (t) =

(

∂2Hε
r

∂x∂p (x̂ε(t), p̂ε(t)) ∂2Hε
r

∂p2 (x̂ε(t), p̂ε(t))

−∂2Hε
r

∂x2 (x̂ε(t), p̂ε(t)) −∂2Hε
r

∂x∂p (x̂ε(t), p̂ε(t))

)6!,3 !.!,!+/ 
-.8!,!-.0 (δxε
1(0), δx

ε
2(0)) = (0, 0) +.8 (δpε

1(0), δp
ε
2(0)) 0#
3 ,3+, ,3% 0
+/+$ 9$-8:#
, 〈(f ε

1 (0), f ε
2 (0)), (δpε

1(0), δp
ε
2(0))〉 !0 %;#+/ ,- 05 63%$% (f ε

1 , f
ε
2 ) !0 ,3% 81.+2!
05 "!*%. <1











f ε
1 (t) = xε

2(t) +
4ε2pε

1(t)√
(pε

2
(t))2+ε2(pε

1
(t))2

,

f ε
2 (t) = −xε

1(t) + xε
2(t)(1.4 − 0.14xε

2(t)
2) +

4pε
2(t)√

(pε
2
(t))2+ε2(pε

1
(t))2

.=3% >$0, "%-2%,$!
 
-.?#"+,% ,!2% !0 ,3%. ,3% >$0, 9-0!,!*% @%$- -A ,3% A#.
,!-.
t 7→ det (δxε

1(t) δx
ε
2(t), f

ε
1 (t) f ε

2 (t))B0%%  !"#$% &'CDE'F% $%9-$, -. =+</% &'&'C ,3% *+/#%0 -A ,3% >$0, "%-2%,$!
 
-.?#"+,% ,!2% -A ,3% -9,!2+/,$+?%
,-$1 x̂ε(·)5 A-$ 8!G%$%., *+/#%0 -A ε' F% -<0%$*% ,3+,5 +0 %49%
,%85 tεc 
-.*%$"%0 ,-
tc ≃ 3.14750955 +0 ε ,%.80 ,- 0'H.-,3%$ 9-00!</% ,%0, B0%% ICJ℄E !0 ,- 
-29#,% .#2%$!
+//1 0-/#,!-.0

Zi(·) = (δxε
1i(·), δxε

2i(·), δpε
1i(·), δpε

2i(·)) , i = 1, 2 ,-A ,3% *+$!+,!-.+/ 010,%2 
-.0!8%$%8 9$%*!-#0/15 6!,3 !.!,!+/ 
-.8!,!-.0 (δpε
11(0), δp

ε
21(0)) =

(1, 0) +.8 (δpε
12(0), δp

ε
22(0)) = (0, 1)5 +.8 ,3%. ,- 
-29#,% ,3% $+.L -A ,3% 2+,$!4

Jε(t) =

(

δxε
11(t) δxε

21(t)

δxε
12(t) δxε

22(t)

)

.CDJ
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 !"#$% &'()* det (δxε
1(t) δxε

2(t), f
ε
1 (t) fε

2 (t)) ε = 0.01

ε tεc

0.1 3.26735859

0.01 3.1559626

0.001 3.14844987

0.0001 3.14760515+,-.% &'(* /,.#%0 12 tεc+3!0 $,45 6#07 -% %8#,. 71 1 1#70!9% , 
14;#",7% 7!6%< ,49 0 ,7 , 
14;#",7% 7!6%' =4 1$9%$71 
16>#7% !7< ?% #0% , 0!4"#.,$ @,.#% 9%
16>10!7!14 12 Jε(t)A 73%4< , 
14;#",7% 7!6% 1

#$0?3%4%@%$ 73% B$07 0!4"#.,$ @,.#% 12 Jε(t) @,4!03%0 C0%%  !"#$% &'((D'
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 !"#$% &'((* !"#$% $"&'()*# +*)(, -. Jε(t) /ε = 0.010()E
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 ! "#$% &'%" ()*+,-(. "#( &'%" 
0!123*"( "$+( tc 04 "#( 0,"$+*- 5*!365*!3 "'*1(
"0'7 x̂(·) 
06$!
$8(% 9$"# "#( %(
0!8 %9$"
#$!3 "$+(: ;( !()" ,'0<$8( *! ()*+,-( 9#('( "#( &'%" 
0!123*"("$+( $% (=2*- "0 "#( "#$'8 %9$"
#$!3 "$+(: ! !" #$
&'( $)*+,-$>0!%$8(' "#( +$!$+*- "$+( 
0!"'0- ,'05-(+ 40' "#( 
0!"'0- %7%"(+
ẋ1(t) = sin(x2(t)),

ẋ2(t) = − sin(x1(t)) + u1(t),
?@:ABC9$"# "#( 
0!"'0- 
0!%"'*$!"

|u1(t)| ≤ 1 , ∀t ∈ [0, tf ] , ?@:ADC*!8 9$"# "#( 502!8*'7 
0!8$"$0!%
x1(0) = x2(0) = 0, x1(tf ) = 2.9, x2(tf ) = 0.1. ?@:AACE'0+ "#( F0!"'7*3$! +*)$+2+ ,'$!
$,-(. *!7 0,"$+*- %0-2"$0! x̂(·) 04 ?@:ABCG?@:AAC $% "#(,'01(
"$0! 04 *! ()"'(+*- (x̂(·), p̂(·), p0, û1(·)) %2
# "#*"

˙̂p1(t) = p̂2(t) cos(x̂1(t)),

˙̂p2(t) = −p̂1(t) cos(x̂2(t)),*!8 "#( +*)$+$H*"$0! 
0!8$"$0! p̂2(t)û1(t) = max|w|≤1 (p̂2(t)w) +2%" #0-8 *-+0%" (<('79#('(0! [0, tf ]:  " $% (*%7 "0 %(( "#*" p̂2(·) 
*!!0" <*!$%# 0! %0+( %25$!"('<*-. *!8 $" 40--09%"#*" "#( 0,"$+*- 
0!"'0- û1(·) $% 5*!365*!3. (=2*- "0 û1(t) = %$3!(p̂2(t)): I,,-7$!3 * %#00"$!3+("#08 "0 ,'05-(+ ?@:ABCG?@:AAC ?9$"# p0 = −1C.9( 8("('+$!( "#( $!$"$*- *810$!" <(
"0' p̂(0) =

(−0.5, 1). *!8 05%('<( "#*" "#( "'*1(
"0'7 #*% 0!( %9$"
#$!3 "$+( τ̂1 ≃ 3.26174615 0! [0, tf ]."#*" $%. û1(·) $% 3$<(! 57
û1(t) =







+1 40' 0 ≤ t ≤ τ̂1,

−1 40' τ̂1 ≤ t ≤ tf ,9$"# * &!*- "$+( tf ≃ 4.07756604 ?%(( E$32'(% @:DA *!8 @:D@C: E2'"#('+0'(. x̂(·) $% "#( 2!$=2(+$!$+*- "$+( %0-2"$0! *!8 #*% * 2!$=2( ()"'(+*- -$4" ?2, "0 * +2-"$,-$
*"$<( %
*-*'C. 9#$
# $%+0'(0<(' !0'+*-:F'0-0!3*"$!3 "#( "'*1(
"0'7 x̂(·) "0 "#( $!"('<*- [0, 11]. 9( 05%('<( * %(
0!8 %9$"
#$!3 "$+(*" τ̂2 ≃ 6.21787838. *!8 * "#$'8 0!( *" τ̂3 ≃ 10.46930198: >0!%$8('$!3 *% $! "#( ,'(<$02%()*+,-( "#( ()"'(+*- &(-8 (+*!*"$!3 4'0+ "#( <('"$
*- +*!$40-8. 9( 05%('<( 0! E$32'(% @:DJ*!8 @:DK "#*" "#( ()"'(+*- &(-8 
'0%%(% "'*!%<('%*--7 "#( %(
0!8 %9$"
#$!3 %2'4*
(. 52" '(L(
"%0M "#( "#$'8 %9$"
#$!3 %2'4*
(. *!8 $" 40--09% 4'0+ N#(0'(+ @:D:DB "#*" "#( &'%" 
0!123*"("$+( tc $% (=2*- "0 τ̂3: DBO
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 !"#$% &'(,* 3++$ +- "4) +5)'&%! +6 "4) 7+8 %""4) "4#'1 98#"
4#-: "#$)-% .$/./0% 12% 3/44/5!6" $%"#47$!871!/6' 9/60!:%$ 12% 
/61$/4 0<01%=
ẋε

1(t) = sin(xε
2(t)) + εuε

2(t),

ẋε
2(t) = − sin(xε

1(t)) + uε
1(t),

>&')&?5!12 12% 
/61$/4 
/601$7!61
(uε

1(t))
2 + (uε

2(t))
2 ≤ 1 , ∀t ∈ [0, tεf ] , >&')+?76: 12% !6!1!74 76: @674 
/6:!1!/60 >&'))?' A6< /.1!=74 0/4#1!/6 x̂ε(·) /3 >&'))?B>&')+? !0 12%.$/C%
1!/6 /3 76 %D1$%=74 (x̂ε(·), p̂ε(·), p0ε

, ûε(·)) 0#
2 1271
˙̂pε
1(t) = p̂ε

2(t) cos(x̂ε
1(t)),

˙̂pε
2(t) = −p̂ε

1(t) cos(x̂ε
2(t)),(EF
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 !" #$% & '(&() #(*! 
*!"(#(*! (&,-(%. #$ # #$% %'#/%& - 
*!#/*-.  /% 0(1%! 23
ûε

1(t) =
p̂ε
2(t)

√

(p̂ε
2(t))

2 + ε2(p̂ε
1(t))

2
, ûε

2(t) =
εp̂ε

1(t)
√

(p̂ε
2(t))

2 + ε2(p̂ε
1(t))

2
. 456789:,,-3(!0  .$**#(!0 &%#$*" #* #$(. ,/*2-%&; <% "%#%/&(!% #$% *,#(& - #/ =%
#*/3 *> #$%/%0?- /()%" ,/*2-%&;  !" <% (!"%%" *2.%/1% #$% %',%
#%" 
*!1%/0%!
% *> (x̂ε(·), p̂ε(·),−1, ûε)#*< /". (x̂(·), p̂(·),−1, û1);  . ε #%!". #* @; (!  0/%%&%!# <(#$ A$%*/%& 7686B 4.%% C(0?/%. 56BDE56BF96
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*!#/*-. 456789  /% .&**#$ >?!
#(*!. *> t;  !" <%  ,,-3 #$% -0*/(#$& "%.
/(2%" (! IB8℄; 
*&,?#(!0  . 2%>*/% #$% "%#%/&(! !# det (δxε
1(t) δx

ε
2(t), f

ε
1 (t) f ε

2 (t))4.%% C(0?/% 56BK96 L% /%,*/# *! A 2-% 56567 #$% 1 -?%. *> #$% M/.# 0%*&%#/(
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 !"#$% &'()* det (δxε
1(t) δxε

2(t), f
ε
1 (t) fε

2 (t)) ε = 0.1+, -.% +/-!012 -$13%
-+$5 x̂ε(·)6 ,+$ 7!8%$%9- :12#%; +, ε' <% +=;%$:% -.1-6 1; %>/%
-%76 tεc
+9:%$"%; -+ tc 1; ε -%97; -+ 0'
ε tεc

0.1 10.01593283

0.01 10.3164905

0.001 10.41858121

0.0001 10.45291892

0.00001 10.46419119?1=2% &'@* A12#%; +, tεc !"#$% &'&'(& <% +=;%$:% +9 =+-. /$%:!+#; %>10/2%; -.1- !- !; 9+- 9%%7%7 -+ 
+9;!7%$ :%$5;0122 :12#%; +, ε -+ %;-!01-% -.% B$;- 
+93#"1-% -!0% tc' C97%%76 1 
+93#"1-% -!0% +, 1 2+
1225=19"D=19" -$13%
-+$5 
19 +925 +

#$ 1- 1 ;E!-
.!9" -!0% F;%% G%01$H &'('IJ 1976 #97%$ +#$1;;#0/-!+9;6 ;E!-
.!9" -!0%; 1$% !;+21-%7 F;%% G%01$H &'('KJ'  $+0 ?.%+$%0 &'@'(6 -.% B$;-"%+0%-$!
 
+93#"1-% -!0% tεc 
+9:%$"%; -+ tc6 E.%9 ε -%97 -+ L' ?.%$%,+$%6 1; ;++9 1; ε !; ;0122%9+#". ;+ -.1- tεc !; !9 1 F9+- 9%
%;;1$!25 ;+ ;0122J 9%!".=+$.++7 +, ;+0% ;E!-
.!9" -!0% τ̂s+, -.% =19"D=19" -$13%
-+$5 x̂(·)6 -.!; 0%19; -.1- -.% =19"D=19" 
+93#"1-% -!0% tc !; %M#12 -+-.1- ;E!-
.!9" -!0% τ̂s'
((L
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 !"
$%&'!" (") !*+" *,!-$+.& ! "#$% &#' "#(%$% )( *+
-%(. +! "#( /0+12(3 +* .("(03$!$!4 5! (6
$(!" /0+
(.-0( "+ 
+3/-"("#( 70%" 
+!8-45"( "$3( tc *+0 "#( 3$!$352 "$3( /0+12(3 *+0 %$!42(9$!/-" 
+!"0+2956!( %:%"(3%
ẋ = X(x) + u1Y1(x) $!  ;n )$"# "#( 
+!"0+2 
+!%"05$!" |u1(t)| ≤ 1< *+0 (=(0: t ∈ [0, tf ]>?( /0+/+%(. 5 %3++"#$!4 /0+
(.-0( )#$
# 
+!%$%"% $! 5..$!4 !() %3++"# =(
"+0 7(2.%
Y2, . . . , Ym 5!. 5 %3522 /5053("(0 ε > 0< %+ 5% "+ 
+3( -/ )$"# "#( 3$!$352 "$3( /0+12(3 *+0"#( %:%"(3 ẋ = X(x)+uε

1Y1(x)+ε
∑m

i=2 u
ε
iYi(x)< -!.(0 "#( 
+!"0+2 
+!%"05$!" ∑m

i=1(u
ε
i (t))

2 ≤
1< )$"# "#( %53( 1+-!.50: 
+!.$"$+!% 5% "#( $!$"$52 /0+12(3> ?( /0+=(.< -!.(0 5//0+/0$5"(5%%-3/"$+!%< "#5" "#( +/"$352 
+!"0+2% +* "#( 25""(0 /0+12(3< .(/(!.$!4 +! ε< 50( %3++"#*-!
"$+!% +* t< 5!. 
+!=(04( )(5@2: "+ "#( +/"$352 
+!"0+2 +* "#( $!$"$52 %:%"(3A 3+0(+=(0"#( 5%%+
$5"(. "058(
"+0$(% 
+!=(04( -!$*+032:>  * "#( +/"$352 
+!"0+2 +* "#( $!$"$52 %:%"(3 $%3+0(+=(0 15!4915!4< "#(! "#( 
+!=(04(!
( +* "#( 0(4-250$B(. 
+!"0+2 #+2.% 523+%" (=(0:)#(0(A"#$% /0+/(0": 35: #+)(=(0 *5$2 )#(!(=(0 "#( 15!4915!4 /0+/(0": .+(% !+" #+2.> ?( /0+=$.(.(C53/2(% 5!. 
+-!"(0(C53/2(% "+ $22-%"05"( +-0 0(%-2"> D+0(+=(0< )( /0+=(. "#5" "#( 70%"4(+3("0$
 
+!8-45"( "$3( +* 0(4-250$B(. /0+12(3 
+!=(04(% "+ "#( 70%" 
+!8-45"( "$3( $!$"$52/0+12(3< )#(! ε "(!.% "+ E> F#$% 
+!=(04(!
( 0(%-2"< 522+)(. -% "+ -%( "#(+0("$
52 5!. /05
"$
520(%-2"% *+0 "#( 
+!8-45"( "$3( "#(+0: "#5" 50( )(22 @!+)! $! "#( %3++"# 
5%( 5!. 5//2: "#(3"+ "#( 0(4-250$B(. /0+12(3 $! +0.(0 "+ 
+3/-"(< 
+!%(G-(!"2:< 
+!8-45"( "$3(% +* "#( $!$"$5215!4915!4 /0+12(3> H+"( "#5" +-0 0(%-2"% %"$22 #+2. $* "#( 
+!"0+2956!( %:%"(3 $% 
+!%$.(0(.+! 5 35!$*+2. I$! "#$% )+0@ )( 
+!%$.(0(.  ;n *+0 "#( %5@( +* %$3/2$
$":J>K! +/(! G-(%"$+! $% "+ (C"(!. "#( 0(%-2"% /0+=(. $! L#5/"(0% M 5!. N "+ 4(!(052 !+!2$!(50
+!"0+2 %:%"(3%>  ! +-0 /+$!" +* =$()< "#$% (C"(!%$+! %((3% .$6
-2"< 1(
5-%( $" 35: 1( !+"+1=$+-% "+ 4(!(052$B( "#( !$
( (C/0(%%$+! IM>OOJ I%(( L#5/"(0 M< P(
"$+! QM>RJ "+ 3+0( 4(!(052%$"-5"$+!% 5!.< +! "#( +"#(0 #5!.< S(335 M>T>U .+(% !+" #+2. 5 /0$+0$ *+0 4(!(052 
+!"0+2%:%"(3%< 3+0(+=(0< $" $% !+" 
2(50 #+) "+ .(0$=( S(335 M>T>V 5!. "#( %-1%(G-(!" 0(%-2"%>K2"#+-4#< $" )+-2. 1( $!"(0(%"$!4 $* )( 
+-2. (C"(!. +-0 0(%-2"% "+ 3-2"$9$!/-" 
+!"0+2956!(%:%"(3% ẋ = X(x) +

∑p
i=1 uiYi(x) $!  ;n< )#(0( u = (u1, ..., up) ∈ L∞([0, tf ],∆) 5!. ∆ $%5 /+2:#(.0+! I%(( WXT℄J< +0 5 
+!=(C /+2:#(.0+! I%(( WZO℄J< +0 5 
+!=(C 
+3/5
" /+2:#(.0+!I%(( WOEE℄J +*  ;p> [+0 p > 1< $" )+-2. 1( $!"(0(%"$!4 "+ 
+!%$.(0 "#( 
5%( )#(0( 3-2"$/2(%)$"
#$!4 "$3(% 35: +

-0< "#5" $%< )#(! 5" 2(5%" ")+ 
+!"0+2 *-!
"$+!% %)$"
# 5" "#( %53("$3(> K!+"#(0 +/(! G-(%"$+! 
+!
(0!% "#( 4(!(052$B5"$+! "+ 4(!(052 
+%" *-!
"$+!%>OOO
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 !!"#$%&   !"#$ %&' #(
*&' *"'(" #+,
!(&$*-$!.%/!$0 
*&'!$!*&# !& $1( &*".%/
%#( !"#$ %&' #(
*&' *"'(" &(
(##%"+ %&',*" #-.
!(&$ */$!0%1!$+ 
*&'!$!*&# 2%3( % 
"-
!%1 "*1( !&$2( #$-'+ *4 5"#$ 
*&6-7%$( $!0(# 4*" 8%&798%&7 0!&!0%1 $!0( */$!0%1 
*&$"*1 /"*81(0# :!$2
*&$"*19%.&( #+#$(0#; <& =>? @? AB? C@? BDD℄ 5"#$ %&' #(
*&' *"'(" &(
(##%"+ %&',*" #-.
!(&$*/$!0%1!$+ 
*&'!$!*&# %"( 7!3(& !& $("0# *4 % F-%'"%$!
 4*"0Qt; G# :( "(
%11(' !& H(
$!*& I>;B;>*4 J2%/$(" > $2( F-%'"%$!
 4*"0 !& =BDD℄ !# % 1*:(" 8*-&' 4*" $2( *&( 7!3(& !& =AB℄? %&' !&
("$%!& 
%#(# $2( F-%'"%$!
 4*"0 !& =AB℄ !# (F-!3%1(&$ $* $2( *&( !& =@℄ K#(( =CD℄L; <& =C@℄ %&%&%1*7*-# F-%'"%$!
 4*"0 $* $2( *&( !& =@℄ !# '(5&('; M("( :( "(
%11 $2( 5"#$ %&' #(
*&' *"'("#-.
!(&$ */$!0%1!$+ 
*&'!$!*&# 7!3(& !& =AB℄ %&' %//1+ $2(0 $* $2( N%+1(!72 0!&!0%1 $!0(
*&$"*1 /"*81(0 :!$2 5O(' !&!$!%1 %&' 5&%1 
*&'!$!*&# K#(( H(
$!*&# IP;Q;B %&' I>;>;BL;<& =RASAB℄ #-.
!(&$ */$!0%1!$+ 
*&'!$!*&# %"( /"*3!'(' 4*" % 0!&!0%1 $!0( /"*81(0 4*"0-1$!9!&/-$ 
*&$"*19%.&( #+#$(0# !& <Nn

ẋ = X(t, x) +

p
∑

i=1

uiYi(t, x):!$2 5O(' !&!$!%1 %&' 5&%1 
*&'!$!*&#
x(0) = x0 , x(tf ) = x1 ,%&' :2("( u = (u1, ..., up) ∈ L∞([0, tf ],∆) %&' ∆ !# % 
*&3(O /*1+2('"*& *4 <Np;M("( :( :!11 4*"0-1%$( $2( 5"#$ %&' #(
*&' *"'(" #-.
!(&$ */$!0%1!$+ 
*&'!$!*&# 7!3(&!& =RASAB? AQ℄ 4*" $2( */$!0%1 
*&$"*1 /"*81(0  !"#$ 
*&#!'("(' !& J2%/$("# P %&' >; T2(*/$!0%1 
*&$"*1 /"*81(0  !"#$ 
*&#!#$# *4 '($("0!&!&7 % #*1-$!*& x(·) %##*
!%$(' $* % 
*&$"*1

u1(·)? *& [0, tf ]? #%$!#4+!&7 $2( #!&71(9!&/-$ 
*&$"*19%.&( #+#$(0 !& <Nn

ẋ = X(x) + u1Y1(x), KG;BLBB>
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 !"#" X $%& Y1 $#" '())*! +"
*)# -".&'/ *!" 
)%'*#$0%*
|u1(t)| ≤ 1 , ∀t ∈ [0, tf ] ,$%& '*""#0%1 x0 = x(0) *) x1 = x(tf ) 0% (0%0($. *0(" tf 23#)( 4)%*#5$10% ($60(7( 8#0%
08."/ *!"#" "60'*' $ %)% *#0+0$. $9').7*".5 
)%*0%7)7' ($8:80%1 p(·) : [0, tf ] → ;<n =$&>)0%* +"
*)#? $%& $ #"$. %7(9"# p0 ≤ 0/  0*! (p(·), p0) 6= (0, 0)/'7
! *!$*

ṗ(t) = −
〈

p(t),
∂X

∂x
(x(t))

〉

− u1(t)

〈

p(t),
∂Y1

∂x
(x(t))

〉 =@2A? !"#" *!" B$(0.*)%0$% C7%
*0)% 0' 10+"% 95
H(x, p, p0, u1) = 〈p, f(x, u1)〉 = 〈p,X(x) + u1Y1(x)〉+ p0 ,$%& *!" ($60(0D$*0)% 
)%&0*0)%

H(x(t), p(t), p0, u1(t)) = max
|w|≤1

H(x(t), p(t), p0, w) =@2E?!).&' $.()'* "+"#5 !"#" )% [0, tf ]2 F)#")+"#/ max|w|≤1H(x(t), p(t), p0, w) = 0 C)# "+"#5
t ∈ [0, tf ]2;* C)..) ' C#)( =@2E? *!$*

u1(t) = '01%〈p(t), Y1(x(t))〉C)# $.()'* "+"#5 t/ 8#)+0&"& *!$* *!" =
)%*0%7)7'? ' 0*
!0%1 C7%
*0)%
ϕ1(t) = 〈p(t), Y1(x(t))〉&)"' %)* +$%0'! )% $%5 '790%*"#+$. )C [0, tf ]2B"#"  "  0.. )%.5 
)%'0&"# *!" 
$'"  !"#" *!" 4)%*#5$10% "6*#"($. (x(·), p(·), p0, u1(·)) 0'%)#($. =p0 = −1?2 G!" $9%)#($. 
$'" 0' $.') 
)%'0&"#"& 0% HIJKJL/ JM℄2G!" "6*#"($. (x(·), p(·),−1, u1(·)) ($5 9" "6*"%&"& C)# $#& )% $ ($60($. *0(" 0%*"#+$.

I )C [0,+∞)/ 
)%*$0%0%1 [0, tf ] ='"" O"
*0)% PE2L2A/ Q!$8*"# E?2 R"* *!" @''7(8*0)% E2L2L!).&/ *!$* 0' $''7(" *!$* *!" "6*#"($. (x(·), p(·),−1, u1(·)) 0'  !"#$ !"# )% *!" 0%*"#+$. I/02"2/ *!" ' 0*
!0%1 C7%
*0)% ϕ1 &)"' %)* +$%0'! )% $%5 '790%*"#+$. )C I2 R"* τ1, . . . , τs 9" *!"' 0*
!0%1 *0("' )C *!" 9$%1:9$%1 *#$>"
*)#5 x(·)/ *!$* 0'/ τ1, . . . , τs $#" D"#)' )C ϕ1 )% I/ '7
!*!$* 0 < τ1 < . . . < τs2 G!"#" !).&'
u1(t) =







1 0C ϕ1(t) > 0,

−1 0C ϕ1(t) < 0,C)# "+"#5 t ∈ I23)# j = 1, ..., s/ ."* u1(τ
−
j ) = u1(τj − 0) $%& u1(τ

+
j ) = u1(τj + 0) 9"/ #"'8"
*0+".5/ *!"."C*:!$%& $%& *!" #01!*:!$%& '0&" )C *!" 
)%*#). u1(t) $* τj2LLS
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 !"#"
%& '()'*%
+,  !" #$ %&' (%")&*#
! ",! 
)("(
-. $#/$0-
! K12!%&"! /3 PθC
1([0, tf ], 45n) /! ",! $0-
! &6 0(!
!'($! 
&%"(%#&#$ 6#%
"(&%$

x̄(·) : [0, tf ] → 45n",-" -)! 
&%"(%#&#$.3 *(7!)!%"(-/.! &% !-
, (%"!)8-. &6 ",! $!" [0, tf ]\θ9 ',!)! θ = {τ1, ..., τs}($ ",! $!" &6 $'("
,(%: "(;!$1 <#""(%:
z̄ = (t̄f , ξ, x̄) '(", t̄f ∈ 45 , ξ = (ξ1, ..., ξs) ∈ 45s , x̄ ∈ PθC

1([0, tf ], 45n) ,'! ,-8!
z̄ ∈ Z(θ) = 45× 45s × PθC

1([0, tf ], 45n) . !" K /! ",! $!" &6 -.. z̄ ∈ Z(θ) $-"($63(%: ",! 6&..&'(%: 
&%*("(&%$
˙̄x(t) = fx(x(t), u1(t))x̄(t) , x̄(τ+

k )− x̄(τ−j ) =
(

ẋ(τ+
j )− ẋ(τ−j )

)

ξj , j = 1, ..., s ,

x̄(0) = 0 , x̄(tf ) = 0 .=,! $!" K ($ - >%("!?*(;!%$(&%-. $#/$0-
! &6 Z(θ) -%* ($ 
-..!* ",! 
!"#"
$% &'(&)$
*1=,!)! ,&.*$ x̄(t) ≡ 0 &% [0, τ1) -%* (τs, tf ]1 =,#$9 x̄(τ−1 ) = x̄(τ+
s ) = 09 6&) -.. z̄ ∈ K1@&%$(*!) ",! 8-)(-"(&%-. A.(%!-)(B!*C $3$"!;

ẏ = fx(t)y-%* 6&) !-
, j = 1, ..., s9 *!>%! ",! 8!
"&) 6#%
"(&%$ yj(t) -$ ",! $&.#"(&%$ &6 ",! $3$"!;
ẏ = fx(t)y , y(τj) = (ẋ(τ+

j )− ẋ(τ−j )) , t ∈ [τj , tf ] .D&) t < τj 0#" yj(t) = 0 ',(
, 3(!.*$ yj(τ+
j ) − yj(τ−j ) = ẋ(τ+

j ) − ẋ(τ−j )1 2!%&"! /3
x(t, τ1, ..., τs) ",! $&.#"(&% &6 AE1FC -$$&
(-"!* "& ",! /-%:?/-%: &0"(;-. 
&%")&. '(", $'("
,(%:"(;!$ τ1, ..., τs1 =,! *!)(8-"(8!$ &6 ",! ")-G!
"&)(!$ x(t, τ1, ..., τs) '(", )!$0!
" "& ",! $'("
,(%:"(;!$ -)! :(8!% /3

∂x

∂tj
(t, τ1, ..., τs) = −yj(t) 6&) t ≥ tj , j = 1, ..., s .-!.*.'"#"./ 0,1,2, +,-.-/0 -1℄ 3&&'4* #5$# 67* 68 #5* 86%%69"7: 
67;"#"67& $!* &$#"&<*;=86! p0 = −1>?=$> #5* s @*
#6!& yj(tf ) = − ∂x

∂tj
(tf )0 j = 1, ...s0 $!* %"7*$!%A "7;*)*7;*7# 0=(> #5* ($7:B($7: 
67#!6% 5$& 67* &9"#
5"7: #"4*0 "C*C0 s = 1CD5*7 #5* 
!"#"
$% &'(&)$
* "& K = {0}C  ! "#$ %&'()*%+ 
%-$ .- 
('-./$)$/ "#$' %'("#$) 
('/.".(' "#%" .*0+.$- K = {0} .-  !" s + 1 #"
 %&'

yj(tf ) = − ∂x
∂tj

(tf )( j = 1, ..., s( ẋ(tf )( )&" *+,")&*- +,."/",.", (FFH
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 !"#$"%&
 ()$*+  !" (x(·), p(·),−1, u1(·)) #! $ %&'"()$*+' !,"(!-$./ $'0 z̄ ∈ Z1 2!3'!
Qt(p, z̄) =

s
∑

j=1

(

(

−ϕ̇(τj)(u1(τ
+
j )− u1(τ

−
j ))

)

ξ2j + 2

(

∂H

∂x
(τ+

j )− ∂H

∂x
(τ+

j )

)

1

2
(x̄(τ−j ) + x̄(τ−j ))ξj

)

+

∫ τs

τ1

〈∂
2H

∂x2
(t)x̄(t), x̄(t)〉dt . 451675 8"(&'*!( 9!(8+&' &: ";! '!," ";!&(!- +8 *+9!' +' <=>/=?℄ A;!(! ";! $#'&(-$. 
$8! +8 $.8&
&'8+0!(!01,-.)$.* /+0+1+  !"#"$%"&℄ ()* (x(·), p(·),−1, u1(·)) +) , -./0,1 )2*/)0,1 3./ *4) 5/.+1)0

( !") .- [0, tf ]% 67
4 *4,*9,: u1(·) ;6 , +,-<=+,-< 
.-*/.1% *4,* ;6% *4) >66705*;.- ?@$@$ 4.1A6B9+: *4) 6*/;
* +,-<=+,-< ()<)-A/) 
.-A;*;.- 4.1A6% *4,* ;6% ϕ̇(τj) 6= 0 3./ j = 1, ..., s 96))C4,5*)/ ?:B9
: max
p
Qt(p, z̄) > 0 ∀z̄ ∈ K\{0}@D4)- (x(·), u1(·)) ;6 , 6*/.-< 1.
,1 0;-;070@ C;+8 ";!&(!- D(&9+0!8 $ 8!
&'0 &(0!( 8EF
+!'" 
&'0+"+&' :&( 8"(&'* .&
$. &D"+-$.+")1E)0,/F 51G16@ H: K = {0} ";!' ";! 
&'0+"+&' 4
7 +8 $E"&-$"+
$..) :E.3..!01 C;!(!:&(!/ ";!D(&D!(") K = {0} +8 $ 3(8" &(0!( 8EF
+!'" 
&'0+"+&' :&( 8"(&'* .&
$. &D"+-$.+")1E)0,/F 51G1I@ H: ";!(! !,+8"8 $ 9!
"&( p(·) 8&.E"+&' &: 451>7J451K7 8E
; ";$"

Qt(p, z̄) > 0 ∀z̄ ∈ K\{0} ,";!' ";! 
&'0+"+&' 4
7 +8 8$"+83!01C;! '!," ";!&(!- :&..&A8 :(&- %(&D&8+"+&' 51G1K $'0 C;!&(!- 51G1L $'0 +" D(&9+0!8 $8EF
+!'" 
&'0+"+&' :&( #$'*M#$'* 
&'"(&. A+"; &'! 8A+"
;+'* "+-!1,-.)$.* /+0+2+  !"#"$%"&℄ ()* (x(·), p(·),−1, u1(·)) +) , -./0,1 )2*/)0,1 3./ *4) 5/.+1)0
( !") .- [0, tf ]% 67
4 *4,*9,: u1(·) ;6 , +,-<=+,-< 
.-*/.1 G;*4 .-) 6G;*
4;-< 5.;-*B9+: −ϕ̇(τ1)

(

u1(τ
+
1 )− u1(τ

−
1 )

)

< 0@D4)- (x(·), u1(·)) ;6 , 6*/.-< 1.
,1 0;-;070@!  ! "#
%& (x(·), u1(·)) '( # (%)'
% (%)*!+ ,*
#, -'!'-.-/! ! "#
%& (x(·), u1(·)) '( # (%)'
% (%)*!+ ,*
#, -'!'-.-/>>?
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 !" #$% 
'(% !) #*! (*+#
$+,- #+.%(/ '((0.% #$'# ẋ(τ+
1 )−ẋ(τ−1 ) 6= 0 ',1 ẋ(τ+

2 )−ẋ(τ−2 ) 6= 023$+( +.456 #$'# y1(tf ) = 0 ',1 y2(tf ) = 0 *$%"% y1 7"%(4%
#+8%56 y29 +( #$% (!50#+!, !)
ẏ = fx(t)y , y(τ1) = ẋ(τ+

1 )− ẋ(τ−1 ) , t ∈ [τ1, tf ]7"%(4%
#+8%56/ ẏ = fx(t)y , y(τ2) = ẋ(τ+
2 ) − ẋ(τ−2 ) , t ∈ [τ2, tf ] ).  "!. #$% (04%"4!(+#+!,4"+,
+45% )!" 5+,%'" !"1+,'"6 1+:%"%,#+'5 %;0'#+!,( #$%"% $!51(

x̄(t) =
2

∑

j=1

yj(t)ξj ,#$%"%)!"%/
0 = x̄(tf ) = y1(tf )ξ1 + y2(tf )ξ2 . 7<2=9<((0.%/ )0"#$%".!"% #$'# K 6= {0}2 3$%, )"!. 7<2=9 #$% ,!,>%"! 8%
#!"( y1(tf ) ',1 y2(tf )'"% 
!55+,%'"/ +2%2/

y2(tf ) = αy1(tf ) 7<2?9)!" (!.% α 6= 02 3$% )0,
#+!,( y1(t) ',1 y2(t) '"% 
!,#+,0!0( (!50#+!,( !) #$% (6(#%. ẏ =

fx(t)y +, (τ2, tf ]/ #$0( #$% "%5'#+!, y2(t) = αy1(t) +( 8'5+1 )!" '55 t ∈ (τ2, tf ]2 @, 4'"#+
05'"/
y2(τ2 + 0) = αy1(τ2) ',1 #$0(

ẋ(τ+
2 )− ẋ(τ−2 ) = αy1(τ2)*$+
$ +( %;0+8'5%,# #! 7<2?92  "!. 7<2=9 ',1 7<2?9 #$%"% $!51(

ξ2 = − 1

α
ξ1 .A(+,- #$% 4"%8+!0( )!".05'( ',1 ∂H

∂x (τ+
j )− ∂H

∂x (τ−j ) = −
(

ṗ(τ+
1 )− ṗ(τ−1 )

)/ j = 1, 2/ +, #$%;0'1"'#+
 )!". 7<2B9 *% $'8%
Q = ρξ21*$%"%

ρ =
(

−ϕ(τ1)
(

u1(τ
+
1 )− u1(τ

+
1 )

)

− (ṗ(τ+
1 )− ṗ(τ−1 ))(ẋ(τ+

1 )− ẋ(τ−1 ))
)

+
1

α2

(

−ϕ(τ2)
(

u1(τ
+
2 )− u1(τ

+
2 )

)

+ (ṗ(τ+
2 )− ṗ(τ−2 ))(ẋ(τ+

2 )− ẋ(τ−2 ))
)

+

∫ t2

t1

〈∂
2H

∂x2
y1, y1〉dt .7<2C9 !"#"$%&%"' ()*)+)  !"#"$%"&℄ ()* (x(·), p(·),−1, u1(·)) +) , -./0,1 )2*/)0,1 3./ *4) 5/.+61)0 ( !") .- [0, tf ]7 899:0) *4,* u1(·) 4,9 *;. 9;<*
4<-> *<0)9% ẋ(τ+

1 ) − ẋ(τ−1 ) 6= 0%
ẋ(τ+

2 ) − ẋ(τ−2 ) 6= 0% ,-? y2(tf ) = αy1(tf ) ;<*4 9.0) 3,
*./ α7 @4)- *4) 
.-?<*<.- .3 5.96<*<A) ?)B-<*)-)99 .3 Q .- K <9 )C:<A,1)-* *. *4) <-)C:,1<*D ρ < 0% ;4)/) ρ <9 ?)B-)? +D  !"#$7%%#
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 !" #$%&'()* +%,()-./ &-0-&%( 1-&) 
30143( '435()& !"#$%&' ()& *+,-&$.) /$"$/+- ($/& 
!"('!- 1'!2-&/ 
!"#$%&'&% $" 3&
($!" 45456 $"  )+1(&' 478!' ()& 
!"('!- #,#(&/
ẋ1(t) = x2(t),

ẋ2(t) = −x1(t) + x2(t)(1.4 − 0.14x2(t)
2) + u1(t),

9:5;<=$() ()& 
!"('!- 
!"#('+$"(
|u1(t)| ≤ 4 , ∀t ∈ [0, tf ] 9:5><+"% =$() 2!?"%+', 
!"%$($!"# .$@&" 2,

x1(0) = x2(0) = x0, x1(tf ) = x2(tf ) = x1 .A" B;6℄ ()& +?()!'# 
!"#$%&' *+,-&$.) /$"$/+- ($/& 
!"('!- 1'!2-&/ =$() ()& 2!?"%+',
!"%$($!"#
x1(0) = x2(0) = −5 , x1(tf ) = x2(tf ) = 0+"% @&'$D&% ()+( E'!1!#$($!" :5F5G $# #+($#D&% 8!' ()& ('+H&
(!', x(·) +##!
$+(&% (! ()& 
!"('!-

u(t) =



















+4 8!' 0 ≤ t ≤ τ1

−4 8!' τ1 ≤ t ≤ τ2

+4 8!' τ2 ≤ t ≤ tf=)&'& τ1 ≃ 1.127 τ ≃ 3.31 +'& ()& #=$(
)$". ($/&# +"% tf ≃ 3.668 $# ()& /$"$/+- ($/& 9#&&3&
($!" IJ5K56 !8  )+1(&' J<5L&'& =& =$-- 
!"#$%&' ()& 2!?"%+', 
!"%$($!"# 
!"#$%&'&% $" 3&
($!" 45456 !8  )+1(&' 47.$@&" 2,
x1(0) = −4, x2(0) = −3, x1(tf ) = x2(tf ) = 0 . 9:56F<:

!'%$". (! ()& E!"(',+.$" /+M$/?/ 1'$"
$1-&7 +", !1($/+- #!-?($!" x(·) !8 9:5;<N9:5><79:56F< $# ()& 1'!H&
($!" !8 +" &M('&/+- (x(·), p(·), p0, u1(·)) #?
) ()+(
− ∂H

∂x1
(t) = ṗ1(t) = p2(t)

− ∂H

∂x2
(t)ṗ2(t) = −p1(t)− p2(t)

(

1.4− 0.42x2(t)
2
)+"% ()& /+M$/$O+($!" 
!"%$($!" p2(t)u1(t) = max|w|≤4 (p2(t)w) )!-%# +-/!#( &@&',=)&'& !"

[0, tf ]5 P)& !1($/+- 
!"('!- u1(·) $# 2+".Q2+".7 &R?+- (! u1(t) = 4 #$."(p2(t))5*&
+-- 3&
($!" I45456 =)&'& =& +11-$&% + #)!!($". /&()!% (! 1'!2-&/ 9:5;<N9:56F< 9=$()
p0 = −1<7 +"% %&(&'/$"&% ()& $"$($+- +%H!$"( @&
(!' p(0) ≃ (0.53095052; 0.34206485)5 S&66;
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 !"#$%# &'(& &'# &$()#
& $+ '("  ,-+  ,# "./&
'/,0 &/1# τ1 ≃ 0.57613094  , [0, tf ]2 &'(& /"2
u1(·) /" 0/%#, !+

u1(t) =







+4 3 $ 0 ≤ t ≤ τ1

−4 3 $ τ1 ≤ t ≤ tf ,./&' ( 4,(- &/1# tf ≃ 2.97812917 5"## 6/07$#" 898 (,: 89;2 <'(=&#$ 8>9?# ./-- , . (==-+ &'# "7@
/#,&  =&/1(-/&+ 
 ,:/&/ , A'# $#1 B9C9D (,: %#$/3+ &'(& &'/"&$()#
& $+ /"  =&/1(-9E,&#0$(&/,0 &'# "+"&#1






























ẋ1(t) = x2(t)

ẋ2(t) = −x1(t) + x2(t)(1.4 − 0.42x2
2(t)) + 4

ṗ1(t) = p2(t)

ṗ2(t) = −p1(t)− p2(t)(1.4 − 0.42x2
2(t))

5B9FF>/, &'# /,&#$%(- [0, τ1] 5./&' u1(t) = +4 (,: /,/&/(- 
 ,:/&/ ," (x1(0), x2(0)) = (−4,−3) (,:
(p1(0), p2(0)) ≃ (0.53095052; 0.34206485)> .# '(%# (p1(τ1), p2(τ1)) ≃ (0.6504275; 0)9 A'#$#G3 $#2

−ϕ̇(τ1) = −ṗ2(τ1) = p1(τ1) ≃ 0.6504275(,:
−ϕ̇(τ1)

(

u1(τ
+
1 )− u1(τ

−
1 )

)

≃ 0.6504275 · (−8) ≃ −5.20342003 < 0 .B,: 3$ 1 A'# $#1 B9C9D &'# &$()#
& $+ x(·) ("" 
/(&#: & &'# 
 ,&$ - u1(·) ./&'  ,# "./&
'/,0&/1# τ1 ≃ 0.5761 (,: 4,(- &/1# tf ≃ 2.97812 /" "&$ ,0 - 
(--+  =&/1(-  , [0, tf ]9H$ - ,0(&/,0 &'# &$()#
& $+ x̂(·) & &'# /,&#$%(- [0, 4]2 .#  !"#$%# ( "#
 ,: "./&
'/,0 &/1# (&
τ̂2 ≃ 3.14751019 I#& 7" (==-+ &'# H$ = "/&/ , B9C9J & &'# &$()#
& $+ x(·) ./&' &. "./&
'/,0&/1#"96 $ j = 1, 2 :#4,# &'# %#
& $ 37,
&/ ," yj ∈ EKn " -7&/ ,  3 &'# "+"&#1

ẏj
1(t) = yj

2(t)

ẏj
2(t) = −yj

1(t) + (1.4− 0.42x2
2(t))y

j
2(t)./&'

(

y1
1(τ1), y

1
2(τ1)

)

=
(

ẋ1(τ
+
1 )− ẋ1(τ

−
1 ), ẋ2(τ

+
1 )− ẋ2(τ

−
1 )

)

= (0,−8) , 3 $ t ∈ [τ1, tf ] ,(,:
(

y2
1(τ1), y

2
2(τ1)

)

=
(

ẋ1(τ
+
2 )− ẋ1(τ

−
2 ), ẋ2(τ

+
2 )− ẋ2(τ

−
2 )

)

= (0, 8) , 3 $ t ∈ [τ2, tf ] ,FFL

te
l-0

05
85

37
6,

 v
er

si
on

 1
 - 

12
 A

pr
 2

01
1



 !" #$ $!! %& "'! (!
"*+$ (y1
1(τ2), y

1
2(τ2)) ,-. (y2

1(τ2), y
2
2(τ2)) ,+! 
*//%-!,+0 1%"' (y2

1(τ2), y
2
2(τ2)) =

(0, 8)2 3* 
*45#"! (y1
1(τ2), y

1
2(τ2)) 1! %-"!6+,"! "'! $7$"!4























































ẋ1(t) = x2(t)

ẋ2(t) = −x1(t) + x2(t)(1.4 − 0.42x2
2(t))− 4

ṗ1(t) = p2(t)

ṗ2(t) = −p1(t)− p2(t)(1.4 − 0.42x2
2(t))

ẏ1
1(t) = y1

2(t)

ẏ1
2(t) = −y1

1(t) + y1
2(t)(1.4 − 0.42x2

2(t))%- "'! %-"!+(,/ [τ1, τ2] 1'!+! u1(t) = −40 ,-. 1%"' %-%"%,/ 
*-.%"%*-$ (y1
1(τ1), y

1
2(τ1)) = (0,−8),-. (x1(τ1), x2(τ1)) ≃ (−4.52075342; 1.53745036)0 (p1(τ1), p2(τ1)) ≃ (0.6504275; 0) &*//*1$&+*4 %-"!6+,"%-6 "'! $7$"!4 892::; %- "'! %-"!+(,/ [0, τ1] 81%"' u1(t) = +4;2 <! ',(!

(y1
1(τ2), y

1
2(τ2)) ≃ (0; 10.73906251)2 3'! (!
"*+$ ,+! %-.!!. 
*//%-!,+0 $%-
! y2(τ2) = αy1(τ2)1%"' α ≃ 0.744943982 <! 
,- 5+*
!!. ,-. 
*45#"! ρ 6%(!- =7 !>#,"%*- 892?;0

ρ =
(

−ϕ(τ1)
(

u1(τ
+
1 )− u1(τ

+
1 )

)

− (ṗ(τ+
1 )− ṗ(τ−1 ))(ẋ(τ+

1 )− ẋ(τ−1 ))
)

+
1

α2

(

−ϕ(τ2)
(

u1(τ
+
2 )− u1(τ

+
2 )

)

+ (ṗ(τ+
2 )− ṗ(τ−2 ))(ẋ(τ+

2 )− ẋ(τ−2 ))
)

+

∫ t2

t1

〈∂
2H

∂x2
y1, y1〉dt

= −5.20342003 +
1

0.744943982

(

−ϕ(τ2)
(

u1(τ
+
2 )− u1(τ

+
2 )

))

+

∫ t2

t1

〈∂
2H

∂x2
y1, y1〉dt .<! ',(!

−ϕ(τ2)
(

u1(τ
+
2 )− u1(τ

+
2 )

)

= −ṗ2(τ2)·(4+4) = p1(τ2)·8 ≃ −1.31854472·8 ≃ −10.54835772 < 0 ,,-.
∂2H

∂x2
(t) =

[

0 0

0 −0.84p2(t)x2(t)

]

.3'!+!&*+!0
∫ τ2

τ1

−0.84p2(t)x2(t)(y
1
2(t))

2dt = 27.66812969492819,-.
ρ = −5.20342003874014− 10.54835772187732

0.744943982843812
+27.66812969492819 = 3.45665745601652 > 0 .3'! @+*5*$%"%*- 92A2? %$ -*" $,"%$B!.0 ,/"'*#6' 1! 
,- -*" ,$$#+! "'," "'! "+,C!
"*+7 %$ -*"/*-6!+ /*
,//7 *5"%4,/ =!7*-. τ̂22 <! 
*-B+4!. "'%$0 #$%-6 "'! !D"+!4,/ B!/. ,55+*,
'0 %-E!
"%*- FG2G2: *& H',5"!+ G2
:IA
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2'"D 
+("'(5'"> ,+# 
+(*"#&'($4 7#+
$**$*+ F5B. R% $<(07<4 ZG021%+ =O+:"=?::O+ =>O>% !>℄ .% A% Y')0'(')+ C( $.$%$("&#> '("#+45
"'+( "+ "2$ 
&.
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