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CENTRAL LIMIT THEOREMS FOR ADDITIVE FUNCTIONALS OF
ERGODIC MARKOV DIFFUSIONS PROCESSES

PATRICK CATTIAUX, DJALIL CHAFAI, AND ARNAUD GUILLIN
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ABSTRACT. We revisit functional central limit theorems for additive functionals of er-
godic Markov diffusion processes. Translated in the language of partial differential equa-
tions of evolution, they appear as diffusion limits in the asymptotic analysis of Fokker-
Planck type equations. We focus on the square integrable framework, and we provide
tractable conditions on the infinitesimal generator, including degenerate or anomalously
slow diffusions. We take advantage on recent developments in the study of the trend to
the equilibrium of ergodic diffusions. We discuss examples and formulate open problems.
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1. INTRODUCTION

Let (X:);~o be a continuous time strong Markov process with state space R?, non
explosive, irreducible, positive recurrent, with unique invariant probability measure .
Following [MT59, Theorem 5.1 page 170], for every f € L'(u), if almost surely (a.s.) the
function s € Ry — f(X;) is locally Lebesgue integrable, then

t
St 2% /f dp where Sy := / f(Xs)ds. (1.1)
t t—oo 0

If Xo ~ p then by the Fubini theorem (1.1) holds for all f € L'(x) and the convergence
holds additionally in L' thanks to the dominated convergence theorem. The statement
(1.1) which relates an average in time with an average in space is an instance of the ergodic
phenomenon. It can be seen as a strong law of large numbers for the additive functional
(St)¢>¢ of the Markov process (Xi),~,- The asymptotic fluctuations are described by a
central limit theorem which is the subject of this work. Let us assume that Xy ~ p and
f€L2(p) with [fdu=0and f # 0. Then for all ¢ > 0 we have S; € L?(u) C L*(u) and
E(S¢) = 0. We say that (S;),~ satisfies to a central limit theorem (CLT) when

St 1 w0, 1) (CLT)

St t—o00

for a deterministic positive function ¢ — s; which may depend on f. Here N'(0,1) stands
for the standard Gaussian law on R with mean 0 and variance 1. By analogy with the
CLT for i.i.d. sequences one may expect that s? = Var(S;) and that this variance is of
order ¢ as t — oco. A standard strategy for proving (CLT) consists in representing (S¢),~,
as a sum of an L2-martingale plus a remainder term which vanishes in the limit, reducing
the proof to a central limit theorem for martingales. This strategy is particularly simple
under mild assumptions [JS03, VIL.3 p. 486]. Namely, if L is the infinitesimal generator
of (Xt),>0 with domain D(L) C L?(u) and if g € D(L) then (M), defined by

M= g0~ o(X0) - | (Lg)(X) ds

is a local L2 martingale. Now if g*> € D(L) and I'(g) := L(g?) — 29Lg € L'(u), then

(M), = /0 I(g)(X.) ds.

The law of large numbers (1.1) yields limy_yoo (M), = [T(g) du. As a consequence, for
a prescribed f, if the Poisson equation Lg = f admits a mild enough solution g then

My g(Xi)—g(Xo) S
St St St‘

This suggests to deduce (CLT) from a CLT for martingales. We will revisit this strategy.
Beyond (CLT), we say that (S), satisfies to a Functional Central Limit Theorem (FCLT)

or Invariance Principle when for every finite sequence 0 < t; < --- <'t,, < 00,
S S
( ne t"/‘f) 2 L((Bu, ..., B,)) (FCLT)
3251/5 Stn/€ e—0

where (B}),~, is a standard Brownian Motion on R. Taking n = 1 gives (CLT). To
capture multitime correlations, one may upgrade the convergence in law in (FCLT) to
an L2 convergence. The statement (FCLT) means that as ¢ — 0, the rescaled process
(St/e/51/¢) 1~ converges in law to a Brownian Motion, for the topology of finite dimensional
marginal laws. At the level of Chapman-Kolmogorov-Fokker-Planck equations, (FCLT) is
a diffusion limit for a weak topology.
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In this work, we focus on the case where (X;),~ is a Markov diffusion process on E =

R?, and we seek for conditions on f and on the infinitesimal generator in order to get (CLT)
or even (FCLT). We shall revisit the renowned result of Kipnis and Varadhan [KV86], and
provide an alternative approach which is not based on the resolvent. Our results cover
fully degenerate situations such as the kinetic model studied in [GJST09, DM08, CCM10].
More generally, we believe that a whole category of diffusion limits which appear in the
asymptotic analysis of evolution partial differential equations of Fokker-Planck type enters
indeed the framework of the central limit theorems we shall discuss. We also explain how
the behavior out of equilibrium (i.e. Xy ¢ p) may be recovered from the behavior at
equilibrium (i.e. Xog ~ p) by using propagation of chaos (decorrelation), for instance via
Lyapunov criteria ensuring a quick convergence in law of X; to pu as t — oco. Note that
since we focus on an L? framework, the natural normalization is the square root of the
variance and we can only expect Gaussian fluctuations. We believe however that stable
limits that are not Gaussian, also known as “anomalous diffusion limits”, can be studied
using similar tools (one may take a look at the works [JKO09, MMMOS] in this direction).

The literature on central limit theorems for discrete or continuous Markov processes
is immense and possesses many connected components. Some instructive entry points
for ergodic Markov processes are given by [DL0la, DLO1b, DL03, CL09, HP04, KMO03,
Kut04, KM05, GM96, PV01, PV03, PV05, Lan03]. We refer to [KLO] and [HL03]| for null
recurrent Markov processes. Central limit theorems for additive functionals of Markov
chains can be traced back to the works of Kolmogorov and Doeblin [Doe38|. The discrete
time allows to decompose the sample paths into excursions. The link with stationary
sequences goes back to Gordin [Gor69], see also Ibragimov and Linnik [IL65] and Nagaev
[Nagh7] (only stable laws can appear at the limit). The link with martingales goes back to
Gordin and Lifsic [GL78]. For diffusions, the martingale method was developed by Kipnis
and Varadhan [KV86], see also [Hel82] (the Poisson equation is solved via the resolvent).

Outline. Section 2 provides some notations and preliminaries including a discussion
on the variance of S;. Section 3 is devoted to FCLT at equilibrium and contains a lot of
known results. We recall how to use the Poisson equation and compare with the known
results on stationary sequences, which seems more powerful. In particular, we give in
section 3.1 a direct new proof of the renowned FCLT of Kipnis and Varadhan [KV86,
Corollary 1.9] in the reversible case. In section 4.3 we provide a non-reversible version of
the Kipnis-Varadhan theorem. Actually some of the results of section 4 are written in the
CLT situation, but under mild assumptions, they can be extended to a general FCLT (see
Proposition 8.1). All these general results are illustrated by the examples discussed in
Section 5. In sections 6 and 7 we exhibit a particularly interesting behavior, i.e. a possible
anomalous rate of convergence to a Gaussian limit. This behavior is a consequence of a
not too slow decay to equilibrium in the ergodic theorem. Finally we give in the next
section some results concerning fluctuations out of equilibrium.

Acknowledgments. This work benefited from discussions with N. Ben Abdallah, M.
Puel and S. Motsch, in the Institut de Mathématiques de Toulouse.

2. THE FRAMEWORK

Unless otherwise stated (X;),~ is a continuous time strong Markov process with state

space R%, non explosive, irreducible, positive recurrent, with unique invariant probability
measure p. We realize the process on a canonical space and we denote by P, the law of
the process with initial law v = £(Xp). In particular P, := P5, = L((X¢)i>0|Xo = )
for all x € E. We denote by E, and Var, the expectation and variance under PP,. For
all t > 0, all z € E, and every f : E — R integrable for £(X;|Xy = z), we define the
function P(f) : « — E(f(X:)|Xo = ). One can check that P;(f) is well defined for all
f+ E — R which is measurable and positive, or in LP(p) for 1 < p < co. On each LP(u)
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with 1 < p < oo, the family (P;)s>0 forms a Markov semigroup of linear operators of
unit norm, leaving stable each constant function and preserving globally the set of non
negative functions. We denote by L the infinitesimal generator of this semigroup in L2 (1),
defined by Lf := lim;ot *(P(f) — f). We assume that (X¢);>0 is a diffusion process
(this implies that for all z € E the law P, is supported in the set of continuous functions
from R, to R? taking the value 2 at time 0) and that there exists an algebra D(L) of
uniformly continuous and bounded functions, containing constant functions, which is a
core for the extended domain D.(L) of the generator, see e.g. [CL96, DM87|. Following
[CL96], one can then show that there exists a countable orthogonal family (C™) of local
martingales and a countable family (V") of operators such that for all f € D.(L), the
stochastic process (M), defined from f by

M, = f(Xy) — f(Xo) — / Lf(Xs)ds = / V" f(Xs)dCY, (2.1)
is a square integrable local martingale for all probablhty measure on F. Its bracket is

t

oy = [T as
where T'(f) is the carré-du-champ functional quadratic form defined for any f € D(L) by
D(f):=) V'fV"f. (2.2)

n

We write for convenience M; = fot V f(Xs)dCs. With these definitions, for f € D(L),

&)= [Ty du=-2 [7Lfdn = -aoll P, (2.3

The diffusion property states that for every smooth ® : R” — R and fi,..., f, € D(L),
n n
0P 1 >*®
LO(frrofu) = D G ) Lt 5 32 (e ) DU i)
=1 Li i,j=1
where I'(f,g) = L (fg)— f Lg—g Lf is the bilinear form associated to the carré-du-champ.
We shall also use the adjoint L* of L in L?(u) given for all f,g € D(L) by

/ng dp = /gL*f dp

and the corresponding semigroup (F;);>0. We shall mainly be interested by diffusion
processes with generator of the form

d d

1

=3 D Ay() 97 + > Bil) o, (2.4)
ij=1 i=1

where z — A(x) := (A;;())i<ij<d is a smooth field of symmetric positive semidefinite

matrices, and x — b(z) := (b;j(x))1<i<q is a smooth vector field. If we denote by (X} )i>0

a process of law P, then it is the solution of the stochastic differential equation

dX? = b(X7?)dt + VAXT)dB;, with XF =z (2.5)
where (B¢)¢>0 is a d-dimensional standard Brownian Motion, and we have also

I'(f) = (AV [, V).
Note that since the process admits a unique invariant probability measure pu, the process
is positive recurrent. We say that the invariant probability measure p is reversible when
L = L* (and thus P, = P} for all ¢t > 0).
In practice, the initial data consists in the operator L. We give below a criterion on L
ensuring the existence of a unique probability measure and thus positive recurrence.
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Definition 2.6 (Lyapunov function). Let ¢ : [1,+00[—]0,00[. We say that V € D.(L)
(the extended domain of the generator, see [CL96, DM87]) is a w-Lyapunov function if
V > 1 and if there exist a constant k and a closed petite set C such that for all x

LV(z) < —p(V(x)) + klc(x).

Recall that C' is a petite set if there exists some probability measure p(dt) on Ry such that
forallz e C, [(Pi(x,-)p(dt) > v for a non trivial positive measure v.

In the RY situation with L given by (2.4) with smooth coefficients, compact subsets are
petite sets and we have the following [Kha80]:

Proposition 2.7. If L is given by (2.4) a sufficient condition for positive recurrence is
the existence of a w-Lyapunov function with p(u) = 1 and for C' some compact subset.
In addition, for all x € R? the law of (2.5) denoted by Pi(x,.) converges to the unique
tnvariant probability measure u in total variation distance, as t — 400.

We say that an invariant probability measure p is ergodic if the only invariant functions
(i.e. such that P,f = f for all t) are the constants. In this case the ergodic theorem says
that the Cesaro means %fgf(Xs) ds converge, as t — oo, P, almost surely and in LY, to
[ fdp for any f € L'(x). We say that the process is strongly ergodic if Pf — [fdpin
L2(u) for any f € L2(u) (this immediately extends to LP(u), 1 < p < 400) and recall that
t— || P.f HLQ(M) is always non increasing. If p is ergodic and reversible then the process

is strongly ergodic. We say that the Dirichlet form is non degenerate if E(f, f) = 0 if
and only if f is constant. Again the reversible ergodic case is non degenerate, but kinetic
models will be degenerate. We refer to section 5 in [Cat04] for a detailed discussion of
these notions.

Lemma 2.8 (Variance in the reversible case). Assume that p is reversible and 0 # f €
L%(u) with [ fdu = 0. Then we have the following properties:

(1) liminf, o 7 Var,(S;) > 0
(2) limsup,_,. + Var,(S;) < oo iff the Kipnis-Varadhan condition is satisfied:

V= /OOO </(Psf)2du> ds < oo, (2.9)

and in this case lims_, oo %Varﬂ(St) =4V
The quantity 4V is the asymptotic variance of the scaled additive functional %St.

Proof. By using the Markov property, and the invariance of y, we can write

Var, (S1) = E(S7)

2 /0 o ELFCC) SO0 duds

2o
2 s (s
—4 /Ot/z(t — 25) </Ps*fPsf dﬂ> ds.
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Using now the reversibility of 1 and the decay of the L2 norm, we obtain

2t /Ot/4 (/(Psf)2 dﬂ> ds < Var,(S;) < 4t /Ot/2 (/(Psf)2 dﬂ> ds.

This implies the first property. The second property follows from the Cesaro rule and
Var, (.S, 2
M:_/ </P3/2fdﬂ>dUds-
t t Jo<u<s<t

Remark 2.10 (Non reversible case). If u is not reversible, we do not even know whether
[PrfPsf du is non-negative or not. Nevertheless we may define V_ and Vi by

t t
V.= liminf/ </PsfPs*f d,u> ds and Vi:= limsup/ </PsfPs*f d,u> ds
t—o0 0 t—00 0

abridged into V if V. = V_. As in the reversible case, if Vi < +oo then Vi = V_ and
limy o0 t ™1 Var,(S;) = 4V. We ignore if V_(f) > 0 as in the reversible case. We have
thus a priori to face two type of situations: either Vi < 400 and the asymptotic variance
exists and Var,(Sy) is of order t ast — oo, or Vo = 400 and Var,(S;) is much larger.

O

Remark 2.11 (Possible limits). For every sequence (vp)n>1 of probability measure on R
with unit second moment and zero mean, it can be shown by using for instance the Sko-
rokhod representation theorem that all adherence values of (vp)n>1 for the weak topology
(with respect to continuous bounded functions) have second moment < 1 and mean 0. In
particular, if an adherence value is a stable law then it is necessarily a centered Gaussian
with variance < 1. As a consequence, if (St/\/Var,(St)),s, converges in law to a proba-
bility measure as t — oo, then this probability measure has second moment < 1 and mean
0, and if it is a stable law, then it is a centered Gaussian with variance < 1.

3. POISSON EQUATION AND MARTINGALE APPROXIMATION

We present in this section a strategy to prove (FCLT) which consists in a reduction
to a more standard result for a family of martingales. We start by solving the Poisson
equation: we fix 0 # f € L?(u), [fdp =0, and we seek for g solving

Lg=f. (3.1)
The Poisson equation (3.1) corresponds to a so called coboundary in ergodic theory. If
(3.1) admits a regular enough solution g, then by It6’s formula, for every ¢t > 0 and £ > 0,

sen= [ (X ds = g(Xony) — g(Xo) - Mg (3.2)
0

where (Mf), is a local martingale with brackets

e 't
= [ T ds 3.
Now the Rebolledo FCLT for L2 local martingales (see [Reb80] or [Whi07]) says that if
V)M, —5 (1) (3.4)
e—0

for all ¢ > 0, where v and h are deterministic functions which may depend on f via g, then

(0(e) My )1 2% ( /0 t h(s) dW3>t>0 (3.5)

e—0

where (W;),s is a standard Brownian Motion, the convergence in law being in the sense
of finite dimensional process marginal laws. To obtain (FCLT), it suffices to show the
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convergence in probability to 0 of v(g)g(X.-1;) as € — 0, for any fixed ¢t > 0. Moreover, if
this convergence holds in .? then the normalization factor v can be chosen such that

] = lim 2(E[(M?),] = lim v?(¢) L&(g) = h2(1) (3.6)

e—0 e—0 IS

lim v*(e)E[S?

—1
e—0 t

i.e. we recover v(e) = v/ and V = limy_,oot *Var,(S;) = 1€(g). To summarize, this
martingale approach reduces the proof of (FCLT) to the following three steps:

e solve the Poisson equation Lg = f in the g variable
e control the regularity of g in order to use Itd’s formula (3.2)
e check the convergence to 0 of g(X.-1;) as e — 0 in an appropriate way.

Let us start with a simple proposition which follows from the discussion above.

Theorem 3.7 (FCLT via Poisson equation in L?). If 0 # f € L?(u) with [ fdp =0, and
if f € D(L™Y) d.e. there exists g € D(L) such that Lg = f where L is seen as an unbounded
operator, then Var,(St) ~t—c0 t€(g,g) and (FCLT) holds under P, with s7(f) =tE(g,9).

Let us examine a natural candidate to solve the Poisson equation. Assume that Lg = f
in L?(u) and that [gdu = 0 (note that since L1 = 0 we may always center g). Then

t t t t
Pg—g= / 0sPsgds = / LP,gds = / P,Lgds = / P fds
0 0 0 0
so that, if the process is strongly ergodic, lim o P,g = [gdu = 0, and thus
o0
g= —/ Psf ds. (3.8)
0

For the latter to be well defined in .?(p), it is enough to have some quantitative controls
for the convergence of Psf to 0 as s — co. Conversely, for a deterministic 7" > 0 we set

T
gr = —/ Psfds (3.9)
0
which is well defined in L?(x) and satisfies to
Pu o u+T
LgT:hmM:_uO/ Psfds=f—Prf.
u—0 U u

If g converges in IL.? to g then Lg = f. In particular, we obtain the following.

Corollary 3.10 (Solving the Poisson equation in L?). Let 0 # f € L?(u) with [ fdu = 0.
(1) If we have

A SHPSfH]LQ(;L) ds < oo, (311)

then f € D(L™Y) and g in (3.8) is in L2(u) and solves the Poisson equation (3.1)
(2) If p is reversible then f € D(L™Y) if and only if

/0 5‘|Psf||i2(u) ds < o0, (3.12)

and in this case the Poisson equation (3.1) has a unique solution g given by (3.8).

Moreover, condition (3.11) implies condition (3.12).
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Proof. The existence of g € L?(u) in the case (3.11) is immediate. For (3.12) consider gr
defined in (3.9). For a > 0 we then have, using reversibility

/!gT+a —grltdu = 2/</TT+GPSf /TSPufduds> du
_ 2/</TT+G/TS<PS;Uf>2dudS> dy
- /([ O (Puf)?du) i

so that (gr)r is Cauchy, hence convergent, if and only if (3.12) is satisfied. In addition,

taking T' = 0 above gives
T
/g%dﬂ = 4/ u (/(Puf)Qdu> du.
0

Hence the family (gr)r is bounded in L2 only if (3.12) is satisfied, i.e. here convergence
and boundedness of (gr)r are equivalent.
To deduce (3.12) from (3.11), we note that ¢ — || P f|[j2(, is non-increasing, and hence,

t 0
Pz < [ IR Slagods < [ 1Pl ds

so that [|Ff|l 2, = O(1/t) by (3.11), which gives (3.12). We remark by the way that
conversely, (3.12) implies || P f||;2(,) = O(1/t) since by the same reasoning,

1 ) 9 +o00 5
3E IRy < [ IR s
]

Recent results on the asymptotic behavior of such semigroups can be used to give
tractable conditions and general examples. We shall recall them later. In particular for
R? valued diffusion processes we will compare them with [GM96, PV01, PV03, PV05].

Actually one can (partly) improve on this result. For instance if u is a reversible
measure, the same FCLT holds under the weaker assumption f € D(L~/2) as shown
in [KV86] and revisited in the next subsection too. For non-reversible Markov chains, a
systematic study of fractional Poisson equation is done in [DL01b]. The connection with
the rate of convergence of P, f is also discussed therein, and the result “at equilibrium” is
extended to an initial J, Dirac mass in [DL0la, DLO03] extending [MWO0O] for the central
limit theorem (i.e. for each marginal of the process). The previous f € D(L~1/?) is
however no more sufficient (see the final discussion in [DLO03]). It is thus more natural to
look at the rate of convergence (as in [DL03, MWOO]) rather than at fractional operators.

3.1. Reversible case and Kipnis-Varadhan theorem. In this section we assume that
o is reversible. Corollary 3.10 states that (2.9) (equivalent to the existence of the as-
ymptotic variance) is not sufficient to solve the Poisson equation, even in a weak sense.
Nevertheless it is enough to get (FCLT), the result below is Corollary 1.9 of [KV86].

Theorem 3.13 (FCLT from the existence of asymptotic variance). Assume that p is
reversible, that 0 # f € 1L2(u) with [fdu =0, and that f satisfies the Kipnis-Varadhan
condition (2.9). Then (FCLT) holds under P, with s = 4tV , and Var,(S;) ~t—oco S7.
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Proof. For T > 0 introduce gr by (3.9), and the corresponding family ((V"gr))r=o (recall
(2.1)). We thus have Lgr = f — Prf and, for all S < T,

/F(QT —gs)dp = 2/(—L(9T —9s)) (97 — gs) du
T
=2 [ [(Ps = Prf) Pof auds

T
:2/5 /(Pé+s)/2f—Pé+T)/2f)dpds

<1/ [Prauas
S

so that according to (2.9), the family ((V"gr))r>o is Cauchy in L2(u). It follows that it
strongly converges to h in L2(u). On the other hand, using It6’s formula,

t/e
ST = gr(Xyyz) — gr(Xo) — MT + /0 Prf(X,) ds (3.14)
= g1(Xee) — 97(Xo) — M/ + S,

where (MtT)tzo is a martingale with brackets <MT>t = J/EF(gT)(XS) ds (recall (2.2)).
According to what precedes and the framework (recall (2.1)) we may replace (M, )0

by another martingale (Nth)tzo with brackets <Nh>t = fg/€|h|2(Xs) ds such that
€EH< sup |MI — N£L|2> < t|Vgr — hHig(u) — 0 as T' — oo uniformly in €.
0<s<t

In addition the ergodic theorem tells us that

;1365<Nh>t - t/h2 dji.

Thus we may again apply Rebolledo’s FCLT, taking first the limit in 7" and then in . It
remains to control the others terms. But

Var, (ST ) = 2 " S(PQ fd )duds
w\Ptre) = o Jo T+(u/2)] OH

4 /0 e /T e ( / P2f du> du ds
4/0t/€/TOO</P3fdu>duds
< 4(t/e) /;(/ngdu> du.

Since imy 00 [ ([ P2f dp) du = 0 according to (2.9), we have, uniformly in €,
=0.

IN

. T
Jim eVar,(S;,.)
Next,
T 00
/g%d,uzll/o u</P3fd,u> du§4T/0 </P3fd,u> du.
Hence lim,_p¢e HgTH]?ﬁ(M) = 0. The desired result follows by taking 71" large enough. O

Remark 3.15. Our proof is different from the original one by Kipnis and Varadhan
and is perhaps simpler. Indeed we have chosen to use the natural approximation of what
should be the solution of the Poisson equation (i.e g;), rather than the approximating R
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resolvent as in [KV86]. Let us mention at this point the work by Holzmann [Hol05] giving
a necessary and sufficient condition for the so called “martingale approximation” property
(we get some in our proof), thanks to an approximation procedure using the resolvent.

Remark 3.16 (By D. Bakry). The condition (2.9) is satisfied if Assumption (1.14) in
[KV86] is satisfied i.e. there exists a constant cg such that for all F in the domain of &,

</deM>2 < —c} /FLF dp. (3.17)

Indeed, if we define o(t) :== — [ f g1 dp where as usual g, = —f(f Psfds, and if we take
F =g, then —LF = —Lg; = P,f — f, and using (3.17) we get ©?(t) < C%(Q@(t) —(2t)).
Using that p(2t) > 0 we obtain QCiw(t) — ©(t) > 0 which implies that o is bounded hence
o(400) < +o0. Taking the limit as t — oo and using 2V (f) = p(+00), we obtain
1
VI(f) < 5030-

All this can be interpreted in terms of the domain of (—L)~'/2 (which is formally the
gradient V) i.e. condition (2.9) can be seen to be equivalent to the existence in L2(u) of

(—L)~V2f = c/oos_% Psf ds

0
for an ad-hoc constant c. Indeed, for some constant C' > 0,

00 2 00 2s
‘ / s73 P,fds < C// P2f </ (2u — s) "2y 71/2 du) dsdp
0 L2 () 0 §

and f828(2u—s)*1/2 w12 du is bounded. Note that (2.9) implies that 1Pl < C(f)/Vt.

We shall come back later to the method we used in the previous proof, for more general
situations including anomalous rate of convergence.

3.2. Poisson equation in L4 with ¢ < 2 for diffusions. What has been done before
is written in a .2 framework. But the method can be extended to a more general setting.
Indeed, what is really needed is

(1) a solution g € L%(u) of the Poisson equation, for some ¢ > 1,
(2) sufficient smoothness of g in order to apply It6’s formula,
(3) control the brackets i.e. give a sense to the following quantities

/F(g)du = —Z/fgdu-

Definition 3.18 (Ergodic rate of convergence). For anyr >p > 1 and t > 0 we define

trope(t) == sup || Bglli(-
lgllLr (=1
J9du=0
The uniform decay rate is o := g oo. We denote by a* the uniform decay rate of L*. We
say that the process is uniformly ergodic if lim;_,o at) = 0.

We shall discuss later how to get some estimates on these decay rates.

Proposition 3.19 (Solving the Poisson equation in LY). Letp > 2 and q :==p/(p—1). If

felP(u) and /fdu =0 and /0 35 () (| P Sl dt < oo

then g :== — fOOOPSf ds belongs to L9(p) and solves the Poisson equation Lg = f.
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The assumption of Proposition 3.19 is satisfied for any p-centered f € LP(u) if

/ s, (t)az p(t) dt < oo.
0

In the reversible case, we recover a version of the Kipnis-Varadhan statement implying a
stronger result (the existence of a solution of the Poisson equation). The results of this
section are mainly interesting in the non-reversible situation.

Proof. Let h € LP(u), h:==h — [hdu, T > 0 and gr := — fOTPtfdt. Then

‘/h (9740 — 97) dﬂ‘ = ‘/h (97+a —gT)dﬂ'

T+a B
/T </Pt*/2hpt/2f dﬂ) dt'

T+a
< ([ s Pt gy )

As in the proof of Corollary 3.10, gr is Cauchy, hence convergent in L?(x) and solves the
Poisson equation. O

The previous proof “by duality” can be improved, just calculating the LI(u) norm of
gr, for some 1 < g < 2 which is not necessarily the conjugate of p.

Proposition 3.20 (Solving the Poisson equation in L?). Let p > 2 and 1 < ¢ < 2. If

e and [fau=0 and [ Tean, 0 1Pflag dt <o

then g = — fOOOPSf ds belongs to LY(u) and solves the Poisson equation Lg = f.

Proof. We have
s q—1
/ P.fdu ds) dp
0

T
/’gT‘qu = Q/</ Psf(lgs<0 - 1gs>0)
0
ds

T
<o [ 1Pat lung [Pt

T
<q /0 1P 1l 2y 03m (572) o

for an arbitrary m > 2, where
S
/ P,fdu
0

It remains to choose the best m. But of course HBSHL"L(#) < 2[| sl m,,) and

P;/QBS

q—1

hs = (1gs<0 - 1gs>0) and Bs = hs - /hs d’u

1

</’h5‘md/}/>% — 4la-1) </ </08’Puf‘ Ci_u>(q—1)m du>m

1

< 5@ D) </,f,(q—1>m du) "

The best choice is m = p/(q—1). We then proceed as in the proof of proposition 3.19. O

In view of FCLT, the main difficulty is to apply It6’s formula in the non L2 context.
Though things can be done in some abstract setting, we shall restrict ourselves here to
the diffusion setting (2.5). For simplicity again we shall consider rather regular settings.
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Proposition 3.21 (FCLT via the Poisson equation). Assume that
e 0 fel?u) with [fdu=0
e L is given by (2.4) with smooth coefficients and is hypoelliptic

e 11 has positive Lesbegue density %% = e Y for some locally bounded U
e f is smooth and belongs to LP(u) for some 2 < p and, with, ¢ =p/(p — 1),

/0 35 () |1 P fllp2(y dt < oo or /0 1 % /(g—1) () 1 Pef [z dt < o0

then g := — fOOOPsf ds is well defined in 1L9(p), is smooth, and solves the Poisson equation
Lg = f, and hence (FCLT) holds under P, with s7 = —t [ f gdpu.

Proof. The only thing to do is to show that g (obtained in proposition 3.19) satisfies
Lg = f in the Schwartz space of distributions D’. To see the latter just write for h € D,

Jrhardn= [nigrdu= 1~ Posan

and use that Prf goes to 0 in L'(u). It follows that e~Ygr converges in D’ to some
Schwartz distribution we may write e Ug, since e~V is everywhere positive and smooth.
Furthermore since the adjoint operator of e~V L* (defined on D) is e"U L (defined on D’),
we get that g solves the Poisson equation Lg = f in D’. Using hypoellipticity, we deduce
that g is smooth and satisfies Lg = f in the usual sense. Finally (FCLT) follows from the
usual strategy, provided [T'(g)dp is finite. That is why we have to restrict ourselves (in
the second case) to ¢ the conjugate of p, ensuring that [|fg|du < co. O

Remark 3.22. If f € LP(u) for some p > 1 (f being still smooth), one can immediately
adapt the proof of the previous proposition to show that the Poisson equation Lg = f has
a solution g € L' (u) as soon as 0+OO a o (t)dt < 4o0. O

(17m>

In the hypoelliptic context one can go a step further. First of all, as before we may and
will assume that f is of C™ class, so that g; is also smooth. Next, if ¢ € D(RY),

/Lgtsopdw:/Lgtsodu —>H+oo/f30d/t=/fs0pdx

so that pLg; —t 5400 pf in D'(R?), hence Lg; —¢ 5100 f in D'(RY), since p is smooth
and positive.

Assume in addition that there exists a solution 1) € L2(u) of the Poisson equation
L*1) = . Thanks to the assumptions, ¥ belongs to C*° and solves the Poisson equation
in the usual sense. Hence

[avdn=[arvau= [ Lavdp i [ 1o du.
It follows that for every ¢ € D(RY),

(Pot, &) —ioro0 ali) = / o

where the bracket denotes the duality bracket between D’(R?) and D(R?). Thanks to the
uniform boundedness principle it follows that there exists an element v € D’(R?) such
that pg; — v in D'(R?Y), and using again smoothness and positivity of p, we have that
gt — g = v/p. We immediately deduce that Lg = f in D'(R%), hence thanks to (H3) that
g € C°°. Let us summarize all this

Lemma 3.23. Consider the assumptions of proposition 3.21 and assume that for all
© € D(R?) there exists a solution 1 € L2(u) of the Poisson equation L*1) = ¢. Then for
all smooth f there exists some smooth function g such that Lg = f.
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Of course in the cases we are interested in, g does not belong to L%(u) if f € LP(u), so
that we cannot use previous results. We shall give sufficient conditions ensuring that the
dual Poisson equation has a solution for all smooth functions with compact support (see
Theorem 5.12 in section 5).

Remark 3.24 (The Kipnis Varadhan situation). If ¢ € D(R), we thus have

/fsoduz /Lgsodu = /Vngde < </|vg|2d/‘>é'/|Vgp|2du'é

so that (3.17) is satisfied as soon as Vg € L2(u), since D(R) is everywhere dense in 1L2(p).

Remark 3.25 (Time reversal, duality, forward-backward martingale decomposition). We
have just seen that it could be useful to work with L* too. Actually if the process is
strongly ergodic, we do not know whether limy_,~ P;f = 0 for centered f’s or not (the
limit taking place in the 1.2 strong sense). However if the process is uniformly ergodic
(i.e. limy_y4 o0 x(t) = 0 recall definition 3.18) then limy_, o a*(t) = 0, as will be shown in
Proposition 4.5 in section 4. Now remark that:

/0 Cp(X)ds = /0 P ds.

Since the infinitesimal generator of the process s — Xy—s (for s <t) is given by L* we can
use the previous strategy replacing L by L* and the process X by its time reversal up to
time t. It is then known that, similarly to the standard forward decomposition (2.1), one
can associate a backward one

t
9(Xo) — g(X2) — (M*), = /0 L7g(X,) ds, (3.26)
where (M*)y — (M*)i—s)g<s<; 15 @ backward martingale with the same brackets as M (in
the reversible case this is just the time reversal of M ). The solution to the dual Poisson
equation L*g = f thus furnishes a triangular array of local martingales to which Re-
bolledo’s FCLT applies. Thus, all the results we have shown with the solution of
the Poisson equation are still true with the dual Poisson equation, at least in
the uniformly ergodic case. The previous remark yields another possible improvement,
which is a standard tool in the reversible case, namely the so called Lyons-Zheng decompo-
sition. If g is smooth enough, summing up the standard forward decomposition (2.1) and
the backward decomposition (3.26), we obtain the forward-backward decomposition

/0 (L + L)g(X.) ds = — (My + (M"),)

so that if one can solve the Poisson equation for the symmetrized operator L° := L+L* the
previous decomposition can be used to study the behavior of our additive functional. This
is done in e.g. [Wu99|, but of course what can be obtained is only a tightness result since
the addition is not compatible with convergence in distribution. However, the forward-
backward decomposition will be useful in the sequel.

4. COMPARISON WITH GENERAL RESULTS ON STATIONARY SEQUENCES

The CLT and FCLT theory for stationary sequences can be used in our context. Indeed,
let us assume as usual that Xo ~ pu, 0 # f € L?(u), [fdp = 0. We may introduce the
stationary sequence of random variables (Y3,),,>¢:

n+1
Y, = / F(X,)ds. (4.1)
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and the partial sum S,, := Zz;é Yi. If f € LY(u) and B(t) — 0 ast — +oo, denoting by [¢]
the integer part of ¢, we have that §(t) f[i] f(Xs)ds — 0 in P, probability as t — +o0, so
that the control of the law of our additive functional reduces to the one of S,, as n — +oc.
We may thus use the known results for convergence of sums of stationary sequences.

At the process level we may similarly consider the random variables Sy, where []
denotes the integer part again, and for n < (1/¢) < (n +1). The remainder Sy/. — Sjny
multiplied by a quantity going to 0 will converge to 0 in probability, so that for any k-uple
of times t1,...,t; we will obtain the convergence (in distribution) of the corresponding
k-uple, provided the usual FCLT holds for Sp,.

Hence we may apply the main results in [MPUO6] for instance. In particular a renowned
result of Maxwell and Woodroofe ([MWO00] and (18) in [MPUO06]) adapted to the present
situation tells us that (CLT) holds under P, as soon as 0 # f € L?(u) with [ fdu = 0 and

1

/100753 (/(/OtPsfds>2du> Cdt < oo (4.2)

This has been improved for chains [CL09]. For (FCLT) we recall [MPU06, Cor. 12]:
Theorem 4.3 (FCLT). Assume that 0 # f € L?(u) with [fdu =0 and that

1
/ £73 || Pyf 2 dt < o (4.4)
1

Then (FCLT) holds true under P, with s? := Var,(S;) and s* := limy_,o 157 exists.

Condition (4.4) is much better than both (3.11) and (3.12) when P, f goes slowly to 0.
In the reversible case however, (4.4) is stronger that the Kipnis-Varadhan condition (2.9)
(if one prefers Theorem 4.3 is implied by Theorem 3.13), according to what we said in
Remark 3.16. Also note that in full generality it is worse than the one in Proposition 3.19
as soon as a3 (t) < ¢/ vt and f € ILP. Additionally, an advantage of the previous section
is the simplicity of proofs, compared with the intricate block decomposition used in the
proof of the CLT for general stationary sequences.

4.1. Mixing. Following [CGO8] (Section 3, Proposition 3.4), let Fs (resp. Gs) be the
o-field generated by (X, )u<s (resp. (Xy)u>s ). The strong mixing coefficient iz (r) is
iz (1) = sup {|Cov(F, G)[}

s, F,.G
where the sup runs over s and F' (resp. G) Fs (resp. Gs4,) measurable, non-negative and
bounded by 1. If lim, o, i (1) = 0 then we say that the process is strongly mixing.

Proposition 4.5. Let o be as in definition 3.18. The following correspondence holds :
() V (a")2(t) < amiz(t) < alt/2)a*(t/2).

Hence the process is strongly mizing if and only if it is uniformly ergodic (or equivalently

if and only if its dual is uniformly ergodic).

Proof. For the first inequality, it suffices to take F' = P, f(Xy) and G = f(X,) (respectively
F = f(Xy) and G = Pff(X,)) for f p-centered and bounded by 1. For the second in-
equality, let F' and G be centered and bounded by 1, respectively Fg and G5, measurable.
We may apply the Markov property to get

E,[FG] = E,[FEL[G| X4, ]] = E[F Prg(Xs)]

where g is p-centered and bounded by 1. Indeed since the state space E is Polish, we may
find a measurable g such that E,[G|X,,] = g(X,4,) (disintegration of measure). But

EM[F Prg(Xs)] = E;[F(Xs—) Prg(XO)] = E;[f(XO) Prg(XO)] = /P:/prr/zg dﬂ
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where f is similarly obtained by desintegration of the measure. Here we have used the
notation E; for the expectation with respect to the law of the dual process at equilibrium,
which is equal to the law of the reversed process on each interval [0,s] (and conversely).
We conclude using Cauchy-Schwarz inequality since f and g are still bounded by 1. [

Remark 4.6. The preceding proposition implies the following comparison:

(a")*(2t)

o ) < aft).

In particular if we know that o is “slowly” decreasing (i.e. there exists ¢ > 0 such that
a*(t) < ca*(2t)), then a(t) > (1/c)a*(2t) > (1/c?)a*(t). If both a and o* are slowly
decreasing, then they are of the same order. More generally, for t > 2 (for instance)
?(t) < aft/2)a*(t)2) < ca(l)a*(t)
so that a(t) < e1 (o (t))Y2. Plugging this new bound in the previous inequality we obtain
a’(t) < at/2)a*(t/2) < e (o (t/2))? < e (a" (1)
i.e. aft) < co(a*(t))?*. By induction, for all € > 0 there exists a constant c. such that
at) < e (a*(t) e,

Again we shall mainly use the recent survey [MPUO6] in order to compare and extend
the results of the previous section. Notice that f € LP(u) implies that Y € LP.

The first main result is due to Dedecker and Rio [DR00, MPUO06]: if fg f Psf ds converges
in L'(p2) then (FCLT) holds true under P, with s7 = Var,(S;) and

1 too
s?:= lim ZS?=2/< fPtfdt> dp.
0

t—o00

In the reversible case this assumption is similar to f € D(L~/?) (see Remark 3.16). Using
some covariance estimates due to Rio, one gets ([MPUO06] page 16 (37)) the following.

Proposition 4.7 (FCLT via mixing). If 0 # f € LP(u) for some p > 2 with [fdp =0
and f1+°°t2/(p*2) a(t) o*(t) dt < oo, then (FCLT) holds true under IP,, with

%s? :2/</OoofPtfdt> dp.

We shall compare all these results with the one obtained in the previous section later,
in particular by giving some explicit comparison results between o and «, 4 introduced in
definition 3.18. But we shall below give some others nice consequences of mixing.

4.2. Self normalization with the variance and uniform integrability. The follow-
ing characterization of the CLT goes back at least to [Den86]. The FCLT seems to be less
understood [MPU06, MP06].

Theorem 4.8 (CLT). Assume that a(t) (or a*(t)) goes to 0 as t — —+oo (i.e. the
process is “strongly” mizing). Then for all 0 # f € L?(u) such that [ fdu = 0 and
limy o Var, (S¢(f)) = oo, the following two conditions are equivalent:

52 . , .
(1) (th(t») oy 8 uniformly integrable
24

(2) <¢> converges in distribution to a standard Gaussian law as t — oo.
t>1

\/ Var(S¢(t))
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Note that if the process is not reversible, the asymptotic behavior of fos ( [fP.f d,u) du
in unknown in general, and thus Var,(S;) is possibly bounded.

We turn to the main goal of this section. Our aim is to show how to use the general
martingale approximation strategy (as in section 3.1) in order to get sufficient conditions
for S?/Var,,(S;) to be uniformly integrable. To this end let us introduce some notation.

5(6) = [PsPifdu and nft) = /0 B(s) ds (1.9)

t/2
Var,(S;) = 4/ (t —2s) B(s)ds = th(t). (4.10)
0
If the (possibly infinite) limit exists we denote lim;_, o h(t) = 2V < +oo0.
Assumption 4.11. We shall say that (Hpos) is satisfied if B(s) > 0 for all s large enough.

Assumption (Hpos) is satisfied is the reversible case, in the non reversible case we only
know that fot n(s)ds > 0. Notice that if (Hpos) is satisfied
t/4 t/2
2t B(s)ds < Var,(S;) < 4t (s)ds + Or00(1), (4.12)
0 0

for ¢ large enough similarly to the reversible case, so that
2n(t/4) < h(t) < 4n(t/2) + Orso0(1).

Denker’s theorem 4.8 allows us to obtain new results, at least CLT's, using the natural
symmetrization of the generator and the forward-backward martingale decomposition.

To this end consider the symmetrized generator L = % (L+ L*). We shall assume that
the closure of L® (again denoted by L°) is the infinitesimal generator of a p-stationary
Markov semigroup P, which in addition is ergodic. This will be the case in many concrete
situations (see e.g [Wu99]). It is then known that the Dirichlet form associated to L* is
again £(f,g) = [ T'(f,g)du. We use systematically the superscript © for all concerned
with this symmetrization.

According to Corollary 3.10 (2), we know that for a centered f € L2(u1) there exists a
IL2(p) solution of the Poisson equation L°g = f if and only if

+o00
/0 LIPS f|[pag dt < +00. (4.13)

According to remark 3.25 we thus have

/0 F(X,)ds = — (M + (M*),) |

for a forward (resp. backward) martingale My (resp. (M*);). In order to use Denker’s theo-
rem, it is enough to get sufficient conditions for both (M;)?/Var,,(S;) and ((M*);)?/Var,,(St)
to be uniformly integrable.

To this end recall first that uniform integrability of a family F; is equivalent (La
Vallée-Poussin theorem) to the existence of a non-decreasing convex function v such that
limy, 400 y(u)/u = 400 and

sup K, (v(F1)) < +o0.

Recall now the following strong version of Burkholder-Davis-Gundy inequalities (see
[DM8&0], chap. VII, Theorem 92 p.304)
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Proposition 4.14. Let v be a C' conver function such that p := sup,~g u,;/(;si;) is finite
(i.e. ~ is moderate). For any continuous L* martingale N, define Nj = sup,<; |Ny|. Then

the following inequalities hold

< 6p[INg1l
”
where [|Al|., = inf{A > 0, E[y(|A|/\)] < 1} denotes the Orlicz gauge norm.

1 . 1
NGl < H<N>E

In addition Doob’s inequality tells us that the Orlicz norms of N; and Ny are equivalent
(with constants independent of ¢).

Since the brackets of the forward and the backward martingales are the same, we are
reduced to show that fg I'(9)(Xs)ds/Var,(S;) is a P, uniformly integrable family. But
according to the ergodic theorem

1 t
n / I'(9)(Xs) ds converges as t — +00 to /I‘(g)du in LY(P,). (4.15)
0

It follows first that Var,(S;) = O(t). Otherwise (M;)?/Var,(S:) would converge to 0
in ]Ll(IP’M) (the same for the backward martingale), implying the same convergence for
S?/Var,(S;) whose L! norm is equal to 1, hence a contradiction. If (Hpos) is satisfied,
according to (4.12) we thus have that n(t) = O(1) (and accordingly h(t) = O(1)), hence
(M;)?/Var,,(S;) and ((M*);)?/Var,,(S;) are uniformly integrable. But we do not really
need (Hpos) here, only a lower bound lim inf Var,(S;)/t > ¢ > 0. Summarizing all this we
have shown

Proposition 4.16. Assume that the process is strongly mizing and that (4.13) is satis-
fied. Assume in addition that liminf Var,(Sy)/t > 0. Then Si/+/Var,(S;) converges in
distribution to a standard normal law, as t — +o00.

Notice that in this situation one can find some positive constants ¢ and d such that
0 < ¢ < Var,(S;)/t <d for large t’s, and that the latter is ensured if (Hpos) holds.

4.3. A non-reversible version of Kipnis-Varadhan result. Finally what happens if
one cannot solve the symmetrized Poisson equation, but if f € D((—L%)~1/2), i.e. if one
can apply Kipnis-Vardahan theorem to the symmetrized process X ?

Coming back to the proof of Theorem 3.13 we may introduce g% so that Vgé’: converges
to some h in L? as T goes to +oo.

We thus have an approximate forward-backward decomposition

1 . t
S =— 3 (MtT + (M )tT) + / Pfgf(XS)ds. (4.17)
0
We first look at the corresponding forward martingale M, whose bracket is given by

(MT), = /0 VoS P(X.) ds.

We then have for a convex function ~,
1 t
B (T i0] = B (7 [ IVafPas))
1 ' s2
S V(IVar|*)(Xs) ds

< / Y(|VgP?) dp.

Since |Vg§,5:| is strongly convergent in L2, it is uniformly integrable. So we can find a
function « as in Proposition 4.14 such that the right hand side of the previous inequality
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is bounded by some K < 400 for all T. Hence applying Proposition 4.14 we see that
((M{)2/t)) (1) is uniformly integrable. The same holds for the backward martingale.
It remains to control

A(T,t) =E, [7 G (/Ot PT’Sf(XS)ds>2>] .

But we know that P2 f goes to 0 in L2(u1). So there exists some ~ such that v((P3 f)?) is
uniformly integrable. Up to a subsequence (we already work with subsequences) we may
assume that the convergence holds true p almost surely, applying Vitali’s convergence
theorem we thus have (we may choose v(0) = 0) that

/7((]3;]‘)2) dp—0 as T — +o00.

We thus may apply Cesaro’s theorem, which furnishes some non-decreasing function 7'(¢)
such that sup; A(T'(t),t) < +o0.

We may now conclude as for the proof of Proposition 4.16, obtaining the following
reinforcement which is some non-reversible version of Kipnis-Varadhan theorem (at the
CLT level), since we already proved that

+oo 5 .12
/0 |7 fHLQ(M) dt < oo

is ensured by the condition (3.17):

Theorem 4.18. Assume that the process is strongly mizing and that (3.17) is satisfied.
Assume in addition that liminf Var,(Sy)/t > ¢ > 0 (or equivalently that V_ > 0). Then
Si/+/Var,(S;) converges in distribution to a standard normal law, as t — +o0.

Notice that in this situation one can find some positive constants ¢ and d such that
0 < ¢ < Var,(S;)/t <d for large t’s, again this is satisfied if (Hpos) holds.

According to the discussion after Proposition 4.16, the upper bound for the rate of
convergence for ILP functions is the worse in the reversible situation. In a sense the previous
Theorem is not so surprising. But here the condition is written for the sole function f, for
which we cannot prove any comparison result.

5. COMPLEMENTS AND EXAMPLES

In this section we shall first discuss in a quite “general” framework how to compare
all the results described in the preceding two sections. This will be done by studying the
asymptotic behavior of P;. Next we shall describe explicit examples

5.1. Trends to equilibrium. In order to apply corollary 3.10 we thus have to find
tractable conditions on the generator in order to control the decay of the L2 norm of
P, f. Such controls are usually obtained for all functions in a given class. The general
smallest possible class is IL*° so that it is natural to introduce Definition 3.18.
The uniform decay rate furnishes a first p, r-decay rate as follows

Lemma 5.1. If1 <p<2

ap,r(t) < 29 o (1),
while if 2 < p,

2 r—
apr(t) < 250 a0 (1)

Proof. The proof is adapted from [CG09]. Pick some K > 1 and define gy = gA KV —K.
Since [ gdp = 0, defining mg = [ gx dp it holds

] = \ Joxan| = 1 Jioxc—9) du' < [lgl~ 5 Yo < gl K.
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Similarly,
lg = 9ully < [loP Yo < gl /577,
Using the contraction property of P, in LP(u) we have
1Pgll, < 1Prg — Prgrll, + 1P(9x — mx)ll, + Imk|
< |[B(gx —mx)l, + g — g9kll, + Imx]
< Var)/*(Pigk) + gl /KPP + |lg|7 /K Y
< Var}/2(Pugic) + (2/ K 0/0),
the latter being a consequence of ||g||, = 1 and K > 1. It follows
|Pgll, < a(t) K + 2K PP,

It remains to optimize in K. Actually up to a factor 2 we know that the optimum is
attained for a(t) K = 2 K-0P)/P je. for K = (2/a(t))?/" (which is larger than one),
hence the first result.

The second one is immediate since for p > 2, a; oo(t) < a?(t), and we may follow the
same proof without introducing the variance. O

AN

Note that up to a factor 2 due to the proof, the result is coherent for r = 4o0.
We can complete the result by the following well known consequence of the semigroup

property

Lemma 5.2. For r = p > 1, either app(t) = 1 for all t > 0, or there exist positive
constants ¢, and C, such that ay ,(t) < C(p) e .

When the second statement is in force we shall (abusively in the non-reversible case)
say that L has a spectral gap. We shall discuss in the next section conditions for the
existence of a spectral gap or for the obtention of the optimal uniform decay rate.

Of course for f € P for some p > 2 a sufficient condition for (3.11) to hold is

+oo
/ agp(t)dt < +oo. (5.3)
0

Remark 5.4. Specialists in interpolation theory certainly will use Riesz-Thorin theorem
in order to evaluate v, ,. Let us see what happens.

Consider the linear operator Tyf = Pif — [ fdu. As an operator defined in L?(u) with
values in 1L2(u), Ty is bounded with an operator norm equal to 1. As on operator defined in
L% () with values in 1L2(u), Ty is bounded with an operator norm equal to 2 a(t). Hence
Ty is bounded from " (u) to L2(u) (for r > 2) with an operator norm smaller than or
equal to 22(-7) a¥(t), which is (up to a slightly worse constant) the same result as the
one obtained in lemma 5.1. The same holds for the pair (1,7), and then for all (p,r). The
main advantage of the previous lemma is that the proof is elementary. See also [CGR10]
for further developments on this subject. &

In section 3.2 we used ag, for p > 2. It seems that in full generality the relation

-2
az,(t) = ¢p a’r (t) is the best possible. However it is interesting to notice the following
duality result

Lemma 5.5. For all pair 1 < p <r < +oo there exists c(p,r) such that

apr(t) <clp,r)as » ().

r—1’p—1
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Proof. If f € L" is such that [ fdu =0, for all g € }Lﬁ, we have
/Ptfgdu=/Ptf (g—/gdu> dM:/fPt* (9—/gdu> dp
hence the result. O

As a consequence we obtain that

2(p—1)
Lemma 5.6. For 1 <p <2, ajy(t) <c(p) (a*(t)) 7 .

This result is of course much better (up to a square) than the one obtained in lemma
5.1 in this situation, since we know that for slowly decreasing o and «o* these functions are

equivalent (up to some constants). It can also be compared with similar results obtained
in [CGO9].

Remark 5.7. These results allow us to compare conditions obtained in Proposition 3.19,
Proposition 3.21 on one hand, and Theorem 4.3 or Proposition 4.7 on the other hand.

For example, if we use the bound obtained in lemma 5.1, proposition 3.21 tells that
convergence to a brownian motion holds provided

400 p—2
A (a(t)a*(t)F dt < +oo.

(Remark that it is exactly the condition in [Jon04] Theorem 5). Notice that as soon as
a(t)a*(t) < 1/t this bound is worse than the one in proposition 4.7, so that the mizing
approach seems to be at least as interesting as the usual one.

However, in the diffusion case we shall obtain in proposition 5.10 below a better bound
for a§7p. Combined with remark 4.6, it yields (under the appropriate hypotheses) the

condition
2(p

+o0 —2)
/ (@* ()" =1 dt < 400,
0
for some e > 0 (0 is allowed in the slowly decreasing case), which is better than the mizing
-1
condition in proposition 4.5 as long as o*(t) > (1/t)(;%2)_77 for some n > 0. &
The question is: how to find a ?

5.2. Rate of convergence for diffusions. In “non degenerate” situations, « is given
by weak Poincaré inequalities:

Definition 5.8. p satisfies a weak Poincaré inequality (WPI) for T' with rate 8 if for all
s >0 and all f in the domain of I (or some core) the following holds,

Var,(f) < B(s)E(f, f) + sOsc*(f)
where Osc(f) = esssupf — essinf f is the oscillation of f.

Proposition 5.9. ([RW01] Theorem 2.1 and Theorem 2.3) If i satisfies (WPI) with
rate 8 then both o(t) and o*(t) are less than 2£%(t) where £(t) = inf{s > 0, B(s) log(1/s) <
t}.

If L is p-reversible (or more generally normal) some converse holds, i.e. decay with
uniform decay rate o implies some corresponding (WPI).

It is actually quite hard to check, in the reversible case, whether starting with some
(WPI) one obtains a £ which in return furnishes the same (WPI) (see the quite intricate
expression of # in [RWO01] Theorem 2.3). It seems that in general one can loose some
slowly varying term (like a log for instance).

Notice that (WPI) implies the following: £(f, f) = 0 = f constant i.e. the Dirichlet
form is non degenerate. In the degenerate case of course, the uniform decay rate cannot
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be controlled via a functional inequality. The most studied situation being the diffusion
case we now focus on it.

First we recall the following explicit control proved in [BCG08] Theorem 2.1 (using the
main result of [DFG09])

Proposition 5.10. Let L be given by (2.4). Assume that there exists a @-Lyapunov
function V' (belonging to the domain D(L)) for some smooth increasing concave function
@ and for C some compact subset. Define Hy(t) = ff(l/(p(s))ds and assume that [ Vdu <
+00.

Then, if limy 100 ¢ (u) = 0,

(a*)2(t) < © ( / Vdu) m

If for p > 2 and q its conjugate, V € L9(u) then

a3, (1) < Cp, |V ,) (@)% (1),

If ¢ is linear, o*(t) and a(t) are decaying like e~ for some A > 0 (see [DMT95, BCGOS,
BBCG08]).

Note that the latter bound is better than the general one obtained in lemma 5.1. Of
course we may use either remark 3.25 (telling that we may use o* instead of ) or Remark
4.6 (comparing both rates) to apply this result.

In the same spirit we shall also recall a beautiful result due to Glynn and Meyn [GM96]
or more precisely the version obtained in Gao-Guillin-Wu [GGW10]:
We introduce the Lyapunov control condition, as in [GM96, GGW10)]

Assumption 5.11. there exist a positive function F', a compact set C, a constant b and
a (smooth) function 0, going to infinity at infinity such that

L 0 < —-F +ble.

Then we have the following (Theorem 3.2 in [GM96] and its refined version Lemma 6.2
in [GGW10])

Theorem 5.12. If Assumption 5.11 is satisfied and 0> € L'(u), the Poisson equation
Lg = f admits a solution in 1.2 , provided |f| < F. Hence the usual FCLT holds

The authors get the FCLT in Theorem 4.3 of [GM96], but we know how to do in this
situation.

Assumption 5.11 is thus enough in order to ensure the existence of a L.? solution of the
Poisson equation for ¢ € D(Rd), so that if this assumption is satisfied we may use Lemma
3.23 (i.e. the existence of a smooth solution (but non necessarily IL?(x)) to the Poisson
equation for any smooth f).

We shall continue this section by providing several families of examples, starting with

the one-dimensional case. These examples are then extended to n-dimensional reversible
Langevin stochastic differential equations using Lyapunov conditions and results of [BCGOS,
BBCGO08, CGGR10] to recover Poincaré inequalities or weak Poincaré inequalities through
the use of Lyapunov conditions, and so the rate a* or a.
We will then consider elliptic (non necessarilly reversible) examples for which result of
[DFG09], recalled in Proposition 5.10, furnishes the rate o and then existence of the so-
lution of Poisson equation and CLT where the usual Kipnis-Varadhan condition cannot be
used. Comparisons with the recent results of Pardoux-Veretennikov [PV01] will be made.
We will end with some hypoelliptic cases such as the kinetic Fokker-Planck equation or
oscillator chains for which results of [DFG09, BCGO8] still apply, and results of [PV05]
are harder to consider. It is of particular interest in PDE theory.
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One of the main strategy to get explicit convergence controls are Lyapunov conditions as
explained before.

5.3. Reversible case in dimension one.

5.3.1. General criterion for weak Poincaré inequalities. We recall here results of [BCRO5]
giving necessary and sufficient conditions for a one dimensional measure du(z) = e V@) dy,
associated to the one dimensional diffusion

dX; =\2dB, — V'(X;)dt
to satisfy a weak Poincaré inequality.

Proposition 5.13. [BCRO05, Theorem 3] Let m be a median of p, and B : (0,1/2) — R4
be non increasing. Let C' be the optimal constant such that for all f and 0 < s < 1/4

Var (/) < CB(s) [ P+ Osel )
then 1/4max(b_,b;) < C < 12max(By, B_) where, with m a median for

R TS Y
b = Dm <[x oo[>/4/ !

B+ = sup —-—"— /evdx
m>m5 m

and the corresponding ones for b_, B_ with the left hand side of the median.

5.3.2. A first particular family : general Cauchy laws. Consider the diffusion process on
the line

ax 28«
dX; =v2dB; — dt 5.14
£ = V2dB, <1+m2+<e+m2>log<e+x2>> (514

for some parameters a > 1 and S > 0. The model is slightly more general than the
usual Cauchy laws considering 8 = 0, but the difference allows interesting behaviors. The
corresponding generator is

2 B ax 2'81:
L =0 <1+x2 * (e + x2) log(e+$2)> .

so that L is p-reversible for
c(a, B)

p(dx) = (11 22)2/2 logP (e + 22)
It is immediate that V(z) = 2 satisfies
1—(a—1)a? B 4822
1+ a2 (e + x2) log(e + x2)
hence verifies the assumption in proposition 2.7. So the process defined by (5.14) does not

explode (is conservative if one prefers), and is ergodic with unique invariant measure p,
which satisfies a local Poincaré inequality on any interval.

dz .

LV(z)=2

(5.15)

The rate ap o is known in this situation. Indeed, according to Proposition 5.13, p
satisfies a weak Poincaré inequality (recall definition 5.8) with optimal rate

B(s) = d(a, B) s~/ (@1 log=28/(«=D)(1/s) .

According to Proposition 5.9 (and its converse in the reversible case), for large ¢,

tooo(t) = €3(t)  with £<t>—t<31> log “3" B (t)..

In the sequel we shall only consider bounded functions f.
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Ifa>30ra=3and > 2, 04%700 is integrable, and so we may apply Kipnis-Varadhan
theorem to all bounded functions f.

Interesting cases are a = 3 and < 2.

If 8 > 1, 6(z) = |z| for large |z|’s satisfies the assumptions in Theorem 5.12, and
accordingly the usual FCLT holds provided |f(z)| < ¢/|z| at infinity. If § < 1 a similar
result holds but this time for | f(x)| < ¢/|z|'*¢ at infinity, for any € > 0.

But it should be interesting to know what happens for bounded f’s that do not go to
0 at infinity.

5.3.3. A second general family: subexponential laws. Let us consider the process on the
line
dX; = V2dB; — ax |z 2dt
for a < 1 with the generator
L=0%—ax|z|* %0,
which is v, reversible where
Vo(dz) = C(a) e 121" da.
It is well known the process does not explode and ergodic with unique invariant measure
. By Proposition 5.13, one easily gets that v, satisfies a weak Poincaré inequality with
2
B(s) = kqlog(2/s)= 2. According to Proposition 5.9 (and its converse in the reversible
case), for large t,
aooot) ~ €3(t)  with  £(t) = e
It is then of course immediate by Kipnis-Varadhan theorem, and Proposition 3.19 for
tractable conditions, to get that as soon as f € L? for p > 2 then it satisfies the FLCT. Of
1 [e%
course, the interesting examples are in unbounded test functions like f(z) = ezl g(x)—c
for g in L2(dz) but not in any LP(dx) for any p > 2. We believe that in this context,
one may exhibit anomalous speed in the FCLT, as in the Cauchy case explored in the
following sections. It does not seem that interesting new examples may be sorted out
using Glynn-Meyn’s result.

5.4. Reversible case in general. We quickly give here multidimensional Langevin-
Kolmogorov reversible diffusions example (say in R™), that may be treated as in the
one-dimensional case using the appropriate Lyapunov conditions and weak Poincaré in-
equalities.

5.4.1. Cauchy type measures. Let us consider with a > n
pia(dz) := Z (1 + |2[2)*/? da

associated to the generator
ax

—V

14 [a]?

reversible with respect to p. In fact one may use as in the one dimensional case Lyapunov
functions W (z) = |z|* for large |z| so that for large ||

L=A—

jl*
1+ |z|?
so that to get a Lyapunov condition we have to impose the compatibility condition o >

n+k—2.
Use now Theorems 2.8 and 5.1 in [CGGRI10] to get a weak Poincaré inequality with

LW = (nk + k(k — 2)) |z|* 2 — ka

B(s) = ¢(n, oz)s_ﬁ leading to

log "5~ (®)
a200(t) = c/(a,n)iog;n .
t 2
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We then get that if o > n + 2 then 04%700 is integrable and thus Kipnis-Varadhan theorem
may be used for all bounded functions. Note that in this case, one does not recover the
optimal speed of decay via the results of [DFG09].

We may also use Theorem 5.12 to consider unbounded function: for k& > 2, if a > n + 2k
and @ > n + k — 2 then the usual FCLT holds for all centered function f such that
|fI < e(1+ |of*2).

One may also, in the setting where K > 2, f is centered with |f| < ¢(1 + |z|*~2) and
a>n+2(k—2) (so that f € L? for 8 < 9=2), use Prop. 3.19: if & > n+ 2k — 3 then the
FCLT holds. Note that it gives better results than Theorem 5.12.

One may of course generalize the model (5 # 0) as in the one-dimensional case, which
would lead to the same discussion as in the one-dimensional case.

5.4.2. Subexponential measures. Let us consider for 0 < o < 1,
Vo(dz) = C(a) e 11" da
associated to the v,-reversible generator
L=A—ar|z|*?.V.
With W (z) = e®*|” for large ||, one easily gets that for large |z|
LW (z) < —ca’a(a — 1) |2 2elel®

so that by Theorems 2.8 and 5.1 in [CGGR10], we get that v, verifies a weak Poincaré
inequality with ((s) = ky o log(2/ s)%_Q. We may then mimic the results given in the one
dimensional case.

5.5. Beyond reversible diffusions. We will focus here on general diffusion models on
R™, with the notations of [PV01, PV05] for easier comparisons,

dXt = O'(Xt)dBt + b(Xt)dt

with generator
n

n
L= Z aij(x)(ﬁh%. + Z bi(x)0y,,
ij=1 i=1
and a = 00*/2. We will suppose that o is bounded and b, o locally (bounded) Lipschitz
functions. We assume moreover a condition on the diffusion matrix
(H,) : <a(m)1, i> <Xy, Tr(oco)/n<A.
|z [
Note that Pardoux and Veretennikov also impose an ellipticity condition in [PV01], or a

local Doeblin condition in [PV05] preventing however too degenerate models like kinetic
Fokker-Planck ones. We also introduce the following family of recurrence conditions

(Hp(r,a)) : V|z| > M, <b(w), |i—|> < —rlz|®.

We suppose M > 0, o« > —1, and when o« = —1, that the process does not explode (it will
be a consequence of the Lyapunov conditions given later). We also define when oo = —1,
ro = (r —An)/2)/A4+. We may then use the results of [DMT95, DFG09] and [PV01] to
get that

Ce if >0,
1+«

a(t)? <S ce T i —1<a<0,
CA+t)™" ifa=-1and0<k <o,
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for some (usually non explicit) constants C,c > 0. Note that these results are obtained
using Lyapunov functions Wy(z) = e, Wy(z) = €' and Ws(z) = 1 + |z|2F+2
respectively, for some a < % whenever a@ > —1). Namely outside a large ball, for
some positive A

a>0, LW <-AW,
—1<a< Oa LW2 < —-A W2 [ll’l W2]21+L0¢’

m—2

oa=—1, LWy < =AWy ™ .
All this shows that the process is positive recurrent. We denote by p its invariant proba-
bility measure. Remark that the convergence rate in the last case is slightly better than
the one in Pardoux-Veretennikov. Note that a direct consequence of these Lyapunov con-

k
ditions is that W is L'(u), Wa [In WQ]Q% € LY () and W' € L' (p). These last two
integrability results are presumably not optimal, indeed results of [PV01, Proposition 1]
give us in the case a = —1 that for every m < 2rg — 1, Wy(z) = 1 + |z|™ is in L.

We may then use results of Proposition 3.19, or more precisely Proposition 3.21 to get
results on the solution of the Poisson equation and the FCLT that we may compare with
[PV01, Theorem 1]. Comparison is not so easy as Pardoux-Veretennikov’s results consider
function f with polynomial growth and obtain polynomial control of the solution of the
Poisson equation, when our results deal with IL? control. Glynn-Meyn’s result will help us

in this direction. We will only consider here examples for « = —1 and —1 < a < 0, i.e.
sub-exponential cases.
Case @ = —1. Pardoux-Veretennikov’s result, assuming some ellipticity condition

(namely the existence of a A_ > 0 for the corresponding lower bound in (H,)) estab-
lishes that if | f(x)| < ¢(1 + |z|®) for B < 2rg — 3 then the solution of the Poisson equation
g exists with a polynomial control in |z|**2¢ (¢ > 0 arbitrary) just ensuring that g € L.
They also obtain a polynomial upper control of |Vg|. We have not pushed too much fur-
ther in this last direction but elements of the next sections may give integrability results
for |Vgl.
To use Proposition 3.21 in our context, one has to verify, for smooth f in P for simplic-
ity, that «(t)a*(t) is sufficiently decreasing. Using Remark 4.6, one gets here that for all
k<mry

at)ar (t) < ept™F
and we have thus to impose the condition that k(p — 2) > p. Our results are then weaker
than Pardoux-Veretennikov as it enables us only to consider f to be in P for p > 2
whereas they consider f in L™ for m < (2rg —1)/(2rg — 3).

Note however that we have no ellipticity assumption, and we refer to examples in the
next paragraph, which cannot be obtained using the results of Pardoux-Veretennikov.
Remark finally that our results do not only apply to the existence of the solution of
the Poisson equation but also to the FCLT, with a finite variance, which is not at all
ensured by Pardoux-Veretennikov’s results. In this perspective, if we want to use Pardoux-
Veretennikov result to get a finite variance, we will have to impose that there exists p > 1
such that max(pg3, %(5%—2)) < 2rg—1, which will imply that for p > 2 one has to impose
(ro —1/2)(p — 2) > p which is slightly stronger than our conditions.

Case —1 < a < 0. In fact, by the results of Pardoux-Veretennikov, one has that for f
bounded by a polynomial, then g is also bounded by a polynomial and thus at least in LL!.
We get much more general results here as we allow, for example, smooth f such that there
exists C' > 0 with

‘x‘1+0‘

#(a)l < ¢ el )
for e > 0.
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Note also that no additional ellipticity condition is supposed, and even in the subsequent
work [PV05], the local Doeblin condition and condition (A7) (see [PV05, Page 1113] seems
to be verified in only slightly degenerate case. We will then give here particular examples
that may be reached through our work.

5.6. Kinetic models. Consider a kinetic system, where v is the velocity (in R?) and z
is the position. The motion of v is perturbed by a Brownian noise, i.e. we consider the
diffusion process (Xi,V;),~, with state space R? x R? solution of the kinetic stochastic
differential equation a

dxt = V¢ dt,
dvt = H(Ut, xt)dt + \/EdBt

If the initial law of (zg, vg) is ¥ we denote by P(t, v, dz, dv) the law at time ¢ of the process.
A standard scaling (see e.g. [DMO08]) is to consider

t d
P(t,v,dzx,dv) = e @ P<_27 Ve, —x, dv)
£ £
i.e. the law of the scaled process (¢ ¥/, vy/.2) (also rescale the initial law), solution of
1
eOyP+v-V P — B (AP +div,(H P)) =0. (5.16)

The FCLT with v(e) = /¢, if it holds, combined with a standard argument of propagation
of chaos (see [CCM10] for more details) implies that as e goes to 0, P¢(t, dx,dv) converges
to the product N(t,dx) M (dv) where M (dv) is the projection of the invariant measure
of the diffusion on the velocities space and N(¢,dz) is the solution of the appropriate
(depending on the asymptotic variance) heat equation on the positions space.

Let us present more concrete examples where we can use the results of the paper just
using f(v) = v or f(z,v) = v, as well as the possible necessity of using another scaling
in space (anomalous rate of convergence), via explicit speed of convergence obtained as
previously via Lyapunov conditions.

Kinetic Fokker-Planck equation.

Let us consider the following stochastic differential system

dxt = Utdt,
dv; = V2dB; — v dt — VF(X,)dt,

where (B;) is a R%Brownian motion. The invariant (but non-reversible) probability mea-
sure is then p(dw, dv) = Z71 e~ GIIPHF@®) gy do.
If F(z) behaves like |z|P for large |x| with 0 < p < 1 then one can build a Lyapunov

function W (z, v) behaving at infinity as e®(?*+1=") (for s sufficiently small) and such that
outside a large ball (see [DFG09, BCGO08])

op—1
LW < AW lnW]*7 .

We may thus apply the results explained in the previous case —1 < a < 0.
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Oscillator chains.
We present here the model studied by Hairer-Mattingly [HMO09]: 3-oscillator chains

dgo = podt

dpo = —yopodt — qolqo*** dt — (qo — q1) dt + /270 Tod BY
dgy = ppdt

dm = —qla** 7 - 2q — g0 — q2)dt

dga = podt

dpy = —yopadt — @o|qe*" 2 dt — (g2 — 1) dt + /272 Tod B}

where B? and B? are two independent brownian motions. Then by Theorem 5.6 in [HM09],
if k > 3/2, one can give a Lyapunov function W for which LW < —AW" + C for some
r < 1 so that we may use the results presented before in the polynomial rate case.

6. AN EXAMPLE OF ANOMALOUS RATE OF CONVERGENCE

In all the examples developed before, the asymptotic variance was existing. We shall
try now to investigate the possible anomalous rates of convergence, i.e. cases where the
variance of Sy is super-linear. Instead of studying the full generality, we shall first focus
on a simple example, namely the one discussed in section 5.3.2.

We consider the generator L defined in (5.15) in the critical situation & = 3 and 5 < 2 or
the supercritical one i.e & < 3 (but o > 1). For simplicity we shall here directly introduce
the function g and choose g(z) = 2, so that f = Lg is bounded but does not go to 0 at
infinity (hence we cannot use Theorem 5.12).

Since Vg(z) = 2z, Vg € L?(u) if and only if @ = 3 and 3 > 1.

According to Remark 3.24 we may thus apply Kipnis-Varadhan result, so that from now
on these cases are excluded. Remark that for this particular case, Kipnis-Varadhan result
applies for 8 > 1, while for the general bounded case (i.e. f bounded) we have to assume
that 8 > 2. This is presumably due to the non exact correspondence between (WPI) and
the decay rate £ as noticed just after Proposition 5.9.

Our goal in this section will be to evaluate Var,(S;) and to see that one can apply
Denker’s Theorem 4.8, i.e. obtain a CLT with an anomalous explicit rate.

In the sequel, ¢ will denote a universal constant that may change from place to place.

For K > 0 we introduce a truncation function ¢k such that, 1|_x g < P < 1 _k—1,K41
and all ¥, are bounded by ¢ (¢ is thus an approximation of x A K V —K).

We then define gx = ¥ (9), fx = Lgx which is still bounded by ¢ and such that

|fie = f] < ek -

In what follows, we shall use repeatedly the fact that, for large K

K
/ 2% log?(x)dz ~ c(a,p) <1 + Kot logﬁ(K)) ifa # —1

/K 2V ogl(x)de ~ ¢(f) <1 + 10g6+1(K)) if 8# -1

K
/ z tlog Hz)dx ~ c(1+loglog(K)) .

These estimates follow easily by integrating by parts (integrate z® and differentiate the

log).
Now we can write (we are using the notation in section 4.2, in particular (4.10) and

(4.9)):
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(Se)? < 28— 8]%)? + 2(5{%)?
< 2(Sp— ST+ (MPF)? + (M)P<)?, (6.1)
(St)2 <2(8; — SfK)Q +8 (g%((Xt) + g%((Xo)) +4 (Mth)2 ) (6.2)
and
(S1)? > 4(MPF)? — 2(8; — S{%)? — 8 (g% (Xy) + g% (X0)) .- (6.3)

Recall that
2tn(t/4) < Var,(S;) < 4tn(t/2)
with 7 given in (4.9) which is non-decreasing since L is reversible. Hence we know that
Var,(S¢)/t is bounded below. This will allow us to improve on the results in section 5.3.2.

Indeed for K > K where Kj is large enough,

t s
L [(St—Sth)?] < cE, [/0 /0 1|Xs|zK1|Xu|deud8]

t
S CEM |:/ 31|X52Kd8:|
0

< et pjz| > K) < o, B) 2 K17 log P (K). (6.4)
t
B (0] < ey | [ X e ds]
K+1
c 2% p(dx
<ot [ atuta)
< e Bt (1 + 9(K)), (6.5)

with o(K) = K3 log ?(K) if a # 3, p(K) = log! #(K) if « = 3 and 8 # 1, and finally
o(K) =loglog(K) if « =3 and =1 . Note that similarly

t
E. [(M*)’] > E, [/ Xs?llxngdS}
0

K
> ct /_K 22 p(dz)
> d(a,B)t (1 +¢(K)) . (6.6)

In addition

2 K ! 4
g du < c/ dr+ 2K u(|z] > K
/ " kot (1 |2]) log? (e + |2[2) (el = )
< c(1+ K% log P (K)). (6.7)

According to lemma 2.8 we already know that Var,(S;)/t is bounded if and only if we
are in the Kipnis-Varadhan situation (in particular as we already saw if « = 3 and 8 > 1).
In order to get the good order for Var,(S;)/t by using (6.2) and (6.3) we have to choose
K(t) in such a way that

E,, [(M{*)?] >>/g?<dﬂ

and
By [(M{%)’] > B, | (5. - 5{*)*) .
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Hence, according to (6.5) and (6.6) as well as (6.4) and (6.7) we need for («, 5) # (3,1)
t (K313 +log(K) 1azs) log ?(K) > max(K°~* log ?(K); * K'~ log?(K))

(6.8)
We immediately see that the unique favorable situation is obtained for
a=3and f#1 and KZ?log(K)>t> K?/log(K). (6.9)
In this situation the leading term E, [(M{*)?] is of order ¢ log'#(K) ie. of order
t log' =P (t).
Ifa=3and B8 =1 we get
K?log(K) loglog(K) >t > K?/log(K) loglog(K) (6.10)

yielding this time E,, [(M7*)?] ~ t loglog(t).
So we now consider the cases o =3 and § < 1.
Notice that it corresponds to the rate of convergence described in the next section 7.

We thus have
Var, (Sy)/t ~log'?(t) (or loglogt if B =1). (6.11)

Any choice of K (t) satisfying (6.9) (or (6.10)) yields that (S; — S{K)Q/t log'=#(t) (or

t loglogt) goes to 0 in L' (x). Hence, thanks to (6.1), it remains to show that (M7%)2/t log! ~#(t)

(or t loglogt) is uniformly integrable i.e. that the bracket

/ \Vgr|2(Xs)ds/t log!=P(t)  or t loglog(t)

is uniformly integrable, according to Proposition 4.14. Due to the form of gx it is thus
enough to show that

H(t, X, K(t / X2 1ix,|<1+K(t) ds/t logt=#(t) (ortloglog(t)if =1) (6.12)
is uniformly integrable.

Remark 6.13. One can remark that in the situation described above, 3(t) < o?(t), that
is the decay of the L2 norm of P,f is faster than the worse possible one. Indeed, as we
know, n(t) ~ Var,(Sy)/t ~ log' =8 (t) (orloglogt for B = 1) while a?(t) ~ log! =P (t)t! s0
that its primitive behaves like log?=?(t). &
To this end, denote by u(z, M) = |z|* 1j3<14 for M > 1, and u(x, M) = u(z, M) —
Ju(,M)dp, and U(t, X, M) = fo u(Xs, M)ds.
We know that if 8 < 1, and ¢ > 1 for instance,

Var, (U(t,X,M)) =4 /Ot/2 (t — 2s) (/ Pf(u(.,M))du> ds .

Recall that o?(s) = ag,oo(s) is the mixing coefficient whose expression is recalled in
section 5.3.2, i.e. (s) ~ log'™#(s) s !
A direct calculation thus yields (for ¢ > 1)

t/2
Var,(U(t,X,M)) < 4/ (t —2s)a’(s) (1 4+ M) ds
0

t/2 1 1-8 1

< 4c(1—|—M)4/ (t—2s)mds
0 1+8

< de(14 M)*tlog>P(1+1).

Hence if we choose M (t) = t* with a < 1/4,
Var, (U(t, X, %)) /t* log2(1—=A)t (or (loglogt)? if B = 1) —0ast— 4oo.
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We can also calculate the mean
E,(U(t, X,t%) ~ c(B) t log! P (t) (or loglogt if = 1)
i.e. is asymptotically equivalent to the mean of U(t, X, K(t)), so that
E,(U(t, X,1%)/t log' P (t) (or loglogt if § = 1)

is bounded.

It follows that U (t, X, t%)/t log'~?(t) or U(t, X, 1%)/t loglog(t) when 8 = 1, is uniformly
integrable.

We claim that

(U, X, K(t) — U(t, X,t")) /t log=?(t) (orloglogtif 3=1) — 0inL'(P,),

so that it is uniformly integrable. According to what precedes, it immediately follows that
H(t,X,K(t)) = U(t, X, K(t))/t log'~?(t) (with the ad hoc normalization if 8 = 1) is also
uniformly integrable.

It remains to prove our claim. For simplicity we choose K (t) = t'/2 (any allowed K (t)
furnishes the result but calculations are easier). Since U(¢, X, K(t)) — U(t, X,t*) > 0 it is
enough to calculate for large ¢

K@)
E, (U(t,X,K(t))—U(t,X,ta)):t/ x? p(dr) .

ta
If B # 1, the right hand side is equal to

ﬁ (1og' P (1)) — log'2(1%) ) = (log(1/2) ~ log(a) log™*(1).

If 8 =1 it is equal to
log log(K (t)) — loglog t* ~ log(1/2) — log(a) .

Our claim immediately follows in both cases.
Let us collect the results we have obtained:

Theorem 6.14. Let
us(de) = ps(a) do = e(8) (1 +2%) 32 log P(e +a2) da

be a probability measure on the line and Lg = 8§2 + V(logpg) 0, the associated diffusion
generator for which pg is reversible and ergodic. X_ﬁ denotes the associated diffusion
process.

For g(x) = 22, fs = Lgg is a bounded function with p-mean equal to 0. We consider
the associated additive functional S{ﬂ = f(f fB(Xsﬁ)ds.

If 8 > 1 we may apply Kipnis-Varadhan result (Theorem 3.13).

If =1, limg_, Varﬂﬁ(S{*B)/t loglogt = ¢ for some constant ¢ > 0 and we may apply
Denker’s theorem 4.8.

If B < 1, limy— 400 Varuﬂ(Stfﬁ)/t logt=?(t) = ¢ for some constant ¢ > 0 and we may
again apply Denker’s theorem 4.8.

The previous theorem is really satisfactory and in a sense generic. We shall try in the
next sections to exhibit general properties yielding to an anomalous rate of convergence.
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7. ANOMALOUS RATE OF CONVERGENCE. SOME HINTS

The standard strategy we used for the CLT is to reduce the problem to the use of
the ergodic theorem for the brackets of a well chosen martingale. This requires to ap-
proximate the solution of the Poisson equation, i.e. to obtain a decomposition of .S; into
some martingale terms, whose brackets may be controlled, and remaining but negligible
“boundary” terms. In this section we shall address the problem of using this strategy for
super-linear variance. Hence we have to choose a correct approximation of the solution of
the Poisson equation, and to replace the ergodic theorem for the martingale brackets, by
some uniform integrability property. Again we are using the notation (4.9) and (4.10).

As before, for T > 0 depending on ¢ to be chosen later, introduce again gr = — fOT P, f ds.
We thus have Lgr = f — Prf and using It6’s formula

t t
&z/ﬂ&Ms=sM&%wﬂ%%%H+/ﬁﬂ&Ms (7.1)
0 0
= gr(Xy) — gr(Xo) — M + S7
= ]+ () 4 S,

where <MT>t = fotl“(gT)(Xs)ds. In order to prove that SZ(f)/Var(S;(f)) is uniformly
integrable when Xy ~ u, we shall find conditions for the following three propositions:

Jim Var;(St) /(gT)2 dp = 0 (7:2)
tlgglo Var;(St)VM“(StT) = 0 (7.3)
tlggo Var;(St)(MtT )2 is uniformly integrable. (7.4)
We can replace (7.2) by
Var;(S't)((M*)tT)z is uniformly integrable. (7.5)

7.1. Study of [(gr)?du/Var(S;). We already saw that in the reversible case

T
VMAW»=4A s(s)ds < AT(T),

We immediately see using (4.12) that if % — 0, then [ (gr)?du/Var(S;) — 0 as t — +oo0.

If t < T then $ has to decay quickly enough for [(g7)? du/Var(S;) to be bounded. The
limiting case T' = ct will be the more interesting in view of the second “boundary” term.
Note that actually we only need to study the uniform integrability of (gr)2/Var(S;), but
the material we have developed do not furnish any better result in this direction.

7.2. Study of Var,(S{)/Var(S;). If u is reversible, we have

Var,(S{) = 2/; /0 </ PTfPu+deu>duds

4/0 (t = 5) B(s + T) ds

4t (n(T + (t/2)) = n(T)),
so that, for Var,(S])/Var(S;) to go to 0, it is enough to have
§(T + 5) = n(T)

(%)

IN

— 0.
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A similar estimate holds in the non-reversible case provided (Hpos) holds. This time we
see that the good situation is the one where ¢t < T'.

7.3. The martingale brackets. It remains to calculate the expectation of the martingale
brackets (M7T);.

B, (07)) = ¢ [ Dlor)du

_ zt/(/ot P.I(f = Prf)ds) di

= 4t (2n(T/2) =n(T)) .
Hence we certainly need (21(7/2) —n(T)) /n(t/4) to be bounded. As for the first term
this requires at least that ¢ is of the same order as T

7.4. The good rates. According to what precedes, we have to consider the case when T’
and t are comparable. For simplicity we shall choose T' = ¢/2, so that the final condition
in section 7.3 will be automatically satisfied. The final condition in section 7.2 becomes

) —nlt/2)
t——+o00 n(t/4)

while the discussion in section 7.1 yields to

o 383)ds 0, (7.7)

t—4o00 tf(fﬁ B(s)ds o

It is thus interesting to get a family of 8's satisfying (7.7) and (7.6). Actually since 3 is
non increasing,

~ 0, (7.6)

t/2

t B(s)ds < B(s)ds

t/2 0

so that
t/2

t/2 t
B(s)ds < / B(s)ds <2 B(s)ds.
0 0 0
Hence, (7.7) is equivalent to
t
S 200)ds
t—+o00 ¢ fO 5(8)618

Functions satisfying this property are known, according to Karamata’s theory (see [BGT87]
chapter 1). Recall the definition

— 0. (7.8)

Definition 7.9. A non-negative function [ is slowly varying if for all u > 0,

im M = 1.
t—+oo I(t)

Using the direct half of Karamata’s theorem (see [BGT87] Proposition 1.5.8 and equa-
tion (1.5.8)) for (7.8) to hold it is enough that

l
B(s) = @ for some slowly varying I. (7.10)
s

Indeed if (7.10) holds, fg sB(s)ds ~ tl(t) so that (7.8) is equivalent to
im ()

which is exactly [BGT87] Proposition 1.5.9a.

)
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The converse half of Karamata’s theorem ([BGT87] Theorem 1.6.1) indicates that this
condition is not far to be necessary too.

Furthermore, according to [BGT87] Proposition 1.5.9a. if (7.10) is satisfied, then 7 is
slowly varying too, so that (7.6) is also satisfied. These remarks combined with the explicit
value of Var,(S;) show that the latter is then equivalent to 4¢7(t) at infinity.

We have obtained

Proposition 7.11. (7.7) and (7.6) are both satisfied as soon as (7.10) is. In this situation
Var,,(S;)/t is equivalent to 4n(t) at infinity.

Of course if we replace (7.7) by (7.5) we do not need the full strength of (7.10) since
(7.6) is satisfied as soon as 7 is slowly varying.

7.5. Study of (M/)?/Var(S;). Now on we shall thus take 7' = t/2 and simply denote
M by M;. In order to show that (M;)%/Var(S;) is uniformly integrable, we can use
Proposition 4.14 yielding the following :

Proposition 7.12. If the process is reversible and strongly mixing and if n given in (4.9)
is slowly varying (in particular if (7.10) is satisfied), then there is an equivalence between

(1) %t(t) converges in distribution to a standard Gaussian law ast — +00,
n
1 t
(2) (— / ['(g¢/2)(Xs) ds> is uniformly integrable, where g, /5 == — fot/zPsf ds.
tn(t) Jo t>1

We shall say (as Denker himself said when writing his theorem) that the previous
proposition is not really tractable. Indeed in general we do not know any explicit expression
for the semigroup (hence for g;). The main interest of the previous discussion is perhaps
contained in the feeling that anomalous rate shall only occur when (7.10) is satisfied.

In the next section we shall even go further in explaining:

7.6. Why is it delicate? The previous theorem reduces the problem to show that

o2, 1 (g [ Tl ds) | < e

The first idea is to use the convexity of v, yielding

B2 (v [ T as)] < 18] [ (st o

< /7(%“%2)) dp

so that our problem reduces to show that I'(g;)/h(2t) is u uniformly integrable, or, since
we assume that 7 is slowly varying, that I'(g;)/n(t) is p uniformly integrable.

The simplest case, namely if Vg;/\/h(t) is strongly convergent in IL?(y), holds if and
only if n(¢t) has a limit at infinity, i.e. in the Kipnis- Varadhan situation. The situation
when 7(t) goes to infinity is thus more delicate.

It is so delicate that we shall see a natural generic obstruction. In what follows we
assume that 7(t) — 400 as t — 400.

For simplicity we consider the one dimensional situation with

L= 83%2 + 0, (log p) 0,

p being a density of probability on R which is assumed to be smooth (C°°) and everywhere
positive with p(z) — 0 as * — oo. u(dzr) = p(z)dz is thus a reversible measure, and we
assume that the underlying diffusion process is strongly mixing.
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We already know that [ |0yg:> du ~ 4n(t). If |0,g:*/n(t) is uniformly integrable, we
may find a function h € L'(u) such that a sequence |0,g:,|?/n(t,) weakly converges to
h in L'(p). This implies that p|d.g:,|?/n(t,) converges to ph = v in D'(R), the set of
Schwartz distributions. Notice that v € L}(R) and satisfies [ v(z)dz = 4.

Of course we may replace f by P.f for any € > 0 up to an error term going to 0. Thanks
to (hypo-)ellipticity we know that P.f is C'°°, hence we may and will assume that f is
C®, so that g; is C*° too.

Accordingly the derivatives

02 (p 10291, |* /(tn)) =
in D'(R). But
8;32925” = Lgtn - 8:1:(10gp) avgtn =f- Ptnf - 8:1:(10gp) avgtn )

D Oz t,

n(tn)

(2 6§29tn + 0, (log p) axgtn) — Opv

so that

(2p0ugt, (f = P f) — 020 (0291,)?) = — 0x(logp)v.

1
Oyv = lim
’ n(tn)
Indeed the first term in the limit goes to 0 in D’(R) since for a smooth ¢ with compact
support

1 2
/so ) 20929t (f = P f) dw < lelloo 5= 100 gtnllua ol = Pou iz

8:)3977,
t 1 ll2

4
<l s | Ve

and we assumed that 7 goes to infinity, while for the second term we know that p [0,.g:, |2/n(t)
converges to v and that 0,p is smooth.

Hence v solves 0,v = —0,(logp) v in D'(R), i.e. v = ¢/p which is not in L!(R) unless
¢ =0 in which case [vdx # 4. Accordingly |9,g:|?/n(t) cannot be uniformly integrable.

Hence, contrary to all the cases we have discussed before, anomalous rate of convergence
cannot be uniquely described by the behavior of the semigroup. We need to use pathwise
properties of the process. (This sentence may look strange since the semigroup uniquely
determines the process, but the important word here is “path”.)

In the situation of lemma 3.23 the good strategy is to use some cut-off of g as we did
in the previous section, which in a sense is generic for this situation.

8. FLUCTUATIONS OUT OF EQUILIBRIUM

In this section we shall mainly discuss the CLT and FCLT out of equilibrium. But
before, we shall show that in the strong mixing case (i.e. uniformly ergodic situation), the
(CLT) ensures the (FCLT).

Proposition 8.1 (From CLT to FCLT). Assume that the process is strongly mizing (i.e.
uniformly ergodic) and that Var,(S;) = th(t) for some slowly varying function h. If (CLT)
holds under P, with s7 = Var, (S;) = th(t) then (FCLT) holds with s7 = Var,(S;) = th(t).

Proof. Since h is slowly varying, Var(S;/.) ~ th(1/e)/e as e — 0. For 0 < s < t, define

t/e
S(s,t,e) =, /h(f/e) /S/E £(Xy) du.

To prove our statement it is thus enough to show that, for indices 0 < s1 < t1 < 59 <
ty--- < ty the joint law of (S(si,t;,€))1<i<n converges to the law of a Gaussian vector
with appropriate diagonal covariance matrix. Up to an easy induction procedure, we shall
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only give the details for N =2 and 0 = 51 <t = s =89 <to =t. For 0 < s <t and
A € R define
Ve, s,t,A) =exp (iAS(s,t, f,e)) , H(z,s,t,e)=E,[V(e,s,t,\)].

As usual we denote by H the centered H — u(H).
We only have to show that

lim EM[V(€7 07 S, )‘) V(Ea S, ta 0)] = es )\2/2 e(tis) 92/2.
e—0
The main difficulty here is that t; = s = s. We introduce an auxiliary time
s. = (s/e) — (s/e1).

‘We then have
E.[V(e,0,5,A)V(e,s,t,0)] =

W
W

- E, [V(e 0,5(1 — 1), 0) V(e,s(1 — i), ,A)V(s,s,t,e)}

= EM[V(EOS(l—&‘%) Esté?]
+E, [V(s,o,su — i) <V(6,s(1 —ei), s 0) — 1) V(g,s,t,e)}
= A +B..
Now
3
A. = E, [V(g 0,8(1 — 1), \) Ps/a%H(XSE,s,t,e)]
= p(H(, 5L Ey [V(e,0,501 —£5), )] +
§ —
+E, [V(e, 0.5(1 =) NP 4 H(X... s,t,e)]
= p(H(,s,t.e)E,[V(e,0,s\)] +
+u(H(, 5, ,6) E, <V(e 0,5(1 — i), \) —V(e,o,s,A))} +
3 —
+E, [V(a,O,s(l —e4),\) Ps/a% H(ng,s,t,a)}
= Al,a + AQ,& + A3,e .
Note that

. 2 _ 2
lim Ay, = esA /2 e(t s) 6 /27
—0 ’

according to the CLT. For the two remaining terms we have

€ s/e € s
(1/V2)|Az.| < E, [\/W /5(1—53)/5 |f|(Xu)dU] < Wije) T H w(l 1),

hence goes to 0 as € — 0. Similarly

Aael < B, [|P, 4 H(Xoiis,t,0)|| = /

also goes to 0 as € — 0.
In the same way

(1/V2)|B:| < E,

€ s/e
W /5(16%)/5 | fI(Xu) du] ,

hence goes to 0 as € — 0 exactly as Ay .. The proof is completed. O
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Corollary 8.2. If Var,(S;) = th(t) for some slowly varying function h, we may replace
the CLT by the FCLT in all results of section 4.2 (in particular Theorem 4.18), in Theorem
6.14 and in Proposition 7.12.

8.1. About the law at time ¢.

Theorem 8.3. [DMT95| Thm 5.2.c, and [DFG09] Thm 3.10 and Thm 3.12.
Under the assumptions of Proposition 5.10, there exists a positive constant ¢ such that
for all z,

1P (2, ) = plipy < eV (@)(D),
where ||-||py is the total variation distance and 1 (which goes to 0 at infinity) is defined
as follows: ¥(t) = 1/(p o H;l)(t) for Hy(t) = flt (1/p(s))ds, if limy— o0 ¢’ (u) = 0 and
Y(t) = e~ for a well chosen X > 0 if o is linear.

In particular for any probability measure v such that V € L'(v), if we denote by Pjv
the law of the process at time t starting with initial low v,

Jm By = pllpy = 0.

The second result is mentioned (in the case of a brownian motion with a drift) in
[CGGO7] and proved for a stopped diffusion in dimension one in [CCLT09] Theorem 2.3.
The proof given there extends immediately to the uniformly elliptic case below thanks to
the standard Gaussian estimates for the density at time ¢ of such a diffusion, details are
left to the reader

Theorem 8.4. In the diffusion situation (2.4), assume that the diffusion matriz a is
uniformly elliptic and bounded. Assume in addition that the invariant measure p(dx) =
e~ W) dx is reversible, and that 20(W,W)(z) — LW (z) > —¢ > —00.

Then for all t > 0 and all x, Py(z,dy) = r(t,x,y) u(dy) with r(t,x,.) € L?(u). Further-
more if eV € LY(v), Piv(dy) = r(t,v,y) p(dy) with r(t,v,.) € L2(u).

Consequently, if the diffusion is uniformly ergodic (or strongly mizing) and if e
L'(v), we have again

W e

Jim [|P7y = pllpy = 0.

8.2. Fluctuations out of equilibrium. Let v be a given initial distribution. A direct
application of the Markov property shows that

Lemma 8.5. Assume that

Jm [Py = pllpy = 0.

Let u(e) > ¢ going to 0 as € goes to 0. For any bounded Hy,...,Hy, denote H(Z) =
®H;(Z,). Then
.Je
H [ v(e) / f(Xs)ds =
Ju(e)

.Je
lim [E, [H (v(g) / f(Xs) ds)
e—0 Ju(e)
Theorem 8.6. Let v satisfying the assumptions of Theorem 8.4 or Theorem 8.3. If the
FCLT holds under P, (i.e. at equilibrium) with v(e) — 0 as ¢ — 0 but v(e) > ¢, then
it also holds under P, (i.e out of equilibrium) provided one of the following additional
assumptions is satisfied

~E,

As a consequence we immediately obtain

e v is absolutely continuous w.r.t. u
o v =20, for u almost all x,

e f is bounded.
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Proof. Choose u(e) such that u(e) — 0 as € — 0, but with u(e) > v(e). We may apply
the previous lemma and to conclude it is enough to show that

e—0

t/u(e)
lim v(e) /0 f(Xs)ds

in P, probability, which is immediate when f is bounded and follows from the almost sure
ergodic theorem in the two others cases. O

Several authors have tried to obtain the FCLT started from a point i.e. under P, for all
x, not only for p almost all x, see [DL0O1a, DL03|. Here is a result in this direction:

Theorem 8.7. Assume that P/v is absolutely continuous with respect to p for somet > 0,
that the state space E is locally compact and that f is continuous. Then if the assumptions
of Theorem 8.4 or Theorem 8.3 are fulfilled, then (FCLT) holds under P, as soon as it
holds under IP,,.

Proof. Note that, if Pjv is absolutely continuous w.r.t. pu, we may apply the previous
theorem to the additive functional ft'/ ° f(Xs)ds, i.e. we may replace 0 by some fixed t. It
thus remains to control v(e) fg f(X5) ds for the same fixed ¢. But since f is continuous,

since X is P, almost surely continuous and F is locally compact, fot f(Xs)ds is P, almost
surely bounded, hence goes to 0 when ¢ — 0 once multiplied by v(e). U

Corollary 8.8. If L given by (2.4) is elliptic or more generally hypoelliptic, the previous
theorem applies to all initial v satisfying the assumptions of Theorem 8.4 or Theorem 8.3.
In particular it applies to v =, for all x.
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