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ABSTRACT. Discrete population genetics models with unequal (skewed) fertil-
ities are considered, with an emphasis on skewed versions of Cannings models,
conditional branching process models in the spirit of Karlin and McGregor, and
compound Poisson models. Three particular classes of models with skewed fer-
tilities are investigated, the Wright-Fisher model, the Dirichlet model, and the
Kimura model. For each class the asymptotic behavior as the total population
size N tends to infinity is investigated for power law fertilities and for geomet-
ric fertilities. This class of models can exhibit a rich variety of sub-linear or
even constant effective population sizes. Therefore, the models are not neces-
sarily in the domain of attraction of the Kingman coalescent. For a substantial
range of the parameters, discrete-time coalescent processes with simultaneous
multiple collisions arise in the limit.
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1. INTRODUCTION

The well-known neutral discrete Wright-Fisher model describes the evolution of a
population of constant size N from generation to generation forwards in time. One
of the main features of this model (and similar models such as the discrete Moran
model) is that each individual has the same propensity to produce offspring.

In this paper discrete population models are studied, in which individuals may have
unequal propensities to reproduce. We shall speak of models with skewed fertilities.
The terminology ‘skewed’ means here ‘asymmetric’ or ‘unequal’ and should be not
confused with the skewness of a distribution. These models turn out to be of
interest mainly because of the following two reasons. First of all, it turns out that
the effective population size N, (a precise definition of N, is provided after Eq. (8))
of these models may differ significantly from the actual total population size N
and may not even depend linearly on N. The fact that models with this behavior
may have importance for biological applications, is for example indicated in papers
of Eldon and Wakeley [6] and Wakeley and Sargsyan [34]. Models with effective
population sizes smaller than NV occur also in a different context of age-structure
of populations in a paper of Sagitov and Jagers [30]. Secondly, in the limit as
the total population size N tends to infinity, these models are not necessarily in
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the domain of attraction (see Definition 2.1) of the Kingman coalescent [14]. The
limiting coalescent may have simultaneous multiple collisions of ancestral lineages.
Ancestral processes of this form are a major research area in coalescent theory and
have been studied intensively since at least ten years (see, for example, [24] or [31]).

The models we are mainly interested in are obtained by conditioning a sequence
&1,&, ... of independent random variables on the event that & + --- + &y = N,
with the interpretation that the outcome of &,, under the constraint that & +
-+ 4+ &N = N, is the number of children of the nth individual, n € {1,...,N}.
Since the random variables &7, &o, . .. are not necessarily assumed to be identically
distributed, this construction results in unequal propensities of the individuals to
produce offspring. In the spirit of Karlin and McGregor [13] we call this model the
skewed conditional branching process model.

Schweinsberg [32] studies models, in which N individuals are sampled without
replacement from Sy := X; + --- + Xy offspring, where X;,..., Xy are given
i.i.d. random variables. The effective population sizes of these models satisfy N, =
O(N) (see [32, Eq. (18)]), and, in particular, N, can exhibit a rich variety of
sub-linear behavior (see, for example, [32, Lemma 13]), however, these models are
different from our models, which are based on conditioning instead of sampling.

The paper is organized as follows. In Section 2 a skewed Cannings model is intro-
duced and analyzed. This model essentially coincides with an associated standard
exchangeable Cannings model [3, 4]. Section 2 therefore heavily gains from the
theory on Cannings models. The results of Section 2 are applied in Section 3 to
the skewed conditional branching process model. Since this huge class of condi-
tional models has in general a quite complicated probabilistic structure, we further
specialize in Section 4 to a subclass of skewed compound Poisson models. Exact
formulae for the transition probabilities of the forward and the backward process
are derived. It is furthermore shown (Theorem 4.3) that, in the unbiased (non-
skewed) case, the model is in the domain of attraction (see Definition 2.1) of the
Kingman coalescent. In all cases we obtain exact and asymptotic formulae for the
effective population size N., which can deviate substantially from the total popula-
tion size V. The following Sections 5 and 6 are devoted to two particular compound
Poisson models, the skewed Wright-Fisher model and the skewed Dirichlet model.
In both models the effective population size N, is less than or equal to the total
population size N, and, depending on the parameter choices, can indeed be sub-
stantially smaller than N, for example N, ~ pN with p € (0,1), N, = O(N?) with
B € (0,1), N. = O(log N), or even N, = O(1). These two models are in particular
analyzed for power law skewed fertilities and for geometrically skewed fertilities. It
turns out that for a wide range of parameter choices, these models are not anymore
in the domain of attraction of the Kingman coalescent. Coalescents allowing for
simultaneous multiple collisions arise in the limit as the total population size tends
to infinity. The paper finishes in Section 7 with an analog analysis of the skewed
Kimura model, a model which does not belong to the compound Poisson class, but
nevertheless exhibits similarities with the previously studied models.

Throughout the paper the notation N := {1,2,...}, Ny :={0,1,2,...}, and [N] :=
{1,...,N}, N € N, is used. We furthermore use, for fixed N € N, the symbol
S :={0,...,N} for the state space of several discrete processes considered in this
paper. Moreover, for k € Ng and z € R, () := z(x —1)---(z — k + 1) and
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[z == x(x + 1)---(x + k — 1) denote the descending and ascending factorials
respectively, with the convention that (x)g = [z]o = 1.

2. SKEWED CANNINGS MODELS

Consider a population with constant population size N € N evolving in discrete non-
overlapping generations ¢ € Ny. The nth individual, n € [N], of the tth generation
gives birth to a random number pu,,(¢) of children. Since the population is assumed
to have constant population size IV, for each fixed generation ¢ € N, the random
vector p(t) := (p1(t), ..., un(t)) must take values in the discrete N-simplex A(N)
consisting of all k = (ky,...,ky) € N)¥ satisfying k1 +--- + ky = N. Note that
the random variable p,,(t) = pn N (t) is allowed to depend on the total population
size N. However, for simplicity, this dependence on N is usually not indicated
throughout the paper. It is assumed that the random vectors u(0),u(1),... are
iid., so the model is time-homogeneous. We write p, = un(0), n € [N], and
p = p(0) for convenience. Note that the model is in principle defined in the
same way as an exchangeable Cannings model [3, 4]. The only slight modification
is that, for each fixed generation ¢t € Ny, the offspring variables pq(t), ..., un(t)
are not necessarily assumed to be exchangeable. Models of this form have been
studied in [19] even in the time-inhomogeneous setting when the total population
size is not necessarily constant equal to N. Particular examples, such as the skewed
Wright-Fisher model, which is studied in Section 5 in more detail, have been the
source of recurrent interest in the literature (see, for example, [2] and [18]). A main
tool exploited in this section is the following shuffling procedure. For each fixed
generation t € Ng let v(t) = (v1(t),...,vn(t)) be a random permutation (shuffling)
of p(t) = (u1(t),...,un(t)). Then v(t) is exchangeable with distribution

1) PO(t) = k) = 5 S Bnu(t)=k), ke A(N),

where mu(t) := (tir1(t), - .., txn(t)) and the sum extends over all permutations 7 of
[N]. We interpret v, (t) as the number of offspring of the nth individual of the ¢th
generation in an exchangeable Cannings model [3, 4]. Again we write v, := v,(0),
n € [N], and v := v(0) for convenience. As we will see soon, this exchangeable
Cannings population model will turn out to be very helpful to analyze the original
skewed Cannings model. More precisely, since all assignments of offspring to parents
are assumed to be equally likely, there is essentially no difference between the
skewed model and the associated shuffled exchangeable Cannings model. However,
we are interested in these skewed Cannings models since (as the following sections
will show) starting with not necessarily exchangeable offspring variables 1, ..., un
naturally leads to interesting subclasses and examples of Cannings models, which
to the best of our knowledge have not been introduced so far. Most of the results
provided in this section are well known from the literature on Cannings models
and from coalescent theory. We chose to present these results, since we interpret
them in terms of the original skewed model we started with at the beginning of this
section. For example, we clarify how the forward and backward processes of these
models depend on the original offspring variables p1, ..., un.

2.1. Looking forwards in time. Take a sample of n € S individuals of generation
0 and, for t € Ny, let X; denote the number of descendants of these n individuals
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in generation ¢. The process X := (X})ten,, called the forward process, is a time-
homogeneous Markov chain with state space S and initial state Xo = n. The
transition probabilities P; ; := P(Xy1 = j| Xy = ¢), ¢, € S, must coincide with
those of the associated exchangeable Cannings model with offspring distributions
(1), since in the considered skewed model all assignments of offspring to parents are
assumed to be equally likely. From the literature on exchangeable models (Cannings
[3, p. 267]), it follows that P; ; = P(v1 +--- +v; = j) = >, P(v = k), where the
sum extends over all k € A(N) satisfying k1 + --- + k; = j. Plugging in (1) and
interchanging the two sums involved yields

By = §!2§P<w—k> = %ZP(M1+~~+W:]’).

Introducing ny := wl,...,n; := 74, and noting that there exist exactly (N — 7)!
permutations 7 leaving 7l,.. ., mi fixed, it follows that
N .

(2) Py = (_,\1,)1_ > P(kz;unk Zj) = (ljlv) > P(gunk ZJ)

N yenns n;=1 1<n <--<n; <N
all distinct

for ¢,j € S. One may rewrite (2) as P, ; = (127)71 2o PO e m =), 4,5 €5,
where the sum ) ,, extends over all subsets M of [N] satisfying |M| = i. The chain
X is a martingale, since E(X¢t1 | Xe =14) =3 ,c5 P = X jeq iP1 ++- v =
HN=Ew+ - +v;)=iE(y) =14,i€S. Since X is bounded (0 < X; < N for all
t € Ny), X; converges almost surely to some random variable X, as t — oo, and
(Xt)tenou{oo} is still a martingale. If P(pp = 1) < 1 for some & € [N], then (see,
for example, Section 2.1 of [20]) X, takes the two values 0 and N with probability
P(Xoo =0)=1—-n/N and P(Xo, = N) = n/N respectively.

The associated Cannings model with exchangeable offspring variables vy, ..., vy
is useful in many respects. For instance, in terms of the so-called coalescence
probability (see, for example, [21])

_ E((v1)2)  Var(vi)

(3) N1 = N1 = 1—-E(nre) = —Cov(vy,va),
the variance of X;41, given X; = i, can be expressed as
Var(Xi41| Xy =i) = Var(th+---+v;) = Var(vr) +i(i — 1)Cov(vn, 12)

= Z(N — ].)CN — Z(’L - ].)CN = Z(N — i)CN.

Defining the heterogeneity of the population at generation ¢ as 2(X;/N)(1—-X;/N),
we have 2E((X;/N)(1—X;/N) | Xo =1i) = 2(1 —cn)!(i/N)(1 —i/N), t € Ng,i € S,
showing that, if ¢y > 0, the mean heterogeneity tends to 0 exponentially fast as
t — oo. We will provide further information on cy when the model is studied
backwards in time.

2.2. Looking backwards in time. Instead of looking forwards in time let us now
look backwards in time and count, starting with all IV individuals from some gener-
ation to € Np, the number of ancestors of these N individuals ¢ € {0,...,%o} genera-
tions backward in time. More precisely, let )A(t denote the number of ancestors of the
N individuals of generation tj in generation tg—t. The process X = ()?t)te{o,..i,to},
called the backward process, is a time-homogeneous Markov chain with state space
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S and initial state N. The transition probabilities 13” = P(Xp1 = j| Xy =),
1,7 € S, coincide with those of the associated Cannings model with exchangeable
offspring vector v having distribution (1). Therefore, from the literature on ex-
changeable models (Cannings [3, Theorem 11], Gladstien [9, Examples]), it follows

that
R TR0 ()

it Hlj=i

o
I
|

1 L (s .
(4) = = ) > E(H('ul k)), i,Jj €5,
() 1<ny<-<n; <N 1,...1;€N k=1 \ K
li4+lj=1

with the convention that ﬁi,[) = ;0 (Kronecker symbol). Note that the last equality
follows from (1) via a similar argument as already used to derive the formula (2)
for P; ;. The states 0 and 1 are absorbing.

~

The matrix P = (P;,j)ijes is lower left triangular and has hence eigenvalues
Xi == Pi;, i € S. From (4) it follows that A\g = 1 and that \; = P;; =
(N)_l Z1§n1<---<ni§NE(:“n1 “+ln,), © € [N]. Note that A\; = 1 and that Ay =

K3

(1;[)_1 Y 1<ny<ny< N E(fing finy) = E(1v2) = 1 — cy. Since the forward and back-
ward transition matrices P = (P ;); jes and P= (-I/Si,j)i,jes coincide with those of
the associated Cannings model with exchangeable offspring vector v, it is allowed to
apply results on exchangeable Cannings models, in particular duality results such
as the duality relation PH = HP’', where H = (Hij)ijes is (see, for example, [20])
the matrix with entries H;; = (;)/(]jv), i,7 € S. Since H is non-singular, P has the
same eigenvalues as P. In particular, cjy = 1 — Ao is the spectral gap of P and p.
The random variable Xt counts the number of ancestors in generation tg — t, but
it gives no information about whether two individuals ¢ and j, randomly picked
from generation tg, share a common parent in generation tg — . In order to encode
this information, a more enriched ancestral process has to be considered, which
is now described. Take a random sample of n € [N] individuals from generation
to € Ny and, for t € {0,...,%}, define a random relation R; on {1,...,n} by
saying that (i,7) € R if and only if the individuals 7 and j have a common parent
in generation tg —t. Note that Ry = N)RE") depends on the sample size n and
on the total population size N. The process (R¢)ieqo,....t,} is called the ancestral
process or a discrete coalescent process. It is well known (see, for example, [19])
that (R¢)ieqo,....to} is @ Markov chain with state space &,, the set of equivalence

relations (partitions) on {1,...,n}, and transition probabilities
(5) P(Rey1=n|Re=¢) = @;(ls,....1;), &ne€én,§Cn,
where

N

(6) O,(ly,...,1;) = m Yo By - ()

7 M1yeeny ’n]‘:1
all distinct
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Here j := |n| denotes the number of equivalence classes (blocks) of n and l1,...,1; €
N are the group sizes of merging classes of {. Note that [y + --- +[; is the number
of classes (blocks) of {. Comparing (6) with (4) shows that

- il O(lh,...,1) .
(7) Pi,j = = E ﬁ, ’L,jE{l,...,N}.
J: Uiyl €N 1 J
ll-‘r-‘rlJ:’L

For j =1, (4) and (7) reduce to

N
P = 010) = g L E()). i€ (LN

The coalescence probability cy, i.e. the probability that two individuals, randomly
chosen from some generation, have a common parent, is hence

N
~ 1
= P = ®1(2) = —— E((n)2),
(3) ex i= Pos = 012) = (5. 3Bl
in agreement with (3), and the effective population size is N, := 1/cy. We will

later also make use of the probability that three individuals, randomly chosen from
some generation, share a common parent, which is given by

N
Iy = Py = 06) = o Y El())

The transition probabilities (5) do not depend on t and to. It is hence allowed
to choose to arbitrary large. We can therefore think of a process (R¢)ien, with
transition probabilities (5) and time ¢t € Ny. A fundamental result from coalescent
theory (see, for example, [21, p. 989)] or [25, Lemma 5.5]) states that, if dy /ey — 0,
then ¢y — 0 and, moreover (see [24] or [21, Theorem 4 (b)]), if dy /ey — 0, then, for

each sample size n € N, the time-scaled process (thn/cN])te[OW) converges weakly

to Kingman’s n-coalescent (Ri"))te[oyoc) as the total population size N tends to
infinity. In [24] there is also a criterion in terms of the quantities (6) provided
ensuring that, for each n € N, the time-scaled process (Rgl/)cN])tE[Om) converges
weakly as N — oo to a more general process (0nR2t)¢c[0,00), Where g, denotes the
restriction from &, the set of all equivalence relations on N, to £, and R = (R;);>0 is
a continuous-time coalescent process allowing for simultaneous multiple collisions of
ancestral lineages. This asymptotic behavior can only occur if ¢y — 0. If; instead,
¢y converges to a positive constant, then, a similar criterion for the quantities (6),
also provided in [24], ensures that, for each sample size n € N, the process (RE"))teNU
(without any time-scaling involved) converges weakly to a discrete-time process
(onRt)ten,, where (Ry)ic(o,00) is a discrete-time coalescent allowing for simultaneous
multiple collisions of ancestral lineages.

Definition 2.1. a) Let R = (R;)ic[0,00) be a continuous-time coalescent with simul-

taneous multiple collisions. We say that the considered population model is in the

domain of attraction of R, if, for each sample size n € N, the time-scaled ancestral
(n)

process (R[t/CN])te[O,oo) converges weakly to (0nRt)ie[0,00) a5 N — 0.

b) Let R = (Ry)ten, be a discrete-time coalescent with simultaneous multiple colli-
sions. We say that the considered population model is in the domain of attraction



POPULATION GENETICS MODELS WITH SKEWED FERTILITIES 7

of R, if, for each sample size n € N, the ancestral process (RE"))tGNO converges
weakly to (onRi)ten, as N — oo.

In both cases we call R the attractor of the considered population model.

Example 2.2. (extended Moran model) Let U be a random variable taking
values in {0,..., N}. Define the offspring vector p = (u1,...,un) via p, = 1 if
ne{l,...,N—U},and, on {U >0}, p, :=0ifne {N-U+1,...,N—1}, and
pn = U. The associated shuffled exchangeable Cannings model was considered by
Eldon and Wakeley [6]. For U = 0 (and as well for U = 1), we obtain the trivial
model in which every individual has one offspring (u, = 1 for all n € [N]). For
U = N in this model the Nth individual is the parent of all the N children of the
next generation (uy = N). If U > 1 almost surely, then, by (2), the forward chain
X has transition probabilities

P:

(]

( > P(i oy, = J) + > P(ii finy, =J — U))
k=1

1<ni<-<ni<N k=1 1<ni<---<n;=N
= E(("7 )+ 2D ()G -0)

) (
E((";") (55 ))/(])iV

—
— 2
S—

(7
; ) ifj <,
= { ((NJU) (V/ () = B(ReERS=2) it =,
E(N-D0GZ0/() if j > .

If P(U = 0) > 0, then in the above expressions for P, ; each U has to be replaced
by max(U,1). For U = 2 this model reduces to the standard Moran model with
forward transition probabilities P; ;1 = i(N —)/(N)2, i € {1,...,N}, Piiy1 =
i(N—i)/(N)a, i €{0,....,N =1}, Py = 1—2i(N —4)/(N)a, i € {0,...,N}, and
P; ; = 0 otherwise. From (4), it follows similarly that, for 4, j € [N],

Note that Py = E((U):)/(N)i, i € {2,...,N}. In particular, cy = Py =
E((U)2)/(N)2, in agreement with [6, Eq. (2)], and dy = 133’1 = E((U)s)/(N)s.
The model is in the domain of attraction of the Kingman coalescent if and only if
E((U)3)/(NE((U)z2)) — 0 as N — oo. If U is binomially distributed with param-
eters N and p € [0,1], then cy = p?. Note that p = py may depend on N, so
this model can have a wide variety of effective population sizes N, = 1/p3,. For
instance, if py = N~ «a > 0, then N, = N2% is sub-linear for a < 1/2 and
super-linear for o > 1/2. If py = ANV, A < 1, then N, = A~2" grows exponentially.
We will come back to this model in Proposition 3.1.

In the following section we will introduce a skewed conditional branching process
model, which can be viewed as a particular Cannings model. We will later identify
the attractor R of several concrete such population models.
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3. SKEWED CONDITIONAL BRANCHING PROCESS MODELS

Let &1,&9, ... be independent non-negative integer valued random variables and let
fn denote the probability generating function (pgf) of &,, n € N. For any pgf g
and [ € Ny we use the standard notation g’ for the Ith power of g (¢° = 1) and the
notation g() for the Ith derivative of g. Moreover, [z']g(z) denotes the coefficient
in front of 2! in the Taylor expansion of g around zero. For N € N assume that
P& +---+&&v = N) >0 and let 4 = (p1,...,un) be a random vector with

distribution
P(u=k) = P& =ki)---Pén =ky) _ [2"]f1(2) - [o*¥]fn(2)
P +--+&v =N) [2N](f1 - fN) (@)
k = (ki,...,kn) € A(N). The distribution of p is hence that of (&1,...,&n)

conditioned on the event that & + --- + &v = N. Note that, for n € [N], the
marginal variable u, has distribution

P(&n = K)PQ e v fny §m = N — k)
P& +---+&v =N)

(@) (N T e v oy o (2))) Fe (0. N}
[2N](fr- - fn)(2) ’ R
For each n € [N] one may interpret pu, as the number of offspring of individual n
in a population with non-overlapping generations of constant population size N.
Note that p has pgf

(9) E(Zinzxrzv) _ ["L‘N](.ﬁ(mzl)"'](‘N('QCZN))7
[=N](f1 - fn)(=)

Let l1,...,ly € Ng and put [ :=l; + --- + Iy. Applying the ‘derivative operator’

(0" /01 2) - - (9™ /O™ ) to the left-hand side and the right-hand side of (9), and

noting that it is allowed to interchange this derivative operator with the ‘coeflicient

operator’ [z™V] in the numerator on the right-hand side of (9), it follows that

NI £ (wz)
[=N](f1 - fnv)(2)
Taking the limit z; ' 1,...,2n " 1 shows that u has descending factorial moments

AT A @)
(10) E((u)y, - (un)iy) = [xN](fl---lfN)(x) ’

If the random variables &1, &5, . . . are identically distributed, then the model reduces
to the conditional branching process model first introduced by Moran and Watter-
son [26] and further investigated for example by Karlin and McGregor [13]. In this
case, for each fixed N € N, the random variables u1, ..., 4y are exchangeable. Note
however, that in general it is not assumed here that the random variables &1, &o, . . .
are identically distributed. In this sense the model is a bit more general than the
conditional branching process model of [26]. Particular classes and examples of the
model, which to the best of our knowledge are new or only briefly mentioned in
the literature, are introduced and analyzed in the following sections, among them
the skewed Wright-Fisher model (Section 5), the skewed Dirichlet model (Section
6), and the skewed Kimura model (Section 7). One may think that, at least for
fixed N, the model can be reduced to a simpler model by randomly permutating

lz1], .-y 2n] < 1.

E((p)1, 2470 (un )iy 2N 7)) =

li,...,In € Np.
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the random variables &1, ...,&y. However, this is not the case. If ny,...,ny de-
notes a random permutation of &1, ..., &y, then the random variables 7, . ..,ny are
identically distributed but in general not independent (not even uncorrelated) any-
more. In this sense the model is indeed more general than the conditional branching
process model of Karlin and McGregor.

On the other hand, for arbitrary but fixed N € N, the model is well known from
the literature in the following sense. Fix N € N and let v = (v4,...,vn) be a
random permutation of pu = (p1,...,un). As explained in Section 2, the model
can be interpreted as an exchangeable Cannings model with population size N and
offspring vector v. Note that, for k = (k1,...,kn) € A(N),

Pl =ki,....on =kn) izp(fwlzkl,---,wasz)
P(+ -+ 1y = N) NI & TP+ +&n = N)

= S Plan=k) = P =h)

so permutating the random variables {1, ..., £ (and conditioning) leads to the same
exchangeable Cannings model as permutating the random variables puq, ..., uN-
Essentially all results known for exchangeable Cannings models apply to our model,
which simplifies our further analysis significantly. For example, as explained in
Section 2, the transition matrix of the forward process has entries (2). Noting that,
for any subset M of [N],

. P(ZmEM &m = J) P(ZmE[N]\M Em =N —j)
P(Z P = J) P&+ +éx = N)
([ )T e ar F) @) (2N )T mepapar fm) (@)
[=N](fr - fv) (@) ’
it follows that the forward transition matrix P = (P; ;); jes has entries
1 )T ) @) (@)L f) (@)
o = () 2 [N (fr- - fn) () ’

% M

meM

i,j €5,

where the sum ) ,, extends over all subsets M of [N] satisfying |[M| = i. We
now turn to the backward chain. From (4) and (10), it follows that the backward
transition probabilities are of the form

P - _L
Py = (N) Z

i/ 1<n; < <n; <N

N @) £ (@) ey, .ngy fm(2))

12 , L,JjES,
" I .;GN Ll Y] (fr-- - ) () J
Lo tly=i
with the convention that }31'70 = d,0, @ € S. In particular,
N [.N—ij( ()
~ 1 X fn x m n fm. T
Py = ®y(i) = Z[ U @) e (@) g
()i N](f - ) (@)

n=1
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and the coalescence probability is given by

o = P = ] zN: (=20 f (@) T e pap gy Frn ()
T g N1 (@) |
Moreover, the eigenvalues \; := P; ; = ®,;(1,...,1), 4 € S, of the matrix P are given
by Ao =1 and
we oy ) ) T nng £
' [=N](fr - fn)(2)

(%)
1/ 1<n1<---<n; <N
forie {1,...,N}.

Remark. One may write ]3%] in the form
~ 1 1

Bd = O RN @)
S U S g ad) [ fme),

1<n;<--<n; <N me[N\{n1,...,n;}

where (see, for example, [23, Eq. (18)])

. 1%

it W@ 9@

A 1 1

I hen i lj!
it +lj=i

Sgl7~~,gj7$(i7j> =

are some sort of generalized Stirling numbers of the second kind, with the convention
that, fOI‘j = O7 Sg1,...,gj,m(iaj) = 6i0; 1€ No.

Remark. The class of the conditional branching process models leads to a wide va-
riety of Cannings models. However (see the following proposition), not all Cannings
models are conditional branching process models.

Proposition 3.1. The extended Moran model (see Example 2.2) is not a condi-
tional branching process model, provided that P(2 <U < N —1) = 1.

Proof. Suppose that the extended Moran model with population size IV is a condi-
tional branching process model. Then, there exist i.i.d. random variables &, &o, . . .
such that P(§14---+&v = N) # 0and P(v = k) = pg, -+ pry /P(E1+- - +En = N)
for k = (k1,...,kn) € A(N), where p, :=P(& = k), k € Ny. In particular,

o] (- )
s
= Pn=--=v~nuv=Lvnysp=-=vN_1=0,vy =0)
E(py _'p1pv)
P& +--+&=N)’
and, hence, p; # 0, since P(N — U > 1) = 1 by assumption. On the other hand,
P& +---+&v =N) P& +---+&v=N)
and, hence, p; = 0, an obvious contradiction. In particular, for N > 3, the standard
Moran model (U = 2) is not a conditional branching process model. (]
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It seems to be hard to derive further exact or asymptotic results as N — oo for
the general skewed conditional branching process model. We therefore focus in the
following sections on important subclasses.

4. THE SKEWED COMPOUND POISSON CLASS

Let ¢ be a given power series of the form ¢(z) = > °_| ¢n2™/ml, |z| < r with
positive radius r € (0, co] of convergence and with non-negative coefficients ¢,, > 0,
m € N. We also assume that ¢; > 0. Let furthermore 61,6s,... € (0,00) be given
strictly positive real parameters. In this section it is assumed that, for each n € N|
the random variable &, of the skewed conditional branching process model (as
described in the previous section) has pgf

1) ho) = 565 = e (o0 (1-22)) <

In (13), z is viewed as a fixed parameter. However, for the following approach we
also see z as a variable satisfying |z| < r. In order to state the following lemma we
need to introduce, for # > 0, the Taylor expansion

G Uk(g) k
B

(14) exp(06(2)) = 2] <7,
k=0

of exp(f¢p(z)), seen as a function of z. Note that the coefficients o (6) are strictly

positive and they depend on the sequence ¢. := (¢, )nen. More precisely, the

coefficients o () satisfy the recursion o¢(6) = 1 and

k
(15) orn(0) = 03 (’j)¢k_l+1al<0>, ke M,
=0

i.e. 0'1(0) = 0¢1, 02(0) = 9(]52 + 92(25%, 0'3(9) = 9@53 + 392¢1¢2 + 03(;5?, and so on.
Note that, for each fixed k € N, 01.(0) ~ (0¢1)* as § — c.

Proposition 4.1. If, for each n € N, the random variable &, has a pgf of the form
(13), then the forward process X of the associated skewed conditional branching
process model has transition probabilities

(16) P = @ = on(ON) ’

where O 1= 01+ -+0n, the sum ) ,, extends over all subsets M C [N] satisfying
|M| =i, and the coefficients o1, (0) are recursively defined via (15).

i,J €S,

() 5 05 (X ment Om) N5 meinyyas Om)

Proof. For j € [N], § > 0 and |z| < 1, it follows from (14) that

[7] exp(Op(zx)) = [27] Z UkT@(zx)k = zla];j(le).
k=0
Using, for M C [N], the shortage 6 := >,/ 0m, it follows that
J z) = [2/]exp| —0¢(2)(1— o22)
P ) = e (oo (1- 57 ))

— exp(~00(2)[a?] exp(B(za)) = exp(~60(z)) AT,
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Thus, (16) follows from (11). O

Remark. For the unbiased case, when the parameter 6, = 6 does not depend on
n € N, (16) reduces to

[N\ o,(i0) on—; (N — 1)) i

Let us now turn to the backward process.

Proposition 4.2. If, for each n € N, the random variable &, has a pgf of the form
(13), then the backward process X of the associated skewed conditional branching
process model has transition probabilities

~ 7! O'll(anl)"~0'lj(9nj) o
(17) Pi,j = Z Z s Z,]€S7

0i(© IV 1!
i(On) 1<ny<<n; <N l1,...1;€N 1 J
li4-+l=1

with the convention that ]31-’0 = 00, 1 € S. Here Oy := 01 + --- + 0y and the
coefficients oy, (0) are recursively defined via (15). In particular,

N
~ 1
Pi = ai9n, i€ 1,...,N.
,1 Uz(@N) 7;:1 ( ) { }

Proof. From Kolchin’s representation formula [15] (see also [28, Chapter 1, Theorem
1.2]), it follows that p = (p1, ..., un) has distribution

N
P(u=Fk) = UN](VGEN) 11 "’“%g"), k= (ki,...,ky) € A(N).

Therefore, 1 has joint descending factorial moments

::lz

E((:Ufl)h)"'(uN)ZN) = ( ll+ +in

S Iv € Np.
Olyttin (ON)

The probability (6) is therefore of the form

1 N

<I>j(ll,...,lj) = m Z ]E((#nl)ll"'(ﬂnj)lj)

7 ng,en=1
all distinct

1 N
S —— op, 0n,) 0. (0,.), L,....,l; €N.
Oty 4t (ON) > oulm)-0y(0n). j
all distinct
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Using (7), it follows that

ﬁ. . o ﬂ Z (I)j(ll,...,lj)
BT 4] A
72 1- j*
li,...,l;EN
li+-+lj=i

. N
_ i! Z Z o1y (enl) T 0l (0717)
T Gle (O L )
] l( N) n17“‘,nj:1 l17...,leN 1 J
all distinct I;+4---41;=1

B 7! 01, (Ony) -+ O1; (anj)

1<n;<---<n;<N l17...,lj€N
it Hlj=i

Remark. The previous proposition in particular shows that

N

LS~ (0, = P2On HoiNaL B

eN = Py = —
N 21T 54(0n) $2ON + 203,

n=1

Since NZN 02 > @%\h it follows that ¢y > 1/N, or, equivalently, that N, < N.

n=1"n

Let us now focus on the unbiased case, when all the parameters 6,, = 6 are equal to
some constant 6 € (0,00). It turns out to be convenient to introduce, for any formal
series a(z) = Y po; axz"/k! or, equivalently, for any sequence a. := (a1, as,...), the
Bell polynomials

i ; 2! ap, - - ay; .
(18) Bij(a.) = ﬁ[z](a(z))J = ﬁ Z T i, € No.
l17...,lj€N J

l1++l7:2

Note that Bog(a.) =1, Bio(a.) = Boi(a) =0, B;1(a.) = a; and B;(a.) = a} for
i € N. For more information on these polynomials we refer the reader to [1] and
Chapter 1 of Pitman [28].

The following theorem provides exact and asymptotic formulae for the transition

probabilities P; ; and clarifies that the unbiased compound Poisson class is in the
domain of attraction of the Kingman coalescent.

Theorem 4.3. If 6, =0 € (0,00) for alln € N, then

~ (N); .
1 PL j = Bl . ) )
( 9) 5] O'Z(QN) ,](g (9)) 1] € S
where the B; j(0.(0)) are the Bell polynomials of o (6) = (01(0),02(0),...). In
particular,

~ NO'Z(Q) .
20 P, = , 1,...,N}.
(20) 1 o2 (ON) ie{ }
Moreover, fori,j € N with i > j,

2y : —
I 0T N

and the model is in the domain of attraction of the Kingman coalescent in the sense
of Definition 2.1 a).

(21) N — oo,
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Proof. Since 6,, = 6 does not depend on n, the formula (17) reduces to (19) thanks
to the formula (18) for the Bell polynomials. For j = 1, (19) reduces to (20), since
Bi1(0.(0)) = 04(0). For i,j € N with ¢ > j and for all N > i it follows that

5 (N); N/ Bij(o.(8)) 1

ij = o—i(GN)Bi’j(J'(e)) ~ WBM(U.(Q)) = T (0h) NI

which is (21). For j = 1, Eq. (21) reduces to }31-’1 ~0i(0)/((0¢1)N~1) as N — oo.
Thus, dy/cn = Ps1/Psq ~ (03(0)/(0¢102(0))N~! — 0, which ensures that the
model is in the domain of attraction of the Kingman coalescent. (I

Remark. Theorem 4.3 in particular provides explicit exact formulae for the coa-
lescence probability ¢y = P» 1 and for dy = P31, namely
Noy(0) N(0p2 + 6°¢7)

(22) N T 55(0N) T 0Ny + (ON)252

and
de — Nos(0) _  N(0¢s + 302p12 + 0°$7)
M7 G3(ON) T ON¢3 + 3(ON)2p1¢2 + (ON)3¢}

Example 4.4. (Wright-Fisher model) For the Wright-Fisher model, ¢(z) = z,
ox(0) = 0%. From B, ;(0,0%,...) =0'B; j(1,1,...) = 0'5(i, j), where the S(i, j) are
the Stirling numbers of the second kind, it follows that

5 _ (N _ ()

] T Uz<9N) %, (O—( )) - (QN)l

which is well known. For results concerning the skewed Wright-Fisher model we
refer the reader to Section 5.

0°S(i,j) = (N);N~'S(i,j),

Example 4.5. (Dirichlet model) Suppose that ¢(z) = —log(l — 2), |z| < 1, i.e.
¢m = (m — 1), m € N. Then, o,(6) = [0]x, k € N, and, hence,
~ (N); il (N) 6], - 0],
P = B,;([0]) = , LU Uy
sJ [QN}Z J([ ] ) [GN]Z j lh,%gﬁ] 'l
Li4+lj=1

Results on the skewed Dirichlet model are presented in Section 6.

We briefly mention two further examples, showing the wide variety of models we
are concerned with.

Example 4.6. Let a € (0,1] and assume that ¢(z) =1 — (1 — 2)%, |z| < 1. Then,
dm = (=)™ Ha)m = a[l —a]m_1 >0, m € N. Note that ¢(z) — 1 as z — 1, a
smoothness property of ¢. For z — 1 the random variable £; has a discrete stable
distribution with pgf E(z%1) = exp(—6(1 — x)®) (see, for example, Steutel and van
Harn [33, Eq. (3.7)]) and tail asymptotics P(§1 > y) ~ Ocoy™ as y — oo, where
Co = sin(ra/2) cos(ma/2)T () /(7/2) (apply, for example, Pitman [27, Theorem
1]). Note that ¢; = « and that ¢ = af with 8 := 1 — a. Thus, from (22), it
follows that

5 N(8ap+6%a?) B\ 1
oy = P = grarenee ~ o )N

N
Thus, N, = 1/ex ~ pN with p:= (1 + 3/(0a))~! < 1.
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Example 4.7. Let a € (0,00) and assume that ¢(z) = (1 —2)"* -1, |2| < 1.
Then, ¢, = [@]m, m € N. Note that ¢(z) — oo as z — 1. The random variable
&1 has a compound Poisson distribution with negative binomial jumps and pgf

E(a%) = exp(—06(2)(1 — ¢(22)/4(2))), |=| < 1. By (22),
_ N(Ba(a+ 1)+ 6%a?) RS
o= ONa(a+ 1)+ (ON)2a? - < O )
Thus, N, ~ pN with p:= (1 + (1 +a)/(fa))"! < 1.

N

Theorem 4.3 clarifies that a large class of unbiased conditional branching process
models is in the domain of attraction of the Kingman coalescent. For the skewed
situation the asymptotical behavior of (17) as N — oo is much more involved. In
the following sections we focus on particular skewed population models. It will
turn out that these models are not necessarily in the domain of attraction of the
Kingman coalescent.

5. SKEWED WRIGHT-FISHER MODEL

Let mqy,ma,... € (0,00) be given parameters and assume that £, is Poisson dis-
tributed with parameter m,,, n € N. Since &, has pgf f,(z) = E(zé) = e=mn(1-2),
n € N, it follows that this model belongs to the skewed compound Poisson class
(13) with ¢(2) := z and 6,, := m,, /2. Moreover, from (9) and (10) it follows that
1 has a multinomial distribution with parameters N and si n,...,sn,n, Where
Sp,N = myp/(m1 + - +mn), n € {1,...,N}. We shall often drop the in-
dex N and use s, instead of s, y for notational convenience. Note that u has

pef E(z{" - 2AY) = (s121 + -+ + snan)Y, |21, ., ]2n] < 1, and descending
factorial moments E((11)1, -~ (un)in) = (N)istt -85, 1h,...,Ixn € Ny, where

l:=1y+---+Iyn. The pgf of the nth marginal y,, is E(z£*) = (1 — s, + 2p5n)",
|zn| < 1, showing that p, has a binomial distribution with parameters N and s,,.
In particular, E(u,) = Ns, and o2 := Var(u,) = Ns,(1 —s,), n € {1,...,N}.
From the above formula for the descending factorial moments of p, it follows that
E(fin, finy) = N(N — 1)sy, 8p, for ni,ng € {1,..., N} with ny # ne. In particular,
CoV(finy s fhny) = —NSn, Sn, for nq # no.

The expression (11) for the forward transition probabilities P; ; simplifies to

- £ CE ) e

i) 1<n;<---<n; <N k=1

Similarly, (12) reduces to

. . 1 ) .
(24) P =il Z VR Z 3,1,111 ...sigj, i,j €S,

L,ooleN VT 1cn <ocn <N

I+l =i
which, for j = 1, yields ]31-71 = 25:1 st i€ {l,...,N}. Fori=2andi=3,
we obtain ¢y = Pyp = 25:1 s2 and dy = P31 = Zgzlsi. Note that ¢y =
25:1 s2 > 1/N. In particular, N, := 1/cy < N, so the effective population size is

smaller than or equal to the effective population size in the unbiased case. Applying
the Holder inequality Y, |anb,| < (32, a2)Y2(3,, b2)1/? with a, = s/? and

n-n
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b, = sf’/z shows that ¢y < d}V/Q, or, equivalently, that ¢y < dyn/cn. On the other
hand, since the Euclidian 2-norm is larger than or equal to the Euclidian 3-norm,
we obtain c}v/z > d}V/S, or, equivalently, dy /ey < 0%2. Thus, ey < dy/cny < c}\%z
and, consequently, ¢y — 0 is equivalent to dy /¢y — 0. The model is hence in the

domain of attraction of the Kingman coalescent if and only if ¢y — 0.

Choosing ¢ = j in (24) shows that the backward matrix P has eigenvalues Ay = 1
and
N = ]3771 = 4! Z Sny Sy ie{l,...,N}
1<ni<-<n;<N
By duality [20], these are also the eigenvalues of the forward transition matrix P.
Note that 1 = A\g = Ay > Ay =1 —cy > A3 > --- > An. In particular, the

eigenvalues A1,..., Ay are pairwise distinct. Coming back to the random variables
11, ..., iy We see that the average covariances of the p,’s is
1 2 1-— CN
Ny Z COV(:U’RNNTQ) = _Ni Z SniSny = — N :
(3) 1< -1 -1
<ni<na<N 1<ni1<na<N
Let

N N
_ Vg Ewn) 1

be the size-biased relative mean offspring fertility. Since p has a multinomial dis-
tribution with parameters N and sy, ..., sy, it is readily checked that E(Sy) = cn
and that Var(Sy) = (dy — c%)/N, which provides an alternative proof of the
inequality dy > c%.

For the Wright-Fisher model, the moments of X; 1, given X; = 4, can be related
to the backward probabilities as follows. For j € N, we have

E(X{41 | Xi =) (Nl)l 2 E<(;“>J>

4 <ni<---<n; <N

7 l
_ (1N)Zsa,j)<zv)l > < 3>
% k=1

=1 1<n; <---<n; <N

Using

% l l

N — ~
Z ( Sm) = Z(i—k)Pl’k’
1<ni<---<n; <N “k=1

where f’hk is defined in (24), we get

j l
B0 1 Xe=) = o sty (7)) P

(]j) =1 k=1

J l .
S e p
- — S(laj)(N)lk:1 (N)kk; L,k

which is a polynomial of degree j in 3.

For the Wright-Fisher model, there are the following two alternative representations
of the backward transition probabilities (24).



POPULATION GENETICS MODELS WITH SKEWED FERTILITIES 17

(i) It can easily be checked that
(25) Pj = N7'(N);S(i,j,Ns),

where s := (s1,...,sy) and

(26) S(i,j,8) = Z'[xl](i[) Z H(e“nk —1)

]
J j/ 1<ni<-<n;<N k=1

are generalized second kind Stirling numbers. Note that, when E(u,) = Ns, =1
for all n € [N], (26) reduces to the usual second kind Stirling numbers S(3,j) =
(a1/5! )[z%](e® — 1) (see [5, vol. I, p. 144]). The unbiased version of (25) is thus
P; i =N7%N);S(i,j), which is well-known. Note that (25) and (26) also yield

N
ﬁ»—z'xsz z(e®*n = 1))
n=1

showing that, as shown in [18],

N
E(z®+ X, =) = e’ [ (1 +2(e" 1)),

n=1

and for the double pgf

i N
T v . TSn
2 SEERX =) = [+ - 1)

n=1

This leads in particular to E(X,41|X; = i) = Zﬁ;l(l — (1 —s,)%) and

(%))

N
= > -D0-C=s))= D ((T=s0)" = (L~ (50, +50))")-

n=1 1<ny<n i1 <N

(ii) There is a second obvious representation taking into account repetitions, in
the spirit of the Ewens sampling formula [8]. Assume there are q; individuals at
generation ¢, numbered 1 < ny; < --- < ng,; < N, producing exactly [ offspring,
1 €{0,...,N}. Clearly, there is no overlap of the above number of sequences for
different values of . Then, using (24)

0 LY Y > HI(%)
Jdag=i; =1 na1 < <ngy 1 1=1 k=1

pl= ]
1=1%=J

i

n (27), there are

R



18 THIERRY HUILLET, MARTIN MOHLE

sums of the type Z?:l Y ony <.<n,, , 1 so that when s, = 1/N for all n € [N] (the
) arp,
unbiased case),
il
;._:1 la;=t; H;:l al!ual

;:1 ap=j

where the last sum is an alternative representation of the second kind Stirling
numbers S(i,j) (see [5, vol. I, p. 145]).

Example 5.1. (power law growth) Fix a constant o € R and assume that m,, :=
E(&,) = n=*, n € N. The unbiased case (m,, = 1 for all n € N) corresponds to
a = 0. In the following seven ranges for the parameter a are distinguished.

(i) If o < 1/3, then My := 3N m,, ~ N [ (Nz)~%de = N'=*/(1 - a),

N 2 _
1 1—a) Ni-2 (1-a)?
28 = — —2a ~ —
(28) N M;V;” (Nla) 1-2a  (1-2a)N

and, similarly,
1, 1—a\*N1=8a  (1-q) 1
dN = 753 Zn ~ — = ~2
MZ £ N—<)1-3a 1-3a N
n=1
(i) If a = 1/3, then (28) still holds, i.e. ¢y ~ 4/(3N), but
N 3
1 1 l-—«a 8 log N
dy = =Y = ~ [=—) logN = — :
NT O ; n <N1—a) ©8 27 N2

(iii) If 1/3 < @ < 1/2, then (28) still holds, but

1 & 1—a)® 1
_ 2 —3« — _ 3
dN - MJ?{’ — n ~ <N1a> C(30{) - (1 - Oé) C(ga) N?’(l_a) )
where ¢ denotes the Riemann zeta function.

In all three cases, i.e. for a < 1/2, we have N, = 1/cy ~ pN with 0 < p =
(1 —2a)/(1 — a)? < 1. The effective population size is hence asymptotically of a
factor p smaller than the effective population size N in the unbiased case (o = 0).

Moreover, from (24), it follows that the eigenvalues satisfy

(N)i

5 ! 1-a\’
Ai = P = ]\21 > (n1-ng)™* ~ (Nl?") ity My (n, i),

N 1<ny<-<n; <N n=il

where My (n, i) is the number of multiplicative partitions of n into ¢ ordered distinct
factors each belonging to {1,...,N}.

We will now see that N, can increase of order slower than .

(iv) When a = 1/2, it is readily checked that My ~ 2N/2 cy ~ (log N)/(4N),
and dy ~ ¢(3/2)/(8N3/2). Thus, N, = 1/cx ~ (4N)/log N is asymptotically
of a factor 4/log N smaller than the standard effective population size N in the
unbiased case.
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(v) Assume now that 1/2 < o < 1. Then, still My = ZnN:1 n~%~ N79/(1 - a),

N
1 —2a (1 - 0[)2
N = 2 Zn ~ N2(1—o¢)<(2a)
N p=1
and, similarly,
N
1 _ (1-a)?
dy = —= n da C(?’a)
M]%[ — N3(1—a)

Note that, with p := 1/((1 — a)?¢(2a)) < 1, N, ~ pN?1=%) grows algebraically
and the order is slower than N.

(vi) For o = 1 it is straightforward to check that My ~ log N, ex ~ ((2)/(log N)?,
and dy ~ ((3)/(log N)3. Note that N, ~ (log N)?/((2) grows quite slow (logarith-
mically).

For all six cases (i) - (vi) considered so far, i.e. for o < 1, we have cy — 0 and
dy/cny — 0. Thus, in the sense of Definition 2.1 a), the model is in the domain
of attraction of the Kingman coalescent. Thus, for each sample size n € N, the
time-scaled backward process (REZL/)CN])te[O’OO) converges weakly to the Kingman n-
coalescent as N — oo. All that is left about the details of the original discrete
fertility model (m,, = n~%) is enclosed in the parameter N, = 1/c¢y < N, where N
is the time-scale of the unbiased Wright-Fisher model (m,, = 1).

(vii) Assume now that a > 1. Then, My = 25:1 n~% — ((a) =: M, and,

S L 5 S(ia)
P = ®(i) = sho= — nT — - i€N.
20 TR T ey
In particular ey — ((2a)/(¢(a))? > 0 and dy — ((3a)/(¢(a))® > 0. The regime
a > 1 thus differs significantly from the previously studied cases, since ¢ converges
to a positive constant as N — oo. More generally, for [1,...,l; € N, we have to
analyze the behavior of

N
(N) _ E 1 lj
(I)j (ll,...,lj) = Snl,N“'Snj,N
ni,...,n;=1
all distinct

as N — oo. For each fixed n € N we have s, v = n~*/My — n */M =
n~*/((a) =: p, as N — oco. Note that > - p, = 1. Moreover, s, v < n~®
uniformly for all N, since My > 1. Thus, by dominated convergence, for each
l,....l; € N, the limit ¢;(ly,...,0;) = limy_o @ (I1,...,1;) exists and is of
the form

(29) Sill,osly) = D Pl
ni,...,n; EN
all distinct

For arbitrary 4,5 € N it therefore follows from (24) that

sl dil1, .. 15)

(30) NIE;PM 1 Z Ll
I1,.l; €N

li4+l=i
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It is convenient (see, Schweinsberg [31]) to rewrite (29) in integral form as

6;(ln... 1) / > xlxl?s%))

N1,y EN
all dlstlnct

where A := {(xl,xz,...) txy > x> >0, 00wy, <1}, (zy2) =000 @2 for
z € A and the measure = on A assigns its total mass Z(A) := (p,p) =Y oo P2 =
¢(2a)/(¢())? to the single point p = (p1,pa,...) € A. Theorem 2.1 of [24] ensures
that the model, without any time-scaling involved, is in the domain of attraction
(in the sense of Definition 2.1 b)) of the discrete-time =-coalescent with the measure
= as just defined.

Example 5.2. (geometric growth) Fix a constant A € (0,00) and assume that
my, = A", n € N. The unbiased case corresponds to A = 1, so without loss of
generality we assume that A # 1. The distribution of x4 when A > 1 is exactly
the same as the distribution of g when the parameter is 1/\, just with the order
of the N associated random variables pu1, ..., uy reversed. Both distributions are
multinomial with the same parameters. Therefore, without loss of generality, we do
the calculations only for A € (0,1). Then, My = ZnN:1 At =A1-AN)/1-)) —
A/(1—=X)=: M as N — oo and

N P .
~ 1 , T—X \'A(1 -2
P = - AT = ( ) »
MN; A1 = AN) 1-N
1— 7 1— iN 1— 1
(31) ( )\). A -~ ( )\>..
1—X (1= AN) 1-N
In particular,
1—2)2 1-22N 1-A
ey = Py = ( )

122 1-aN2 7 T+ x

For arbitrary 4,5 € N it follows similarly as in the previous Example 5.1 (vii) that
the limiting formula (30) for P, _; holds, but in the formula (29) for ¢;(l1,...,1;),
the parameter p, has to be replaced by p, := )\"/M (1 —=XMA""t neN. For
instance, the diagonal entries P;; of the matrix P satisfy

Jim Pyo= ¢i(l..1) = Y pay b
NYyeeny n; EN
all distinct
1-2\' . 1-2\'
— +eoedng n i
- (5 X e - (B2) X vawa
ni,...,n; EN n>i(i+1)/2
all distinct
where A(n,i) is the number of vectors (ng,...,n;) € N° with pairwise distinct

components satisfying ni + --- + n; = n. This example essentially coincides with
Example 5.1 (vii). Again (see [24, Theorem 2.1]) the model is the domain of at-
traction (in the sense of Definition 2.1 b)) of a discrete-time Z-coalescent, where
the measure = assigns its total mass Z(A) = (p,p) = (1 — \)/(1 + A\) to the single
point p := (p1,p2,...) € A. The same result holds for A > 1, but (see the comment
at the beginning of this example) in the definition of p,, above, the parameter A
has to be replaced by 1/A.
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6. SKEWED DIRICHLET MODEL

Consider the model where &, has a negative binomial distribution with pgf f,,(z) =
(p/(1 — gx))*, where a, > 0, p € (0,1), ¢ := 1 — p. Note that m,, :== E(§,) =
(¢/p)an, n € N, and that this model belongs to the skewed compound Poisson class
(13) with 6,, := an, ¢(z) ;== —log(l1—2) = > °_, 2™ /m, and z := ¢. In this case u
has the Dirichlet multinomial distribution

() (v N [aale, - [anig

Plu = = -
(n=k) (ANJ;VNA) kil kpn! [AN]N ’

k= (ki,...,kn) € A(N), where Ay := a1 +---+ay. In other words, the distribu-
tion of p is multinomial with parameters N and p1,...,py, where the parameters
p1,...,pn are random and Dirichlet distributed with parameters ay,...,an. The
symmetric Dirichlet model is for example studied in [29, p. 847]. From (11), it
follows that the forward process X has transition probabilities

(anl +~]~4'+an]‘ ) (AN*(GT]L\}:L;"jLa"j ))
(5 7

1 .
Pi’j:(T) Z i,j €8.

i/ 1<n; <---<n; <N

Note that p has joint descending factorial moments

N
Bl Guxh) = ok Tlande ool € Mo
n=1

where [ ;= l; + -+ + Ix. In particular, E(u,) = Na,/An, n € {1,...,N}. We

~

conclude from (12) that the backward process X has transition probabilities

. J
= 2! [a’nk}lk .
Fij = > > [ 1 BIES
[An]i !
1<n1<-<n;<N ly,...,.[;EN k=1
l1++lJ:Z

with the convention that ﬁi,o = ;0. In particular, ﬁi,l = ([An]i)~? ZiLﬂan]ia
i€ {l,...,N}, and hence, cy = ﬁg,l = ([An]2) 7t Zgzl[an]g > 0. From a,/Anx <
(an + 1)/(Ax + 1) it follows that ey > S0 (an/An)? > 1/N, or, equivalently,
N. =1/cy < N. Moreover, dy = ﬁ371 = ([An]3) 7! ZN [an]s > 0.

n=1
It is now verified that ¢y — 0 if and only if dy/cy — 0. The basic idea of the
proof is the same as for the skewed Kimura model, however, the technical details
are a bit more involved. We have

a \2 N /a2

n n

max | — < —_— < cn.
1<n<N (AN> - Z(AN> =
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Thus, max1<n<N(an/AN) < cN Moreover,
an(an + 1)(an + 2) an(an an 2
dy = —_—
N ZANAN+1(AN+2 ZANAN+ (AN+AN>
an @y + an an + 1
<1<n<NAN>ZAN AN+ ANZAN AN+1

(07 + 2 < 3/2 + 2
= max C —C Cn —C
1<n<N AN N AN N AN N

IN

Thus, dy/en < ¢y 12 4 2/AN. Suppose now that ¢y — 0. From the formula for cy
it is readily seen that ey > a?/[An]2. Thus, [Ay]2 > a?/cy — oo. It follows that
An — oo and, hence, dy /ey < c}f +2/An — 0. Conversely, if dy/cny — 0, then
cy — 0 (see Section 2). Thus, ¢y — 0 if and only if dy /ey — 0.

Example 6.1. (power law growth) Suppose that a, := n~% for some constant
a € R. Five ranges for the parameter o are distinguished. For a € (—o0,0),
Ay ~ N'7%/(1 — a) — oo,

N N
1 9 (1-a)?1 1 3 1—a)® 1
N ;a” 1-2a N M N7y ;a" 1-3a N?

For a = 0 we have cy = 2/(N+1) ~2/N and dy = 6/((N+1)(N+2)) ~ 6/N2. If

€ (0,1), then cy ~ 1/Ay ~ (1 —a)/N'=* and dy ~ 2/A% ~ 2(1 — a)? /N?722,
If « = 1, then ey ~ 1/logN — 0 and dy ~ 2/log? N. In all these four cases
considered so far we have ¢y — 0 and dy/cy — 0, so the model is in the domain
of attraction of the Kingman coalescent. Suppose now that « € (1,00). Then,
Ay =N no = A=¢a) > 1, 2N Jan(an +1) = 2N (072 4 n7®) —
((20) + C(a), and, hence, ey — (¢C(2a) + C(a))/[C(@)]s > 0. Similarly, it follows
that dy — (€(3a) 4+ 3¢(2a) + 2¢())/[¢()]5 > 0.

FOI'lh...,leN\{l} anszi::l1+~~+lj,
N

Bld) = o 2 [l la,

MN1yeeeMyg =1
all distinct

1 l 1
- [A] Z [anl]ll “.[a”j]lj = Z ]E(Dnll D’rgg)7
v ni,...,n; EN ni,...,n; EN
all distinct all distinct
where (D, ... ’D"JZ’ 1-— izl D,,,) has a Dirichlet distribution with parameters
N D 37 an,. Thus, the limit ¢;(l1,...,1;) := imy_oo D;(l1,..., 1))
exists and is of the form ¢;(l1,...,l;) = fAj 'l x? M;(dx1,...,dx;), where
A; o= {(x1,...,2;) €[0,1] : 21 + --- + z; < 1}, and the symmetric measure
(32) Mj = ) P
ni,...,n; EN
all distinct
on A; is an infinite mixture of the distributions Py, .., of (Dn,,...,Dy;). The
measures My, M, ... completely characterize the limiting discrete-time coalescent

process and the model is in the domain of attraction of this coalescent. We now
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determine the characterizing measure = of this coalescent. For j € N let @); denote
the probability measure on A; with density

A—A;—1

_ r(4) w1y
63 1) = e era= Ay (1= ) ,

k=1

x = (x1,...,x;) € A;, with respect to the Lebesgue measure on A;. Liouville’s inte-

gration formula shows that fol_($1+m+x") fiti(ze, .. i) dejp = fi(z, ..., x))
for j € Nand (x1,...,2;) € Aj, so the sequence (Q;);en is consistent. Kolmogo-
roff’s extension theorem ensures that there exists a probability measure Q on RY
such that, for each j € N, the projection of Q on R’ coincides with @;. The proba-
bility measure @ is called (see, for example, [11, Section 4]) the Dirichlet-Kingman
distribution with parameter (a,)nen. Let Di, Ds,... be random variables with
joint distribution @ and let D1y > D9y > --- denote the Dy, Dy, ... in decreasing
order. Note that D,, has a beta distribution with parameters a,, and A—a,, n € N.
In particular, E(D,,) = a,/A for n € N. Now let v denote the joint distribution of
(D@y; D3y, - ..) and define Z(dz) := (x,z)v(dx). Then, for j,1;,...,l; € N,

D
l L E(dx) _ l L
/A 2w, (z,2) > E(DG,: D)

ni,...,n; EN ni,...,n; EN
all distinct all distinct
) Z [an ]l [an}l
= E : E(DQID%) = [lA]l — = ¢j(l1’-"7lj)’
n1,...,n; EN n1,...,m; EN Lt
all distinct all distinct

which shows that = is the characterizing measure of this coalescent. Note that for all
Mj-integrable functions g it follows that E(Y - 9(Dnys. .y Dyy)) = fA/_ gdM;,

where the sum an . extends over all pairwise distinct n,...,n; € N. Hence,

sTj
the measure M;, defined in (32), is the jth correlation measure (see, for example,

Handa [10, Eq. (2.1)]) of the point process > > 6p, .

Example 6.2. (geometric growth) Suppose that a, = A" for some A € (0,00).
The unbiased case corresponds to A = 1.

(i) If A< 1, then Ay — A:=X/(1—)), so Ay converges. We are hence essentially
in the situation of Example 6.1 with o > 1. All results there are valid, but now with
A =MX/(1- M) (instead of A = {(«)) and with a,, = A" (instead of a,, = n®). In
particular, the correlation measures My, Mo, ... of the limiting coalescent process
with simultaneous multiple collisions are again infinite mixtures of the form (32).

(ii) If A > 1, then Ay = Zgil A"~ ANFL/(A—1), so Ax does not converge. We are
hence essentially in the situation of Example 5.2 with A > 1, and it follows that the
measure = of the limiting Z-coalescent assigns its total mass Z(A) = (A—1)/(A+1)

to the single point p = (p1,p2,...) € A defined via p,, := (A —1)/\", n € N.
Remark. (Dirichlet-Kingman coalescent) Examples 6.1 and 6.2 (i) lead to the

following more general example of a Z-coalescent. Let a = (a,)nen be a con-
vergent sequence of positive real numbers. Define A; := >/ _ a,, j € N, A :=
limj_,oo A; =307 | ay, and, for j € N, define the function ¢; : N — R via

1

(34) oi(la, ... 0l;) = [T Z [an, i, -+ [an, i, -

7 ny,...,n;EN
all distinct
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Note that ¢1(1) = 1 and that the functions ¢,, j € N, are consistent in the sense that
¢j(ll7 “e ,lj) = ¢j+1(l1, ey lj, 1) + 23:1 (bj(lh PPN 7li—17 li + 1, li+17 ceey l]) for all
J:li, ..., l; € N. Thus, there exists a discrete-time E-coalescent R = (Ry)ken, such
that, if R is in a state with { € N blocks, any (1, ...,[;)-collision (j,l1,...,l; € N
with {y + -+ +{; = [) occurs with probability (34). The measure = is obtained
as described in Example 6.1. More precisely, v(dz) := Z(dz)/(z,z) is the joint
distribution of the ordered random variables D1y > D2y > - - -, where the random
variables Dy, D, ... are such that, for each j € N, (Dy,...,D;) has density (33).
The random partition (Dy, Da,...) of the unit interval is (see, for example, [11, Sec-
tion 4]) the Dirichlet-Kingman partition with parameter a. One may therefore call
R the discrete-time Dirichlet—Kingman coalescent with parameter a. A standard
method for example well described in [7, p. 163, Eq. (2.3)]) allows to transform
the discrete-time coalescent R into a continuous-time coalescent IT = (II;);>o such
that, if this coalescent is in a state with ! € N blocks, any (I1,...,!;)-collision
(J,la,...,l; e Nwith Iy +---+1; =1 > j) occurs at rate (34). Note however
that IT has total rates 1 — ¢;(1,...,1), j € N. One may call II the continuous-time
Dirichlet—Kingman coalescent with parameter a. This coalescent has many prop-
erties in common with the Poisson—Dirichlet coalescent [22]. For example, both
measures v and Z are concentrated on the subset A* of points x € A satisfying
|lz| := 07, &, = 1. In particular, [ |z|v(dz) = v(A) =1 < oo, showing that these
coalescents, if started in the partition of N into singletons, do not have proper
frequencies and, hence, cannot come down from infinity.

7. SKEWED KIMURA MODEL

In this section an example is presented which (in contrast to the models in Sections 5
and 6) does not belong to the compound Poisson class. Suppose that for each n € N
the random variable &, has a binomial distribution with pgf f,(z) = (px + q)%",
where a, € N, p € (0,1) and ¢ := 1 — p. Note that m,, := E(&,) = pa,, n € N.
Then, = (u1, ..., #y) has a multi-hypergeometric distribution of the form P(u =
k) = () (1) /(), k = (ka,....kn) € A(N), where Ay = a1 + -+ + ay.
From (11), it follows that the forward process X has transition probabilities

- b
P = (N) Z

i/ 1<n;<---<n; <N (A]\va) ’

(anl +.].‘.+ani) (AN*(‘Z}L\}:;-*“M ))

i,jeS.

Note that p has joint factorial moments

N
E((“1> (“N>> - 7@1:'“9 (al) (“N), ly,...,In € No,
l In (10N \h In
In particular, E(u,) = Nan/An, n € {1,...,N}. From (12), it follows that the

~

backward process X has transition probabilities

~ 1 Gn, A,

.. = e J )

PZaJ - (AN> E : E l l ) 1,7 657

i ) 1<ni<-<n;<N li,..,l;€N 1 J
L4 +l=i

with the convention that ]31‘,0 = 00, 4 € S. Note that ﬁi,l = ((An)i)~ ! Zgzl(an)i,
i €{l,...,N}, and, hence, cy = ﬁ;l = ((An)2)7 ! Zﬁle(an)g and dy = }33,1 =
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((An)3)~1 Ziv:l(an)g. The coalescence probability ¢y can be smaller than 1/N
(choose for example a, = 2 for all n € N leading to ¢y = 1/(2N — 1)), so the
effective population size N, = 1/cn can be larger than N. We have ¢y = 0 if and
only if a, = 1 for all n € {1,..., N}. For the rest of this section it is assumed
that a, > 1 for at least one index n € N such that ¢y > 0 for sufficiently large
N. In the following it is verified that ¢y — 0 if and only if dy/cy — 0. From

(an —2)/(Ax —2) < (an — 1)/(Ax — 1) < an /Ay it follows that

-2 < an(an Z an(an
ma. max ———— = CN.-
1<n<N AN72 ~ 1<n<N AN ANfl AN ANfl N

Thus, maxi<n<n((a, —2)/(An — 2)) < c}\,/z, and consequently

an Ap — an _2)
dv = ZAN AN—l YAy — 2)

ap — 2 3/
= <
(1<n<NAN2>ZAN ANfl (1glna§XNAN2>CN = O

or, equivalently, dy /ey < C}V/Q. Therefore, if cxy — 0, then dy/cy — 0. As already

mentioned in Section 2, the converse holds for arbitrary Cannings models, so if
dy /ey — 0, then ¢y — 0. In particular, the model is in the domain of attraction
of the Kingman coalescent if and only if cy — 0 as N — oo.

IN

Example 7.1. (power law growth) Fix K € Ny and suppose that a,, = nf, n € N.
Then, Ay = YN nX ~ NE+1/(K 4 1) and, hence,

N 2
Ky Lo (K1) (1P 1
AL &~ NE+1 ) 2K +1 2K+1 N
Thus N, = pN with p:= (2K +1)/(K + 1)? < 1. Similarly,

N 3 AT3K+1 3
1 3K K+1\"N (K+1)° 1
iy~ 3~ ()

NE+1) 3Kk +1 ~ 3K+1 N2

CN =

In particular, ¢y — 0, so the model is in the domain of attraction of the Kingman
coalescent. This example essentially coincides with Example 5.1 (i) with o := — K.

Example 7.2. (geometric growth) Fix A € {2,3,...} and suppose that a,, = A",
neN. Then, Ay = SN A" = AN = 1)/(A = 1) ~ AN*+1/(X = 1). Now proceed
as in Example 5.2 with A > 1. Define b := 1/X and p,, :== (1 —b)b" ! = (A —1)/A",
n € N. For ly,...,l; €N, it follows that

1 N
(I)j(llw"vlj) = (A ) § (anl)ll"'(anj)lj
NJi n1,..on; =1
all distinct
1 N
nili+-4n;l; l L
~ T § AN FAN N E pnll...anj7

N ni,...,n;=1 MY yenny n; €N

all distinct all distinct
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where the proof of the last convergence works as in Example 5.2. The measure =
of the limiting =-coalescent assigns its total mass Z(A) = (A —1)/(A + 1) to the
single point p = (p1,p2,...) € A.
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