
DYNAMICS OF NON ABELIAN AFFINE HOMOTHETIES

GROUP OF Cn

YAHYA N’DAO AND ADLENE AYADI

Abstract. In this paper, we study the action of non abelian group G gen-
erated by affine homotheties on Cn. We prove that there exist a subgroup
ΛG of C∗, a G-invariant affine subspace EG of Cn and a ∈ EG such that

G(z) = ΛG(z − a) + EG for every z ∈ Cn. In particular, G(z) = EG for
every z ∈ EG and if EG 6= Cn, every orbit in U = Cn\EG is minimal in U .
Moreover, we characterize the existence of dense orbit of G. As a consequence
of the case n = 1, we describe the action of affine rotations groups of R2.

1. Introduction

A map f : Cn −→ Cn is called an affine homothety if there exists λ ∈ C\{0, 1}
and a ∈ Cn such that f(z) = λ(z−a)+a for every z ∈ Cn. (i.e. f = Ta ◦ (λ.idCn)◦
T−a, Ta : z 7−→ z + a, idCn the identity map of Cn). Write f = (a, λ) and we call
a the center of f and λ the ratio of f .
Denote by:
• H(n,K) the group generated by all affine homotheties of Kn (K = R or C). i.e.

H(n,K) := { f : z 7−→ λz + a; a ∈ Kn, λ ∈ K∗} .

• Rn the subgroup of H(n,C) generated by all affine rotations of Cn. i.e.

Rn :=
{
f : z 7−→ eiθz + a; a ∈ Cn, θ ∈ R

}
.

• Tn the subgroup of H(n,C) generated by all translations of Cn.
• Let H2 =

(
π
2 + πZ

)
∪ (πZ), F2 = {eix, x ∈ H2} and

S2Rn :=
{
f = (a, eiθ) ∈ Rn; θ ∈ H2, a ∈ Cn

}
.

• Let H3 =
(
π
3 + πZ

)
∪
(
−π

3 + πZ
)
∪ (πZ), F3 = {eix, x ∈ H3} and

S3Rn :=
{
f = (a, eiθ) ∈ Rn; θ ∈ H3, a ∈ Cn

}
.

We have F2 and F3 are finite, S2Rn and S3Rn are subgroups of H(n,C) containing
Tn.
• SRn := S2Rn ∪ S3Rn.
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2 YAHYA N’DAO AND ADLENE AYADI

We say a group of affine homotheties of Cn any subgroup of H(n,C).

Let G be a non abelian subgroup of H(n,C). There is a natural action H(n,C)×
Cn : −→ Cn. (f, v) 7−→ f(v). For a vector v ∈ Cn, denote by G(v) := {f(v) :
f ∈ G} ⊂ Cn the orbit of G through v. A subset A ⊂ Cn is called G-invariant if

f(A) ⊂ A for any f ∈ G; that is A is a union of orbits and denote by A (resp.
◦
A )

the closure (resp. interior) of A.
If U is an open G-invariant set, the orbit G(v) ⊂ U is called minimal in U if

G(v) ∩ U = G(w) ∩ U for every w ∈ G(v) ∩ U .

We say that H is an affine subspace of Cn with dimension p if H = E + a, for
some a ∈ Cn and some vector subspace E of Cn with dimension p. For every subset
A of Cn, denote by vect(A) (resp. Aff(A)) the vector (resp. affine) subspace of
Cn generated by all elements of A.

Denote by:
- ΛG := {λ : f = (a, λ) ∈ G}. It is obvious that ΛG is a subgroup of C∗ (see
Lemma 2.4).
- Fix(f) := {z ∈ Cn : f(z) = z}, for every f ∈ H(n,C). See that Fix(f) = ∅ if
f ∈ Tn and Fix(f) = a if f = (a, λ) ∈ H(n,C)\Tn.
- ΓG :=

⋃
f∈G\Tn

Fix(f). Since G is non abelian then G\Tn 6= ∅, so ΓG 6= ∅.

- G1 := G ∩ Tn is a subgroup of Tn.
- G1(0) = {f(0), f ∈ G1}.
- EG = Aff(ΓG ∪G1(0)) the affine subspace of Cn generated by ΓG ∪G1(0).
- S1 = {z ∈ C : |z| = 1}.
Remark that EG 6= ∅ since ΓG 6= ∅ and G1(0) 6= ∅.

In [5], we have described the action of non abelian subgroup of H(n,R). This
paper can be viewed as continuation of that work.
I learned that Zhukova have proved in [1] similar results to Lemma 3.1, Proposi-
tion 4.2 and Corollary 1.2.(ii), in the real case. The methods of proof in [1] and in
this paper are quite different and have different consequences.

In [2], Arek Goetz investigates noninvertible piecewise isometries in R2 with the
particular interest on the maximal invariant sets and ω-limit sets. Unlike in [3], the
induced isometries T0 and T1 of its system T : X −→ X are not translations but
rotations. The partition P consists of two atoms: P0, the open left halfplane and
P1, the closed right halfplane.

Our principal results can be stated as follows:

Theorem 1.1. Let G be a non abelian subgroup of H(n,C) such that ΛG\R 6= ∅.
Then :
(1) If G\SRn 6= ∅, one has:

(i) G(z) = EG, for every z ∈ EG.

(ii) if U = Cn\EG 6= ∅, there exists a ∈ EG such that G(z) = ΛG(z − a) +EG,
for every z ∈ U .

(2) If G ⊂ SRn, one has:

(i) G ⊂ SiRn for some i ∈ {2, 3}.
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DYNAMICS OF NON ABELIAN AFFINE HOMOTHETIES GROUP OF C
n 3

(ii) G(z) = Fiz +G(0), for every z ∈ Cn.

Corollary 1.2. Under notations of Theorem 1.1. One has:
(1) If G\SRn 6= ∅ and U 6= ∅, then:

(i) Every orbit in U is minimal in U .
(ii) If G\Rn 6= ∅, then EG is a minimal set of G in Cn contained in the

closure of every orbit of G.
(iii) All orbits in U are homeomorphic.

(2) If G ⊂ SRn, then G has a dense orbit if and only if G1(0) = Cn.

Corollary 1.3. Let G be a non abelian subgroup of H(n,C) with ΛG\R 6= ∅ and
G\SRn 6= ∅, then G has no discrete orbit.

Corollary 1.4. Let G be a non abelian subgroup of H(n,C) with ΛG\R 6= ∅ and
G\SRn 6= ∅. Then the following assertions are equivalents:

(1) G has a dense orbit in Cn.
(2) Every orbit of U is dense in Cn.
(3) G satisfies one of the following:

(i) EG = Cn

(ii) dim(EG) = n− 1 and ΛG = C.

Theorem 1.5. Let G be a non abelian group generated by two affine rotations Rθ

and R′
θ′ of R2, having angle respectively θ and θ′. Then:

(1) every orbit of G is dense in R2 if and only if there is one of the following:

(i) (H2 ∪H3) \{θ, θ′} 6= ∅.
(ii) θ ∈ Hi and θ′ ∈ Hj with i 6= j, i, j ∈ {2, 3}.

(2) every orbit of G is closed and discrete in R2 if and only if G1(0) is closed and
discrete with θ, θ′ ∈ Hi for some i ∈ {2, 3}.

Remark 1.6. If G is a non abelian subgroup of H(n,C) with ΛG ⊂ R, then it can
be considered as a subgroup of H(2n,R), by identifying Cn to R2n. So Theorem 1.1
has the same form of Theorem1.1 in the real case (see [5]).

Corollary 1.7. If G is a non abelian subgroup of H(n,C) generated by n-2 affine
maps, it has no dense orbit.

This paper is organized as follows: In Section 2, we introduce some preliminaries
Lemmas. In Section 3, we characterize the case n = 1 and we prove Theorem 1.5.
Section 4 is devoted to given some results in the case G\SRn 6= ∅. In Section
5, we characterize any subgroup of SRn. In Section 6, we prove Theorem 1.1,
Corollaries 1.2, 1.3, 1.4 and 1.7. In Section 7, we give three examples.
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4 YAHYA N’DAO AND ADLENE AYADI

2. Preliminaries Lemmas

Lemma 2.1.

(i) Let f = (a, α), g = (b, β) ∈ H(n,C)\Tn then f ◦ g = g ◦ f if and only if
a = b or α = 1 or β = 1.

(ii) If Fix(f) = Fix(g) then f ◦ g = g ◦ f .
(iii) Let G be a non abelian subgroup of H(n,C), then there exist f = (a, α),

g = (b, β) ∈ G\Tn such that a 6= b.

Proof. (i) f ◦ g(x) = g ◦ f(x), for every x ∈ Rn, if and only if

λ(µ(x − b) + b− a) + a = µ(λ(x − a) + a− b) + b,

⇐⇒ −λµb + λ(b− a) + a = −µλa+ µ(a− b) + b,

⇐⇒ (a− b)(λµ− λ− µ+ 1) = 0

⇐⇒ (a− b)(λ − 1)(µ− 1) = 0.

So the results follows.

(ii) There are two cases:
• If Fix(f) = Fix(g) = ∅ then f = Ta and g = Tb for some a, b ∈ Rn, so f ◦g = g◦f .
• If Fix(f) = Fix(g) = a, then Ta ◦ f ◦T−a = λid and Ta ◦ g ◦T−a = µid, for some
λ, µ ∈ C∗, so f ◦ g = g ◦ f .
The proof of (iii) results from (ii) since G is non abelian. �

Lemma 2.2. ([5], Lemma 2.3) Let B = (a1, . . . , an) be a basis of Cn. Then Aff(B)
is defined by

Aff(B) :=
{
z =

n∑

k=1

αkak : αk ∈ C,

n∑

k=1

αk = 1

}
.

Remark 2.3. As consequence of Lemma 2.2, if EG contains a, a1, . . . , an such that

(a1, . . . , an) is a basis of Cn and a =
n∑

k=1

αkak with
n∑

k=1

αk 6= 1. Then EG = Cn.

Lemma 2.4. Let G be a non abelian subgroup of H(n,C). Then ΛG is a subgroup
of C∗. Moreover, 0 ∈ ΛG if G\Rn 6= ∅.

Proof. One has 1 ∈ ΛG since idRn ∈ G. Let λ, µ ∈ ΛG and f, g ∈ G defined by
f : x 7−→ λx + a, and g : x 7−→ µx + b, x ∈ Rn, so f ◦ g−1(x) = λ

µx − λb
µ + a.

Hence λ
µ ∈ ΛG. Moreover, ΛG\S1 6= ∅, if G\Rn 6= ∅. So lim

m→±∞
αm = 0, for any

α ∈ ΛG\S1. It follows that 0 ∈ ΛG. �

Lemma 2.5. Let G be a non abelian subgroup of H(n,C) with G\SRn 6= ∅ and
ΛG\R 6= ∅. Then:

(i) ΛG\(F2 ∪ F3 ∪R) 6= ∅.
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DYNAMICS OF NON ABELIAN AFFINE HOMOTHETIES GROUP OF C
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(ii) if EG is a vector space, there exist f1 = (a1, λ), . . . , fp = (ap, λ) ∈ G\SRn

such that λ ∈ ΛG\R and (a1, . . . , ap) is a basis of EG.
(iii) if G′ = T−a ◦G◦Ta for some a ∈ ΓG, then EG′ = T−a(EG) and ΛG′ = ΛG.

Proof. (i) Let f = (a, λ′), g = (b, µ) ∈ G such that λ′ ∈ ΛG\R and µ /∈ (F2 ∪ F3).
Suppose that λ′ ∈ Fi for some i ∈ {2, 3} and µ ∈ R, so |λ′| = 1 and |µ| 6= 1 since
−1, 1 ∈ F2 ∪ F3. Then |λ′µ| 6= 1, it follows that λ′µ /∈ (F2 ∪ F3) and λ′µ /∈ R

because µ ∈ R and λ′ /∈ R. Therefore f ◦ g = (c, λ′µ) for c = −λ′µb+λ′(b−a)+a
1−λ′µ , so

λ = λ′µ ∈ ΛG\ (F2 ∪ F3 ∪ R).

(ii) Suppose that dim(vect(ΓG)) = k < dim(EG) = p. By Lemma 2.1 (iii), k ≥ 1.
By (i), we let a1, . . . , ak ∈ ΓG and bk+1, . . . , bp ∈ G1(0), such that:
- B1 = (a1, . . . , ak, bk+1, . . . , bp) is a basis of EG.
- (a1, . . . , ak) is a basis of vect(ΓG).
- f = (a1, λ) ∈ G\SRn with λ ∈ ΛG\R. (i.e. λ ∈ ΛG\(F2 ∪ F3 ∪ R)).
-fk = (ai, λi) ∈ G\Tn, i = 2, . . . , k.

Write f ′
i = fi ◦ f ◦ f−1

i , for every 2 ≤ i ≤ k. We have f ′
i = (fi(a1), λ) ∈ G\Tn. See

that fi(a1) = λia1 + (1− λi)ai ∈ ΓG, i = 2, . . . , k.

For every k + 1 ≤ i ≤ p there exists Ti ∈ G1 such that Ti(0) = bi. Write
fi = Ti ◦ f ◦ T−1

i , for every k + 1 ≤ i ≤ p. We have fi = (Ti(a1), λ) ∈ G\SRn. So
Ti(a1) ∈ ΓG and Ti(a1) = a1 + bi, k + 1 ≤ i ≤ p.

Let’s show that B2 = (f1(a1), . . . , fk(a1), Tk+1(a1), . . . , Tp(a1)) is a basis of EG:
Let

M =

[
B A
0 Ip−k

]
∈ Mn(C), with A =




1 . . . 1
0 . . . 0
...

. . .
...

0 . . . 0


 ∈ Mk,p−k(C),

B =




1 λ2 λ3 . . . λk

0 1− λ2 0 . . . 0
...

. . .
. . .

. . .
...

...
. . .

. . . 0
0 . . . . . . 0 1− λk



∈ Mk(C).

and Ip−k is the identity matrix of Mp−k(C). As fi ∈ G\Tn, λi 6= 1, for every
i = 2, . . . , k, so M is invertible and M(B1) = B2. So B2 is a basis of EG contained
in ΓG, a contradiction. We conclude that k = p.

(iii) Suppose that EG is an affine subspace of Rn with dimension p. Let a ∈ ΓG and
G′ = T−a ◦G ◦ Ta. Set f = (a, λ) ∈ G\Tn, then T−a ◦ f ◦ Ta = λidCn ∈ G′\Tn, so
0 ∈ ΓG′ ⊂ EG′ , hence EG′ is a vector space. By (ii) there exists a basis (a′1, . . . , a

′
p)

of EG′ contained in ΓG′ . Since ΓG′ = T−a(ΓG), we let ak = Ta(a
′
k), 1 ≤ k ≤ p, then

a1, . . . , ap ∈ ΓG. We have ΓG′ = T−a(ΓG) ⊂ T−a(EG) and T−a(EG) is a vector sub-
space of Rn with dimension p, containing a′1, . . . , a

′
p. Therefore EG′ = T−a(EG).
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6 YAHYA N’DAO AND ADLENE AYADI

On the other hand, for every g = (b, µ) ∈ G\Tn, T−a ◦ g ◦ Ta = (b − a, µ), so
ΛG′ = ΛG. �

Lemma 2.6. Let G be a non abelian subgroup of H(n,C). Then:

(i) If EG is a vector subspace of Cn, then G(0) ⊂ EG.
(ii) ΓG and EG are G-invariant.

Proof. (i) By construction, G1(0) ⊂ EG. Let f ∈ G\G1, then f = (a, λ), for
some λ ∈ ΛG and a ∈ ΓG ⊂ EG. Therefore f(z) = λ(z − a) + a, z ∈ Cn and
f(0) = (1− λ)a, so f(0) ∈ EG since EG is a vector space.

(ii) ΓG is G-invariant: Let a ∈ ΓG and g ∈ G then there exists λ ∈ C\(F2 ∪ F3)
such that f = (a, λ) ∈ G\SRn. We let h = g ◦ f ◦ g−1 = (g(a), λ) ∈ G\SRn, so
g(a) ∈ ΓG and hence ΓG is G-invariant.
EG is G-invariant: Let a ∈ ΓG and G′ = T−a ◦G ◦Ta. We have G′ is a non abelian
subgroup of H(n,C) and EG′ = T−a(EG) is a vector subspace of Cn. Let f ∈ G′

having the form f(z) = λz + b, z ∈ Cn. By (i), b = f(0) ∈ ΓG′ ⊂ EG′ . So for
every z ∈ EG′ , f(z) ∈ EG′ , hence EG′ is G′-invariant. By Lemma 2.5.(iii) one has
EG = T−a(EG′) is G-invariant. �

Lemma 2.7. Let G be a non abelian subgroup of H(n,C). Suppose that EG is
a vector space and there exist f1 = (a1, λ), . . . , fp = (ap, λ) ∈ G\SRn with λ ∈
ΛG\{0, 1} and B1 = (a1, . . . , ap) is a bases of EG. Then there exists f = (a, λ) ∈
G\SRn such that B2 = (a1 − a, . . . , ap − a) is also a basis of EG.

Proof. Let a = fp−1(ap), since fp−1 = (ap−1, λ) ∈ G\SRn then a = λap + (1 −
λ)ap−1. By Lemma 2.6.(ii), ΓG is G-invariant, so a ∈ ΓG. Let

P =




1 0 . . . . . . 0 0

0
. . .

. . .
. . .

...
...

...
. . .

. . .
. . .

...
...

0 . . . 0 1 0 0
λ− 1 . . . . . . λ− 1 λ λ− 1
−λ . . . . . . −λ λ 1− λ




.

Since λ /∈ {0, 1}, then det(P ) = 2λ(1 − λ) 6= 0 and P is invertible. We have
P (B1) = B2 so B2 is a basis of Rn. �

By the same proofs of Lemmas 2.8 and 2.1, in [5], we can show the following
Lemma:

Lemma 2.8. Let G be the subgroup of H(n,C) generated by f1 = (a1, λ1), . . . , fp =
(ap, λp) ∈ H(n,C)\SRn. Then EG = Aff({a1, . . . , ap}).

Lemma 2.9. Let G be a subgroup of H(n,C) generated by f = (a, λ) and g = (b, µ).
Then ∆ = C(b− a) + a is G-invariant and G/∆ is a subgroup of H(1,C).
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DYNAMICS OF NON ABELIAN AFFINE HOMOTHETIES GROUP OF C
n 7

Proof. Let α ∈ C, and z = α(b − a) + a we have

f(z) = λ(α(b − a) + a− a) + a and g(z) = µ(α(b − a) + a− b) + b
= λα(b − a) + a = µ(α− 1)(b− a) + b− a+ a.

= (1 + µ(α− 1))(b − a) + a

So f(z), g(z) ∈ C(b − a) + a. �

Lemma 2.10. Let G be the group generated by h = λIdC and f = (a, λ) with
a ∈ C∗, λ /∈ C\{0, 1}. Then for every k ∈ Z∗, one has:
(i) ΛG = {λj , j ∈ Z} and for every b ∈ ΓG, g = (b, λ) ∈ G.
(ii) (λk − 1)2G1(0) ⊂ G1(0) and (λk − 1)2ΓG ⊂ G1(0).
(iii) λkG1(0) ⊂ G1(0).

(iv) if λk 6= 1,
(

1
1−λk

)
G1(0) ⊂ ΓG and (1− λk)ΓG ⊂ ΓG.

Proof. Let k ∈ Z∗ such that λk 6= 1.
(i) Let b ∈ ΓG and g1 = (b, µ) ∈ G\T1, so g1 = hn1 ◦ fm1 ◦ · · · ◦ hnp ◦ fmp for some
p ∈ N and n1,m1, . . . , np,mp ∈ Z. Then

g1(z) = λn1 (λm1 (. . . (λnp(λmp(z − a) + a) · · · − a) + a) , z ∈ C

It follows that µ = λj with j = n1 +m1 + · · ·+np +mp and so ΛG = {λj , j ∈ Z}.
It follows that g = (b, λ) = g−j+1

1 ∈ G.

(ii) Let a ∈ G1(0) and g = Ta ◦ h ◦ T−a, so g = (a, λ) and gk ◦ hk ◦ g−k ◦ h−k(z) =
z + (1 − λk)2a, z ∈ C. So (λk − 1)2a ∈ G1(0).

Let b ∈ ΓG. By (i), g = (b, λ) ∈ G then gk ◦ hk ◦ g−k ◦ h−k(z) = z + (1 − λk)2b,
z ∈ C. So (1− λk)2b ∈ G1(0).

(iii) Let b ∈ G1(0). We have Tb ∈ G1 and

hk ◦ Tb ◦ h−k(z) = λk(λ−kz + b)

= z + λkb,

then λkb ∈ G1(0)

(iv) Let a ∈ G1(0). We have Ta ∈ G1 and

Ta ◦ hk(z) = λkz + a

= λk

(
z − a

1− λk

)
+

a

1− λk
,

then f1 = Ta ◦ hk =
(

a
1−λk , λ

k
)
, so

a

1− λk
∈ ΓG (1).

Let b ∈ ΓG. By (ii), (1− λk)2b ∈ G1(0) and by (1), (1−λk)2b
1−λk = (1− λk)b ∈ ΓG. �
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8 YAHYA N’DAO AND ADLENE AYADI

Lemma 2.11. Let G be a subgroup of H(1,C) with 0 ∈ ΓG. Then:
(i) ΛGz +G1(0) ⊂ G(z) ⊂ ΛGz +G(0) for every z ∈ C.
(ii) (1− λ)ΓG ∪G1(0) ⊂ G(0) ⊂ G1(0) ∪ ΓG.

Proof. Let h = λidCn ∈ G for some λ ∈ ΛG, since 0 ∈ ΓG and let f ′ ∈ G with
f ′ ◦ h 6= h ◦ f ′, so f = f ′ ◦ h ◦ f ′−1 = (a, λ) for some a ∈ ΓG.

Proof of (i): Let g = (b, µ) ∈ G, so

g(z) =

{
µ(z − b) + b = µz + (1 − µ)b, if g ∈ G\T1
z + b, if g ∈ G1

(2)

By (2), b, (1 − µ)b ∈ G(0), so G(z) ⊂ ΛGz + G(0). Conversely, let µ ∈ ΛG,
a ∈ G1(0) so Ta ∈ G. By Lemma 2.10,(iv), a′ = a

1−µ ∈ ΓG and by Lemma 2.10,(i),

g = (a′, µ) ∈ G\T1. Then g(z) = µ(z − a′) + a′ = µz + (1 − µ)a′, thus g(z) =
µz + a ∈ G(z). It follows that ΛGz +G1(0) ⊂ G(z).

Proof of (ii): Let b ∈ G(0), so b = f(0), for some f = (a, µ) ∈ G. By (2),
b = a ∈ G1(0) if f ∈ G1 and a ∈ ΓG if f ∈ G\T1. By Lemma 2.10,(i), µ = λk 6= 1
for some k ∈ Z∗, then b = (1 − λk)a and by Lemma 2.10,(iv), b ∈ ΓG. It follows
that G(0) ⊂ G1(0) ∪ ΓG.
Let b ∈ ΓG. By Lemma 2.10,(i), g = (b, λ) ∈ G\T1, so g(0) = (1 − λ)b ∈ G(0).
Then (1 − λ)ΓG ⊂ G(0). As G1(0) ⊂ G(0), the results follows. �

Notice that the following Lemma is a consequence of Theorems 2.1 and 3.1 given
in [4], for a closed subgroup of Rn, by identifying Cn to R2n, we obtain:

Lemma 2.12. Let H be a closed subgroup of C. Then:
(1) If H is discrete then H = Za or H = Za + Zb, for some basis (a, b) of C over
R.
(2) If H is not discrete then there is one of the following:

(i) H = C.
(ii) H = Ra, for some a ∈ C.
(iii) H = Ra+ Zb, for some basis (a, b) of C over R.

3. Some results for the case n=1

In this section, we study the case when n = 1 and G is generated by f = (a, λ)
and g = (b, µ) for some λ ∈ C\R, µ ∈ C and a, b ∈ Cn with a 6= b.

3.1. Case: |λ| 6= 1.

Lemma 3.1. Let λ ∈ C\S1, µ ∈ C and a, b ∈ Cn with a 6= b. If G is the

group generated by f = (a, λ) and g = (b, µ) then G1(z) = C(b − a) + a for every

z ∈ C(b − a) + a. In particular, G(z) = C(b − a) + a for every z ∈ C(b− a) + a.
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DYNAMICS OF NON ABELIAN AFFINE HOMOTHETIES GROUP OF C
n 9

Proof. We can assume that µ = λ, otherwise we replace g by g ◦ f ◦ g−1 and so
G will be the group generated by f = (a, λ) and g = (b, λ). Suppose that |λ| > 1
(leaving to replace f by f−1).
(i) Firstly, we will show that G1 is not discrete. Denote by G′ = T−a ◦G ◦Ta, then
G′ is generated by h = T−a ◦ f ◦ Ta and g′ = T−a ◦ g ◦ Ta. We obtain h = λ.idCn

and g′ = (b− a, λ).
Therefore hk ◦ g′k ◦ h−k ◦ g′−k(z) = z− (λk − 1)2(b− a), z ∈ Cn for every k ∈ Z.

Write Tak
= hk ◦ g′k ◦ h−k ◦ g′−k is the translation by ak = −(λk − 1)2(b− a). One

has

ak − ak+1 =
(
(λk+1 − 1)2 − (λk − 1)2

)
(b− a)

= λk(λ− 1)(λk+1 + λk − 2)(b − a).

Since |λ| > 1, it follows that

lim
k→−∞

‖ak − ak+1‖ = 0. (1)

so G′
1(0) can not be discrete.

(ii) Secondly, suppose that G′
1(0) 6= C(b − a), then by (i) and Lemma 2.12, there

are two cases:
• Suppose that G′

1(0) = (Rα + Zβ)(b − a), for some basis (α(b − a), β(b − a))
of C(b − a) over R. Let u = β(b − a) and Tu the translation by u. See that

u ∈ G′
1(0) ⊂ G′(0) and so G′(u) ⊂ G′(0). Remark that Tu ∈ G′

1, where G′
1

is the closure of G′
1 in Tn, then g1 = T−u ◦ h ◦ Tu ∈ G′, so g1 = (u, λ). Let

bk = −(λk − 1)2u and Tbk be the translation by bk, k ∈ Z. As above, we have

Tbk = hk ◦ gk1 ◦ h−k ◦ g−k
1 ∈ G′

2 ∩ Tn, since h and g1 ∈ G′
2, for every k ∈ Z.

Therefore, by (1), lim
k→−∞

‖bk − bk+1‖ = 0, so ‖bk0 − bk0+1‖ < 1
2 , for some k0 ∈ Z.

Let v = bk0 − bk0+1 then v = β
(
(λk0+1 − 1)2 − (λk0 − 1)2

)
(b − a) ∈ βR(b − a),

so v /∈ (αR + βZ)(a − b) = G′
1(0) since ‖v‖ < 1

2 , a contradiction, because v =

Tbk0
◦ Tbk0+1

(0) ∈ (G′
2 ∩ Tn)(0) ⊂ G′

1(0).

• Suppose that G′
1(0) = αR(a − b), for some α ∈ C∗. As λ ∈ C\R, so αR(a − b)

can not be invariant by h. On the other hand, G′
1(0) ⊂ αR(a − b), then for any

Tv ∈ G′
1, one has v ∈ αR(a − b) , so T ′ = h ◦ Tv ◦ h−1 = Th(v) ∈ G′

1, hence
h(v) = λv ∈ αR(a− b), a contradiction.

(iii) Finally, we conclude thatG′
1(0) = C(a−b) and by Lemma 2.9, G′(0) = C(a−b).

It follows that G(a) = Tb(C(a− b)) = C(b− a) + a. �

3.2. Case: |λ| = 1. In this case, write λ = eiθ, θ ∈ R. We identify C to R2, by
the isomorphism ϕ : z = x+ iy −→ (x, y). State the following results:

Theorem 3.2. Let G be a group generated by h = eiθId1 and f = (a, eiθ), a ∈ C∗.
Then there is one of the following:
(i) Every orbit of G is dense in C. In this case f /∈ SR1.
(ii) Every orbit of G is closed and discrete. In this case f ∈ SR1.
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10 YAHYA N’DAO AND ADLENE AYADI

Proposition 3.3. If θ /∈ πQ, µ ∈ C and a, b ∈ Cn, with a 6= b. If G is the group
generated by f = (a, eiθ) and g = (b, µ) then G(a) = C(b − a) + a.

Proof. By Lemma 2.9, ∆ = C(b − a) + a is G-invariant and G/∆ is a subgroup of
H(1,C).
First, we can assume that µ = eiθ, otherwise we replace g by g ◦ f ◦ g−1, second we
suppose that a = 0, otherwise we replace G by Ta ◦ G ◦ T−a. Then we will show

that G(0) = C.
Let G′ = ϕ ◦ G ◦ ϕ−1, then G′ is the group generated by R1 = ϕ ◦ h ◦ ϕ−1 and

R2 = ϕ ◦ f ◦ ϕ−1. By a simple calculus, we can check that R1 =

[
cosθ −sinθ
sinθ cosθ

]

and R2 = Tϕ(b) ◦ R1 ◦ T−ϕ(b) is the rotation with center ϕ(b) and angle θ. No-

tice by ‖.‖ the Euclidean norm on R2 defined by ‖(x, y)‖ =
√
x2 + y2. Let

u = (x0, y0) ∈ R2 and o = (0, 0). There are three cases:

(1) Suppose that u 6= o. Write the closed ball D = {v ∈ R2, ‖v‖ < ‖u‖} and
its border C = {v ∈ R2, ‖v‖ = ‖u‖}.
(i) Firstly, we will prove that o ∈ R2\T (D) for some T ∈ G′

1. For every z ∈ Cn, on
has

h ◦ f ◦ h−1 ◦ f−1(z) = eiθ(e−iθ[eiθ(e−iθ(z − a) + a)− a] + a)

= z +
(
1− e2iθ

)
a.

Write c =
(
1− e2iθ

)
a, hence h ◦ f ◦ h−1 ◦ f−1 = Tc ∈ G\{idC} since θ /∈ πQ. Then

Tϕ(c) = ϕ◦Tc ◦ϕ−1 ∈ G′, so Tnϕ(c)(o) ∈ R2\D, for some n ∈ N, we take T = Tnϕ(c).

(ii) Secondly, let’s prove that T (D) ⊂ G′(u). Let b ∈ T (D) and set Cb = {v ∈
R2, ‖v‖ = ‖b‖}. By (i), o /∈ T (D) then Cb ∩ T (C) 6= ∅. Let b′ ∈ Cb ∩ T (C),

therefore b′ ∈ G′(u), because T ∈ G′ and the orbit of u by R1 is dense in C, since

θ /∈ πQ, so C ⊂ G′(u). In the same way, one has Cb ⊂ G′(b′) ⊂ G′(u), by R1. It

follows that b ∈ Cb ⊂ G′(u) and so T (D) ⊂ G′(u).

(iii) Finally, we conclude that G′(u) is locally dense for every u 6= o.

(2) Suppose that u = o, so R2(o) 6= o, by applying (1) on v = R2(o), we ob-
tain G′(v) is locally dense, so G′(o) is locally dense, since G′(o) = G′(v).

(3) We conclude that every orbit of G′ is dense in R2, since R2 is connected and
every orbit is locally dense. It follows that, every orbit of G is dense in C. �

Lemma 3.4. Let θ ∈ π(Q\Z), µ ∈ C and a, b ∈ Cn, with a 6= b. If G is the group
generated by f = (a, eiθ) and g = (b, µ) then every orbit of G is dense in C(b−a)+a
or is closed and discrete.

Proof. By Lemma 2.9, ∆ = C(b − a) + a is G-invariant and G/∆ is a subgroup of

H(1,C). Firstly, we can assume that µ = eiθ, otherwise we replace g by g ◦ f ◦ g−1,
secondly we suppose that a = 0, otherwise we replace G by Ta ◦G ◦ T−a. Then we
will show every orbit of G is dense in C or closed and discrete.
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DYNAMICS OF NON ABELIAN AFFINE HOMOTHETIES GROUP OF C
n 11

Thirdly, we will show that G1(0) is dense in C or it is closed discrete. Suppose that

G1(0) 6= C and G1(0) is not discrete. Then by Lemma 2.12, G1(0) = Za1 + Ra2
for some a1, a2 ∈ R with a2 6= 0. So Ta1 ∈ G1 where G be the closure of G in Tn.
Let g = Ta1 ◦ h ◦ T−a1 , then g = (a1, e

iθ). Since θ ∈ π (Q\Z), so eiθRa2 6= Ra2. By

Lemma 2.10.(iii), eiθRa2 ⊂ G1(0) = Za1 + Ra2, a contradiction.

We conclude that G1(0) is dense in C or closed and discrete.
Finally, by Lemma 2.10, (iii), (iv) and Lemma 2.11,(i) and (ii) we have G1(0) is
closed discrete or dense if and only if are ΓG and G1(0) and this is equivalent to is
G(0). On the other hand, θ ∈ π(Q\Z), so by Lemma 2.10.(i), ΛG is finite and the
proof results from Lemma 2.11, (i) and (ii). �

Proposition 3.5. Let θ ∈ π (Q\Z), µ ∈ C and a, b ∈ Cn, with a 6= b. If G is the
group generated by f = (a, eiθ) and g = (b, µ) then G(a) is closed and discrete if
and only if G ⊂ S2Rn or G ⊂ S3Rn.

To prove Proposition 3.5, we need to introduce the following Lemmas:

Lemma 3.6. Let G be the group generated by h = eiθIdC and f = (a0, e
iθ) with

a0 ∈ C∗ and θ ∈ R. If G1(0) = Za1+Za2 where (a1, a2) is a basis of C over R then
there exists P ∈ GL(2,C) such that Pe1 = a1, Pe2 = a2 and P−1RθP ∈ SL(2,Z),

where Rθ =

[
cosθ −sinθ
sinθ cosθ

]
where (e1, e2) is the canonical basis of R2.

Proof. IfG1(0) = Za1+Za2 with (a1, a2) is a basis of C overR. By Lemma 2.10.(iii),
eiθa1, e

iθa2 ∈ G1(0), so {
eiθa1 = na1 +ma2 and
eiθa2 = n′a1 +m′a2

for some n,m, n′,m′ ∈ Z. Write a1 = a+ ic and a2 = b+ id, a, c, b, d ∈ R then:
{

(cosθ + i.sinθ)(a+ ic) = n(a+ ic) +m(b+ id)
(cosθ + i.sinθ)(b+ id) = n′(a+ ic) +m′(b + id)

So {
a.cosθ − c.sinθ = na+mb
a.sinθ + c.cosθ = nc+md

and

{
b.cosθ − d.sinθ = n′a+m′b
b.sinθ + d.cosθ = n′c+m′d

(1)

Write P =

[
a b
c d

]
, then (1) is equivalent to

Rθ[a, c]
T = P [n,m]T and Rθ[b, d]

T = P [n′,m′]T .

As Pe1 = [a, c]T and Pe2 = [b, d]T , so

RθPe1 = P [n,m]T and RθPe2 = P [n′,m′]T .

As (a1, a2) is a basis of C over R one has P ∈ GL(2,R) and so

P−1RθPe1 ∈ Z2 and P−1RθPe2 ∈ Z2.

It follows that P−1RθP ∈ SL(2,Z). �
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12 YAHYA N’DAO AND ADLENE AYADI

Lemma 3.7. Let G be the subgroup of H(1,C) generated by h = eiθIdC and f =
(a, eiθ) with a ∈ C∗ and θ ∈ H2 ∪H3. Then

(
Z(1 − e−iθ)2 + Z(1− eiθ)2

)
a ⊂ G(0) ⊂

(
Z(1 − e−iθ) + Z(1 − eiθ)

)
a.

Proof. Denote by a1 = (1− e−iθ)a and a2 = (1− eiθ)a.
• Firstly, we will prove that Za1 + Za2 is G-invariant:
- If θ ∈ H2, suppose that θ = π

2 . Then e−iθ = −i, eiθ = i, so a1 = (1 − i)a and
a2 = (1 + i)a. Let u = na1 +ma2, for some n,m ∈ Z, so

h(u) = i(n(1− i)a+m(1 + i))a

= na2 −ma1

and

f(u) = i (n(1− i)a+m(1 + i)a− a) + a

= n(1 + i)a−m(i− 1)a+ (1− i)a

= na2 − (m− 1)a1

Then h(u), f(u) ∈ Za1 + Za2. It follows that Za1 + Za2 is G-invariant.

- If θ ∈ H3, suppose that θ = 3π
2 . Then e−iθ = e−iπ3 and eiθ = ei

π
3 . As

1−ei
π
3 = e−iπ3 and 1−e−iπ3 = ei

π
3 so a1 = ei

π
3 a and a2 = e−iπ3 a. Let u = na1+ma2,

for some n,m ∈ Z, so

h(u) = e
iπ
3 (nei

π
3 a+me−

iπ
3 a)

= ne
2iπ
3 a−ma

= −ne
−iπ
3 a−m(ei

π
3 + e−

iπ
3 )a

= (−n−m)e
−iπ
3 a−mei

π
3 a

and

f(u) = e
iπ
3

(
(nei

π
3 a+me−

iπ
3 a− a

)
+ a

= ne
2iπ
3 a− (m− 1)a− e

iπ
3 a

= −ne
−iπ
3 a− (m− 1)(e

iπ
3 + e−

iπ
3 )a− e

iπ
3 a

= (−n−m+ 1)e
−iπ
3 a−me

iπ
3 a

Then h(u), f(u) ∈ Za1 + Za2. It follows that Za1 + Za2 is G-invariant.
• Secondly, G(0) ⊂ Za1 + Za2, since 0 ∈ Za1 + Za2 and by above, Za1 + Za2 is
G-invariant. In particular

G1(0) ⊂ G(0) ⊂ Za1 + Za2 (1).

• Finally, by Lemma 2.10.(iii), (1 − e−iθ)2a, (1 − eiθ)2a ∈ G1(0) since a ∈ ΓG.
As G1(0) is an additive group then

Z(1 − e−iθ)2a+ Z(1 − eiθ)2a ⊂ G1(0) ⊂ G(0) (2).

�
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DYNAMICS OF NON ABELIAN AFFINE HOMOTHETIES GROUP OF C
n 13

Lemma 3.8. Let G be the subgroup of H(1,C) generated by h = λIdC and f =
(a, λ) with a ∈ C∗, λ /∈ R. If G1(0) is discrete then G1(0) = Za1 + Za2 for some
basis (a1, a2) of C over R.

Proof. By Lemma 2.10.(ii), 0 6= (λ − 1)2a ∈ G1(0). Write a1 = (λ − 1)2a. By
Lemma 2.10.(iii), a2 = λa1 ∈ G1(0). As λ /∈ R, (a1, a2) is a basis of C over
R. Then Za1 + Za2 ⊂ G1(0) since G1(0) is an additive group. By Lemma 2.12,
G1(0) = Za′1 + Za′2 for some basis (a′1, a

′
2) of C over R. �

Proof of Proposition 3.5. By Lemma 2.9, ∆ = C(b− a)+ a is G-invariant and G/∆

is a subgroup of H(1,C).
First, we can assume that µ = eiπθ, otherwise we replace g by g ◦ f ◦ g−1, second
we suppose that a = 0, leaving to replace G by Ta ◦ G ◦ T−a. Then we will show
that G(0) is closed and discrete if and only if G ⊂ S2Rn or G ⊂ S3Rn. Then G is
generated by h = eiθIdC and g = (b, eiθ) with b ∈ C∗ and θ ∈ R. If G(0) is discrete
so is G1(0). Therefore, by Lemma 3.8, G1(0) = Za1+Za2 for some basis (a1, a2) of
C over R. By Lemma 3.6, there exists P ∈ GL(2,R) such that P−1RθP ∈ SL(2,Z),

where Rθ =

[
cosθ −sinθ
sinθ cosθ

]
. Write P =

[
a′ b′

c′ d′

]
and A = P−1RθP , so

A =




cosθ −
(

a′b′+d′c′

a′d′−b′c′

)
sinθ

(
b2+d2

a′d′−b′c′

)
sinθ

−
(

a′2+c′2

a′d′−b′c′

)
sinθ cosθ +

(
a′b′+d′c′

a′d′−b′c′

)
sinθ


 .

As A ∈ SL(2,Z) then there exist n,m ∈ Z such that




cosθ −

(
a′b′+d′c′

a′d′−b′c′

)
sinθ = n

cosθ +
(

a′b′+d′c′

a′d′−b′c′

)
sinθ = m

so cosθ = n+m
2 ∈ 1

2Z. Hence cosθ ∈
{
− 1

2 , 0,
1
2

}
since θ /∈ πZ, therefore sinθ ∈{

−1,−
√
3
2 , 1,

√
3
2

}
. Thus θ ∈ (π2 + πZ) ∪ (−π

3 + πZ) ∪ (π3 + πZ). Then G ⊂ S2Rn

if θ ∈ (π2 + πZ) and G ⊂ S3Rn if θ ∈ (−π
3 + πZ) ∪ (π3 + πZ). The converse follows

from Lemma 3.4. The proof is complete. �

3.3. Proof of Theorem 3.2.

Lemma 3.9. λ, µ ∈ C∗ and a, b ∈ Cn, with a 6= b. If G is the group generated by
f = (a, λ) and g = (b, µ) such that G(a) = C(b − a) + a then G(z) = C(b − a) + a,
for every z ∈ C(b− a) + a.

Proof. Let z ∈ C(b − a) + a. There are three cases:

- If |λ| 6= 1 or |µ| 6= 1, then by Lemma 3.1, G1(z) = C(b − a) + a, so G(z) =
C(b− a) + a.

- If |λ| = |µ| = 1, then G ⊂ Rn. Since z ∈ G(a), then there exists a sequence
(gm)m ⊂ G such that lim

m→+∞
gm(a) = z. Write gm = (am, εm), with |εm| = 1

for every m ∈ N. Since (gma)m is bounded then is (am)m. Therefore, there is a
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14 YAHYA N’DAO AND ADLENE AYADI

subsequence (aϕ(m))m such that lim
m→+∞

aϕ(m) = c and lim
m→+∞

εϕ(m) = ε, for some c ∈
Cn and ε ∈ S1. Moreover, lim

m→+∞
gϕ(m) = h = (c, ε). Therefore lim

m→+∞
gϕ(m)(a) =

h(a) = z. So lim
m→+∞

g−1
ϕ(m)(z) = h−1(z) = a. It follows that a ∈ G(z), hence

C(b− a) + a = G(a) ⊂ G(z). �

Corollary 3.10. Let θ ∈ R, µ ∈ C and a, b ∈ Cn, with a 6= b. If G is the group
generated by f = (a, eiθ) and g = (b, µ) such that G\SRn 6= ∅ then every orbit of
G is dense in C(b− a) + a.

Proof. The proof results from Lemma 3.1, Proposition 3.3, Lemma 3.4, Proposi-
tion 3.5 and Lemma 3.9. �

Lemma 3.11. Let G be a non abelian subgroup of H(n,C). If G\Rn 6= ∅, then for

every z ∈ Cn we have ΓG ⊂ G(z).

Proof. Let z ∈ Cn, a ∈ ΓG and f = (a, λ) ∈ G\Rn with |λ| 6= 1. Suppose that
|λ| > 1 and so

lim
k−→−∞

fk(z) = lim
k−→−∞

λk(z − a) + a = a.

Hence a ∈ G(z). It follows that ΓG ⊂ G(z). �

Proof of Theorem 3.2: The proof of Theorem 3.2 results from Proposition 3.5 and
Corollary 3.10.

Proof of Theorem 1.5: Let G̃ = ϕ−1 ◦ G ◦ ϕ, so G̃ is a non abelian subgroup

of H(1,C). Firstly, if (H2 ∪H3) \{θ, θ′} 6= ∅ then G̃\SR2 6= ∅. Therefore:
The proof of (1).(i) results from Theorem 3.2. Let’s prove (1).(ii):
Suppose that θ ∈ H2 and θ′ ∈ H3, then by using the analytic form f = ϕ−1 ◦Rθ ◦ϕ
(resp. g = ϕ−1 ◦ Rθ′ ◦ ϕ) of Rθ (resp. Rθ′) we have f = (a, eiθ) ∈ S2R2 and

g = (b, eiθ
′

) ∈ S3R2, where ϕ(a) (resp. ϕ(b)) is the center of Rθ (resp. Rθ′). Then

f ◦ g =
(
c, ei(θ+θ′)

)
with c = eiθ(b−a)−a

1−ei(θ+θ′) . See that θ+ θ′ ∈
(
5π
6 + πZ

)
∪
(
7π
6 + πZ

)
.

Then θ + θ′ /∈ H2 ∪H2. The assertion (1).(ii) follows then from (1).(i).

(2) In this case, we can assume that G̃ ⊂ SR2. By Lemma 3.7, if G̃ ⊂ S2R2 or

G̃ ⊂ S3R2 then every orbit is closed and discrete. By (1), it remains to verify the

following case: θ, θ′ ∈ Hi for some i ∈ {2, 3}. Then G̃ ⊂ SiR2. The results follows
from Lemma 3.7. The proof is complete.
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DYNAMICS OF NON ABELIAN AFFINE HOMOTHETIES GROUP OF C
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4. Some results in the case G\SRn 6= ∅ for n ≥ 1

We give some Lemmas and propositions, will be used to prove Theorem 1.1.

Lemma 4.1. Let G be a non abelian subgroup of H(n,C) such that G\SRn 6= ∅.
So G1 6= {idCn} and if 0 ∈ ΓG then G1(0) ⊂ ΓG.

Proof. Let f, g ∈ G such that f◦g 6= g◦f . Write f : z 7−→ λz+a and g : z 7−→ µz+b.
So for every z ∈ Cn, one has

f ◦ g ◦ f−1 ◦ g−1(z) = λ

(
µ

(
1

λ

(
1

µ
z − b

µ

)
− a

λ

)
+ b

)
+ a

= z + (λ− 1) b+ (1− µ) a.

Hence f ◦ g ◦ f−1 ◦ g−1 = Tc ∈ G1\{idCn}, with c = (λ− 1) b+ (1− µ) a.
Suppose now that 0 ∈ ΓG, so there h = λidCn ∈ G\SRn for some λ ∈ ΛG. Let
a ∈ G1(0), then Ta ◦ h ◦ T−a = (a, λ) ∈ G\SRn. So a ∈ ΓG. The proof is
complete. �

Proposition 4.2. Let G be a non abelian subgroup of H(n,C) such that ΛG\R 6= ∅
and G\SRn 6= ∅. Then G(z) = EG, for every z ∈ EG.

To prove the Proposition, we need the following Lemmas:

Lemma 4.3. Let G be a non abelian subgroup of H(n,C), f ∈ G and u, v ∈ Cn

then f(Cu+ v) = Cu+ f(v).

Proof. Every f ∈ G has the form f(z) = λz + a, z ∈ Cn. Let α ∈ C then
f(αu+v) = λ(αu+v)+a = λαu+(λu+v) = λαu+f(v). So f(Cu+v) ⊂ Cu+f(v),
then f(Cu+ v) = Cu+ f(v). �

Lemma 4.4. Let G be a non abelian subgroup of H(n,C) such that EG is a vector
subspace of Cn and ΓG 6= ∅. Let a, a1, . . . , ap ∈ ΓG such that (a1, . . . , ap) and
(a1 − a, . . . , ap − a) are two basis of EG and let Dk = C(ak − a) + a, 1 ≤ k ≤ p. If

Dk ⊂ G(a) for every 1 ≤ k ≤ p, then G(a) = EG.

Proof. The proof is done by induction on dim(EG) = p ≥ 1.

• For p = 1, if there exists a, a1 ∈ ΓG with a 6= a1 such that D1 ⊂ G(a), where

D1 = C(a1 − a) + a, then G(a) = EG, since D1 = EG = C.
• Suppose that Lemma 4.4 is true until dimension p − 1. Let G be a non abelian
subgroup of H(n,C) with ΓG 6= ∅ and let a, a1, . . . , ap ∈ ΓG such that (a1, . . . , ap)

is a basis of EG. Suppose that Dk ⊂ G(a) for every 1 ≤ k ≤ p.
Denote by H the vector subspace of EG generated by (a1 − a), . . . , (ap−1 − a) and
∆p−1 = Ta(H). We have ∆p−1 = Aff(a, a1, . . . , ap−1).
Set λ, λk ∈ ΓG, 1 ≤ k ≤ p− 1 such that f = (a, λ), fk = (ak, λk) ∈ G\SRn. We let
Gk be the group generated by f and fk for every 1 ≤ k ≤ p− 1, so Gk\SRn 6= ∅.
By Corollary 3.10, we have Gk(a) = Dk for every k = 1, . . . , p − 1. Let G′ be the

subgroup of G generated by f , f1,. . . ,fp−1, then Dk ⊂ G′(a) for every 1 ≤ k ≤ p−1.
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16 YAHYA N’DAO AND ADLENE AYADI

By Lemma 2.8 we have EG′ = ∆p−1. Let G
′′ = T−a ◦G′ ◦Ta, by Lemma 2.5.(iii) we

have EG′′ = T−a(∆p−1) = H and D′
k = T−a(Dk) ⊂ G′′(0) for every 1 ≤ k ≤ p− 1.

By induction hypothesis applied to G′′ we have G′′(0) = H so G′(a) = ∆p−1. Since
G′(a) ⊂ G(a), then

∆p−1 ⊂ G(a) (1)

Let z ∈ EG\∆p−1 and D = C(ap − a) + z. Since (a1 − a, . . . , ap − a) is a basis of
EG, so H ⊕ C(ap − a) = EG. As a, z ∈ EG, then z − a = x + α(ap − a) for some
x ∈ H and α ∈ C. Let y = x+ a, as Ta(H) = ∆p−1 we have y ∈ ∆p−1, and

y = x+ a

= z − a− α(ap − a) + a

= −α(ap − a) + z ∈ D.

Hence y ∈ ∆p−1 ∩D.

By (1) we have y ∈ G(a). Then there exists a sequence (fm)m∈N in G such that
lim

m−→+∞
fm(a) = y. For every m ∈ N denote by fm = (bm, λm).

Remark that D = C(ap − a) + y, since z, y ∈ D. By Lemma 4.3 we have fm(Dp) =
fm(C(ap − a) + a) = C(ap − a) + fm(a). Since lim

m−→+∞
fm(a) = y then for every

v = α(ap − a) + y ∈ D, α ∈ C, one has

lim
m−→+∞

fm(α(ap − a) + a) = v.

As α(ap − a) + a ∈ Dp ⊂ G(a), then v ∈ G(a). Therefore D ⊂ G(a), so z ∈ G(a),
hence

EG\∆p−1 ⊂ G(a) (2).

By (1) and (2) we obtain EG ⊂ G(a). Since ΓG 6= ∅ then by Lemma 2.6.(ii), we

have EG is G-invariant, so G(a) ⊂ EG since a ∈ EG. It follows that G(a) = EG. �

Proof of Proposition 4.2. Let G be a non abelian subgroup of H(n,R). Since
G\SRn 6= ∅ then ΓG 6= ∅ and suppose that EG is a vector subspace of Cn, (one
can replace G by G′ = T−a ◦G ◦ Ta, for some a ∈ ΓG).

(i) We will prove that there exists a ∈ ΓG such that G(a) = EG. By Lemmas 2.5,(ii)
and 2.7, there exist f = (a, λ), f1 = (a1, λ), . . . , fp = (ap, λ) ∈ G\SRn such that
λ ∈ ΛG\R, (a1, . . . , ap) and (a1 − a, . . . , ap − a) are two basis of EG. Denote
by Dk = C(ak − a) + a, 1 ≤ k ≤ p. For every k = 1, . . . , p − 1, we let Gk be
the group generated by f and fk. One has Gk\SRn 6= ∅, so by Corollary 3.10, we

haveDk = Gk(a) ⊂ G(a) for every 1 ≤ k ≤ p. By Lemma 4.4, we haveG(a) = EG.

(ii) We will prove that G(z) = EG for every z ∈ EG. By (i) there exists a ∈ ΓG

such that G(a) = EG. There are two cases:

• If G\Rn 6= ∅, so by Lemma 3.11, ΓG ⊂ G(z). By Lemma 2.6.(ii), ΓG and EG are

G-invariant, then G(a) ⊂ ΓG ⊂ G(z) and so EG = G(z).

• Suppose that G ⊂ Rn. Since G(a) = EG, there exists a sequence (fm)m ⊂ G
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DYNAMICS OF NON ABELIAN AFFINE HOMOTHETIES GROUP OF C
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such that lim
m→+∞

fm(a) = z. There are two situations:

- fm = (am, λm) ∈ G\Tn for every m > n0, for some n0 > 1. One has fm(a) =
λma + (1 − λm)am and the sequence (fm(a))m is bounded, then the sequence
((1− λm)am)m is bounded and so is (am)m. Therefore, there exists a subsequence
(λϕ(m))m of (λm)m and a subsequence (aϕ(m))m of (am)m such that lim

m→+∞
λϕ(m) =

λ′ and lim
m→+∞

aϕ(m) = b, for some b ∈ EG and λ′ ∈ S1, so λ′ 6= 0. Let f = (b, λ′)

if λ′ 6= 1 and f = Tb if λ′ = 1. Therefore lim
m→+∞

fm = f . Since λ 6= 0, f is

invertible and lim
m→+∞

f−1
m = f−1, so f ∈ G. As lim

m→+∞
fm(a) = z = f(a), we have

a = f−1(z) = lim
m→+∞

f−1
m (z). It follows that a ∈ G(z), so EG = G(a) ⊂ G(z) ⊂ EG,

since EG is G-invariant (Lemma 2.6,(ii)).
- fm = Tam

∈ G ∩ Tn for every m > n0, for some n0 > 1. As lim
m→+∞

fm(a) = z,

lim
m→+∞

am = z − a, then lim
m→+∞

fm = Tz−a ∈ G. Therefore a = Ta−z(z) =

lim
m→+∞

f−1
m (z). It follows that a ∈ G(z), so EG = G(a) ⊂ G(z) ⊂ EG, since

EG is G-invariant (Lemma 2.6,(ii)). The proof is complete. �

Proposition 4.5. Let G be a non abelian subgroup of H(n,C). Suppose that
ΛG\R 6= ∅, G\SRn 6= ∅ and EG is a vector space. Then for every z ∈ Cn\EG, we

have G(z) = ΛG.z + EG.

To prove the above Proposition, we need the following Lemma:

Lemma 4.6. Let G be a non abelian subgroup of H(n,C) such that G\SRn 6= ∅.
For every b ∈ EG and for every λ ∈ ΛG there exists a sequence (fm)m∈N in G such
that lim

m−→+∞
fm = f = (b, λ).

Proof. Let λ ∈ ΛG and b ∈ EG. Given g = (a, λ) ∈ G, so a ∈ (ΓG ∪ G1(0)) ⊂ EG.

By Proposition 4.2, we have G(a) = EG. Then there exists a sequence (gm)m∈N in
G such that lim

m−→+∞
gm(a) = b. For every m ∈ N, denote by fm = gm ◦ g ◦ g−1

m , so

fm = (gm(a), λ). Hence lim
m−→+∞

fm = f , with f = (b, λ). �

Proof of Proposition 4.5. Let G be a non abelian subgroup of H(n,C) such that
G\SRn 6= ∅ and EG is a vector space. Let z ∈ U = Cn\EG.

Let’s prove that ΛG.z + EG ⊂ G(z): Let α ∈ ΛG and a ∈ EG.
• Suppose that α ∈ ΛG\{1}. Since EG is a vector space, a′ = a

1−α ∈ EG. By

Lemma 4.6 there exists a sequence (fm)m in G such that lim
m−→+∞

fm = f = (a′, α) ∈
G\Tn. Then

f(z) = α(z − a′) + a′

= αz + (1− α)a′

= αz + a ∈ G(z),
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18 YAHYA N’DAO AND ADLENE AYADI

so

(ΛG\{1}) .z + EG ⊂ G(z).

• Suppose that α = 1, by Lemma 4.6, there exists a sequence exists a sequence

(fm)m in G such that lim
m−→+∞

fm = f = Ta ∈ G1. So Ta(z) = z + a ∈ G(z). It fol-

lows that αz+a ∈ G(z) and so z+EG ⊂ G(z). This proves that ΛG.z+EG ⊂ G(z).

Conversely, let’s prove that G(z) ⊂ ΛG.z + EG. Let f ∈ G.
• Suppose that f = (a, λ) ∈ G\Tn. By Lemma 2.6.(i), f(0) = (1 − λ)a ∈ EG since
EG is a vector space. Then f(z) = λ(z − a) + a = λz + (1− λ)a ∈ ΛG.z + EG.
• Suppose that f = Ta ∈ G ∩ Tn, so f(z) = z + a ∈ ΛG.z + EG, since by
Lemma 2.6.(i), f(0) = a ∈ EG. It follows that G(z) ⊂ ΛG.z + EG. Therefore

G(z) ⊂ ΛG.z + EG. Hence G(z) = ΛG.z + EG. �

5. Some results in the case G ⊂ SRn

In this section G is a subgroup of SiRn (i = 2 or i = 3).

Lemma 5.1. Let G be a subgroup of H(n,C) such that G ⊂ SiRn (i = 2 or i = 3).
Then:
(i) ΛG = Fi. Moreover, for every λ, µ ∈ ΛG, λ = µk for some k ∈ Z.
(ii) G1(0) = G(0).
(iii) There exists a ∈ ΓG, such that G(z) = ΛG(z − a) +G(a), for every z ∈ Cn.

Proof. Let a ∈ ΓG and G′ = T−a ◦G ◦ Ta. Then h = µidCn ∈ G′, for some µ ∈ ΛG,
so 0 ∈ ΓG.
(i) The proof follows from the construction of SiRn, i = 2 or 3 and since Fi is
cyclic.
(ii) Firstly, ΓG′ ⊂ G′

1(0); Indeed, if f = (b, λ) ∈ G′\Tn, then by (i), λk = 1 for
some k ∈ Z since Fi is cyclic, i ∈ {2, 3}. Thus fk = (b, 1) = Tb and so b ∈ G′

1(0).
Secondly, let a ∈ G′(0)\G′

1(0) and f = (b, λ) ∈ G′\Tn such that a = f(0) = (1−λ)b.
By (i), µk = λ, for some k ∈ Z. By applying Lemma 2.10.(iv) on the group Gk

generated by hk and f , we have (1 − λ)ΓGk ⊂ ΓGk , so a = (1 − λ)b ∈ ΓGk ⊂ ΓG′ .
It follows that a ∈ ΓG′ ⊂ G′

1(0). The proof of (ii) is complete.
(iii) By Lemma 2.11,(i), G′(z) ⊂ ΛGz +G′(0). Conversely, let λ ∈ ΛG′ , a ∈ G′

1(0)
so Ta ∈ G′

1. By (i), λ = µk for some k ∈ Z. As in the proof of Lemma 2.10.(iv),

g = Ta ◦ hk =
(

a
1−λ , λ

)
, so a′ = a

1−λ ∈ ΓG′ . Therefore, g(z) = λ(z − a′) + a′ =

λz + (1 − λ)a′, so g(z) = λz + a ∈ G′(z). Therefore, ΛG′z + G′
1(0) ⊂ G′(z). By

(ii), ΛG′z + G′(0) ⊂ G′(z). It follows that G′(z) = ΛG′z + G′(0), then G(z) =
ΛG(z − a) + G(0), since ΛG′ = ΛG, G(z) = Ta(G

′(z − a)) and G(a) = Ta(G
′(0)).

The proof of (iii) is complete. �
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6. Proof of main results

Recall that U = Cn\EG.
Proof of Theorem 1.1. Let a ∈ EG and G′ = T−a ◦ G ◦ Ta. By Lemma 2.5.(iii),
EG′ = T−a(EG) is a vector subspace of Cn. Then :
• The Proof of (1).(i) results from Proposition 4.2.

• Proof of (1).(ii): By Proposition 4.5, G′(z − a) = ΛG′ .(z − a) + E′
G, for every

z ∈ U . So by Lemma 2.5,(ii), T−a(G(z)) = ΛG.(z − a) + EG − a, it follows that

G(z) = ΛG.(z − a) + EG.
• Proof of (2): The proof of (2) results from Lemma 5.1. �

We will use the following Lemmas to prove Corollary 1.2.

Lemma 6.1. Let G be a non abelian subgroup of H(n,C) with G\Rn 6= ∅ and

U 6= ∅, then for every z ∈ G(y) ∩ U we have G(z) ∩ U = G(y) ∩ U .

Proof. Suppose that EG is a vector space (otherwise, by Lemma 2.5.(ii), we can

replaceG by G′ = T−a◦G◦Ta for some a ∈ EG). Let z ∈ G(y)∩U and y ∈ G(z)∩U .

By Theorem 1.1.(1).(iii), there exists a ∈ EG such that G(z) = ΛG(z − a) + EG.

Since EG is a vector space and a ∈ EG then G(z) = ΛGz + EG. In the same way,

G(y) = ΛGy + EG, (1).

See that G(z) ∩ U = (ΛG\{0})z + EG. Write y = αz + b, where α ∈ ΛG\{0} and
b ∈ EG. So by (1),

G(y) = ΛGy + EG = ΛG(αz + b) + EG = αΛGz + EG.

By Lemma 2.4, 0 ∈ ΛG and ΛG is a subgroup of C∗, then αΛG = ΛG, since α ∈ ΛG.
Therefore G(y) = ΛGz + EG = G(z). �

Lemma 6.2. Let G be a non abelian subgroup of H(n,C) such that EG is a vector
subspace of Cn. Let z ∈ U then the vector subspace Hz = Cz ⊕ EG of Cn is
G-invariant.

Proof. Let z ∈ Cn\EG and f ∈ G having the form f(z) = λz + a, z ∈ Cn, one has
a = f(0) ∈ EG. For every α ∈ C, b ∈ EG, we have f(αz + b) = λ(αz + b) + a =
λαz+λb+a. Since EG is a vector space, then λb+a ∈ EG and so f(αz+b) ∈ Hz . �

Proof of Corollary 1.2.
• The proof of (1).(i): The proof results from Lemma 6.1.
• The proof of (1).(ii): As G\Rn 6= ∅, then by Lemma 2.4, 0 ∈ ΛG. So the proof
of (ii) results from Theorem 1,1.(1).(ii).
• The proof of (1).(iii): Suppose that EG is a vector subspace of Cn (leaving, by
Lemma 2.5, to replace G by G′ = T−a ◦G ◦ Ta, for some a ∈ EG).

Recall that U = Cn\EG and let z, y ∈ U with z 6= y. Denote by Hz = C.z ⊕EG

and by Hy = C.y ⊕ EG. By lemma 6.2 we have Hz and Hy are G-invariant. Let
Φ : Hz −→ Hy be the homeomorphism defined by Φ(αz + v) = αy + v for every
Φ ∈ C and v ∈ EG. For every f ∈ G, with the form f(z) = λz + a, z ∈ Cn, then
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20 YAHYA N’DAO AND ADLENE AYADI

by Lemma 3.9.(i), a = f(0) ∈ EG and so Φ(f(z)) = Φ(λz + a) = λy + a = f(y). It
follows that Φ(G(z)) = G(y).
• The proof of (2): The proof of (2) results from Lemma 5.1. �

Proof of Corollary 1.3.
• From Corollary 1.2.(ii), the closure of every orbit of G contains EG. Since
dim(EG) ≥ 1, G has no discrete orbit. �

Proof of Corollary 1.4. The proof of Corollary 1.4 results from Theorem 1.1 and
Corollary 1.2 and the fact that U = Cn if U 6= ∅. �

Proof of Corollary 1.7. IfG is generated by f1 = (a1, λ1), . . . , fn−2 = (an−2, λn−2) ∈
H(n,C). By Lemma 2.2, EG ⊂ V ect(a1, . . . , an−2), so dim(EG) ≤ n− 2. By Theo-
rem 1.1 there are two cases:
• If G\SRn 6= ∅, then G(z) = ΛGz + EG ⊂ Cz + EG, for every z ∈ Cn\EG and

G(z) = EG for every z ∈ EG. Therefore, G(z) 6= Cn.

• If G ⊂ SRn, then G(z) = Cn, for some z ∈ Cn if and only if G1(0) = Cn. Since
G1(0) ⊂ EG, it follows that G has no dense orbit.

7. Examples

Example 7.1. Let G be the non abelian subgroup of H(1,C) generated by Ta the
translation by a ∈ C∗ and h = eiθI2, θ /∈ πZ. Then:
(i) If θ ∈ H2 ∪H3 then every orbit of G is closed and discrete.
(ii) If θ /∈ H2 ∪H3 then every orbit of G is dense in C.

Proof. Firstly, remark that G is generated by h and g = Ta ◦ f =
(

a
1−eiθ , eiθ

)
.

- If θ ∈ H2 ∪H3, then g ∈ SR1, by Theorem 3.2.(ii), the property (i) follows.
- If θ /∈ H2 ∪H3, then g /∈ SR1, by Theorem 3.2.(i), the property (ii) follows.

�

Example 7.2. Let G be a subgroup of H(2,C) generated by f1 = (a1, α1) and
f2 = (a2, α2) and f3 = (a3, α3), where αk ∈ C\R with |αk| 6= 1, for every 1 ≤ k ≤ 3

and a1 =

[ √
2
0

]
, a2 =

[
0
1

]
and a3 =

[
−
√
3

−
√
2

]
. Then every orbit of G is dense

in C.

Indeed, by Lemma 2.1.(i), G is non abelian. By Proposition 4.2, for every z ∈ EG,

we have G(z) = EG. By Remark 2.3 EG = C2, so by Theorem 1.1, every orbit of
G is dense in C2.
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Example 7.3. Let (a1, . . . , an) be a basis of Cn and λ ∈ C\R. Then every orbit
of the group generated by Ta1 , . . . , Tan

, λId is dense in Cn.

Indeed, by Remark 2.3 we have EG = Cn and by Proposition 4.2 every orbit
of G is dense in Cn.
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