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DYNAMICS OF NON ABELIAN AFFINE HOMOTHETIES
GROUP OF C»

YAHYA N'DAO AND ADLENE AYADI

ABSTRACT. In this paper, we study the action of non abelian group G gen-
erated by affine homotheties on C™. We prove that there exist a subgroup
Ag of C*, a G-invariant affine subspace Eg of C™ and a € Eg such that
G(z) = Ag(z — a) + Eg for every z € C™. In particular, G(z) = Eg for
every z € Eg and if Eg # C™, every orbit in U = C™\E¢ is minimal in U.
Moreover, we characterize the existence of dense orbit of G. As a consequence
of the case n = 1, we describe the action of affine rotations groups of R2.

1. Introduction

A map f: C" — C™ is called an affine homothety if there exists A € C\{0,1}
and a € C" such that f(z) = A(z—a)+a for every z € C". (i.e. f=T,0(\idcn)o
T o, Ty : 2z z+ a, idce the identity map of C™). Write f = (a, \) and we call
a the center of f and A the ratio of f.

Denote by:
e H(n,K) the group generated by all affine homotheties of K" (K = R or C). i.e.

Hn,K):={f:z2 — Az+a; a e K", N e K"}.

e R,, the subgroup of H(n,C) generated by all affine rotations of C". i.e.
Ro={f:2+— e2+a acC", R}.

e 7, the subgroup of H(n,C) generated by all translations of C™.
e Let Hy = (3 + nZ) U (nZ), F» = {e'®, x € H,} and

SRy i={ f=(a,e?) e Ry; 0 € Hyya e C"}.

e Let Hy = (5 4+ nZ) U (=% + nZ) U (7Z), F3 = {e"*, x € Hs} and
SsRn={ f=(a,e”) € Ry; 0 € Hy,ac C"}.

We have F» and Fj are finite, SaR,, and S3R,, are subgroups of H(n,C) containing
Tn.
[ ] SRn = SQRn U San
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We say a group of affine homotheties of C™ any subgroup of H(n,C).

Let G be a non abelian subgroup of H(n,C). There is a natural action H(n, C) x
C": — C" (f,v) > f(v). For a vector v € C", denote by G(v) := {f(v) :
f € G} C C™ the orbit of G through v. A subset A C C" is called G-invariant if

f(A) C Afor any f € G; that is A is a union of orbits and denote by A (resp. A )
the closure (resp. interior) of A.

If U is an open G-invariant set, the orbit G(v) C U is called minimal in U if
G(w)NU = G(w)NU for every w € G(v) NU.

We say that H is an affine subspace of C" with dimension p if H = F + a, for
some a € C" and some vector subspace E of C™ with dimension p. For every subset
A of C™, denote by vect(A) (resp. Aff(A)) the vector (resp. affine) subspace of
C"™ generated by all elements of A.

Denote by:
-Ag ={\: f=(a,\) € G}. Tt is obvious that Ag is a subgroup of C* (see
Lemma 2.4).
-Fix(f) :={z € C": f(z) =z}, for every f € H(n,C). See that Fiz(f) = 0 if
f €T, and Fiz(f) =aif f = (a,\) € H(n, C)\Ty.
-Te:= U Fix(f). Since G is non abelian then G\T,, # 0, so I'c # 0.
FEG\Tx
-Gy =G 0\7; is a subgroup of 7.
- G1(0) ={f(0), fe G}
- Eqg =Aff(T'¢UG1(0)) the affine subspace of C™ generated by I'¢ U G1(0).
- St={z€eC: |z|=1}
Remark that Eg # () since I'g # 0 and G1(0) # 0.

In [5], we have described the action of non abelian subgroup of H(n,R). This
paper can be viewed as continuation of that work.
I learned that Zhukova have proved in [1] similar results to Lemma 3.1, Proposi-
tion 4.2 and Corollary 1.2.(ii), in the real case. The methods of proof in [1] and in
this paper are quite different and have different consequences.

In [2], Arek Goetz investigates noninvertible piecewise isometries in R? with the
particular interest on the maximal invariant sets and w-limit sets. Unlike in [3], the
induced isometries Ty and Ty of its system T : X — X are not translations but
rotations. The partition P consists of two atoms: Py, the open left halfplane and
Py, the closed right halfplane.

Our principal results can be stated as follows:

Theorem 1.1. Let G be a non abelian subgroup of H(n,C) such that Ag\R # 0.
Then :
(1) If G\SR,, # 0, one has:
(i) G(z) = Eg, for every z € Eq.
(ii) if U = C"\Eqg # 0, there evists a € Eg such that G(z) = Ag(z — a) + Eg,
for every z € U.
(2) If G C SR, one has:
(i) G C §;R,, for some i € {2,3}.
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(ii) G(z) = F;z + G(0), for every z € C™.

Corollary 1.2. Under notations of Theorem 1.1. One has:
(1) If G\SR,, # 0 and U # 0, then:
(i) Ewvery orbit in U is minimal in U.
(i) If G\R,, # 0, then Eg is a minimal set of G in C™ contained in the
closure of every orbit of G.
(iii) All orbits in U are homeomorphic.

(2) If G C SR, then G has a dense orbit if and only if G1(0) = C".

Corollary 1.3. Let G be a non abelian subgroup of H(n,C) with A¢\R # 0 and
G\SR,, # 0, then G has no discrete orbit.

Corollary 1.4. Let G be a non abelian subgroup of H(n,C) with A¢\R # 0 and
G\SR,, # 0. Then the following assertions are equivalents:

(1) G has a dense orbit in C™.
(2) Every orbit of U is dense in C™.
(3) G satisfies one of the following:

(i) Eg =C"

(ii) dim(Eg) =n—1 and Ag = C.

Theorem 1.5. Let G be a non abelian group generated by two affine rotations Ry
and Ry, of R?, having angle respectively 0 and ¢'. Then:
(1) every orbit of G is dense in R? if and only if there is one of the following:

(i) (H2UHs)\{0,0'} # 0.

(ii) 0 € H; and 0' € H; with i # j, i,j € {2,3}.
(2) every orbit of G is closed and discrete in R? if and only if G1(0) is closed and
discrete with 0,0' € H; for some i € {2,3}.

Remark 1.6. If G is a non abelian subgroup of H(n,C) with A¢ C R, then it can
be considered as a subgroup of H(2n, R), by identifying C" to R?". So Theorem 1.1
has the same form of Theorem1.1 in the real case (see [5]).

Corollary 1.7. If G is a non abelian subgroup of H(n,C) generated by n-2 affine
maps, it has no dense orbit.

This paper is organized as follows: In Section 2, we introduce some preliminaries
Lemmas. In Section 3, we characterize the case n = 1 and we prove Theorem 1.5.
Section 4 is devoted to given some results in the case G\SR, # 0. In Section
5, we characterize any subgroup of SR,. In Section 6, we prove Theorem 1.1,
Corollaries 1.2, 1.3, 1.4 and 1.7. In Section 7, we give three examples.
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2. Preliminaries Lemmas

Lemma 2.1.
(i) Let f = (a,), g = (b,8) € H(n,C)\T, then fog = go f if and only if
a=bora=1orp=1.
(ii) If Fix(f) = Fix(g) then fog=go f.
(ili) Let G be a non abelian subgroup of H(n,C), then there exist f = (a, ),
g = (b,8) € G\T,, such that a # b.

Proof. (i) fog(x) = go f(x), for every x € R™, if and only if
Az =b)+b—a)+a=pAz—a)+a—0b)+0D,

= b+ Ab—a)+a=—pra+pla—0)+b,
— (a—b)(Ap—A—p+1)=0
= (a—b)(A—1)(p—1)=0.

So the results follows.

(i) There are two cases:

o If Fiz(f) = Fiz(g) = @ then f =T, and g = T}, for some a,b € R™, so fog = gof.
o If Fiz(f) = Fiz(g) = a, then T,o0 foT_, = Mid and T, 0 goT_, = uid, for some
AMp€eC* so fog=gof.

The proof of (iii) results from (ii) since G is non abelian. O

Lemma 2.2. ([5], Lemma 2.3) Let B = (a1, ..., a,) be a basis of C™. Then Af f(B)
is defined by

Aff(B) := {z = Zakak : ap € C, Zak = 1}.
k=1 k=1

Remark 2.3. As consequence of Lemma 2.2, if E contains a, a1, ..., a, such that
n n
(a1,...,ay) is a basis of C™ and a = > agar with > ap # 1. Then Eg = C™.
k=1 k=1

Lemma 2.4. Let G be a non abelian subgroup of H(n,C). Then Ag is a subgroup
of C*. Moreover, 0 € A if G\R,, # 0.

Proof. One has 1 € Ag since idgn € G. Let \,u € Ag and f,g € G defined by

fixr— Ax+a,and g:x— pur+b, € R so fog l(z) = %x—%—i—a.

Hence % € Ag. Moreover, Ag\S! # 0, if G\R,, # 0. So li?l@ a™ = 0, for any
m— 100

a € Ag\S!. It follows that 0 € Ag. O

Lemma 2.5. Let G be a non abelian subgroup of H(n,C) with G\SR,, # 0 and
AG\R # (0. Then:

(i) Ac\(F2 UF3 UR) #0.
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(ii) if Eq is a vector space, there exist f1 = (a1, N),..., fp = (ap, A) € G\SR,
such that A€ AG\R and (aq,...,ap) is a basis of Eq.
(i) if G =T—_q0GoTy, for some a € T'q, then Eqr =T—_,(Eg) and Agr = Ag.

Proof. (i) Let f = (a,X),g = (b, i) € G such that X € Ag\R and p ¢ (F> U F3).
Suppose that X € F; for some ¢ € {2,3} and u € R, so |N| =1 and |u| # 1 since
—1,1 € Fb U F3. Then |Nu| # 1, it follows that ANy ¢ (Fo U F3) and N ¢ R
because pr € R and X ¢ R. Therefore fog = (¢, N ) for ¢ = %Wl S0
A= )\/M S Ag\ (FQ U F3 UR)

uppose that dim(vect(I'¢)) = k < dim(E¢g) = p. By Lemma 2.1 (iii), £ > 1.
), welet ai,...,ax € I'q and b1, ..., b, € G1(0), such that:

S
y (i

- By =(a1,...,ak,bk41,...,bp) is a basis of Eg.
- (a

- f

(ii
B
ai,...,ax) is a basis of vect(I'g).

(al, ) S G\SRn with A € Ag\R (i.e. A€ AG\(F2 UF3U R))
-fr = (az, ')EG\%,’L'ZQ,...,]{I.

Write f/ = f;o fo f !, for every 2 < i < k. We have f! = (fi(a1),\) € G\T,. See
that fi(al) = \a1 + (1 —XN)a; €lg,i=2,...,k.

For every k +1 < i < p there exists T; € Gy such that T;(0) = b;. Write
fi=T;ofoT; ! for every k+1 < i <p. We have f; = (Ti(a1),\) € G\SR,. So
Ti(al) € I'g and Ti(al) =ay + bi, k+1<:i< .

Let’s show that By = (f1(a1),..., fx(a1), Tk+1(a1), ..., Tp(a1)) is a basis of Eg:
Let

1 1
B A 0O ... 0
M = € Mn((C), with A= . . € My, p_k((C),
0 Ipk R ’
0 0
1 Ao A3 ... Ak
0 1—-X 0 ... 0
B=|:1 . E € My(C).
: . . 0
0 e 0 T = )

and Ip_j is the identity matrix of M,_r(C). As f; € G\Tn, \i # 1, for every
i=2,...,k,s0 M is invertible and M (B1) = By. So Bs is a basis of Fg contained
in ', a contradiction. We conclude that k& = p.

(iii) Suppose that E¢ is an affine subspace of R™ with dimension p. Let a € I'¢ and
G =T_,0GoT,. Set f =(a,\) € G\Tp, then T_, 0 f o T, = Niden € G'\ Ty, so
0 € T'g: C Egr, hence Eg is a vector space. By (ii) there exists a basis (a},...,a;,)
of E¢ contained in I'g. Since 'y = T—,(T'c), we let ap, = Ty(a),), 1 < k < p, then
ai,...,ap €ETg. WehaveI'qr =T_,(T'g) C T- (Eg) and T_,(E¢) is a vector sub-

space of R" with dimension p, containing a}, ..., a;,. Therefore Eq: = T_,(Ecg).
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On the other hand, for every g = (b,u) € G\Tn, T—a0go T, = (b — a,u), so
A = A, 0

Lemma 2.6. Let G be a non abelian subgroup of H(n,C). Then:
(i) If Eg is a vector subspace of C", then G(0) C Eg.
(ii) T'g and Eg are G-invariant.

Proof. (i) By construction, G1(0) C Fg. Let f € G\Gi, then f = (a, ), for
some A € Ag and a € T'¢ C Eg. Therefore f(z) = A(z —a) +a, z € C" and
f(0)=(1— Xa, so f(0) € E¢ since E¢ is a vector space.

(ii) I'g is G-invariant: Let a € I'¢ and ¢ € G then there exists A € C\(Fz U F3)
such that f = (a,\) € G\SR,. Welet h=gofog = (g(a),\) € G\SR, so
g(a) € T and hence I'¢ is G-invariant.

Eq is G-invariant: Let a € 'g and G’ = T_,0G o T,. We have G’ is a non abelian
subgroup of H(n,C) and Eg = T—,(E¢) is a vector subspace of C*. Let f € G’
having the form f(z) = Az +b, z € C". By (i), b = f(0) € T C Egs. So for
every z € Egr, f(z) € Egr, hence Eg: is G'-invariant. By Lemma 2.5.(iii) one has
E¢ =T_,(E¢) is G-invariant. O

Lemma 2.7. Let G be a non abelian subgroup of H(n,C). Suppose that Eg is
a vector space and there exist fi = (a1,A),..., fp = (ap,A) € G\SR,, with A €
Ac\{0,1} and By = (a1,...,ap) is a bases of Eg. Then there exists f = (a,\) €
G\SR,, such that By = (a1 —a,...,ap —a) is also a basis of Eq.

Proof. Let a = f,—1(ap), since fp—1 = (ap—1,A) € G\SR,, then a = Aa, + (1 —
A)ap—1. By Lemma 2.6.(ii), I'¢ is G-invariant, so a € I'. Let

1 0o ... 0 0
0
P = : I K : :
0 ... 0 1 0 0
A—-1 ... ... A—=1 X A-1
S NS U W R
Since A ¢ {0,1}, then det(P) = 2A(1 — A) # 0 and P is invertible. We have
P(By) = By so By is a basis of R™. O

By the same proofs of Lemmas 2.8 and 2.1, in [5], we can show the following
Lemma:

Lemma 2.8. Let G be the subgroup of H(n,C) generated by f1 = (a1, M), ..., fp =
(ap, Ap) € H(n,C)\\SR,,. Then Eg = Aff({a1,...,ap}).

Lemma 2.9. Let G be a subgroup of H(n,C) generated by f = (a,\) and g = (b, ).
Then A = C(b — a) + a is G-invariant and G a is a subgroup of H(1,C).
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Proof. Let a € C, and z = a(b — a) 4+ a we have

f)=XMab—a)+a—a)+a and 9(z) =pla(b—a)+a—>b)+b
=Xa(b—a)+a =pla=1)(b—a)+b—a+a.
— (Ut plo— 1)) —a) +a

So f(z), g(z) € C(b—a)+ a. O

Lemma 2.10. Let G be the group generated by h = Aldc and f = (a,\) with
a € C*, A ¢ C\{0,1}. Then for every k € Z*, one has:

(i) Ag = {N, j€Z} and for everyb € T'g, g= (b,\) € G.

( ) (/\k — 1)2G1(0) Cc Gy (0) and ()\k — 1)2FG C Gl(O)

(iii) A*G1(0) C G1(0).

(i) if \F £ 1, (ﬁ) G1(0) € T and (1 — N)Tg  Tg.

Proof. Let k € Z* such that \* # 1.
(i) Let be T'g and g1 = (b, ) € G\T1,80 g1 = h™ o f™ o---0h™ o f™ for some
p € Nand ni,mq,...,np, my € Z. Then

gaz) =AM (AN (z—a)+a)---—a)ta), z€C
It follows that p = M with j = ny +my + - +np +myp and so Ag ={N, jeZ}.
It follows that g = (b,\) = g7’ ™' € G.

(ii) Let a € G1(0) and g =T, 0hoT_,,s0 g = (a,\) and g¥ o hF o g7 o h=F(2) =
2+ (1= X¥)2%a, 2 € C. So (A\* —1)%a € G1(0).

Let b € T'g. By (1), = (b,\) € G then gk oh¥ o g o h™F(2) = 2+ (1 — )2,
z€C. So (1- )2beG1(
(iii) Let b € G1(0). We have T}, € Gy and
h¥ o Tyo h™F(z) = N¥(A\ %2 + b)
=2+ \*D,
then \Fb € G1(0)

(iv) Let a € G1(0). We have T, € G; and
T,ohk(z) =Mz +a

_\k _ a a
=A (’Z 1Ak)+1/\k’

then f; = T, o h¥ = (1 M,/\k)

a
m elqg (1)

Let b € T'. By (ii), (1 — A¥)2b € G1(0) and by (1), “1—_*;,22’) =1-Mpelg. O
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Lemma 2.11. Let G be a subgroup of H(1,C) with 0 € T'¢. Then:
(1) Agz + G1(0) C G(2) C Agz + G(0) for every z € C.
(#3) (1 =NTeUG1(0) C G(0) C G1(0)UT .

Proof. Let h = XMiden € G for some A € Ag, since 0 € T’ and let f' € G with
floh#hof' sof=fohof'=t=(a,\) for some a € I'g.

Proof of (i): Let g = (b, 1) € G, s0

_fmz=b)+b=pz+(1—-ph, ifgeG\T1

g(z)_{ 2+b, if g€ @)
By (2), b,(1 — )b € G(0), so G(z) C Agz + G(0). Conversely, let p € Ag,
a € G1(0) so Ty € G. By Lemma 2.10,(iv), o’ = 1%, € I'c and by Lemma 2.10,(i),
g = (a',p) € G\Ti. Then g(2) = u(z —a') + a' = pz+ (1 — p)d’, thus g(z) =
uz 4+ a € G(z). Tt follows that Agz + G1(0) C G(2).

Proof of (ii): Let b € G(0), so b = f(0), for some f = (a,u) € G. By (2),
b=a€ G1(0) if f € Gy and a € T'g if f € G\T1. By Lemma 2.10,(i), u = \¥ # 1
for some k € Z*, then b = (1 — A\*)a and by Lemma 2.10,(iv), b € T'¢. It follows
that G(O) C Gl(O) Ulg.

Let b € T'¢. By Lemma 2.10,(i), g = (b,A\) € G\T1, so ¢g(0) = (1 — A\)b € G(0).
Then (1 — A\)I'¢ C G(0). As G1(0) C G(0), the results follows. O

Notice that the following Lemma is a consequence of Theorems 2.1 and 3.1 given
in [4], for a closed subgroup of R™, by identifying C* to R?", we obtain:

Lemma 2.12. Let H be a closed subgroup of C. Then:
(1) If H is discrete then H = Za or H = Za + Zb, for some basis (a,b) of C over
R.
(2) If H is not discrete then there is one of the following:
(i) H=C.
(i) H = Ra, for some a € C.
(iii) H = Ra + Zb, for some basis (a,b) of C over R.

3. Some results for the case n=1

In this section, we study the case when n = 1 and G is generated by f = (a, A)
and g = (b, u) for some A € C\R, € C and a,b € C™ with a # b.

3.1. Case: |\ # 1.
Lemma 3.1. Let A € C\S!, u € C and a,b € C* with a # b. If G is the

group generated by f = (a,\) and g = (b, p) then G1(z) = C(b—a) + a for every
z € C(b—a)+a. In particular, G(z) = C(b—a) + a for every z € C(b—a) + a.
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Proof. We can assume that p = A, otherwise we replace g by go f o g~! and so
G will be the group generated by f = (a,A) and g = (b, ). Suppose that |A| > 1
(leaving to replace f by f~1).
(i) Firstly, we will show that G; is not discrete. Denote by G’ = T_, 0 G 0T, then
G’ is generated by h =T_,0 foT, and ¢ =T_, 0 goT,. We obtain h = A.idcn
and ¢’ = (b—a, \).

Therefore h¥ o g’ o h=F 0 g'=*(2) = 2 — (\* = 1)%(b—a), 2 € C" for every k € Z.
Write T, = h¥ o g’* o h=% 0 ¢'=F is the translation by ay = —(\* —1)2(b —a). One
has

ar — appr = (A1 =12 = (W = 1)?) (b—a)
=X =)W L X —2) (b —a).
Since |A| > 1, it follows that

lim ||lag — ag+1]] = 0. (1)
k——o0

so G1(0) can not be discrete.

(73) Secondly, suppose that G (0) # C(b — a), then by (i) and Lemma 2.12, there
are two cases:

e Suppose that G(0) = (Ra + ZB)(b — a), for some basis (a(b — a),B(b — a))
of C(b — a) over R. Let u = B(b — a) and T, the translation by u. See that
u € G4(0) ¢ G’(0) and so G'(u) € G'(0). Remark that T, € G}, where G}
is the closure of G} in T, then gy = T_,ohoT, € G', so g1 = (u,)). Let
b, = —()\k — 1)2u and T3, be the translation by by, k € Z. As above, we have
Ty, = hFogboh ™ ogr® € G4NT,, since h and g; € GY, for every k € Z.
Therefore, by (1), kl_z}'mOOku — b1l = 0, 80 ||br, — brg+1]| < %, for some kg € Z.
Let v = by, — brg+1 then v = B ((AFoF1 —1)2 — (Ao —1)2) (b — a) € BR(b — a),
sov ¢ (aR + BZ)(a — b) = G/(0) since |v] < 3,

Tbko © Tbk0+1 (0) € (G/2 N 7;1)(0) C G/I(O)

e Suppose that G} (0) = aR(a — b), for some o« € C*. As XA € C\R, so aR(a — b)
can not be invariant by h. On the other hand, G}(0) C aR(a — b), then for any
T, € G}, one has v € aR(a —b) , so T = hoT,oh™! = Thy € G, hence
h(v) = M € aR(a — b), a contradiction.

a contradiction, because v =

(¢97) Finally, we conclude that G} (0) = C(a—b) and by Lemma 2.9, G’(0) = C(a—b).

It follows that G(a) = T,(C(a — b)) = C(b — a) + a. O

3.2. Case: |\ =1. In this case, write A = e, §# € R. We identify C to R?, by
the isomorphism ¢ : z = z + iy — (x,y). State the following results:

Theorem 3.2. Let G be a group generated by h = ¢*°Id; and f = (a, "), a € C*.
Then there is one of the following:

(i) Every orbit of G is dense in C. In this case f ¢ SR1.

(i) Every orbit of G is closed and discrete. In this case f € SR;.
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Proposition 3.3. If 0 ¢ 7Q, € C and a,b € C™, with a # b. If G is the group
generated by f = (a,e) and g = (b, u) then G(a) = C(b — a) + a.

Proof. By Lemma 2.9, A = C(b — a) + a is G-invariant and G4 is a subgroup of
H(1,C).

First, we can assume that 1 = e, otherwise we replace g by go fog™!, second we
suppose that a = 0, otherwise we replace G by T, o G o T_,. Then we will show

1

that G(0) = C.

Let G’ = po G o1, then G’ is the group generated by Ry = poho ¢ ! and
_ 1 . | cost —sind

Ry =¢o fop™". By a simple calculus, we can check that R; = sind  cosd }

and Ry = Ty o Ry o T_ ) is the rotation with center ¢(b) and angle 6. No-

tice by ||.|| the Euclidean norm on R? defined by |[|(x,y)|]] = /22 +y2. Let
u = (z0,y0) € R? and 0 = (0,0). There are three cases:

(1) Suppose that u # o. Write the closed ball D = {v € R?, |jv|| < |lul|} and
its border C' = {v € R?, |jv| = |ul}.

(i) Firstly, we will prove that o € R?\T(D) for some T' € G. For every z € C", on
has

hofoh ™o f l(z)= eie(efie[ew(e*w(z —a)+a)—al+a)
=z+ (1 — eQie) a.

Write ¢ = (1 — €?) a, hence ho foh™lo f~1 =T, € G\{idc} since § ¢ 7Q. Then
Tpe) = poT.op™l € @, so0 Thpey(0) € R2\ D, for some n € N, we take T’ = Thp(c)-

(ii) Secondly, let’s prove that T(D) C G’(u). Let b € T'(D) and set Cp = {v €
R2, ||| = |Ib]l}. By (i), o ¢ T(D) then C, N T(C) # 0. Let b’ € C, NT(C),
therefore b’ € G'(u), because T' € G’ and the orbit of u by R; is dense in C, since

6 ¢ mQ, so C C G'(u). In the same way, one has C, C G'(V') C G'(u), by Ry. It

follows that b € C, C G'(u) and so T'(D) C G'(u).

(iil) Finally, we conclude that G’(u) is locally dense for every u # o.

(2) Suppose that u = o, so Ra(0) # o, by applying (1) on v = Rz(0), we ob-
tain G’(v) is locally dense, so G'(0) is locally dense, since G’ (0) = G'(v).

(3) We conclude that every orbit of G’ is dense in R?, since R? is connected and
every orbit is locally dense. It follows that, every orbit of G is dense in C. O

Lemma 3.4. Let € 7(Q\Z), p € C and a,b € C", with a # b. If G is the group
generated by f = (a,e) and g = (b, i) then every orbit of G is dense in C(b—a)+a
or is closed and discrete.

Proof. By Lemma 2.9, A = C(b — a) + a is G-invariant and G4 is a subgroup of
H(1,C). Firstly, we can assume that y = %, otherwise we replace g by go fog™!,
secondly we suppose that a = 0, otherwise we replace G by T, o GoT_,. Then we

will show every orbit of G is dense in C or closed and discrete.
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Thirdly, we will show that G1(0) is dense in C or it is closed discrete. Suppose that

G1(0) # C and G1(0) is not discrete. Then by Lemma 2.12, G1(0) = Zaj + Ras

for some aj,as € R with ag # 0. So Ty, € G4 where G be the closure of G in T,,.
Let g =T, ohoT_,,, then g = (ay,e?). Since 6 € 7 (Q\Z), so e’ Ray # Ray. By
Lemma 2.10.(iii), e®?Ras C G1(0) = Za; + Ragz, a contradiction.

We conclude that G1(0) is dense in C or closed and discrete.

Finally, by Lemma 2.10, (iii), (iv) and Lemma 2.11,(i) and (ii) we have G1(0) is
closed discrete or dense if and only if are ' and G1(0) and this is equivalent to is
G(0). On the other hand, 6 € 7(Q\Z), so by Lemma 2.10.(i), A¢ is finite and the
proof results from Lemma 2.11, (i) and (ii). O

Proposition 3.5. Let € 7 (Q\Z), u € C and a,b € C", with a #b. If G is the
group generated by f = (a,e®) and g = (b,) then G(a) is closed and discrete if
and only if G C SoR,, or G C S3R,.

To prove Proposition 3.5, we need to introduce the following Lemmas:

Lemma 3.6. Let G be the group generated by h = ¢Idc and f = (ag,e') with
ap € C* and 6 € R. If G1(0) = Zay + Zas where (a1, az) is a basis of C over R then
there exists P € GL(2,C) such that Pe; = a1, Pea = az and P~'RyP € SL(2,7),

where Ry — { cost —sinb

. . . 2
sind  cosd } where (e1,e2) is the canonical basis of R?.

Proof. If G1(0) = Za1+Zasy with (a1, az) is a basis of C over R. By Lemma 2.10.(iii),
eay,e?ay € G1(0), so

a1 = nay + mas and
ePas =n'ay + m'asy
for some n,m,n’,m’ € Z. Write a1 = a + ic and a3 = b+1id, a,c,b,d € R then:

(cosh + i.sinf)(a + ic) = n(a +ic) + m(b + id)
(cosf + i.sinf)(b+ id) = n'(a +ic) + m/(b + id)
So

a.cost) — c.sinf = na + mb q b.cos — d.sinf = n'a +m'b (1)
a.sinf + c.cosl = nc + md b.sind + d.cosd = n'c +m'd

WriteP[a b
c d

Rola, ]t = Pln,m]" and Rg[b,d)" = P[n’,m/]".
As Pe; = [a,c]T and Pey = [b,d]T, so
RoPe; = Pln,m])" and RgPes = P[n’,m/]".
As (a1, a2) is a basis of C over R one has P € GL(2,R) and so
P~'RyPe; € Z* and P~'RyPe; € Z°.
It follows that P~ Ry P € SL(2,Z). O

} , then (1) is equivalent to
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Lemma 3.7. Let G be the subgroup of H(1,C) generated by h = ¢*®Idc and f =
(a,e") with a € C* and § € Hy U Hz. Then

(Z(l o efiG)Q +Z(1 . ei0)2) aC G(O) C (Z(l o efw) +Z(1 o ew)) a.

Proof. Denote by a1 = (1 —e~)a and ag = (1 — ¢)a.
e Firstly, we will prove that Za; + Zao is G-invariant:

- If 0 € Ho, suppose that 0 = 7. Then e = —i e?¥ =i soa = (1—1i)aand

az = (1 +1i)a. Let u = na; + mas, for some n,m € Z, so

h(u) =i(n(l —i)a+m(l+41i))a

= nag — may
and
flw)=i(n(l—da+m(l+i)a—a)+a

=n(l+da—m(i—1a+(1—1i)a

=naz — (m—1)a;
Then h(u), f(u) € Zay + Zag. It follows that Zay + Zas is G-invariant.
- If & € Hs, suppose that § = 37” Then e = e7'% and ¢ = ¢€'5. As

s = iz T iy _m
l1—e's =e '3 and1—e '3 =e€'5 soa; =e'saand as = e 'sa. Let u = na;+mas,
for some n,m € Z, so

and

flw) = e ((nei§a+mef%ra—a) +a

= ne’s a—(m—-—1a—e%a

im

Then h(u), f(u) € Zay + Zag. It follows that Zay + Zas is G-invariant.
e Secondly, G(0) C Zaj + Zas, since 0 € Zay + Zas and by above, Zay + Zasg is
G-invariant. In particular

G1 (O) C G(O) C Zaq + Zasy (1)

e Finally, by Lemma 2.10.(iii), (1 — e™*%)2a, (1 — ¢%)%2a € G1(0) since a € Tg.
As G1(0) is an additive group then

Z(1 — e 20+ Z(1 — €*)%a C G1(0) C G(0)  (2).
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Lemma 3.8. Let G be the subgroup of H(1,C) generated by h = Aldc and f =
(a, A) with a € C*, A ¢ R. If G1(0) is discrete then G1(0) = Zay + Zas for some
basis (a1, az) of C over R.

Proof. By Lemma 2.10.(ii), 0 # (A — 1)%a € G1(0). Write a; = (A — 1)%a. By
Lemma 2.10.(iii), az = Aa1 € G1(0). As XA ¢ R, (a1,a2) is a basis of C over
R. Then Zay + Zas C G1(0) since G1(0) is an additive group. By Lemma 2.12,
G1(0) = Za) + Za}, for some basis (af,a}) of C over R. O

Proof of Proposition 3.5. By Lemma 2.9, A = C(b— a) 4 a is G-invariant and G,
is a subgroup of H(1,C).

First, we can assume that u = €%, otherwise we replace g by go f o g™, second
we suppose that a = 0, leaving to replace G by T, o GoT_,. Then we will show
that G(0) is closed and discrete if and only if G C SaR,, or G C S3R,,. Then G is
generated by h = ¢ Idc and g = (b, ") with b € C* and § € R. If G(0) is discrete
so is G1(0). Therefore, by Lemma 3.8, G1(0) = Zay + Zas for some basis (a1, az) of
C over R. By Lemma 3.6, there exists P € GL(2,R) such that P"1RyP € SL(2,7),

| cosf —sind . ol ad v 1
where Ry = { sinf  cosd } Write P = { o ] and A= P 'RyP, so

i 1

a’d —b'c’ a’d —

Iy ’ 3 2 2 .
cost — (M) sinf (%) sinb

2 2 . 1! ’ .
—(“ Fc )sm@ cos@+(“b+dc)szn9

a’'d —b'c’ a’'d —b'c’!

As A € SL(2,Z) then there exist n,m € Z such that

N ! !
cos@—(“berc)smH:n

a’'d —b'c’

I ’ .
cost + (M) sind = m

a’d —b'c’

S0 cosf = "JrTm € %Z. Hence cosf € {f%,(), %} since 0 ¢ wZ, therefore sinf €

{—1, —E @} Thus 6 € (£ +72) U (=% + 7Z) U (% +7Z). Then G C SR,
if 0 € (5 +7Z) and G C S3R,, if 0 € (—F +7Z) U (5 + 7Z). The converse follows

from Lemma 3.4. The proof is complete. (I

3.3. Proof of Theorem 3.2.

Lemma 3.9. A\, u € C* and a,b € C™, with a # b. If G is the group generated by
f=(a,\) and g = (b, ) such that G(a) = C(b —a) 4+ a then G(z) = C(b —a) + a,
for every z € C(b—a) + a.

Proof. Let z € C(b — a) + a. There are three cases:

- If [\ # 1 or |u| # 1, then by Lemma 3.1, G1(2) = C(b — a) + a, so G(z) =
C(b—a) + a.

-If |A| = || = 1, then G C R,. Since z € G(a), then there exists a sequence
(gm)m C G such that m&rﬂwgm(a) = z. Write gm = (am,em), with |e,| = 1

for every m € N. Since (¢ma)nm, is bounded then is (@, )m. Therefore, there is a
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subsequence (aw(m))m such that ml_i}vfooaw(m) = cand ml_iazoosw(m) = ¢, for somec €

C™ and ¢ € S'. Moreover, mlirfmgw(m) = h = (c,€). Therefore mﬁngW(m)(a> =
h(a) = z. So liT g;(lm)(z) = h7!(2) = a. It follows that a € G(z), hence
m—+0o0

Cb—a)+a=G(a) C G(2). O

Corollary 3.10. Let 0 € R, p € C and a,b € C™, with a # b. If G is the group
generated by f = (a,e®) and g = (b, p) such that G\SR,, # 0 then every orbit of
G is dense in C(b— a) + a.

Proof. The proof results from Lemma 3.1, Proposition 3.3, Lemma 3.4, Proposi-
tion 3.5 and Lemma 3.9. O

Lemma 3.11. Let G be a non abelian subgroup of H(n,C). If G\R, # 0, then for

every z € C" we have I'q C G(z).

Proof. Let z € C", a € Tg and f = (a,\) € G\R,, with || # 1. Suppose that
[A] > 1 and so
lim ff(z)= lim M(z—a)+a=ua.
k——o0 k——00

Hence a € G(z). It follows that I'¢ C G(z). O

Proof of Theorem 3.2: The proof of Theorem 3.2 results from Proposition 3.5 and
Corollary 3.10.

Proof of Theorem 1.5: Let G = e loGoy, so G is a non abelian subgroup
of H(1,C). Firstly, if (Hy U Hs) \{0,60'} # 0 then G\SRy # 0. Therefore:

The proof of (1).(i) results from Theorem 3.2. Let’s prove (1).(ii):

Suppose that 0 € Hy and 6’ € H3, then by using the analytic form f = ¢ o Rgop
(resp. g = ¢~ ' o Rgr 0 ) of Ry (resp. Ryr) we have f = (a,e?) € SyRy and
g=(b,e"?) € S3Ry, where p(a) (resp. @(b)) is the center of Ry (resp. Rg). Then
fog= (c, ei(‘g*‘e/)) with ¢ = £20=a)—a g0 that 9 40 ¢ (3F +7Z) U (BF +72Z).

1—ei(0+67) *

Then 0 + 0" ¢ Hy U Hy. The assertion (1).(i7) follows then from (1).(i).

(2) In this case, we can assume that G C SR2. By Lemma 3.7, if G C SRs or
G C S3R4 then every orbit is closed and discrete. By (1), it remains to verify the
following case: 6,0 € H; for some i € {2,3}. Then G C S;R2. The results follows

from Lemma 3.7. The proof is complete.
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4. Some results in the case G\SR,, # () for n > 1
We give some Lemmas and propositions, will be used to prove Theorem 1.1.

Lemma 4.1. Let G be a non abelian subgroup of H(n,C) such that G\SR,, # 0.
So G1 # {idcn} and if 0 € T then G1(0) C T'g.

Proof. Let f,g € G such that fog # gof. Write f : z — Az4+aand g : z —> uz+b.
So for every z € C™, one has

fogof—log—l(z)x@e <%z%> %>+b)+a
—2r (A —1)b+(1-p)a

Hence fogo f~log™t =T, € Gi\{iden}, with c= (A—1)b+ (1 — p) a.

Suppose now that 0 € T'g, so there h = Xidcn € G\SR,, for some A € Ag. Let
a € G1(0), then T, o hoT_, = (a,A\) € G\SR,. So a € I'g. The proof is
complete. (I

Proposition 4.2. Let G be a non abelian subgroup of H(n,C) such that Ag\R # 0
and G\SR.,, # 0. Then G(z) = Eg, for every z € Eg.

To prove the Proposition, we need the following Lemmas:

Lemma 4.3. Let G be a non abelian subgroup of H(n,C), f € G and u,v € C"
then f(Cu+v) = Cu+ f(v).

Proof. Every f € G has the form f(z) = Az 4+a, z € C". Let o € C then
flau+v) = Mau+v)+a = dau+(Au+v) = Aau+ f(v). So f(Cutv) C Cu+ f(v),
then f(Cu+v) =Cu+ f(v). O

Lemma 4.4. Let G be a non abelian subgroup of H(n,C) such that Eg is a vector
subspace of C" and T'g # 0. Let a,ai,...,a, € Ig such that (ai,...,a,) and
(a1 —a,...,ap —a) are two basis of Eq and let Dy, = C(a —a)+a, 1 <k <p. If

Dy, C G(a) for every 1 <k <p, then G(a) = Eg.

Proof. The proof is done by induction on dim(Eg) =p > 1.

e For p = 1, if there exists a,a; € I'¢ with a # a; such that D, C W, where
D, = C(ay — a) + a, then G(a) = Eg, since D1 = Eg = C.

e Suppose that Lemma 4.4 is true until dimension p — 1. Let G be a non abelian
subgroup of H(n,C) with I'¢ # 0 and let a,ay,...,a, € ¢ such that (ai,...,ap)
is a basis of Fg. Suppose that Dy C m for every 1 < k < p.

Denote by H the vector subspace of Eg generated by (a1 —a),. .., (ap—1 —a) and
A,y =T,(H). We have A,_1 = Af f(a,a1,...,ap-1).

Set A\, \; € g, 1 <k < p—1suchthat f = (a,N), fr = (ag, \x) € G\SR,. We let
Gy, be the group generated by f and fj for every 1 < k < p—1, so Gx\SR,, # 0.
By Corollary 3.10, we have Gi(a) = Dy, for every k = 1,...,p — 1. Let G’ be the
subgroup of G generated by f, f1,...,fp—1, then D, C G'(a) for every1 <k < p—1.
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By Lemma 2.8 we have Egr = A,_1. Let G” = T_,0G’ 0T, by Lemma 2.5.(iii) we
have Egr =T_q(Ap—1) = H and Dj = T_,(Dy) C G"(0) for every 1 <k <p—1.

By induction hypothesis applied to G’ we have G”(0) = H so G'(a) = A,_1. Since
G'(a) C G(a), then

Ap1 C G(a) (1)

Let z € Eg\Ap—1 and D = C(a, — a) + z. Since (a1 —a,...,a, —a) is a basis of
Eqg,s0 H® C(ap —a) = Eg. As a,z € Eg, then z — a = . + a(ap — a) for some
re€HandaeC. Let y=x+a, as T,(H) = Ap_1 we have y € Ap_1, and
y=x+a
=z—a—alap—a)+a
=—afap—a)+z€D.
Hence ye Ap,_1ND.

By (1) we have y € G(a). Then there exists a sequence (f,)men in G such that
lim  fm(a) =y. For every m € N denote by f, = (b, Am)-

m—>+0o0

Remark that D = C(a, — a) +y, since z,y € D. By Lemma 4.3 we have f,,,(D,) =

fm(C(ap —a) + a) = Clap — a) + fm(a). Since l_z)n}r fm(a) = y then for every

v=afap —a)+y €D, a€C, one has

ml_z}rrioofm(oz(ap —a)+a)=w.

As a(ap —a)+a € D, C G(a), then v € G(a). Therefore D C G(a), so z € G(a),
hence

EG\A;D;C W (2).

By (1) and (2) we obtain Eg C G(a). Since I'¢ # () then by Lemma 2.6.(ii), we
have E¢ is G-invariant, so G(a) C Eg since a € Eg. It follows that G(a) = Eg. O

Proof of Proposition 4.2. Let G be a non abelian subgroup of H(n,R). Since
G\SR, # 0 then I'¢ # () and suppose that Eg is a vector subspace of C™, (one
can replace G by G’ =T_, 0 G o T,, for some a € I'g).

(i) We will prove that there exists a € T'¢ such that G(a) = Eg. By Lemmas 2.5,(ii)
and 2.7, there exist f = (a,A), f1 = (a1,A), ..., fp = (ap, A) € G\SR,, such that
A € AG\R, (a1,...,ap) and (a1 — a,...,ap — a) are two basis of Eg. Denote
by D = Clay —a)+a, 1 <k < p. Forevery k =1,....,p— 1, we let Gy be
the group generated by f and fi. One has Gx\SR, # 0, so by Corollary 3.10, we
have Dy, = Gi(a) C G(a) for every 1 < k < p. By Lemma 4.4, we have G(a) = E¢.

(ii) We will prove that G(z) = E¢g for every z € Eg. By (i) there exists a € I'g
such that G(a) = Eg. There are two cases:

o If G\R,, # 0, so by Lemma 3.11, I'¢ C G(z). By Lemma 2.6.(ii), I'¢ and Eg are
G-invariant, then G(a) C T'¢ C G(z) and so Eg = G(2).

e Suppose that G C R,. Since G(a) = E¢, there exists a sequence (fm)m C G
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such that lim fp,(a) = z. There are two situations:
m——+o0

- fm = (@m, Am) € G\T, for every m > ng, for some ng > 1. One has f,,(a) =
Ama + (1 — Ap)am, and the sequence (fy,(a))m is bounded, then the sequence
((1 = A\pn)@m)m is bounded and so is (@, )m. Therefore, there exists a subsequence

(Ag(m))m of (A )m and a subsequence (ay(m))m Of (@ )m such that ml_igzoo)\w(m) =
X and lim a,(y,) = b, for some b € Eg and X' € St so N #0. Let f=(bN)

m——+o00o

if M # 1and f = T, if N = 1. Therefore lz’T fm = f. Since A # 0, f is
m——+00

invertible and lim f,.'= f"' so f € G. As lim fn(a) =z = f(a), we have
m——+0o0o m——+0o0o

a=f"Yz)= m&rﬂoof,;l(z). It follows that a € G(z), so Eqg = G(a) C G(z) C Eg,

since F¢ is G-invariant (Lemma 2.6,(ii)).
- fm = Ta,, € GNT, for every m > ng, for some ng > 1. As lim f,(a) = z,

m——+oo

lim am = z —a, then lim f, = T._, € G. Therefore a = T, .(z) =
m——+oo m——+o0

l_z}vf fol(z). Tt follows that a € G(z), so Eg = G(a) C G(z2) C Eg, since

E¢ is G-invariant (Lemma 2.6,(ii)). The proof is complete. O

Proposition 4.5. Let G be a non abelian subgroup of H(n,C). Suppose that
AG\R # 0, G\SR,, # 0 and E¢ is a vector space. Then for every z € C"\Eg, we
have G(z) = Ag.z + Eg.

To prove the above Proposition, we need the following Lemma:

Lemma 4.6. Let G be a non abelian subgroup of H(n,C) such that G\SR,, # 0.
For every b € Eg and for every A € Ag there exists a sequence (fm)men in G such

that mli)n}roofm =f=(N).

Proof. Let A € Ag and b € E¢. Given g = (a,\) € G, s0 a € (T UG1(0)) C Eg.

By Proposition 4.2, we have G(a) = Fg. Then there exists a sequence (gm, )men in

G such that lin}r gm(a) = b. For every m € N, denote by f,, = gm ©go g}, so
m—>+00

Jn = (gm(@),\). Hence  lim _fr = f, with f = (b,A). O

Proof of Proposition 4.5. Let G be a non abelian subgroup of H(n,C) such that
G\SR, # 0 and E¢ is a vector space. Let z € U = C"\ Eg.

Let’s prove that Ac.z+ Eq C W: Let o € Ag and a € Eg.

e Suppose that o € Ag\{1}. Since Eg is a vector space, ' = %= € Eg. By
Lemma 4.6 there exists a sequence (fy, ) in G such that mi@mfm =f=(a,a)c

G\Tp. Then
fe)=a(z—-d)+d
=az+ (1 —a)d

=az+a € G(z),
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SO

(Ac\{1}) .z + E¢ C G(2).

e Suppose that a = 1, by Lemma 4.6, there exists a sequence exists a sequence
(fm)m in G such that liﬂ}r fm=f=T,€G1. SoT,(z) =z+ac G(z). It fol-
m—>+00

lows that az+a € G(z) and so z+ Eg C G(z). This proves that Ag.z+ Eg C G(2).

Conversely, let’s prove that G(z) C Ag.z + Eg. Let f € G.

e Suppose that f = (a,A) € G\T,. By Lemma 2.6.(i), f(0) = (1 — M\)a € E¢ since
E¢ is a vector space. Then f(z) = Az —a)+a=Az+ (1 —Aa € Ag.z + Eg.

e Suppose that f = T, € GN Ty, so f(z) = z+a € Ag.z + Eg, since by
Lemma 2.6.(1), f(0) = a € Eqg. It follows that G(z) C Ag.z + Eg. Therefore
G(2) C Ag.z + Eg. Hence G(z) = Ag.z + Eg. O

5. Some results in the case G C SR,,

In this section G is a subgroup of S;R,, (i =2 or i = 3).

Lemma 5.1. Let G be a subgroup of H(n,C) such that G C SR, (i =2 ori=3).
Then:

(i) Ag = F;. Moreover, for every \, u € Ag, A = pF for some k € Z.

(i) G1(0) = G(0).

(iii) There exists a € T'q, such that G(z) = Ag(z — a) + G(a), for every z € C".

Proof. Let a € Tg and G’ =T_,0G oTy,. Then h = piden € G, for some p € Ag,
so0elg.

(i) The proof follows from the construction of S;R,, ¢ = 2 or 3 and since F; is
cyclic.

(ii) Firstly, [g: C G4(0); Indeed, if f = (b,A\) € G'\T,, then by (i), \¥ = 1 for
some k € Z since F; is cyclic, i € {2,3}. Thus f¥ = (b,1) = T, and so b € G}(0).
Secondly, let a € G'(0)\G1(0) and f = (b, \) € G'\T,, such that a = f(0) = (1—-A)b.
By (i), u¥ = ), for some k € Z. By applying Lemma 2.10.(iv) on the group Gy
generated by h* and f, we have (1 — \)T'gx C T'gr, 50 a = (1 = A\)b € T C D
It follows that a € T C G(0). The proof of (ii) is complete.

(ili) By Lemma 2.11,(i), G'(2) C Agz + G'(0). Conversely, let A € Agr, a € G7(0)
so T, € Gy. By (i), A = p* for some k € Z. As in the proof of Lemma 2.10.(iv),
g="T,o0h* = (ﬁ, )\), so o' = %5 € I'qr. Therefore, g(2) = Mz —d') +ad' =
Az + (1= XN)d, so g(z) = Az +a € G'(2). Therefore, Ag:z + G1(0) C G'(2). By
(i), Agrz + G'(0) C G'(2). Tt follows that G'(z) = Ag/z + G'(0), then G(z) =
Ag(z — a) + G(0), since Agr = Ag, G(2) = T,(G'(z — a)) and G(a) = T,(G'(0)).
The proof of (iii) is complete. O
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6. Proof of main results

Recall that U = C™\ Eg.
Proof of Theorem 1.1. Let a € Eg and G' = T_, o G o T,. By Lemma 2.5.(iii),
E¢ =T_,(Eg) is a vector subspace of C". Then :
e The Proof of (1).(¢) results from Proposition 4.2.
e Proof of (1).(i4): By Proposition 4.5, G'(z — a) = Ag/.(z — a) + EJ, for every
z € U. So by Lemma 2.5,(ii), T_4(G(2)) = Ac.(z — a) + Eg — a, it follows that

W:E.(z’—a) + Eg.

e Proof of (2): The proof of (2) results from Lemma 5.1. O

We will use the following Lemmas to prove Corollary 1.2.

Lemma 6.1. Let G be a non abelian subgroup of H(n,C) with G\R,, # 0 and

U # 0, then for every z € G(y) NU we have G(z) NU = G(y)NU.

Proof. Suppose that E¢ is a vector space (otherwise, by Lemma 2.5.(ii), we can

replace G by G' = T_,0GoT, for some a € E¢). Let z € G(y)NU and y € G(z)NU.

By Theorem 1.1.(1).(iii), there exists a € Eg such that G(z) = Ag(z — a) + Eg.

Since E¢ is a vector space and a € E¢ then G(z) = Acz+ Ec. In the same way,
G(y) = Agy + Ec, (1).

See that G(2) NU = (Ag\{0})z + Eg. Write y = az + b, where o € Ag\{0} and
be Eg. So by (1),

G(y) = Agy + Ec = Ag(az +b) + Eg = aAgz + Eg.

By Lemma 2.4, 0 E_AG and Ag is a subgroup of C*, then aAg = Ag, since a € Ag.
Therefore G(y) = Agz + Eg = G(z). O

Lemma 6.2. Let G be a non abelian subgroup of H(n,C) such that Eg is a vector
subspace of C™. Let z € U then the vector subspace H, = Cz ® Eq of C™ is
G-invariant.

Proof. Let z € C"\Eg and f € G having the form f(z) = Az 4+ a, z € C", one has
a = f(0) € Eg. For every a € C, b € Eg, we have f(az+b) = Maz +b) +a =
Aaz+Ab+a. Since E¢ is a vector space, then Ab+a € Eg and so f(az+b) € H,. O

Proof of Corollary 1.2.

e The proof of (1).(¢): The proof results from Lemma 6.1.

o The proof of (1).(ii): As G\R,, # 0, then by Lemma 2.4, 0 € Ag. So the proof
of (ii) results from Theorem 1,1.(1).(ii).

e The proof of (1).(i7i): Suppose that F¢g is a vector subspace of C™ (leaving, by
Lemma 2.5, to replace G by G' =T_, o G o Ty, for some a € E¢).

Recall that U = C™"\Eg and let z,y € U with z # y. Denote by H, = C.2 ® Eg
and by H, = C.y @ Eg. By lemma 6.2 we have H, and H, are G-invariant. Let
®: H, — H, be the homeomorphism defined by ®(az + v) = ay + v for every
® € Cand v € Eg. For every f € G, with the form f(z) = Az + a, z € C", then
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by Lemma 3.9.(i), a = f(0) € Eg and so ®(f(2)) = P(Az+a) = y+a= f(y). It
follows that ®(G(z)) = G(y).
e The proof of (2): The proof of (2) results from Lemma 5.1. O

Proof of Corollary 1.3.
e From Corollary 1.2.(ii), the closure of every orbit of G contains Eg. Since
dim(Eg) > 1, G has no discrete orbit. O

Proof of Corollary 1.4. The proof of Corollary 1.4 results from Theorem 1.1 and
Corollary 1.2 and the fact that U = C" if U # (). O

Proof of Corollary 1.7. If G is generated by f1 = (a1, A1),..., fn—2 = (an—2, A\n—2) €
H(n,C). By Lemma 2.2, Eg C Vect(ay,...,an—2), so dim(Eg) < n — 2. By Theo-
rem 1.1 there are two cases:

o If G\SR, # 0, then G(z) = Agz + E¢ C Cz + Eg, for every z € C"\Eg and

G(z) = Eq for every z € Eq. Therefore, G(z) # C™.

o If G C SR, then G(z) = C", for some z € C™ if and only if G1(0) = C". Since
G1(0) C Eg, it follows that G has no dense orbit.

7. Examples

Example 7.1. Let G be the non abelian subgroup of H (1, C) generated by T, the
translation by a € C* and h = €15, 6 ¢ 7nZ. Then:

(i) If @ € Hy U H3 then every orbit of G is closed and discrete.

(ii) If 0 ¢ Hy U Hy then every orbit of G is dense in C.

Proof. Firstly, remark that G is generated by h and g =T, o f = (#, ew).

-If # € Hy U Hs, then g € SR1, by Theorem 3.2.(ii), the property (i) follows.

-If 0 ¢ Hy U Hs, then g ¢ SR1, by Theorem 3.2.(i), the property (ii) follows.
O

Example 7.2. Let G be a subgroup of H(2,C) generated by f1 = (a1, 1) and

f2 = (a2, a2) and f3 = (a3, as3), where a, € C\R with |ag| # 1, for every 1 < k < 3
2 0 —V3 . .

and a1 = [ \{)_ } as = [ 1 } and asz = [ _g ] Then every orbit of G is dense

in C

Indeed, by Lemma 2.1.(i), G is non abelian. By Proposition 4.2, for every z € Eg,
we have G(z) = Eg. By Remark 2.3 Eg = C?, so by Theorem 1.1, every orbit of
G is dense in C?.
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Example 7.3. Let (a1,...,a,) be a basis of C" and A € C\R. Then every orbit
of the group generated by Ty,,...,T,,, Ald is dense in C".

Indeed, by Remark 2.3 we have Eg = C" and by Proposition 4.2 every orbit
of G is dense in C".
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