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The FENE dumbbell polymer model: existence and
uniqueness of solutions for the momentum balance equation.

A.V. Busuioc, I.S. Ciuperca, D. Iftimie and L.I. Palade

Abstract

We consider the FENE dumbbell polymer model which is the coupling of the incompress-
ible Navier-Stokes equations with the corresponding Fokker-Planck-Smoluchowski diffusion
equation. We show global well-posedness in the case of a 2D bounded domain. We assume in
the general case that the initial velocity is sufficiently small and the initial probability den-
sity is sufficiently close to the equilibrium solution; moreover an additional condition on the
coefficients is imposed. In the corotational case, we only assume that the initial probability
density is sufficiently close to the equilibrium solution.

Keywords: Navier-Stokes equations; FENE dumbbell chains; Fokker-Planck-Smoluchowski
diffusion equation; existence and uniqueness of solutions.

AMS subject classification: Primary 76D05; Secondary 35B40

1 Introduction

The success of Kirkwood, and of Bird, Curtiss, Armstrong and Hassager (and their collabora-
tors) kinetic theory of macromolecular dynamics triggered a still on-going flurry of activity aimed
to providing molecular explanations for non-Newtonian and viscoelastic flow patterns. This can
be reckoned from [BAHS7] and [Ott06], for example. The cornerstone is the so called diffusion
equation, a parabolic-type Fokker-Planck-Smoluchowski partial differential equation, the solution
of which is the configurational probability distribution function; the later is the key ingredient for
calculating the stress tensor.

The simplest polymer chain model of relevance to Bird et al. theory is that of a dumbbell, where
the beads are interconnected either rigidly or elastically. Although a crude representation of the
complicated dynamics responsible for the flow viscoelasticity, the now popular Bird and Warner’s
Finitely Extensible Nonlinear Elastic (FENE for the short; see [War72]) chain model is capable
in capturing many salient experimentally observable flow patterns of dilute polymer solutions.
It was therefore quite natural that many researchers took on exploring the fundamentals of this
relatively simple model (for more on this and related issues see for example [BE94]| and [Sch06]).

The aim of this work is to take on studying the momentum-balance (or Navier-Stokes) equa-
tions together with the constitutive law for the FENE fluid. The latest is obtained by using
the so-called “diffusion equation”, practically a Fokker-Planck PDE, the solution of which is the
configurational probability density. Put it differently, we focus on a system of equations that
consists of a “macroscopical” motion PDE and a “microscopical” Fokker-Plank-Smoluchowski
(probability diffusion) PDE. More precisely, given a smooth bounded connected open set 2 C R¢
and some ball D(0, R) we will study the initial boundary value problem which consists in finding
u=u(t,z) Ry x Q=R g=g(t,2,7) : Ry xQx DO0,R) - Randp=p(t,z) : Ry x Q=R
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solutions of the two following coupled equations:

g (1 =7) / 71®7 .
(1.1) b+ u - Vi — oA D RoWe? ( o 1 ‘gz g(t,x,q)dg on R4

and

_ 1 1 q
(1.2) Qg +u-Vog + Vg (0(w)a9) = 577 A90 + 575 Va (@9) on Ry x Qx D(0, R).

Moreover, the vector field u must be divergence free and g must be a probability density in the g
variable:

(1.3) div, u =0, / gdg=1, g¢>0.
D(0,R)

The boundary conditions are

(1.4) 0

u‘m:
plus some boundary conditions for g on € x dD(0, R) which will be embedded in the function
spaces we will work with.

The constant v belongs to (0,1), Re and We are (respectively) the Reynolds and Weissenberg
numbers and N, R are some polymer related physical constants used to obtain dimensionless
quantities. We assume all these constants to be strictly positive and moreover that NR? > 2.
The quantity o(u) is a short-hand notation for either Vu or Vu — (Vu)". In fact, the physical
significance is achieved when o(u) = Vu; we will call this the general case. The choice o(u) =
Vu— (Vu)t is very close to being physical significant while having better mathematical properties;
we will call this the corotational case. Let

_ 2/2
_ 7>\ """ - Z
Z(q) = <1—— and [ ="
R fD(o,R) Z

It is not hard to observe that the couple (0, 7) is a steady solution of (1.1)—(1.4).

The initial boundary value problem (1.1)—(1.4) was studied by several authors but mostly in
the case where 0 = R? or R3. The results are different, depending on the model (general or
corotational). We start by describing the results where = R? or R3. We restrict ourselves to
the model described above, but we would like to mention that there are other results on closely
related problems (for example a model when the variable g lies in the full plane or full space, the
Hookean model, etc.). We refer to [Mas10] for a discussion of all these models.

Global existence and uniqueness of strong solutions of problem (1.1)—(1.4) is known in the
following situations:

e O = R? and corotational model if uy € H*(R?) and gy € H*(R?* Hj(D(0, R))), s > 2 (see
[LZZ08]). The regularity of go in the g variable was improved in [Mas08] to some L” weighted
space for large p.

e ) = R? and general model or @ = R3 and general or corotational model if uq is small in
H*(R?) and if ||Z72(|g0 — Z| s @) || 2 o,y 18 small, where s > 14 § where d € {2,3} is
the space dimension (see [LZ08, Mas08]).
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Global existence (no uniqueness yet) of some weak solutions for rough and arbitrarily large
initial data was proved in both dimension 2 and 3, first in the corotational case by [LMO07] and
quite recently in the general case by [Mas10], see also [BS10] for a slightly different version of the
system of equations.

Long time asymptotics of the general model were studied in [JLLOO06] where a priori esti-
mates are obtained to prove formally the stability of the equilibrium solution. In [BSS05] the
authors studied a related model where a smoothing operator is acting on the velocity field and
the corresponding stress tensor.

As far as strong solutions on domains with boundaries are concerned, we are aware of two
works. One is [ZZ06] where local existence and uniqueness is proved if uy € H*(Q) and if gy is H*
in  and has some weighted H? regularity in the variable g. Another one is [KP10] where local
existence is shown if ug € WHP(Q) and go is W'* in x and has some weighted LP regularity in the
q variable and p > d.

The goal of this paper is to address the issue of existence and uniqueness of strong solutions
for the above mentioned initial boundary value problem on bounded domains 2 C R? with ho-
mogeneous Dirichlet boundary conditions. This is not a straightforward adaptation of the known
results in the full plane. Indeed, the proof of global existence results of solutions proved by [LZZ08]
uses heavily the Littlewood-Paley decomposition and paradifferential calculus; this is of course not
available on bounded domains. Even the global existence results for small data involve technical
difficulties that make necessary to assume an additional condition of the material coefficients,
more precisely we will need to assume (1.5). We refer to Section 6 for a detailed explanation why
this is necessary.

In the general case, we show the following global existence and uniqueness result for initial
data which is sufficiently close to the equilibrium solution (0, Z).

Theorem 1 (general case). Let s € (1,3). Assume that ug is divergence free, vanishes on 9Q and
belongs to H*(Q). Assume moreover that Z ™2 9ol =) € L*(D(0, R)), go > 0 and fD(O,R) godq =
1. There exists two positive constants K1 = K1(Q, s) and Ky = K5(f, s,v, Re, We, N, R) such that
if the fluid related coefficients verify the relation

1—fy<
NWe —

(1.5)

Ky

and if the initial data is sufficiently close to the equilibrium solution (0, Z)

< K,

Hs(Q) S KQ and

Hgo _ZHHS(Q)
o |=—7

V7

then there exists a unique solution to system (1.1)—~(1.4) such that

L2(D(0,R)

we LRy H(Q)) N LA(Ry; H(Q))
and

1Z 3 llgllm@ |l 2o € LR 1221Va(a/2) 1@ || sagpio.my € L2(R)-

In the corotational case we improve the previous result in the following manner. Not only the
restriction on the material coefficients (1.5) is no longer required, but the initial velocity wg is
arbitrarily large as well. More precisely, we have the following theorem.

Theorem 2 (corotational case). Let s € (1,3). Assume that ug is divergence free, vanishes

on 092 and belongs to H*(Q). Assume moreover that ||gol|ms)/VZ € L*(D(0,R), go > 0 and

3
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fD(O,R) gdq = 1. There exists a positive constant K3 = K3(€, s,7v,Re, We, N, R) such that if the
following smallness assumption holds true

< exp|—K3(1 + ||uo|

L2(D(0,R)

H g0 — 7||Hs(9)’

V7

then there exists a unique solution to system (1.1)—~(1.4) such that

K3||u0|| 2
HS(Q)) L2(Q)

ue L¥(Ry; H¥(Q)) N L*(Ry; HTH(9))
and

HZ_%HgHHS(Q)HL?(D(O,R) € L*(R4), HZéHV@(Q/Z)HHS(Q)HLQ(D(O,R) < LQ(R+),

Compared to the result of [LZZ08] valid in the case of the full plane, we have an additional
condition on go: it needs to be close to Z. As explained above, this is due to the fact that we
work with bounded domains and the methods of [LZZ08] do not work here. Nevertheless, we have
an improvement in the regularity assumptions. More precisely, we require a regularity in the x
variable which is H*, 1 < s < —, while in [LZZ08, Mas08] it is necessary to assume that s > 2.
The regularity in the g variable is also improved, roughly from H' to L.

The paper is organized as follows. In Section 2 we reformulate the problem (1.1)—(1.4) and
introduce the notations. We construct next in Section 3 a sequence of approximate solutions. The
global existence of the approximate solutions is proved in Section 4. We show uniform estimates
for the approximate solutions and complete the proofs of Theorems 1 and 2 in Section 5. The last
section contains two final remarks on the hypothesis we have to assume.

2 Notations and functional framework

We start by making a change of functions allowing to rewrite the equations in a better form.
Notice first that

Vag +N-—pp H?g_ZV <Z>

If we set
0= M@= (=1, flt2.q)=glt.2.Ra)
and
S € et )(25) [ S Ui
Re ReWe? \ N 46 We 2

then the couple (u, f) must verify the following system of equations:

(2.1) ou+u-Vu—aAu+Vp=asV, - / 1q_<8; q|2qu on R, x
D
(2.2) Of+u-Vyf—asV,- [qu (%)] +V, (o(u)gf)=0

on R, x Q x D(0,1)
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and

1
divu =0, / fdg=—.
D(0,1) R?

The boundary conditions are homogeneous Dirichlet conditions for the velocity u plus some bound-
ary conditions for f on € x 9D(0,1) which are implicit from the condition that f has the below
defined H3, regularity in the ¢ variable (we refer to [Mas08] for a discussion on the boundary con-
ditions verified by functions in H},). We also prescribe the initial data u} o= Uo and f } o= Jo.

We recall now the usual spaces for the solutions of the Navier-Stokes equations:
H={ve(L*()* V-v=0,v-v=0 on 00}
where v is the outward normal to 92 and
V={ve(H;(N)* V- -v=0}

We will abbreviate in the following D = D(0,1). We introduce next the following Banach spaces:
L3, = L*(D 1 = {¢; / dg < oo},
M 7 M I
1
L2L3, = L*(Q x D, dedq {o; // dxdq<oo}

LL?M_LQ(R x D, dedq {(p, // dxdq<oo}
]R2><D

HIL ={0:QxD—C; |¢llyga, = HH@HH“(Q)HBM(D) < oo},

H Ly = {¢p:R*x D = C; |lllgrs, = HHSOHHU(R2 HL2 (o) <%
HIHyy = {0 Q% D= Ci llellugry, = [1MVo(57) e |l 2,y < 03
H.Hy;, ={p:R*x D —C; el i, = 1MV )”Hcr RQ)HLQ py < b,

HSH), = HJL3, N HSH),.

The quantities (function spaces, vector fields, etc.) with a bar on top have the x variable in R2.
Below, all functions f and their different versions (f", f", g", ", etc.) are assumed to belong

to spaces which are Hi, in the ¢ variable (which implies boundary conditions in the ¢ variable).
We have the following Poincaré type inequality. If ¢ = ¢(, ¢) is such that [ pedg =0, then

(2.3) lellzzrz, < Clleliam -

see [Chul0].

Let now denote by AZ the Fourier multiplier (D)7, i.e. the operator of multiplication in the
Fourier space by (1 + [¢]? ) We will always apply this operator in the z variable (the functions
need to be defined on R? of course).

The divergence of a matrix is taken along rows: for A = (a;;) we define div A = (3_; 9;a;);.
Scalar product of matrices is defined by A : B = El ;@ijbij. The tensor product of two vectors x
and y is the matrix * ® y = (2;y;)i;.
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3 Construction of a sequence of approximate solutions

Clearly C°(D) is dense in L3, and a positive function in L3, can be approached by a sequence of
positive smooth functions (cut-off and convolution preserve the sign if the cut-off and convolution
functions are non-negative). Moreover, we can assume that the integral of each of the approximate
functions is equal to the integral of the limit function (otherwise we can normalize each of the
approximate function by multiplying with an appropriate constant). In the z variable, the usual
standard smoothing procedure is also achieved by cut-off and convolution and these operations
preserve the sign. Therefore, there exists f' € C5°(Q x D), non-negative, such that

(3.1) for— fo in HEL3,

and
(3.2) / fordg= R
D

Let us denote by P the Leray projector, i.e. the orthogonal projection operator from (L?(£2))?
onto H, and by A the Stokes operator defined by A = —PA. It is well known that A is a self-
adjoint operator on H with compact inverse and that D(A%/?) = (H?())*NV, Vo € [1,2) and
D(A?7?) = (H°(Q))*N H, Yo € [0,1) with equivalent norms (see [FM70]).

Denote A1, Ao, ..., A\, ... the sequence of eigenvalues of A and vy, vs,...,v,,... the corre-
sponding eigenvectors that form an orthonormal basis in H. Let H,, := Z{vy,vs,...,v,} be the
vector space spanned by the first n eigenvectors of A, and P, the orthogonal projection of L?(£2)
onto H,. We endow H, with the L? norm making it a Hilbert space. We observe that for any
o € [0,3) there exists some constant C(c, ) independent of n such that for any g € H(2) we
have

(3.3) IPngll o) < Clo, D)9l o)

Indeed, it is well-known that P is bounded on H?(Q2). Then Pg € H°(Q) N H = D(A°/?).
Moreover, P, is an orthogonal projection in D(A?/?) so we can write the following sequence of
estimates:

IP.g o) < C|A72P,Pgl|12() = C||Pa APyl 120
< C|A°Pgl|r20) < C'||Pgll ooy < C"[|gll 1o (o)

which proves (3.3).
Letting P operate on relation (2.1) leads to

%+Q1AU+P(U Vu) —OQIP’{ / | }
We consider the following approximation problem: find (u”, f) with «" € C([0,T], H,), such
that
(3.4) ou" + vy Au” + P, (u" - Vu") = P, |V, - 17‘(1|2f dg
51—
and
(3.5) Of" 4+ u" - Vo f" — sV, - [MV G})} + Vg (0(u")qf") =0
with respect to the initial conditions
(3.6) u'|,_=ug =Puug, = S7-
and such that f™ has H}, regularity in the ¢ variable. We will later use that
(3.7) Uy — U in H°(Q).
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4 Global existence of the approximate solutions

Let us first remark that for any f € H,, and any m € N, one has
(4.1) [ fl[zm @y < Cm, )| 2@
Indeed, if f=>"" | a;v; then

" 1/2
| fllamy < CIA™2 |20 = C (Z 04%”) < € max A0 F 2oy
i=1

Throughout this section C' denotes a constant that depends on n, 2, material coefficients and
other constants. It may change from one line to another.
The existence of the approximate solutions is granted by the following theorem:

Theorem 3. There exists a global solution (u™, f™) to the problem (3.4)-(3.6), such that u" €
CO (R+7 Hn) .

Proof. In this proof the various constants C, C;, C5,... may depend on n but are independent
of time. We fix an arbitrary finite time 7' > 0 and show that we can solve (3.4)-(3.6) up to time
T such that u™ € C°([0,T); Hy).

Suppose that u™ is an element of C°([0,7]; H,,). From (4.1) we deduce that

sup |[u"||wiee () < 400.
t€[0,T]

Therefore one can construct the flow y,,(¢,y) of u™ as the unique solution to the equation

dixn(t,y) = u"(t, Xt y),  Xn(0,y) =y.

Since the Jacobian determinant of y,(t,-) is equal to 1 we deduce that for any ¢ € [0,T], xn(t,-)
is a O - diffeomorphism from € to 2. B
Let f"(t,y,q) = f™(t, xn(t,y),q). Clearly f™ solves (3.5)—(3.6) if and only if f™ solves

{@f" + V- o) 0 af") = sV, - [ MY, (£) ] = 0
f(0,9,9) = £3(y, 9)-

In the equation above, the variable y plays the role of a parameter only. The existence,
uniqueness and smoothness of a solution f" to (4.2) which is H}, in ¢ was proved in [Mas08]. This
allows to construct f”, and therefore f", if u™ is given. We denote by S the operator that gives
f™ in terms of u", f* = S(u").

Since u" is smooth enough w.r.t. x we also deduce that f" is smooth enough w.r.t. y and the
same holds true for f™. Then f" satisfies (3.5) and (3.6). We observe moreover that

(4.3) /Df" dg = %

Indeed, from (3.2) we know that the above relation is satisfied at time ¢t = 0. If we integrate with
respect to ¢ relation (3.5) we have that the quantity [ p /™ dq is transported by the vector field u"
so it must be constant.

We conclude from the preceding observations that it suffices to show that there exists a global
solution u™ € C°([0,T]; H,,) of the following equation

(4.2)

(4.4)  ou" +P,(u" - Vu") + a1 Au" = asP, (Vm . / S(u™)F(q) dq) ) u™(0,x) = Prug
D

7



hal-00583748, version 1 - 6 Apr 2011

where F(q) is the following matrix:
4349
F(g) = 129
0= TP

Indeed, if such an u™ is obtained, then the couple (u™, S(u")) solves (3.4)—(3.6).
To solve (4.4) we will use a fixed point method. More precisely, we write (4.4) under the
following equivalent integral form:

t
(4.5) u(t) = e AP, g +/ eal(s’t)A]P’n[—u" -Vu" + aV, - / S(u™)F(g)dq](s)ds
0 D
We search for u™ as a fixed point of the operator

B: C°([0,Ty]; H,) — C°([0, Ty); Hy,), B(v) is given by the rhs of (4.5)

where the time T is to be chosen to ensure B is a contraction mapping. Recall that H,, is endowed
with the L? topology. One has:

t
(4.6) [1B(v) = B()[l120) < H/ e1EVAP (v . Vo — o - V)
0

L2(Q)

t
+ oy / et (s=DAp V.- / (S(v) — S(v"))F(q) dg] =0+ L.
0 D L2(@)
Next:
t
I, = e BTDAD 1y — ) - Vo + 0 - V(v — o
=/ (0 =) 0=
t
< [l =) Vot V(o= )
(4.7) 0

t
SC/ v ="l g2y (vl a2 ) + 1Vl 2202))
0

< Ctsup|jv = v'[| 2 (sup [[0] r20) + Sup [0']| z2(2))
[0,1] [0,2] [0,¢
where we used relation (4.1). To bound I, we observe first that we have the following inequality

PV - 72 ) = ZI (V- h, i) ZI (h, Vi) < ZI!hHLz IVeillZz) < C)IlL20)

Therefore
t
I < as / P, [V, - / (S(v) — S(v'))F(g) dg]
0 D L2(Q2)
< Csup| [ (8() - S()Fla)dg
(4.8) [0, ||/ D L2(Q)
S(v) — S(v')
< Ctsup '— IVMF| 20
o | VM laxo) )

< Ct Sup 1S(v) = S(v) 212,
t
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where we used that 0 > 1 to have ||[v/MF|2py < co. Next, we remark that & = S(v) — S(v')
solves the equation

0P + (v =0") - VaS(0) + 0" Vo® + V- [o(v — v')gS(v)]

LV, (0(0)g®) — azV, [qu (%)] =0, ®(0,2,9) =0.

)
We multiply the above relationship by i and integrate in x and ¢ to obtain, after some straight-

forward calculations that

%H®H%3L§w+2043H(I)Higﬂh :2//@ —v)-V,S(v —+2// o(v—1) [ (v)g®V, (%)]
o2 o [mem ()

<2flv = V'l =@ I VaS(0) 1212, ||<1>||L2L2 +2[o(v = V)@ ISW) 22z, 1Pl 2 a1,
+ 2o (W)@l a2, 191 2 1, -

As in (4.3) we have that [, ® dg = 0 so the Poincaré inequality (2.3) holds true for ®. We deduce,
using inequality (4.1), that:
d 2 2 "2 2 2
(4.9) TPl + sl @5y < Cliv =Vl VS @)I17212, + S22, ]
+ Cl 1220 12117 2, -
Recall that S(v) solves the equation

S(v)

(110) 9S(0)+0-Y.8(0) 1V, oS -as¥, |19, (SD) | 0. 80020 = f(o.0)

S(v)

Multiplying the equation of S(v) by A and integrating w.r.t. x,q, we obtain after similar

estimates the following relation:

d
(4.11) T ISOzzss, + aslISO s, < CllolzaIS@)7213,

We will use in what follows several times the following simplified version of the Gronwall

inequality:
Y < ay + as, y(0) = wo
with aq, as positive constants, implies
y(t) < (yo + ast)e™.

From (4.11) it follows:

(4.12) SO 220 < B < sup ||v||%z<m>
te[0,7)

where we denoted, for any z € R:

R(z) = 1113 a2 exp (C=T).

9
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S(v)

O, . .
Similarly, differentiating (4.10) with respect to z;, multiplying by T and summing over i,

gives after integration and some straightforward estimates that

V.80 3, + 205l VaS(0) 24 5,
<OV im0 IVS(0) 21 + Cllo )= IVaS O 212, VS @) 211,
+ OV (0) L= @IS0 1222, 1 VoS 210,
el V.S () 2y, + CIVSON s ol (1 + ol o) + CIS@IEe sz NollZa

Using (4.12) and the Gronwall lemma implies that

(4.13) I9.8() (0305, < 3 ( sup ||v||%2<m)

t€[0,T]

where

B3(2) = [IVafg 31, + C2R3()T | exp (C(z + 1)T).
From (4.9), (4.12) and (4.13) we get
IS(v) = S(W)7212, < CTlv = Il [BT (llly,) + B2 (Ilvliy,) | exp (CT1V[1y,)
where we denoted
Wy = C([0,T]; Hy).
Combining the above with (4.6), (4.7) and (4.8) yields

(4.14) [IB(v) = B(W)llwy < CiT (o = v'llwy (vllwr + [10"llw)
+C T2 o =0y [Ri([[0lly,) + Re(llolf,)] exp (Crllo'|[y, T)
By a procedure similar in nature to the one detailed right above, one gets:
(4.15) IB)lwy < llugllza) + CoT vl + CoT Ru(llvliy, )
Let now K be such that

max (||ug 2@ 15 zaez,o Vel liars, ) < Ko

Now taking a fixed sy such that sy > Ky (for example sy = K+ 1) we can choose a Ty sufficiently
small such that
KO + CQT()SS + CQT()Rl(S(Z)) < So

and
2C1Toso + C’ng’/z [Ri(sg) + Ra(sg)] exp(CisgTp) < 1

The above assumptions together with (4.14) and (4.15) show that the operator B is a contraction
from the closed ball B(0, sq) of Wy, onto itself. The fixed point theorem can therefore be applied
to grant the existence of a local in time solution on [0, Ty]. Moreover, the local time existence Tj
depends only on the bound K for the initial data uf and S(v)(0) = f. Starting from time T,
the same argument can be applied to extend the solution, and so on. We justify now that 7" can
be reached in this way in a finite number of steps. When re-applying the fixed point argument
from time Ty, the new time of existence depends only on max (||u" (7o) | z2(), [| /" (o) 212,)- But
the estimates shown in the next section imply that any solution (u™(t), f"(t)) on a time interval
included in [0, 7] can be bounded in L? x H!L?, independently of ¢ € [0, T]. Indeed, we will show
in particular some H*(€2) bounds on u". This implies L?(€2) bounds on u" and by estimates (4.12)
and (4.13) some H!L?%, bounds on f™. This means that the time-existence Ty can be chosen the
same at each step, so the time T" will be reached in a finite number of steps. This completes the
proof of Theorem 3. O

10
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5 Uniform estimates for the sequence of approximate so-
lutions and end of the proof

Let us introduce the new function

Y= f"—aM(q)
where

B 1 041
 R*[,M(q)dg mR*’

(5.1) a

It is not hard to check that the couple (u", f™) verifies (3.4)—(3.6) if and only if the couple
(u™, ™) verifies the system of equations (5.2)—(5.4) below:

(5.2) ou" + cAu” + P, (u” - Vu") = P, [Vx . /D f_ﬁ;zw" dQ]
and
(5.3) O™ +u" - Vb — sV, - {qu (%)] + Vg (o(u")gy"™) = —aVy - [o(u")gM]

with respect to the initial conditions

(5.4) ul =g, Y= %0 = fo — aM(q).
We observe that relation (3.1) can be rewritten as

(5.5) YU = o = fo—aM  in HL?,

as n — 0o, while relation (4.3) is equivalent to

(5.6) /D v dg = 0.
Remark 4. We observe that
Vg (o(u")gM) = Vg (o(u")g)M + (o(u")q) - VoM = (o(u")q) - VM.

We used above that trjo(u™)] =0 so V, - (o(u")q) = 0. Since V,M is proportional to q we infer
that if o(u™) is skew-symmetric then

Vy: (e(u™)gM) =0.

We conclude that in the corotational case the right-hand side of the equation of Y™ given in relation
(5.3) vanishes.

We will show now some uniform (in n) estimates on the approximate solutions u" and ™
constructed above. In the calculations below, C'is a generic notation for a constant that does not
depend on n and its numerical value changes from one calculation to another.

11
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L? estimates in the corotational case. Our first bound is a L? energy estimate on

un

Lemma 5. We have that
t
Ol +or | IV Iy < ol + alollysg, V>0,

where

Tl
oYy = =0
8540(10(3

Proof. This estimate is well-known in the case of domains without boundaries. We only have to
check that it goes through in the case of domains with boundaries, and also that it is compatible
with our approximation procedure. Moreover, we need to compute the precise best constants so
we will give a detailed proof.

Recall that o(u™) = Vu" — (Vu™)". Given that o(u™) is trace-free we have that

V, (c(u)gy™) = o(u™)' : q @ V™.

We multiply next (5.3) by ¢"/M and integrate in = and ¢q. After recalling that the right-hand
side of (5.3) vanishes in the corotational case, we obtain

1d, . n m/f"
350 B, + sl == [ oty g0 v,
Q><D

(5.7) :"//M (1@ V(v )M

/ / 4 ® Y, M|"?
Q><D

since o(u™) is trace free and skew-symmetric and ¢ ® V,M is symmetric.
We multiply now (5.2) by " and integrate in space to obtain

il e + 0r Ve ey = 0 [ 0w, [ oL ymags

5.8
o9 :—0@// Vu'" : q®q21/1”
QxD 1- |q|
Next,
q®q Qo (O Pr
_ n_ =2 M- = M
@ / QxD Vu 1 - ‘Q|2w 25 / QxD Vu Q®V M /QXD Vu Q®V <M>

n n o n 7TOé
< 25|!Vu lzz@llaV Ml 19" 2y, < 5 IVU" [ F20) + 557~ o 1 [y

We used above that

_ VT
(5.9) gV M|l r2(p) = CEES) <

“f5

We infer now from (5.8) that

&”Un”%?(sz) + OZIHVUHH%%Q) = oo,

HwnH[ﬁHl .

12
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Integrating the above relation and (5.7) in time implies that

7r0z2

t
Ol +ar [ 190 ey < e + g 81 s,
0

This completes the proof of the lemma.

Remark 6. A similar L? energy estimate holds true in the general case too, see [JLLOOG].

H? estimates for u". The next step is to prove H® estimates for u™.

Lemma 7. There exist a constant Cy; > 0 depending only on 2 and s such that:

(5.10)
d S nn2 1ts 12 . ERT) R s+1
AU 22 + aall A= o) < Cr min [2(t)[| A2u" (|72 (), [|A2 "] p20) | A2

1+s

+01—HA 2|2 @l19" | gy

M

Un”%?(ﬂ}

where the function h is integrable on R, and satisfies

S

(5.11) |ty < o (luolfay + anlliolizag, )

Proof. Let us take the scalar product in L?(2) of (5.2) with Asu™. We get

1d n st
2dt”A u ||L2(Q +a1||A EntY ||L2 /A 2 P, ( u")- A2 u"dx
+a2/A5

Q

Using that s € (1,2) and relation (3.3) we infer that

IP’n[Vx-/ 199 _yndq) - A ur da.
D q

d s n s o n n s p
(5:12) Tl AU |20y + 20| A w2y < Cllu” - V|| e[| A > "] 2oy

u”|r2(0)

=1 ® 1+s

Standard product rules and interpolation in Sobolev spaces imply that

1—32 _s
ot < Ol s s < Clla a1y

[u” - Vu"|

We infer that

14s 1-3 s
et | AT 20y < Cllulll s [[ut 3| A

Cllu™ - Vu"|

e nyp2 1-2) nyi=2 n||2 £ n|2
< oA w7 + Coy w1 [V |[a ([ A u® |7

On the other hand, using again the product rules in Sobolev spaces we can also estimate

" Fullgeer < Clalgo [Vl ees < Cllu e < ClAG: < AR 12| A5 w1

Hence

(5.13) C|lu™- Vu"| gs- 1|]A iy <a1|]A iy HL

_ 4
+0min[a1 S 2 AT, AT 2] A

2]

u

13
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To bound the last term in (5.12) we observe that

q®q w"
Ve /1—\|2 35V, 715 @) +
1

)

'l/)n
[1d dg]
5V / d
vm~/vq(¢ )®quq+ Ly, Id/¢ dg]
b M

where Id denotes the identity matrix. The last term above is a gradient, so it belongs to the kernel
of P,,. Therefore, the last term in (5.12) may be estimated as follows

s—1 qXq s=1
a2, [9. - [ 0 ], - 25HA2P A OETIE

e, 4V M || 2

(5.14) < —||w"|
< 52Hw s,

where we used (5.9).
Relation (5.10) follows from relations (5.12), (5.13) and (5.14) if we set

h(t) = C’aif% u

n||2
IZ2

for some suitable constant C'. Relation (5.11) is a consequence of Lemma 5 and this completes
the proof of the lemma. O

H® estimates for 1". We need now estimates on ™. For technical reasons, in order to
obtain these estimates we need to work in R? for the x variable. Because there are no boundary
conditions for ¢ in the x variable, it is possible to extend the equation of ¥™ to R? x D.

Let E be a total extension operator from € to R?, i.e. a linear operator bounded from H7(£2)
to H?(R?) for every o > 0 (in fact we only need it to be bounded for o € [0, 3], that is we only
need a 3-extension operator). The existence of such operators is well-known, see e.g. [AdaT75,
Chapter 4].

We define now

Yo = E(45)
so that ¢, € H, L3, and

(5.15) 10l

212, < Collvgll ez,

where Cj depends only on €. The way the extension operator is constructed in [Ada75] ensures
that the integral in the ¢ variable is preserved:

(5.16) /D@g dg=0

since (5.6) holds true.

Next, we want to extend u™ to a smooth divergence free vector field defined on R2. In order to
preserve the divergence free condition, we need to introduce the stream function. For a divergence
free vector field v defined on €2 and vanishing on the boundary of €2, it is well-known that there
exists a stream function, i.e. a scalar function J such that v = V+J. Moreover, since v vanishes
on 0f) we have that J is constant on each connected component of 9€2. Let I'y be such a connected
component. Since () is connected, we clearly have existence and uniqueness of J if we impose that
J vanishes on I'y. In the sequel, we define J(v) as the unique stream function of v vanishing on

14
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['y. By the Poincaré inequality, we have that J is bounded from H?(2) N H}(Q) to H 1(Q) for
all o > 1.
We define now " = V- E(J(u")). Clearly ﬂ"}gz u™ and

(5.17) 1@ o r2y < CE(I (™)) || o+ mz) < CN| I (W) ||go+r0) < Cllu"||me @) Vo > 1,
where C' = C(Q,0).
We finally define ¥ as the unique solution in R? x D of the PDE

+ 9, (o@)qi") = —a¥, - [o(@)gM] .

(5.18) O +T" -V — a3V, - [qu (%)

The existence and uniqueness of such a ¢ follows from the argument given at the beginning of
the proof of Theorem 3 (the variable z plays the role of a parameter only). By uniqueness of
solutions of (5.3) and (5.4), we have that wn}ﬂxD: Y". Moreover, given (5.16) we can prove as

for 4" that relation (5.6) holds true for 9"
(5.19) / 4" dg=0.
D

The following lemma gives our estimates on @n

Lemma 8. There exist a constant Cy > 0 depending only on  and s such that

1+s

(5.20) ||@/) e 12, + 209" e < Coll AF w2 @I 2 12, 19" Iz,

Cy 1+
2

RQ

in the general case and

(5.21)

2 its 4 AT AT
it S Col AT w2 [z, 10" 7 1,
i the corotational case.

Proof. We apply the operator A to (5.18), multiply by A;En/M and integrate in x and ¢ to
obtain

w22+az/; 1_// As_”wa
th” ” H L2 3” HHH R2x D (

n

//RQXD AS _n)QM] A;Zn

We bound first ;. Let [A%,@"] be the standard commutator defined by [A2, "] f = As(a"f) —

u"As f. Using that u™ is divergence free, we can write

_ / / an.m;a"_w _ / / div,[AS, T]" / / div, (A2, 75" Y
R2x D R2xD R2x D M
< AP g2 o [ dival AL, )0 g2 < JAGY" ||L ra AL @10 e | .

< CIA l172 5 [l

EIl+IQ+Ig.

ety || ”ﬁ5L2

1+s
< OIA= w2 19" 15 2.

Hs+1(R2)H’l/} ’HS(RQ)HL?M = CHU |

15
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where we used the embedding H® C L, the classical commutator estimates, see [Tay91, Section
3.6, and relation (5.17).

Next, we write

Ih= //D qw) v, (50 < opp ||HH1H||j "o b

H# R2)HL2

1+s
E;waHA 2 u"| 120

1 0@ it [0 e, <

We now make an integration by parts in I3 and bound as follows

S —nNn A;En S —nN
h=a [ nle@em - Vi(Z5) < alAso@) eV e

C
Sﬁ”

where we used (5.1) and (5.9). B
From relation (5.19) we have that [, As9)" dg = 0. Relation (2.3) together withe the above
estimates imply (5.20). The corotational case (5.21) also follows since in this case I3 = 0. O

H? uniform bounds in the general case. We consider here the general case o(u) =
Vu. Let us first state the following remark.

Remark 9. One can easily check that, given four strictly positive constants Ay, As, Az, Ay we have
the following property: there exists some w > 0 such that

A X%+ wAY? > A3 XY +wA XY VXY

2A1A2—A3A4

if and only if AyAy > A3Ay. Moreover, if the later is true then one can choose w = e
4

which is of the same order as Ay Ay /A3,
We impose now that the condition above holds true with constants

Q C
Al :?17 A2:a37 01527 A4: R_§7

that is we impose that
(522) 041043(52R2 Z 201020[2.
Let w be as in the previous remark, of the same order as a3 R*. Assume moreover that

ol alag)

(5.23) |AZug ||L2 +"‘}HwOHH 2, < mln(16012, 4C2

We multiply (5.20) by w and add the result to (5.10). After using Remark 9 and recalling that
@Z)nlﬂxD: ™ we obtain that

d s (0%}
S(IAT" 2 203)+ 2

< Cul| A |0 A S

|22 +wCzIIA u ||L2 @I 72 22, 19" 1772 1y,

16
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Let Ty be the first time such that

2
s n 2 —n 2 . ay  ai1ag
(5.21) A5 T -+ 0" (o) 5, = min(50, o).
Then, for t € [0,Tp], we have that
s 631
Az (t)]| € —
At o) < ok

so that
1+s

2. n s+l ay n
CrllA2u" ()2 |A w" (D72 < FIA > @ (O)i2@)-

—n 1 103
[ (D)l 3, < 205\

We also have that

SO
SES —mn —n Varosw s —n

WO A= W 2o 1V s o3 19 a2y, < 5 IA= w2 1V sy,
g Its wag \—n

< gHA > u"|| 720 + TW |2§;H}w

We deduce from the above relations that, for ¢ € [0, Tp],
d s n —n o 14s was | —n
(5.25) AT [Faq) + w071 2 ) + T IA T W a0y + = [0 1y, <O

which implies that

O[% Olezg)

S n 2 —_/n
[A2u"(To) || 72(0) + wll¥ (T0)] 602" 102

el —_n .
Qﬁ;% < ||A2ug||%2(ﬂ) +W||wo|2ﬁ;L§w < mln(

This contradicts (5.24). Therefore the time 7j cannot exist, so

a? Ozlag)

ER 2 —n
AT ()] + 0" (1) G e

vVt >0

2 .
ﬁ;L?w < mln(

and relation (5.25) must hold true for all £ > 0.
We state the result proved in this paragraph in the following proposition.

Proposition 10. Suppose that o(u) = Vu and that the material coefficients verify relation (5.22).
Moreover assume that

a? 041043).

5.26

ts() + Cowl[ ol 72 < min(

Then the sequence u™ is uniformly bounded in the space L®(Ry; H*(Q)) N L*(Ry; H*'(Q)) and
the sequence Y™ is uniformly bounded in L°°(Ry; HSL3,) N L*(R.; HEH},).

Proof. 1t suffices to show that (5.26) implies (5.23) for n sufficiently large. This follows at once
from (5.5), (3.7) and (5.15). O
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H?® uniform bounds in the corotational case. We consider now the corotational
case o(u) = Vu — (Vu)'. Denoting

s n s+1 —n
fi=lA%u ||%2(Q)7 fo=A7u i Q) 91= | H%ZL?M and go = W’ HH SHY,

and recalling that En‘ﬂxD: Y™, we have from relations (5.10) and (5.21) that

Cia
f1‘|‘041f2<01hf1 (1; 2\/,7'?292
and that

g1 + 2039 < Crn/ g1 f292.
Using the following two bounds

C3 Cho 22
CQM < asgs + jglfg and (1; 2. /f292 f2 1 52492
3

we infer that

oy Cia2
(5.27) 1+ ?fQ < Cihfi + WQQ
and that
02
(5.28) g1+ 392 < —=g1 f>.

dog
Let € be a small enough constant to be chosen later but such that
(5.29) 91(0) < e.
Let T be the first time such that
(5.30) g1(Ty) = e.

We have that g(t) < ¢ for all ¢ € [0,T}). Using this in (5.28) and integrating in time implies that
for all ¢ € [0, T

t 028 t
(5.31) mm+%/mgm@+4L/ﬁ.
0 4o 0

Multiplying (5.27) by e~ Ik and integrating in time results in

t , . 2 9 oyt \
FO)+ 5 [ Sl s < fi(O 4 TI% [gy(s)cr s
0 a0 Jo

We use now the estimate (5.31) above. We infer

t C2a? ~,  C2C3
t)—i-%/ f2§ [f1<0)+ 1a24g1(0)]601f0 O[2 le h/ f2-
0

20(10[35 8051043

We now add the following assumption on e:

2012 2
0102a25€cl Jooh o ™

5.32 -t
( 3) 80[10(%54 — 4

18
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Assuming that this is true, we further obtain that for all ¢ € [0, Tj]

2.2
Ciog )
20[10&354

t
Q@ oo
fl(t)+zl/ fo < [1(0) + (O] i
0
Going back to (5.28), ignoring the second term on the left-hand side and using the Gronwall
lemma implies now that
3 Cioj

[f1(0) +

103 20[10[35

(5.33) g1(t) < ¢1(0) exp{ 791(0)] eC1ls” h}

for all ¢ € [0, Tp]. If we further assume that

C3 Ciaj
o [/1(0) + 2&1(135491

(5.34) 41(0) exp{ (0)] e f(;’"h} <c
then we observe that setting ¢ = Tj in (5.33) contradicts (5.30). We conclude that under the
hypothesis (5.29), (5.32) and (5.34) the time 7j cannot exist, so all the previous relations hold
true for all times ¢t > 0. Clearly (5.29) is implied by (5.34). Recalling (5.11) we therefore observe
that there exists some e verifying (5.29), (5.32) and (5.34) if we have that

Y]

2 C2a2 Crar * (ol +aslivol?y 5 )
535 0 { 2 0 1%2 O L2(Q) LZL }
65:35) 50 ep{ L [1(0) + 52 g,0)]e h
202a26% _4 2
< Garz exp[=Ciay * ([l + aallvoliass ).

1~2%2

We state the result proved in this paragraph in the following proposition.

Proposition 11. Suppose that o(u) = (Vu — Vu)'. There exists a constant C = C(Q,s) such
that if

1N

C : Ca3
(5:36) [[ollzes, exp{ [l + o el

2.2¢4
ajazd -4 2 2 :
G exp[—Cal (lwollZ2) + aallvollzsre ) ]

_4
> }ewl * (Iuoli2z o roallvol2s > )
H3L%,

then the sequence u™ is uniformly bounded in the space L>*(Ry; H*(Q)) N L*(Ry; H*T1(Q)) and
the sequence ™ is uniformly bounded in L>(R,; HSL3,) N L*(Ry; HH),).

Proof. 1t suffices to show that (5.36) implies (5.35) for n sufficiently large. This follows at once
from (5.5), (3.7) and (5.15). O

Remark 12. [t is not difficult to see that there exists some constant K = K (£, s, o, g, s, ay, )
such that condition (5.36) is implied by the following condition:

4

[0l

mer2, < exp|—K(1+ |luoll s (o))e

End of the proof. Clearly the hypothesis of Proposition 10 is implied by that of Theorem
1, and the hypothesis of Proposition 11 is implied by that of Theorem 2 (see also Remark 12).
Therefore, under the hypothesis of Theorem 1 in the general case and under the hypothesis of
Theorem 2 in the corotational case, we have that the sequence u" is uniformly bounded in the space
L®(R,; H¥(Q))NL*(Ry; H71()) and the sequence f™ is uniformly bounded in L>(R,; H:L3,)N
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L*(Ry; H3H},). Using the equations of u™ and f* (3.4) and (3.5) this immediately implies some
time-derivative estimates for 4™ and f". A standard compactness argument allows to pass to the
limit and find a solution (u, f) of (2.1)-(2.2) such that u € L*(Ry; H*(Q)) N L*(R; H*T(Q))
and f € L®°(R,; H’L?,) N L*(R,; H?H},). We skip the details since this is very classical and
straightforward. Next, we clearly have that u is divergence free and tangent to the boundary.
Passing to the limit in (4.3) shows that that relation holds true with f™ replaced by f. Finally,
the equation (3.5) preserves the sign if the initial data is single-signed so f™ > 0 which implies in
turn that f > 0. This completes the proof of the existence of the solution.

The uniqueness of solutions is obvious and follows by making energy estimates on the difference
between two solutions. If (uq, f1) and (ug, f2) are two solutions with the same data, then we
multiply the difference of the equations of v and uy by u; —us and the difference of the equations
of fi and f; by % and add the two resulting relations. Uniqueness follows easily from the
Gronwall inequality using that u € L?(R; Lip) and the linearity in the ¢ variable of the equation
of f. This is very standard so we skip the details. Remark that even though we show that (2.2)
holds true in the sense of distributions, i.e. (2.2) can be multiplied by test functions which are
compactly supported in the ¢ variable, it can in fact be multiplied by functions which are H}, in
the ¢ variable. This follows from a density argument using that C§°(D) is dense in H},(D) as was
proved in [Mas08]. This completes the proofs of Theorems 1 and 2.

6 Final remarks

First, we would like to explain here why the condition on the coefficients (1.5) is necessary in
the general case on bounded domains. We will observe that a certain cancellation that occurs in
the case without boundary does not work anymore in the presence of boundaries. When making
H™ estimates on v and H™ L2, estimates on ¢ = f —aM we apply 0° to the equation of u given in
(2.1) and multiply by 0%u, we apply 0% to the equation of ¢ given in (5.3) (where we dropped the
superscript n) and multiply by 2 DEif M and we add the two resulting relations. We get the following
right-hand side:

q®q oy f
V.- / 0y d 8°‘u——// V@au M
/Q[ e oen M

In the case of a domain without boundary, making an integration by parts implies, after some
calculations, that the term above vanishes. But in the case of a domain with boundary, the
boundary terms do not vanish. Moreover, due to the presence of the pressure in the equation of
u, the first term above should have the Leray projector PP in front of V,- making the validity of
this identity even more unlikely in presence of boundaries. Since the term above does not vanish
anymore, we need to be able to say that it is small (negligible compared to others) and this in
turn requires the smallness condition (1.5).

Second, we would like to explain why the restriction 1 < s < % is necessary. In order to be
able to control the equation on f we basically need Lipschitz regularity for u. If we assume that
the initial velocity belongs to H*(2), then the standard regularity for u obtained through energy
estimates is LZHS*!. To get Lipschitz regularity in x we therefore need to assume that s > 1. On
the other hand, when making the same H® estimates on u™ we are led to applying the projector
P, to the equation of u™ (4.4) and to estimate the right-hand side in H*~!. This requires the
projection P, to be bounded in H*~! which implies s — 1 < % S0 § < % This explains why the
condition 1 < s < % is required. We would also like to point out that in dimension three, the first
requirement that u to be Lipschitz implies s > % while the second requirement does not change
leading to contradictory assumptions. This means that our approach does not work in dimension
three.
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