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Abstract

Given a linear action of a group G on a K-vector space V', we consider the invariant ring
K[Ve V*]G, where V* is the dual space. We are particularly interested in the case where
V =F;" and G is the group U, of all upper unipotent matrices or the group B, of all upper
triangular matrices in GL, (F).

In fact, we determine F,[V @ V*]€ for G = U, and G = B,. The result is a complete
intersection for all values of n and q. We present explicit lists of generating invariants and
their relations. This makes an addition to the rather short list of “doubly parametrized”
series of group actions whose invariant rings are known to have a uniform description.

Introduction

Many interesting subgroups of GL,, (F,) come in doubly parametrized series, where one parameter
is linked to n and the other to ¢q. Important examples are the finite classical groups, the groups
B, and U, of upper triangular matrices and unipotent upper triangular matrices in GL,,(F,),
and the cyclic p-groups acting indecomposably. In the context of invariant theory, not only the
natural actions but also others, including decomposable ones, are interesting. For the following
series of groups with their natural actions, the invariant rings have been determined: the general
and special linear groups (this goes back to L. Dickson, see for instance Smith [18, Chapter 8.1]
or Wilkerson [19]), the groups B,, and U,, (see Neusel and Smith [17, Section 4.5, Example 2] or
Smith [18, Proposition 5.5.6]), the finite symplectic groups (this goes back to D. Carlisle and P.
Kropholler, see Benson [3, Chapter 8.3]), and the finite unitary groups (Chu and Jow [5]). For
GL,(F,), SL,(F,), Uy, and B, the invariant rings are isomorphic to polynomials rings, and their
determination is fairly easy. For the finite symplectic and unitary groups, the invariant rings
are complete intersections, and the same is expected for the finite orthogonal groups (see [5]).
To the best of our knowledge, no results have appeared so far about the invariant rings of a
doubly-parametrized series of groups with a non-trivial decomposable action.

In this paper we study the invariant rings of the type K[V @ V*]¥, where G is a finite group
acting on a finite-dimensional K-vector space V and V* is the dual space. In the language of
classical invariant theory, the elements of K[V @ V*]¢ are called invariants of a vector and a
covector. In the case that K has characteristic zero and G is generated by reflections, K[V @&V *]|¢
has been studied intensively in the last fifteen years, in relation with the representation theory
of Cherednik algebras and the geometry of Hilbert schemes and Calogero-Moser spaces: see
the pioneering work of Haiman on the symmetric group case [11], [12], [13] and, for instance,
Etingof and Ginzburg [7], Ginzburg and Kaledin [8], Gordon [10], and Bellamy [2]. The ring
K[V @ V*]9 is also important for the computation of invariants in Weyl algebras (see Kemper
and Quiring [15]). Here we consider the case that K = F, is a finite field and G is one of the
groups B,, or Uy, and calculate the invariant ring F,[V @ V*]¢. The result is surprisingly simple.

*The author is partly supported by the ANR (Project No JC07-192339).
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In fact, writing F,[V & V*| = Fy[z1,. .., Tn, Y1, - -, Yn] (Where z1,..., 2, is the standard basis of
V and y1, ..., yn is the dual basis) and setting

fi = 1] n ;o= I n (1<i<n),

heU, x; heUn Yni1—:
~ 71 -~ 71 .
fi = fzq ) fi* = fi*q (1§Z§n)’
n n
; j .
u; =Y Ty Yk, and U_j = szyg ( >0),
k=1 k=1

we prove:

(a) If n > 2, then B[V @ V*|U = F,[f1,. ., far fiv oy fhUa—ny ..., un—2] is generated by
4n — 3 nwariants subject to 2n — 3 relations.

(b) If n > 1, then F,[V & V*]Br = q[fl, .. .,fn, fl*, e ff{,ul_n, .oy Un—1] 18 generated by
4n — 1 wwariants subject to 2n — 1 relations.

The relations are given explicitly in Theorem 2.4. In particular, both F;-algebras F,[V & V*]Un
and F,[V & V*]Bn are complete intersections.

The special case n = 2 and ¢ a prime of (a) is included in Neusel [16]. Observe that the
number of generators and the number of relations are independent of q.

Notice that by a result of Kac and Watanabe [14] and Gordeev [9], the invariant ring K[V @
V*]€ can only be a complete intersection if G is generated by pseudo-reflections. However, even
when G is generated by pseudo-reflections, it seems to be rare that K[V @ V*]¢ is a complete
intersection. A counterexample, possibly the smallest, is given by the symmetric group S3 acting
irreducibly on V = C2. We checked that by using the computer algebra system MAGMA (see [4]).
See also Alev and Foissy [1].

Another indication that the invariant rings F,[V & V*]Y» and F,[V & V*|B» are “lucky” cases
comes from comparing them to F,[V & V]V and F,[V & V]P». Using MAGMA, we find that for
n=3and ¢ =2 or 3, F,[V & V]Y requires a minimum of 12 or 16 generators, respectively, and
fails to be Cohen—Macaulay for ¢ = 3.

The paper is organized as follows: in the first section we start by determining the invariant
field K (V @ V*)% for all finite groups G < GL(V') for which K[V]¢ and K[V*]¢ is known. Then
we prove a lemma (see 1.4) which gives a sufficient condition for a K-algebra to admit a par-
ticular presentation by generators and relations. This lemma will be used for all results in this
paper. The main part of the paper is the second section, where we produce relations between
our claimed generators, and show that they satisfy the hypotheses of Lemma 1.4. This leads to
the main result, Theorem 2.4. In the final section we study the invariant ring F,[V @ V*]¢ for
G = SL,(F,) or GL,(F,). We make a conjecture about F,[V @& V*]SL=(Fd) (see 3.1).

We should mention the role of experimental work in the genesis of this paper. The starting
point was the explicit computation of F,[V & V*]U for n = 3 and ¢ = 2,3 (and its approximate
computation for ¢ = 4,5) by using MAGMA. This prompted us to guess the generators of
F,[V & V*]Us for n = 3. By obtaining the relations appearing in Example 2.5(Us) and using
Lemma 1.4, we were able to prove the case n = 3 of Theorem 2.4(a). Turning to the case n = 4, we
used MAGMA again to produce some relations between our conjectured generators for several q.
From these, we guessed (and verified) the relations for general ¢ appearing in Example 2.5(Uy).
We observed that these relations again satisfy the hypotheses of Lemma 1.4. We then pushed
this up to n = 5 and 6. Only then were we able to conjecture the general relations given in
Theorem 2.4(a) and to observe that they can be interpreted as special cases of the determinant
identity from Lemma 2.1. This led to the (computer-free) proof of part (a) of Theorem 2.4, and
part (b) was then deduced quite easily. So it is justified to say that this paper owes its existence
to MAGMA.
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1 Preliminaries

Let K be a field, n a positive integer, and V = K"™. The general linear group GL,(K) acts
naturally on V. It also acts on the dual space V* by o-\ := Moo~ ! for ¢ € GL,(K) and A € V*.
This induces an action on the polynomial ring K[V @ V*], which by convention we take to be
the symmetric algebra of V& V*. (Since V @& V* is self-dual, the more standard convention of
taking the symmetric algebra of the dual yields the same result.) We can write

KlVeV =Kz, .., Tn, Y1, Yn],

where x1,...,x, is the standard basis of V = K™ and y1, ..., ¥y, is the dual basis.
The natural pairing
VeV - K, v@A— A(v)

is clearly invariant under the action of GL,,(K). Since V @ V* is embedded into K[V & V*], this
gives rise to an invariant ug. Explicitly, we obtain

Uy = Z:ijj S K[V D V*]GL"(K).

j=1

We start by looking at the invariant field K (V @ V*)¢. Recall that for some important
finite subgroups G C GL,,(K), generators of the invariant ring K[V]¢ are known. If K is finite,
these subgroups include U,, B,, SL,(K), and GL,(K) (see Smith [18, Proposition 5.5.6 and
Theorems 8.1.5 and 8.1.8]).

Proposition 1.1. Let G C GL,(K) be a finite subgroup. Then K(V & V*) is generated, as a
field extension of K, by K[V|%, K[V*]|, and uo.

Proof. Let fi,..., fi (vespectively g1, ..., gm) be generators of the K-algebra K[V]¢ (respectively
K[V*]%). The group G x G acts in the obvious way on V & V*, and it follows that

K[V@V*]GXG :K[fl;---7flagla"')gm]'

So K(V & V*) is Galois as a field extension of K (f1,..., fi,91,-..,9m) with group G x G. Tt
follows that it is also Galois as a field extension of L := K (f1,..., fi,91,--.,9m,ug). Clearly
L C K(V @ V*)% so if we can show that the Galois group Gal (K (V @ V*)/L) is contained in
G embedded diagonally, then Galois theory yields K(V @& V*)¢ = L.

So take an arbitrary element from this Galois group Gal (K (V @ V*)/L), which we can write
as (0,7) € G x G. We need to show that o = 7. We have

(o1 id) (uo) = (o771, id) ((,7)(uo)) = (o, 7)(u0) = uo.

Since the y; are algebraically independent over K|[x1,...,x,], this shows that (o77!)(z;) = =,
for all j, so o7~ ! = id. This concludes the proof. [l

We have an involution
# K[VoV ] = KIVOV], 2= ynt1-i, ¥ Tnri—i
For o € GL,,(K) we set

1 - 0 L0
It is easy to verify that for 0 € GL,(K) and f € K[V @ V*], the rule
(- f)=0o"-f"

holds. So if G C GL,(K) is stable under the automorphism * of GL,(K), then * induces
an automorphism of the invariant ring K[V @ V*]9, and this automorphism restricts to an
isomorphism between K[V]¢ and K[V*].
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Ezample 1.2. The groups U, By, SL,(K) and GL, (K) are *-stable. Q
We obtain the following corollary from Proposition 1.1.
Corollary 1.3. Let G C GL,(K) be a *-stable finite subgroup. Assume that K[V]% is generated

by the invariants f1,. .., fm (as a K-algebra). Then K(V&V*)C is generated (as a field extension
of K) by fi, fF (i=1,...,m), and ug.

For the proof of our main results we will use the following lemma. It gives a sufficient condition
for a K-algebra to admit a particular presentation by generators and relations.

Lemma 1.4. Let A be a graded algebra over K. Suppose that A is an integral domain. Let
fioo s fns 91, -+ Gms P, - -, hy € A be homogeneous elements of positive degree such that

(a) fi,- oy fny91y---s9m form a homogeneous system of parameters of A (e.i., they are al-
gebraically independent and A is an integral extension of the subalgebra formed by them)
and

(b) for the field of fractions we have

Quot(A) = K(f1,-- s frs g1y« o s Gmy b1, ooy ).

Moreover, let Ry, ..., R; be homogeneous elements of the kernel of the homomorphism
©p: P = K[Xl,...,Xn,Yl,...,Ym,Zl,...,Zl] %A, Xz — fi7 }/z — g, Zz — hi,
were P is a polynomial ring graded in such a way that ¢ is degree-preserving. Suppose that

(¢) X1,..., X0, Y1,..., Yo, R1,..., R form a homogeneous system of parameters of P and

(d) for
r:=X1--X,€B:=P/(Ry,...,R)

(where X; denotes the class in B of X;), the localization B, := Blz~'] is generated by z~*,

Xi,..., Xn, and m further elements. Moreover, fory := Y- Y, B, is generated by

y~ L Y1, ..., Y, and n further elements. (Loosely speaking, this means that after localizing
by x ory, the relations allow us to eliminate | of the generators.)

Then
A:K[flv"'7fnagla'"79M7h17"';hl]-

Moreover, A is a complete intersection, and the kernel of ¢ is generated by Ry, ..., Ry.

Proof. The first goal is to show that B is an integral domain. We conclude from (c) that
dim (P/(Rl, W RL X1, X Y .,Ym)) —0. (1.1)

Therefore B is a complete intersection of dimension n + m. In particular, B is Cohen—-Macaulay
(see Eisenbud [6, Proposition 18.13]). It follows from (1.1) that for every i € {1,...,n}, X;
lies in no minimal prime ideal of B. By the unmixedness theorem (see [6, Corollary 18.14]), all
associated prime ideals of (0) are minimal, so it follows that X, is a non-zero-divisor. Since this
holds for all 7, also = is a non-zero-divisor. Therefore B embeds into B,. In particular, B, has
transcendence degree at least n+m. So it follows from (d) that B, is a localized polynomial ring
and in particular an integral domain. This implies that B is also an integral domain. Similarly,
B, is a localized polynomial ring. This will be used in a moment.

Now we show that B is normal. Let p € Spec(B) be a prime ideal of height one. It follows
from (1.1) that for all 4 € {1,...,n} and j € {1,...,m} the ideal (X;,Y;) C B has height 2.
Therefore p cannot contain both = and y, so B, is a localization of B, or of B, and therefore
normal. This shows that B satisfies Serre’s condition R1 (see [6, Theorem 11.5]). Moreover,
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applying the unmixedness theorem again, we see that B also satisfies the condition S2 (see [6,
Theorem 11.5]). By Serre’s criterion ([6, Theorem 11.5]), B is normal.
Consider the epimorphism

v: B— A = K[f1,..., fn, 915> Gmsh1,. .. ] T A

induced from ¢. It follows from (a) that A’ has dimension n 4+ m, the same as B. Since B is
an integral domain, it follows that ker(v)) = {0}, so ¢ is an isomorphism. In particular, A’ is
normal. Applying (a) again, we see that A is integral over A’. But by (b), A C Quot(A’), so the
normality of A’ implies A = A’. We have already seen that A’ = B is a complete intersection. The
injectivity of ¢ means that the kernel of ¢ is generated by the R;. So the proof is complete. O

Readers may find it helpful to take a look at Example 2.5 already now. There, Lemma 1.4 is
applied several times, so the example serves to illustrate the less intuitive hypotheses (¢) and (d)
of the lemma.

2 The invariant ring of U, and B,

From now on, we assume that K =, is a finite field with ¢ elements.

Some invariants. The homomorphisms
F:F[VoV - E[VaeV ], ol yi— v, and

2.1
FuRVOVT ] 2 F[Ve V], o, vy, =y

commute with the action of GL,(F,). Therefore we get further invariants in F,[V @ V*]Gln ()
by setting, for ¢ > 0,

ui == F'(ug) = Zz? Yj and u_; = (F*)(up) = szy? )
j=1 j=1

Notice that u_; = u} for all i € Z.
Now we turn our attention to the case where G € {U,, B,}. Apart from the invariants u;
defined above, we get obvious invariants by taking the orbit-products (for 1 <i <n)

i—1
fi = H h = H (:Cz + E OéjSCj) .
heU, -x; a,..., a; 1€, j=1

Then

i-1
fr= H h = H (yn+17i + Z%‘%ﬂﬁ) .
=1

h€Un yny1-i ai,...,ai_1€R,

The f; and f; are homogeneous of degrees deg(f;) = deg(f/) = ¢'~'. Similarly, we set (for
1<i<n)
R e |

heB, z;

so that _
fi = (fi*)q_l == H h.

h€Bn Ynt1—i

The minus sign comes from the fact that HEGEIXS = —1. Tt is well known (see Neusel and

Smith [17, Section 4.5, Example 2] or Smith [18, Proposition 5.5.6]) that
FVIP =Flfi,....fa]  and  FV)P =Ff,... . (2.2)

So if we want to use Lemma 1.4 for showing that the f;, f/ (respectively, ]71 and ]71*) together
with some wu; generate the invariant ring, the hypotheses (a) and (b) are already satisfied. So

everything hinges on our ability to find some suitable relations between the generators.
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Some relations. The following identity provides the source of our relations.

Lemma 2.1. Let R be a commutative ring with identity element, n a positive integer, and
a;j,bi; €ER (i,j=1,...,n). Then for 1 <k <n we have

a1 oo aip_1
E n+l—k n : :
Z Z Z(*l)iﬂJr"Hai,lbj,anl - det af_lvl T az:—l,k—1
i=1 j=1 I=1 Air1,1 00 Qiplk—1
g1t Okk—1
bl,l bl,nfk
: (2.3)
- det bj—11 o bj—rak
bjitin o biyia-k
bn-l—l—k,l e bn-i—l—k,n—k
aii o a1k b1 blnt1—k
= det : : . det .
k1 v Gk bnti-k1 0 Dpyi—kngi—k

In the case k = 1, the first determinant in the left-hand side of (2.3) is to be understood as 1,
and in the case k = n, the second determinant is to be understood as 1.

Proof. First, observe that, for 1 <1 <n,

a1 aik—1
k : : ay1 0 Qrk—-1 A1
) Qi e Qi1 1
Y (~1)aig-det | b LR L)k det | ; : (2.4)
P Ai+1,1 o Qi 1k—1 ’ ’ )
- . . ak,1 - Agk—1 Akl
ag,1 Ak, k—1
and
bi1 b1,n—%
n+l—k ’ ’
i bj—1,1 bj—1,n—k
> (Dbjpgagdet | N P
- 7+1,1 e j+1,n—k
Jj=1
(2.5)
bn+17k,1 et anrlfk,nfk
b11 b1 -k b1mt1-1
= ()" det | : :
bn+17k,1 et anrlfk,nfk bn+17k,n+17l

Moreover, the right-hand side of (2.4) (respectively (2.5)) is zero if I < k — 1 (respectively
I > k+1). So by multiplying (2.4) and (2.5) and summing over [ = 1,...,n, we obtain (2.3).
Notice that the special cases k = 1 and k = n pose no problems in the proof. [l

We apply Lemma 2.1 to R = F,[V & V*], a;; = z;?F ,and b; ; = yfl:ll_j = (z?iil) . We

*

wish to express the relations obtained in this way in terms of the invariants u;, f;, ﬁ, fF, and
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fF. First, note that the sums Y ;" ; @;;bjn+1—1 in (2.3) specialize to

n
i—1 _j—1 min{i—1,j—1}
q" q _ .4
g oy =u;_; .
=1

Therefore, setting

xl :L'2 “ . :L'k
q q q
xl :L'2 “ . :L'k
i—1 i—1 i—1
q" q q
di,; = det | 1 ) e Ty
i+1 i1 i1
q" q q
xl x? “ . :L'k
k k k
q q q
xl :L'2 “ e :L'k

and shifting the summations indices 7 and j in (2.3) down by 1, we obtain

N

k

S min{i,j}
t+j+n+l, q L _ g
(=1 Ui dp—1, dnfk,j =dp,k dn+17k,n+1fk (2.6)

—1n

Il
=]
Il
=]

=0 j

for 1 < k < n. The following lemma expresses the determinants dy, ; in terms of our invariants.
Lemma 2.2. For1 <k <n and 0 <1i <k we have

k—i

k
~ itl—j;
dii =] £ > i
j=1

1<j1<je<<Jr—i<k =1
For i = k, the sum on the right-hand side should be interpreted as 1.

Proof. Most of the ideas in the proof are taken from Wilkerson [19]. We first treat the case i = k
using induction on k. We have
di1 =21 = fi.

Now we go from k to k+ 1. Substituting 1 = Zle oz with oy € Fy into dp41,x4+1 yields 0.
Since the x1-degree of diy1 k41 is qk, we conclude that as polynomials in 11, both diy1 k41
and fr11 have the same roots. So they are equal up to a factor in Fy(z1,...,2x). By comparing
leading coeflicients, we see that

di+1,k41 = di ke * fr41- (2.7)

(This equation even holds for k = n if we define f, 41 := Hah_”anewq (xn+1 + 2?21 aj:cj) with

an additional indeterminate x,+41.) From (2.7), we obtain the desired result for diy1 x+1 by
induction.
Expanding the determinant dy1 x+1 along the last column gives

k .
i = ) (D) diaaf,.
i=0
So by (2.7) we can write
k .
fror =Y (—1)epal
i=0
with ¢ ; := di;/dkx € Fglz1,...,25]. So we need to show that

k—i

Chi = 3 I (2.8)

1<j1<ge < <gp—i <k =1
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Again we use induction on k, this time starting with & = 0. We have f; = 21, so ¢p0 =1 as
claimed. For 0 < £ < n we have

k
fr41 = H (l'kJrl + Zajl'j) = H (@, o o1, g1 + Q)
=1

at,...,ap€Fy ap€lFy

= H (fk(l'la ey Th—1, Th1) + g fr(z1, .. ,iﬂk—hiﬂk))

ap€lFy

fk('rlv" '7xk*17xk+1>q - fk('rlv" .,$k71,$k+1> ' ﬁ

N
[

_ k+i+l [ q gt 7 q'
= (1) (Ck—l,i Ty g~ SRCh—1 " Ty ) -

%

Il
=)

This yields the recursive formula
_ 4 s
Chkyi = Cp_1,4-1 =+ fkckfl,i;

where we set cx_1,-1 = cx—1,, := 0. For i = k we have ¢;; = 1, satisfying (2.8) by convention.
For 0 < i < k we use induction and obtain

hi il

_ Pt T

i = > I1(7 + W
1<j1<je<-<jr—i<k—1 I=1 1<51<ge < <Jr—i-1<k—1 =1

k—1
it
= I17

1<j1<ge<-<jp—i<k 1=1
as desired. (No problem arises in the special case i = k — 1.) For ¢ = 0 we obtain
_ k=1 ko
ki = frck—10 = [k H fi= Hfl-
1=1 1=1
This completes the proof. [l

It follows from Lemma 2.2 that both sides of (2.6) are divisible by Hf;ll x H;:lk [7. There-
fore, setting

s—t . s—t i
ESED DI | VA D DI | F AN )

1<j1<j2 < <js—t<s I=1 1<j1<j2<-<js—t<s I=1

for 0 <t <s<mnandcss:=1for 0 <s <n, we obtain the relation

el

—
|

B

n
. . min{i,j}
(*1)Z+J+n+1ck717i : C:sz,j 'u;']—j — Jr- frtJrlfk =0 (Rx)

%

Il
=)
<.

Il
o

for 1 < k < n. We deduce some further relations from (Ry) by applying the homomorphisms F
and F* (see (2.1)). This yields

k—1n—k

L min{i+1,5}

+j+ntl = -
Z Z(_l)z s CZ*M “Ch—k,j 'ugfjJrl —Ji fap1ok =0 (1))
i=0 j=0

and

k—1n—k i1}

i . min{i,j . _ B
Z Z(_l)l I 1 cnlik,j : ulilfjfl — Jr fnikk = 0. (Ry,)

i=0 j=0
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The relations produced so far involve the U, -invariants f;, f;*, and u;. In order to obtain relations
between the B,-invariants f;, f;, and u;, we raise fx - fr,,_; and the remaining sum in (R},) to
the (¢ — 1)st power. This yields

—1
k—1n 1
min{i,j}

—k
Z Z(—l)zﬂck—l,i O Ui — fr fas1-k =0. (Rk)
=0

1=0 j

Furthermore, by subtracting the f-fold of (Ry,) from (R;), we obtain

it ey n(i41,5) in (3.3}
i (a . gL ~ . guinlial\ ~,
(=1) (Ckfl,i “Cn—k,j Wiy = fe o1, Cpp Ui ) =0. (Ry)
i=0 j=0
Remark 2.3. (a) It may be of interest that ¢, is the ¢th Dickson invariant in z1,...,zs (see

Smith [18, Section 8.1] or Wilkerson [19]). This follows from the proof of Lemma 2.2.

(b) It is easy to see that the relations (Ry), (R}), (R},), (Ry,), and (E;) are homogeneous.
(Their degrees are listed on page 13.) N
Main result. We are now ready to prove the main result of this paper.
Theorem 2.4. With the above notation, we have:
(a) If n > 2, then
Fq[V S V*]Un = Fq[fla c -afnafika . 'af;:aUQ—n; s aun—Q]

is generated by 4n — 3 invariants. If n > 3, the ideal of relations has the following 2n — 3
generators:

Ry, Ro,Ry,R3, R ,R4,R5,...,Rp_2, R, |, Ry_1,R,,. (2.10)

If n =2, then the ideal of relations is generated by
ug — (fuf1)" o = ffs = [{f2=0. (2.11)
(b) If n > 1, then

F, V& VP =Fyf1, s fos fir s Uty ey Unt]

is generated by 4n—1 elements, and the ideal of relations has the following 2n—1 generators:

Ry, R} Ry, Rf,...,Ry_1,R"_ |, Ry. (2.12)

In particular, both Fy-algebras F,[V & V*|Un and F,[V & V*]P» are complete intersections. The
generating invariants given in (a) and (b) are minimal, except in the case g = 2 of (b) (in which
By = Up).

Before proving Theorem 2.4, we shall provide examples in the case where n € {1,2,3,4}.
Ezample 2.5. (Uy) If n =1, then U, = Uy = {1} and F,[V & V*]U1 = F,[V & V*] = F,[z1,v1].

This case is not covered by the uniform description of Theorem 2.4(a).

(U3) If n =2, we have

_ * __ — 4 q—1 * __ 4 q—1 _
fi=mz1, f{ =y fzfzgfzﬂ » f2*y1*y1y2 , and  wp = T1Y1 + T2Y2.
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The relation (2.11) can be verified by direct computation:

(T191 + T2y2) " — (2192) " (21y1 + w2y2) — zf (y? - y1y371) Y3 (:cg - xzzqil) =

q,4 q,4q q q—1 q—1 q q,4 q q—1 q,4q q—1 q __
TIYL XYy — TIY1Yy  — T LYy — T1Yy T LYYy — TaYy + X7 Tays = 0.

We have already seen that f1, ff, f2, f5, and ug satisfy the hypotheses (a) and (b) from
Lemma 1.4 (see after (2.2)). The relation (2.11) also satisfies (¢) from Lemma 1.4. Indeed,
if we treat uo and the f; and f; as indeterminates for a moment, it is clear that the relation
together with f1, f2, f, and f5 forms a homogeneous system of parameters. Moreover, if
we localize by fi, the relation can be used to eliminate fi as a generator; and localizing
by fi eliminates the generator f. So (d) is also satisfied, and applying Lemma 1.4 proves
Theorem 2.4(a) for n = 2.

Why are the relations for n = 2 not given by (2.10)? Notice that the relations Ry, R; read
— i ot usr — fif3 =0 and  — f{ T usy +ud — fof 7 =0,

so they involve u_1, which is not included in the list of generators. But (2.11) can be
obtained by adding the f{~'-fold of R; to R .

For n = 3, the relations are
uly — (7Y Nl ()T Y — [ =0, (Rf)
ud — F17 g — FT sy (fuf) T g — fafi =0, (R2)
wd — (9 1 G+ (fufe)T sy — faff =0 (R3)

It is clear that the relations satisfy (c¢) from Lemma 1.4. Moreover, if we localize the
algebra B defined by the relations by f{fs5, we obtain an algebra that is generated by
i fa, £5, fi,u—1,u0, and (ff f3)~1. (By abuse of notation, we write f; for the element
corresponding to f7 in B and so on.) In fact, we can use (R;) to eliminate the generator u;
of By s, then (Rg) to eliminate fo and, finally, (R3') to eliminate f3. We can also localize
by f1f2. Then we use (R3) to eliminate u_y, then (R3) to eliminate f3, and, finally, (Ry)
to eliminate f;. So we are left with the generators fi, fa, fs, fi, o, u1, and (f1f2)~ L.

There is a total of nine relations of the type (R,(f)), but as it happens, just the above three
serve for the proof of Theorem 2.4(a) in the case n = 3. Besides, some of the nine relations
involve invariants other than fi1, fa, f3, f1, f3, f4,u—_1, uo, u1. For example, (R;) reads

u—s — (F17 b BT s+ ()T a0 — fifs =0, (R1)

so it serves to express u_o in terms of the above nine invariants.
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(Us) For n = 4, the relations from Theorem 2.4 (a) read

ul, — (ffq (@1 4 f;q(qfl) n fgqfl) ul |

-1 * -1 —1 —-1 (BY)
(L0 4 (AT ()7 ) wld = (S5 e — ff7 =0,
aly = s = (0 T (Y T "
(1) un = (fufi £3)  ao — fofy =0,
2 *#q(g—1) (¢=1) 1 (a=1) 1) rxq(q—1)
wg — f g — (i jﬁl)ul+(ﬂq S N &)
+ (fif2)  ums = (ffo f{) " tumy = faf37 =0,
L= A (ff“‘%fs*)ug (A4 87 F -
+ (fifo) " tumy = (frfof1) uo — fafs =0,
uwl — (fizz(q—l) n fg(q—l) n fg—l) u?
(Ry)

+ ((Ff2)"0™D 4+ (F )77+ (fafs)" ™) u = (fufofo) sy = fafi = 0.

With these relations, we can make an argument analogous to the above for Us, showing
that Lemma 1.4 is applicable. We will do this in general in the forthcoming proof of
Theorem 2.4(a).

Notice that applying the involution * transforms (R;) into (R;) and (Ry) into (R3);
but (Rf) is not invariant under *. This “violation of symmetry” can be fixed by adding
the (f")-fold of (Ry) to (R3). The result is

2

uff = 7 = O (DN = () )
+ (fofi f3)" un + (f1f2f2*)q_1u4 — ([Lf2f 13) o — fafs? — fifs =0,

which is s-invariant and can substitute the relation (R; ). This also demonstrates that
there is some arbitrariness in our choice of generating relations.

(R3)

(B1) If n = 1, then fi = s ﬁ = 427 and ug = x1y1. Theorem 2.4(b) asserts that
F,[V @ V*]P1 is generated by f1, f;, and ug, subject to the relation

ug™ = fufi =0. (R1)
This can easily be verified by hand.

(Bg) If n = 2, one gets the following three relations between the Bs-invariants:

~ qg—1 ~ ~ ~
(u-1—fiw)  —FF5 =0, (Ra)
— frucy = fiun + fiffuo =0, (RY)
(1~ Fro) "™~ Rt =0 (Fa)

This looks nicely symmetric, in the sense that the set of relations is stable under the
involution *. But it is clear that the symmetry will be lost when n becomes bigger. In
fact, our choice of generating relations of the B,-invariants is arbitrary, just as in the case
of Up-invariants. N
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Proof of Theorem 2.4. The proofs of (a) and (b) are very similar and both rely on the use of
Lemma 1.4.

e Let us first prove (a). Since Example 2.5(Us) deals with the case where n = 2, we may
assume that n > 2. We want to apply Lemma 1.4 to A = F,[V & V*]Y", m = n, | = 2n — 3,
gi = £, (h1,..., ) = (Ua—p, .-, U_1,U0, U1, .., Upn_2), and Ry,..., R being replaced by R,
Rs, RS_’ Rs, R4_, Ry, R; ye ooy R, R;fl, R,_1, R;

From (2.2) we deduce that fi,..., fn, fi,..., [ satisfy the hypothesis (a) from Lemma 1.4.
From Corollary 1.3 and again (2.2), it follows that

Fq(V@V*)UTL :Fq(flv"'7fnaffa"'af;au0)a

so the hypothesis (b) of Lemma 1.4 is also satisfied.

In order to establish the hypotheses (c¢) and (d) of Lemma 1.4, we analyze the relations (R](Ci)).

We will say that one of the relations is a relation for a u; if the relation equates a power of u;
to a polynomial in our claimed generators, and each monomial of this polynomial involves at least
one of the f; or f¥. We will say that one of the relations f-eliminates a (claimed) generator g
if this relation, viewed as a polynomial in g, has degree 1 and leading coefficient a product of
powers of the f;. In the same way, we speak of relations that f*-eliminate generators. Notice
that cs0, as defined in (2.9), is a product of powers of the f;, and ¢, is a product of powers of
the f. Using this terminology, our analysis of the relations can be summarized in the following
table:

relation involves relation for | f-eliminates | f*-eliminates range
+ fl, ceey fk, .

Ry T favi—ks U2k—n n+l—k U k=1
Uk—n+41,-.-, Uk
Jiseoos frs

By I Fos—ks U2k—n—1 Jrt1—k> Wk—n Sy uk—1 2<k<n-1
Uk—my-.-,Uk—1
fl; R fka

Ry Tt foiii U2k—n—2 Uk—n—1 fx 3<k<n
Uk—m—1y---,UL—2

The last column of the table indicates the range of k specified in (2.10). We make several
observations.

First, since n > 2, the relations in (2.10) involve the invariants f1,..., fn, fi,..., [, and
U2—n, - -, Un—2, Which are exactly the generators claimed in Theorem 2.4(a).

Second, in (2.10) we have one relation for every u; (with 2 —n <4 <n —2). If we regard the

P - given
by the equations f; = 0, f = 0 and the relations in (2.10) consists of only one point, the origin.
It follows that the hypothesis (c) of Lemma 1.4 is satisfied.

It remains to show that (d) is also satisfied. By another abuse of notation, we will now regard
the fi, fF, and u; as elements of the algebra B defined by the relations in (2.10). We can use the

relations
+ _ _ _ _
R, Ry, Ry ,R3, R, Ry, R ,...,Rp—o, R,|_,
Uy, f2; f37 U2, f47 us, f5)"') Un—3, fn—l; Un—2, fn

lie in By [(ff - i)~ i s fis fi, u2—n, - .. ug). So this algebra is equal to B [(ff - f)7].
We can also use

R;a RnflvR_

n—1°
u*lvfgv uU—2, f;v"'v u47n7f;737u37n7f;727u27n7f;717f;

lie in F, [(f1 o )TN e fas £ 00, - - ,un_g]. So this algebra is equal to B [(fl e fn)_l}.
We have shown that the hypothesis (d) in Lemma 1.4 is satisfied, so Theorem 2.4(a) follows.

—4
fi, i, and u; as indeterminates for a moment, it follows that the affine variety in IF, "

R,_1,R, (in this order) to show that
(also in this order)

Rn—2,...,Ry, Ra, Ry, Rs, R;, Rs, R; (in this order) to show that
(also in this order)
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e Let us now prove (b). From (2.2) and Corollary 1.3, we get that F(V @& V*)Prn =
Fq(fl, cel fn, ff, R ]7:;, up), so the hypotheses (a) and (b) of Lemma 1.4 follow.

Now we analyze the relations (2.12) in the same manner as in the proof of (a). This results
in the following table:

relation involves relation for | f-eliminates | f*-eliminates range
~ f\l? R f,&? ~* ~
Ry, fioo o Fiins U2k—n—1 1k fr 1<k<n
Uk—mny-- s Uk—1
= ,fvh R f,Lw
R, fi e s Uk—n Uk—n U 1<k<n-1
Uk—n,y-.-, UL

We first observe that the relations (2.12) involve only the claimed generators. Secondly, there is
one relation for each w;, so the hypothesis (¢) of Lemma 1.4 is satisfied. Finally, to see that (d)
is also satisfied, we use the relations

Ry, Ef‘, Ro, é;, Rs, R;‘, oo Roo, é,t_Q, Ro1, é,t_l R, (in this order) to show that

f1, w1, fo, us, f3, U3y..., frn_2, Un—2, fn_1, Un_1,fn (also in this order)
lie in F, [(ff 0 T S T R ,uo}. We can also use

En,ﬁrfﬂ,ﬁn,l,ﬁﬁlg,ﬁn,g, . ,E;, Eg, E;, EQ, Ef, Ry (in this order) to show that

fikv U1, fQ*a U_2, féka"'a u37n;f;:—2;u27n;f;—laulfn;f;: (also in this order)

liein F, [(]71 e fn)*l, ﬁ, A fn, ug, . . . ,un_l} . This shows that (d) of Lemma 1.4 is also satisfied,

so applying the lemma yields the desired result.
The statement about the minimality of generators will be proved below. [l

Bigrading. There is an obvious bigrading on K[V & V*], given by assigning the bidegree (1,0)
to every x; and (0,1) to every y;. This bigrading passes to K[V @ V*]¢ for every G < GL,(K).
It is interesting in itself, and also provides an easy way to prove the minimality statement in
Theorem 2.4. All generating invariants occurring in Theorem 2.4 are bihomogeneous, and their
bidegrees are listed in the following table:

invariant fi | fr | fi | fi | Ui |

. . . _ , i1 if i >0
bidegree | (¢'~*,0) ‘ (0,"71) ‘ ((a—1)g""1,0) ‘ (0,(¢ = 1)g'") ‘ g’)i) ?f%;o’
,q') ifi <

The relations are also bihomogeneous of the following bidegrees:
relation Ry | R,:r | R, | Ek | E,:r |
bidegree (qk—l,qn—k) ‘ (qk,qn—k) ‘ (qk—l,qn-i—l—k) ‘ (g—1)- (qk—l,qn—k) ‘ (qk’qn—k) ‘

Proof of Theorem 2.4 (continued). To prove the minimality of the generating invariants, we as-
sume, by way of contradiction, that one of the given generators is unnecessary. Then there exists
a relation equating this generator to a polynomial in the other generators. We may assume this
relation to be bihomogeneous of the same bidegree as the unnecessary generator. This implies
that one of the generating relations must have bidegree bounded above (in both components)
by the bidegree of the unnecessary generator. By comparing the bidegrees of the generating
invariants and the bidegrees of the relations (and keeping in mind for which ranges of k each

relation appears in Theorem 2.4), we see that this only happens in one case: if ¢ = 2, then Ry
and R,, have bidegrees (1, q”_l) and (q”_l7 1), respectively. Since this case was excluded in the
minimality statement, the proof is complete. O
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Since Fy[V @ V*|Y» and F,[V & V*]P» are complete intersections, we can also write down
their bigraded Hilbert series. For a general bigraded vector space V (with finite-dimensional
bihomogeneous components Vj ), the bigraded Hilbert series is defined as

H(V,s,t) =Y  dimg (Va.) s° € Z[[s, t]].
d,e=0
The results are
2;21 (1_qu71tqn7k) Z;ll (1_qutqn7k)

H (FQ[V D V*]Unvsvt) = 1 ) ) n_2 ) "2 )
Ty (1=s7) (L=t0) ) TIE (1= o) TT (1 — st

and
[T, (1 - sto0e ™ gl Y [t (1 - st ™)
IT (1= soe) (1= tlom00) ) L (1= s ) T (1= ste')

Notice that the Hilbert series with respect to the usual total degree can be obtained from the
bigraded Hilbert series by setting s = ¢.

H (F [V e VP s, t) =

3 A conjecture about GL,(IF,)

We have also considered the invariant ring I, [V @ V*|Stn(E) of the general linear group. It is well

known that the invariant ring I, [V]GL"(E?) is generated by the Dickson invariants ¢, o, ..., Cnn—1
(see Wilkerson [19, Theorem 1.2] or Smith [18, Theorem 8.1.5]). The c}, ; are further invariants

in F,[Ve& V*)GEn () and we also have the invariants u;. Various computations in the computer
algebra system MAGMA (see [4]) have prompted us to make the following conjecture.

Conjecture 3.1. Ifn > 2, the invariant ring of the general linear group is generated by 4n — 1
inwvariants as follows:

*1GL,, (I, * *
F,[V & V7 n(Fe) — Fyln,05 -+ 5 Crnon—15Cn0s -+ > Cn1, Ulons + - - 5 Un—1]-
The invariant ring is Gorenstein but not a complete intersection.

We have been able to verify the conjecture computationally for (n,q) € {(2,2),(2,3),(2,4),
(3,2)}. For (n,q) € {(2,5),(2,7),(3,3),(4,2)}, we managed to gain evidence for the conjecture
by checking that all invariants up to some degree (as far as the computer calculation was possible)
lie in the algebra that Conjecture 3.1 claims to be the invariant ring.

Theorem 2.4 and Conjecture 3.1 (if true) tell us that for G € {U,,, By, GL,,(F,)}, the invariant
ring F, [V @ V*]¢ is generated by generators of F,[V]¢, their *-images, and invariants of the form
u;. How general is this phenomenon? To find out, we considered the special linear groups.

Example 3.2. For G = SLa(F3) and V = F3 the natural G-module, we have

e} 3 3 .6, 4,2, 2.4 6
E[V]" =TF; [zlxg —z1x5, ] + 125 + TTTH + Xy

= =:f2

(In fact, the invariants of SL, (F;) acting on its natural module are well known for general n
and ¢, see Smith [18, Theorem 8.1.8].) Turning to the action on F3[V @& V*], we verify that the
G-orbit of h := x1ys — x2y1 has length 6 and includes —h. Therefore a square root of the negative
of the orbit product is an invariant, which we write as g € F3[V @ V*]¢. The bidegree of g is
(3,3).
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On the other hand, the f; and their x-images have bidegrees (4,0), (6,0), (0,4), and (0,6),
and the u; and u_; have bidegrees (3°,1) and (1, 3¢), respectively, for i non-negative. So g €
Fs[f1, f2, f5, f5, w0, u1,u_1,...] would imply g = +ug, which is not the case. We conclude that
for G = SLy(TF3), the invariant ring 5[V @ V*] is not generated by generators of F3[V]¢, their
x-images, and invariants of the form wu,.

Further calculations show that this carries over to other special linear groups SLy, (F,). <
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