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ABSTRACT. In this paper we study a Dirichlet problem for an elliptic equation
with degenerate coercivity and a singular lower order term with natural growth
with respect to the gradient. The model problem is

Vu |Vul?
—di = in Q
W((H\unz’)* e =/
u=0 on 09,

where Q is an open bounded set of RN, N > 3 and p,0 > 0. The source f
is a positive function belonging to some Lebesgue space. We will show that,
even if the lower order term is singular, it has some regularizing effects on the
solutions, when p > 6 — 1 and 6 < 2.

1. INTRODUCTION

In this paper we study the following problem:

. b(x) |Vu|2 .
—div [ —22 B = Q
w ((1 T |u|>pw> B =1 e

u =0 on 0f,

(1)

where € is an open bounded set of RN, N >3, B,p > 0 and 6 > 0. We assume
that b : Q — R is a measurable function such that for some positive constants «
and

(2) a<blz)<p foraexzec.

Moreover f is a positive function belonging to some Lebesgue space L™ (), with
m > 1. We point out three characteristics of this problem: the operator A(v) =
b(z
—div (ujﬁVU) is defined on H}(2) but is not coercive on this space when
v
v is large, as proved in [20]. The lower order term has a quadratic growth with
respect to the gradient and is singular in the variable u. As we will see, existence
and summability of solutions to problem (1) depend on these features.
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It is known that the degenerate coercivity has in some sense a bad effect on the
summability of the solutions to problem

{—div (a(z,u)Vu) = f in Q,

3
®) u=0 on 0f),

as proved in [9]. There f € L™(}) was not assumed to be positive, a : Q x
< a(z,s) < B, for p €

(14 s)p —

N
(0,1) and «, 8 > 0. Apart from the case where m > bX the summability of the

R — R was a Carathéodory function such that

solutions is lower than the summability of the solutions to elliptic coercive problems.

2N
Indeed, in [9] it is shown that if Ni2_p(N_2) <m < 5 there exists a

Nm(1l—p) . N
N-—2m " N+1-pN-1

HYHQ)NL"(Q) distributional solution, with r =

2N .
m < NT2-p(N=2) there exists a Wol’é(Q) distributional solution, with s =

Nm(1—p)
N—-m(l+p)
sources f. Note that a bad effect on the regularity of the solutions appears even
when the right hand side of (3) is an element of H (), such as —div(F), with
F € L?(Q). As a matter of fact, in this case the solutions are in general not in
HY(Q) (see [16]).

The presence of lower order terms can have a regularizing effect on the solutions.
In [7] and [14] three kinds of lower order terms are considered for elliptic problems
with degenerate coercivity, with no restriction on p. In the first paper the author
analyses a lower order term defined by a Carathéodory function ¢ : Q x R x RN —
R with the following properties. There exists d € L'(f2), two positive constants
11, e > 0 and a continuous increasing real function h such that g(z,s,&)s > 0,
wilé)? < lg(z,s,€)| when |s| > ug and |g(z, s,€)| < d(z)h(]s])|£]?. Tt is proved that
for a L(Q) source there exists a H} () distributional solution to

)<

For p > 1 the authors prove a non-existence result for constant

—div (a(z,w)Vu) + g(z,u, Vu) = f in Q,
u=20 on 0%2.

This proves that the summability of the gradient of the solutions is much larger
than that one of the solutions of problem (3). It is even larger than the summability
of the gradient of the solutions to elliptic coercive problems with L(£2) sources,
which is L*(€2) for every s < 2= (see [10] for example). We remark moreover that
the lower order term gives the existence of a solution for p > 1; for these values of
p, (3) has no solution.

In a previous article [14] we consider two kinds of lower order terms h(u). For
h(u) = |u|?tu, with ¢ > p+1, we stablish the existence of a distributional solution

2
we Wy (Q)NLYQ), t < 7(1, for any L*(2) source f. If f € L™(Q),m > 1
. p+1l+gq
and ¢ > Pt . then there exists a distributional solution u in HE(Q) N LI™(1Q).

1 1 1
1t 2 * <qg< i, there exists a distributional solution u in W,
2m —1 m—1

such that |u|9™ € L'(Q). These results show that if ¢ is sufficiently large, there

2gm
)
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exists a distributional solution for any source; this is not the case for problem (3).
The second lower order term analysed in [14] is h(u), where h : [0,50) — R is a
continuous, increasing function such that ~(0) = 0 and lim h(s) = 4oo for some

S—S,
sop > 0. The regularizing effects of this lower order term arz even better than the
previous one. Indeed for a positive L() source, there exists a bounded H{ ()
solution.

In the literature we find several papers about elliptic coercive problems with
lower order terms having a quadratic growth with respect to the gradient (see
[6, 10, 11, 12, 8] for example and the references therein), that is, for problem

—div(M (z)Vu) + g(u)|Vu|> = f in Q,
u =0 on 0.
In these works it is assumed that M : © — RY” is a bounded elliptic Carathéodory
map, so that there exists a > 0 such that a|¢|? < M(x)¢ - € for every € € RV,

Various assumptions are made on g. With no attempt of being exhaustive, we
will describe some recent results where a singular g has been considered, namely

1

g(u) = W. The case where 0 < 0 < 1, introduced in [2, 3, 4], has been studied
u

in [2, 3, 4, 8, 13, 15]. From this body of literature one can deduce that for a

2N < < N th ist trictl
e ——— m —_ ere exists a Sstric
2N —O(N —2) — 2 v
ON

positive solution u € HI(Q2) N LE=D"7(Q); if 1 < m < IN-ON—2) then the
Nm(2 —0)

N —mf

the general case 6§ < 2, assuming that f is a strictly positive function on every
2N

compactly contained subset of 2. They prove that if f € L~¥+2(Q) there exists

a positive H}(Q) solution. Finally, in [15] the lower order term is taken to be
|Vul?

Au + qu{u>0}, where x,>0) denotes the characteristic function of the set

{u>0}, A>0and p€R.

In this paper we consider the same lower order term as above in an elliptic
problem defined by an operator with degenerate coercivity. We will see that if
[Vul?
|ul®
going to state our results. We will distinguish the cases 0 < <1l and 1 <6 < 2.

positive source f € L™(Q), if

solution u belongs to Wy 4(Q), with ¢ = . The authors of [5] consider

0 < 0 < 2, then has a regularizing effect, even if it is singular in u. We are

Theorem 1.1. Let 0 < 0 < 1. Assume that f is a positive function belonging to
2N

L™(Q), with m > NN =) Then there ezists a function u € H} (), strictly
. [Vu/? 1
positive on §Q, such that —— € L*(Q) and
u
b(zx) |Vul? /

4 ———Vu- B =
(4) /(lJru)qu Ve + / = | fe

Q Q Q

for every ¢ € H} () N L>(Q).
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2N 2%
In the case where m < m = <?> , we are able to prove the
N(2-6
existence of an infinite energy solution, belonging to VVO1 7(Q), with o = mN(79>
—Om

(smaller than 2).

Theorem 1.2. Let 0 < 6 < 1. Assume that f is a positive function belonging to

N
L™(Q), with IN-ON—T) <m< NN -2 Then there exists a function
3
u € Wol’a(ﬂ), strictly positive on Q, such that |V | € LY(Q) and
b(x) |V |2 /
5 ———Vu-Veo+ B
o) | e+ / I

Q
for every ¢ € CL(Q).
In the case where 1 < 6 < 2, we are able to prove the same results as in the case

0 < 0 < 1, under a stronger hypothesis on f.

Theorem 1.3. Let 1 < 0 < 2 and p > 0 — 1. Assume that f € L™(Q), with
2N

m > —————  and satisfies

T 2N —0(N —2)’
ess inf{f(z) :z €w} >0
for every w CC Q. Then there exists a function u € H}(S2), strictly positive on 2,
|V |2 € L'(Q) and

b(x) |Vul? /
——Vu-V B
[ e ve / w ¢
Q
for every p € HY(Q) N L>(Q).
Theorem 1.4. Let 1 < 0 < 2 and p > 0 — 1. Assume that f € L™(Q), with
N 2N

IN—oN-1) " SaN—eN—2)

ess inf{f(z) 1z cw} >0
for every w CC Q). Then there exists a function u € WOI’U(Q), strictly positive on
Q, such that |V | € L'(Q) and

b(x) |Vul?
———Vu-Vyp+ B = [ fo
/ (14 u)r Q/ u Q/

Q

such that

and satisfies

for every ¢ € CL(Q).

we are able to prove the existence of solutions

N
We remark that if 8 < N

when the source f belongs to L' ().
We would like to point out the regularizing effects of the lower order term, in the
case where p > 0—1 and 0 < 6 < 2. Our results furnish H{ (2) solutions for less sum-
2N

mable sources than for problem (3), since SN — 0N 1 20 < NO—p) 121 1)
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Even in the case where the source f is less summable, we get a better regularity

N(2-0 Nm(1 —
of solutions than for problem (3): indeed o = mN (_ Hm) > N —mrfz(l f;), as

N
m§§ and p<6—1.
In the case where 0 < p < 6 — 1, we are able to prove the existence of a solution
to problem (1) with the same regularity as the solutions of problem (3).

Theorem 1.5. Let 1 <0 <2 and 0 < p <0 —1. Assume that f € L™(Q)) and
satisfies

ess inf{f(z) 1z €cw} >0
for every w CC Q.

N
(1) If m > 5 then there exists a strictly positive Hg(2) N L% () solution to
problem (1).

(2) If N2 —2];[(]\7 5 <m< g, then there exists a strictly positive Hg ()N
L7 (Q) solution to problem (1), where r = %;np)
(8) If N1 7]\;(1\] =) <m< N2 ,2];[(]\7 3 then there exists a strictly
positive Wy *(Q) solution to problem (1), where s = %
Moreover | u9|2 c LY(Q).

In the case where 6 > 2, the situations changes. Indeed we will prove a non-
existence result of finite energy solutions. Let A1 (f) denote the first positive eigen-
value of

—Au=Afu in Q,
u=20 on 012,

where f in L9(Q), with ¢ > % Using a result of [5], it is quite easy to prove the
following

Theorem 1.6. Let f >0, f # 0, be a LY(Q) function, with q¢ > . If either 6 > 2,
or 0 =2 and \(f) > %, then there is no Hg () solution to problem (1).

2. A PRIORI ESTIMATES
To prove the existence of solutions to problem (1) we use the following approxi-

mating problems:

. b(x) ) Un |Vt |2 '
—div(——" _Vu, | +B—1 0 T (f) i Q,
((1 + | T (un)|)P (lun| + %)04»1 (f)
tun =0 on 99,
where, for n € N and s € R
T, (s) = max{—n, min{n, s}}.

These problems are well-posed due to the following result proved in [6, 11, 12].
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Theorem 2.1. Let f be a bounded function. Let M :  x R — RN be a
Carathédory function such that there exist two positive constants cg an By such
that

M(ZE,S)§~§ZQO|§|2, |M(:C,S)|§ﬂ0
for a.e. x €K, for every (s,£) € RxRN. Let g(s) be a Carathéodory function such
that g(s)s >0, |g(s)] < (s), where v is a continuous, non-negative and increasing
function. Then there exists a HJ () bounded solution to

—div(M (z,u)Vu) + g(u)|Vul*> = f in Q,
u=20 on 0} .

By Theorem 2.1 the solutions u, of the above approximating problems are
bounded H{(£2) non-negative functions, since f is assumed to be positive and the
lower order term has the same sign as u,. This implies that u,, satisfies

. b(x) Un |V, |? B .
—div <7(1 T (un))” Vun) + Bi(un T %)94—1 =T.(f) inQ,

n=20 on 9.

(6)

We are now going to prove some a priori estimates. The next lemma gives a control
of the lower order term.

Lemma 2.2. Let u, be the solutions to problems (6). Then it results

ety
Q

h(“n)
. h
the non-negative operator term,

|Vun| Un  Th( un Th
B/(u + 1yo+1 f
Q

It is now sufficient to pass to the limit as h — 0, using Fatou’s lemma and the fact

T
%—uash—m. O

Proof. Let us consider , h >0, as a test function in (6). We have, dropping

that

We prove now two a priori estimates on u,, which are true for every p > 0 and
6 € (0,2). In the sequel C will denote a positive constant independent of n; p(F)
will be the Lebesgue measure of a set £ C RV.
Lemma 2.3. Let 0 < 0 < 2. Let f be a positive function belonging to L™(Q), with

2N

>
"E=9N (N —2)
in H}(Q). Thus there exists a function u € H} () such that, up to a subsequence,
Un, — u weakly in H}(Q) and a.e. in Q.

Then the solutions u, to problems (6) are uniformly bounded

Proof. The assertion follows by proving that the solutions u, to problems (6) are
uniformly bounded in Hg(Q). If we take (u, +1)? — 1 as a test function in problem
(6) we obtain

|Vun|2 |vun|2 0
Q Q Q
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dropping the positive operator term. We can estimate the right hand side using (7)

in order to get
Vu,|?
B/ﬁ n(un +1)% < /fuz-l-C.
Q Q

By working in {u, > 1}, the previous inequality gives

g / |vun|2g/fui+cg / ful +C<C / flun =1 +C.

{un,>1} Q {un,>1} {u,>1}
We use the Sobolev inequality in the left hand side and the Holder inequality
2*
with exponent 7 in the last term, recalling that f belongs to L™ () with m >

N 2+
2N—9(N—2)<9> Thus
(8)
B . B )
57 / (1| <% / V|2 < C / -2 | +cC.
{un>1} {un>1} {un>1}

Since we are assuming 6 < 2, we deduce that

It follows from (8) that

(9) / |Vu,|?> < C.
{unzl}

Let us search for the same kind of estimate in {u, < 1}. Taking T} (uy) as a test
function in problem (6), we get

R B B /leun /f

{un<1} {un<1}

using hypothesis (2) and dropping the non-negative lower order term. As a conse-
quence of estimates (9) and (10), uy, is uniformly bounded in Hg(£2). By compact-
ness, there exists a function u € H}(Q) such that, up to a subsequence, u, — u
weakly in H}(Q) and a.e. in Q. O

Lemma 2.4. Let 0 < 0 < 2. Let f be a positive function belonging to L™ (Q), with

N 2N
m <m < m Then the solutions u, to problems (6)
N(2—-6
are uniformly bounded in WOLU(Q%U = mN(ie) Thus there exists a function
—0m
u € WOLU(Q) such that, up to a subsequence, u, — u weakly in Wol’U(Q) and a.e.

n ).

Proof. The assertion follows by proving that the solutions w,, to problems (6) are
2% —
uniformly bounded in W7 (). Take (up+1)?27 —1, with v = 2/7”27’*, as a test
m —
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function in problems (6). Note that v < 0: indeed 2* — ém’ < 0 and 2m’ — 2* > 0,
2%(2 - 0)
2m! — 2%
non-negative operator term and using estimate (7), we get

V| 2v+0 2y+0
B | oy Dy nlin + D7 < [ Sl + 120 C.
n n Q

N
since m < ER Moreover, 0 + 2y = > 0, as 6§ < 2. Dropping the

By working in {u, > 1} the previous inequality gives
(11)
B 2 B
+1 +1 2 2
SCESIE / |V [(un 4 1)1 — 271 <3 / V| (un +1)77

{unzl} {unzl}
: / Flun +1)2740 4 / flun +1)777+C < / flun + 1) 1 C.
{un>1} {un<1} {un>1}

The Holder inequality on the right hand side and the Sobolev inequality on the left
one imply

v
*|N

s / [(un +1)7%! = 27+1]2* <C / V| (un +1)%
(12) {unzl} {unzl}

<C+0C / (un, + 1)(2’Y+9)m/
{“nzl}
We remark that the choice of v is equivalent to require (y + 1)2* = (2y 4+ 6)m/;

2 1
moreover o > —, due to the hypotheses on m and ¢. Hence
m

(13) / (i +1)FD2" = / (U, + 1)+ < ¢ YpeN.
{un>1} {un>1}
N(2-6
Now, with ¢ = mN(79) as in the statement, and recalling that v < 0, let us
—Om
write
o __ |vun|a —o
/ |V’U,n| = / m(un‘i’l) .
{un>1} {u,>1}

2
The Hélder inequality with exponent — and estimates (12) and (13) give
o

2—o

2

o vun2 o2
(14) / |Vun| < / ﬁ / (un+1) Vo5 5 <C

{unzl} {unzl} {unzl}

[SE)

2
since f’y—a = (y+1)2*. It remains to analyse the behaviour of Vu,, on {u,, <1}.
2—0 K

Taking T1(u,) as a test function in (6) and dropping the non-negative the lower
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order term, we get

a VT (
ﬁ / |VT1(’LL")|2§O[ / | 1_’1_,“" / Tl un _/f

{u, <1} {u,<1} Q

by hypothesis (2). This last estimate and (14) imply that u,, is uniformly bounded
in W, (). Since ¢ > 1, there exists a function u € W,"?(€) such that, up to a
subsequence, u,, — u weakly in Wol’a(Q) and a.e. in €. O

In the following lemma, we will assume some hypotheses on p. This will give, in
some cases, some better estimates than Lemmata 2.3 and 2.4.
Nm(1—p)

Nm(1l —
Lemma 2.5. Let 0 <p < 1. Letf < Lm(Q), r = m and s = #(l«l»p)p)

N
(1) If m > —, the solutions of (6) are uniformly bounded in H}(Q) N L*°(Q).

Thus there exists a function u € HE(Q) N L>(Q) such that, up to a subse-

quence, u, — u weakly in HE(Q) and a.e. in Q.

2N N
(2) If N2 p(N =2 <m< 5 the solutions of (6) are uniformly bounded

in HY(Q) N L"(Q). Thus there ezists a function u € H}(Q) N L"(Q) such
that, up to a subsequence, u, — u weakly in Hi(Q) and a.e. in Q.

N 2N
3) I th lute [5)
(3) fN+1*p(N71)<m<N+2—p(N—2)’ e solutions of (6) are

uniformly bounded in W, *(Q). Thus there exists a function u € W, *(Q)
such that, up to a subsequence, u, — u weakly in WOI’S(Q) and a.e. in Q.

Proof. In problems (6) consider as a test function the same test functions as in [9].
With this choice, the lower order term is non-negative and we can take into account
only the term given by the operator. Therefore one can follow the same proofs as
in [9] to get the above estimates. O

Remark 1. Let p > 6 — 1. Lemmata 2.3 and 2.4 give a further uniform estimate
on u, than Lemma 2.5. Indeed, if one chooses u,, as a test function in (6), then,
by hypothesis (2)

Bu?
YV, |? a - </ n-
Q/' " [(1+|un|>p+<un+%>0+l]—ﬂ a

If p > 6 — 1, the lower order term has a leading role in the left hand side of the
previous inequality.

We are going to prove the a.e. convergence of the gradients of u,,. We will follow
the same technique as in [8]. Remark that a similar technique was used for elliptic
degenerate problems in [1].

Lemma 2.6. Let u,, be the solutions to problems (6) and u be the function found in
Lemmata 2.3, or 2.4 or 2.5, according to the summability of f. Up to a subsequence,
Vu, converges to Vu a.e. in Q.
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Proof. Let h,k > 0. In the sequel C' will denote a constant independent of n, h, k.
Let us consider Tp,(u, — Tk(u)) as a test function in problems (6). Then

By estimate (7) on the right hand side and by hypothesis (2) on the left one, we
get

Vun VTh unka( ))
/ Ot Loy = o

Then we can write
|V (un — Ty (u) V(up = Ti(u)) - VT (un — Ti(u))
(14 up)P (L4 Tn(un))P

{lun =Tk (u))|<h}

VTk (u) . VTh (un - Tk (u))
< Ch - / (L+ T (wn))?

Q
At the limit as n — oo one has

VT (un — Ti(w))?

li < Ch.
PN TETS
{lwn =T (u)|<h}
Since u, < h+ k in {Jup — Tk(u)| < h}, we get
(15) lim sup / IVTh(uy — Tr(u)|* < Ch(14+h+ k)P
n—oo

{lun =Tk (w)[<h}

We recall that w, is uniformly bounded in VVO1 (Q), where n equals 2 or o or s,
according to the statements of Lemmata 2.3, 2.4 and 2.5. Let ¢ € (1,n). We can

write
/|V |qi
IV (tn )|+ / IV (tn )|+ / IV (tn )]
{lun—u|<h,|u| <k} {lun—u|<h,|u|>k} {lun—u|>h}

Using the Holder inequality with exponent % on the first term of the right hand
side and exponent g on the other ones, we have

1V~ wpr <
Q

q
2

<C V(w2 +C [u{lul > KD'F + pl{Jun — ul > b}~
{lun —ul<h,|u|<k}

where we have used that u,, is uniformly bounded in W, () to estimate the last
two terms. By (15) the limit as n — oo gives

limsup/ IV (tn — w)|? < [CR(L+ K+ R)P% + Cu({ul > k]~

n—oo
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The limit as h — 0 implies

limsup/ |V (un — u)|? < Cu({|u] >k}~

n—oo

At the limit as k& — +o0, u({|Ju| > k}) converges to 0. Therefore Vu,, — Vu in
L(Q). Up to a subsequence, Vu, — Vu a.e. in . O

3. EXISTENCE RESULTS IN THE CASE 0 < 6 < 1

To prove the existence of solutions to problem (1), the key point is to prove
that the function u found by compactness in the lemmata of Section 2 is strictly
positive. In the case 0 < 6 < 1, we use a technique similar to that in [8].

Proposition 1. Let 0 < 6 < 1. Let uy, and u be as in Lemma 2.6. Then u > 0.
Proof. We define, for s > 0,

Hn(s)z/os wdt H(S):/Os Chalieny

at 4+ 1)o+1 at?

Observe that H is well-defined, since § < 1. We choose e~ BHn(4n) ¢ wwhere ¢ is a
positive C§°(2) function, as a test function in (6). This gives

b(z) . —BH, (u,) _ —BHp(un) 4 _
/(1+T( -V, Vo !Tnme ¢

—BH,, (un) v 2
_ —BH, (un) 2 / _ € | un| Up,
- B/ 1 +T re [Vt [ H (1) B/ Trayrr ©
Q Q
—BH, (un) v 2
—BH, (un) 2 / o € | Un| Un
ZB/ p eI Va6t )~ B | R
Q

by hypothesm (2). The last quantity is positive, due to the choice of H, and ¢. As
a consequence

& . —BHn(un) _BHn(un,) —BHn,(’u,n,)
!(1+Tn(Un>>qun Voe ZQ/Tn(f)e ¢ZQ/T1(f)e .

Now, we set
s = BH.(t) s o~ BH(t)
P.(s) = ———dt, P(s)= —dt
o= [ armart 0= T
With these definitions, we remark that we have just proved that the inequality
—div(b(2)V (P (un))) > Ty(f)ePHntun)

holds distributionally. Observe that for every n € N, P, (u,) € H}(Q2), since P/, is
bounded and u,, € H} (). Let z, be the H}(Q) solution to

—div(b(z)Vz,) = T1(f)e_BH"'(“”) :
let z be the Hg(£2) solution to
—div(b(z)Vz) = Ty (f)e” BHW

Then
—div(b(z)V (P (uy))) > —div(b(z)Vzy,) .
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The comparison principle in H{ () implies that P, (u,(z)) > z,(x) for a.e. z € Q.
Up to a subsequence, z, — z weakly in Hg(f2) and a.e. in 2. At the limit a.e. in
Q, as n — 400, we have P(u) > z. By the strong maximum principle z > 0 and so
P(u) > 0. Since P is strictly increasing, u > 0 in Q. O
[Vul?
ul

Corollary 1. Let 0 < 6 < 1. Let un, and u be as in Lemma 2.6. Then
LY(Q).

S

Proof. We pass to the limit in (7). The a.e. convergence of u, to u (see Lem-
mata 2.3, 2.4 and 2.5), the a.e. convergence of Vu, to Vu (see Lemma 2.6) and
Proposition 1 imply
\V4 2
p [ R - / !
u
Q Q

by Fatou’s lemma. (I

We are going to prove Theorem 1.1.

Proof. We are going to prove that the function u found in Lemma 2.3, and studied
in Lemma 2.6, Proposition 1 and Corollary 1, is a weak solution to problem (1).
We use the same technique as in [8].

We will prove that (4) holds true for every positive and bounded ¢ € H}(Q).
The general case follows from the fact that every such function ¢ can be written as
¢4+ — p_ with ¢4 bounded, positive and belonging to H}(f2).

We pass to the limit as n — oo in

!(1+Tn(un))pv " ijLBQ/(Un‘f’%)l-i-GwQ/Tn(f)w’

where ¢ is a positive bounded Hg () function. Regarding the first term we observe

b b
@%Vsﬁ strongly converges to Oiixi)pvw in LQ(Q) and Vau,, weakly

converges to Vu in L?(Q). For the second one we use the a.e. convergence of Vu,,
proved in Lemma 2.6. Fatou’s lemma implies

2
(16) /MVMV@—FB/'V%' <p§/f<p.
Q Q Q

that

(I+wu)p u

The proof of the opposite inequality is more delicate. To this aim, we define, for
n € Nand s > 0,

t t
B(1 p B(1 p
mo = [ 2 mo - [ 205
" o a(s+3)? o as
Hy is well-posed, since 6 < 1. Let us consider

—Hi (up) H1(Tj(u))
— n e 7

Y

where j € N and ¢ is a positive bounded H{ () function, as a test function in (6).

Then
b(x) —Hi (un) Hi1(Tj(w))
/(HTH(%))pvun.we S



hal-00581505, version 1 - 30 Mar 2011

AN ELLIPTIC PROBLEM WITH DEGENERATE COERCIVITY 13

B / b(z) o1 () H3 (T 0) Vity - VT (u)
L+ To(un T30+ 17

7Hl(un) H ( u)) B/ |Vun|2 (1 + un)? Hy (un) Hy(T;(w))
= Tn n J n J
/ (f)e 1+ T (%+un)9w ‘
Q
B IVun|?un  —Hy (un) Hi(Tj(u))

Note that by hypothesis (2) and inequality

Uy + 1 P U,
—r - ) >1> "
(lJrTn(un)) - unJr%

the sum of the last two terms is non—negative. At the limit as n — oo we have

/ Vu Vi e~ Holw)e
Q
)

Hy (T; (w))

B [ b ey H (T () V- VT (u)
S A e o(u) I S ANt Ay o +1)P

> / fe—Ht)(u)eH%(T"(“” +§ /b($)|W|2(pe—Ho<u>eH;W“))

[0 ’U,e
Q

/ |Vu|2 o—Ho( H%(Tj(u))

)

using the weak convergence of u, to u in H}(Q) in the left hand side and Fa-
tou’s lemma in the right one. Now we pass to the limit as j — oo, using that

Hi1(T;(u
e~ Ho(we %( i) < 1 and Corollary 1. We obtain

(17) /(1(17))% w>/f¢ B/ |VJ;|2.

Q Q

Inequalities (16) and (17) imply that

[ty [ - 1

Q Q Q

for every positive and bounded ¢ € H}(Q). O
We are going to prove Theorem 1.2.

Proof. We are going to prove that the function v found in Lemma 2.4 and studied
in Lemma 2.6, Proposition 1 and Corollary 1, is a weak solution to problem (1).
We use the same technique as in [11, 21].

We first prove (5) for every positive Cf () function ¢. With the same argument
as in the previous theorem (i.e., using Fatou’s lemma) one can prove that

b(x) [Vul?
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To prove the opposite inequality, we slightly modify the previous proof, since we
no longer have uniform estimates of u, in H}(€). Observe that, however, T (u,,)
is uniformly bounded in H}(Q). Indeed, it is sufficient to consider Ty (uy,) as a test
function in (6): we obtain

|VTk(un)|?> < Ck(14+ k)P VneN

{un<k}
by hypothesis (2). We will use, for K € N and s € R
1, s<k
Ry(s) = k+1—s5 k<s<k+1
0, s>k+1,

to define a test function. We set, for t > 0,
t t
B(1 p B(1 p
Hi(t):/ CICL L Ho(t):/ BUts)",, .
" 0 a(s+3)? o as
This is possible, since § < 1. We consider

— uy) Hi(Tj(u
v=e H%( )e ;(J( ))Rk(un)(p,

where ¢ is a positive C3(£2) function and j € N, as a test function in (6). Then

b(z) —H (un) Hy(Tj(w)
/(1 +T (U ))pvun Vgﬁe " e J Rk(un)
Q

B b(x) —H (un) Hi (T;(w) Vg, - VT (u)
— | T w i o Y 1)P
/ 1+ T, (u))p” € ¢ (Tj(u) + 1)" Ry, (un)

(Ty(u) + 17

- —H (un) H1(T5(w) b(@)|Vunl>  —Hy (un) Hi(T;(w)
*/Tn(f)e " e 7 @Rk(un)+ / mWe n e 7
@ {k<un<k+1}
IVunI2 (L+un)?  —Hy(un) Hi(T3(w)
/ 1+ T (un))? (L +uy)? e m e Ry (un)

— uy) Hi(Tj(u
_B/(|Vun| U, Ha( )e ;( i ( ))Rk(un)go.

L

The sum of the last two terms is positive, since b(x) > « by hypothesis (2) and by

inequality
p
u"i“ >1> Un .

/ b(@)|Vun|? | —Hy(un) Hi(T3(u))

pe " € )
(L4 T (un))P
{k<u, <k+1}
at the limit as n — co we have, by Fatou’s lemma, the weak convergence of w,, in

Wy (Q) and the weak convergence of Ty (u,) in Hg (),

b(x ' (u

Dropping the non-negative term

Q
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B b i(u -VT;
+_/ () efHo(u)eH%(TJ( N Vu-V J(u) (Tj(U)‘f’ 1)ka(u)

(T30 + 3

Z/feiHO(“)eH%(Tj(u)) Ry (u B/ |Vu| 7H°(“)6H%(Tj(u))Rk(U)

Hi(T;(u
B/ IV;;I o Ho(w) ,H1 (T ))Rk(u)go

As in the previous proof, it is now sufficient to pass to the limit as j — oo first,

. —Ho(u) 1 (Ti(w) .
using that e e 7 < 1 and Corollary 1, and then to the limit as k£ — oo,

using that Ry (u) tends to 1. We thus obtain

Inequalities (18) and (19) imply that

(20) /%Vu-VgﬁJrB/wu—Zng/f@

Q Q Q

for every positive ¢ € C}(Q). Now, let ¢ any C}(Q) function. We define ¢5 =
p° * ¢4+ as the convolution of a mollifier p®, for ¢ > 0, with ¢4+. Then ¢35 is a
positive C§(2) function, for € sufficiently small. By (20) we have

b(z) " |Vul? . oy . .
/ﬁvU V(e +)+B!7(sﬁ_sﬁ_)g/f(sa_ v2).

Q

Since ¢° — ¢ — ¢ uniformly in Q and in Wol’q(Q) for every ¢ > 1, as € — 0, the
result follows. 0

4. EXISTENCE RESULTS IN THE CASE 1 <6 < 2

As in the above case, we need to prove that the function v found in Section 2 is
not 0 in . To this aim, we are going to prove that for every w CC €2 there exists
a positive constant ¢, such that the solutions u, to problems (6) satisfy u,, > ¢,
in w for every n € N. We will follow a similar technique to that one in [5]. The
following theorem, proved in [18] (and in [5]), will be useful to us.

Theorem 4.1. Let B: Q2 xR — R be a Carathéodory function such that for every
w CC ) there exists my, > 0 such that B(x,s) > myl(s) for a.e. © € Q and for
every s > 0. Assume that | : RT — RT is a continuous increasing function such
that 1(s)/s is increasing for s sufficiently large and for some ty > 0

/+°° di
to \/fot I(s)ds

Then for every w CC S there exists a constant C, > 0 such that every sub-
solution v € H} (Q) of —div(b(z)Vv) 4+ B(z,v) = 0 such that vT € L7 () and

loc

B(z,v") € L}, () satisfies v < C,, in w.

(21> < +o00.
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Remark 2. We recall that a sub-solution of —div(b(z)Vv) + I(v)g(z) = 0 is a
I/Vlloc1 (©) function such that

/b(:z:)Vv -Vo + /l(v)g($)¢ <0
Q Q
for every C2°(2) positive function ¢.

Remark 3. In the literature condition (21) is called the Keller-Osserman condition,
due to the papers [17, 19] on semilinear equations.

Proposition 2. Let 1 < 0 < 2. Let u, be the solutions of (6). Then for every
w CC () there exists a strictly positive constant c,, such that u, > c, in w for every
n € N.

Proof. Step 1. Let u,, be a H}(2) N L>°(Q) solution to (6). We perform a change
of variable in order to get a sub-solution of an elliptic semi-linear problem, as in
Theorem 4.1.

1
We set an(s) =

———— . Then wu, satisfies, distributionally,
L+ Tu(s))P v
. B 2
—div (b(z)an (un)Vu,) + u—9|Vun| >Ti(f),
that is,

(22) — div(b(x) Vg ) an (un) — al, (tn)b(2)| Vi, |? + 1L£0|Vun|2 >Ti(f).

t B 1
Let k,(t) = | ———dr and 9, (s) = —kn(t)
et k() /1 arlan () r and ¥, (s) /S e a

I (8) = —qa (g)e—kn(s) Ynls) B
(23) V() 7 (8) ; 0 a

Selw

(t)dt . We remark that

a, (s) B B
an(s)  as?a,(s)’

We define v, = 95, (uy,). Then
div(b(x)Vv,) = div(b()), () V) = ¢!, (un )div(b(2) Vg ) + b(2)! (un)| V|

and therefore

—an (uy)div(b(z)Vuy,) = an(un)% + an(un)b(z)zggzzg |V,|? .
By inequality (22) we have
T (f) < an(un)%Jran(un)b(z)ZgEZ:i |Vun|27a;l(un)b(z)|Vun|2+:%|Vun|2 .
Using that a],(s) <0, 2?8 < 0 and hypothesis (2) we obtain
Ti(f) < —an(un)%—i—an(un)a%’:gzg |Vun|2—a;l(un)6|Vun|2+%|Vun|2.

Due to (23)
div(b(z)Voy,) .

Tl(f) S *an(un> w, (u”)
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8
Observing that 1/, (s) = —ag (s)e™*»(9) <0, v, satisfies

- B _
0> —div(b(z)Von) + T (f)e F@n D gs ™ (4 (v,)) .
Step 2. We now study, for s > 0

iy Bl
(T )

We remark that ¢ 1(s) < 1, since s > 0 = t,,(1) and 1), is decreasing. Therefore
]

(24) ai " W (s) > ai T (1) = ao

as a, is decreasing.
Recalling that

and

it is not difficult to prove that

(25) Un(s) = 1(s),

distinguishing the cases s < 1 and s > 1. Now, inequality (25) and the fact that
t, is decreasing imply that 1, 1(s) < 1/1{1(3) for every s > 0. Recalling that
¥ 1(s) <1 and a,(s) = a1(s) > 0 for s > 1, we deduce easily that

(26) e (Wi (8) > o=Ri(ur ' (5)) |
Due to (24) and (26), v, satisfies
0> —div(b(z)Vu,) + B(z,vy)

with
_J Ti(faol(s), s=0
B(x’s)_{o, s<0,
where I(s) = e F1(¥1' () _ 1 5> 0.
Step 8. We are going to prove that [ satisfies the hypotheses of Theorem 4.1.
We observe that [ is continuous and increasing, since 1; !is decreasing and k;
is increasing. We claim that [(s)/s is increasing for s sufficiently large. This is

equivalent to prove that Y (t) = % is decreasing for small positive t. Now,
1
Y'(t) < 0 if and only if
t
(27) Vr®)a(0) ~ [ Vi) (s)ds > 0.
1
B

We remark that I(¢1(s)) = e Let wo € (0,1) be such that h(t) =
asfai " (s)

U(r(t)) = 7 i decreasing in (0,wp]. Therefore

atlai ™ (t)

(1 () (1) — / V(41 ()0, (5)ds = / )0 (3) [A(t) — h(s)] ds
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> / M1 af (s) [h(t) — h(s)] ds

wo
due to the choice of wg. Let

! 2 ! s
M, :/ e R e (s)ds, M2=/ e Mg (s)h(s)ds.

wWo wo

We have proved that

P (8)1ha (t) = /1 '(¥1(8)91(s)ds = Myh(t) — Ms.

If ¢ is sufficiently small, the last quantity is positive, since h is decreasing for small
positive t. Therefore (27) holds.

We are going to study the last condition on [, that is, the existence of a positive
to such that

teo dt
(28) /t m <o

Using the change of variable 7 = ¢ 1(3) we get

t t - 1 5
/ I(s)ds = / [e_kl(wl OV 1]lds = / [e_kl(T) —1lay (T)e_kl(T)dT.
0 0 O]

1
It is easy to see that e k() _q > §€_k1(7) for 7 < 7y sufficiently small. Moreover

ar () > %, for 7 < 1. Therefore it suffices to find ¢ sufficiently large (tg > 11 (70))

such that
dt

[
o \/ Sy e ar

The last integral can be estimated, using the change w = 17 ' (t) and the fact that
(s) <1, in the following way:

< 0.

/ /1/11 *(to) —kl(w)a /wl *(to) dw
o f e—%de I, e—%(ﬂdT NIRRT

where wy is chosen in such a way that k{ is decreasing in (0, wg]. We observe that
1
/ Ei(t)dt < oo, as @ < 2. Hence it suffices to prove that there exists a strictly
0
positive constant ¢ such that

K (w) /wo k) =kl gr > ¢

w

Now, since k(1) is decreasing in (0, wp,

¥ () /wo 2k () =ki(Mlgr > /wo K (T)eg[kl(w)—kl(r)]dT _ - _ 162[k1(w)—k1(w0)] .

1
2 2
2k (w) . v B
Observe that e/ — 0 as w — 0, since ky(w) = ————dt — —0o0 as
1 atfaqi(t)
w — 0, by hypothesis § > 1. Therefore (28) is proved.

Step 4. Theorem 4.1 applies and gives, for every w CC {2, the existence of a
constant C,, > 0 such that v, < C,,. Recalling that 1, (s) > ¥1(s) by (25), we have
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Co > vy = P (un) > 1 (uy,). Since vy is decreasing, u, > ¥ (C,) = ¢, > 0 in
every w CC Q. O

2
Corollary 2. Let 1 < 0 < 2. Let u, and u be as in Lemma 2.6. Then u

7] S
u
L'(Q).

Proof. As in the proof of Corollary 1, we pass to the limit in (7) using the a.e.
convergence of u,, to u (see Lemmata 2.3, 2.4 and 2.5), the a.e. convergence of Vu,,
to Vu (see Lemma 2.6) and Proposition 2. (I

Corollary 3. For every w CC (Q there exists a positive constant ¢,, such that
Up, <
(up + %)He -
Proof. Tt is sufficient to observe that in every subset w CC 2
Uy, < 1 < 1 -
_— — =
(up + )0 Tl Tl
since u, > ¢, > 0 in w by Proposition 2. O
As in [5] we prove the strong convergence of Ty (u,) in H} (). This will be
used to compute the limit of the lower order term in problems (6).

Co VZ EW.

Lemma 4.2. Let u,, be the solutions to problems (6) and u be the function found
in Lemmata 2.3, 2.4, 2.5. Then, up to a subsequence, Tx(un) — Ti(u) in H. ().

Proof. We are going to prove that

lim /|V(Tk(un) — Ti(u)|>¢ =0
Q

n—oo
for all positive ¢ € C°(Q). Let pr(s) = se*’ A > 0. As in [11], we will consider
as a test function (T (un) — Tk(u))d, where A will be chosen later. In the sequel

g(n) will denote any quantity converging to 0, as n — oo. From (6) we get
(29)

b(x) .
J G fay e Tk ) = Tl 4 Ti) ~ Ti)o

+8 [ T (1) ~ i)

1
n

Q
_ / %w Vo (T (tn) — Ti(w)) + / To ()0 (Ti (1) — Ta())

It is not difficult to prove that

/Tn(f)cpA(Tk(un)ka(u))gb — 0, /%VUWVQSQ@(T;C(U")T;C(U)) — 0,
Q Q

asn — 0o. Indeed for the first limit one can use the Lebesgue Theorem. For the sec-
ond one it is sufficient to observe that Vu,, converges weakly in some Sobolev space

b(z)
mvéf’ O (T (un)—

given by the statements of Lemmata 2.3, 2.4 and 2.5 and

Ty (w)) is uniformly bounded with respect to n.
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We are going to treat the left hand side of (29). We choose wy, CC €, with
supp¢ C wg. Then

B/%wA(Tk(un)Tk(u))éb > 7B6W¢/|VTk(un)|2|<P)\(Tk(un)7Tk(u))|¢)
" Q

by Corollary 3. We deduce from (29) that

/ m;i%v“" V(T (un) — Ti(w)) P\ (T (un) — Tio(u))d
(30) Q

_Ba,, / VT ()P0 (T () — Ti(u))] < () -
Q

We remark that

{ Zk} %VUH V(T (un) — T (w)) o\ (Th(un) — T(u))e = e(n).
Hence inequality (30) is equivalent to
b(zx) /
/ mVun . V(Tk(un) — Tk(u))(pA (Tk(un) _ Tk(U))Qﬁ
(31) {un<k}

—Bcy, / VT3 (un) A (The(un) — Ti(u))] < e(n) .
Q

Remark that

b(x) ,
{ Zk} T Doy Y D)V (Tlun) =T (Tin) i) = 0, = oo.

Adding the above quantity in both sides of (31) we get

b(z) /
{ /<k} mv(un =Ty (w)) - V(Ti(un) — Ti(u)) o\ (Th(un) — Ti(u))9

—Bcy, / VT () P oA(The(un) — T (u))] < £(n) .
Q

By hypothesis (2) on b, we obtain

| i V) ~ Tl Tala) ~ Tu(a)o
(32) {un<k}
—Bé,, / VT (un) ?lox (Th (un) — Ti(u))|p < (n).
Q

It is easy to prove that

/IVTk(un)|2I%(Tk(un)*Tk(U))lfbS / 2|V (T (un) = Tio(w)) * oA (Tho () =T (w)) |-+€(n)
Q

{un Sk}
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We deduce from (32) that the quantity

(33)
| |Gt ~ Tutw) - 282, s Tiun) - Tu@)l| 1V (T~ ()
{un Sk}

tends to 0. Now, ¢, has the following property: for every a,b > 0, ap)(s) —
b2

blpa(s)] > g it A > 1 Therefore there exists A > 0 such that
a

[0 / - 6%
> —9B¢, >_ % yseR.
A5 a2 ()~ 2Bl 2 5a— 7 Vs
Applying this inequality to the quantity (33), the statement of the theorem is
proved. ([

We are now going to prove Theorems 1.3 and 1.4 in a unique proof. As we will
see the only difference is the choice of the test functions ¢. Theorem 1.5 can be
proved with the same technique.

Proof. By Lemmata 2.3 and 2.4 the solutions u,, to (6) are uniformly bounded in
H}(Q) and WOLU(Q) respectively; moreover Vu,, converges to Vu a.e. in Q up to a
subsequence, by Lemma 2.6. The solutions u,, satisfy

/(b(ix)pv%.v@-yB/Mw /Tn(f)sé’-
Q

1+ T (un)) (n + D)1H07
Q Q

For the proof of Theorem 1.3 we consider for ¢ a bounded H} () function. For the
proof of Theorem 1.4, ¢ is a C§ () function. To compute the limit of the first term
in the case where u,, weakly converges to u in Hg(2) (Theorem 1.3) it is sufficient
b(x) b(x
———— Vo strongly converges to ———V in (L?(Q2))V for
Aoy ¢ gly g TEenrAAd (L*(€))
every ¢ € H} () NL>®(Q). In the case where u,, weakly converges to u in Wy (),

b
M%Vgﬁ strongly converges to
n\Un

WV@ in (L"(Q))Y for every r > 1 and for every ¢ € C}(9).

V|2
To compute the limit of / 7| u"|1 Un
J (un + e

to use that

with ¢ < 2 (Theorem 1.4), one uses that

b(x)

¢ we will use the same technique as in

\V4 2
[5]. We are going to prove that [Vt P is equi-integrable. Let F CC w CC .
(un + %)1+0

Then

/ |V, [2un, < / |V, |*un, n / |V |*un,

(i + 5157 (un + D17 (un + D17
E En{u,<k} En{un>k}
~ 2 [V [*up
Scw / |ka(Un)| + / (un+%)1+0 5
En{u,<k} {un>k}

where we have used Corollary 3 to estimate the first term. Now, if we choose
Ty (ty, — Ti—1(up)) in problems (6) we have, dropping the non-negative operator
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term,

|V 2w,
{un>k} " {un>k—1}

C
Observe that there exists a constant C' > 0 such that p({u, >k —1}) < T
uy, are uniformly bounded in L(£2). This implies that the right hand side of (34)
converges to 0 as k — oo, uniformly with respect to n. We deduce that there exists
ko > 1 such that

2
(35) / NVunPun

o Ty Vk>ky, VneN.

€

2
{un zk}

Moreover, since Ty (un) — Ti(u) in HY (2) by Lemma 4.2, there exist n., §. such

that for every E CC Q with p(E) < d. we have

/ (VT ()2 = /|VTk(un)|2 < % Vn>n,.
BEn{u, <k} E ¢

|V, [2u,
(un + %>1+0

|V, |[2u,

This and (35) imply that (Up, + 1)1+0

is equi-integrable. Now, recall that

[Vul?

converges a.e. to ——, belonging to LY(Q) by Corollary 2. By Vitali’s theorem
u

we have the result. O

5. A NON-EXISTENCE RESULT IN THE CASE 6 > 2

We are going to prove Theorem 1.6 about the non-existence of finite energy
solutions to problem (1) when 6 > 2. We will use the following result of [5]:

Theorem 5.1. Let M(x,s) be a N x N matriz whose entries are Carathéodory
functions m;; : @ xR = R, for every i,j =1,...,N. Assume that there exist two
positive constants vy, 1 such that M (x,s)€-& > aq1l€|? and |M(x,5)| < By for a.e.
x €Q, and for all (5,€) € R x RN, Let g: Q x (0,4+00) — RT be a Carathéodory
function such that for some constants sqg, A > 0 and 6 > 2 it holds

A
g(x,8) > @ Vs e (0,s0].

Let f >0, f £ 0, be a LYQ) function, with ¢ > % If one of the following
conditions holds:

(1) 6>2

(2) 0 =2 and M (f) > £,

then there is no H} () solution to problem

{—div (M (z,u)Vu) + g(z,uw)|Vu|®> = f inQ,

u=20 on 0f).
Proof. (of Theorem 1.6) By the change of variables

1 (1+u)t-?
D et A
In(14w), p=1,
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problem (1) is equivalent to

—div (b(z)Vv) + Bg(v)|Vo|* = f in Q,

(36) o n0
with 2
[1—(p— 1)5]%
1 s 7&1
gs)=¢ ([ —25(17 —1)s]T7 —1)° p
(es —1)7° p=1.

It is easy to prove that g(s)s’ — 1, as s — 0. Hence for every fixed 0 < ¢ < B
there exists s. > 0 such that Bg(s) > £3= for every s € (0,s:]. Theorem 5.1
therefore applies to problem (36). We deduce that there is no Hg(Q) solution to
problem (36) if either 8 > 2, or § = 2 and A\ (f) > ﬁ, for every 0 < e < B. As
a consequence there is no H¢ () solution to problem (1) if either § > 2, or § = 2

and Al(f)>%. O
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