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ABSTRACT

Sound recordings include transients and sustai-

ned parts. Their analysis with a basis expan-

sion is not rich enough to represent e�ciently

all such components. Pursuit algorithms choose

the decomposition vectors depending upon the

signal properties. The dictionary among which

these vectors are selected is much larger than a

basis. Matching Pursuit is fast to compute, but

can provide coarse representations. Basis Pur-

suit gives a better representation but is very ex-

pensive in terms of calculation time. This paper

develops a High Resolution Matching Pursuit :

it is a fast, high time-resolution, time-frequency

analysis algorithm, that makes it likely to be

used for musical applications.

1. INTRODUCTION

The complexity of structures encountered in a

sound recording requires to develop adaptive low-

level representations. Although the decomposition

of such a signal in a basis entirely characterizes

it, this basis is a minimal set of vectors that is

not rich enough to represent e�ciently all compo-

nents. Some signal structures are di�used across

many basis elements and are thus di�cult to ana-

lyze from this expansion.

Indeed, sound recordings include transients

that are well represented by short waveforms, and

sustained parts that are more e�ciently decom-

posed over long waveforms with short frequency

�CNRS Paris 7
yCMAP Ecole Polytechnique
zIRCAM

support. Pursuit algorithms choose the decompo-

sition vectors depending upon the signal proper-

ties. These vectors are selected among a family of

waveforms that is much larger than a basis, which

is called a dictionary.

The High Resolution Matching Pursuit (HR-

MP) developed in this paper is a fast algorithm

providing high time-resolution time-frequency rep-

resentations, that enables it to be used for musical

applications.

2. MATCHING PURSUIT

A dictionary is a family of vectors D = (g)2�
included in a Hilbert space H , with a unit norm

jjg jj = 1. A matching pursuit is an iterative algo-

rithm that decomposes the signal over dictionary

vectors as follows.

Let R0f = f . We suppose that we have com-

puted the nth order residue Rnf , for n � 0. We

then choose an element gn 2 D which \closely"

matches the residue Rnf , in the sense that

jC(Rnf; gn)j = sup
2�

jC(Rnf; g)j; (1)

where C(f; g) is a correlation function that mea-

sures the similarity between f and g .

The residue Rnf is then sub-decomposed into

Rnf = C(Rnf; gn)gn +Rn+1f; (2)

which de�nes the residue at the order n+1. In

the Matching Pursuit (MP), initially introduced

by Mallat and Zhang [1], the correlation function

that is used is C(f; g) =< f; g >. The error

jjRnf jj is then proved to decay to zero. Thus by
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iterating Eq. (2) we obtain

f =
+1X
n=0

C(Rnf; gn)gn : (3)

The structure of MP enables it to be imple-

mented with a fast algorithm.

3. GABOR DICTIONARY

To analyze time and frequency localization prop-

erties of one-dimensional signals, such as speech

or music recordings, we use a large dictionary of

time-frequency atoms.

Let g(t) = 1p
2��

exp
�
� t2

2�2

�
be a Gaussian

function of unit norm. For any scale s > 0, mod-

ulation frequency � and translation u, we denote

 = (s; u; �) and de�ne

g(t) =
1p
s
g

�
t� u

s

�
ei�t: (4)

The index  is an element of the set � = R+�R2.

The function g(t) is centered at the abscissa u

and its energy is concentrated in a neighborhood

of u, whose size is proportional to s. Its Fourier

transform is centered at the frequency ! = �, and

its energy is concentrated in a neighborhood of

�, whose size is proportional to 1=s. The time-

frequency energy distribution of f(t) is then de-

�ned by

Ef(t; !) =
+1X
n=0

jC(Rnf; gn)j2Wgn(t; !): (5)

whereWgn(t; !) is theWigner distribution of gn ,

i.e. a two-dimensional Gaussian \blob" in the

time-frequency plane. Figure 1 and 2 display such

time-frequency energy distributions.

4. HIGH RESOLUTION MATCHING

PURSUIT

The Matching Pursuit is a greedy algorithm in

that it optimizes at each step the amount of the

signal energy it grasps. This often leads to a choice

of features which globally �ts the signal struc-

tures but is not best adapted to its local struc-

tures. Indeed, for instance, a signal composed of

two bumps modulated by a sinusoidal wave at fre-

quency � (Figure 1-a) is �rst decomposed into a

large atom at frequency � (middle horizontal line

on Figure 1-a-MP) that covers the time support

of both bumps. Then, in order to remove the en-

ergy created between the two bumps by this �rst

atom, MP chooses two atoms of the same size as

the �rst one, with frequencies � +�� (upper line)

and � ��� (lower line).

Aiming at avoiding this problem, Donoho and

Chen [2] introduced the Basis Pursuit, which ma-

kes a full optimization, by minimizing
P

2� j� j
over all possible decompositions f =

P
2� �g .

However this leads to large scale linear-program-

ming problems and therefore is very expensive in

terms of calculation time.

The new algorithm, that we called High Reso-

lution Matching Pursuit (HRMP), is an enhanced

version of Matching Pursuit (MP), extending to

time-frequency dictionaries the pursuit over non-

modulated spline dictionaries introduced by Jaggi

et. al. [3]. It uses a di�erent correlation func-

tion, that allows the pursuit to emphasize local �t

over global �t at each step. The fast algorithm

structure of MP is however kept.

For each time-frequency atom g a set I of

sub-atom indexes is introduced. I corresponds to

smaller atoms gi ; i 2 I with a time support in-

cluded in the support of g , and modulated at the

same frequency. Let suppose that the atom g is

chosen in a pursuit. Rf = f �C(f; g)g becomes

the residue of this pursuit on the signal f . For all

i 2 I , <Rf; gi> represents the amount of \en-

ergy" of Rf located on the time-frequency support

of gi . This amount must be smaller than the sig-

nal \energy"<f; gi> at the same location. More-

over the corresponding decrease <C(f; g)g ; gi>

of signal energy cannot be greater than the initial

signal energy itself. This is formalized in Equa-

tions 6 and 7 :

j<Rf; gi> j � j<f; gi> j; (6)

j<C(f; g)g; gi> j � j<f; gi> j: (7)

From these relations, we derive the new correlation

function C(f; g), which maximizes the amount of

signal energy that the pursuit can grasp, when
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Figure 1: Time-Frequency distributions of signals (top) obtained with MP (middle) and HRMP (bottom):

(a) two close bumps, with a four atom decomposition

(b) an attack pattern, with a ten atom decomposition

choosing the atom g :

C(f; g) = " min
i2I

j<f; gi> j
j<g ; gi> j (8)

where " is evaluated as follows:

� if < f; gi > have the same sign, for all

i 2 I , then " is this common sign.

� else " = 0.

In MP, the inner-product, used as a correla-

tion function between a time-frequency atom and

an audio signal, disregards whether the signal con-

tains energy on the whole time-frequency support

of the chosen atom. On the contrary, the new cor-

relation function avoids creating energy at time

locations where there was none. It can thus dis-

tinguish close time features as shown in Figure 1-

a-HRMP. Moreover it can avoid pre-echo e�ects,

i.e. creation of energy just before the beginning of

the sound. Indeed, as shown in Figure 1-b, MP in-

troduces a pre-echo e�ect by choosing atoms that

overlap the attack time-location, whereas HRMP

does not choose any such atom.

Figure 2 displays the time-frequency distribu-

tion of a piano note obtained from a HRMP anal-

ysis. It represents simultaneously structures of

very di�erent scales. First, horizontal lines, cor-

responding to large scale atoms, describe the har-

monic structures : the bottom line corresponds

to the fundamental frequency of the piano note at

830 Hz, and the lines above display the partials ; in

the bottom left part, shorter horizontal lines dis-

play the resonance of the piano's sounding board

at 20 Hz. Then vertical features, corresponding to

�ne scale transitory structures, describe both the

attack, at the beginning of the note (left part), and

the fall back of the piano's damper on the string,

at its end (bottom right part).

Because of the new correlation function, the

atoms chosen for the decomposition have a smaller

time support than with a usual Matching Pursuit

decomposition, hence, because of Heisenberg in-

equalities, they also have a larger frequency sup-

port. HRMP thus performs a higher time-reso-

lution decomposition than MP, but its frequency-

resolution is decreased. However for audio appli-

cations the most important is to keep a good lo-
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Figure 2: Time-Frequency distribution of a piano note with HRMP

calization of the attacks, because the ear is very

sensitive to transients : hearing the attack of a

musical instrument is almost su�cient to identify

it. HRMP is thus adapted to the requirements of

sound recording analysis. It is likely to be adapted

to many musical applications, for example to al-

low the extraction of the parameters of formant-

wave functions synthesizers [4], which could not

be achieved with existing analysis processes.
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