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Abstract  

Agricultural machines should be designed to be optimal, reliable and have the 

capacity to resist failure by fatigue. Although, the deterministic design approach does not 

guarantee these requirements, it is traditionally applied in the design of agricultural 

machines. This is due to the difficulties to model the stochastic nature of the forces acting 

on agricultural machines, especially the forces acting on tillage machines which work in 

irregular environment and under varying conditions. Therefore, the main objective of this 

dissertation is to develop a general framework for the design of agricultural machines by 

integrating the optimization, the reliability and the fatigue tools. We aim to provide an 

alternative to the traditional deterministic design one. First, this dissertation proposes 

methods and models for modeling the variability in tillage forces considering both the 

variability in tillage system parameters and the soil failure. Second, based on the available 

methods in reliability-based design optimization and fatigue analysis approaches, it 

proposes methodologies for the design of agricultural machines. Throughout the 

dissertation, the developed approaches are applied to the design of the shack of a chisel 

plough. 

Keywords: variability; tillage system parameters; soil failure; tillage forces; tillage 

machines; reliability; optimization; fatigue analysis.  
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Résumé 

Les machines agricoles doivent être conçues pour être optimales, fiables et 

résistantes à la rupture par fatigue. L’approche déterministe de la conception ne garantit 

pas ces exigences, elle est néanmoins traditionnellement appliquée pour la conception de 

machines agricoles. Cela est dû à la difficulté de modéliser la nature stochastique des 

forces agissant sur les machines agricoles, en particulier les machines de labour, car elles 

fonctionnent dans un environnement irrégulier et dans des conditions de fonctionnement 

variables. Le principal objectif de cette thèse est de développer un cadre général pour la 

conception de machines agricoles, en intégrant les outils d'optimisation, de fiabilité et de 

fatigue. En cela, nous visons à proposer une alternative à l'approche déterministe. Tout 

d'abord, cette thèse propose des méthodes et des modèles pour modéliser la variabilité des 

forces durant le labour en prenant en compte à la fois la variabilité des paramètres du 

système de labour et de rupture du sol. Deuxièmement, sur la base des méthodes 

d’optimisation fiabiliste et d’analyse de la fatigue, nous proposons des méthodologies pour 

la conception de machines agricoles. Tout au long de la thèse, les approches développées 

sont appliquées à la conception de la dent d'un chisel. 

Mots-clés: variabilité; paramètres du système de labour; rupture du sol; forces de labour; 

machines de labour; fiabilité; optimisation; analyse de la fatigue. 
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Extended French summary  

Cette partie présente la synthèse des travaux réalisés, qui sont ensuite détaillés en 
version anglaise. 
 

1      Introduction (Chapitre 1) 

Le sol est une structure hétérogène et discontinue. Toutefois, il est considéré comme 

le facteur prépondérant pour la conception des machines agricoles. Les verrous de la 

conception des machines agricoles sont liés à la détermination du comportement du sol 

sous les chargements mécaniques et le calcul des forces agissant sur les outils de labour. 

Pour cela, cette conception est généralement basée sur des règles issues des observations 

expérimentales.  

Toutefois, au cours des six dernières décennies, des recherches ont déterminé les 

formes de la rupture du sol sous différentes conditions de fonctionnement et ils ont proposé 

des modèles pour estimer les forces agissant sur les outils de labour. Le premier modèle a 

été proposé par Reece en 1965 basé sur les travaux de Terzaghi. Aujourd’hui des efforts 

considérables ont été accomplis dans ce domaine, toutefois, il n’existe pas de modèle 

général permettant de prévoir l’interaction entre le sol et l’outil de labour. 

La démarche déterministe de la conception des machines agricoles est basée sur la 

mesure des forces agissant sur les machines dans différentes conditions de fonctionnement 

afin de déterminer leurs valeurs nominales. Ensuite, des facteurs de sécurité empiriques 

sont appliqués afin d’assurer une marge de sécurité entre les contraintes appliquées et la 

résistance limite du matériau.  

La démarche déterministe de la conception basée sur les coefficients de sécurité ne 

garantit pas une conception fiable. Puisque, la forte variabilité des propriétés mécanique du 

sol et des conditions de fonctionnement des machines agricoles peut conduire à des écarts 

imprévisibles des performances réelles et espérées. Par conséquent, la conception de ces 

structures doit être placée dans un contexte aléatoire. 

La démarche rationnelle de la conception des machines agricoles consiste à 

considérer la propagation des incertitudes dans l’analyse en s'appuyant sur une 

modélisation probabiliste des propriétés mécaniques du sol, les paramètres de conception 

des outils de labour et les conditions de fonctionnement. La théorie des probabilités offre 
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un cadre global pour la considération des incertitudes et des variabilités des données dans 

la modélisation mécanique. 

L’optimisation de la conception basée sur les critères de fiabilité propose de tenir 

compte des incertitudes dans la recherche de la conception optimale des structures. Cette 

approche datant du début des années 70 vise à trouver le meilleur compromis entre les 

coûts de la conception et la fiabilité d'un dimensionnement. Aujourd'hui, une variété 

d’approches d’optimisation fiabiliste sont développées afin de relever le défi de la 

conception des structures complexes. En outre, ces méthodes ont été appliquées dans 

plusieurs domaines industriels, par exemple l’automobile, les systèmes micro-électro-

mécaniques, l’aéronautique, et le formage des matériaux. 

Ces développements (fiabilité des structures, optimisation fiabiliste, analyse de 

fatigue) n’ont pas été appliqués à la conception des machines agricoles. Cela est 

principalement dû aux difficultés liées à la modélisation de la variabilité des forces 

agissant sur les outils de labour. Par conséquent, l’objectif principal de ce travail de thèse 

est de proposer une approche destinée à la modélisation de la variabilité des forces agissant 

sur l’outil de labour. Ensuite, d’utiliser l’approche de l’optimisation fiabiliste pour la 

recherche de la conception optimale des machines agricoles. Finalement, une approche de 

modélisation de la variabilité spatiale des forces de labour est proposée pour l’analyse de 

fatigue des machines agricoles. 

2      Objectifs du travail (Chapitre 1) 

Cette thèse propose des méthodologies pour l’intégration des approches de la fiabilité 

des structures, de l'optimisation fiabiliste et de l’analyse de fatigue dans la conception des 

machines agricoles. L'objectif principal est de développer un cadre probabiliste pour la 

conception des machines agricoles en considérant la variabilité des forces de labour. Ainsi, 

l’approche probabiliste développée peut être considérée par les concepteurs comme une 

alternative à l’approche déterministe. Les objectifs de ce travail sont les suivants: 

1- Proposer une approche probabiliste pour la modélisation de la variabilité des 

forces de labour résultant de la variabilité des paramètres du système de labour 

(les propriétés mécaniques du sol, les paramètres de conception de l’outil de 

labour et les conditions de fonctionnement). 

2- Développer une méthodologie d’optimisation fiabiliste pour les machines de 

labour.  
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3- Développer un nouveau modèle pour décrire la variabilité spatiale des forces 

totales de labour. 

4- Analyse du comportement en fatigue des machines de labour afin de calcul la 

durée de vie en tenant en compte de la variabilité spatiale des forces de labour. 

3      Synthèse du travail de thèse réalisé (Chapitre 1)   

La variabilité des forces de labour peut résulter de deux sources distinctes: d’une part 

la variabilité des paramètres du système de labour qui ont des effets globaux, d’autre part, 

la variabilité des formes de la rupture du sol qui ont des effets locaux. Par conséquent, nous 

appelons les forces de labour liées aux paramètres du système de labour par les forces 

globales de labour et celles liées à la rupture du sol par les forces locales de labour.  

La variabilité des paramètres du système de labour résulte de la variabilité des 

propriétés mécaniques du sol, de la variabilité des paramètres de conception de l’outil de 

labour et de la variabilité des conditions de fonctionnement. La variabilité des propriétés 

mécaniques du sol reflète l'hétérogénéité et la discontinuité du sol. La variabilité des 

paramètres de conception de l'outil de labour est due aux processus de fabrication. Par 

contre, la variabilité des conditions de fonctionnement est due au fait que ces paramètres 

ne sont pas complètement contrôlée pendant l’opération de labour.  

L’organigramme de ce travail est présenté en Figure 1. Premièrement, la variabilité 

des forces globales de labour résultant de la variabilité des paramètres du système de 

labour est modélisée et intégrée dans l’optimisation fiabiliste afin d'avoir des machines 

optimales et fiables. Deuxièmement, la variabilité de la rupture du sol est ajoutée à la 

variabilité des paramètres du système de labour et la variabilité des forces totales de labour 

est prise en compte dans l'analyse de fatigue pour estimer la durée de vie des machines de 

labour. 

La variabilité des forces locales de labour est négligée lors de l'analyse 

d’optimisation fiabiliste, pour plusieurs raisons. D’une part, elle n’a aucun effet significatif 

sur la variabilité des forces totales de labour, et d’autre part, pour des raisons de simplicité 

et de réduction du temps de calcul. Par contre, la variabilité des forces locales de labour est 

prise en compte dans l'analyse de fatigue car celle-ci a un caractère cyclique qui affecte de 

manière significative la durée de vie des machines de labour. 
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Figure 1 : Organigramme du plan du travail 

4      Modélisation de la variabilité des forces de labour (Chapitre 2)      

Ce chapitre propose une approche probabiliste pour la modélisation de la variabilité 

des forces de labour résultant de la variabilité des paramètres du système de labour. Cette 

approche est composée de quatre étapes, telles qu’illustrées en Figure 2. La première étape 

vise à estimer les forces de labour en utilisant le model de McKyes et Ali et de déterminer 

les principaux paramètres du système de labour (propriétés mécaniques du sol, les 

paramètres de conception d’outil de labour et les conditions de fonctionnement), qui 

affectent les forces de labour.  
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Les conditions de travail 
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La deuxième étape vise à modéliser la variabilité des propriétés mécaniques du sol en 

utilisant des techniques graphiques et quantitatives et de proposer des hypothèses pour 

modéliser la variabilité des paramètres de conception de l’outil de labour et des conditions 

de fonctionnement.  

La troisième étape vise à déterminer les effets de dispersion des paramètres du 

système de labour sur les forces de labour. A ce stade, nous allons négliger la variabilité 

des paramètres du système de labour qui n'a aucun effet significatif sur les forces de labour 

afin de simplifier la modélisation et de réduire le temps de calcul.  

La dernière étape consiste à estimer la variabilité des forces de labour en prenant en 

compte la variabilité des paramètres du système de labour. La méthodologie proposée 

s’appuie sur la technique de MCS (les simulations de Monte Carlo).  

 

Figure 2 : Organigramme de la modélisation de la variabilité des forces de labour 

Cette approche est appliquée à la modélisation de la variabilité des forces horizontale 

et verticale de labour pour la dent d’un chisel (Figures 3 et 4). Nous avons utilisé 57 

échantillons pour modéliser la variabilité des propriétés mécaniques du sol. En plus, Nous 

avons utilisé les lois normale et uniforme pour représenter la variabilité des paramètres de 

conception et des conditions de fonctionnement. Les histogrammes et les fonctions de 
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densité de probabilité des forces horizontale et verticale sont présentés en Figure 5.  Les 

résultats obtenus montrent que les deux forces suivent la loi log-normal et leur 

caractéristiques probabilistes sont � � ��	
��  � ����� et � � ������  � ����
 

respectivement. Le coefficient de corrélation entre les forces horizontale et verticale est 

de����� � ��� � ����. Ces résultats montrent que les dispersions des forces de labour sont 

importantes et nous devons les prendre en compte dans l’analyse de fiabilité. 

 

 
Figure 3 : Illustration de la dent d'un chisel avec les forces de labour 

 

 
Figure 4 : Illustration schématique de la dent avec les forces horizontale et verticale 
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Figure 5 : Les histogrammes et les fonctions de densité de probabilité 

des forces horizontales et verticales 

5      Optimisation fiabiliste des machines de labour (Chapitre 3)   

L'approche proposée pour la conception des machines de labour s’appuie sur les 

outils de conception probabiliste et les méthodes d’optimisation fiabiliste. Cette approche 

se compose de quatre étapes principales, comme illustré en Figure 6. 

La première étape de cette approche consiste à déterminer les fonctions d’état limite 

selon les scénarios de défaillance. Pour les machines de labour, deux fonctions d’état limite 

peuvent être considérées. La première fonction d’état limite est liée à la résistance 

mécanique des machines et la seconde fonction d’état limite à la qualité de l’opération de 

labour. 

Les fonctions d'état limite déterminées dans la première étape sont fonctions des 

variables d’entrée. Ces variables n'ont pas la même variabilité et la même influence sur la 

probabilité de défaillance. Par conséquent, l’analyse des sensibilités est appliquée pour 

déterminer les vecteurs de variables déterministes et aléatoires. 

La troisième étape consiste à utiliser la technique de MCS et la méthode FORM pour 

calculer la probabilité de défaillance selon les fonctions d'état limite déterminées dans la 

première étape. La technique de MCS est utilisée directement pour estimer la probabilité 
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de défaillance, lorsque les deux fonctions d'état limite sont impliquées dans l'analyse de 

fiabilité. Lorsque la méthode FORM est utilisée, un indice de fiabilité est calculé pour 

chaque fonction d'état limite. En suite, la défaillance du système est estimée par la méthode 

de Ditlevsen. 

 

Figure 6 : Organigramme de la l'approche proposée pour la RBDO 

des machines de labour 
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La quatrième étape a pour objectif de rechercher la conception optimale et fiable des 

machines de labour. Deux approches de l’optimisation fiabiliste sont utilisées, d’une part, 

l’approche classique de l’optimisation fiabiliste souvent appelée RIA (Reliability index 

approach), et d’autre part, la méthode SORA (Sequential optimization and reliability 

assessment). La comparaison des deux méthodes est réalisée à travers les solutions 

optimales obtenues est les performances numériques des deux approches.      

Les résultats de l'analyse de fiabilité montrent que la méthode FORM peut être 

utilisée pour calculer la probabilité de défaillance en considérant seulement la première 

fonction d’état limite et la présence de la corrélation entre les forces de labour. Cette 

simplification conduit à une estimation moins couteuse en temps de calcul de la probabilité 

de défaillance. De plus, cette simplification n’altère pas la précision des résultats.  

Les méthodes RIA et SORA sont appliquées pour déterminer le volume minimum de 

la dent d’un chisel tout en vérifiant un indice de fiabilité cible de���� � �. La méthode RIA 

a convergé au volume minimal de ��� � ���� � ����  !�correspondant à la conception 

optimale de�"#$� � %����&�  � &�����  '. Par contre, la méthode SORA  a convergé au 

volume minimal de��� � ���& � ����  ! correspondant à la conception optimale 

de"#$� � %�&����  � &�����  ', Figure 7.  

 

Figure 7 : L'historique de la fonction objective 

Les solutions optimales obtenues par les deux méthodes sont pratiquement 

identiques. Cependant, la méthode RIA nécessite 1100 évaluations du modèle d’éléments 

finis. En revanche, la méthode SORA exige 397 évaluations seulement. D'un point de vue 
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numérique, la méthode SORA est plus efficace que la méthode RIA. Par conséquent, la 

méthode SORA peut être adoptée pour résoudre le problème de la RBDO des machines de 

labour.  

La méthode SORA est utilisée pour la recherche du niveau optimum de fiabilité cible 

permettant de minimiser le coût total composé du coût initial (coût de construction) et du 

coût de défaillance. La Figure 8 montre que le niveau optimum de fiabilité cible de ��()* � ����� permet de vérifier l'équilibre entre le coût initial et le coût de défaillance. En 

effet, ce niveau optimum de fiabilité correspondant à un indice optimal de fiabilité cible est 

différent de l’indice cible utilisé au début de ce travail. En d’autres termes, la recherche de 

l’indice de fiabilité optimal cible doit être intégrer dans une procédure de la RBDO afin de 

vérifier le meilleur compromis entre le coût total et le niveau de fiabilité souhaitée. 

 

Figure 8 : La relation entre le coût total et le niveau de fiabilité  

6       Modélisation de la variabilité spatiale des forces de labour (Chapitre 4) 

Ce chapitre vise à proposer un nouveau modèle pour la modélisation de la variabilité 

spatiale des forces de labour, en tenant compte de la variabilité des forces de labour 

résultant de la variabilité des paramètres du système de labour (la variabilité des forces 

globales de labour) et de la variabilité des forme de défaillance du sol (la variabilité des 

forces locales de labour). 

Le modèle proposé repose sur deux hypothèses fondamentales, qui sont les 

suivantes: 1) la variabilité spatiale des forces globales est aléatoire, reflétant la variabilité 

des sols agricoles, les incertitudes des paramètres de conception de l’outil de labour, les 

fluctuations des conditions de fonctionnement qui sont généralement immaîtrisables 
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pendant l’opération de labour, 2) la variabilité spatiale des forces locales de labour est 

cyclique reflétant la formation répétitive des blocs du sol devant l'outil de labour. 

La variabilité spatiale des forces globales de labour est combinée à la variabilité 

spatiale des forces locales de labour en tenant compte de l'hypothèse que les forces locales 

sont proportionnelles aux forces globales. Par conséquent, la variabilité spatiale des forces 

de labour peut être représentée par les cinq paramètres suivants ����������� ���+,�- telle 

que illustrée en Figure 9. Où,  ��� est la force globale horizontale, ��� est la force globale 

verticale, �� est la distance entre deux changements successifs des forces globales, �� est la 

durée du cycle des forces locales et - est le pourcentage de proportionnalité entre les forces 

locales et les forces globales de labour.  

      

 
Figure 9 : Illustration de la variabilité spatiale des forces horizontale et verticale 

Figure 10 montre la variabilité spatiale des forces horizontale et verticale pour la dent 

d’un chisel à travers 1000 m de distance. 

 
Figure 10 : La variabilité spatiale des forces horizontale et verticale de la dent   
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7       L’analyse de fatigue des machines de labour (Chapitre 5)  

Les machines de labour  sont soumises à des contraintes multiaxiales provoquées par 

la variabilité des forces de labour. La défaillance du sol crée des chargements cycliques sur 

les machines qui peuvent avoir des effets sur la durée de vie de ces machines. Pour cette 

raison, nous avons étudié les effets de la variabilité des forces de labour sur la durée de vie 

des machines de labour. Les étapes principales de cette analyse sont présentées en Figure 

11. 

 

  Figure 11 : Organigramme de l’analyse de fatigue des machines de labour 

La contrainte équivalente générée par les contraintes multiaxiales est calculée selon 

le critère de Von Mises dans un intervalle de distance bien déterminée. L'algorithme de 

Rainflow est utilisé pour extraire les cycles de contrainte et de déterminer leurs moyennes 

et leurs amplitudes. La fraction du dommage causé par chaque cycle de contrainte est 

calculée par la fonction de Kwofie et le critère de Soderberg. Le choix de la fonction de 

Kwofie et le critère de Soderberg est basé sur l’hypothèse de la linéarité des déformations. 
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En d’autres termes, les contraintes appliquées sur les machines de labour sont toujours 

dans le domaine élastique du matériau. Ainsi, le dommage cumulé causé par tous les cycles 

est calculé selon la loi de Miner. Enfin, la distance parcourue estimée jusqu’à la défaillance 

est calculée en divisant l'intervalle de distance par le dommage cumulé.  

Le dommage total calculé sur l'intervalle de distance de ��./ � ���� � est égal 

à�0 � ����� � ��1�. La distance parcourue estimée jusqu’à la défaillance est égale  

à�.2 � ��	�� � ����3 . Malgré que la contrainte équivalente soit inférieure à la limite 

élastique, la défaillance se produit après une certaine distance�.2. En suite, nous avons 

utilisé des valeurs différentes de h et b pour calculer la distance parcourue estimée jusqu’à 

la défaillance, comme illustre la Figure 12. Les résultats montrent que la variation de la 

distance parcourue jusqu’à la défaillance en fonction des dimensions ��4� 5� est très 

importante�6.2�789 � ����� � ��:�3 � .2�7;< � ����� � ��=�3 >� 

 
Figure 12 : La distance parcourue estimée à la défaillance en fonction de b et h   

Nous avons également étudié l'effet du pourcentage (�) sur la distance�.2, voir Figure 

13. En effet, une augmentation de �  de 0,1 à 0,4 provoque une réduction de�.2�de���� ���?�3 . Cela signifie que la réduction de �.2 en raison de l'augmentation de � est très 

importante. Par conséquent, nous conseillons d'effectuer l'opération de labour lorsque 

l’humidité du sol est autour de la limite de liquidité. Cela peut améliorer considérablement 

la distance parcourue jusqu’à la défaillance et augmenter la durée de vie des machines de 

labour. 
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Figure 13 : La relation entre - et .2 

8       Conclusions et perspectives (Chapitre 6) 

Le principal objectif de cette thèse est de proposer une alternative à l'approche 

déterministe de la conception des machines agricoles, cela en intégrant les approches de 

fiabilité des structures, d’optimisation fiabiliste et d’analyse de fatigue. L’approche 

probabiliste proposée dans la Section 5 nous a permis de modéliser la variabilité de forces 

de labour résultant de la variabilité des paramètres du système de labour. La modélisation 

de la variabilité des forces de labour a permis ensuite d’effectuer l’optimisation fiabiliste 

des machines agricoles. Cela dans l’objectif de concevoir des machines de labour fiables et 

économiques. Le modèle proposé dans la Section 7 associe la variabilité de forces de 

labour résultant de la rupture du sol et la variabilité de forces de labour résultant de la 

variabilité des paramètres du système de labour, cette combinaison a permis de modéliser 

la variabilité de forces totales de labour. Ainsi, le modèle développé est utilisé dans 

l’analyse de fatigue présentée dans la Section 8. Cette analyse nous a conduit à étudier la 

sensibilité de la distance parcourue jusqu’à la défaillance par rapport aux paramètres de la 

conception et par rapport au paramètre de proportionnalité entre les forces locales et les 

forces globales de labour. 

Afin d'améliorer l'estimation de la variabilité des propriétés mécaniques du sol, un 

nombre élevé d'échantillons doit être employé et les inter-corrélations entre ces propriétés 

devraient être étudiées. Des observations expérimentales peuvent être utilisées pour 

améliorer les estimations de la variabilité des paramètres de conception et des conditions 

de fonctionnement. Des recherches supplémentaires sont nécessaires pour étudier les 
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corrélations entre les forces globales et locales de labour ��������� et la variabilité des 

paramètres ���� ��� -� du modèle présenté en Section 7. La distance parcourue estimée 

jusqu’à la défaillance est calculée sur 1000 m ne suffit pas pour représenter la variabilité 

spatiale des forces de labour. En effet, l'analyse de fatigue sur une distance plus longue doit 

être réalisée afin d'obtenir une estimation plus précise de la distance parcourue jusqu’à la 

défaillance. De plus, la génération de plusieurs trajectoires spatiales des forces de labour 

permettra d’utiliser les simulations de Monte Carlo afin d’estimer la distribution de 

probabilité de la distance parcourue jusqu’à la défaillance.  
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1 Introduction and objectives 

Chapter 1 

   Introduction and objectives 
 

 

1.1 Introduction 

In the design of agricultural machines, the soil heterogeneity and discontinuous 

structure should be taken into account. Given the difficulties related to the determination of 

soil failure patterns under mechanical loads and the calculation of the relevant forces, the 

design of agricultural machines is far from being a deterministic science. However, in the 

last six decades, researchers have worked to determine the patterns of soil failure under 

different operational conditions and propose models to estimate the acting forces. The first 

model was proposed by Reece in 1965 and was based on the work of Terzaghi. From there 

on, immense efforts have been made in this area, but there is still no well-defined 

generalised model to predict the behaviour of soil-tool interactions.  

Because of to these drawbacks in the design analysis of agricultural machines, 

designers maintain the classical design approach, i.e. the deterministic design approach. In 

this approach, the designers measure the forces acting on machines in different field 

conditions in order to determine their maximum values. Then, safety factors are applied so 

as to assure that the stresses resulted by the applied forces are smaller than the resistance of 

the materials used in manufactory processes.  

In the early 70's, reliability-based design optimization was proposed to account for 

the uncertainty of design variables in the optimization design approach in order to 

overcome the drawbacks of deterministic design approach. Nowadays, a variety of 

reliability-based design optimization methods is available to meet the challenge of design 

analysis of complex structural systems. Furthermore, these methods have been applied in 

several industrial fields, e.g. automotive, micro-electro-mechanical systems, aircraft, and 

metal forming. 

In the 19th century, remarkable research was done by August Wöhler to investigate 

the effects of cycle loading on structures. This phenomenon, so-called fatigue, has become 
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more and more well-known and understood. Fatigue mechanism for the most commonly 

used materials has been well-defined and four main fatigue analysis approaches have been 

developed, according to fatigue phases, in order to estimate the life time of structures and 

to prevent failure by fatigue.  

All these developments in the reliability-based design optimization approaches and 

the fatigue analysis approaches haven’t been applied yet for the design of agricultural 

machines. This is mainly due to the difficulties related to the modeling of the variability in 

forces involved, especially the forces acting on tillage machines.  

Therefore, the main focus of this work is to model the variability in the acting forces 

and to use appropriate methods available in reliability-based design optimization and 

fatigue analysis approaches. Special attention has been given to tillage machines that work 

in irregular environment and under variable conditions. 

1.2 Overview of the work  

The variability in tillage forces can be generated by two main sources: the variability 

in tillage system parameters which has a global effect on tillage forces and the variability 

in soil failure patterns which has a local effect on tillage forces. Therefore, we call the 

tillage forces related to the tillage system parameters as global tillage forces and those 

related to the soil failure as local tillage forces.     

The variability in tillage system parameters is caused by the variability in soil 

engineering properties, in tool design parameters and in operational conditions. The 

variability in soil engineering properties reflects the heterogeneity and the discontinuity of 

agricultural soils. The variations in tool design parameters are due to the manufacturing 

processes, while the variations in operational conditions are due to the fact that these 

parameters are not completely controlled during tillage operation. The variability in soil 

failure patterns can be attributed to the variations of mechanical behaviour of soil under 

mechanical loads.  

An overview of this work is illustrated in Figure �1-1. Firstly, the variability in global 

tillage forces derived from the variability in tillage system parameters were modelled and 

integrated in the reliability-based design optimization analysis in order to achieve optimum 

and reliable machines. Secondly, the variability in soil failure was added to the variability 

in tillage system parameters and the total variability in tillage forces were considered in the 

fatigue analysis for the object of calculating the live time of tillage machines. 
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The variability in local tillage forces was omitted during the reliability-based design 

optimization analysis for several reasons. Firstly, it has no significant effects on the 

variability of total tillage forces. Secondly, we wanted to simplify the calculation 

procedures and reduce the computational cost. This variability was considered in the 

fatigue analysis because it has a cyclic nature that affects significantly the life time of 

tillage machines. 

  
 

1.3 Research objectives 

This dissertation investigates and develops formulations and methodologies for 

integrating the optimization, reliability and fatigue in the design of agricultural machines. 

The main focus is to develop a general framework for the design of agricultural machines 

in order to provide an alternative to traditional deterministic design methods by 

considering the variability in tillage forces. The research objectives were:  

1- Proposing a probabilistic approach for modeling the variability in tillage forces due 

to the variability of tillage system parameters (soil engineering properties, tool 

design parameters and operational conditions).  

2- Implementing a reliability-based design optimization framework for tillage machines 

based on existing probabilistic design tools and reliability-based design optimization 

methods. 

3- Developing a new model to describe the variability in both global and local tillage 

forces.    

Soil engineering properties 

Tool design parameters 

Operational conditions 

Tillage system parameters 

Global tillage forces 

Local tillage forces Soil failure 

RBDO analysis 

Fatigue analysis 

Optimum and reliable machines 

Safe machines 

Figure �1-1 : Overview of the work 
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4- Investigating the existing fatigue analysis methods and select those which are 

appropriate for calculating the life time of tillage machines when considering the 

spatial variability in tillage forces.  

1.4 Outline of the dissertation  

In Chapter 2, the objectives of tillage and their implements are presented, followed 

by an overview of the soil failure patterns according to the tillage depth/tool width ratio. 

Next, the soil-tillage tool forces are determined and different approaches used to estimate 

the forces needed to cut the soil are presented. The probabilistic approach proposed to 

model the variability in tillage forces derived from the variability in tillage systems 

parameters is then described. This is followed by modeling the variability in tillage forces 

for a chisel plough shank by means of 57 samples of soil engineering properties.    

Chapter 3 begins with the types of uncertainties encountered during the design of 

structural systems and the necessity to consider the uncertainties of design variables in the 

design analysis. A general formulation of the deterministic design optimization and its 

drawbacks are then presented. Next, structural reliability methods used to estimate the 

failure probability of a structure is discussed, followed by a brief description of the 

reliability-based design optimization methods. A reliability-based design optimization 

approach for tillage machines is detailed. At the end of this chapter, a numerical 

application demonstrates the interest of using this approach for tillage machines. 

In Chapter 4, the soil failure mechanism and its effect on the total tillage forces are 

presented. Next, a new model for describing the spatial variability in tillage forces when 

considering both the variability in tillage system parameters and soil failure is presented. 

This model is then applied to model the spatial variability of the shank of chisel plough 

across a distance of 1000 m.  

Chapter 5 explains the fatigue phenomenon and presents the main approaches 

proposed to deal with it according to its phases. More details on the stress-based fatigue 

life approach are given in this chapter. The methods used to calculate the life time of 

tillage machines, i.e. expected travel distance to failure, are presented and applied with 

considering the results obtained in Chapter 4. 

Chapter 6 presents a summary of this dissertation, conclusions concerning the 

results and recommendations for future work.           
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2 Modeling variability in tillage forces  

Chapter 2 

     Modeling variability in tillage forces 

 

 

2.1 Introduction  

This chapter consists of four sections. The first one provides a general overview of 

the soil-tillage tool interactions. This section begins with an introduction to the definition 

of a tillage operation, their objectives and their implements. Soil failure patterns, according 

to the tillage depth/tool width ratio, are then presented. This is followed by presenting the 

soil-tillage tool force components and the three approaches (analytical, numerical and 

empirical approaches) used to estimate the forces needed to cut the soil.  

The second section describes the main steps of the proposed approach for modeling 

the variability in tillage forces. This section starts by determining the tillage system 

parameters (soil engineering properties, tool design parameters and operations conditions) 

involved in the calculations of the tillage forces. Then, the methodology proposed for 

modeling the variability in soil engineering properties and assumptions about the 

variability in tool design parameters and operational conditions are presented. After that, a 

method for determining the dispersion effects of tillage system parameters on tillage forces 

is introduced. This section finishes by the methodology proposed for determining the 

variability in tillage forces. 

 The third section presents an illustration application of the proposed approach for 

modeling the variability in tillage forces on the shank of a chisel plough.  A total of 57 soil 

samples were considered for modeling the variability in soil engineering properties (soil 

density, soil cohesion, internal friction angle, soil-tool friction angle and soil-tool 

adhesion). Uniform and normal distributions were used to present the variability in tool 

design parameters (tool width and rake angle) and operations conditions (tool working 

depth, surcharge pressure at the soil surface and tool speed), because no data are available 

for these parameters. This chapter is concluded by some conclusions of the realized work.  



6 
 

2.2 Soil-tillage tool interactions 

2.2.1 Introduction 

“Tillage” may be defined as the mechanical manipulation of soil for any purpose, 

but usually for cultivating crops. The objectives of soil tillage can be resumed as: 1) to 

develop a desirable soil structure for a seedbed or a root-bed, 2) to control weeds or 

remove unwanted crop plant, 3) to manage plant residues, 4) to minimize soil erosion, 5) to 

establish specific surface configurations, 6) to incorporate and mix fertilizers, manure, … 

into the soil and 7) to accomplish segregation which may involve moving soil from one 

layer to another, removal of rocks and undesired objects or root harvesting [1]. In order to 

achieve these objectives, different types of tillage implements provided with different types 

of tillage tools have been developed.  

A tillage tool, also called the working part, is an individual soil-working element, 

such as a plow bottom, a disk blade or a cultivator shovel. The working part, receiving 

energy from the tractor or other sources, works the soil and changes its state and properties 

[2]. A tillage implement consists of a single tool or a group of tools, together with the 

associated frame, wheels, control and protection devices, and any other structural and 

power transmission components [3]. 

Tillage implements can be classified according to their tasks into five main 

categories: primary tillage implements, secondary tillage implements, cultivating tillage 

implements, combined primary tillage implements and combined secondary tillage 

implements [1] [4] [5]. Primary tillage implements are used after harvest and it is normally 

designed to reduce soil strength, cover plant materials, and rearrange the aggregates, e.g. 

moldboard plows and subsoilers. Secondary tillage implements are used to break down 

large clods and to prepare an ideal seedbed, e.g. spring tooth harrows and rotary hoes. 

Cultivating tillage implements perform shallow post-plant tillage to aid the crop by 

loosening the soil and/or by mechanical eradication of undesired vegetation, e.g. row crop 

cultivators and rotary tillers-strip type. Combination primary tillage implements perform 

primary tillage functions and utilize two or more dissimilar tillage components as integral 

parts of the implement. Combination secondary tillage implements perform secondary 

tillage functions by using two or more dissimilar tillage components as integral parts of the 

implement, e.g. roller harrow with dual folding wings.          
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2.2.2 Soil failure patterns ��

The cutting of the soil involves the failure (or the rupture) of the soil which usually 

occurs in the shear mode along internal rupture surfaces, and often at the boundary 

between soil and tillage tool surface [4]. For a simple tillage tool, shown in Figure �2-1, the 

soil failure pattern can be similar to that shown in Figure �2-2. 

 

Figure �2-1 : Basic tillage tool geometry 

 

 

Figure �2-2 : Internal and boundary soil failure during cutting 

Godwin and O'Dogherty [6] reported that soil failure patterns are significantly 

affected by the depth �.� / width �@� ratio of a tillage tool. They subdivided tillage tools, 

depending on their .A@ ratio, into the following three categories:  

• Wide tines for which�.A@ B ���.  

• Narrow tines for which�� B .A@ B &. 

• Very narrow tines for which�.A@ C &.  

Wide and narrow tines with .A@ ratios less than 5 and rake angles less than ���D� 
tend to produce the patterns shown in Figure �2-3 (a) and (b). This type of upward and 

forward failure tends to loosen the soil in a crescent manner. As the .A@ ratio increases, 

the soil failure changes to that shown in Figure �2-3 (c), where there is a small crescent 

close to the soil at depth which is forced laterally to produce a slot.  
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The transition from one type to another occurs at a critical depth�.E. Therefore, 

knowledge of �.E is required to determine the tine force components [6]. Godwin and 

Spoor [7] determined the critical depth for a narrow tine by minimizing the horizontal 

force. Determining the critical depth in this way requires the rupture distance ratio 

(forward rapture distance/critical depth). Therefore, they plotted the rupture distance ratio 

for different tine rake angles, experimentally.   

 

Figure �2-3 : Patterns of soil failure 

2.2.3 Soil-tillage tool forces�

A tillage implement moving with constant velocity is subjected to the following 

three main forces: 1) the weight of the implement, acting through the centre of gravity, 2) 

the forces acting upon the implement and 3) the forces acting between the implement and 

the prime mover [3]. For a simple tillage tool (Figure �2-1) two components are considered: 

1) horizontal tool force, which is the amount of force required to pull or push the tool 

through the soil and 2) vertical tool force which is the tool force assisting or preventing 

penetration into the soil. Therefore, the soil reaction force on a tillage tool has two 

components, the horizontal tillage force �� and the vertical tillage force���.  

Ideally, the horizontal force ���must be as small as possible and the vertical 

force����must be directed upward to assist penetration for major soil loosening operations 
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[8]. However, Godwin and Spoor [7] found that at a critical rack angle, the direction of 

vertical force changes from upward to downward, as shown in Figure �2-4. Godwin [8] 

expressed this critical angle for a simple plane steel tine as:�FE � G �H � I� where FE is the 

critical rack angle and I is the angle of soil-tool friction.  

 

Figure �2-4 : Forces acting on the tool according to different tool orientations 

Determining the amplitude and direction of tillage forces is of great value to both 

implement designers and farmers [9]. Three approaches have been developed for that 

purpose, namely analytical, numerical and empirical approaches. In the following a brief 

description of each approach is presented. 

2.2.4 Analytical approach �

The analytical approach is one of the first methods that has been used to predict the 

interaction between the soil and a tillage tool. This approach has been widely employed by 

many researchers in the field of soil tillage [10]. The first work for modeling the soil forces 

was the model of Reece [11], who recognized that the mechanics of earthmoving is similar 

in many respects to the bearing capacity of shallow foundations on soil as described by 

[12], Figure �2-5. The soil in front of a tool and above the failure surface is assumed to 

consist of two parts: 1) a Rankine passive zone and 2) a complex shear zone bounded by a 

part of a logarithmic spiral curve. 

By using the force equilibrium equations over the entire system (soil, tool), Reece 

[11] proposed the universal earthmoving equation, presented in Equation 2.1, for 

describing the force required to cut the soil by a tool.  

� � 6J.KLM N �O.LE N �P.LQ>@ (2.1) 
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where���is the total force acting on the tool, J�is the soil density, . is the tool working 

depth, LM is the gravity coefficient,�O�is the soil cohesion factor,�LE �is the cohesion 

coefficient,�P�is the surface surcharge pressure, LQ is the surcharge pressure coefficient and @ is the tool width. The N-factors �LM � LE �� �LE; � LQ��are functions of the geometry of soil-

tool interfaces, the internal friction angle of the soil and the soil-metal frictional angle.     

 

Figure �2-5 : Logarithmic spiral failure zone 

Reece model formed a basis in the analytical approach, which is approximately valid for 

soil cutting tools with a width/depth ratio greater than one. With narrow tillage tools, the 

soil in front of a tool moves not only horizontally and vertically, but also sideways in the 

direction of the tool width (Figure �2-3). In this situation the soil failure configuration 

becomes more complicated and the Reece model is no longer sufficient in describing the 

three-dimensional failure surface [13]. Therefore, several semi-empirical models have been 

proposed to describe the three-dimensional failure surface, based upon the experimental 

observations and simplifications [7] [14] [15] [16] [17]. The principal differences between 

these models are the shape of soil failure surface and the form of equilibrium equations. 

The results of this approach are valid to some extent and its governing rules are sometimes 

used in other approaches such as numerical and empirical approaches. 

2.2.5 Numerical approach �

Two numerical methods can be recognized in tillage science: 1) finite element 

method (FEM) and 2) discrete element method (DEM). Overall, these methods are 

complicated and difficult to implement as they need good knowledge of mathematics and 

computer science. Among the numerical approaches, FEM has received more attention and 

was implemented in many works to describe the soil-tillage tool interaction [13] [18] [19] 

[20]. The principal differences between these models are the assumption of soil material 
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behavior, soil-metal interaction and soil failure criteria. Literature shows acceptable results 

obtained from this method. The main limitations of this method are individual creativity 

and patience when setting up boundary conditions, and the amount of computational time 

available [21].  

The DEM method is an explicit numerical technique that treats soil as a collection 

of individual unconnected but interacting particles. Particles interact through a series of 

contact laws and the motion of the particles is controlled by Newton's laws of motion [20]. 

It is noted that the application of this method in the field of soil tillage is still limited.  

2.2.6 Empirical approach  

These methods typically correlate the implement draught with relevant parameters 

such as working depth, velocity, soil moisture content and density. They are very costly 

due to the instrumentations which are required to record data, precisely. Furthermore, they 

cannot be implemented at any desired time and place since providing required 

instrumentation may not be possible. In most cases, empirical methods represent only 

regional conditions. However, they could give an indication of the average force 

requirements, and their variability, for specific soil-implement combinations [9].  

Artificial neural networks (ANN), which can be considered as the most common 

method in this approach, consists of essentially parallel computational models comprised 

of densely interconnected adaptive processing units with the simulation of knowledge 

acquisition and organization skills of the human brain [22]. The literature does not show 

many applications of this method in the field of soil-tillage tool interaction. 
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2.3 Probabilistic approach for modeling the variability of tillage forces 

As mentioned before, there are several available models that can be used to predict 

the forces acting on a tillage tool at soil failure. Analytical and numerical modeling 

methods are usually used to achieve this goal. In the analytical methods, soil-tool forces 

are considered as functions of three categories of variables, namely soil engineering 

properties, tool design parameters and operational conditions. Soil engineering properties 

are conventionally considered to be constant, reflecting a homogeneous soil profile, and 

tillage forces are calculated for assigned tool design parameters and operational conditions 

[6] [8] [17]. When numerical methods, e.g. the finite element method (FEM), are adopted 

to model the soil-tillage tool interaction, two different theoretical approaches are 

introduced, namely the curve-fitting technique and the elastic-perfectly plastic assumption 

[21]. The elastic-perfectly plastic method considers Young's modulus of elasticity and 

Poisson's ratio as constants, while the curve-fitting method only accounts for a variable 

Young’s modulus as a function of load history [18]. For both of these FEM methods, the 

soil is treated as a homogeneous structure with very few exceptions. Mouazen and 

Neményi [20] developed a three-dimensional FEM model for cutting non-homogeneous 

(vertically) sandy loam soil by a subsoiler with a chisel and shank. The non-homogeneity 

in the soil was proposed to simulate the differences in soil strength among different soil 

layers. However, they considered Young's modulus of elasticity and Poisson's ratio as 

constant in the FEM analysis. Moreover, Fielke [19] studied the effect of a variable 

Poisson's ratio on tillage forces and soil movement around the cutting edge. 

In reality, soil is neither a continuous nor a homogeneous structure, but a three-

phase medium composed of solid, liquid and gaseous particles [2]. Consequently, soil 

engineering properties vary in both vertical and horizontal directions [23]. Estimating 

tillage forces using analytical or numerical methods with the assumption that soil 

engineering properties are uniform does not reflect the nature of soil. Therefore, we intend 

to propose a probabilistic approach for modeling the variability of tillage forces due to the 

variability of tillage system parameters (soil engineering properties, tool design parameters 

and operational conditions). The variability of soil engineering properties reflects the 

heterogeneous nature of agricultural soils. The variability of tool design parameters is due 

to the tolerances of manufacturing processes. The variability of operational conditions is 

due to the fact that these parameters are partially controlled during a tillage operation.  
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The proposed approach consists of four steps and an overview of the different steps 

is shown in Figure �2-6. The first step attempts to estimate the tillage forces of narrow tines 

and to determine the main tillage system parameters (soil engineering properties, tool 

design parameters and operational conditions) affecting the tillage forces. The second step 

aims to model the variability of soil engineering properties and propose some assumptions 

about the variability of tool design parameters and operational conditions. The third step 

presents the method used to determine the dispersion effects of the tillage system 

parameters on the tillage forces. At this stage, we intend to neglect the variability of those 

tillage system parameters that has no significant effect on the tillage forces in order to 

simplify the quantification of the variability of tillage forces and to reduce the 

computational time. The last step is to estimate the variability of tillage forces based on the 

variability of the tillage system parameters. This methodology is based on the MCS 

technique. In addition, the correlation coefficient between the horizontal and vertical 

forces, required in the calculation of failure probability, is calculated in order to determine 

its effect on the failure probability. 

 

 

2.3.1 Determining tillage system parameters  

The model of McKyes and Ali [14] is used to estimate the forces acting on a tillage 

tool and determine the tillage system parameters. This model was selected because it is 

simple and accurate [24], and has shown good agreement with experimental results, 

especially at low velocity [25].  

Determine the tillage system parameters 

Estimate the variability of tillage  
system parameters   

Methodology based on the MCS technique 

Soil-tillage tool model 

Graphical and quantitative techniques     

Sensitivity analysis    

     Estimate the variability 
of horizontal and vertical forces      

Select the random variables from  
the tillage system parameters    

Figure �2-6 : Flowchart of the probabilistic approach steps 
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gravity�LM, and they computed the side crescent T and the distance from the blade to the 

forward failure plan R from geometrical considerations as follows:  

T � .UOVWK��S� N �XY,��F�XY,���S� (2.2) R � .%XY,�F� N XY,��S�'���������������������� (2.3) 

where, R is the distance from the blade to the forward failure plan, ��S � is the rupture angle, F is the rake angle of the tool from the horizontal and T�is the side crescent.  

By taking into account the effects of soil-tool adhesion and tool speed, the total soil 

cutting force (Equation 2.1) can be rewritten as: 

� � �M N �E N �E; N �Q N �; (2.4) 

where,��M is the force caused by the soil density, �E is the force caused by the soil cohesion, �E; is the force caused by soil-tool adhesion, �Q�is the force caused by the surface 

surcharge pressure and �; is the force caused by tool speed. The total force can be 

rewritten again as the general earth pressure model as: 

� � 6J.KLM N �O.LE N O;.LE; N �P.LQ N �JZK.L;>@ (2.5) 

where,�O;�is the soil-tool adhesion,�LE; is the adhesion coefficient, Z�is the tool speed and L; is the inertial coefficient.  

A simplified form of soil resistance is given by the Equation 2.6. 

� � [�� JR \� N �T�@] N O ^� N T@_ XỲ �a�`bc��S� `bc��S N a� � O; XỲ �F N �S N a�`bc�F� `bc��S N a� N P ^� N T@_ R.
N JZK ^� N T@_d,ec�F� N XY,��S N a�,ec��S� XY,�F�fg .@XỲ �F N I� N `bc�F N I� XY,��S N a� 

(2.6) 

Equation 2.6 falls into the general earth pressure model (Equation 2.5), when the N-factors 

are defined as: 

LM � �R �.H �%� N �T �@H 'XỲ �F N I� N `bc�F N I� XY,��S N a������������������������ (2.7.a) 

LE � %XỲ �a� �`bc��S� `bc��S N a��H '�� N T @H �XỲ �F N I� N `bc�F N I� XY,��S N a� ��������������� (2.7.b) 

LE; � �XỲ �F N �S N a� �`bc�F� `bc��S N a��HXỲ �F N I� N `bc�F N I� XY,��S N a� ������������������� (2.7.c) 
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LQ � �R .H � h� N T@iXỲ �F N I� N `bc�F N I� XY,��S N a���������������������������� (2.7.d) 

L; � %,ec�F� N XY,��S N a� �,ec��S� XY,�F��H '�� N T @H �XỲ �F N I� N `bc�F N I� XY,��S N a�  (2.7.e) 

McKyes and Ali [14] calculated the width of the side crescent from geometrical 

considerations (Equation 2.2), whereas Kuczewski and Piotrowska [16] recommended a 

regression equation for a rake angle�F j %G &�H G ��H ' as in Equation 2.8, where they 

calculated regression coefficients from experimental results.  

T � ������� N ������F� (2.8) 

The calculated force (Equation 2.6) is a function of the unknown angle��S. McKyes and 

Ali [14] obtained this angle by minimizing the dimensionless term of gravity�LM. Zhang 

and Kushwaha [24] found that angle �S�must be determined not only by the rake angle of 

the tool from the horizontal F, the angle of internal soil friction a, the angle of soil-metal 

friction I, the ratio of tool working depth to tool width . @H , but also by soil internal 

cohesion�O, soil-metal adhesion O; and the surcharge pressure at the soil P. So the rupture 

angle that governs the soil failure should be obtained by minimizing the soil cutting 

resistance in the passive movement condition according to the passive earth pressure 

theory.  

Grisso et al. [15] also recommended the determination of the rupture angle by 

minimizing the total force � with respect to���S. This can be accomplished by taking the 

derivative of � with respect to���S and equating it to zero: 

.�.�S � �� (2.9) 

As the resulting differential equation (Equation 2.9) is quite complex, a MATLAB code is 

implemented to determine the failure angle which corresponds to the minimum total force. 

The horizontal and vertical forces are obtained by combining the total force � with the 

force of adhesion [4]: 

�� � � `bc�F N I� N O;.@ XY,�F�� (2.10) �� � �XỲ �F N I� � O;.@��������������� (2.11) 

 where, ���is the horizontal force and ���is the vertical force. 
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To validate the modifications which were performed on the McKyes and Ali 

model, we compared the predicted results of this model before and after modifications to 

experimental results reported by Onwuala and Watts [26]. Some physical properties of the 

soil, which was used in the experiments, are shown in Table �2-1. 

Table �2-1 : Soil description 

Soil type  

Soil texture  

Stewiacke  soil (FAO/UNESCO) 

Silty sand    

Dray density for tests  

Cohesion  

Angle of internal friction  

Angle of soil-metal friction  

Adhesion  

����� 3k  !H   ��3�l ��� ������ &�

�3�l 

Predicted horizontal forces by the two models are compared to experimental data for the 

narrow tine with @ � ����   and F � ��� and a tillage depth of�. � �����  , are 

shown in Figure �2-9. Whereas, the comparison between the predicted vertical forces and 

experimental results, at the same operating conditions, are shown in Figure �2-10. The error 

bars in the figures refer to 95% of confidence intervals for the mean of three replications.  

To evaluate the performance of the models in predicting the experimental results, 

the deviation (%) of the theoretical results from the experimental ones is calculated as  

m+nbe,bYc��o� � pqrs+tbu+c,ev�wYtX+� xy+Yt+,bXev�wYtX+qrs+tbu+c,ev�wYtX+ z � ���� (2.12) 

The average percent deviations of the predicted forces from experimental results 

are shown in Table �2-2. The average deviation is calculated over the eight speed ranges 

used in the study.   

Table �2-2 : Average percent deviation of predicted forces from experimental observation 

Force type 
Average % deviation from experiment 

Before modifications After modifications 

Horizontal force 20 7 

Vertical force 27 19 
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Figure �2-9 : Comparison between theoretical and experimental results for horizontal force 

Figure �2-10 : Comparison between theoretical and experimental results for vertical force 
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The modified model is more accurate in predicting both vertical and horizontal 

forces than the McKyes-Ali model. The differences between the average percent deviations 

between the two models for the horizontal and vertical forces are 13% and 8%, 

respectively. The modified model has good agreement with the experimental observation 

for vertical force. While, this model tends to over-predict horizontal force at high speeds 

and to be under-predict at low speeds. The average percent deviations for the horizontal 

and vertical forces at field speeds �� � &�3 5H � are 5.3% and 10.7%, respectively that 

means the modified model is more accurate at operating conditions.    

According to Equations (2.6), (2.10) and (2.11), the tillage system parameters 

considered for the calculation of the horizontal and vertical forces can be grouped into 

three main categories: 1) soil engineering properties (soil density, soil cohesion, internal 

friction angle, soil-tool friction angle and soil-tool adhesion), 2) tool design parameters 

(tool width and rake angle) and 3) operational conditions (tool working depth, surcharge 

pressure at the soil surface and tool speed). 

2.3.2 Modeling the variability of tillage system parameters  

Over the years, many methods and techniques have been developed for modeling 

the variability of a random variable depending on the number of data points and 

assumptions about the shape of the underlying distribution [27] [28]. Parametric and non-

parametric methods are usually used to achieve this purpose. Typically, the non-parametric 

methods are much easier to apply than the parametric methods and they require only few 

or no assumptions about the shape of the underling distribution. However, the latter 

methods are more powerful and more flexible than the former ones [27]. Parametric 

methods use both quantitative and graphical techniques to select the underling distribution 

of a random variable [29]. Preliminary estimation of the statistical information of the 

variability of a random variable can be extracted from the graphical techniques. A more 

complete description can be obtained by using the quantitative techniques [30].  

In this dissertation, a combination of graphical and quantitative techniques for 

modeling the variability of soil engineering properties was used. This methodology, shown 

in Figure �2-11, can be summarized in the following steps:  

Step 1: Calculating the mean and variance values for each parameter. The mean measures 

the central tendency in the data, while the variance measures the dispersion in the data 
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about the mean. Mean and variance values allow getting a preliminary description of the 

variability of a random variable.      

Step 2: Establishing the histogram for each parameter for getting more complete 

description about the data. Three steps are needed to develop a histogram:  

1) Arranging the data in increasing order. 

2) Subdividing the data into several equal intervals and count the number of 

observations in each interval. The following empirical relationship was used to determine 

the number of interval [30]: {89* � � N ���vY|��{}� (2.13) 

where {89* is the number of intervals and {} is the number of samples. 

3) Plotting the number of observations in each interval versus the random variables. 

Step 3: Selecting the appropriate probability distribution by comparing the histogram 

shape with common probability density distributions, presented in Appendix �, and then 

choosing those which are more approximating to the shape of the histogram.  

Step 4: Calculating the parameters of the probability distribution using the method of 

moments. The basic concept behind the method of moments is that all the parameters of a 

given distribution can be calculated using the information resulted from its moments. The 

relationships between the parameters of a distribution and the mean and the variance for 

the most common distributions are presented in Appendix �. 

Step 5: Applying the goodness-of-fit tests that measure the compatibility of a random 

sample with a theoretical probability distribution function. Two commonly statistical tests 

were used for this purpose, namely Chi-square test and Kolmogorov-Smirnov (K-S) test 

[29]. The Chi-Square test is based on the error between the observed and the measured 

probability density function (PDF) of the distribution, while the K-S test is based on the 

error between the observed and assumed cumulative density function (CDF) of the 

distribution. The advantage of the K-S test over the Chi-square test is that it is not 

necessary to divide the data into intervals, thus the errors or the subjective judgment 

associated with the number or size of the interval is avoided. However, using both tests is 

important to get an adequate estimation. The appropriate probability distributions for the 

soil engineering properties were selected according to the results of the goodness-of-fit 

tests. More details about Chi-square and Kolmogorov-Smirnov tests are given in Appendix 

��. 
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  This methodology provides an accurate estimation for the variability of soil 

engineering properties and allows one to select the best probability distributions that can 

simulate the variability of these properties. Since, preliminary statistical information of the 

variability of soil engineering properties can be extracted from graphical techniques, and a 

more complete description can be obtained using quantitative techniques. 

The variability of tool design parameters and operational conditions were modeled 

after proposing the following two assumptions: 1) the tool width @ and the rake angle F 

have uniform distributions with lower and upper bounds, based on the manufacturing 

accuracy, of ~������for the width and ~��� for the rake angle, 2) the tool working 

depth�., the surcharge pressure��P and the tool speed�Z have normal distributions with 

standard deviations equal to �o of their mean values. Usually, a uniform distribution is 

used to model the uncertainties associated with manufacturing processes, and a normal 

distribution is used to model the uncertainty of a random variable when few data are 

available [28] [30].  

�

 Figure �2-11 : Proposed methodology for modeling the variability in soil engineering properties 
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2.3.3 Sensitivity analysis    

Sensitivity analysis aims at studying the relationships between the output and input 

variables. Differential sensitivity analysis is considered to be the most commonly 

employed method in sensitivity analysis [31]. This method deals with local sensitivity 

analysis by focusing on the evaluation of the partial derivatives �� ��H  of the function��	. 
Many approximation methods are used to calculate the partial derivatives of �	�. Forward, 

backward and central differences are the most common forms. The central difference 

method requires more computing time, but it yields a more accurate approximation. 

Therefore, this method is used in this work to calculate the partial derivatives of the 

horizontal and vertical forces for the mean values of the tillage system parameters, and for 

a constant change equal to����8 � ������8 where��8 is a tillage system parameter.  

However, differential sensitivity analysis leads to a local sensitivity analysis at 

mean values of the input random variables and does not take into account the dispersion of 

the variables. Therefore, a new sensitivity method is proposed to overcome this limitation 

and to estimate the dispersion effects of tillage system parameters. The main advantage of 

the proposed method is its simplicity, compared to other available methods, such as the 

variance-based sensitivity [32], that are too complex to implement. Its main drawback is 

that it cannot take into account correlations between random variables (random variables 

should be independent). However, the proposed method provides more accurate 

estimations for the dispersion effects of tillage system parameters than the classical 

differential sensitivity methods.  

This method is shown in Figure �2-12 and consists of two main steps. In the first 

step, the confidence interval bounds���7;<� �789� were computed for each tillage system 

parameter according to Equation (2.14) and (2.15). The values of the confidence interval 

bounds depend on the probabilistic characteristics (distribution type and distribution 

parameters) of each parameter. The higher the dispersion of a parameter, the greater the 

difference between the confidence interval bounds.  

��%� � �789' � F �H  (2.14) 

��%� � �7;<' � � � F �H  (2.15) 

where ��%�' is the probability operator, �7;<�is the upper confidence interval bound, �789 

is the lower confidence interval bound, F is a constant and ����� � F�o represents the 

confidence interval. The confidence interval was selected to be���o. For the bounded 
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probability distributions (uniform distribution …), �7;<��	
��789 represented the two 

limits of the random variable.   

In the second step, the differences between the maximum and minimum values of 

the tillage forces were calculated in the confidence interval of each tillage system 

parameter when the values of other parameters were equal to their mean values. These 

differences indicate the dispersion effects of the tillage system parameters on the tillage 

forces. The greater the difference between the maximum and minimum values of the tillage 

forces, the greater the influence of the variability of the tillage system parameters on the 

tillage forces.   

The relationships between the tillage forces and the tillage system parameters show 

that ��6�8>��	
���6�8>�are either increasing or decreasing functions (Appendix ���). 

Therefore, the dispersion effects of the tillage system parameters were estimated by 

computing the differences between the tillage forces at the maximum and minimum value 

for each tillage system parameter���7;<� �789�.  

 

Figure �2-12 : The concept of estimating the effects of random variable dispersion 

2.3.4 Determining the variability of tillage forces    

A methodology based on the Monte Carlo simulation (MCS) technique was 

proposed for determining the variability of tillage forces, as shown in Figure �2-13. The 

number of generated values (n=50.000) was chosen to obtain an accurate correlation 

coefficient between the horizontal and vertical forces. The relationship between the 

number of generated values and the correlation coefficient show that the values of 

correlation coefficient converge when the number of generated values is more than 10.000 

as illustrated in the example of Appendix �V. Therefore, the use of n=50.000 allows us to 

get an accurate estimation of the correlation coefficient between the horizontal and vertical 

forces. The proposed methodology consists of the following steps:  
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1- Generate n values for each tillage system parameter according to its 

probabilistic characteristics.  

2- Compute the total force � according to Equation (2.6) for different values 

of���S��S j %� � ���'�, for the set of tillage system parameters obtained in step 1. This 

is followed by the selection of the minimum value of�����to respect the passive earth 

pressure theory and the corresponding value of��S. 
3- Calculate the horizontal and vertical forces according to Equations (2.10) and 

(2.11), respectively.  

4- Repeat Steps 1, 2 and 3 for each set of tillage system parameters. 

5- Calculate the mean and variance values for the horizontal and vertical forces, 

and then apply the goodness-of-fit tests to select the distribution that can best model 

the randomness of these forces.  

6- Compute the correlation coefficient between the horizontal and vertical forces 

according to Equation (2.16).  

������� ��� � ���� � ��� � ����� � ���U�������������� (2.16) 

 where ������� ��� is the correlation coefficient between the horizontal and vertical 

forces, ����� � ���is the covariance between the two forces and ������ is the 

variance. 
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Figure �2-13 : Flowchart of the methodology for determining the variability of tillage forces  
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2.4 Determining the variability of tillage forces for the shank of a chisel plough  

2.4.1 Modeling the variability of soil engineering properties   

A total of 57 samples of soil engineering properties, collected from the literature 

(Appendix V), were considered for implementing the proposed methodology presented in 

Section �2.3.2. These data represent different soil texture types, namely sandy loam, clay 

loam, sandy clay loam, clay, and sand. This is based upon the fact that the chisel plough 

can be used for mechanical weed control, seedbed preparation, and other secondary tillage 

operations [2] in different sites.  

Histograms and probability density functions (PDFs) of soil engineering properties 

are shown in Figure �2-14, and their probabilistic characteristics are given in Table �2-3. 

More details about the results of goodness-of-fit tests can be found in Appendix V�.   

 It is worth noting that the soil engineering properties do not have the same 

probability distributions and that only the internal friction angle has a normal distribution. 

In addition, it is noted that the histogram shapes are non-homogeneous, particularly the 

histograms of the external friction angle and soil-tool adhesion. This is most likely due to 

the following: 1) an insufficient sample size is considered in this work, 2) the samples are 

not representatives of real soil textures and 3) there are inter-correlations between the soil 

engineering properties (Appendix �V). However, from a statistical point of view, 57 

samples are sufficient to model the variability of a random variable. As mentioned in the 

report of Fox [28], a set of 25 samples or more is sufficient to obtain an accurate estimation 

of the variability of a random variable. In order to improve the estimation of the variability 

of soil engineering properties, a larger number of samples should be employed and the 

inter-correlations between these properties should be investigated.  

Table �2-3 : Probabilistic characteristics of soil engineering properties 

Soil engineering properties Type of distribution Distribution parameters 

Soil density, ���u1! Lognormal  � ����� � � ��
 

Soil cohesion, ��e Weibull (2P) 3 � ������ � � ��&& 

Internal friction angle, deg  Normal  � ��� � � ���& 

Soil-tool friction angle, deg  Weibull (3P) 3 � 	
���� � � ������ � � �&���	 

Soil-tool adhesion, ��e Exponential � � ��
& �and�� are the shape and scale parameters of a lognormal distribution; �� 3� and � are, respectively, the 

location, scale and shape parameters of a Weibull distribution;� , � are, respectively, the location and scale 

parameters of a normal distribution; � is the scale parameter of a exponential distribution.  
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Figure �2-14 : Histograms and probability density functions for soil engineering properties 
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2.4.2 Effects of the variability of tillage system parameters on tillage forces  

The effects of the variability of soil engineering properties, tool design parameters 

and operational conditions on tillage forces, using differential sensitivity analysis and the 

proposed method (presented in Section �2.3.3), are shown in Table �2-4. According to the 

results of differential sensitivity analysis, we observe that the influence of the variability of 

the rake angle on the horizontal force is larger than the influence of the variability of the 

other variables, whereas the vertical force is most influenced by the variability of the 

internal friction angle. The influences of the variability of soil-tool adhesion and surcharge 

pressure are very small compared to the influences of the variability of the other variables. 

These results are in agreement with many works reported in the literature [6] [14].  

In contrast, the proposed method shows that the effect of the variability of soil 

cohesion on both the vertical and horizontal forces is the largest as compared with the 

effects of the variability of the other variables. This is caused by the high dispersion of the 

soil cohesion values around the mean value. Furthermore, only the variability of the 

surcharge pressure has no significant effect on either the horizontal or vertical forces. We 

conclude that only the surcharge pressure can be considered as a deterministic variable and 

the variability of the soil-tool adhesion and the other variables must be integrated into the 

probabilistic analysis of tillage forces. 

Table �2-4 : Results of the differential sensitivity method and the proposed method 

Soil tillage parameters 

Differential sensitivity method Proposed method �����8 � ��1� �����8 � ��1� ��� � �� ��� � �� 

Soil density, ���u1!  13.224 5.7921 0.414 0.181 

Soil cohesion, ��e  24.114 10.563 4.020 1.763 

Soil-tool adhesion, ��e  0.0517 -0.0082 0.145 -0.023 

Internal friction angle, deg  47.852 20.984 0.741 0.325 

Soil-tool friction angle, deg  40.789 -6.4631 1.164 -0.171 

Rake angle, deg  200.76 -19.923 0.199 -0.019 

Tillage depth, u  1.2217 0.5334 0.963 0.418 

Tool width, u  1.5080 0.5965 0.011 0.004 

Surcharge pressure, ��e  0.0005 0.0002 0.002 0.001 

Forward speed, u� `1� 1.7708 0.7766 0.208 0.091 
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2.4.3 Determining the variability of tillage forces for the shank of a chisel plough  

The methodology presented in Section �2.3.4 was applied to determine the 

variability of tillage forces for the shank of a chisel plough shown in Figure �2-15. In fact, 

the relative positions of tines on a tool frame both laterally and in the direction of motion 

have a significant effect on tine forces [6]. For simplicity, the variability of tillage forces 

for only one shank was determined, without considering the effects of tine interactions.  

 

Figure �2-15 : Illustration of a five-shank chisel plough 

(Tine width�@ � �����u; rake angle�F � ���;  

tillage depth�. � �����u; tool speed�Z � ��&
�u� `1�) 
Histograms and PDFs of the horizontal and vertical forces are shown in Figure 

�2-16. The probabilistic characteristics of these forces are presented in Table �2-5. From a 

statistical viewpoint, these results are in accord with the central limit theorem [29]. The 

majority of the horizontal and vertical force values are found to range between ����ec��&��� and between�����ec������ , respectively. The shape parameters of the 

horizontal and vertical forces are� � �����,� � ����
, respectively. This means that the 

dispersions of these forces are very important and should be taken into consideration in the 

reliability analysis. Furthermore, the horizontal and vertical force values were positive for 

each set of tillage system parameters. In fact, the vertical force value depends on the rake 

angle. The positive vertical forces can be attributed to the rake angle of ���D considered in 

this study. Godwin [8] and Zhang and Kushwaha [24] reported that the vertical force 

becomes negative when the rake angle is larger than�&�D. 

Frame 

Shank 

Narrow tine  
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The correlation coefficient between the horizontal and vertical forces is found to 

be����� � ��� � ����. This means that the relationship between the two forces is quasi-

linear and that an increase in horizontal force will cause an increase in vertical force [29]. 

In reality, the horizontal force �� and vertical force��� are calculated by combining the 

total force with the force of adhesion [4]. The effect of the total force on the horizontal and 

vertical forces is greater than the effect of the adhesion force such that the value of 

correlation coefficient is close to one. 

 

 

 

Figure �2-16 : Histograms and probability density functions for                                  
horizontal and vertical forces 

 
 

Table �2-5 : Probabilistic characteristics of tillage forces 

Force type  Distribution type  Distribution parameters �� � �� Lognormal � � ��	
��  � ����� ���� �� Lognormal � � ������  � ����
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2.5 Conclusions  

In this chapter, a probabilistic approach was proposed for modeling the variability in 

tillage forces. This approach accounts for: 1) the nature of agricultural soils that have 

heterogeneous and discontinuous structure 2) tolerances in tool design parameters due to 

manufacturing accuracies and 3) variations in operational conditions which are partially 

controlled. This approach was implemented for modeling the variability of tillage forces 

for the shank of a chisel plough.  

The results allow us to draw the following conclusions: 1) both the horizontal and 

vertical forces have lognormal distributions with � � ��	
��  � ����� and � �������  � ����
 for the horizontal and vertical forces, respectively and 2) the relationship 

between the horizontal and vertical forces is positive and quasi-linear with����� � ��� �����. It is concluded that the dispersions of both forces are important and should be 

considered in the reliability analysis in the next chapter. Furthermore, the correlation 

coefficient has a high value and also it should be taken into account in the reliability 

analysis. 
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3 Reliability-based design optimization 

Chapter 3 

Reliability-based design optimization 
 

 

3.1 Introduction   

This chapter is subdivided into seven sections. The first section presents the types of 

uncertainties in the design of structural systems and the developed approaches for dealing 

with the existence of these uncertainties in real engineering systems. A general formulation 

of the deterministic design optimization and its drawbacks are presented in the second 

section. The third section introduces the concept of failure probability and describes 

approximation methods and simulation techniques which are usually used to estimate the 

failure probability of a structure. A brief description of the reliability-based design 

optimization methods is then presented in the fourth section and more details are given for 

the reliability-index approach (RIA) and the sequential optimization and reliability 

assessment (SORA) used in this work. In the fifth section, the proposed reliability-based 

design optimization approach for tillage machines is presented. In the sixth section, a 

numerical application demonstrates the implementation of the proposed approach for the 

design of the shank of a chisel plough with considering the variability in tillage forces 

modeled in the previous chapter. Some conclusions end this chapter. 

3.2 Design under uncertainty    

A number of uncertainties are encountered during the design of structural systems. 

These uncertainties are resulting from the variability of applied loads and material 

properties, in addition to those resulting from the design modeling. They can be grouped in 

three main categories, namely inherent, model and statistical uncertainties [33]. Inherent 

uncertainty arises during the description of a physical process and still exists even if 

unlimited data is available. Model uncertainty results from the simplification of modeling a 

true physical process and can be minimized by using more sophisticated model. The third 

type of uncertainty is related to the fitting of a parametric distribution and this uncertainty 

can be decreased by increasing the number of fitting data points.  
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In the best case scenario in the design of structural systems, uncertainties can be 

reduced or minimized but they cannot be completely eliminated. Thus, all parameters of 

interest in an engineering design can be considered as random variables [30]. To overcome 

the presence of these uncertainties in the design analysis, two design approaches have been 

developed, namely deterministic and probabilistic designs. The deterministic design 

simplifies the problem by considering uncertain variables to be deterministic and accounts 

for uncertainties through the use of empirical safety factors. These factors that are based on 

the past experience, do not completely guarantee a safety or satisfactory performance [34].  

The most important difference of the probabilistic design compared to the 

deterministic design is that in the probabilistic design uncertainties involved in the 

behavior of the structure under consideration are explicitly taken into account [33]. The 

probabilistic design performs calculations based on the probability distributions of design 

variables, instead of nominal or mean values only. This approach allows us to design for a 

specific reliability level. 

3.3 Deterministic design optimization     

The use of deterministic design optimization (DDO) approach in the design of 

structural systems is becoming more commonplace with the advent of computer 

technology and the development of finite element analysis (FEA) software. The name of 

this approach is derived from the use of safety factors in the constraint functions in the 

DDO problem to compensate the presence of uncertainties in the design variables. A 

general formulation of the DDO problem can be expressed by Equation (3.1).  

��	��������"#$�������������������������������������������������������� 
����������k��"#$� � �������������� � ���� � � L89�Q� ���������������5��"#$� � ������������3 � ���� � �L�Q 

������������������#8� � #8 � #8������������ � ���� � �L������������� 
(3.1) 

where ��"#$� is the objective function,�k��"#$� is an inequality constraint, 5��"#$� is an 

equality constraint, "#$ is the vector of design variables subjected to upper and lower 

bounds and L89�Q, L�Q and L�� are the number of inequality constraints, equality 

constraints and design variables respectively. Objective function, inequality constraints and 

equality constraints can be linear or non-linear. Therefore, several methods and algorithms 

have been developed to solve the DDO problem [35] [36] [37] [38].        
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Although the DDO approach provides an optimum design, it cannot guarantee the 

reliability level because the safety factors do not indicate the true safety of a design. 

Therefore, this approach can be unnecessarily restrictive on potential designs, in addition 

to providing no indication on the true design safety. For these reasons, design optimization 

based on reliability is needed to get optimum and reliable designs. 

3.4 Structural reliability analysis   

The reliability of a structure is defined as the probability that the structure is able to 

perform satisfactorily its functions for at least a given period of time, when used under 

stated conditions. Reversibly, the failure probability can be defined as the probability that 

the structure dose not perform satisfactorily its functions within a given period of time 

[33]. The reliability and the failure probability are always associated with a particular 

performance criterion that defines a certain limit state function ��"�$� "�$� � � in physical 

space, where "�$ is a vector of deterministic variables and "�$ is a vector of random 

variables. The limit state represents the surface between the safe region ��"�$� "�$� C � 

and the failure region ��"�$� "�$� B � as illustrated in Figure �3-1. 

 

Figure �3-1 : Limit state concept 

The limit state function can be linear or nonlinear, explicit or implicit function of the 

random variables. Therefore, it plays an important role in the development of structural 

reliability analysis methods [34].  

Conventionally, the failure probability can be calculated by using the full 

distributional approach represented by the following integral: 

�	 � ��%��"�$� "�$� B �' � ��� 	"�$�
��"�$�"�$��� 6�
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�

	
 (3.2) 
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where Pf is the failure probability, 	"�$���
����

	
��is the joint probability density function for 

the random variables�"�$ and Pr[.] is the probability operator when the integral is 

performed over the failure region ��"�$� "�$� B �. 

Generally, evaluating the integral in Equation (3.2) is not simple because it 

represents a very small quantity and all of the necessary information for the joint density 

function is not available. Even if this information is available, evaluating the multiple 

integral is extremely complicated [34]. Therefore, several approximations of this integral 

are used to evaluate failure probability, namely the first-order reliability method (FORM) 

and the second-order reliability method (SORM), which are considered to be reliable 

computational methods [39]. These methods are described below. However, these methods 

require a background in probability and statistics. Other simulation techniques can be used 

to evaluate failure probability with only a minimal background in probability and statistics, 

but these methods require more computational time as compared to approximation ones. 

The method commonly used for this purpose is the Monte Carlo simulation technique [40].  

3.4.1 Approximation methods   

Approximation methods are based on the Taylor series approximations of the limit 

state function at the design point in normalized space. The most used approximations are 

the FORM and SORM methods [41]. The FORM method ignores the terms beyond the 

first-order term in the Taylor series, while the SORM method ignores the terms beyond the 

second-order term as illustrated in Figure �3-2.  

The transformation of the limit state function from physical space to normalized 

space requires the transformation of random variables�"�$�to normalized independent 

variables�"�$, which can be given by: 

"�$ � ��"�$� �����  ����� "�$ � �1��"�$� (3.3) 

where ��� ��is the probabilistic transformation.  

Different transformation methods have been developed to perform the probabilistic 

transformation depending on the information about the joint probability density function 

and the correlations between the design variables. Rosenblatt’s transformation, Nataf’s 

transformation, the equivalent normal distribution approximation and Hermite’s 

transformation are some examples of these methods [42].  
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Figure �3-2 : Illustration of the FORM and SORM approximations 

The search of the design point, also called the most probable failure point (MPFP), in the 

normalized space is a constrained optimization problem as expressed in Equation (3.4). 

ubc��
 � U"�$*"�$ `� ,�����¡�"�$� "�$� � � 
(3.4) 

where 
��is the distance from the origin of the axes to the limit state surface and "�$�represents the coordinates of the checking point on the limit state function ¡�"�$� "�$��in normalized space.  

Then, the failure probability can be calculated, according to the FORM method, by 

Equation (3.5). �2�¢£¤¥ � ¦���� (3.5) 

where�¦��� is the cumulative distribution function of a standard normal distribution and � 

is the reliability index which represents the minimum distance from the origin of the axes 

in normalized space to the limit state surface. 

The accuracy of FORM method can be largely affected by the nonlinearity of the 

limit state function at the design point. However, for practical engineering problems, the 

FORM method gives sufficiently accurate estimation of the failure probability even when 

the limit state function is not linear [34].  

The SORM approach was first explored by Fiessler et al. [43] using various 

quadratic approximations. A simple closed-form solution for the probability computation 

was proposed by Breitung [44] using the theory of asymptotic approximations as: 

�2�§£¤¥ � ¦����¨�� N �©8�1� KH91�
8ª�  

(3.6) 
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where ©8 denotes the principal curvatures of the limit state at the design point, and���is the 

reliability index computed by the FORM method.  

The Breitung's form, presented in Equation (3.6), was improved by Hohenbichler 

[45] using various asymptotically exact formulae. Other complex asymptotic forms with 

three terms have proposed to calculate the probability of failure. Tvedt [46] proposed a 

three-term approximation in which the last two terms can be interpreted as correctors to 

Breitung's form. More accurate closed form formulas were derived using Maclaurin series 

expansion and Taylor series expansion [47] [48]. These formulas generally work well in 

the case of a large curvature radius and a small number of random variables. 

3.4.2 Simulation techniques   

Simulation techniques allow one to calculate the failure probability for both explicit 

and implicit limit state functions. Among the simulation techniques, the Monte Carlo 

simulation (MCS) is widely used for this purpose because of its simplicity and capability 

of handling problems with a large number of random variables [40]. The principal idea 

behind the MCS technique is to generate N values for each basic random variable, 

according to its probabilistic characteristics and then to evaluate the limit state function, 

deterministically, for each set of realizations of random variables, as shown in Figure �3-3. 

The failure probability can be calculated quite simply by Equation (3.7). 

�	�«¬ � L2 LH  (3.7) 

where L2 is the number of simulation cycles when ��"�$� "�$��is less than zero and N is the 

total number of simulation cycles, which equals to the number of generating values. 

When more than one limit state function are involved in the reliability analysis. The 

MCS can be used directly to estimate the system failure, where the number of samples L2 

is computed when one or all of the limit state functions are less than zero, depending on the 

system type, i.e. series system or parallel system. The accuracy of simulation can be 

determined by calculating the coefficient of variation (COV) of failure probability from 

Equation (3.8).  

���6�2> � ®
6� � �2>�2L�2 �� (3.8) 
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where ���6�2> is the coefficient of variation of failure probability and L is number of 

simulation cycles.    

The accuracy in calculating failure probability increases when the number of 

simulation cycles increases. However, this requires more computational time. Therefore, 

other techniques have been developed to reduce the required number of samples, e.g. 

importance sampling and Latin hypercube sampling [49]. 

 

Figure �3-3 : Basic principle behind Monte Carlo simulation 

3.5 Reliability-based design optimization  

3.5.1 RBDO approaches  

Reliability-based design optimization (RBDO) approaches have been developed to 

overcome the drawbacks of deterministic design optimization (DDO) methods, by 

quantifying the reliability of performance in probabilistic terms and include these terms 

directly in the design optimization as probabilistic constraints [50]. In the DDO approach, 

designer seeks the optimum values of design variables for which the objective function is 

the minimum and the deterministic constraints are satisfied. This approach does not take 

into consideration the uncertainties of design variables. In the RBDO approach, there is a 

trade-off between obtaining higher reliability and lowering cost.  

During the last few years, a variety of different formulations have been developed 

for reliability based design optimization. A RBDO problem can be considered as an 

optimization problem subjected to both deterministic and probabilistic constraints that has 

a general form as expressed in Equation (3.9). 
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��	����������� 	����������������������������������������������������������������������������������������������
 °̄±+X,�,Y����� ²³S%�8�"#$����� � �' � �2�́ ������� � � ��� � ���5��"�$� � ���������������������������������� �������� �  N ��� �µ��������������������������� ¶ (3.9) 

where ��� is the vector of design variables, ��� is the vector of random variables, 	 is the 

objective function, �� !" is the probability operator, �8 is the �th performance function, �2�́  

is the target failure probability corresponding to �th performance function, 5� is the �th 

deterministic constraint,   is the number of performance functions and µ is the total 

number of constraints. 

The reliability constraints are the key constraints in the RBDO problem, as they 

require a considerable computation effort and this reveals the classical problems of 

efficiency, accuracy and stability. Several works have been developed to overcome the 

numerical difficulties and to improve both the efficiency and accuracy. Accordingly, one 

can distinguish between three different approaches [51], namely the two-level approach, 

the mono-level approach and the decoupled approach. The flowcharts of these approaches 

are illustrated in Figure �3-4.  

The two-level approach consists of two nested optimization loops, where the inner 

loop deals with reliability assessment and the outer loop deals with cost optimization. Two 

approaches have been proposed to deal with the reliability constraints, namely the 

reliability index approach (RIA) and the performance measured approach (PMA). The 

reliability constraints are estimated, in the RIA method, by the reliability index approach 

by searching the most probable failure point (MPFP). While, the PMA method uses the 

minimum performance target point (MPTP) to satisfy the reliability constraints. The RIA 

and the PMA approaches are essentially inverses of one another and would provide the 

same solution if the constraints are active at the optimum. However, the PMA approach is 

superior to the RIA approach when many probabilistic constraints remain inactive 

throughout the optimization. A comparative study on the computational efficiency and the 

numerical stability of the RIA and RMA can be found in the report of Lee et al. [52].  

The mono-level approach is proposed to avoid the use of two loops in RBDO 

problem. This approach replaces the reliability constraints by optimality conditions (e.g. 

the first order Karush-Kuhn-Tucker (KKT) optimality conditions of the first order 

reliability problem) or reformulates the RBDO problem in order to obtain a single loop 

optimization. Such methods can be found in the works of Ahn and Kwon [53], Kharmanda 

et al. [54] and Kuschel and Rackwitz [55].  
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The decoupled approach separates the reliability analysis from the optimization 

procedure so that the RBDO problem may be transformed to a sequence of deterministic 

optimization and reliability analysis. The methods proposed by Du and Chen [56] and 

Cheng et al. [57] are based on this concept.  

  

Figure �3-4 : Flowcharts of reliability-based design approaches 

Yang and Gu [58] coded and tested four RBDO methods. They reported that the 

single-loop-single-vector (SLSV) approach converges nicely and requires few function 

evaluations. They also reported that the sequential optimization and reliability assessment 

method (SORA) shows promising results compared with those of two-level methods. The 

benchmark study of Aoues and Chateauneuf [51] compared the numerical performance of 

six RBDO methods through different numerical examples. They reported that the two-level 

approaches are simple to implement, but are usually inefficient for real structures. The 

mono-level approaches are based on some approximations, leading to some loss of 

precision. The decoupled approaches are generally efficient and accurate, but require 

specific implementation. Among the tested methods, they found that the single loop 

approach (SLA) is the most promising method for engineering structures, as it combines 

simplicity, efficiency and robustness. Despite the lower efficiency, the SORA method 

appears to be more robust and more accurate than the SLA method, and could thus be 

suitable for complex structural systems.  
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3.5.2 Reliability index approach (RIA) 

The RIA method consists in using the FORM method to perform the reliability 

analysis, where the probabilistic constraints are replaced by the reliability index 

constraints, as presented in Equation (3.10). The main drawback of this method is due to 

the difficulties to compute the reliability constraints. However, it has the advantage of 

being simple to implement.  

��	����������� 	����������������������������������������������������������������������������������
 °̄±+X,�,Y����� ·�8�"�$� � � �8������������������ � � ��� � ���5��"�$� � �������������������� �������� �  N ��� �µ��������������������������� ¶ (3.10) 

where "�$ is the vector of normalized variables, � is the reliability index and �� is the 

target reliability index. The reliability index is computed by solving the constrained 

optimization problem of Equation (3.4). 

3.5.3 Sequential optimization and reliability assessment (SORA) 

The SORA method employs a decoupled strategy with a series of cycles of 

deterministic optimization and reliability assessment. In each cycle, optimization and 

reliability assessment are decoupled from each other; the reliability assessment is only 

conducted after the deterministic optimization to verify constraint feasibility. The key to 

this method is to shift the boundaries of violated constraints to the feasible direction based 

on the reliability information obtained in the previous cycle. The design is quickly 

improved from cycle to cycle and the computational efficiency is improved significantly 

[56]. The RBDO problem can be written, according to this method, as 

��	����������� 	�"#$����������������������������������������������������������������������������������������������
 °̄±+X,�,Y����� ²�86"#$� � I8�1�� "�̧$8�1�> � �������� � � ��� � ���5��"#$�� � ������������������������������������ �������� �  N ��� �µ��������������������������� ¶�� (3.11) 

where 3 is the current cycle, "�̧$8�1� is the vector of minimum performance target point 

(MPTP) in physical space with respect to �th limit state, obtained in the previous cycle 3 � � and I8�1� is the shift parameter, given as 

"�̧$8�1� � x�"��$�������������I8�1� � "#$�1� � "�̧$8�1���� (3.12) 
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where "#$�1� is the vector of design variables, "�̧$8�1� is the MPTP in the physical space 

caculated by the probabilistic transformation x��� of "��$� which is obtained by solving 

the inverse reliability problem presented in Equation (3.13). 

��	�������� �8�"�$�������� °̄±+X,�,Y� ¹"�$¹ � �8� (3.13) 

where �8�is �th target reliability index corresponding to the �th limit state �8. The use of the 

inverse reliability analysis instead of a full reliability analysis leads to time reduction and 

efficient strategy because the feasible region is identified with respect to the MPTP [51]. 

3.6 RBDO approach for tillage machines  

The proposed RBDO approach for tillage machines is based on existing probabilistic 

design tools and RBDO methods. This approach consists of four main steps as illustrated 

in Figure �3-5.  

The first step in the proposed approach is to decide on specific performance criteria 

and the functional relationships among the basic variables, corresponding to each failure 

scenario. For tillage machines, two different performance criteria can be considered. The 

first performance criterion is related to the mechanical resistance of tillage machines and 

the second one is related to the quality of tillage operation. Thus, the limit state functions 

that defined the safe region can be written as: 

���"�$� "�$� � �;� � �7;< � � (3.14) ���K�"�$� "�$� � I�º» � I�¼ º½ � � (3.15) 

where �;� is the allowable stress, �7;< is the maximum stress, I�º»  is the allowable 

vertical displacement and I�¼ º½ is the maximum vertical displacement.  

Limit state functions (Equations 3.14 and 3.15) are functions of basic random 

variables. These variables don’t have the same variability and the same influence on the 

probability of failure. Therefore, the method proposed in Section �2.3.3 can be used to 

determine the vectors of deterministic "�$ and random variables "�$, in the second step. 

Integrating the results of sensitivity analysis into the reliability analysis reduces the 

computational time by omitting insignificant uncertainties of certain random variables. 

In the third step, the MCS technique and FORM method are used to calculate the 

failure probability according to the limit state functions determined in the first step. The 

MCS technique is used directly to estimate the failure probability, when more than one 
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limit state function are involved in the reliability analysis. Then the number of samples L2 

is computed when one of the limit state functions are less than zero. In the FORM method, 

the reliability index corresponding to each limit state function is calculated and then the 

bounding technique of Ditlevsen [59] is used to estimate the system failure when 

considering both limit state functions. 

Based on the observation of Yang and Gu [58] and Aoues and Chateauneuf [51], the 

Sequential optimization and reliability assessment (SORA) method is selected to apply for 

the RBDO of tillage machines in the fourth step. In addition, Reliability index approach 

(RIA) method is applied to solve the same problem for the purpose of comparison the 

results of both methods. 

 

 

Reliability analysis 

MCS and FORM 

Reliability-based design optimization   

System failure 

RIA and SORA  

Sensitivity analysis 

Random variables Deterministic variables 

Structural design requirements 

Indentify failure modes and  
formulate limit state functions  

Tillage operation requirements 

Determine basic variables 

Ditlevsen’s method 

Optimal and reliable tillage machines 

Figure �3-5 : Flowchart of the proposed RBDO approach for tillage machines 



44 
 

3.7 Numerical application   

The proposed approach was implemented in MATLAB program (Mathworks INC. 

2008) for finding the minimum volume of the shank chisel plough presented in Figure �3-6. 

The limit state functions of the studied shank were calculated using the finite element 

model CALFEM [60] and the optimization problem was solved by the optimization 

toolbox based on the SQP algorithm. The tolerance of convergence criteria was fixed to ��1! for the absolute changes in design variables, the relative changes in the objective 

function and for the constraint verification. In addition, one million simulation cycles were 

used to evaluate failure probability according to the Monte Carlo simulation technique. 

 

Figure �3-6 : A schematic drawing of the shank with acting forces 

(¾� � &��Xu� ¾K � ���Xu� ¾! � ���Xu� ¾: � 
���Xu� F � ���� 5 � �	�uu� 4 � ���uu� ����) 

3.7.1 Dispersion effects of random variables on limit state functions  

The limit state functions (Equations 3.10 and 3.11) are functions of the following 

random variables, expressed by the following formula 

���"�$� "�$� � 	���� �� � F� 4� 5� ¾�� ¾K� ¾:� (3.16) 

The variability in the horizontal and vertical forces was determined using the methodology 

presented in Section �2.3.4. The variability in the rake angle F was considered during the 

determination of the variability in tillage forces so it is considered in this study as constant. 

The probability distributions of��4� 5� ¾���	
�¾K were defined as uniform distributions with 

lower and upper bounds based on the manufacturing accuracy of�~���  . Furthermore, 

we assumed that ¾:� �;���	
�I�º»  have normal distributions with coefficient of variations 



45 
 

equal to 0.05. The statistical parameters for the random variables are presented in Table 

�3-1. 

According to the sensitivity method, presented in Section �2.3.3, the dispersion 

effect of a random variable on limit state function can be estimated by computing the 

difference between the maximum and minimum values of limit state function for a 

confidence interval. The confidence interval was determined according to the probabilistic 

characteristics of the random variable. The results of sensitivity method are presented in 

Table �3-1.  

Table �3-1 : Dispersion effects of basic random variables on limit state functions 

Basic 
random  
variables 

Statistical parameters  

of random variables 

Results of  

sensitivity analysis 

Distribution type Distribution parameters  �����%3L' ���K%  ' � ��1! 4%  ' Uniform  ¾¿ � ����� À¿ � ���� 0.429 8.2 5%  ] Uniform ¾¿ � �
��� À¿ � �	�� 0.468 13.7 ¾�%  ] Uniform ¾¿ � ������ À¿ � &���� 0 -0.6 ¾K%  ' Uniform ¾¿ � ������ À¿ � ����� -0.029 -0.9 ¾:%  ' Normal  � 
�� � � ��
� 3.070 95.3 ��%3L' Lognormal  � � ��	
��  � ����� -115.59 -3397.4 ��%3L' Lognormal � � ������  � ����
 -8.365 1120.5 �;�%µ�l' Normal  � ���� � � ���
� 46.059 0 I�º»%  ' Normal  � &� � � ��� 0 1176 

�¾¿ and À¿ are, respectively, lower and upper bounds of a uniform distribution;�  and � are, 
respectively, location and scale parameters of a normal distribution;��and�� are shape and scale 
parameters of a lognormal distribution)  

We observe that the dispersion effects of the horizontal force on both limit state 

functions are larger than the dispersion effects of the other variables 

(����� � �������%3L'� ���K � ����
�� � ��1!%  '��. In addition, the dispersion 

effects of the vertical force are significant comparing to the dispersion effects of the other 

variables. The dispersion effects of ¾���	
�¾K are not important and they can be considered 

as deterministic variables in the reliability analysis. The vectors of deterministic and 

random variables are defined, according to the results of the sensitivity method, as 



46 
 

"�$ � �¾�� ¾K������������������������������������ 
(3.17) "�$ � 64� 5� ¾:� �� � �� � �;�� I�º»> 

Therefore, the uncertainties of ¾� and ¾K were omitted during the reliability analysis and 

the uncertainties of the other variables 64� 5� ¾:� �� � �� � �;�� I�º»> were taken into 

consideration. 

3.7.2 Reliability analysis  

In order to determine the effect of limit state functions on the failure probability, 

the reliability analysis was applied three times; with two times considering one limit state 

function only (Equations 3.14 and 3.15) and in the third time, both limit state functions 

were taken into account. Furthermore, the reliability analysis was applied two times to 

determine the effect of the correlation coefficient between the tillage forces on the failure 

probability. At the first time, the correlation between the horizontal and vertical forces was 

ignored. Then, this correlation was taken into consideration in the second time. In the later 

case, two transformations were used [61] [62] to transform the correlated random variables "�Á$ into uncorrelated or statistically independent random variables "�$. The first one 

transforms the correlated random variables "�Á$ to correlated reduced variables "�Á$ and the 

second one transforms the correlated reduced variables "�Á$�to uncorrelated reduced 

variables "�$. 
The coordinates of the design points according to the FORM method with 

considering both the presence and the absence of the correlation between the tillage forces 

are presented in Table �3-2.   

Table �3-2 : Coordinates of the design points 

 
Non-correlated random variables Correlated random variables ���� ��K ���� ��K 4%  ' ����� ����� ����� ����� 5%  ] �
��� �
��� �
��� �
��� ¾:%  ' 
��
� 
��
& 
��
� 
��
� ��%3L' ���� 	�
� 	��� ����� ��%3L' ���� ���� ���& ��	
 �;�%µ�l' ����	
 ��� �����	 ��� I�º»%  ' & ���� & ��		 
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The failure probabilities obtained from the MCS technique and the FORM method, 

for both the absence and presence of the correlation between the horizontal and vertical 

tillage forces, are presented in Table �3-3.  

Table �3-3 : Results of reliability analysis 

 �2� � ��1! �2K � ��1! �21}Â} � ��1! 
Non-correlated random 

variables 

MCS 1.280 1.915 2.025 

FORM 1.118 1.819 1.819-2.329 

Correlated random 

variables 

MCS 1.635 0.340 1.640 

FORM 1.559 0.293 1.559-1.637 

 

The following remarks can be extracted from the reliability analysis study:  

• The obtained results from the MCS technique and the FORM method are quasi-

identical when considering each one of the limit state functions for the two cases 

of non-correlated and correlated random variables, e.g. for the case of non-

correlation between the random variables �2��Ã ÄÅ � ���	� � ��1! and �2��Æ(ÇÃ � ����	 � ��1!. This indicates that for this application there is no need 

to use higher-order approximations as the SORM method to improve the 

accuracy. 

• The modification of the reliability level, resulted by the correlation between the 

horizontal and vertical forces, is significant especially, for the second limit state 

function.  

• For the case of correlated random variables, the value of the failure probability for 

the second limit state function is not important and the difference between failure 

probability when considering the first limit state function �2� and the system 

failure �21}Â} can be ignored.       

From the above-mentioned points it can be concluded that the FORM method can be used 

to calculate the failure probability by considering the first limit state function only and with 

taking into account the presence of the correlation between the tillage forces. This makes 

the evaluation of the failure probability simpler and less time consuming, while at the same 

time provides results with sufficient accuracy. 
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3.7.3 RIA and SORA methods   

The RIA and SORA methods were applied to find the minimum volume of the 

shank chisel plough. For both RBDO methods, 4��	
�5 were considered as design 

variables and their initial values were ���  ��	
��	�  , respectively. The deterministic 

constraints based on the design variables were assumed to be�4 � ����	
�4 � ���5. The 

reliability level was calculated by solving the inverse reliability problem for a target 

reliability index equals to���� � � by considering only the first limit state function and the 

correlation between tillage forces.    

 The RIA method is converged to the minimum objective function of��� � ���� �����  ! corresponding to the optimal point�"#$� � %����&�  � &�����  ', while the 

SORA method is converged to the minimum objective function of��� � ���& � ����  ! 
corresponding to the optimal point�"#$� � %�&����  � &�����  ', as illustrated in Figure 

�3-7.  

 The optimal solutions obtained by both methods are nearly identical. However, the 

RIA method requires 1100 evaluations for the finite element model, while the SORA 

method requires 397 evaluations. From a numerical viewpoint, the SORA method is more 

efficient than the RIA method. Therefore, the SORA method can be adopted for solving 

the RBDO problem for soil tillage machines. 

 

Figure �3-7 : Objective function history 

 By comparing the results of the SORA method by the initial design with  �� � ���� and��� � ���� � ���. We find that the SORA method improves slightly the 
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reliability index in order to respect the target reliability index and reduces the objective 

function by 9.25%. Furthermore, the percent change of the ratio � �H  is increased by 

11.2%. 

 

3.7.4 Optimal reliability analysis  

The SORA method was used in the optimal reliability analysis to find the optimal 

reliability that minimizes the expected total cost approximated by Equation (3.18).  

��/* � OÈ� N O2��2 (3.18) 

where ��/* is the total cost, OÈ is a constant determines the impact of the objective function � on the total cost (in this example, � represents the shack volume) and O2 is a constant 

determines the impact of the failure probability �2 on the total cost. Figure �3-8 represents 

the relationships between the total cost and the failure probability for OÈ � ���%«ÉA�|' 
and�O2 � �����%«ÉA�|'. 

The optimal reliability is found to be �2�()* � ���� � ��1! (i.e.��()* � �����) 

which is different from the target reliability used in this work��� � �. The total cost at the 

target reliability is larger than the total cost at the optimal reliability. Therefore, to find the 

best compromise between the objective function and the reliability level, the optimal 

reliability analysis should be integrated into the RBDO problem.  

 

Figure �3-8 : Total cost-failure probability relationships 
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3.8 Conclusions   

A reliability-based design optimization approach for tillage machines, based on 

existing probabilistic design tools and RBDO methods, was presented in this chapter. The 

four main steps of the proposed approach were explained and implemented for the design 

of the shank of a chisel plough. From the results of the reliability analysis study, it is 

shown that the FORM method can be used to calculate the failure probability of the studied 

shank by considering the first limit state function only and with taking into account the 

presence of the correlation between the tillage forces. These observations were taken into 

account when implementing the RIA and SORA methods. All the same, the results show 

that the SORA method is more efficient and reduces the computational time, comparing 

with the RIA method.  

Overall, the proposed approach improves slightly the reliability index in order to 

respect the target reliability index ��� � � and reduces the objective function by 9.25%. 

On the contrary, the optimal reliability analysis provides different reliability index ���()* � ������ from that used in this work. Therefore, it is recommended to integrate the 

optimal reliability analysis into the RBDO approach to find the best compromise between 

the total cost and the reliability assurance.   
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4 Modeling the spatial variability in tillage forces 

Chapter 4 

Modeling the spatial variability in 

tillage forces 
 

 

4.1  Introduction   

This chapter intends to propose a new model for modeling the spatial variability in 

tillage forces, by considering the variability in tillage forces derived from both the 

variability in tillage system parameters and soil failure patterns, for the purpose of fatigue 

analysis of tillage machines. This chapter consists of five sections. The first section shows 

the necessity to model the spatial variability in tillage forces for estimating the life time of 

tillage machines. The second section begins with the description of soil failure mechanism, 

followed by the types of soil failure and a discussion of the factors contributed to the 

changes of soil failure mechanism is given. In the third section, the proposed model is 

explained in detail. The basic assumptions for the proposed model are presented, followed 

by the methods used to model the global and local tillage forces and then the incorporation 

of these forces into the total tillage forces is described. The proposed model is 

implemented for modeling the spatial variability in tillage forces on the shank of a chisel 

plough in the fourth section. At the end of this chapter, some conclusions are presented. 

4.2 Necessity of modeling the spatial variability in tillage forces  

Mechanical loads on tillage machines show considerable variability due to the 

variability in tillage system parameters and the mechanical behavior of soil during failure. 

The variability in tillage system parameters reflects the variability in soil engineering 

properties and the variations in tool design parameters and operational conditions. Several 

analytical (e.g. McKyes and Ali [14]; Grisso et al. [15]) and numerical models (e.g. 

Mouazen and Neményi [20]; Shen and Kushwaha [63]) of soil-tool interaction have been 

developed to predict tillage forces for assigned tillage system parameters. Furthermore, the 

effects of tillage system parameters on tillage forces have been investigated [8] [17].  
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The soil failure involves the development of successive shear planes in front and at 

the side of tillage tools, which leads to distinct soil failure blocks as the tine moves forward 

through the soil. The repeated formation of soil crescents creates cyclic loading on the 

tillage tool. The variability in tillage forces due to the soil failure has been observed in 

many works in the literature. The current state of knowledge suggests that there are only 

experimental works available to estimate the within-field spatial variability in tillage forces 

[64] [65] [66]. These methods do not provide a tool for estimating the life time of tillage 

machines due to fatigue as it cannot account for all affecting parameters. Form a fatigue 

analysis viewpoint, it is essential to account for the effects of the variability in tillage 

forces on the resulted stress on tillage machines. Therefore, the main objective of this 

chapter is to propose a model for describing the spatial variability in tillage forces for the 

purpose of fatigue analysis of tillage machines. 

4.3 Soil failure mechanisms  

As mentioned before, the soil failure involves the development of successive shear 

planes that leads to distinct soil blocks as the tine moves forward through the soil. At the 

beginning of soil failure, the force required to cut the soil is quite high, because most of the 

soil is elastic and offers significant resistance [67]. As the tool moves, more and more soil 

begins to yield and fail, resulting in the propagation of failure planes or cracks from the tip 

of the tillage tool to the surface as illustrated in Figure �4-1. Once the soil begins to yield, 

the magnitude of the required force drops and reaches a residual level as the soil in front of 

the tool reaches a steady state in terms of crack propagation. As the tillage tool is dragged 

further, new failure planes are initiated in the soil in front of the tool and this cycle of peak 

and residual force repeats itself as shown in Figure �4-2.  

 

Figure �4-1 : Successive failure planes in front of the tool 
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Jayasuriya et al. [10] represented the relationships between the tine force and displacement 

in three soil types as shown in Figure �4-3. The tine force-displacement curve has high 

amplitude and low frequency in frictional-cohesive soils. It is observed the decrease of 

amplitude and the increase of the frequency in frictional soils. Both the amplitude and 

frequency decrease in cohesive soils. 

Stafford [68] identified two types of soil failure, namely the brittle failure and the 

flow failure. Rajaram and Erbach [69] reported the following four soil failure mechanisms: 

1) collapse failure, 2) fracture failure, 3) chip-forming failure and 4) plastic and frictional 

flow failures. They attributed the changes of soil failure mechanisms to two main factors: 

the soil type and the moisture content  

 

Figure �4-2 : Fluctuations in the tillage force due to formation of failure planes in the soil 

 

 

Figure �4-3 : Typical tine force-displacement curves 

Makanga et al, [70] studied the effects of the tine rake angle and the aspect ratio (tillage 

depth/tool width) in a laboratory glass-sided soil bin with a dry compact loam soil with ����o�(d.b.) moisture content. They concluded that the horizontal and vertical soil 
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reactions under dry soil moisture conditions were cyclic. The cyclic variations in the soil 

reactions were due to the soil failure being repetitive and cyclic in nature throughout the 

tine travel. The maximum soil reactions were observed when the soil shearing began, while 

the minimum reactions corresponding to the stage when the shear surface was fully 

developed. In addition, they found that the wave length, the ratio of peak to trough value 

(the ratio of maximum tillage force to minimum tillage force) and the amplitude of 

variation in soil reactions were all affected by the tine design parameters.  

4.4 Modeling the spatial variability of tillage forces   

4.4.1 Basic assumptions for the proposed model  

The basic assumptions behind the proposed model are that 1) the spatial variability of 

tillage forces derived from the variability in tillage system parameters is random, reflecting 

the heterogeneity in agricultural soils, the uncontrolled field operational conditions during 

tillage and the manufacturing tolerances of tool design parameters and 2) the spatial 

variability of tillage forces derived from the mechanical behavior of soil failure is cyclic, 

reflecting the repeated formation of soil crescents in front of the tool. In addition, we 

suppose that the total tillage force is the sum of two types of forces, namely the global 

tillage force and the local tillage force. The global tillage force is due to the tillage system 

parameters (soil engineering properties, tool design parameters and operational conditions) 

and the local tillage force is due to the soil failure of cyclic nature. 

Conventionally, a tillage force � is determined by its horizontal �� and vertical �� 

components. Therefore, the horizontal and vertical forces can be calculated, according the 

earlier assumption, by Equations (4.1) and (4.2). 

�� � ��Ê N ��Ë (4.1) �� � ��Ê N ��Ë (4.2) 

where ��Ê is the global horizontal force in ��, ��Ë is the local horizontal force in ��, ��Ê 

is the global vertical force in �� and ���Ë is the local vertical force in ��. 

The variability in the global tillage forces (��Ê � ��Ê) can be modelled using the 

methodology proposed in Chapter 2. This methodology is based on the estimation of tillage 

forces according to the McKyes-Ali model accounting for the variability in tillage system 

parameters. The local tillage forces (��Ê � ��Ê) have been observed in many works in the 

literature but there are no available models can be used to estimate these forces. However, 



55 
 

the majority of reports are attributing these forces to nearly the same parameters 

contributing to the global tillage forces [71]. Therefore, we assume that the local tillage 

force components can be estimated as a percentage of the global tillage force components 

as shown in Equations (4.3) and (4.4). ��Ë � -� ��Ê (4.3) ��Ë � -� ��Ê (4.4) 

where - is the percentage of the local tillage force to the global tillage force. The high 

values of - corresponding to a brittle soil failure and the little values of - corresponding to 

a flow soil failure. In other words, the values of the local tillage forces ���Ë� ��Ë� are 

important for the brittle soil failure since the force cyclic pattern is much more pronounced 

that with flow failure, while the values of these forces are nearly zero when the soil failure 

is of flow type [10]. 

 The linear correlation between the global and local tillage forces may not be 

accurate for all soil texture types and all operational conditions. Thus, more work should 

be done to investigate the relationship between the global and local tillage forces. 

Based on the earlier assumptions, the spatial variability in tillage forces can be 

represented by the spatial variability in the global and local tillage forces, as shown in 

Equations (4.5) and (4.6). ���.� � ����.� N ��K�.� (4.5) ���.� � ����.� N ��K�.� (4.6) 

where ��� represents the spatial variability in the global horizontal force in ��, ��K 
represents the spatial variability in the local horizontal force in ��, ��� represents the 

spatial variability in the global vertical force in ��, ��K represents the spatial variability in 

the local vertical force in �� and  . is the distance travelled  in  . 

4.4.2 Modeling the spatial variability in the global tillage forces   

The spatial variability in the global tillage forces (���,����) is resulting from the 

within-field spatial variability of soil resistance and uncontrolled operational conditions. 

This spatial variability can be attributed to several factors, e.g. the characteristics of the 

field, the geography and topography of the field and the soil management system (no-till, 

reduced till or conventional tillage). Therefore, the spatial variability in the global tillage 

forces changes from one location to another within the same field and from field to field. 

To take these observations into account, we model the spatial variability in the global 
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tillage forces with the following assumptions: 1) the spatial variability in the global tillage 

forces is linear and 2) the distance Ì� between two successive changes of the values of 

global tillage forces is random.  

The linearity of the spatial variability in the global tillage forces between the global 

tillage force samples may not be an accurate assumption. However, the increase of the 

global tillage force samples improves the accuracy of this model. Taking the distance Ì� as 

a random allows considering the variability in the field characteristics over the distance�.. 

Based on these assumptions, the spatial variability in the global tillage forces can be 

expressed as in Equations (4.7) and (4.8). An illustration of the spatial variability in the 

global tillage forces over the distance . is shown in Figure �4-4. 

����.� � ���Ê��� N 6��Ê�� N �� � ��Ê���> . � Í Ì��3�81��ª�Ì���� ������������������ � ��� � { (4.7) 

����.� � ��Ê��� N 6��Ê�� N �� � ��Ê���> . � Í Ì��3�81��ª�Ì���� �������������������� � ��� � { (4.8) 

where ��Ê��� is the ith global horizontal force sample in ��, ��Ê��� is the ith global 

vertical force sample in ��, Ì� is the distance between two successive changes of the 

global tillage force values in  , Í Ì��3�81��ª�  is the cumulative sum of Ì���� for 3 ���,Y�� � ��and { is the number of the global tillage force samples.  

 

 

Figure �4-4 : Illustration of the spatial variability in the global tillage forces 
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4.4.3 Modeling the spatial variability in the local tillage forces   

As mentioned before, the soil failure creates cyclic loading on tillage tools by the 

repeated formation of soil crescents. The global tillage forces are calculated at failure when 

the tillage forces achieve their maximum values. The total tillage forces reach their 

maximum values at failure (at this stage, the value of total tillage force is equal to the value 

of global tillage force) and then drop down after the first soil block has formed and these 

forces will increase to form the second soil block until achieve failure and so on. 

Therefore, we can suppose that the total tillage forces fluctuate below the global tillage 

forces.  

Based on the fact that the effect of the soil failure in the tillage forces is cyclic, the 

sinusoid function is used to describe the spatial variability in the local tillage forces with 

the amplitude���Ë and cycle length�ÌK. Therefore, the spatial variability in the local tillage 

forces can be expressed as in Equations (4.9) and (4.10) and illustrated as in Figure �4-5. 

The terms ���Ë��� and ���Ë��� are added to these Equations to keep the values of local 

tillage forces fluctuate below the values of global tillage forces. 

��K�.� � ��Ë��� `bcd�G . � Í Ì��3� � Í ÌK�Î��1��ª�81��ª� ÌK��� f � ��Ë�������� � ��� �  (4.9) 

��K�.� � ��Ë��� `bcd�G . � Í Ì��3� � Í ÌK�Î��1��ª�81��ª� ÌK��� f � ��Ë����������� � ��� �  (4.10) 

 where ��Ë��� is the jth local horizontal force in ��, ��Ë��� is the jth local vertical force in ��, ÌK��� is the cycle length of the jth cycle in  , Î is the number of calculated values in a 

cycle and   is the number of cycles between two successive changes of the global tillage 

forces. 

4.4.4 Modeling the spatial variability in the total tillage forces   

By combining the spatial variability in the global and local tillage forces and taking 

into account the assumption that the local tillage force components can be estimated as a 

percentage of the global tillage force components, it concludes that the spatial variability in 

tillage forces can be represented by the following five parameters:  

���.� � ������ ��� ��� -� (4.11) 
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����.� � ������ ��� ��� -� (4.12) 

All of these parameters can be considered as variables to represent the variability in the 

forces on the tillage tool during the tillage operation, as shown in Figure �4-6.  

   

 

Figure �4-5 : Illustration of the spatial variability in the local tillage forces 

 

 

 

Figure �4-6 : Illustration of the spatial variability in the horizontal and vertical forces 
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4.4.5 Special cases    

Two special cases of spatial variability in tillage forces, namely at constant global 

tillage forces and at insignificant local tillage forces are shown in Figure �4-7 and Figure 

�4-8, respectively. The first case supposes that all tillage system parameters do not vary 

during tillage. This assumption may be suitable for quasi-homogeneous soils and when the 

variations in the operational conditions are not important. The second case can be used to 

represent the spatial variability in tillage forces when the soil failure is of flow type. 

However, in most cases, both the global and local tillage forces should be taken into 

consideration in the description of the spatial variability in tillage forces. 

   

 

Figure �4-7 : Spatial variability in tillage forces for constant global tillage forces 

 

 

Figure �4-8 : Spatial variability in tillage forces when omitting local tillage forces 
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4.5 Modeling the spatial variability of tillage forces on the shank chisel plough    

The proposed model, presented in Section 4.3, was implemented in MATLAB 

program (Mathworks INC. 2008) to model the spatial variability in tillage forces on the 

shank of a chisel plough shown in Figure �4-9. The shank section is rectangular with 5 � �	�   and�4 � ���  . 

 

Figure �4-9 : Illustration of the shank of a chisel plough with tillage forces 

We found in Section �2.4.3 that the variability in the global horizontal and vertical forces 

followed lognormal distributions. The distribution parameters of these forces were��ÏÐÑ ���	
�� ÏÐÑ � �����, �ÏÒÑ � ����� and�ÏÒÑ � ����
, where � and �are the scale and 

shape parameters of a lognormal distribution, respectively. The correlation coefficient 

between ��Ê and ��Ê was found to be�����Ê � ��Ê� � ����. Therefore, the variability in the 

local horizontal and vertical forces should have lognormal distributions with the following 

distribution parameters���ÏÐÓ � vc�-� N �ÏÐÑ , �ÏÐÓ � ÏÐÑ , ��ÏÒÓ � vc�-� N �ÏÒÑ  and �ÏÒÓ � ÏÒÑ .  

In this work, - was selected to be equal to���� for brittle failure. Furthermore, we 

assumed that�Ì���	
�ÌK�have normal distributions. The distribution parameters of the 

model’s parameters are listed in Table �4-1.   

To generate correlated tillage forces ��Ê and���Ê, two non-correlated normalized 

variables �� and��K were generated by the MATLAB function “normrnd” and then the 

random values of ��Ê and ��Ê were calculated using two transformations. The first one 

transforms non-correlated normalized variables �� and��K to correlated normalized 

variables �Ô� and��ÔK and the second one transforms correlated normalized variables to 
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correlated tillage forces ��Ê and���Ê. The spatial variability of the horizontal and vertical 

forces can then be shown in Figure �4-10 for a distance of������ . 

Table �4-1 : Distribution parameters of the model’s parameters 

Model’s parameters Distribution type Distribution parameters 

��Ê%3L' Lognormal  �ÏÐÑ � ��	
�� �ÏÐÑ � ����� 

��Ê%3L' Lognormal �ÏÒÑ � ������ �ÏÒÑ � ����
 

Ì�% ' Normal  ÅÕ � ��� ��ÅÕ � � 

ÌK%  ' Normal  ÅÖ � ��� ��ÅÖ � � 

- Deterministic - � ��� 

 

From Figure �4-10, it can be observed that a clear correlation exists in the spatial 

variability between the horizontal and vertical forces. This is resulted from the correlation 

between the global horizontal and vertical forces (������Ê � ��Ê� � ����). Another 

observation is the proportionality between the global tillage forces ���Ê � ��Ê� and the local 

tillage forces����Ë� ��Ë�. The increase of global tillage forces increases the amplitudes of 

local tillage forces and vice-versa. These increases in force amplitudes are marked in 

cycles in Figure �4-10. This is caused by the calculation of the local tillage forces as a 

percentage of the global tillage forces.  

 

 

Figure �4-10 : The spatial variability of the horizontal and vertical forces  

across proposed 1000 m distance 
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4.6 Conclusions   

This chapter aims at proposing a new model for modeling the spatial variability in 

tillage forces for the purpose of fatigue analysis of tillage machines. The proposed model 

uses the following five parameters (���� ���� ��� ��� -) to model the spatial variability in 

tillage forces. The main advantage of this model is its simplicity as illustrated in the 

numerical application. However, to improve its estimation, further research is needed to 

investigate the relationships between the global and local tillage forces ����� ���� and the 

variability in the others parameters ����� ��� -�. 
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5 Fatigue analysis 

Chapter 5 

      Fatigue analysis 
 

 

5.1 Introduction   

This chapter intends to estimate the life time of tillage machines, i.e. the expected 

travel distance to failure, with taking into consideration the spatial variability in tillage 

forces as modeled in the previous chapter. This chapter is subdivided into four sections. 

The first section starts by defining the fatigue and presenting different approaches 

developed to deal with this phenomenon. In the second section, special attention is given to 

the stress-base fatigue life analysis which is appropriate for estimating the life time of 

tillage machines. In this section, the effect of mean stress, modifying factors, random 

stress, multiaxial fatigue are discussed in the context of stress-based fatigue life. In the 

forth section, the proposed approach for estimating the expected travel distance to failure 

for tillage machines is presented and applied for the chisel plough shank. Some 

conclusions are presented at the end of this chapter. 

5.2 Fatigue of materials and their approaches      

Fatigue of materials is a well-known technical problem. Already in the 19th century 

several serious fatigue failures were reported and the first laboratory investigations were 

carried out. In that time, fatigue was thought to be a mysterious phenomenon because 

fatigue damage could not be seen. Failure apparently occurred without any previous 

warning. Noteworthy research on fatigue was done by August Wöhler, who is one of the 

most famous early fatigue researchers, and then significant efforts have done by many 

other researchers to well understand this phenomena. In the 20th century, we have learned 

that repeated load applications can start a fatigue mechanism in the material leading to 

nucleation of small cracks, followed by crack growth, and ultimately to complete structure 

rupture [72]. An historical overview of fatigue developments and contributions of fatigue 

searchers can be found in the work of Stephens et al. [73].  
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Fatigue can be defined as a process in which damage accumulates due to the 

repetitive application of loads that may be well below the yield stress of the material. This 

process is dangerous because a single application of the load would not produce any 

observable ill effect, and a conventional stress analysis might lead to an assumption of 

safety that does not exist. When the repeated loads are above a certain limit, microscopic 

cracks will begin to form at an internal or surface flaw where the stresses are concentrated. 

Over a number of cycles, a crack will reach a critical size and the structure will suddenly 

fracture. According to fatigue phases, fatigue analysis approaches can be subdivided into 

four main approaches [73] [74]. There are: stress-based fatigue life approach, strain-based 

fatigue life approach, crack growth approach and two-stage approach. 

The stress-based fatigue life approach intends to estimate the fatigue life (number 

of loading cycles before failure) when stresses remain elastic even around stress 

concentrations. This approach is widely used in design applications where the applied 

stress is primarily within the elastic range of the material and the resulting fatigue life is 

long. If the stresses around the stress concentrations become plastic, the strain-based 

fatigue life is appropriate. Short fatigue lives generally occur under these conditions. The 

third approach can be used to determine how long it will take a crack to grow to a critical 

size. The two-stage approach consists of combining two approaches. Each approach has its 

own region of application with some degree of overlap between them. Selecting the 

appropriate approach depends on the given problem. 

5.3 Stress-based fatigue life      

The stress-based fatigue life was the first approach used in an attempt to understand 

and quantify metal fatigue. It was the standard design method for almost 100 years [74]. 

This approach is generally characterized by a high-cycle fatigue methodology. It is based 

on the S-N curve, also known as a Wöhler curve. The S-N curve is a graph of the 

amplitude of a cyclical stress against the logarithmic scale of cycles to failure. In some 

materials, particularly ferrous alloys, the S-N curve flattens out eventually, so that below a 

certain limit, called the fatigue limit or the endurance limit (typically >���� cycles), the 

material may not fail and can be cycled infinitely [75], Curve “a” in Figure �5-1. For some 

other materials such as aluminum and copper alloys, no fatigue limit exists [76], Curve “b” 

in Figure �5-1. In such cases, the fatigue strength for a given number of cycles (e.g. � � ��= 
cycles) must be specified.  
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The S-N curve for a material, that has a limit fatigue, can be expressed as in 

Equation (5.1). 

�; � ×l�L¿�����������������L B LÆË�ÆË��������������������L � LÆË ¶ (5.1) 

where ØÙ is the stress amplitude, e is the regression intercept (also called the fatigue 

strength coefficient), 4 is the regression slope (also called the fatigue strength exponent), L 

is the number of cycles and LÆË is the number of cycles corresponding to the fatigue limit �ÆË.  
The most basic S-N curves are generated using a fully-reversed stress, as presented 

in Figure �5-2, where the ratio (R) between the maximum and minimum stress is equal to -

1. When the stress applied on a structure is constant over the structure life and the ration 

(R) is equal to -1, the Equation (5.1) can be used directly to determine the number of 

cycles to failure, i.e. the fatigue life. If the number of cycles to failure L is greater than the 

number of cycles corresponding to the fatigue limit�LÆË, it can be accepted that the 

structure has an infinite life. 

 

 

Figure �5-1 : Typical S-N curves 
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Figure �5-2 : Fully-reversed stress 

(�7;< is the maximum stress, �789 is the minimum stress, 
 �7 is the mean stress, �;is the stress amplitude)  

5.3.1 Effect of mean stress    

When the ratio R is not equal to -1, a Haigh diagram is usually used to estimate the 

fatigue life. This diagram plots the mean stress along the x-axis and the stress amplitude 

along the y-axis and the lines of constant life are drawn through the data points. A very 

substantial amount of testing is required to generate a Haigh diagram, and it is usually 

impractical to develop curves for all combinations of mean and amplitude stresses. 

Therefore, several empirical criteria that relate the stress amplitude to the mean stress have 

been developed to address this difficulty. These criteria define various curves to connect 

the fatigue limit on the stress amplitude axis to either the yield strength or the ultimate 

strength on the mean stress axis [77]. The zone under the curves defined the safe zone 

against fatigue while the zone above the curves represents the failure zone. Figure �5-3 

illustrates three of these criteria, namely the criterion of Goodman, Gerber and Soderberg. 

Bannantine et al. [74] reported that the Soderberg criterion is very conservative and test 

data tend to fall between the Goodman and Gerber curves.   

Kwofie [78] proposed a function, presented in Equation (5.2), to take into account the 

effect of mean stress. This function allows determining the stress amplitude according to 

the material constant, material properties, number of cycles to failure and to different 

fatigue criteria. 

�; � l p� � �7 �7�Ú z L¿ (5.2) 

where �7 is a numerical constant, representing the mean stress sensitivity of the material, �7 is the mean stress and �Ú is the ultimate strength. The value of the numerical constant �7 depends on the fatigue criterion (Goodman, Gerber, Soderberg …).  
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Figure �5-3 : Comparison of mean stress - stress amplitude relationships 

5.3.2 Modifying factors    

Materials, as they are tested, are always in a different condition from the materials 

as they are actually used. Various factors change the fatigue limit of a material obtained 

from the typical S-N curves. They are: size of component, type of loading, surface finish, 

surface treatment, temperature and environment. The corrected fatigue limit can be 

calculated by taking the effects of these factors as in Equation (5.3). 

�ÆË�ÛÜÝÝÞÛßÞà � �ÆË3áâãÞ3äÜÙàâåæ�3áÚÝçÙÛÞ�èâåâáé3áÚÝçÙÛÞ�ßÝÞÙßê Þåß3ßÞê ëÞÝÙßÚÝÞ�3ÞåìâÝÜåê Þåß (5.3) 

Overall, these factors tend to decrease the fatigue limit. Extensive studies about the effects 

of these factors on the fatigue limit can be found in [72] [73] [74].  

5.3.3 Fatigue analysis for random stress     

In practice, a structure is exposed to a random stress. In such cases, the random 

stress should be reduced to a series of simple cycle stresses using counting methods, e.g. 

range pair method and rainflow method. More details about these methods can be found in 

[73] [74] [79]. These methods allow one to determine the amplitude and mean value ��;´ � �7´� for each stress cycle at a fixed time interval��/. The damage fraction caused by 

the ith cycle of stress can be computed by Equation (5.4). 08 � � L2´��;´ � �7´�H  (5.4) 

where�L2´��;´ � �7´� is the number of cycles to failure according to the amplitude �;´ and 

the mean value �7´.  
The total damage, caused by all cycles, can be computed by a cumulative damage 

model. More than sixty fatigue damage models have been proposed for this purpose. 

However, the linear damage rule (called Miner's rule or the Palmgren-Miner linear damage 
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hypothesis) is still dominantly used because of its simplicity [80]. Miner’s law assumes 

that the total damage can be expressed as the sum of damage fractions. The linear damage 

rule has two main shortcomings [74]. First, it predicts that the damage caused by a stress 

cycle is independent of where it occurs in the load history. Second, it predicts that the rate 

of damage accumulation is independent of stress level. Many nonlinear damage models 

have been proposed to overcome the shortcomings of Miner’s law [73]. These models have 

a general form such as presented in Equation (5.5). 

�0 � �Í 6� L2´H >í´�8ª�   (5.5) 

where the exponent î8 depends on the stress level.  

There are some practical problems involved when using these models. They required 

material and shaping constants which must be determined from a series of step tests. In 

some cases this requires a considerable amount of testing [74]. The expected life time of a 

structure can be calculated by dividing the time interval �/ on the total damage�0. When 

the random stress is multiaxial, an equivalent uniaxial random stress is needed to determine 

by a suitable multiaxial fatigue criterion [81].  

5.3.4 Multiaxial fatigue     

Engineering components are generally subjected to complex stress states in which 

the three principal stresses are non-proportional or their directions change during a loading 

cycle. In the past, a majority of fatigue research has been conducted under uniaxial loading 

conditions. Early development of multiaxial fatigue theories were based on the extensions 

of static yield theories to fatigue under combined stresses. Despite some of the 

fundamental weaknesses, these methods are often used. They are easy to implement and 

may be useful in obtaining a first approximation [74]. In 1955, Sines developed a 

multiaxial theory that is very similar to the distortion energy theory (Von Mises criteria) 

but includes a hydrostatic term. Several theories were developed based on the Sines’s 

approach. In the early 1970s, critical plane multiaxial fatigue theories were developed. 

There are theories based on the premise that failure occurs due to damage developed on a 

critical plane, and are based on cracking observations. Reviews of multiaxial fatigue 

criteria can be found in [81] [82]. 
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5.4 Fatigue analysis of tillage machines    

5.4.1 Proposed approach   

    Tillage machines are subjected to random stress caused by the variability of tillage 

forces during tillage operation. As mentioned in Chapter 4, the soil failure creates a cycling 

loading in tillage machines that may be affects the life time of these machine. For that 

reason, we propose to study the effects of the variability of tillage forces on the tillage 

machines. The main steps of this analysis in presented in Figure �5-4. 

The multiaxial stress state caused by the variability of tillage forces is determined 

by the Finite Element method. The equivalent stress, resulted from the multiaxial stress, is 

calculated by the Von Mises criterion. The rainflow algorithm is used to extract the stress 

cycles and determine their means and amplitudes. The damage fraction is calculated by 

Equation (5.4) and we propose to use the Kwofie’s function and the Soderberg’s criterion 

to determine�L2´. This is based on the fact that the applied stress on tillage machines is 

primarily within the elastic range of the material. According to the Soderberg’s criterion, 

the numerical constant �7 Kwofie’s function equals to �� �ïH  and L2´ can be calculated as 

in Equation (5.6).  

L2´ �� [ �;´l6� ���7´ �ïH >g� ¿H � (5.6) 

where�L2´is the number of cycles to failure according to the amplitude �;´ and the mean 

value �7´ for the ith cycle, �ï is the yield strength, l is the regression intercept and 4 is the 

regression slop. The total damage, caused by all cycles, is computed by the Miner’s law 

presented in Equation (5.7).  

0 �ð 08�
8ª� �� (5.7) 

where 3 is the number of cycles determined by the rainflow algorithm for the distance 

interval ./. The expected travel distance to failure is calculated by dividing the distance 

interval by the total damage, as expressed in Equation (5.8) to fulfill the assumption that 

the failure will occur when 0 � �. �.2 � �.� 0H  (5.8) 

where�.2 is the expected travel distance to failure, ./ is the distance interval and 0 is the 

total damage.    
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5.4.2 Numerical application    

 The proposed approach was implanted in MATLAB program (Mathworks INC. 

2008) to determine the effects of the variability of tillage forces on the life time of the 

shank of a chisel plough shown in Figure �4-9 by calculating the expected travel distance to 

failure. The material constants (the regression intercept and the regression slop) and the 

yield stress of the material of the studied shank are�l � 
���«�e, 4 � ����� and��Â �����«�e, respectively. 

 Firstly, the point of the maximum equivalent stress was determined by means of the 

finite element method and ANSYS program (ANSYS INC. V11). The use of ANSYS 

allowed us to see the point of maximum equivalent stress for different combinations of 

tillage forces (�� � ��). After several trials, we concluded that the position of the maximum 

equivalent stress is unchanged. Figure �5-5 shows the meshed model, boundary conditions 

Multiaxial stress state Variability in tillage forces 

History of equivalent stress  Von Mises criterion 

Stress cycles Rainflow method 

Damage fraction  Kwofie’s function & Soderberg’s criterion   

Total damage   Miner rule  

Expected distance to failure   Distance interval/Total damage   

Figure �5-4 : Flowchart of fatigue analysis of tillage machines 



71 
 

and the point of maximum equivalent stress (in «�e) determined for the mean values of 

tillage forces �� � ��&���3L and �� � ����&�3L.  

 

 

Figure �5-5 : a- Meshed model and boundary conditions; b- Maximum equivalent stress 

 The equivalent stress, presented in Figure �5-6, was calculated at the point of 

maximum equivalent stress using the finite element model, implemented in the CALFEM 

toolbox of MATLAB [60] as the proposed approach was implanted in MATLAB program. 

The equivalent stress was calculated according to the Von Mises criterion by means of the 

variability of tillage forces presented in Figure �4-10. 

 

Figure �5-6 : Equivalent stress history across proposed 1000 m distance 
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The rainflow algorithm [83] was used to extract the stress cycles with their amplitude and 

mean values. The histograms of stress amplitude and mean stress are shown in Figure �5-7. 

Both the histograms indicate that the dispersions of mean stress and stress amplitude are 

significant. This reflects the high dispersions of the spatial variability in tillage forces.   

  

 

Figure �5-7 : Histograms of stress amplitude and mean stress 

The total damage, calculated over the distance interval��./ � ���� �, is equal to�0 ������ � ��1�. By dividing the distance ./ by the total damage�0, the expected distance to 

failure is found to be�.2 � ��	�� � ����3 . Despite the fact that the equivalent stress is 

smaller than the yield stress (Figure �5-6), the failure will occur after a certain distance�.2. 

This example shows the significant effect of the spatial variability in tillage forces on the 

life time of tillage machines. Since agricultural soils are characterized to be high spatial 

variability [66], it is expected that this variability will reduce the life time of tillage tools.  

 The expected distance to failure is plotted as a function of the shank dimensions �4� 5� in Figure �5-8. For all combinations of 4 and�5, the equivalent stress is smaller than 

the yield stress. The minimum expected distance to failure�.2�789 � ����� � ��:�3  

occurs when 4 � ���   and�5 � ���  , the maximum expected distance to failure �.2�7;< � ����� � ��=�3  occurs when 4 � ���   and�5 � 
��  . This Figure allows 

one determining the shank dimensions according to the required distance to failure, e.g. for .2 � �� � ��ñ�3  the shank dimensions are 4 � ���   and�5 � &��  .       

To investigate the effect of the percentage �-��of the local tillage forces to the 

global tillage forces on the expected distance to failure��.2�, the percentage - is plotted 

against the logarithmic scale of .2 in Figure �5-9. It is observed that with an increase of - 
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from 0.1 to 0.4, a reduction of .2 of���� � ��?�3  will take place, meaning that the 

reduction of  .2 due to the augmentation of - is very significant. Therefore, to reduce the - 
values, (by consequence, the values of the local tillage forces) it is recommended to 

perform the tillage operation when the moisture content is closed to the liquid limits, where 

the soil conditions became most favorable for soil-working. This can improve significantly 

the expected distance to failure and by consequence the life time of tillage machines.  

 

 

Figure �5-8 : Distance to failure-Shank dimensions plot 

 

 

 

Figure �5-9 : - � .2 relationship 
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5.5 Conclusions     

In this chapter, an approach is proposed to estimate the life time of tillge machines based 

on available fatigue analysis methods. The proposed approach was applied to calculated 

the expected travel distance to failure for the shank of a chisel plough. The expected 

distance to failure .2�for the shank cross section of 5 � �	�   and�4 � ���   was 

found to be .2 � ��	�� � ���. In addition, different values of 5 and 4 were used to 

calculate the expected distance to failure. Based on this work the following conclusions 

can be drawn: 

• The failure by fatigue will occure even the equivalent stress is smaller than the yield 

stress of the material.  

• The changes of the expected distance to failure by the shank dimenssions are very 

important ��.2�789 � ����� � ��:�3 � .2�7;< � ����� � ��=�3 �. 
• The effect of the percentage of the local tillage forces to the global tillage forces �-� on 

the expected distance to failure��.2� is very significant.  
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6 Conclusions and future work 

Chapter 6 

Conclusions and future work 
 

 

In this chapter we present a summary of this dissertation, conclusions concerning the 

results and recommendations for future work.    

6.1 Summary and conclusions 

In Chapter 2, a probabilistic approach is proposed for modeling the variability of the 

tillage forces. An existing three-dimensional analytical model of tool forces from McKyes 

was used to model the interaction between the tillage tools and the soil. The variability of 

tillage forces was modeled by taking into account the variability of soil engineering 

properties (soil density, soil cohesion, internal friction angle, soil-tool friction angle and 

soil-tool adhesion), the tool design parameters (tool width and rake angle) and the 

operational conditions (tool working depth, surcharge pressure at the soil surface and tool 

speed). The variability of the soil engineering properties was modeled by means of 

experimental observations. The dispersion effect of each tillage system parameter on the 

tillage forces was determined by a sensitivity analysis. The proposed approach was 

implemented for modeling the variability of tillage forces for the shank of a chisel plough. 

The results show that both the horizontal and the vertical forces have lognormal 

distributions with � � ��	
��  � ����� and � � ������  � ����
 for the horizontal and 

the vertical forces, respectively. The correlation between the horizontal and vertical forces 

is positive and quasi-linear with����� � ��� � ����.  

In Chapter 3, a reliability-based design optimization approach was developed, for the 

first time, for integrating the variability of tillage forces into the design optimization of 

tillage machines. The failure probability was estimated according to two performance 

criteria related to the structural design requirement and the quality of tillage operation. 

Two reliability methods, namely the Monte Carlo simulation technique and the first-order 

reliability method were used for estimating the failure probability. Two reliability-based 

design optimization methods, namely the reliability index approach (RIA) and the 
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Sequential optimization and reliability assessment (SORA), were used to integrate the 

reliability constraints into the design optimization. This approach was implemented for the 

design of the shank of a chisel plough. The results show that the SORA method is more 

efficient and reduces the computational time, comparing with the RIA method. This 

approach improves slightly the reliability index in order to respect the target reliability 

index ��� � � and reduces the objective function by 9.25%. The optimal reliability 

analysis indicates that the optimal reliability index ��()* � ����� is different from that 

used in the work. It is concluded that the optimal reliability analysis should be integrated 

into the RBDO problem to find the best compromise between the total cost and the 

reliability assurance.  

Chapter 4 proposes a new model to describe the spatial variability of tillage forces 

for the purpose of fatigue analysis of tillage machines. The proposed model took into 

account both the variability in tillage system parameters (soil engineering properties, tool 

design parameters and operational conditions) and the cyclic effects due to the soil 

behaviour on the spatial variability in the tillage forces. The main advantage of this model 

is its simplicity as it needs only five parameters (�#ò� ��ò� ������ ó) to model the spatial 

variability in tillage forces. The proposed model was implemented to describe the spatial 

variability in tillage forces for the shank of a chisel plough, used in Chapter 2, across a 

distance of 1000 m in order to calculate the expected travel distance to failure for this 

machine in the folowing chapter.   

Chapter 5 presents the methods used to calculate the life time of tillage machines, i.e. 

expected travel distance to failure, taking into account the results obtained in Chapter 4. 

The stress-based fatigue life approach was used for this purpose, based on the fact that the 

applied stress on tillage machines is primarily within the elastic range of the material. 

Stress cycles with their mean values and amplitudes were determined by the rainflow 

algorithm. The damage friction caused by each cycle of stress was computed according to 

the Soderberg criterion and the total damage was calculated by Miner’s law. The results 

show that failure by fatigue will occur even when the equivalent stress is smaller than the 

yield stress of the material.  The range of the expected distance to failure by the shank 

dimenssions are very important��.2�789 � ����� � ��:�3 � .2�7;< � ����� � ��=�3 �. 
The effect of the percentage of the local tillage forces to the global tillage forces �-� on the 

expected distance to failure��.2� is very significant. 
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6.2 Recommendations for future work    

In Chapter 2, a total of 57 samples, collected from the literature, were considered for 

modeling the variability in soil engineering properties. In addition, the inter-correlations 

between these properties were omitted. In order to improve the estimation of the variability 

of soil engineering properties, a larger number of samples should be employed and the 

inter-correlations between these properties should be investigated. Uniform and normal 

distributions were used to model the variability of tool design parameters and operational 

conditions. This is because no data are available on the variability of these parameters. 

Experimental observations can be employed in the future work to improve the accuracy of 

the estimation of these parameters. The proposed method to estimate the dispersion effects 

of tillage system parameters on tillage forces, presented in Section �2.3.3, does not take into 

account the inter-correlations between these parameters. Therefore, we recommend either 

to develop this method or to use other available methods such as the variance-based 

sensitivity methods. 

The reliability-based design approach proposed in Chapter 3 was based on the 

variability in tillage forces resulted from the variability in tillage system parameters. The 

variability derived from the mechanical behaviour of the soil during failure was omitted for 

simplifying the calculation procedures. It is possible to take both of these sources of 

variability into account to get more accurate results. A further research is needed in order 

to consider the remaining parts of the chisel plough which should lead to optimizing the 

chisel plough design from a reliability point of view. It would also decrease the overall 

volume of the chisel plough and consequently, the associated manufacturing and 

operational costs. 

The proposed model presented in Chapter 4 for modeling the spatial variability in 

tillage forces was based on the linearity of the spatial variability in the global tillage forces. 

This may not be an accurate assumption. Therefore, a non-linear relationship assumption 

should be investigated and the effects on the spatial variability of tillage forces should be 

compared with the former case. In addition, further research is needed to investigate the 

relathionships between global and local tillage forces ��
#ò� ��ò� and also the variability in 

the other parameters of model ������� ó�.  
In Chapter 5, the Soderberg criterion was used to consider the effect of mean stress 

in the fatigue analysis. Experiments show that this criterion is very conservative and test 
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data tend to fall between the Goodman and Gerber curves. It is possible to perform the 

fatigue analysis using the former criteria.  Miner’s law was used to calculate the total 

damage caused by all stress cycles. It is noted that this law has two main shortcomings: 1) 

it predicts that the damage caused by a stress cycle is independent of where it occurs in the 

load history and 2) it predicts that the rate of damage accumulation is independent of stress 

level. However, when material and shaping constants are available, a nonlinear damage 

approach, e.g. damage curve approach (DCA), double damage curve approach (DDCA) and 

double linear damage rule (DLDR), can be used for this purpose. The equivalent stress was 

calculated by the Von misses criterion. This criterion was used in this work because it is 

easy to implement and it is useful in obtaining a first approximation. It is recommended to 

use more accurate approach such as Sines’s approach in the future work. The expected 

travel distance to failure was calculated over 1000 m. The spatial variability in tillage 

forces within this distance may not represent the real variability in these forces, i.e. the 

considered history of tillage forces is not representative. Therefore, fatigue analysis should 

be performed over an extended spatial range in order to get a more accurate estimation for 

the expected travel distance to failure.  
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Appendix �: Commonly used probability distributions    

1- Normal distribution: 

One of the most commonly used distributions in engineering problems is the 

normal or Gaussian distribution. The general formula for the probability density function 

(PDF) of the normal distribution is expressed in the following equation: 

���� � ��ô�G +rsp��� ^� �  � _Kz �������� 
 B � B N
 (�.1) 

where   is the location parameter (mean value) and � is the scale parameter (standard 

deviation). They can be calculated for { samples by the following equations:  

 � �{ð �89
8ª� ������������������� (�.2) 

� � ®�{ð ��8 � �K9
8ª�  (�.3) 

Probability density function of the standard Normal distribution, where� � �� � � �, is 

expressed in the following equation:  

���� � �ô�G +rs[��õ� g �������� 
 B � B N
 (�.4) 

Probability density functions for different values of   and � are shown in Figure �-1. 

 

Figure �-1 :  � ��� � � ���ö � � �� � � �ö � � �� � � ��	�� 
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The corresponding cumulative distribution function (CDF) can be expressed by  

÷��� � � ��ô�G +rsp��� ^� �  � _Kz .øï
1ù  (�.5) 

It is not simple to calculate the CDF by the Equation (�.5). However, it can be calculated 

by the following equation:  

÷��� � ¦^� � � _ (�.6) 

And the probability between a and b by the equation: 

³�l B � � 4� � ¦\° � � ] � ¦^e �  � _ (�.7) 

where�¦ is the cumulative distribution function of the standard normal distribution. 

Cumulative distribution functions for different values of   and � are shown in Figure �-2. 

 

Figure �-2 :  � ��� � � ���ö � � �� � � �ö � � �� � � ��	�� 
2- Lognormal distribution: 

The general formula for the probability density function of the lognormal 

distribution is expressed by the following equation: 

���� � �ô�G�� � � +rs[��� \vc��� � � ]Kg �������� B � B N
 (�.8) 

where  is the shape parameter and � is the scale parameter. They are defined as: 
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� � vc� � � �� �vc��� N ��  H �K� (�.9) 

 � Uvc�� N ��  H �K�������������������� (�.10) 

The formula of the standard lognormal distribution, where�� � �, is presented in the 

following equation: 

���� � �ô�G�� � � +rs[��� \vc��� ]Kg �������� B � B N
 (�.11) 

The following is the plot of the lognormal probability density function for different values 

of � and�. 

 

Figure �-3 : � � ��
��  � ���ö �� � ��  � ���ö �� � ��	�  � ������ 
The cumulative distribution function of the lognormal distribution as like the normal 

distribution does not exist in a simple closed formula. However, it can obtain by the 

following equation: 

÷��� � ¦\vc��� � � ] (�.12) 

And the probability between a and b by the relation: 

³�l B � � 4� � ¦\vc�4� � � ] � ¦\vc�l� � � ] (�.13) 

The following is the plot of the lognormal cumulative distribution functions for different 

values of � and�. 
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Figure �-4 : � � ��
��  � ���ö �� � ��  � ���ö �� � ��	�  � ������ 
3- Uniform distribution: 

The general formula for the probability density function of the uniform distribution 

is presented in the following equation: 

���� � ú� ���������������� ���� B l��������� �4 � l�H ����l � � � 4������������������ ���� C 4������� ¶ (�.14) 

where a is the location parameter and (b-a) is the scale parameter. The following is the plot 

of the uniform probability density function. 

 

Figure �-5 :  Probability density function for uniform distribution 

The standard uniform distribution, where l � � and�4 � �, is expressed by the following 

equation: 

÷��� � ����������������������� � � � û (�.15) 

The formula of the cumulative distribution function for the uniform distribution is 

expressed by the following equation: 
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÷��� � ú� ���������������������������� ���� B l���������� � l� �4 � l�H ����l � � � 4����������������������������� ���� C 4������� ¶ (�.16) 

The following is the plot of the uniform cumulative distribution function. 

 

Figure �-6 : Cumulative distribution function for uniform distribution 

4- Exponential distribution: 

The probability density function (PDF) of an exponential distribution has the form:  

���� � �� +rs���� ���������� � � (�.17) 

where�� C ��is a parameter of the distribution, often called the rate parameter. The 

relationships between the rate parameter and the mean and variance are:  � � �H  and �K � � �KH , respectively. Figure �.7 presents the exponential probability density function 

for three values of �. 

 

Figure �-7 : � � �ö �� � ��	ö ��� � ��&�� 
The standard exponential distribution, where�� � �, is given by����� � +rs����.  
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The formula for the cumulative distribution function of the exponential distribution 

has the following form:  

÷��� � � � +rs���� ���������� � � (�.18) 

The following is the plot of the exponential cumulative distribution function for three 

values of �.  

 

Figure �-8 : � � �ö �� � ��	ö ��� � ��&�� 
5- Weibull distribution: 

5-1 2-parametre Weibull distribution: 

The formula for the probability density function of the general 2-parametre Weibull 

distribution is expressed by the following equation: 

���� � 3� ^��_�1� � +rsp� ^��_�z �������� � � (�.19) 

where 3 C � is the shape parameter and � C �is the scale parameter. The relationships 

between the shape and scale parameters from the first hand and the mean and variance 

from the second hand are given by: 

 � �� ü�� N � 3H �������������������������������� (�.20) 

�K � �K%ü�� N � 3H � � üK�� N � 3H �' (�.21) 

where�ü is the gamma function and it can be calculated as: ü�ý� � �ý � ��þ.  
The Weibull probability density functions for different values of  $ and k are presented in 

Figure �-9.  
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Figure �-9 : � � �� 3 � 	�ö �� � �� 3 � �&ö ��� � �� 3 � ���� 
The case where � � � is called the standard Weibull distribution. The equation for the 

standard Weibull distribution reduces to: 

���� � 3����1�� +rs%�����'�������� � � (�.22) 

The formula for the cumulative distribution function of the 2-parameter Weibull 

distribution is: 

÷��� � � � +rsp�^��_�z �������� � � (�.23) 

The following is the plot of the 2-parametre Weibull cumulative distribution function with 

different values of  $ and k. 

 

Figure �-10 : � � �� 3 � 	�ö �� � �� 3 � �&ö ��� � �� 3 � ���� 
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5-2  3-parametre Weibull distribution: 

The probability density function of the general 3-parametre Weibull distribution 

can de expressed as: 

���� � 3� ^� � �� _�1� � +rsp� ^� � �� _�z �������� � � (�.24) 

where 3 C � is the shape parameter, � C � is the scale parameter and ��the location 

parameter. The formula for the cumulative distribution function of the 3-parameter Weibull 

distribution is: 

÷��� � � � +rsp�^� � �� _�z �������� � � (�.25) 

6- Extreme Value Type 1 Distribution (Gumbel distribution): 

6-1 Minimum case: 

The general formula for the probability density function of the Gumbel (minimum) 

distribution is:  

���� � ��+rs\� � �� ] � +rsp�+rs\� � �� ]z������� (�.26) 

where � is the location parameter and � is the scale parameter of a Gumbel distribution. 

The probability density function of the standard Gumbel distribution, where: � � ��� � �, 

can be written as  ���� � +rs��� � +rs%�+rs���'������� (�.27) 

The following is the plot of the standard Gumbel probability density function for the 

minimum case. 

 

Figure ��-11 : Standard Gumbel probability density function 
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The the cumulative distribution function of the standard Gumbel distribution 

(minimum) is expressed in the following equation: 

÷��� � � � +rs%�+rs���'������� (�.28) 

The following is the plot of the standard Gumbel cumulative distribution function for the 

minimum case: 

 

Figure �-12 : Standard Gumbel cumulative distribution function 

6-2  Maximum case: 

The general formula for the probability density function of the Gumbel (maximum) 

distribution is: 

���� � ��+rs\�� � �� ] � +rsp�+rs\�� � �� ]z������� (�.29) 

The Probability density function of the standard Gumbel distribution (maximum), where: � � ��� � � is given by the following equation   

���� � +rs���� � +rs%�+rs����'������� (�.30) 

The following is the plot of the standard Gumbel probability density function for the 

maximum case. 

 

Figure �-13 : Standard Gumbel probability density function 
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The formula for the cumulative distribution function of the Standard Gumbel 

distribution (maximum) is: 

÷��� � +rs%�+rs����'������� (�.31) 

The following is the plot of the Standard Gumbel cumulative distribution function for the 

maximum case: 

 

Figure �-14 : Standard Gumbel cumulative distribution function 

7- Beta distribution:  

The beta distribution is a very flexible and useful distribution, and can be used 

when a random variable is known to be bounded by two limits, a and b. Probability density 

function of a beta distribution is given by the following equation 

���� � ���F� �� � �� � e��1��° � ���1��° � e����1� ������������e � � � °������ (�.32) 

where � and � are the parameters of the distribution and ��F� �� is the beta function. The 

parameters of a beta distribution can be estimated from the mean and standard deviation of 

the available data using the following relationships  

 � e N FF N � �° � e������������������������� (�.33) 

�K � F � ��F N ��K � �F N � N �� �° � e�K (�.34) 

The beta function can be calculated using gamma function as  

��F� �� � ü�F� � ü���ü�F N �� � (�.35) 
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If the lower limit a is equal to zero and the upper limit b is equal to one, we get the 

standard beta distribution 

���� � ���F� �� � ����1� � �� � ���1�������������� � � � ������� (�.36) 

The probability density function for different values of � and � are shown in Figure �-15. 

When � and � are both equal to one, the beta distribution becomes a uniform distribution.  

 

Figure �-15 : F � �� � � ��ö �F � �� � � �ö ��F � �� � � ��ö �F � �� � � ��� 
The cumulative distribution function of a standard beta distribution is  

÷��� � �ï�F� �����������F� ��  (�.37) 

where �ï�F� ���is the incomplete beta function. Cumulative distribution functions for 

different values of � and � are shown in Figure �-16.  

 

Figure �-16 : F � �� � � ��ö �F � �� � � �ö ��F � �� � � ��ö �F � �� � � ��� 
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Appendix ��: Chi-square and Kolmogorov-Smirnov tests   

The Chi-Square test is based on the error between the observed and the measured 

PDF of the distribution. The assumed distribution will be acceptable at the significance 

level F if 

ð�{8 � �8�K�8
7
8ª� B O�1��2 (��.1) 

where   is the number of intervals, �{�� {K� ��{7� are the observed frequencies of   

interval of the random variables, ���� �K� ���7� are the corresponding theoretical 

frequencies of an assumed distribution, � �  � � � 3 is the degree of freedom, 3 is the 

number of distribution parameters estimated from the data. Values of O�1��2 for the Chi-

Square test are given in Table ��-1. 

The Kolmogorov-Smirnoy (K-S) test is based on the error between the observed 

and assumed CDF of the distribution. The first step is to arrange the data in increasing 

order, and then the maximum difference between the two cumulative distribution functions 

of the ordered data can be estimated as 

09 � uer�÷���8� � Ì9��8�� (��.2) 

where ÷���8� is the theoretical CDF of the assumed distribution at the ith observation of 

the ordered samples �8 and Ì9��8� is the corresponding stepwise CDF of the observed 

ordered samples. Ì9��8� can be estimated as 

Ì9��8� � 	� � B �� { �7 B � B �7��� � � �7 
 (��.3) 

If the maximum difference 09 is less than or equal to the value 09�, the assumed 

distribution is acceptable at the significance level F. Values of 09� at various significance 

levels F are giving in Table ��-2. 

A significance level of �o implies that for 5 out of a total of 100 different samples, 

the assumed theoretical distribution cannot be an acceptable model. However, significance 

levels between �o and ��o are common.  

 



 

Table 

�

 

Table ��-1 : CDF of the Chi

�6� � O��2> �
CDF of the Chi

> � � ��2 KH ü�
E��
�

CDF of the Chi-Square distribution with 

��� �H � T�2 KH �
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Square distribution with 

�1��1} KH .T 
Square distribution with f degrees of freedom 

 

degrees of freedom degrees of freedom  
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Table �� -2 : Values of 09� for the Kolmogorov-Smirnov test 

n 09��K 09���? 09��� 09���? �����û 

5 0.446 0.474 0.510 0.563 0.669 

6 0.410 0.436 0.470 0.521 0.618 

7 0.381 0.405 0.438 0.486 0.577 

8 0.358 0.381 0.411 0.457 0.543 

9 0.339 0.360 0.388 0.432 0.514 

10 0.322 0.342 0.368 0.409 0.486 

11 0.307 0.326 0.352 0.391 0.468 

12 0.295 0.313 0.338 0.375 0.450 

13 0.284 0.302 0.325 0.361 0.433 

14 0.274 0.292 0.314 0.349 0.418 

15 0.266 0.283 0.304 0.338 0.404 

20 0.231 0.246 0.264 0.294 0.352 

25 0.210 0.220 0.240 0.264 0.320 

30 0.190 0.200 0.220 0.242 0.290 

35 0.180 0.190 0.210 0.230 0.270 

40 0.170 0.180 0.190 0.210 0.250 

45 0.160 0.170 0.180 0.200 0.240 

50 0.150 0.160 0.170 0.190 0.230 

>50 
���
ô{ � ����ô{  

����ô{  
���&ô{  

��&�ô{  
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Appendix ���: Tillage forces-tillage system parameters relationships 

 

 

 

 

 

� � #���	��%�&����%��'������ �������%�&���� '(" 

Tillage forces-tillage system parameters relationships  
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Appendix �V: Correlation analysis of soil engineering properties 

The correlation coefficient between two random variables����and��), denoted as 

�������������)��or������������)�, can be calculated as 

����*���	�)+ � ������������)� � ����*���	�)+U���*��+������*�)+
 (�V.1) 

where ���*���	�)+�is the covariance of two random variables which can be calculated as 

���*���	�)+���q%���	�)' � q%��' � q%�)' (�V.2) 

q%���	�)' can be calculated as 

q%���	�)' � � � ���ù
1ù

�ù
1ù �K��Õ��Ö���� �K�.��.�K (�V.3) 

If the two random variables are statistically independent, then�q%���	�)' � q%��' � q%�)' 
and the correlation coefficient������������)�.  

The physical significance of the covariance can be inferred from Equation (�V.1). If 

the ����*���	�)+�is large and positive, the values of ��and 	�) tend to be both large or 

small relative to their respective means, whereas if the ����*���	�)+�is large and negative, 

the values of �� tend to be large when the values of 	�) are small, and vice versa, relative 

to their respective means, and if the ����*���	�)+�is small or zero, there is little or no 

linear relationship between the values of ��and 	�) (or if a strong relationship exists, it is 

nonlinear). The values of �����������)��range between -1 and +1. The correlation coefficient 

represents the degree of linear independence between two random variables.  

For n correlated variables�����8�� � ���� � � {� with mean� 8 and standard 

deviation��8, the covariance matrix can be presented as 

%�' � ���
� ��K ���*���	�)+

���*���	�)+ �KK � ���*���	�)+� ���*���	�)+� �
���*���	�)+ ���*���	�)+

������������� �������������������� �9K������� ��
�� (�V.4) 

 And the correlation matrix ��� � can be expressed as 
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��� � � � � ��*���	�)+�*���	�)+ � � ��*���	�)+� ��*���	�)+� ���*���	�)+ ��*���	�)+
����������� ������������������ ���������� (�V.5) 

If the correlation coefficient needs to be calculated from the observed sample values, it is 

rare to obtain values of precisely zero, +1, or -1. In general, two random variables can be 

considered to be statistically independent if the correlation coefficient is less�~��� and they 

can be considered to be perfectly correlated if the correlation coefficient is greater than �~��� [30].     

The correlation matrix of the 57 soil engineering property samples, used in this 

work, takes the following values.  

��
��
� �* � + �* �!+�*!� + �*!�!+

�* �"+������ �* �X+������ �* �OÙ+�*!�"+����� �*!�X+������ �*!�OÙ+�*"� +�*X� + �*"�!+���*X�!+���*OÙ� + �*OÙ�!+

�*"�"+������� �*"�X+�����*X�"+������� �*X�X+������ �*"�OÙ+�*X�OÙ+���*OÙ�"+������ �*OÙ�X+���� �*OÙ�OÙ+��
��
� � ���

�� ���	 #����#���� ���	 ����� ���� ,-./0���� #���� �������������� ����#����
,-./0 #����

���	 #����#���� ���	 � �������������� ����� ���	 ���
�� (�V.5) 

These results do not compatible with the observations of Srivastava et al. [1], Sharifat [84] 

and Ayers [85]. For example, Srivastava et al. [1] found that, the value of internal friction 

angle increases by increasing the soil density. It means that the correlation coefficient 

should be positive, whereas in the correlation matrix, Equation (�V.5), ��J� a� � �����.      

The inaccuracy of these results may be caused by the insufficient of data points. No 

work in literature recommends the minimum number of data points to get an accurate 

estimation of the correlation coefficient between random variables. Therefore, the 

following example is considered to demonstrate the relationship between the correlation 

coefficient and the number of data points.  

Let ��and 	�) to be two independent random variables. ���is a normal variable 

with  � & and � � � and	�) is a lognormal variable with � � ��� and  � ���. And 

let
�, 
) and ����
1�to be three correlated random variables. The relationships between the 

independent variables��� 	�) and correlated variables����
�, 
), ����
1�are: 

����
� � ���K �����������KK N ������ � �)�������� 
����
) � &�����K N ������ � �) N � � �) 

����
1 � �����KK N �� � �)N&��������������� 
(�V.2) 
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Correlation coefficient values for different values of data point numbers are given in Table 

�V.1 and presented in Figure �V.1. It is observed that the correlation coefficients converge 

for 50.000 data point numbers.   

n $�
��
�  $�
��
��  $�
�
��  
10 -0.550 -0.881 0.678 
25 -0.057 -0.889 0.409 
50 -0.308 -0.902 0.645 
75 -0.464 -0.967 0.623 
100 -0.312 -0.965 0.507 
125 -0.402 -0.964 0.599 
150 -0.044 -0.962 0.486 
200 -0.128 -0.967 0.346 
300 -0.314 -0.965 0.535 
400 -0.143 -0.953 0.418 
500 -0.315 -0.966 0.537 
1000 -0.364 -0.982 0.519 
2000 -0.335 -0.976 0.524 
3000 -0.277 -0.973 0.483 
4000 -0.325 -0.978 0.504 
5000 -0.284 -0.976 0.478 
10000 -0.315 -0.974 0.513 
20000 -0.309 -0.972 0.515 
30000 -0.296 -0.973 0.500 
40000 -0.296 -0.975 0.491 
50000 -0.295 -0.974 0.496 

Table �V.1 : Correlation coefficient-number of data points relationship 

 

 

Figure �V.1 : Correlation coefficient-number of data points relationship 
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Appendix V: Samples of soil engineering properties 

The following table presents the samples of soil engineering properties (soil density�J, soil 

cohesion�O, angle of internal friction�a, angle of soil-tool friction�I, soil-tool adhesion�O;), 

collected from the literature, used in this work.   

N˚ J��3L  !H � O��3�l� a��D� I��D� O;��3�l� Source 

��� �/.2-�� /.3-�� 12.0�� 22.0 0.00 [7] 

)�� �-.4-�� 0.00 34.0 22.0�� 0.00�� [7] 

3�� �/.3��� 4.5-�� )1.1�� �4.4�� 0.00�� [9] 

4�� �0.-��� ).)3�� 35.0 23.0�� -0.0�� [14]��

5�� �0.2-�� 1.31�� 35.0�� 23.0�� 0.00�� [14] 

6�� �/.2-�� /.3-�� 35.0�� 23.0�� 0.00�� [14] 

7�� �0.1-�� �-.0�� 1-.4�� 24.0�� 0.00�� [17] 

8 19.00 1�.2�� 42.0 24.0 0.00�� [17] 

9 �3.14�� 6.00 32.0 24.0 0.00�� [19] 

10�� �/.-)�� 23.0 22.0 22.0�� 8.00 [19] 

11�� �4.-0�� )-./�� 34.0�� 25.0�� 0.00�� [20] 

12�� �3.54�� �0.0�� 1�.4�� 23.0�� 0.00�� [20] 

13�� �0.25�� �0.1�� 1-.1�� 22.0�� 0.00�� [20] 

14�� �3.54�� �0.0�� 1�.4�� 23.0�� 0.00�� [21] 

15�� �/.1/�� 2.�5�� 1/.0�� )1.0�� 1.)5�� [24]��

16�� ��.0-�� 11.0�� 12.1�� )2.1�� 5./-�� [24]��

17�� ��.--�� 10.1�� )5.4�� )0.)�� 4.�-�� [24]��

18�� �/.0-�� 3.1-�� 13.-�� )1.1�� ).)-�� [24]��

19�� �1.)-�� ��.5�� 11.��� )).��� ).2-�� [24]��

20�� �/.2-�� 2.00 30.0 �0.)�� 2.33�� [26]��

21�� �/.�)�� 6.00 35.0�� 20.0�� 0.00�� [86] 

22�� �3.14�� 6.00�� 32.0 24.0�� 0.00�� [86] 

23�� �1.21�� .005�� 35.0�� 29.0�� 0.00�� [86] 

24�� �/.-)�� 23.0 22.0 22.0�� 8.00 [86] 

25�� �1.)1�� 5.)1�� 29.0 22.0�� 0.00�� [87] 

26�� �/.2��� �).��� 1-.)�� )).1�� -.�4�� [88]��

27�� �/.5��� �1.1�� )5.3�� )1.3�� -.)��� [88]��

28�� �0.1-�� )/.0�� 13.0�� )/.2�� -.)5�� [88]��

29�� �0.-��� )).3�� 1/.0�� )1.��� -.10�� [88]��
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30�� �/.3)�� )-.0�� 1).)�� )/.-�� -.1��� [88]��

31�� �1.-0�� 3.2-�� 15.1�� )1.4�� -.3-�� [89]��

32�� �/.))�� ��.2�� 13.4�� )/.-�� 4.1-�� [89]��

33�� �).0-�� 5.00 35.0�� )/.0�� 1.)0�� [90]��

34�� �).4-�� �-.)�� 38.0�� 22.0�� 0.)2�� [90]��

35�� �1.0-�� 11.0 1).0�� )/.4�� 1.))�� [90]��

36�� �).0-�� 5.00 35.0�� )/.0�� 1.)��� [90]��

12�� �).20�� 4.3-�� 1).3�� ))./�� 0.00�� [91] 

14�� �).20�� 2.--�� 1�./�� �1.��� 0.00�� [91] 

15�� �).20�� 5.1-�� )5.)�� �/./�� 0.00�� [91] 

/-�� �/.2)�� )).2�� )5.1�� �3.-�� 0.00�� [91] 

/��� �/.2)�� �2.-�� 1-.3�� �4.5�� 0.00�� [91] 

/)�� �/.2)�� �3.-�� 1-.5�� �0.3�� 0.00�� [91] 

/1�� �/.2)�� ��.2�� 1-.4�� )0.-�� 0.00�� [91] 

//�� �/.2)�� 4.�-�� 1�./�� �5.4�� 0.00�� [91] 

/0�� �/.2)�� 5.)-�� 1-.4�� �4.1�� 0.00�� [91] 

/3�� �3.�5�� �5.0�� 12.3�� ��.5�� 0.00�� [91] 

/2�� �3.�5�� 1-.2�� )3.3�� �1.1�� 0.00�� [91] 

/4�� �3.�5�� )-.1�� 1-.4�� )/.-�� 0.00�� [91] 

/5�� �3.�5�� �4.3�� )2./�� )/.��� 0.00�� [91] 

0-�� �3.�5�� �1.)�� )4./�� )�.3�� 0.00�� [91] 

0��� �3.�5�� �1.5�� )5.��� )-.5�� 0.00�� [91] 

0)�� �2.33�� �3.2�� 11.0�� )1.-�� 0.00�� [91] 

01�� �2.33�� )).-�� )5.)�� �0.5�� 0.00�� [91] 

0/�� �2.33�� �).4�� )5.4�� �2.)�� 0.00�� [91] 

00�� �2.33�� ��.3�� 1-.5�� �4.4�� 0.00�� [91] 

03�� �5.3)�� )5.5�� )4.4�� �5.5�� 0.00�� [91] 

02�� �5.3)�� )�.1�� )2.��� �/.4�� 0.00 [91] 
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Appendix V�: Results of goodness-of-fit tests  

1- Soil density: 

The mean and variance values for the samples of soil density are %�J� � �����%3L  !H ' 
and &lR�J� � ��	�%�3L  !H �K. The histogram of soil density is presented in Figure V�.1. 

 
Figure V�.1 : Histogram of soil density 

 According to the shape of the histogram of soil density, two hypothesized distributions are 

selected, namely the normal distribution with � � ������ � � ���&� and the lognormal 

distribution with�� � ����� � � ��
�. The results of Chi-Square and K-S testes are given 

in Table V�.1. 

 Goodness-of-fit test Normal distribution Lognormal distribution 

Chi-Square 3.976 4.183 

K-S 0.120 0.094 

Table V�.1 : Results of goodness-of-fit tests for soil density samples 

For the significance level of�F � �o, the corresponding O��'?�? and 0?ñ���? (from Appendix 

��) are found to be 9.488 and 0.180, respectively, which are greater than the results of Chi-

Square and K-S testes. Thus, both the normal and lognormal distributions are acceptable 

with a �o significance level. However, it can be seen that the lognormal distribution is 

slightly better than the normal distribution. Therefore, the probability density function of 

the soil density can be expressed in Equation V�.1 and shown in Figure V�.2.   

�� � � ����� �  +rs(���dvc� � � ��
���� fK) �������� B  B N
 (V�.1) 
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Figure V�.2 : Probability density function of soil density 

2- Soil cohesion: 

The values of mean and variance for these data are %�O� � �����%3�' and &lR�O� �
����%�3��K'. According to the shape of the soil cohesion histogram, presented in Figure 

V�.3. It can be found that both the lognormal distribution with �� � ���&� � � ���	� and 

the Weibull distribution with �3 � ������ � � ��&&� can be model these data. Table V�.2 

gives the results of the Chi-Square and K-S tests for these two hypothesized distributions.  

 
Figure V�.3 : Histogram of soil cohesion 

Goodness-of-fit test Lognormal distribution Weibull distribution 

Chi-Square 14.997 5.135 

K-S 0.083 0.041 

Table V�.2 : Results of goodness-of-fit tests for soil internal cohesion samples 

The results of the Chi-Square test show that two distributions are acceptable with a �o 

significance level. Conversely, the K-S test shows that only the Weibull distribution is 

acceptable for the same significance level. As a result, the Weibull distribution is selected 
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to model these data. Figure V�.4 shows the probability density function for the soil 

cohesion, which have the following formula: 

��X� � ����
 ^ X�����_���� � +rsp�^ X�����_����z �������X � � (V�.2) 

 
Figure V�.4 : Probability density function of soil cohesion   

3- Internal friction angle: 

These samples have the following mean and variance values %�*� � ��%D' and &lR�*� �
���&�%�D�K'. The histogram of internal friction angle is presented in Figure V�.5 and two 

hypothesized distributions are selected for modeling the variability of internal friction 

angle, namely the normal distribution with � � ��� � � ���&� and the lognormal 

distribution with�� � ����� � � ���&�. Table V�.3 presents the results of the Chi-Square 

and K-S testes.  

 
Figure V�.5 : Histogram of internal friction angle 

From the above results, it can be seen that the normal distribution is better than the 

lognormal distribution. Thus it is used to model the variability in the internal friction angle, 

and its probability density function can be expressed in Equation V�.3 and illustrated in 

Figure V�.6.  
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Goodness-of-fit test Normal distribution Lognormal distribution 

Chi-Square 1.9996 4.4015 

K-S 0.0692 0.0733 

Table V�.3 : Results of goodness-of-fit tests for internal friction angle samples 

��*� � �����+rs[��� \*� �����& ]Kg �������� 
 B * B N
 (V�.3) 

 
Figure V�.6 : Probability density function of internal friction angle 

4- Soil-tool friction angle: 

The mean and variance values for the samples of soil-tool friction angle are %�I� ������%D' and &lR�I� � �
���%�D�K'. Its histogram is plotted in Figure V�.7.  

 
Figure V�.7 : Histogram of external friction angle 

The probability distributions which can be used to model these samples are: 

- Normal distribution with  � ����� and � � ��
�. 

- Lognormal distribution with � � ���� and  � ����. 

- Weibull distribution with 3 � ���& and � � �����.  
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-  Weibull distribution with � � �&���	, 3 � 	
��� and � � �����. 

From the results in Table V�.4, it can be noted that only the Weibull distribution with two 

and three parameters guarantees a �o significance level for the K-S test. No probability 

distribution can be guaranteed this significance level for the Chi-Square tests. However, 

the Weibull distribution with three parameters is better than the others distributions. 

Therefore, it can be used to model the variability in the external friction angle.  

Goodness-of-

fit test 

Normal 

distribution 

Lognormal 

distribution 

Weibull 

distribution (2P) 

Weibull 

distribution (3P) 

Chi-Square 32.117 45.141 23.187 19.759 

K-S 0.208 0.236 0.171 0.150 

Table V�.4 : Results of goodness-of-fit tests for external friction angle samples 

The Weibull distribution with three parameters has the following probability density 

function. This equation is plotted in Figure V�.8.   

��I� � ���& \"N &���
	
��� ]!��?K � +rs[�\" N &���
	
��� ]!��?Kg �������I � � (V�.4) 

 
Figure V�.8 : Probability density function of external friction angle 

5- Soil-tool adhesion: 

The mean and variance values for the samples of soil-tool adhesion are %�O;� � ����%3�' 
and &lR�O;� � 
���%�3��K'. The histogram of soil-tool adhesion is plotted in Figure V�.9.  



 110

 
Figure V�.9 : Histogram of soil-tool adhesion 

It is noted that three probability distributions can be consistent with the 57 samples of soil-

tool adhesion: the lognormal distribution with � � ���	� and  � ��&�, the Weibull 

distribution with 3 � ���� and � � ���� and the exponential distribution with ��� ��
&. The results of the goodness-of-fit tests for these three probability distributions are 

presented in Table V�.5. Only the exponential distribution respects a �o significance level 

for the Chi-Square test. Therefore, it is applied to model these data.  

Goodness-of-fit 

test 

Lognormal 

distribution 

Weibull 

distribution 

Exponential 

distribution 

Chi-Square 0.667 0.667 0.999 

K-S 41.254 25.249 5.677 

Table V�.5 : Results of goodness-of-fit tests soil-tool adhesion samples 

The probability density function of the exponential distribution, presented in Figure V�.10, 

is written as the flowing form: 

(V�.5) 

 
Figure V�.10 : Probability density function of soil-tool adhesion 


