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TRUNCATED TOEPLITZ OPERATORS AND BOUNDARY VALUES IN NEARLY
INVARIANT SUBSPACES

ANDREAS HARTMANN & WILLIAM T. ROSS

ABSTRACT. We consider truncated Toeplitz operator on nearly invariant subspaces of the Hardy
spaceH2. Of some importance in this context is the boundary behaviorof the functions in these
spaces which we will discuss in some detail.

1. INTRODUCTION

If H2 is the classical Hardy space [Dur70], we say a (closed) subspaceM ⊂ H2 is nearly
invariant when

f ∈M,f(0) = 0⇒
f

z
∈M.

These subspaces have been completely characterized in [Hit88, Sar88] and continued to be stud-
ied in [AR96, HSS04, MP05, KN06, AK08, CCP10]. In this paper,we will examine certain
properties of nearly invariant subspaces. We aim to accomplish three things.

First, in Theorem 3.1 we observe that much of what we already know about truncated Toeplitz
operators on model spaces [Sar07] can be transferred, via a unitary operator to be introduced
below,mutatis mutandisto truncated operators on nearly invariant subspaces.

Secondly, in Theorem 4.5 we will show that every function in anearly invariant subspaceM
has a finite non-tangential limit at∣ζ ∣ = 1 if and only if (i) g has a finite non-tangential limit at
ζ and (ii) the reproducing kernel functions forM are uniformly norm bounded in Stolz regions
with vertex atζ . This parallels a result by Ahern and Clark in model spaces.

Third, in order to better understand the self-adjoint rank-one truncated Toeplitz operators on
nearly invariant subspaces, we will discuss the non-tangential limits of functions in these spaces.
It turns out (Theorem 5.2) there is a kind of dichotomy: If every function in a nearly invariant
subspaceM has a boundary limit at a fixed point∣ζ ∣ = 1 then eitherζ is a point whereevery
function in 1

g
M (whereg is the extremal function forM - see definition below) has a finite

non-tangential limit oreveryfunction inM has non-tangential limit 0 atζ .
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A word concerning numbering in this paper: in each section, we have numbered theorems,
propositions, lemmas, corollariesand equations consecutively.

2. PRELIMINARIES

If H2 is the Hardy space of the open unit diskD (with the usual norm∥ ⋅ ∥) andI is inner,
letKI = H2 ⊖ IH2 be the well-studied model space [Nik86]. Note thatH2, as well asKI , are
regarded, via non-tangential boundary values onT ∶= ∂D, as subspaces ofL2 ∶= L2(T, dθ/2π)
[Dur70]. It is well known thatH2 is a reproducing kernel Hilbert space with kernel

kλ(z) ∶= 1

1 − λz ,
as isKI with kernel

kIλ(z) ∶= 1 − I(λ)I(z)
1 − λz .

Note thatkIλ is bounded and that finite linear combinations of them form a dense subset ofKI .
Also note that ifPI is the orthogonal projection ofL2 ontoKI , then

(PIf)(λ) = ⟨f, kIλ⟩, λ ∈ D.

Note that for everyλ ∈ D this formula extends tof ∈ L1 = L1(T, dθ/2π) so that we can define
PI for L1-functions (which in general does not give anH1-function).

By a theorem of Ahern and Clark [AC70], every functionf ∈ KI has a finite non-tangential
limit at a boundary pointζ ∈ T, i.e.,

f(ζ) ∶=∠ lim
λ→ζ

f(λ)
exists for everyf ∈ KI , if and only if ζ ∈ ADC(I). Hereζ ∈ ADC(I) means thatI has a finite
angular derivative in the sense of Carathéodory, meaning

∠ lim
λ→ζ

I(λ) = η ∈ T
and ∠ lim

λ→ζ
I ′(λ) exists.

Moreover, wheneverζ ∈ ADC(I), the linear functionalf ↦ f(ζ) is continuous onKI giving us
a kernel functionkIζ for KI at the boundary pointζ . That is to say

f(ζ) = ⟨f, kIζ ⟩ ∀f ∈KI .

Sarason [Sar07] began a study, taken up by others, of thetruncated Toeplitz operatorsonKI .
These operators are defined as follows: Forϕ ∈ L2, define the truncated Toeplitz operatorAϕ

densely on the boundedf ∈KI by
Aϕf = PI(ϕf).

Let TI denote theAϕ which extend to be bounded operators onKI . Certainly whenϕ is bounded,
thenAϕ ∈ TI , but there are unboundedϕ which yieldAϕ ∈ TI . Moreover, there are bounded
truncated Toeplitz operators which can not be represented by a bounded symbol [BCF+10]. Much
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is known about these operators (see the Sarason paper [Sar07] for a detailed discussion) but we
list a few interesting facts below:

(1) TI is a weakly closed linear subspace of operators onKI .
(2) Aϕ ≡ 0 if and only ifϕ ∈ IH2 + IH2.
(3) The operatorCf ∶= zfI (considered as boundary functions onT) defines an isometric,

anti-linear, involution onKI for whichCAϕC = A∗ϕ = Aϕ. The operatorC is called a
conjugation. This makesTI a collection of complex symmetric operators [GP06, GP07].

(4) A bounded operatorA onKI belongs toTI if and only if there are functionsϕ1, ϕ2 ∈KI

so that
A −AzAA

∗
z = (ϕ1 ⊗ kI0) + (kI0 ⊗ ϕ2).

In the above, we use the notationf ⊗ g for the rank-one operator

(f ⊗ g)(h) ∶= ⟨h, g⟩f.
(5) An operatorA onKI is a rank-one truncated Toeplitz operator on if and only if itcan be

written as constant multiple of one of the following three types

kIλ ⊗CkIλ, CkIλ ⊗ kIλ, kIζ ⊗ kIζ
whereλ ∈ D, ζ ∈ ADC(I). The two first ones are the non-selfadjoint and the last ones
are the selfadjoint truncated Toeplitz operators.

(6) Sedlock [Sed] (see also [GRW]) showed that every maximalalgebra inTI can be written
as the commutant of a generalization of the Clark unitary operator.

(7) In [CGRW10] they show, for two inner functionsI1 andI2, thatTI1 is spatially isomor-
phic to TI2 if and only if eitherI1 = ψ ○ I2 ○ φ or I1 = ψ ○ I2(z) ○ φ for some disk
automorphismsφ,ψ.

As we have already mentioned, anearly invariantsubspaceM is a closed subspace ofH2

such that

f ∈M,f(0) = 0⇒ f

z
∈M.

A result of Hitt [Hit88] says that ifg (called the extremal function forM) is the unique solution
to the extremal problem

(2.1) sup{Reg(0) ∶ g ∈M, ∥g∥ = 1},
then there is an inner functionI so that

M = gKI

and moreover, the map
Ug ∶KI →M, Ugf = gf,

is isometric.

Note that necessarily we have the conditionI(0) = 0 sinceg ∈ M = gKI and so1 ∈ KI . If
one were to choose anyg and any innerI, thengKI is, in general, not even a subspace ofH2.
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Sarason shows in [Sar88] that whenI(0) = 0, every isometric multiplier onKI takes the form

(2.2) g =
a

1 − Ib ,
wherea andb are in the unit ball ofH∞ with ∣a∣2 + ∣b∣2 = 1 a.e. onT. As a consequence,gKI is
a (closed) nearly invariant subspace ofH2 with extremal functiong as in (2.1).

Remark 2.3. From now on, whenever we speak of a nearly invariant subspaceM = gKI , we
will always assume thatI(0) = 0 and thatg is extremal forM (as in (2.1)) and of the form in
(2.2). We will say thatgKI is a nearly invariant subspace with extremal functiong and suitable
inner functionI with I(0) = 0.

Our first step towards defining a truncated Toeplitz operatoron the nearly invariant subspace
M = gKI , as Sarason did forKI , is to understandPM , the orthogonal projection ofL2 ontoM .

Lemma 2.4. LetM = gKI be a nearly invariant subspace with extremal functiong and associ-
ated inner functionI, I(0) = 0. Then

PMf = gPI(gf), f ∈M.

Proof. To show that the mapf ↦ gPI(gf) is indeedPM , we need to show that this map is the
identity onM and vanishes onL2 ⊖M .

Let f = gh ∈ gKI with h ∈KI . Then for everyλ ∈ D we have

(PIggh)(λ) = ⟨ggh, kIλ⟩ = ⟨gh, gkIλ⟩.
But, from our previous discussion, multiplication by the extremal functiong is an isometry from
KI ontoM and so ⟨gh, gkIλ⟩ = ⟨h, kIλ⟩ = h(λ).
Thus

g(λ)(PIgf)(λ) = f(λ),
in other words,f ↦ gPI(gf) is the identity onM .

To finish the proof, we need to show that the mapf ↦ gPI(gf) vanishes onL2 ⊖M . Clearly,
whenf ∈ H2

0
= {h ∶ h ∈H2, h(0) = 0} thenPI(gf) = 0. Whenf ∈H2 ⊖M we have

(PIgf)(λ) = ⟨gf, kIλ⟩ = ⟨f, gkIλ⟩ = 0
sincegkIλ ∈M andf ⊥M . ∎
Corollary 2.5. The reproducing kernel forM = gKI is given by

kMλ (z) = g(λ)g(z)1 − I(λ)I(z)
1 − λz .

Proof. Observe thatkM
λ
(z) = (PMkλ)(z) = g(z)(PIgkλ)(z) and

(PIgkλ)(z) = ⟨gkλ, kIz⟩ = ⟨kλ, gkIz⟩ = (gkIz)(λ) = g(λ)kIλ(z).
∎
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3. TRUNCATED TOEPLITZ OPERATORS ON NEARLY INVARIANT SUBSPACES

We are now able to introduce truncated Toeplitz operators onnearly invariant subspaces. Cer-
tainly wheneverϕ is a bounded function we can use Lemma 2.4 to see that the operator

AM
ϕ f ∶= PMϕf = gPI(gϕf), f ∈M,

is well-defined and bounded.

The most general situation is when the symbolϕ is a Lebesgue measurable function onT

and ∣g∣2ϕ ∈ L2. Then, for every boundedh ∈ KI , the function∣g∣2ϕh belongs toL2 and so
PI(∣g∣2ϕh) ∈KI , and, by the isometric multiplier property ofg in KI , we get

PM(ϕh) = gPI(∣g∣2ϕh) ∈ gKI =M.

Note that by the isometric property ofg, the setgK∞I , whereK∞I is the set of bounded functions
in KI , is dense ingKI . Hence, in this situation,AM

ϕ is densely defined.

Let T M denote the densely definedAM
ϕ , ∣g∣2ϕ ∈ L2, which extend to be bounded onM and

recall thatUg ∶KI →M,Ugf = gf , is unitary.

Theorem 3.1. LetM = gKI be a nearly invariant subspace with extremal functiong and suitable
inner functionI, I(0) = 0. Then for any Lebesgue measurable functionϕ onT with ∣g∣2ϕ ∈ L2

we have

U∗gA
M
ϕ Ug = A∣g∣2ϕ.

Proof. Let h ∈KI , then

AM
ϕ Ugh = A

M
ϕ gh = gPI ∣g∣2ϕh = UgA∣g∣2ϕh.

∎
The above shows that the map

AM
ϕ ↦ A∣g∣2ϕ

establishes a spatial isomorphism betweenT M (the bounded truncated Toeplitz operators onM)
andTI (the bounded truncated Toeplitz operators onKI) induced, via conjugation, by the unitary
operatorUg ∶KI →M = gKI , i.e.,T M = UgTIU∗g .

In view of the results in Sarason’s paper [Sar07] one can use the above spatial isomorphism to
prove the following facts:

(1) TM is a weakly closed linear subspace of operators onM .
(2) AM

ϕ ≡ 0 if and only if ∣g∣2ϕ ∈ IH2 + IH2.
(3) Recalling the conjugationC mentioned earlier, defineCg ∶= UgCU∗g . This defines a

conjugation onM andCgACg = A∗ for everyA ∈ T M , and since(AM
ϕ )∗ = AM

ϕ (as
can be verified by direct inspection), we see thatT M is also a collection of complex
symmetric operators (with respect toCg).
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(4) If Sg ∶= UgAzU∗g , then a bounded operatorA onM belongs toT M if and only if there are
functionsϕ1, ϕ2 ∈M so that

A − SgAS
∗
g = (ϕ1 ⊗ kM0 ) + (kM0 ⊗ ϕ2).

(5) Recall from our earlier discussion of [Sar07] thatA is a rank-one truncated Toeplitz
operator onKI if and only if it can be written as constant multiple of one of the following
three types (two of which are non-selfadjoint, and one of which is selfadjoint)

kIλ ⊗CkIλ, CkIλ ⊗ kIλ, kIζ ⊗ kIζ
whereλ ∈ D, ζ ∈ ADC(I). It follows immediately that forλ ∈ D,

Ug(kIλ ⊗CkIλ)U∗g = Ugk
I
λ ⊗UgCk

I
λ = gk

I
λ ⊗ gCkIλ,

Ug(CkIλ ⊗ kIλ)U∗g = UgCk
I
λ ⊗Ugk

I
λ = gCk

I
λ ⊗ gkIλ,

are rank-one truncated Toeplitz operators onM = gKI . What are the self-adjoint trun-
cated Toeplitz operators onM? The result here is the following: Suppose thatζ ∈
ADC(I), then

gkIζ ⊗ gkIζ
is a self-adjoint rank-one truncated Toeplitz operator onM . Conversely, ifA is a non-
trivial rank-one self adjoint truncated Toeplitz operatoron M , then there exists aζ ∈
ADC(I) so thatA = gkIζ ⊗ gkIζ .

(6) Recall from our earlier discussion that every maximal algebra inTI can be written as the
commutant of a generalization of the Clark unitary operator. Conjugating byUg we get
an analogous result for the maximal algebras ofT M .

(7) Again from our earlier discussion, for two inner functionsI1 andI2, thatTI1 is spatially
isomorphic toTI2 if and only if eitherI1 = ψ ○ I2 ○ φ or I1 = ψ ○ I2(z) ○ φ for some disk
automorphismsφ,ψ. Using Theorem 3.1 we get the exact same result forT M1 ,T M2.
Notice how this result is independent of the corresponding extremal functionsg1 andg2.

4. EXISTENCE OF NON-TANGENTIAL LIMITS

With trivial examples one can show that there is no pointζ ∈ T such that everyf ∈ H2 has a
non-tangential limit atζ . However, there are model spacesKI andζ ∈ T so that everyf ∈KI has
a non-tangential limit atζ . This situation was thoroughly discussed by Ahern and Clark[AC70]
with the following theorem. Forζ ∈ T andα > 1 let

Γα(ζ) ∶= {z ∈ D ∶ ∣z − ζ ∣
1 − ∣z∣ < α}

be the standard Stolz domains with vertex atζ .

Theorem 4.1 (Ahern-Clark). Let I be an inner function. Every functionf ∈ KI has a non-
tangential boundary limit atζ ∈ T if and only if for every fixed Stolz domainΓα(ζ) at ζ , the
family

Fα,ζ ∶= {kIλ ∶ λ ∈ Γα(ζ)}
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is uniformly norm bounded, i.e.,

sup{∥kIλ∥2 = 1 − ∣I(λ)∣21 − ∣λ∣2 ∶ λ ∈ Γα(ζ)} <∞.
The original proof of this theorem involved a technical lemma using operator theory. We will

give a new proof which avoids this technical lemma. This willallow us to consider the situation
of nearly invariant subspaces where the operator theory lemma of Ahern-Clark no longer works.
Also note that the uniform boundedness of the familiesFα,ζ is equivalent to the conditionζ ∈
ADC(I).
Proof of Theorem 4.1.From the uniform boundedness principle it is clear that if every function
in KI has a non-tangential limit atζ ∈ T, then the kernelskIλ are uniformly bounded in Stolz
domainsΓα(ζ).

Let us consider the sufficiency part. If, for fixedα andζ , the familyFα,ζ is uniformly bounded,
then there exists a sequenceΛ ∶= {λn}n≥1 ⊂ Γα(ζ) such thatkIλn

converges weakly to some

k
I,Λ

ζ ∈KI , i.e., for every functionf ∈KI ,

(4.2) f(λn) = ⟨f, kIλn
⟩ → ⟨f, kI,Λζ ⟩ =∶ fΛ

ζ asn→∞.
Observe that

(Azf)(λ) = f(λ) − f(0)
λ

and

(AN
z f)(λ) = f(λ) −∑

N−1
j=0 f̂(j)λj
λN

,

wheref̂(j) is thej-th Fourier coefficient off . As a result we have

∥AN
z f∥2 = ∞∑

j=N

∣f̂(j)∣2 → 0 asN →∞.
Apply (4.2) to the functionsAN

z f to get

⟨AN
z f, k

I
λ⟩ = (AN

z f)(λ) = f(λ) −∑
N−1
j=0 f̂(j)λj
λN

.

Hence

⟨AN
z f, k

I,Λ

ζ ⟩ = lim
n→∞
⟨AN

z f, k
I
λn
⟩ = lim

n→∞

f(λn) −∑N−1
j=0 f̂(j)λjn
λNn

=
fΛ

ζ −∑N−1
j=0 f̂(j)ζj
ζN

.
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Now using the fact that∥AN
z f∥ → 0 whenN →∞, we obtain from⟨AN

z f, k
I,Λ

ζ ⟩ → 0 that

lim
N→∞

fΛ

ζ −∑N−1
j=0 ζ

jf̂(j)
ζN

= 0,

and, since the denominator in the above limit is harmless, weget
∞∑
j=0

f̂(j)ζj = fΛ

ζ .

This means that the Fourier series forf converges atζ .

Now take any sequenceΛ ∶= {λn}n≥1 converging non-tangentially toζ . In view of the uniform
boundedness of the familyFα,ζ , there exists a weakly convergent subsequenceΛ′ ∶= {kIλnl

}l≥1.
Repeating the above proof, we obtain

∞∑
j=0

ζjf̂(j) = fΛ
′

ζ .

In other words, for every sequence{λn}n≥1 converging non-tangentially toζ there exists a sub-
sequence{λnj

}j≥1 such that{f(λnj
)}j≥1 converges to the same limit

lζ ∶= ∞∑
j=0

f̂(j)ζj.
It follows thatf has a finite non-tangential limit atζ . ∎

We will now prove an analog of Theorem 4.1 for nearly invariant subspaces where the sit-
uation is a bit more complicated. Certainly a necessary condition for the existence of finite
non-tangential limits for every function ingKI at ζ is thatg has a finite non-tangential limit at
ζ (since indeedg is extremal and sog ∈ gKI). As we will see with the next example, it is not
possible to deduce the existence of the non-tangential limits for every function ingKI merely
from the uniform norm boundedness of the reproducing kernels in a Stolz angles.

Example 4.3. Given any inner functionI, with I(0) = 0, we have already cited Sarason’s result
[Sar88] stating that every isometric multiplier onKI is of the form

g =
a

1 − Ib ,(4.4)

wherea andb are functions in the ball ofH∞ with ∣a∣2 + ∣b∣2 = 1 a.e. onT. LetΛ1 = {1− 4−n}n≥1
andΛ2 = {1 − 2−n}n≥1, which are both interpolating sequences. Observe thatΛ2 consists of the
sequenceΛ1 to which we have added in a certain way the (pseudohyperbolic) midpoints of two
consecutive points ofΛ1. LetBi be the Blaschke product whose zeros areΛi. In particular,B1

vanishes onΛ1 and is big onΛ2∖Λ1, say∣B1(λ)∣ ≥ δ > 0 for λ ∈ Λ2∖Λ1 (this comes from the fact
thatB1 is an interpolating Blaschke product, and that onΛ2 ∖ Λ1 we are pseudohyperbolically
far from the zeros ofB1).

Next, define

a =
1

2
+ 1
4
B1
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which is a function oscillating onΛ2 between the values1/2 (on Λ1) and ∣a(λ) − 1/2∣ ≥ δ/4,
λ ∈ Λ2 ∖Λ1.

By construction we have1/4 ≤ ∣a∣ ≤ 3/4. In particular there is an outer functionb0 in the ball
of H∞ such that∣a∣2 + ∣b0∣2 = 1 a.e. onT. Moreover0 <

√
7/4 ≤ ∣b0∣ = √1 − ∣a∣2 ≤ √15/4 < 1

a.e. onT and this extends by the maximum/minimum principles to the disk (b0 being outer). As
a consequence, for every inner functionJ , the functiong = a/(1 − Jb0) will be a bounded outer
function (actually invertible). We will use this fact in particular forJ = IB2:

g =
a

1 − Jb0 =
a

1 − I B2b0±
=b in (4.4)

.

Then

∣g(λ) − 1

2
∣ = ∣a(λ) − 1

2
∣ { = 0 whenλ ∈ Λ1

≥ δ
4

whenλ ∈ Λ2 ∖Λ1.

Henceg has no limit atζ = 1. Choose now an inner functionI such thatζ = 1 ∈ ADC(I). Then,
the kernelskMλ = g(λ)gkIλ are uniformly bounded in a fixed Stolz regionΓα(1) at ζ = 1. Indeed
g is bounded, the kernelskIλ are uniformly bounded inΓα(1) by 1 ∈ ADC(I) (see Theorem 4.1),
and∥kMλ ∥ = ∣g(λ)∣∥kIλ∥.
Theorem 4.5. LetM = gKI be a non-trivial nearly invariant subspace with extremal functiong
and corresponding inner functionI. Then every function inM has a finite non-tangential limit
at ζ ∈ T if and only if the following two conditions are satisfied:

(1) g has a finite non-tangential limit atζ .
(2) For every Stolz regionΓα(ζ) at ζ , the familyFM

α,ζ
∶= {kM

λ
∶ λ ∈ Γα(ζ)} is uniformly norm

bounded, i.e.,

sup{∥kMλ ∥2 = ∣g(λ)∣21 − I(λ)∣21 − ∣λ∣2 ∶ λ ∈ Γα(ζ)} <∞.
Proof. If every function inM has a finite non-tangential limit atζ , then (1) holds sinceg ∈ M .
Condition (2) holds by the uniform boundedness principle.

Now suppose that conditions (1) and (2) hold.

Case 1:ζ ∈ ADC(I). In this case, every function inM has a non-tangential boundary limit at
ζ since every function inKI has as well asg does.

Case 2:ζ /∈ ADC(I). From the Ahern-Clark theorem (Theorem 4.1), we know thatζ ∈
ADC(I) if and only if

∥kIλ∥2 = 1 − ∣I(λ)∣21 − ∣λ∣2
is uniformly bounded in Stolz regionsΓα(ζ). Hence, ifζ /∈ ADC(I), then there is a sequence
Λ ∶= {λn}n≥1 in Γα(ζ) such that∥kIλn

∥2 → +∞. Recall thatkMλ = g(λ)gkIλ so that∥kMλn
∥ =
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∣g(λn)∣∥kIλn
∥. In order that this last expression is uniformly bounded it is necessary thatg(λn) →

0 whenn →∞.

Now, sinceFM
α,ζ is a uniformly bounded family, there exists a subsequenceΛ′ ∶= {λnj

}j≥1 so

thatkMλnj
converges weakly to a functionkM,Λ′

ζ .

Let us introduce the following operator

QN = UgA
N
z U

∗
g

fromM = gKI to itself. Letf = gh ∈ gKI =M . Recall thatU∗g f = h. Then

(QNf)(z) = ((UgA
N
z U

∗
g )f)(z) = ((UgA

N
z h)(z) = g(z)h(z) −∑N−1

m=0 ĥ(m)zm
zN

=
f(z)
zN
− g(z)
zN

N−1∑
m=0

ĥ(m)zm.
Now sinceQNf ∈M , we get, from the weak convergence ofkMλnj

→ k
M,Λ′

ζ asj →∞,

(4.6) ⟨QNf, k
M,Λ′

ζ ⟩ = lim
j→∞
(QNf)(λnj

) = lim
j→∞
(f(λnj

)
λNnj

− g(λnj
)

λNnj

N−1∑
m=0

ĥ(m)λmnj
) .

The last sum appearing above is a harmless polynomial converging to some number whenj →∞.
Also λnj

→ ζ andg(λnj
) → 0 whenj →∞. Hence the limit in (4.6) is equal to

⟨QNf, k
M,Λ′

ζ ⟩ = fΛ
′

ζ

ζN
,

where

fΛ
′

ζ = ⟨f, kM,Λ′

ζ ⟩,
which exists by construction.

Since

∥QNf∥ = ∥UgA
N
z h∥ = ∥gAN

z h∥ = ∥AN
z h∥ → 0 asN →∞,

we have

lim
N→∞

fΛ′

ζ

ζN
= lim

N→∞
⟨QNf, k

M,Λ′

ζ
⟩ = 0

which is possible precisely whenfΛ
′

ζ = 0.

The above construction is independent of the choice of the sequence{λn}n≥1 so that for every
such sequence there is a subsequence{λnj

}j≥1 such thatf(λnj
) → 0 whenj → ∞. As in the

proof of Theorem 4.1 we conclude that∠ limλ→ζ f(λ) exists and is, in fact, equal to 0.

∎
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5. THE DICHOTOMY

For a nearly invariant subspaceM = gKI , let

NM = {ζ ∈ T ∶ ∠ lim
λ→ζ

f(λ) = 0 ∀f ∈M} .
The setsADC(I) andNM are not necessarily disjoint. If the functiong vanishes at a point
ζ ∈ ADC(I) then automatically every functionf ∈ gKI vanishes atζ so thatζ ∈ NM .

Another situation is the following. Observing that every functionf ∈H2 satisfies the following
well known growth condition

∣f(z)∣ = O ⎛⎝
1√

1 − ∣z∣
⎞
⎠ ,(5.1)

we see that whenever∣g(z)∣ = o(√∣z − ζ ∣) in a Stolz domainΓα(ζ) based onζ , every function
gh tends non tangentially to0 at ζ , and soζ ∈ NM independent ofI. Notice that for growth
in a Stolz domainΓα(ζ) we can replace “big-Oh” by “little-oh” in (5.1), and then “little-oh” by
“big-oh” in the growth ofg in Γα(ζ). The main theorem of this section is the following.

Theorem 5.2. LetM be a non-trivial nearly invariant subspace with extremal function g and
associated inner functionI. Suppose that every function ingKI has a finite non-tangential limit
at ζ ∈ T. Thenζ ∈ ADC(I) or ζ ∈ NM .

Note again that the intersectionADC(I) ∩NM can be non-empty.

Proof of Theorem 5.2.If every function ingKI has a non-tangential limit atζ ∈ T, then, in
particular,g has a non-tangential limit atζ . As a reminder, recall thatg belongs togKI since
I(0) = 0 (and thus the constants belong toKI).

If
∠ lim

λ→ζ
g(λ) /= 0,

then, since every functionf = gh ∈ gKI has a finite non-tangential limit atζ , we can divide
by g to geth = f/g ∈ KI which has a non-tangential limit atζ . So, every function inKI has
non-tangential limit and we conclude from [AC70] thatζ ∈ ADC(I).

Now suppose that

∠ lim
λ→ζ

g(λ) = 0.(5.3)

First note that if every function ingKI has a non-tangential limit atζ ∈ T, then, as already
mentioned, there exists a reproducing kernelkMζ ∈ M at ζ . Let now{λn}n≥1 be any sequence
with λn ∈ Γα(ζ) tending toζ . Then forz ∈ D,

kMζ (z) = ⟨kMζ , kMz ⟩ = ⟨kMz , kMζ ⟩ = kMz (ζ) = lim
n→∞

kMz (λn) = lim
n→∞
(g(z)g(λn)1 − I(λn)I(z)

1 − λnz )
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Sincez ∈ D is fixed, by (5.3), the above limit will be zero, which forces the kernelkMζ to vanish
identically. Thus for everyf ∈M = gKI we have

f(ζ) = lim
n→0
⟨f, kMλn

⟩ = ⟨f,0⟩ = 0.
∎

As a consequence of this result, ifζ ∈ NM ∖ADC(I), then the point evaluation operator atζ

is just the zero-functional. We state this observation as a separate result.

Corollary 5.4. LetM be a non-trivial nearly invariant subspace with extremal functiong and
associated inner functionI. OnM , the only non-zero point evaluation functionals at a point
ζ ∈ T are those for whichζ ∈ ADC(I) andg admits a non-tangential limit different from zero at
ζ .
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