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Abstract

Experimental studies have shown that fractures often exhibit shear resistance softening and dilatation under shearing

loads. From a mechanistic viewpoint, these phenomena are a consequence of the fracture surface roughness and the

material mechanical properties. Consequently, this paper utilizes a micromechanical model of fractures that explicitly

considers asperity interactions on fracture surfaces. Elastic deformations and inelastic frictional sliding are considered

at inclined asperity contacts. A modified spherical harmonic expansion is used to model the orientation distribution of

asperity contacts. Evolution laws for asperity heights and asperity contact orientations are introduced to account for

the change in surface roughness resulting from asperity damage under shear. Results obtained from the model show

that the asperity contact orientation evolution law is essential for correctly modeling the softening and dilatation be-

havior of fractures. The model results are compared with experimental data culled from the literature.

� 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The shear behavior of fractures is of significance to the study of fracture mechanics problems, such as
modeling of material damage, fracture propagation under shear and compression, and mechanics of jointed
rock masses. Fracture shear behavior is, generally, complex and influenced by a variety of factors, in-
cluding, among others, fracture surface roughness, material mechanical properties, and intrinsic friction. A
number of efforts have been made to model the shear behavior using phenomenological and empirical
approaches (see for example Refs. [1–3]). However, mechanistic approaches, that explicitly model surface
topography and incorporate material mechanical properties and intrinsic friction, are expected to provide
better insight into fracture friction behavior. For instance, it is well recognized that because of the surface
roughness, the contact between fracture surfaces is through asperities and, consequently, the actual contact
area is much smaller than the area of fracture surface [4,5]. Along the lines of mechanistic approach, the
mechanical behavior of contacting surfaces has been studied by explicitly modeling the behavior of asperity
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contacts (cf. [6,7]). Considering elastic deformation of asperity contacts and gaussian distributions of as-
perity heights, models of the normal and shear behavior for contacting rough surfaces have been derived [8–
12]. Sliding at asperity contacts has also been considered to obtain friction behavior of contacting rough
surfaces [13,14]. A review of some of these mechanistic/micromechanical methods is given in Ref. [15].

More recently, the author has developed a kinematically driven micromechanical methodology for
contacting rough surfaces [16]. This methodology uses a directional distribution function of asperity
contact orientations as an additional measure of surface roughness and was successfully used to derive a
micromechanical model to replicate the anisotropic shear behavior of rock fractures [17]. In the present
paper, we extend the micromechanical model to account for the effects of asperity damage on the fracture
shear behavior. To this end, we introduce evolution laws for asperity heights and asperity contact orien-
tations that account for the change in surface roughness resulting from asperity damage. The resulting
micromechanical model is used to: (1) model the softening of fracture shear resistance under shear loading,
(2) model the fracture shear strength, and (3) replicate the fracture dilatation behavior under shear loading.
The model development, in this paper, is motivated by the experimentally observed shear resistance soft-
ening and dilatation behavior exhibited by single fractures [18,19].

In the following discussion, we first present a brief description of the micromechanical modeling
methodology for obtaining fracture stress–deformation behavior. The evolution laws of asperity heights
and asperity contact orientations are then developed utilizing experimental evidence culled from literature.
The behavior of single fractures under shear loading calculated using the derived model is compared with
experimental data from the literature. The micromechanical model is also used to perform limited para-
metric study of fracture shear behavior.

2. Brief description of fracture micromechanical model

We consider the micromechanical methodology wherein the stress–deformation behavior of a fracture is
obtained by considering the force–deformation behavior of the asperity contacts and the statistical de-
scription of fracture surface topography [17]. At the asperity contact level, a local force–deformation re-
lationship is defined that accounts for the elastic deformation and inelastic sliding at the contact. The
stress–deformation relationship for a fracture is then derived utilizing the distribution functions of asperity
heights and contact orientations, and the overall kinematic constraints and equilibrium conditions for the
fracture. Here we give a brief description of the micromechanical model with the intent of demonstrating
how the model is extended to include the effects of asperity damage.

2.1. Force–deformation relationship for an asperity

Considering both the elastic deformation and inelastic sliding, the relative motion, dc
j , at an asperity

contact, may be decomposed into an elastic part, dce
j , and an inelastic part, dcp

j , such that

dc
j ¼ dce

j þ dcp
j ð1Þ

Subscripts follow the established tensor convention unless specified otherwise. The elastic deformations, dce
j ,

at an asperity contact generate forces, f c
i , which are related via the asperity contact stiffnesses, Kc

ij, as
follows:

f c
i ¼ Kc

ijd
ce
j ð2Þ

We note that the asperity contact stiffnesses, Kc
ij, generally depend upon the contact loading condition, such

as the stiffness given by the Hertz–Mindlin contact theory [6]. We make no assumption regarding the form
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of this dependency in the derivation. As we will see later in the paper, both constant and non-constant
asperity contact stiffnesses may be used for calculating a fracture behavior using the derived model.

The Amonton–Coulomb’s friction law, expressed by the following inequality, governs the sliding at an
asperity contact:

f c
i q

c
i 6 0 ð3Þ

where

qci ¼ fci þ lnci ð4Þ

fci is a unit vector in the sliding direction, l is the asperity friction coefficient and nci is a unit vector out-
wardly normal to the asperity contact. Combining Eqs. (1)–(4), the following relationship between the force
and relative motion at a sliding asperity contact may be derived:

f c
i ¼ Kc

ir drj

�
�M cKc

sjq
c
sf

c
r

�
dc
j ð5Þ

where drj (¼ 1 for r ¼ j;¼ 0 for r 6¼ j) is the Kronecker delta and the scalar M c is given by

M c ¼ Kc
ijf

c
jq

c
i

� ��1

ð6Þ

2.2. Number and orientations of asperity contacts

The geometry of a fracture surface determines the orientations and the number of asperity contacts
under a given loading condition. The composite topography of contacting fracture surfaces described via
statistics of asperity contact heights, curvatures, and orientations may be utilized for this purpose [17,20–
23]. In general, these statistics are not independent of each other, and therefore their distribution functions
may not be formulated independently. Nevertheless, the derivation of stress–deformation relationship is
considerably simplified by considering these parameters independently. In the micromechanical model
developed in this paper, the asperity contact curvatures are taken to be uniform.

The experimental measurements of topography suggests a skewed distribution for asperity heights, and
several statistical distributions, such as chi-square distribution and gamma distribution have been used to
model rough surfaces (see [12,23]). In this paper we use a gamma distribution for simplicity, such that the
density function for asperity heights, HðrÞ, is expressed as

H rð Þ ¼ rae�r=b

C a þ 1ð Þbaþ1
0ð < r < 1; a > � 1; b > 0Þ ð7Þ

where a and b are parameters related to the mean and variance of the asperity heights as follows:

mean : rm ¼ b a þ 1ð Þ
variance : r2r ¼ b2 a þ 1ð Þ ð8Þ

Parameter a is unitless while parameter b takes the unit of asperity height. Fig. 1 illustrates the distribution
of asperity heights for surfaces with varying roughness. Surfaces that have smaller average asperity height
and narrow distributions of asperity heights are considered to be relatively smoother. Given that the total
number of asperities per unit area of a fracture surface is N, then NHðrÞdr denotes that number of asperity
contacts in the interval represented by r and r þ dr. It is convenient to define the asperity contact height
with reference to the highest peak of the composite topography such that, asperity height, r, represents the
overlap of the interacting surfaces. As a result, the total number of asperity contacts, under a given loading
condition, is given by
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Nr ¼
Z r

0

NH rð Þdr ð9Þ

It is noteworthy, that the asperity contacts may be variously inclined and that the asperity contacts are not
equally likely in all the orientations. We define an asperity contact orientation by considering the incli-
nation of the asperity contact normal with respect to that of the fracture surface normal direction. As
shown in Fig. 2, the orientation of an oblique asperity contact is defined by the azimuthal angle / and the
meridional angle h, measured with respect to a Cartesian coordinate system in which direction 1 is normal
to the fracture surface. We use a modified form of spherical harmonics expansion to describe the con-
centrations of asperity contact orientations [17]. Considering the first two terms of spherical harmonics
expansion in the domain: 06 h6 2p=a, 06/6 2, the density function, nðXÞ, of directional distribution of
asperity contacts is expressed by

n Xð Þ ¼ a sin ah
2p sin h

1

�
þ b
4

3 cos 2ahð þ 1Þ þ 3c sin2 ah cos 2/
�

0
�

6 h6
p
2a

; 06/6 2p; aP 1
�

ð10Þ

where angles / and h are defined in Fig. 2, and X represents the solid angle formed by / and h. Parameters
a, b, and c determine the shape of the density function nðXÞ. Thus, the product NrnðXÞdX denotes the
number of asperity contacts NX in the interval represented by solid angles X and X þ dX, that is

Fig. 2. Asperity contact orientation.

Fig. 1. Asperity height distributions with varying surface roughness.
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NX ¼ Nrn Xð ÞdX ð11Þ

The mean and variance of asperity contact orientations in the meridional direction may be obtained as the
expectations E½h	 ¼

R
hnðXÞdX and E½ðh � E½h	Þ2	 ¼

R
ðh � E½h	Þ2nðXÞdX, given by

E h½ 	 ¼ 6� b
6a

and E hð
h

� E h½ 	Þ2
i
¼ 36p � 108þ 20b� 6bp � b2

36a2
ð12Þ

Similarly, the mean and variance of asperity contact orientations in the azimuthal direction may be ob-
tained as the expectations E½/	 ¼

R
/nðXÞdX and E½ð/ � E½/	Þ2	 ¼

R
ð/ � E½/	Þ2nðXÞdX, given by

E /½ 	 ¼ p and E /ð
h

� E /½ 	Þ2
i
¼ cþ p2

3
ð13Þ

Further, to ensure that the density function, nðXÞ, is positive semi-definite, i.e. nðXÞP 0, the values of
parameters b and c are bounded as follows:

�16 b6 2 and � 1

3
þ b
6
6 c6

1

3
� b
6

ð14Þ

The density function in Eq. (10) has the ability to model surfaces with varying roughness. As illustrated
in Fig. 3, the asperity contacts for smooth surfaces have a greater tendency to concentrate in the direction
normal to the fracture than that for rough surfaces. It is noteworthy that, as parameter a increases, the
contact distribution concentrates towards the direction normal to the interface. In particular, the density
function, nðXÞ, behaves like a delta function in the limit a ! 1 and yields an expectation E½h	 ¼ 0, rep-
resenting a concentrated contact orientation, normal to the interface of a perfectly smooth joint. Thus,
parameter a, describes the extent of the asperity contacts in the meridional direction. Parameter, b, on the
other hand, describes the shape of the contact distributions within the meridional extent of asperity con-
tacts. For example, the extent of asperity contact inclination in meridional direction is p=2 for a ¼ 1 and
p=4 for a ¼ 2, while, the shapes of contact distributions vary with the values of parameter b. Parameter
b ¼ �1, represents an interface on which the asperity contacts tend to orient closer to the horizon, i.e.
h ¼ p=2. In contrast, parameter b ¼ 2, represents an interface on which preferred orientation is closer to the
interface normal, i.e. h ¼ 0. For b ¼ 0, the asperity contacts are equally distributed in the meridional di-
rection. Parameter, c, describes the shape of the contact distributions in the azimuthal direction and is
useful for modeling the directional nature of fracture surface roughness.

Fig. 3. Schematic depiction of asperity contact orientation distribution functions for smooth and rough interfaces.
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2.3. Stress–deformation law for a fracture

Considering the equilibrium of forces at a fracture surface, the overall traction Fi on the fracture is
obtained from the summation of the forces, f c

i , developed at asperities, which for a large number of asperity
contacts may be written as the following integral equation:

Fi ¼ N
Z
r

Z
X
f c
i n Xð ÞH rð ÞdXdr ð15Þ

where traction Fi is given as force per unit area, since N is measured per unit area of a fracture. Under a
given loading condition, an asperity contact may be sliding, separated or in elastic contact. Appropriately
accounting for the asperity contact forces, and adopting the kinematic assumption that relative motion at
an asperity, dc

j , is same as the relative motion of the interface, dj, the relationship between the overall
traction Fi and the relative motion dj may be written as:

Fi ¼ Cijdj ¼ Ce
ij

h
� Cp

ij

i
dj ð16Þ

where the superscripts e and p refer to the elastic and inelastic part of the fracture stiffness tensor, Cij.
The elastic part, Ce

ij, independent of the asperity contact sliding or separation, is given by

Ce
ij ¼ N

Z
r

Z
X
Kc

ijn Xð ÞH rð ÞdXdr ð17Þ

where the integration is performed over all the asperity contacts specified by the distributions of asperity
contact orientations and asperity heights under a given interface normal load. On the other hand, the
inelastic part depends critically upon the asperity contact loading condition. During an arbitrary shear
loading, the inelastic part has two contributions: (1) from asperity contact sliding and (2) from separation
of asperity contacts. It is expected that some of the oblique asperity contacts that are in contact under an
initially applied normal load undergo unloading as the fracture is sheared. These contacts could potentially
separate during the shear loading. Accounting for the two mechanisms of inelastic deformation, the in-
elastic part of the fracture stiffness tensor, Cp

ij, is given by

Cp
ij ¼ N

Z
rs

Z
Xs

M cKc
ikf

c
kK

c
njq

c
mn Xð ÞH rð ÞdXdr þ N

Z
rd

Z
Xd

Kc
ijn Xð ÞH rð ÞdXdr ð18Þ

where the integration is performed over the domain of sliding asperity contacts denoted by superscript s
and separated asperity contacts denoted by superscript d.

3. Behavior of a single fracture under shear

The domain of sliding and separated asperity contacts is not always known a priori, and only, under
certain simple loading conditions and for constant asperity contact stiffness, the integrals in Eqs. (17) and
(18) may be evaluated in closed forms [16,17]. For example, the sliding domain, under a normal defor-
mation of a fracture is given by: 06/6 2p and hs 6 h6 p=2a, where hs ¼ arctanðklÞ, where k is the ratio of
asperity stiffness in normal and tangential directions. For arbitrary shear loading conditions, such that
d1 6¼ d2 6¼ d3 6¼ 0, the sliding domain is not known a priori. Moreover, for non-constant asperity contact
stiffness and changing surface roughness, the sliding domain evolves with loading. In addition, new asperity
contacts are formed and existing contacts lost as the fracture is sheared. Numerically, the asperity sepa-
ration may be detected by examining the total relative displacement in the normal direction of an asperity
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contact. Consequently, a secant fracture stress–displacement relationship is obtained by numerically in-
tegrating the following equations for each loading step:

Ce
ij ¼ N

Z r

0

Z 2p

0

Z p=2a

0

Kc
ijn /; hð Þ sin hdhd/H rð Þdr ð19aÞ

Cp
ij ¼ N

Z r

0

Z
/s

Z
hs

M cKc
ikf

c
kK

c
njq

c
mn /; hð Þ sin hdhd/H rð Þdr þ N

Z r

0

Z
/d

Z
hd

Kc
ijn /; hð Þ sin hdhd/H rð Þdr

ð19bÞ
where nð/; hÞ is the asperity contact orientation distribution given by Eq. (10), HðrÞ is asperity height
distribution given by Eq. (7), r ¼ r0 þ d1, and r0 is the asperity overlap at d1 ¼ 0. Further, for shear loading
under controlled normal stress F1, an iterative procedure is required to obtain the contact forces and
displacements. In the subsequent discussion we first discuss the form of non-constant asperity contact
stiffness used in our analysis, we then develop evolution laws of asperity heights and asperity contact
orientations and present comparison of model calculations and measured fracture shear behavior.

3.1. Non-linear asperity contact stiffness

It is convenient to express the asperity stiffness tensor, Kc
ij, in terms of asperity stiffness that describes the

behavior along the direction of normal and tangent to an asperity contact, such that

Kc
ij ¼ Kc

nn
c
i n

c
j þ Kc

s sci s
c
j

�
þ tci t

c
j

�
ð20Þ

where Kn and Ks denote asperity stiffness along the normal and tangential direction of the asperity. The unit
vector n is normal to the asperity contact surface and vectors s and t are arbitrarily chosen on the plane
tangential to the asperity contact surface, such that nst forms a local Cartesian coordinate system. It is
noted that the stiffness term that cross-link normal and shear behavior are assumed to be negligible in
accordance with the theories for contact of smooth non-conforming bodies. Furthermore, for modeling the
fracture behavior under general loading conditions, non-linear asperity contact stiffness, that depend upon
contact forces or displacements are preferable.

Considering the Hertz–Mindlin contact theory of perfectly smooth elastic surfaces as well as other
theories of elasto-plastic interfaces (see Refs. [6,24]), the secant normal asperity stiffness, Kn ¼ fn=dn, may
be taken to depend upon the normal asperity deformation, dn, according to the following power law:

Kn ¼ kKdg
n ð21Þ

where K, k and g are constants. The asperity stiffness, Kn, given by Eq. (21), becomes identical with the
Hertz–Mindlin stiffness for contact of perfectly smooth elastic spheres when

k ¼ 2� m
2 1� mð Þ ; g ¼ 1

2
and K ¼ 8G

ffiffiffi
R

p

3 2� mð Þ ð22Þ

where G is the shear modulus, m is Poisson’s ratio and R is asperity radius of curvature. It is noteworthy that
the exponent g can vary from 0 for perfectly plastic to 1=2 for perfectly elastic behavior at contact of
perfectly smooth spherical asperities [6].

The tangential asperity stiffness, Ks, has, in general, a complex dependence upon the asperity loading
conditions in the tangential direction [25]. Since this paper focuses upon monotonic shear of fractures, we
consider the case of constant normal asperity force and monotonically increasing asperity shear force. The
following asperity force–displacement relationship has been derived for this loading condition, considering
partial slip at contact edge with increasing contact shear displacement:
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fs ¼ lKndn 1

"
� 1

�
� ds

lkdn

�3=2
#

ð23Þ

where fs is the asperity shear force, and dn and ds are the asperity normal and shear displacements. It can be
shown that in this case, the tangential asperity stiffness, Ks, varies from 3Kn=2k, for vanishingly small as-
perity shear force, to Kn=k, for asperity shear force at incipient sliding condition. In this paper, we use the
following truncated series representation for the tangential asperity stiffness, Ks ¼ fs=ds:

Ks ¼
3Kn

2k
1

"
� 1

4lk
ds

dn

� 1

24l2k2

ds

dn

� �2

�O
ds

dn

� �3
#

ð24Þ

which yields a variation from 3Kn=2k, for vanishingly small asperity shear force, to 1:063Kn=k, for asperity
shear force at incipient sliding condition.

3.2. Effect of asperity damage on fracture roughness

During the shear deformation of a fracture, the interlocked asperities undergo damage under the
complex stress conditions that develop at the asperity contacts. The asperity damage manifests as a change
in roughness of the fracture surface. Fig. 4 shows the before and after asperity height distributions of a
monotonically sheared fracture in Westerly granite sample. The solid dots in Fig. 4 denote the measured
asperity height distribution based on data from Ref. [26]. The solid curves are the best-fit gamma distri-
butions with following parameters: a ¼ 3 and b ¼ 8 lm for fracture surface before shear, and a ¼ 7:5 and
b ¼ 3:3 lm for fracture surface after shear deformation of 1 cm. The best-fit gamma distributions yield
mean asperity heights of 32 and 28.05 lm and asperity height standard deviations of 16 and 9.6 lm before
and after shear, respectively. The mean asperity height as well as the variance of the asperity height dis-
tribution becomes smaller with shear. Smaller mean and variance of asperity heights results from the wear
of asperities to produce a smoother fracture surface with uniform asperity heights. Further, it is observed
that the asperity height distribution after shear are truncated close to peaks, suggesting that the surface
roughness evolves by progressive removal of the highest asperities from the surface. Clearly, the asperity
height distribution has a relatively small change even after a shear deformation of 1 cm. It is noteworthy
that the shear deformations at yield for these Westerly granite fractures were, typically, measured to be less
than 20 lm [27,28]. Consequently, little change in asperity height distribution may be expected for shear
deformations close to or just beyond yield deformation.

Fig. 5 gives the asperity contact angle distribution for a rough and a smooth fracture surface obtained
from the analysis of measured profiles [26]. As seen from Fig. 5, the smoother surface has a smaller mean

Fig. 4. Asperity height distributions before and after shear.
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asperity angle as compared to rougher surface. Furthermore, asperity angle distribution for the smoother
surface is narrower signifying a smaller variance of asperity angles. The data in Fig. 5 indicates that, as the
surface becomes relatively smoother, the mean asperity angle and the variance of asperity angle distribution
decrease. Fig. 6 gives the measured evolution of mean asperity contact orientation with shear deformation.
The mean asperity contact orientation is found to decrement in a hyperbolic fashion with fracture shear. It
is noteworthy that for a small initial shear displacement, the asperity contact orientation remains constant
indicating that a critical shear displacement, dc, is required before the asperity damage commences. The
critical shear displacement has similarity with the critical interlocking distance required to shear off as-
perities discussed in Ref. [26] in the context of wear of contacting rough surfaces. The measured data
depicted by solid symbols in Fig. 6 is obtained from the analysis of lab experiments on fractures in concrete
presented in Ref. [19]. To the knowledge of the author, measured data describing the evolution of asperity
contact orientation variance is not available in the literature.

3.3. Asperity height and contact orientation evolution laws

Based upon the experimental evidence of the effect of asperity damage on the statistical properties of a
surface roughness, we postulate simple damage laws to describe the evolution of asperity height and as-
perity contact orientation distributions. In this regard we note that previous theoretical and laboratory
studies on wear of contacting surfaces have related surface wear to shear displacement and shear work (cf.
[26,29]). In this paper, we assume that the asperity damage is related to the work done to shear the fracture.

Fig. 5. Asperity orientation for smooth and rough fracture surface.

Fig. 6. Evolution of average asperity orientation with shear.
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Consequently, we propose that the standard deviation of asperity heights, rr, decrease in accordance with
the following exponential law:

rr ¼ rr0 exp �k1Esð Þ ð25Þ
where rr0 is the standard deviation of asperity heights for shear displacement less than the critical shear
displacement, dc; k1 is a material constant; and Es is the total work done to shear the fracture. Given that
the experimental evidence suggests only a small change in mean asperity heights during shear, we assume
the mean asperity height to remain unchanged. As an example, Fig. 7 gives the variation of asperity height
standard deviation with shear displacement for k1 ¼ 0:01. The associated evolution of asperity height
distribution is shown in Fig. 8, which gives the initial height distribution as well as the height distributions
after 2 and 5 mm shear displacements (depicted by points 1, 2 and 3 in Fig. 7). As seen from the asperity
height distributions, the surface roughness evolves by progressive removal of the highest asperities of the
initial surface and the gradual decrement of the asperity height variance. The initial surface is defined by the
following gamma distribution parameters: a ¼ 4 and b ¼ 1:5 mm, such that the asperity height mean and
standard deviation are 7.5 and 3.35 mm, respectively. The asperity height standard deviations for distri-
butions 2 and 3 are 2.64 and 1.84 mm, respectively.

We also propose that the mean asperity contact orientation parameter, a, increase linearly with the shear
work as follows,

a ¼ a0 1ð þ k2EsÞ ð26Þ

Fig. 7. Evolution law for asperity height standard deviation.

Fig. 8. Asperity height distributions showing the effect of evolution law given in Fig. 7.
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where a0 is the asperity contact orientation parameter for shear displacement less than the critical shear
displacement, dc; and k2 is a material constant. Assuming, that asperity contact orientation parameter
b ¼ 0, the mean and variance of asperity contact orientations in the meridional direction may be obtained
from Eq. (12). Combining Eqs. (12) and (26), we see that the mean asperity orientation follows a hyperbolic
decrement law. As an example, Fig. 9 gives the evolution of mean and standard deviation of asperity
contact orientations in the meridional direction with shear deformation for k2 ¼ 0:01. As evident from the
comparison of Figs. 6 and 9, the evolution law in Eq. (26) captures the essence of the evolution of asperity
contact orientation with shear deformation.

3.4. Fracture softening behavior under shear

The asperity height and contact orientation evolution laws defined in the previous section are utilized
with Eqs. (19a) and (19b) to obtain the shear behavior of fractures under constant normal stress. In Fig. 10,
we compare the shear resistance–shear displacement curves obtained from the present model with the
experimental data on three types of model fractures with different surface roughness reported by Bandis
et al. [18]. Shear resistance is defined as the ratio F2=F1, where F1 and F2 are fracture normal and shear
stresses, respectively. Solid lines give the calculated curves while the experimental data are indicated by
symbols. The calculated curves were obtained using asperity friction coefficient of l ¼ 0:85, and the fol-
lowing stiffness parameters: g ¼ 0:5, K ¼ 200 MPamm1=2, and k ¼ 1:2. These stiffness parameters are based
upon the Hertz–Mindlin stiffness parameters given in Eq. (22) for a shear modulus G ¼ 750 MPa, Poisson’s
ratio m ¼ 0:3, and asperity radius of curvature R ¼ 30 lm. The shear modulus and asperity radius of
curvature are based upon data given in Ref. [18]. In absence of measured data of surface topography we
assume that �95% of the asperity are in contact under initial conditions, such that the initial overlap for the
fracture is r0 ¼ 10 mm. The initial asperity height distributions and its evolution with shear are taken to be
same for the three fracture types. The parameters for initial asperity height distributions and its evolution
with shear are same as for the distributions shown in Fig. 8. The asperity contact density is taken to be
N ¼ 10 per cm2 for the three fracture types. The variation in surface roughness are modeled by assuming
the following asperity contact orientation parameter for the three fracture types: a ¼ 4 for smooth, a ¼ 2:4
for intermediate and a ¼ 1:4 for the rough fractures. For all the fractures the asperity contact orientation
parameters b and c are assumed to be zero. The initial mean asperity orientation, calculated as the ex-
pectation EðhÞ ¼

R
hnðXÞdX, is 14� for smooth, 24� for intermediate and 41� the rough fractures. The

evolution of asperity contact orientation parameter a follows Eq. (26) with k2 ¼ 0:015, such that mean and
standard deviation of asperity contact orientation vary in the manner similar to that in Fig. 9.

Fig. 9. Evolution of mean and standard deviation of asperity contact orientation.
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As seen from Fig. 10, sheared fractures often exhibit a softening behavior past the peak shear strength. It
is encouraging to note that the proposed asperity contact orientation evolution law in combination with the
micromechanical model correctly replicates the softening behavior of fractures. Based upon model results,
we observe that the softening behavior mainly depends upon (1) initial surface roughness, (2) rate and
process of surface roughness evolution caused by asperity damage. The effect of initial surface roughness
upon shear resistance versus shear displacement behavior may be seen from Fig. 10. The rough fracture has
a considerably pronounced softening past peak shear resistance while the smooth fracture exhibits almost
no softening behavior.

Fig. 10. Comparison of measured and calculated shear behavior of single fractures with different surface roughness under normal

stresses of 10, 34, and 90 kPa, respectively.
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Furthermore, for a given initial surface roughness and material properties, the asperity damage and the
consequent change in roughness is critically affected by the fracture normal stress. Fig. 11 shows the effect
of fracture normal stress upon the evolution of mean asperity contact orientation for the rough fracture.
We observe that close to peak shear resistance, corresponding to shear displacements in the range of 1–2
mm, larger shear stresses are required to achieve the same shear displacement under higher normal stresses.
As a result, under higher normal stresses, the asperity damage occurs at a faster rate below peak shear
resistance. Consequently, lower peak shear resistance is obtained under higher fracture normal stress, as
exemplified in Fig. 12(a), which gives the peak shear resistance, expressed as friction angle tan�1ðF2=F1Þ,
plotted against the fracture normal stress. The corresponding peak shear stress versus fracture normal stress

Fig. 11. Effect of fracture normal stress upon the evolution of mean asperity contact orientation.

Fig. 12. Comparison of measured and calculated shear failure behavior of single fractures with different surface roughness: (a) friction

angle, and (b) failure envelopes.
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behavior is given in Fig. 12(b). It is remarkable that the friction angles at higher stresses are considerably
lower for a given initial surface roughness. Past peak, in the softening regime, the asperity damage rate is
almost same under different normal stresses, therefore, the rate of softening is slower for higher fracture
normal stresses as seen in Fig. 10.

3.5. Fracture dilatation behavior under shear

In Fig. 13(a), we compare fracture dilatation behavior calculated using the present model with the ex-
perimental data reported in Ref. [18] for the three types of fractures discussed in Section 3.4. The vertical
displacements versus shear displacement curves are obtained for constant normal stress shearing of these
fractures. Ref. [18] gives the measured data for a constant normal stress of 24 kPa only. In Fig. 13(b), we
show the effect of fracture normal stress upon the dilatation behavior. We observe that the fracture dila-
tation increases with roughness. We also observe that larger compression and lower dilatation is obtained
at higher normal stresses. In addition, as the shear displacements increase, the vertical displacements tend

Fig. 13. (a) Comparison of measured and calculated shear–dilatation behavior of single fractures with different surface roughness.

(b) Effect of fracture normal stress on dilatation behavior.
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to a constant steady state value. The model correctly predicts the increased dilatation with increasing
roughness. Notably, the model replicates the trends of dilatation behavior encouragingly well, given that
the values of parameters used for model calculations are same as those used for Fig. 10, even though the
fractures are not identical. We also note that the constant vertical displacement at large shear displacement
results from the manner in which the surface roughness evolves with shear displacement. At large shear
displacement, the asperity contact orientations also tend to a steady state condition as seen from the
evolution law in Fig. 9.

The effect of fracture dilatation is further exemplified by studying the fracture shear behavior under a
constant fracture opening condition. Under this type of loading condition, the fracture normal stress varies
as the fracture is sheared. Figs. 14 and 15 give a comparison of calculated and measured stress–shear
displacement curve for a fracture sheared under constant normal opening. Experimental data are indicated
by symbols, while the solid line gives the calculated curves. The experimental data was obtained from Ref.
[19] for constant crack width shear of fractures in cement concrete. The calculated curves were obtained
using asperity friction coefficient of l ¼ 0:6, and the following stiffness parameters: g ¼ 0:5, K ¼ 250 GPa
lm1=2, and k ¼ 1:2. These stiffness parameters are based upon the Hertz–Mindlin stiffness parameters given
in Eq. (22) for a shear modulus G ¼ 22:5 GPa, Poisson’s ratio m ¼ 0:3, and asperity radius of curvature
R ¼ 50 lm. The shear modulus is estimated as a typical value for cement concrete and the radius of cur-
vature is assumed based upon a nominal particle size of 0.1 mm. In absence of measured data of surface
topography we assume that �10% of the asperity are in contact under initial conditions, such that the initial
overlap for the fracture is r0 ¼ 1:1 mm. The initial asperity height distributions parameters are taken to be:
a ¼ 8 and b ¼ 0:25 mm, such that the mean and standard deviation of asperity heights are 2.25 and 0.56
mm, respectively. The contact density is taken to be N ¼ 1 per cm2 and the asperity contact orientation
parameter a ¼ 2, such that the initial mean asperity orientation is 29�. The evolution of asperity height
standard deviation follows Eq. (25) with k1 ¼ 0:001, and the evolution of asperity contact orientation
parameter a follows Eq. (26) with k2 ¼ 0:015.

As seen from Fig. 14, the present model captures the shear strength and softening phenomena rea-
sonably well. Furthermore, the model correctly replicates the variation of normal stress with shear dis-
placement. The normal stress variation relates closely to the dilatation behavior of fractures. As seen
from Fig. 15(a), the normal stress first decreases corresponding to the tendency of a fracture to close
when the shear displacement is small. The normal stress then increases to a steady state as the fracture
has a tendency to dilate to a steady state opening corresponding to the dilatation behavior shown in
Fig. 13.

Fig. 14. Comparison of measured and calculated shear behavior of single fractures under constant normal fracture opening.
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4. Concluding remarks

A micromechanical model is developed to study the effect of asperity damage on fracture shear behavior.
The aim of this effort is to: (1) investigate the mechanisms of fracture shear resistance softening under shear
loading, (2) model the fracture shear strength, and (3) replicate the fracture dilatation behavior under shear
loading. We recognize that the above three aspects of fracture behavior are critically influenced by inter-
action between asperities and the evolution of fracture surface roughness during shear. Consequently, we
use a micromechanical methodology that explicitly considers asperity interactions and surface roughness,
as characterized by statistical distributions of asperity heights, and asperity contact orientations. Gamma
distribution is used for describing asperity heights, while a modified spherical harmonic expansion is used to
model the asperity contact orientation distribution. The fracture surface roughness change as a result of
asperity damage is modeled by using evolution laws for asperity height and asperity contact orientation
distributions. Considering the previous studies on wear of contacting surfaces, we assume that the asperity
damage and, consequently, the evolution laws are related to energy required to shear the fracture.

Experimental observation shows that the mean asperity height as well as the variance of the asperity
height distribution becomes smaller with shear. Smaller mean and variance of asperity heights results from
the wear of asperities to produce a smoother fracture surface with uniform asperity heights. Experi-
mental evidence also suggests that the change in mean asperity heights is negligibly small at small shear

Fig. 15. Comparison of measured and calculated (a) normal stress, and (2) shear stress of a single fracture sheared under constant

normal fracture opening.
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displacements. Consequently, the evolution of asperity height distribution is modeled using an exponential
decrement law for asperity height standard deviation. In addition, the mean and variance of asperity
contact orientation also decrease with shear displacement. Experimental evidence shows that the mean
asperity contact orientation decrements in a hyperbolic fashion with fracture shear. Therefore, the evo-
lution of asperity contact orientation distribution is modeled by assuming that the asperity contact ori-
entation parameter, a, varies linearly with shear work. Based upon experimental evidence, we also observe
that a critical shear displacement, dc, is required before the asperity damage commences. The critical shear
displacement is incorporated in the evolution laws proposed in this paper.

The derived model is used to study fracture softening and dilatation behavior under shear. The model
correctly replicates the softening of fracture shear resistance, and the dependency of fracture shear strength
and fracture dilatation behavior on surface roughness and fracture normal stress. Results calculated with
the model are compared with experimental measurements obtained from the literature. Encouraging
comparisons are obtained for: (1) shear resistance–shear displacement behavior, (2) fracture shear strength,
(3) fracture dilatation behavior when sheared under constant normal stress, and (4) fracture normal stress
behavior when sheared under constant fracture opening.
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