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ELASTIC AND ELECTRICAL BEHAVIOR OF SOME RANDOM

MULTISCALE HIGHLY-CONTRASTED COMPOSITES

FRANÇOIS WILLOT∗ AND DOMINIQUE JEULIN†

Abstract. The role of a non-uniform distribution of heterogeneities on the elastic as well as
electrical properties of composites is studied numerically and compared with available theoretical
results. Specifically, a random model made of embedded Boolean sets of spherical inclusions (see e.g.
Jean et al, 2007) serves as the basis for building simple two-scales microstructures of “granular”-
type. Materials with “infinitely-contrasted” properties are considered, i.e. inclusions elastically
behave as rigid particles or pores, or as perfectly-insulating or highly-conducting heterogeneities. The
inclusion spatial dispersion is controlled by the ratio between the two characteristic lengths of the
microstructure. The macroscopic behavior as well as the local response of composites are computed
using full-field computations, carried out with the ”Fast Fourier Transform” method (Moulinec and
Suquet, 1994). The entire range of inclusion concentration, and dispersion ratios up to the separation
of length scales are investigated.

As expected, the non-uniform dispersion of inhomogeneities in multi-scale microstructures leads
to increased reinforcing or softening effects compared to the corresponding one-scale model (Willot
and Jeulin, 2009); these effects are however still significantly far apart from Hashin-Shtrikman
bounds. Similar conclusions are drawn regarding the electrical conductivity.

Key words. Homogenization, Linear elastic media, Linear conductors, Reinforced composites,
Multiscale models, Porous media, Percolation, RVE

AMS subject classifications. 74B05, 74Q20, 74Q05

1. Introduction. In many practical situations, composite materials are made
of a non homogeneous distribution of inclusions, as a result of a non uniform mixing
during the dispersion of inclusions in the matrix. For instance, this is the case of
carbon black nanoparticles in a resin matrix (13; 41; 18; 5), in an elastomer matrix
(10), or of carbon nanotubes (19), that are dispersed into clusters. Fortunately, this
non homogeneous distribution is not detrimental to the macroscopic properties of
composites in the case of reinforcement particles (e.g. more conductive or stiffer than
the matrix). The object of this paper is to predict these effects for specific multiscale
models, namely combinations of Boolean models of spheres in the case of a very high
contrast of properties.

After a reminder of the construction and of some morphological properties of
multiscale Cox Boolean models, the corresponding analytical third order bounds are
recalled. For the high contrast case, the practical use of bounds to predict the effective
properties is limited, and since no general analytical tools are available, it is required
to have recourse to numerical techniques on simulated microstructures in order to
estimate local fields and homogenized properties. In the present case we make use
of FFT numerical estimates for conductivity and linear elasticity, implemented on
simulated binary images of the microstructure. This numerical tool that does not
need any meshing of the microstructure can handle rather large systems (up to 750 3

in the present case), and is therefore well suited to complex multiscale microstructures.
Our approach is applied to the study of the mechanical behavior of multiscale rigidly-
reinforced or porous composites, as well as to the electrical behavior of multiscale
composites with highly conducting or perfectly insulating inclusions. Finally, the
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Saint Honoré, F-77305 Fontainebleau CEDEX, France (francois.willot@mines-paristech.fr.)

†idem, dominique.jeulin@mines-paristech.fr

1



2 F. WILLOT AND D. JEULIN

statistical fluctuations of fields observed in simulations are accounted for to define a
statistical RVE, and to give a precision of our results.

2. Preliminaries on multiscale random media. Multiscale models of ran-
dom media are of common practice in geostatistics,for instance in order to describe
the complex distribution of minerals in orebody deposits (28). The most usual ap-
proach is to decompose a given random function Z(x) into the sum of n uncorrelated

components Zi(x),with Z(x) =
∑i=n

i=1 Zi(x). For stationary random fucntions,this
can be made through the decomposition of the central covariance of Z(x) (see the
definition in section 9.1) into the sum of models of covariances with different scales,
as it is done in the mining area. For random sets, the addition has to be replaced by
some set operations, like the union or the intersection of random sets with different
scales (13). Other models exist, like hierarchical models built on random tesselations
of space (13; 16). In what follows, we will consider generalizations of the one scale
Boolean model (26; 29) to multiscale Boolean model based on Cox point processes,
as proposed in (14).

3. Multiscale random media.

3.1. One-scale Boolean model. In the “one-scale model”, noted (B), a Boolean
random set of spheres (26; 29) is used to generate microstructure samples. It is recalled
that when inclusions are located on the Poisson points with a homogeneous intensity
(average number of points per unit volume) θ, the volume fraction of spheres f is
given by:

f = 1 − e−θ 4π

3
a3

. (3.1)

To account for microstructures variability in a bounded domain Ω , the Boolean
samples used in model (B) are made up of a varying number of spheres. The random
number of centers of spheres contained in Ω (here a cube with edge L) follows a
Poisson distribution with average λ = θL3. The model’s single parameter is thus the
spheres volume fraction f whereas the microstructure’s characteristic length is a.

3.2. Two and three-scale embedded Boolean models. Multiscale models
are generated in two steps, using embedded Boolean random sets as described below.
These models are examples of Cox Boolean models, where the homogeneous Poisson
point process is replaced by a Cox point process (Poisson process with a random
intensity Θ(x)) (14). In the first step, a microstructure made of a Boolean set of
spheres of radius a(L) (called “large spheres”) and desired volume fraction of the
spheres f (L) is generated. In the second step, a Boolean random set of spheres of
radius a < a(L) (called “small” spheres) is generated, under the constraint that all
small sphere centers lie inside a large sphere. More precisely, in the second step,
sphere centers that are not contained in a large sphere are discarded in the Boolean
random process. Additionally, the intensity of small spheres θ′ is adjusted as follows,
where f (L) is given by equation 3.1:

f ∼ f (L)
[

1 − e−θ′ 4π

3
a3

]

. (3.2)

A Poisson point process with intensity θ is used for estimating θ′. The inclusions in
the final microstructure is the set of small spheres, whereas the rest of the domain is
the matrix phase. An example of such embedded Boolean sets process is illustrated
in Fig. 10.1 on a planar section of the 3D microstructure. As shown in (19), the
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percolation threshold of a two-scale medium is approximately the product of the two
percolation thresholds, and is therefore lowered as compared to the one-scale media .
It results into an expected reinforcement of the material in the case of rigid inclusions,
as illustrated in this paper.

The volume fraction of the small spheres in the set of large spheres is noted
f (S) ∼ f/f (L). Two models are considered depending on the choice of f (L). In the
iterated model, labelled (IB), f (L) = f (S) =

√
f , allowing for any value of f in the

range 0 − 1; in the non-iterated model, labelled (MB), f (L) has a finite fixed value,
and f lies between 0 and f (L). In the limit L ≫ a(L), both models are parametrized
with f , and their characteristic length scales are a(L) and a. Finally, the percolation

threshold for the spheres is noted f
(.)
p for the various models, with f

(B)
p ≈ 0.2896

(40; 18), f
(IB)
p =

(

f
(B)
p

)2

≈ 0.083 and f
(MB)
p = 0.2896f (L) when f (L) ≤ f (B).

Non-iterated models with specific values of f (L) are noted as (MB− f (L)), e.g. (MB-
20) means f (L) = 0.2 = 20%. Finally, a 3-scales iterated Boolean model (B3), is
introduced using the same methodology as for model (IB). Use is made of three
embedded Boolean models (L), (S), (S’) with decreasing spheres radius and equal
volume fractions f (L) = f (S) = f (S′) = f1/3. Spheres at the length scale (S) are
selected when their centers lie inside a sphere at the upper length scale (L), as for
model (IB). In turn, spheres at the smallest length scale (S’) are kept when their
centers lie inside spheres at the length scale (S). The resulting microstructures, made
of spheres at the smallest length scale (S’), have a volume fraction f . Unlike model
(IB), full-field numerical computations for the 3-scales model (B3) were not performed,
due to large volumes and discretization involved; only the effective properties of model
(B3) are numerically computed, under the assumption of separation of length scales
between (L), (S) and (S’), as precised in Sec. 7.1.4.

Consistently with the periodic boundary conditions considered in numerical com-
putations, all Boolean random sets are made periodic. The domain Ω is seen as the
elementary cell of a periodic material, i.e. all coordinate points in the medium are
computed modulo L. All the results of simulations are provided with the average of
the true volume fractions, measured on simulations, instead of using the approxima-
tion 3.2.

Such models, and their 3-scale version were used to model in practical situations
the distribution of carbon black nanoparticles in various matrices (41; 5; 10). In the
corresponding references, the problem of estimating the model parameters from image
analysis, is addressed by measuring various probabilistic properties like the covariance
of binary images.

4. Analytical bounds. The effective properties can be bounded from a limited

statistical information (2; 24). The more common bounds are Hashin and Shtrikman’s
(H-S) (8; 9), based on the volume fractions of components in the case of statistically
isotropic media. However, many different morphologies can be imagined for given
volume fractions. Narrower bounds are obtained by combining a variational principle
and trial fields. In practice, it is difficult to obtain useful results beyond the third
order. In this work, we make use of Beran’s third-order bounds for Boolean media
(1).

4.1. Morphological functions to calculate third order bounds. In the
case of random materials with elastic isotropic components, and with an isotropic
geometry, the third order bounds were given by Beran and Molyneux for the bulk
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modulus κ (1) and by McCoy for the shear modulus µ (31). These bounds are valid
for multiphase media, and more generally for elastic moduli modelled by random
functions (2; 26; 27; 24; 11). In (15) are given examples of bounds of the dielectric
permittivity for some random functions.

The third order bounds depend on the moduli of the two phases, the volume
fraction f , and on two morphological functions introduced by Milton (33) ζ1(f) and
η1(f) (0 ≤ ζ1(f) ≤ 1 and 0 ≤ η1(f) ≤ 1), calculated from the three-point probabilities.
We note P (h1,h2) the probability for the three points {x}, {x + h1}, {x + h2} to
belong to the random set A.

The third order bounds of κ depend only on the function ζ1(f). If ζ1(f) = 1 or
0, κ+ = κ− (= κHS− (ζ1(f) = 1) or κHS+ (ζ1(f) = 0)). The Hashin and Shtrikman
bounds are therefore a limiting case of third order bounds of κ. We have the same
situations concerning third order bounds of the electrical conductivity.

It turns out that when η1(f) = ζ1(f) = 1 (0) and when κ1 = κ2 = ∞, µ+ = µ− =
µHS+(µHS−).

The morphological functions ζ1(f) and η1(f) can be calculated analytically in
some cases, but most often numerically. For instance, for a Boolean model of spheres
(with a single radius a), we approximately have:

ζ1(f) ≃ 0.5615f (3; 42; 43; 44)
η1(f) ≃ 0.711f(3; 42; 43; 44)

(4.1)

4.2. Combination of basic random sets. More complex models can be built
from elementary ones (13; 41). We consider here multi-scale models. An interesting
construction is obtained for the intersection of independent random sets . For A =
A1 ∩ A2 with volume fractions f1 and f2 we have:

P (h1,h2) = P1(h1,h2)P2(h1,h2)

for widely separate scales (in particular for A2 with a lower scale), we have approxi-
mately, noting ζH1(f), ζ11(f1) and ζ12(f2) the morphological functions of the two-scale
medium A, of A1 and A2, and with similar notations for η1(f):

f(1 − f)ζH1(f) ≃ f1f2(1 − f2)ζ12(f2) + f3
2 f1(1 − f1)ζ11(f1)

f(1 − f)ηH1(f) ≃ f1f2(1 − f2)η12(f2) + f3
2 f1(1 − f1)η11(f1)

These approximations, given in (13), are asymptotically exact for an infinite separa-
tion of length scales between the two scales. Their derivation, requiring some algebra,
is given in (21). When using a Boolean model of spheres for the two scales, it can be
shown that ζH1(f) ≥ ζ11(f) (or ζ22(f)) (13), and the third order upper bounds of κ
and of the conductivity increase when increasing the number of scales. This can be
explained by a lowering of the percolation threshold.

If the two structures are built from the same random set with f1 = f2, we obtain
after n iterations of the process involving intersections:

ζ
(n)
H1 (f) =

1 + f

1 + f1/n
ζ1(f

1/n) (4.2)

η
(n)
H1(f) =

1 + f

1 + f1/n
η1(f

1/n)
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for n → ∞ we get asymptotically ζ
(n)
H1

(f) → 1 + f

2
ζ1(1) and η

(n)
H1(f) → 1 + f

2
η1(1).

As shown in (16), starting from the complementary set of a Boolean variety of dilated

Poisson planes ((12), we have ζ1(1) = η1(1) = 0 and therefore ζ
(∞)
H1

(f) = η
(n)
H1 (f) = 0.

Its complementary set is a union of dilated planes with separate scales, for which

ζ
(∞)
H1

(f) = η
(n)
H1 (f) = 1. The obtained limit structure admits two equal third order

bounds for the bulk modulus κ, namely the effective modulus (it is the same result
for the conductivity). If κ2 > κ1 is attributed to the union of dilated planes,

κeff = κ− = κ+ = κHS+

If κ2 > κ1 is attributed to the complementary set of dilated planes,

κeff = κ− = κ+ = κHS−

We obtain the construction of an optimal structure corresponding to these bounds,
based on the Boolean model. This is an alternative microstructure to the well known
Hashin coated spheres. On the other hand, by this process are obtained two separate
bounds for the shear modulus µ. However they are very close if the materials are well
ordered, that is if (κ2 − κ1)(µ2 − µ1) > 0.

For an infinite contrast, the upper bound increases to infinity whatever the mi-
crostructure is (it becomes irrelevant) when one of the phase becomes rigid. However
the evolution of bounds with the microstructures provides useful guidelines to increase
the effective properties from multiscale models, as illustrated in the remaining parts
of this paper from numerical estimations on simulations.

5. Local and effective behavior.

5.1. Mechanical properties. The constitutive behavior of the matrix phase
follows an isotropic, compressible linear elastic law, such that the stress and strain
tensors are related by the elastic tensor L:

σ(x) = L : ε(x), Lijkl = κδijδkl + µ(δikδjl + δilδjk) (5.1)

where σ and ε are the local stress and strain tensors, respectively, and where κ = 1 and
µ = 1 are the bulk and shear moduli in the matrix, respectively. The above equation
is rewritten in terms of the mean and deviatoric strain and stress components:

σm = 3κεm, σ′ = 2µε′, ε′ij = εij − εmδij , σ′

ij = σij − σmδij , (5.2)

where the scalars εm = εii/3 and σm = σii/3 are the mean strain and mean stress
components, respectively, whereas we note ε′ and σ′ the strain and stress deviatoric
parts. This study is concerned with homogenization of strongly contrasted phases, i.e.
either porous or rigid inclusions are considered. In the porous phase, the constitutive
law reads σ ≡ 0 with strain undefined, whereas rigid behavior is simulated using the
constitutive law σ = hL : ε where h = 104. Such finite value allows one to study
the macroscopic behavior of rigidly-reinforced composites for values of the volume
fraction of spheres f larger than the percolation threshold fp.

The strain derives from a displacement field u (referred to as the “strain compat-
ibility”condition). Assuming small deformation, this reads:

εij =
1

2
(∂iuj + ∂jui), (5.3)
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Symmetrically, the stress field satisfies an “equilibrium equation”, which reads, in the
absence of external forces:

∂iσij = 0. (5.4)

The effective properties are computed by taking averages over the elementary cell Ω.
It is assumed that isotropy is recovered at the macroscopic scale:

ε0 = 〈ε〉, σ0 = 〈σ〉 = L
(0) : ε0, (5.5)

L
(0)

ijkl = κ0δijδkl + µ0(δikδjl + δilδjk) (5.6)

where ε0 and σ0 are the macroscopic strain and stress, respectively, and L(0) is the
macroscopic elastic tensor. The notations κ0 and µ0 refer to the effective bulk and
shear moduli, respectively, and are normalized by κ and µ in graphs. Alternatively,
the more precise notation L(M)(f, hL(1)) (or simply L(M)(f, h)) is used for a particular
microstructure model M (M=B, IB, MB) with contrast h and sphere volume fraction
f (likewise for κ(M) or µ(M)). For instance, it is obvious that:

L
(IB)(f, h) = L

(B)(
√

f, L(B)(
√

f, h)). (5.7)

To estimate numerically L(M), both hydrostatic and shear strain loading are consid-
ered. More precisely, the macroscopic strain takes one of the two forms

(ε0)ij = ε0δij , (ε0)ij = ε0(1 − δij), (5.8)

where ε0 = 1 is a scalar.

5.2. Conducting properties. For the sake of comparison, it is interesting
to consider the mechanical as well as the conducting properties of heterogeneous
multi-scale materials made of infinitely-contrasted phases, i.e. containing perfectly-
insulating or highly-conducting inclusions. Linear conductivity is assumed for the
material local response. The electric and current vector fields are noted E and J ,
respectively, such that, in the matrix:

J(x) = χE(x), (5.9)

where χ = 1 is the electric conductivity. In insulating inclusions, the local current is
zero (J = 0) whereas the electric field E is undefined; in highly-conducting inclusions,
the local response is defined as J = response is defined analogously to the elastic case.
The electric field derives from a potential Φ, whereas the current is divergence-free:

Ei = −∂iΦ, ∂iJi = 0. (5.10)

Assuming an isotropic microstructure, the corresponding macroscopic properties are
defined as:

J0 = 〈J〉 = χ0E0, E0 = 〈E〉, (5.11)

where J0 and E0 are the macroscopic current and electric fields and χ0 is the effective
conductivity. The latter is computed by applying a difference of potential along an
arbitrary direction ex:

E0 = E0ex, (5.12)

where E0 is a scalar.
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6. FFT numerical estimates. The numerical approach used in this work is
based on the FFT method introduced in (37) (“direct scheme”), and specifically on
the “augmented Lagrangian” algorithm proposed in (32). The latter offers better con-
vergence in the case of strongly-contrasted properties than the original direct scheme.
The microstructure is simulated by a cube made of L×L×L voxels, and digitized with
resolutions L = 512 or L = 750. To each voxel is assigned a phase (either inclusion or
matrix), with its appropriate local elastic moduli or conductivity. The FFT method
consists of a fixed-point algorithm based on the Lippmann-Shwinger equations. For
linear elastic problems, the latter reads:

ε(x) = ε0 +

∫

d3x′
G

(0)(x − x′) : τ(x), (6.1a)

τ(x) =
[

L(x) − L
(0)

]

: ε(x), (6.1b)

where G(0) is Green’s strain functions, L(0) is an homogeneous reference tensor and τ
is the strain polarization field. The convolution in Eq. (6.1a) accounts for the admis-
sibility and stress equilibrium conditions (the strain field derives from a displacement
and stress is divergence-free) and is computed in the Fourier domain, whereas the
local properties are accounted for in (6.1b) and are computed in the real space. The
error criterion

η = max
q

{ |qi · σij(q)|
σ0

}

, (6.2)

where q are Fourier frequencies, is used to monitor convergence at each iteration.
Iterations are typically stopped when η ≈ 10−5. It has been observed that the con-
vergence properties strongly depend on the choice of the reference tensor L(0). The
latter is chosen in the form L(0) = tL where L is the elastic tensor in the matrix, and
t is optimized on microstructures with small resolution (e.g. a grid of 323 voxels).
It is found that t varies from 10−1 for porous media to 103 for rigidly-reinforced mi-
crostructures. The number of iterations varies from 40 to 500 iterations, depending
on the microstructure.

For each microstructure, four random microstructure samples were used to per-
form FFT computations. From the variance over simulations a confidence interval is
calculated and given on the plots. Overall, a relative precision of about 1 to 5% is
achieved for nearly all points. In effect, the size of one sample alone is sufficiently
high, as compared to the highest characteristic length in the microstructure, to allevi-
ate for what would be a lack of representativity at smaller sizes. The representativity
of the samples is discussed in more details in Sec. 9.3.

7. Mechanical behavior.

7.1. Rigidly-reinforced composites.

7.1.1. Behavior in the dilute limit . In this section, the behavior of various
multiscale Boolean models is investigated in the dilute limit (f → 0). Emphasis is
made on the effective bulk modulus κ0 of rigidly-reinforced media. In order to derive
analytical results, separation of length scales is assumed.

Consider a two-scale microstructure (M) made of two embedded Boolean models
with inclusion concentrations f1 and f2 at the smallest and largest scales, respectively,
where the total volume fraction of rigid inclusions is f = f1f2. Its effective elastic
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tensor L(M) is obtained from the formula:

L
(M)(f) = L

(B)(f2, L
(B)(f1, +∞)), (7.1)

where it is recalled that the local behavior of the matrix is defined by its elastic tensor
L of moduli κ = µ = 1. Accordingly, the iterated Boolean model (IB) corresponds to
f1 = f2 =

√
f , whereas in the non-iterated two-scales models (MB), f2 is fixed and

f1 = f/f2. For the Boolean model (B) with general elastic tensor L(inc) in inclusions,
the effective properties L(B)(f, L(inc)) may be rewritten as L(B)(f, h, h′) in terms of
the phase contrasts h = κ(inc)/κ and h′(inc)/µ where κ(inc), µ(inc) are the inclusions
bulk and shear moduli, respectively. Consequently, the behavior of the bulk modulus
κ(B) of L

(B) in the dilute-limit is given by Hashin-Shtrikman’s lower bounds (HS) up
to first-order correction. Assuming an analytical expansion up to order 2:

κ
(B)
0 /κ = 1 +

7(h − 1)

4 + 3h
f + b(h, h′)2 + O(f3), (7.2)

where the factor b(h, h′2) when h → 1, as (HS) bounds are exact up to the second-
order in contrast. In the infinite-contrast limit (h = h′ → ∞), b(h, h′) → β with
β ≥ 7/3 according to (HS) lower bounds. For a uniform probability distribution of
well-separated spheres (45) gives the approximate value β = 287/108 ≈ 2.66 > 7/3,
whereas an exact formula is given in (4). The expansion in the dilute limit of a two-
scales materials (M) depends on the behavior of f1 and f2 as f → 0, or equivalently
that of f and f1, the latter being interpreted as a dispersion parameter. Large values of
f1 correspond to highly non-uniform distribution of heterogeneities with rigid particles
grouped in aggregates, whereas the spatial distribution of heterogeneities is more
uniform at low values of f1. Assuming a power law behavior f1 ∼ pf r so that
f2 ∼ f1−r/p with 0 ≤ r ≤ 1, use is made of Eqs. (7.2) and (7.1):

κ(M)/κ = 1 + (7/3)f [1 + (f/f∗)r] + O(f1+2r + f2), (7.3)

where f∗ = [p(3β/7−1)]−1/r. The next-to-leading order term in ∼ f1+r has a positive
prefactor, hence it occurs that, as expected, two-scales media have stronger elastic

properties: in the dilute limit κ
(MS)
0 > κ

(B)
0 . Also, the elastic reinforcement is larger

when inclusions are non-uniformly distributed, i.e. when p increases or r decreases at
constant f . In the non-iterated Boolean media (MB) considered in this work, f2 is
constant, i.e. r = 1. For this value of r, an analytical expansion is recovered for the
bulk modulus. Compared to the one-scale Boolean model, a small reinforcing effect
is observed, at the second-order in the rigid phase volume fraction (∼ f2). In the
opposite limit r → 0, or equivalently when the volume fraction f1 at the small scale
is constant, the terms in f1+r as well as terms embedded in O(f1+2r) become linear
in f . Although the overall linear correction depends on the entire expansion of Eq.
(7.2), it may be derived at first-order in f1. At fixed f1 ≪ 1 and f → 0:

κ(r=0)/κ = 1 + α(f1)f + O(f2), α(f1) ≈ 7/3[1 + f1/f∗

1 + O(f2
1 )], (7.4)

where f∗

1 = (3β/7 − 1)−1. Accordingly, in a two-scale Boolean media, a highly non-
uniform dispersion (r = 0) leads to strongly reinforced elastic properties in the dilute
limit, in the sense that the first-order correction depends on interaction between neigh-
boring particles, and is different from Eshelby’s dilute estimate for a single inclusion.

The dilute regime is now investigated for n-scales (n ≥ 2) Boolean microstruc-
tures, noted (IB-n). In case of n-scales, the centers of the smallest spheres (making
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the reinforcement or the pores), are located inside the intersection of the n− 1 larger
scales. Again, we generate a Cox Boolean model where the random intensity Θ(x) of
the Poisson point process is proportional (factor θ) to the indicator function of the
n − 1 larger scales. For simplicity, it is assumed that the spheres concentrations of
Boolean models is the same at all scales, i.e. f1 = ... = fn = f1/n, where fi is the
sphere concentration at scale i. Said otherwise, such a microstructure corresponds
to a random hierarchical model where spheres are placed according to Poisson point
processes with intensities satisfying, for every scale i, θia

3
i = Cte. The overall be-

havior is that of the iterated Boolean model (IB) when n = 2. The dilute regime is
expanded as, using recursively Eq. (7.1):

κ(IB−n)/κ = 1 + (7/3)f [1 + f1/n/f∗

1 ] + O(f (n+2)/n). (7.5)

Accordingly, in the dilute limit, the reinforcement occurs at the next-to-leading order
term in ∼ (7/3)f1/n/f∗

1 . This reinforcement becomes quasi-linear when n ≫ 1, as
for a two-scale microstructure with f = 1 and r = 1/n ≪ 1. Therefore, the local
concentration at the smallest scale controls the reinforcement in the dilute limit.

7.1.2. Separation of length scales. The effective bulk (resp. shear) modulus
of two iterated Boolean models (IB-4) and (IB-10) is plotted on top (resp. bottom) of
Fig. 10.2 as a function of the volume fraction f of rigid spheres, and compared with
the elastic properties of the one-scale model (B). Models (IB-4) and (IB-10) differ only
by their scales ratio a(L)/a = 4, 10, respectively. In order to estimate the lower value
of scale ratio at which separation of length scales occur, comparison is made with the
effective elastic tensor L(FC) of a finite-contrast Boolean model (FC) that simulates
an iterated Boolean model with infinitely-separated length scales (i.e. a(L)/a = +∞).
The latter is a one-scale Boolean model (B) with sphere volume fraction

√
f , and where

the local properties of the spheres are given by the effective properties of model (B) at
the same volume fraction of spheres

√
f . Equivalently, formula (5.7) is implemented

numerically as two FFT computations of one-scale media. Accounting for the variable
change f →

√
f , L

(FC)(f) ≡ L
(IB)(f).

As expected, the non-uniform distribution of heterogeneities in the iterated two-
scales models (IB-4) and (IB-10) results, in the rigid case, in reinforced elastic behavior
compared to the one-scale Boolean model (B), at all volume fractions. For the iterated
model (IB), significant reinforcement occurs for volume fractions greater than the

percolation threshold (i.e. f ≥ f
(IB)
p = f2

p ≈ 0.083) and diminishes with f at large
volume fractions (f ≥ 0.4). For volume fractions up to f ≈ 0.4, separation of length
scales is obtained at a good precision when a(L)/a = 10. It is noted that for large
volume fractions, separation of length scales requires very large resolutions, as the
estimates at a(L)/a = 4 and 10 are almost identical for f > 0.6. In the remaining
part of the paper, the scale ratio in multi-scale models is fixed to a(L)/a = 10.

A practical consequence from an engineering point of view is that for a large con-
trast of properties it is possible to homogenize the effective properties by iterations
over the scales (starting from the smallest ones, and updating the properties of the
matrix phase at each iteration), as soon as their separation reaches an order of mag-
nitude. Therefore a simplification of the numerical homogenization tools by iterations
can be proposed in the case of a factor 10 in each intermediate scale. Lower separa-
tions of scales should be required for a lower contrast in properties. This scheme was
applied in the previous section about dilute concentrations 7.1.1.

7.1.3. Effective behavior. In Fig. (10.3), the effective elastic moduli κ0 and µ0

of various multiscale Boolean models (IB), (MB-20), (MB-30), (MB-50) are plotted
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as functions of f , the volume fraction of the rigid phase. Comparisons are made with
the one-scale model (B) as well as the third-order (TOB) and Hashin-Shtrikman (HS)
analytical bounds. A log-lin scale is used to emphasize the elastic behavior of the
material for the entire range of volume fractions, and the third-order (Beran’s) upper
bounds correspond to a Boolean microstructure with infinitely many scales. It turns
out that for the contrast used in our calculations, HS and TOB analytical bounds
are inefficient, being to far apart. Depending on the volume fractions of spheres f ,
the bulk moduli of Boolean models (MB-20), (MB-30) and (MB-50), i.e. models with
fixed large-scale parameter f (L), is higher or smaller than that of the iterated Boolean
model (IB). For small values of f , the former is less than the latter, whereas both
coincide at finite volume fraction f = f (1) = (f (L))2 = 0.04, 0.09 and 0.25, for models
(MB-20), (MB-30) and (MB-50), respectively. Non-iterated models also coincide with
the one-scale Boolean model (B) at the largest volume fraction f = f (L). This suggests
that there exists a volume fraction f (2) 6= f (1) at which the bulk modulus of model
(IB) is equal to that of non-iterated microstructures (MB-20), (MB-30) and (MB-
50). The curves presented in Fig. (10.3) show that f (2) > f (1) with f (2) ≈ 0.1, 0.18
and 0.35 for microstructures (MB-20), (MB-30) and (MB-50), respectively. Hence,
the elastic moduli of non-iterated Boolean models is successively smaller, larger and
smaller again than that of the iterated Boolean model for increasing values of the
rigid fraction f .

7.1.4. Two and three-scale Boolean microstructures. Estimates of the
effective bulk and shear moduli κ0 and µ0 of one, two and three-scale iterated Boolean
models (B), (IB) and (B3), respectively, are shown in Fig. (10.4), where a lin-log
scale is used. The mechanical behavior of the three-scales model (B3) is computed
numerically using a one-scale Boolean model with finite-contrast and applying Eq.
5.7. These results are compared with Hashin-Shtrikman’s (HS) and Beran’s third-
order upper and lower bounds (TOB, TOB∞). Two of Beran’s bounds are represented.
The lowest series of bounds corresponds to a one-scale Boolean microstructure (TOB),
whereas the highest series of bounds are that of a Boolean model with infinitely many
separated scales (TOB∞). As such, it is noted that any “iterated” microstructure
made of embedded Boolean models have elastic properties that are strictly lower
than Hashin-Shtrikman’s estimates. At large sphere volume fractions f ≥ 0.6, the
three-scales model (B3) has bulk and shear moduli close to that of Beran’s bounds,
however, as was observed in Fig. (10.2), separation of lengths scales requires very
high scale ratios in that range of volume fractions. In any case, it is noted that the
reinforcement effect between models (IB) and (B3) is very high at all volume fractions
and in particular higher than the one occurring between models (IB) and (B). For
instance, when f ≈ 30%, the reinforcement ratio for the bulk modulus is about 8
between models (B3) and (IB), and about 3 between (IB) and the one-scale model
(B).

Field maps. Field maps of the strain fields as computed by FFT are shown in
Fig. 10.8 and 10.9 for the one-scale and two-scales materials (B) and (IB), respec-
tively on the left and right columns, when the microstructure is subjected to either
hydrostatic or shear loadings. The stress component parallel to the applied loading
(that is, εm and εxy for pressure and shear, respectively), is shown, at increasing
volume fractions f = 0.2, 0.3 and 0.6 (top to bottom respectively). To make the fields
patterns conspicuous in the maps, each strain component is thresholded. More ex-
actly, referring to the strain field distribution in the matrix, the colormaps used here
correspond to windows containing 90% of the fields values and centered around the
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most frequently occurring strain field value. It is emphasized that such maps are not
necessarily indicative of the materials effective behavior, as high values of the strain
fields contribute significantly to the average strain.

It is noted that the strain field is close to 0 in large regions located in-between
quasi-rigid spheres that are close to one another (sphere aggregates). Such “diffusive”
effect takes place at volume fraction f = 0.2 (right-top map) and is slightly more
important at volume fraction f = 0.3 (right middle map).

7.2. Porous media. Numerical FFT results for porous mutiscale composites,
as well as Hashin-Shtrikman’s (HS) and Beran’s (TOB) upper bounds, are shown in
Fig. (10.5). The effective behavior, i.e. the macroscopic bulk and shear moduli κ0 and
µ0, respectively, are plotted as a function of the porosity, or sphere volume fractions,
f , for the entire range of sphere concentrations allowed by the various models: one-
scale model (B), iterated Boolean model (IB) and three non-iterated two scale models
(MB20), (MB30) and (MB50). The third-order bound (TOB) is an exact upper-
bound for the one-scale Boolean model (B). It gives good estimates of the elastic
behavior of the latter at porosities up to about f ≈ 0.2. At large porosities, both
Hashin-Shtrikman’s and Beran’s bounds are qualitatively different from FFT data.
They percolate at f = 1 with a finite slope, i.e. with the effective elastic moduli are
proportional to 1−f . According to FFT computations, Boolean models (B) and (IB)
percolate at volume fractions strictly less than 1 with a zero slope, i.e. the effective

elastic moduli are proportional to a power of f
(B,IB)
p − f higher than 1. Close to

the percolation threshold, deformation is facilitated by large clusters of voids and
stress concentrates in a small subset of the material (Willot and Jeulin, 2009). This
phenomenon is even stronger for the iterated model (IB) than it is for the one-scale
model, and correspond to higher levels of field heterogeneities (see bottom maps in
Fig. 10.10).

The elastic properties of non-iterated models (MB-20), (MB-30) and (MB-50)
are close to that of the iterated model (IB) and significantly lower than that of the
one-scale model (B). A similar weakening is observed for the bulk and shear moduli.
From a practical point of view, it means that the counterpart of a reinforcement of
a material by a multiscale distribution of rigid inclusions would result into a larger
degradation of the elastic moduli by damage (from the break-up of the interface
or of inclusions), in comparison to the one scale situation. Contrary to composites
made of rigid spheres, a non-uniform distribution of voids weakens the material’s
elastic properties: the elastic moduli of two-scales media are smaller than that of
the one-scale model, at all volume fractions. Accordingly, in a two-phases composite
made of inclusions embedded in a continuous matrix, the role of the former on the
overall elastic properties is amplified as their spatial distribution becomes non uniform.
In particular, the percolation threshold diminishes when the number of separated
scales in Boolean models increases. The mechanical percolation threshold for rigidly-
reinforced media is about f ≈ 0.29, which corresponds to the spheres geometrical
percolation. For porous media, however, it corresponds to the matrix percolation and
is close to 1 (about f ≈ 0.97(6; 18)), so that the percolation threshold for model
(IB) is about 0.95. Hence, at moderated volume fractions, the weakening effect of
model (IB) compared to model (B) is small (less than 25% for f < 0.5). A strong
weakening of the material elastic properties is observed at large volume fractions only,
close to the percolation threshold of the solid phase of model (IB). By comparison,
an increase of the elastic properties of 150% is observed between models (B) and (IB)
for rigidly-reinforced media at volume fractions f = 0.2. Such reinforcement depends
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on the contrast chosen here (104) and should increase as the spheres become ideally
rigid.

Field maps of the stress fields as computed by FFT are shown in Fig. 10.10 and
10.11 for the one-scale and two-scales materials (B) and (IB), respectively on the left
and right columns, when the microstructure is subjected to either hydrostatic or shear
loadings. The stress component parallel to the applied loading (that is, σm and σxy

for pressure and shear, respectively), is shown, at increasing volume fractions f = 0.2,
0.3 and 0.6 (top to bottom respectively). Fields are thresholded in a similar way as
for the strain components to rigly-reinforced media (see Sec. 7.1.4).

It is noted that, for the iterated Boolean model (IB) at porosity f = 0.2, the
mean stress field is small in regions of the matrix located in-between pores, whereas
higher values are located both inside and in-between aggregates of voids (top-right
map of Fig. 10.10). Accordingly, regions of the matrix located inside clusters of voids
and not well connected to other matrix regions are less solicited, or equivalently act
as a third phase with lower elastic moduli.

8. Electrical behavior. The effective conductivity χ0 of multiscale Boolean
models (IB), (MB-20), (MB-30), (MB-50) and of the one-scale Boolean model (B)
are plotted as functions of the volume fraction of highly-conducting (resp. perfectly-
insulating) spheres at the top (resp. bottom) of Fig. 10.6. Exact upper-bound are
provided for comparison: Hashin-Shtrikman’s upper and lower bounds and, for highly-
conducting spheres, Beran’s third-order upper-bound for an iterated model with an
infinite number of scales (TOB). An estimate of the response of the infinitely iterated
model IBinf, detailed below, is provided as well. As compared to the elastic proper-
ties, qualitatively similar behavior is found. When spheres are highly conducting, the
non-uniform dispersion of inclusions, as in models IB or MB, leads to higher overall
conductivity, whereas, when inclusions are perfectly-insulating, the macroscopic con-
ductivity is lower in multiscale microstructures than for the one-scale Boolean model
(B). Such effect is however less important in the latter case for volume fractions up to
f = 0.7, as there is no electrical percolation threshold in that range when the hetero-
geneities are insulating. Finally, compared to the mechanical case, similar conclusions
are drawn for the behavior of the non-iterated Boolean models (MB-20), (MB-30) and
(MB-50) as compared to the iterated model (IB), when the spheres are highly con-
ducting. At very small sphere volume fractions and around f = f (L), their effective
properties are smaller than that of the iterated model (IB), whereas they have lower
effective properties than model (IB) in-between.

In order to compare quantitatively the electrical responses of the one-scale and
multi-scale Boolean models, FFT results are now used to derive scaling laws near the

percolation threshold. For the effective conductivity χ
(B)
0 of the one-scale Boolean

model (B), the following behavior is observed for sphere volume fractions close to

f ≈ f
(B)
p , the spheres percolation threshold in model (B):

χ
(B)
0 /(hχ) ∼ 1.5

[

f − f (B)
p

]1.5

, f & f (B)
p , (8.1)

χ
(B)
0 /χ ∼ 0.1

[

f − f (B)
p

]

−1.65

, f . f (B)
p , (8.2)

where h ≫ 1 is the phase contrast and χ the local conductivity in the matrix. Note

that the macroscopic conductivity χ
(B)
0 is normalized with the highest local conductiv-

ity among percolating phases, i.e. χ for the matrix or hχ for spheres, when f < f
(B)
p
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and f > f
(B)
p , resp. The exponent 1.5 found in upper-limit f > f

(B)
p is close to many

experimental results: scaling laws of exponents 1.5 and 1.4 were obtained for two
polyaniline inorganic salt composites (39), whereas earlier experiments carried out in
(38) with a packed set of conducting and non-conducting spheres lead to an exponent
close to 1.7. For the iterated two-scales Boolean model (IB), it is found from the
results of numerical simulations that:

χ
(IB)
0 /(hχ) ∼ 3.0

[

f − f (IB)
p

]3.0

, f & f (IB)
p , (8.3)

χ
(IB)
0 /χ ∼ 0.44

[

f − f (IB)
p

]

−0.35

, f . f (IB)
p , (8.4)

where f
(IB)
p = (f

(B)
p )2 ≈ 0.08 is the percolation threshold of the iterated two-scales

model. It is noted that the observed exponents are very different for the one-scale and
two-scales models (IB) and (B). As in Sec. 7.1.1, appropriate analytical expansions are
used to interpret this result. The macroscopic conductivity of model (B) is expanded

first in the highly-conducting limit h → ∞, then in the limit f → f
(B)
p as:

χ
(B)
0 (f, h)

hχ
=

[

α(f − f (B)
p )γ + o(f − f (B)

p )γ
]

+ O(1/h), f & f (B)
p (8.5)

where α, γ are the prefactor and exponent of the scaling law for f > f
(B)
p and where

the term in O(1/h) depends on f . Assuming separation of length scales, the scaling

law for model (IB) is given by χ
(IB)
0 (f) = χ

(B)
0 (

√
f, χ

(B)
0 (

√
f, h)) such that in the

limit h → ∞:

χ
(IB)
0 (f, h)

hχ
∼ α2

(

2f
(B)
p

)2γ

[

f − f (IB)
p

]2γ

, f & f (IB)
p . (8.6)

Accordingly, the exponent of the scaling laws for the iterated two-scales Boolean
model is 2 times greater than for the one-scale model, consistently with the numerical
fit (8.3). The analytical prefactor given above differs from the factor estimated nu-
merically (3.0 vs. 11.6, resp.), however the precision of the FFT data must be taken
with care, as the percolation threshold for digitized microstructures (dependant on
the grid size) is different from the percolation threshold in a continuum model, and h
is not strictly infinite in FFT computations. Using Eq. (8.5) recursively, Eq. (8.6) is
generalized as:

χ
(IB−n)
0 (f, h)

hχ
∼ αn

nnγ
(

f
(B)
p

)n(n−1)γ

[

f −
(

f (B)
p

)n]nγ

, f &
(

f (B)
p

)n

,

for the n-scales iterated model (IB-n). Accordingly, an increase of the number of
scales leads to stiffer behavior in the upper percolation limit. The domain of validity
of such expansion however rapidly shrinks to 0 when n → ∞. Indeed, the response
for the material with infinitely many scales is governed by the behaviour near f = 1
of the one-scale model. Assume that, in the matrix dilute limit f → 1 and at h → ∞:

χ
(B)
0 (f, h)

hχ
= 1 − p(1 − f) + o(1 − f)2 + O(1/h), f → 1, (8.7)
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where, according to Beran’s third-order bound p = (1/hχ)[∂χ
(B)
0 /∂f ]f=1 ≈ 1.88211.

Then, for the multi-scale model (IB-n):

χ
(IB−n)
0 (f)

hχ
= [1 − p(1 − f1/n) + o(1 − f1/n)2]n, f → 1,

where, due to the f1/n term, the domain of validity of such expansion increases with
n. As such, when n = ∞ and h = ∞, the following estimate is found:

χ
(IB−∞)
0 (f)

hχ
= fp. (8.8)

The estimate above is plotted as a function of the sphere volume fractions in Fig. 10.6
(curve marked IBinf). Since 8.8 is only valid when h = ∞, it is modified as hfp to
take into account the finite value of h. It was verified that this estimate is less than
the upper third-order bound of the infinite intersection of Boolean models of spheres
(TOB).

As seen in Figs. 10.2, 10.3 and 10.4, the effective conductivity is much more
sensitive to percolation effects than the elastic properties. Close to the percolation
threshold, the following scaling laws are observed for the effective elastic moduli of
the one-scale Boolean model (B):

κ0

hκ
∼ 2.4

[

f − f (B)
p

]2.3

, f & f (B)
p , (8.9)

κ0

κ
∼ 0.32

[

f − f (B)
p

]

−1.0

, f . f (B)
p , (8.10)

µ0

hµ
∼ 2.4

[

f − f (B)
p

]2.5

, f & f (B)
p , (8.11)

µ0

µ
∼ 0.31

[

f − f (B)
p

]

−1.1

, f . f (B)
p . (8.12)

As was observed in (46), the scaling law for f > f
(B)
p is valid for a large range of

volume fractions.
According to the remark above, the exponent in the scaling law is smaller (resp.

greater) when f > f
(B)
p (resp. f < f

(B)
p ) for the electric behavior than for the elastic

moduli. As for multi-scale materials, the interpretation of the FFT data was difficult
due to the high grid precision required to estimate such scaling laws. Such questions
are saved for future studies.

9. Statistical fluctuations and RVE. The maps of the fields obtained by it-
erations of FFT can be used for some detailed statistical study that will be reported
elsewhere. The probability distributions of stresses, strains (elasticity), or electric
current and field can be accessed from the simulations. From these distributions, the
statistical variances of the fields are available and are an intrinsic measure of their
variability. Furthermore, these second order statistics provide us with information on
the representativity of the simulated microstructures, according to the correspond-
ing fields. In this section the representativity of the effective bulk and shear modulus
(resp. electric conductivity) estimated on a bounded domain of a microstructure is ad-
dressed. To compute the so-called “Representative Volume Element” (22; 17) (RVE)
we make use of a geostatistical approach based on the experimental determination of
the integral range (28) from numerical simulations.



ELASTIC AND ELECTRICAL BEHAVIOR OF MULTISCALE COMPOSITES 15

9.1. The integral range . We consider fluctuations of average values over dif-
ferent realizations of a random medium inside the domain B with the volume V . In
geostatistics, it is well known that for an ergodic stationary random function Z(x),
with mathematical expectation E(Z), one can compute the variance D2

Z(V ) of its
average value Z̄(V ) over the volume V as a function of the central covariance function
C(h) of Z(x) (28) by :

D2
Z(V ) =

1

V 2

∫

V

∫

V

C(x − y) dxdy, (9.1)

where

C(h) = E{(Z(x) − E(Z)) (Z(x + h) − E(Z))}

For a large specimen (with V ≫ A3), equation (9.1) can be expressed to the first
order in 1/V as a function of the integral range in the space R3, A3, by

D2
Z(V ) = D2

Z

A3

V
(9.2)

with A3 =
1

D2
Z

∫

R3

C(h) dh (9.3)

where D2
Z is the point variance of Z(x) (here estimated on simulations) and A3 is the

integral range of the random function Z(x), defined when the integral in equations
(9.1) and (9.3) is finite. The asymptotic scaling law (9.2) is valid for an additive
variable Z over the region of interest V .

To estimate the effective elasticity or conductivity tensors from simulations, we
have to compute the averages 〈σ〉 and 〈ε〉 (elastic case) or 〈J〉 and 〈E〉. For the applied
boundary conditions the modulus is obtained from the estimations of a scalar, namely
the mean stress, strain, current, or electric field. Therefore the variance of the effective
property follows the equation (9.2) when the integral range A3 of the relevant field is
known.

Since the theoretical covariance of the fields (σ or ε) is not available, the integral
range can be estimated according to the procedure proposed by Georges Matheron
for any random function (30): working with realizations of Z(x) on domains B with
an increasing volume V (or in the present case considering subdomains of large simu-
lations, with a wide range of sizes), we can estimate the parameter A3 by fitting the
obtained variance according to the expression (9.2). The point variance D2

Z of the
corresponding field is directly estimated from the experimental variance of the field.

Concerning the statistical precision of the effective properties, the crucial param-
eter is the variance D2

Z(V ), more than the point variance D2
Z . Even starting from a

single large realization, the integral range A3 can be estimated from the variance of
subvolumes at different scales. The variance of the average decreases with the scale
V , as given by Eq. 9.3, valid even for a single realization by some ergodicity effect.
To estimate the effective properties with a given precision, as detailed in Sec. 9.2,
we can alternatively use some large size simulations, or many small size simulations,
provided no bias is introduced by the boundary conditions.

9.2. Practical determination of the size of the RVE. When considering
a material as a realization of a random set or of a random function RF, the idea
that there exists one single possible minimal RVE size must be left out. Instead, the
size of a RVE can be defined for a physical property Z, a contrast and, above all, a
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given precision in the estimation of the effective properties depending on the number of
realizations that one is ready to generate. By means of a standard statistical approach,
the absolute error ǫabs and the relative error ǫrela on the mean value obtained with n
independent realizations of volume V are deduced from the interval of confidence by:

ǫabs =
2DZ(V )√

n
; ǫrela =

ǫabs

Z
=

2DZ(V )

Z
√

n
, (9.4)

where the factor 2 results from the standard 95% confidence interval for normally
distributed data. The size of the RVE can now be defined as the volume for which
for instance n = 1 realization is necessary to estimate the mean property Z with
a relative error ǫrela = 1%, provided we know the function DZ(V ). Alternatively,
we can decide to operate on smaller volumes (provided no bias is introduced by the
boundary conditions), and consider n realizations to obtain the same relative error.
In the case of effective elastic moduli, the exact mean value and variance for a given
domain size are a priori unknown. Using the equation (9.4), the absolute error on
the mean value can be evaluated. This methodology was applied to the case of the
dielectric permittivity of various random media (5; 20), and to the elastic properties
and thermal conductivity of a Voronöı mosaic (22), of materials from food industry
(23), or of Boolean models of spheres (46).

9.3. The RVE of multiscale random media. The results in (46) indicate that
the highest RVE sizes for the one-scale model (B) correspond to rigidly-reinforced
media with f ≈ 0.7. Accordingly, the variances D2

Z(V ) and D2
Z , with Z = σm,

involved in equation 9.2 have been computed for the two-scales iterated Boolean
model (IB) when f1 = f2 = 0.7 and for a scale ratio equal to 10. It is expected that
the RVE sizes of porous or rigidly-reinforced multiscale media do not exceed the RVE
size computed in this special case. One random sample of the (IB) model has been
digitized on a volume of size 8753 voxels. The variances D2

σm

(V ) are then computed
on subvolumes of the field σm with V = 1, ..., (875/2)3. The results are shown for
the case of quasi rigid inclusions in Fig. 10.7, where D2

σm

(V ) is plotted as a function

of V in log-log scale. It is found that the integral range is about A
(IB)
3 ≈ 5.1 103,

whereas
√

D2
σm

≈ 4.4 105. Accordingly, a 10% precision (i.e. ǫ = 0.1) is achieved when
V ≈ 5503. Compared to the microstructure length scales, the size of the representative
volume element at a 10% precision is about 1.7 times bigger than the diameter of the
spheres at the largest scale and the integral range of the mean stress field is 5 times
larger than that of the microstructure (IB). Finally, comparisons with similar results
obtained in (46) for the one-scale Boolean model are as follow: at volume fraction
f = 0.7, the integral range for the iterated model is about 5.8 times greater than
the integral range of the one-scale Boolean microstructure, whereas the fluctuations
of the mean stress field

√

D2
σm

are ∼ 32 times greater. Equivalently, to achieve the
same precision on the one-scale and iterated Boolean media, a volume of size 5.7 times
larger is necessary for the latter.

10. Concluding remarks. This work presented a numerical study of the macro-
scopic behavior and local field distributions for special classes of multiscale composites
with linear-elastic, conducting or insulating phases, with emphasis on infinitely con-
trasted media.

The coupling between 3D simulations of random sets and the numerical resolution
of the equations of elasticity or of electrical current by means of FFT iterations is a
powerful tool to estimate the effective properties of complex random media, even in
the case of a high contrast between its components and for multiscale situations.
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Using this methodology, we could obtain the following main results: the incidence
of the iteration of Boolean models with different scales is an increase of the effective
properties with the number of scales for a given volume fraction of reinforcement
particles (or alternatively a degradation of properties in the case of porous or insu-
lating particles), as a result of the well-known lowering of the percolation threshold
for an increasing number of scales (19). A separation of scale for the homogeniza-
tion of properties was observed for one order of magnitude of the scales ratio. Using
this principle, a prediction of the effective properties could be made by iteration. A
preliminary application to the study of the percolation behaviour of such continuous
microstructures enabled us to work out the non trivial evolution of some critical expo-
nents close to the percolation threshold for the considered multiscale media. Finally,
the statistical RVE was estimated in a two-scale example, and its size is found to be
about 6 times larger than for the standard Boolean model at fixed precision.
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[26] G. Matheron, Eléments pour une théorie des milieux poreux, Masson (1967),

Paris.
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Fig. 10.1. 2D section of two embedded Boolean models (top-right, incrusted: final microstruc-
ture used in computations).
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Fig. 10.2. Normalized effective bulk and shear moduli κ0/κ (top) and µ0/µ (bottom): com-
parison between two iterated Boolean medium with scales ratio a(L)/a = 4, 10 (IB-4 and IB-10,
resp.) and the equivalent one-scale finite-contrast model (FC). Values corresponding to the one-
scale Boolean medium (B) are shown for comparison.
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Fig. 10.3. Normalized effective bulk and shear moduli κ0/κ (top) and µ0/µ (bottom) as a
function of the rigid inclusions volume fraction f , for various Boolean models: one-scale Boolean
medium (B), two-scales iterated Boolean medium (IB), and several non-iterated two-scales Boolean
media with f(L) = 20%, 30% and 50% (MB-20, MB-30 and MB-50, resp.). The scales ratio for
all multiscales media is a(L)/a = 10. Hashin-Shtrikman (HS) and third-order Beran (TOB) bounds
are provided for comparison.
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lines represent Hashikn and Shtrikman’s lower and upper bounds (HS), whereas Beran’s third-order
bounds for the one-scale Boolean model and the Boolean model with infinitely many separated scales
are shown as solid lines (TOB, TOB∞, respectively).



24 F. WILLOT AND D. JEULIN

0 0.2 0.4 0.6 0.8 1
f

0

0.2

0.4

0.6

0.8

1
κ

0
/κ

porous
hydrostatic loading

HS

(B)
(IB)

(MB-20)

(MB-30)

(MB-50)

(TOB)

0 0.2 0.4 0.6 0.8 1
f

0

0.2

0.4

0.6

0.8

1
µ

0
/µ

porous
shear loading

HS

(IB)
(MB-20)

(MB-30)

(MB-50)

(B)

TOB

Fig. 10.5. Normalized effective bulk and shear moduli κ0/κ (top) and µ0/µ (bottom) as a func-
tion of porosity f , for various Boolean models: one-scale Boolean medium (B), two-scales iterated
Boolean medium (IB), and several non-iterated two-scales Boolean media with f(L) = 20%, 30% and
50% (MB-20, MB-30 and MB-50, resp.). The scales ratio for all multiscales media is a(L)/a = 10.
Hashin-Shtrikman estimates (HS) are provided for comparison.



ELASTIC AND ELECTRICAL BEHAVIOR OF MULTISCALE COMPOSITES 25

0 0.2 0.4 0.6 0.8 1
f

1

10
1

10
2

10
3

10
4

χ
0
/χ highly conducting inclusions

(B)
(IB)

HS

HS
(MB-20)

(MB-30)

(MB-50)

IB
inf

TOB

TOB

0 0.2 0.4 0.6 0.8 1
f

0

0.2

0.4

0.6

0.8

1
χ

0
/χ

perfectly insulating
inclusions

(B)
(IB)(MB-20)

(MB-30)

(MB-50)

HS

TOB

Fig. 10.6. Normalized effective conductivity χ0/χ as a function of the inclusion volume frac-
tions f (top: highly conduting inclusions; bottom: perfectly insulating inclusions), for various
Boolean models: one-scale Boolean medium (B), two-scales iterated Boolean medium (IB), and
several non-iterated two-scales Boolean media with f(L) = 20%, 30% and 50% (MB-20, MB-30 and
MB-50, resp.). The scales ratio for all multiscales media is a(L)/a = 10. Hashin-Shtrikman esti-
mates (HS), Beran’s third-order upper-bound (TOB) and an estimate for a material with an infinite
number of scales (IBinf) are provided for comparison.



26 F. WILLOT AND D. JEULIN

1 10
2

10
4

10
6

10
8

V
10

3

10
4

10
5

10
6

10
7

D
2

σ
m
(V)

A
3

Fig. 10.7. Variance of the mean average stress field 〈σm〉, proportional to the material apparent
bulk-modulus, as computed on volumes of size V , as a function of the volume size, for two-scales
iterated Boolean model (IB) with quasi rigid inclusions, at f = 0.7 (solid line). The dotted line
represents a fit of the variance D2

σm

(V ) with Eq. 9.2, which holds for volumes much larger than the
integral range, i.e. V ≫ A3.



ELASTIC AND ELECTRICAL BEHAVIOR OF MULTISCALE COMPOSITES 27

εm (B) εm (IB)

f
=

0
.2

0.90

1.12

1.33

1.54

1.75

-1.05

8.36

-

?x

y

0.79

1.09

1.40

1.71

2.01

-2.12

6.63

f
=

0
.3

0.58

1.02

1.47

1.91

2.35

-2.13

20.0

0.27

1.00

1.73

2.46

3.19

-3.22

17.6

f
=

0
.6

0.02

0.93

1.84

2.74

3.65

-3.54

19.1

0.37

1.18

1.98

2.79

3.60

-3.42

21.4

Fig. 10.8. 2D sections in the (x, y) plane of the mean strain field εm in rigidly-reinforced one-
scale (B) and iterated two-scales (IB) Boolean models (left and right columns, resp.), at increasing
sphere volume fractions f = 0.2, 0.3, 0.6 (top to bottom). Hydrostatic strain loading is applied so
that 〈εm〉 = 1. The field values are mapped with the color scale as indicated at the right of each
map. To emphasize the fields patterns, 10% of the smallest and largest values are thresholded. The
real minimum and maximum values are indicated in italic (colors online).
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Fig. 10.9. Continuation of Fig. 10.8: component εxy, with applied strain shear loading 〈εxy〉 = 1.



ELASTIC AND ELECTRICAL BEHAVIOR OF MULTISCALE COMPOSITES 29

σm (B) σm (IB)

f
=

0
.2

1.98

2.22

2.46

2.71

2.95

-0.23

5.53

-

?x

y

2.13

2.31

2.48

2.65

2.82

-0.65

10.8

f
=

0
.3

1.45

1.80

2.15

2.50

2.86

-1.69

6.12

1.31

1.77

2.24

2.70

3.16

-1.22

9.03

f
=

0
.6

0.04

0.49

0.94

1.39

1.84

-2.39

7.05

0.00

0.43

0.87

1.31

1.74

-2.15

10.3

Fig. 10.10. 2D sections in the x, y plane of the mean stress field σm in porous one-scale (B)
and iterated two-scales (IB) Boolean models (left and right columns, resp.), at increasing porosity
f = 0.2, 0.3, 0.6 (top to bottom). Hydrostatic strain loading is applied so that 〈εm〉 = 1. The field
values are mapped with the color scale as indicated at the right of each map. To emphasize the fields
patterns, 10% of the smallest and largest values are thresholded. The real minimum and maximum
values are indicated in italic (colors online).
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Fig. 10.11. Continuation of Fig. 10.10: component σxy, with applied strain shear loading
〈εxy〉 = 1.


