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Abstract. The paper presents a methodology to enhance the stiffnasenof parallel manipu-
lators with parallelogram-based linkage. It directly tak&to account the influence of the external
loading and allows computing both the non-linear “load-etefbn” relation and relevant rank-
deficient stiffness matrix. An equivalent bar-type psetid@ model is also proposed to describe
the parallelogram stiffness by means of five mutually codiplietual springs. The contributions
of this paper are highlighted with a parallelogram-typekdige used in a manipulator from the
Orthoglide family.
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1 Introduction

In the last decades, parallel manipulators have receivadigg attention in indus-
trial robotics due to their inherent advantages of projdietter accuracy, lower
mass/inertia properties, and higher structural rigiddgnpared to their serial coun-
terparts (Ceccarelli et al., 2002, Company et al., 2002 ]&le2000). These features
are induced by the specific kinematic structure, which elates the cantilever-type
loading and decreases deflections due to external wreh&hesrdingly, they are
used in innovative robotic systems, but practical utiicmaiof the potential benefits
requires development of efficient stiffness modeling téghas, which satisfy the
computational speed and accuracy requirements of releesign procedures.

Amongst numerous parallel architectures studied in rabditerature, of special
interest are the parallelogram-based manipulators thptagnspecial type of link-
age constraining undesirable motions of the end-platfétawever, relevant stiff-
ness analysis is quite complicated due to the presenceavhaitclosed kinematic
chains that are usually replaced by equivalent limbs (Majal., 2007, Pashkevich
et al., 2009a) whose parameters are evaluated ratheietyifThus, the problem
of adequate stiffness modelling of parallelogram-typkdiges, which is in the focus
of this paper, is still a challenge and requires some devedoys.
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Another important research issue is related to the influeftiee external load-
ing that may change the stiffness properties of the maripulen this case, in ad-
dition to the conventional “elastic stiffness” in the ja@nit is necessary to take into
account the “geometrical stiffness” due to the change imthaipulator configura-
tion under the load (Kovecses and Anjeles, 2007). Moreouekling phenomena
may appear (Timoshenko and Goodier, 1970) and producedwstaliailures, which
must be detected by relevant stiffness models.

This paper is based on our previous work on the stiffnessyaisabf over-
constrained parallel architectures (Pashkevich et aD9@02009b) and presents
new results by considering the loading influence on the maaipr configura-
tion and, consequently, on its Jacobian and Hessian. leim@hts the virtual joint
method (VJM) introduce by Salisbary (Salisbury, 1980) arab$glin (Gosselin,
1990) that describes the manipulator element compliante avset of localized
six-dimensional springs separated by rigid links and peijfEnts. The main con-
tribution of the paper is the introduction of a non-linedffisess model of the
parallelogram-type linkage and its linear approximatigrél6 matrix of the rank
5, for which it is derived an analytical expression.

2 Problem statement

Let us consider a typical parallel manipulator that is cosgabof several kinematic
chains connecting a fixed base and a moving platform (Figaydtlis assumed, that
at least one chain includes a parallelogram-based linkesgeniay introduce some
redundant constraints improving the mechanism stiffriegowing the VJM con-
cept, the manipulator chains are usually presented asal sefuence of pseudo-
rigid links separated by rotational or translational jsimf one of the following
types: (i) perfect passive joints; (ii) perfect actuateidts, and (iii) virtual flexible
joints that describe compliance of the links, joints anduators.

~L4,

spring

(a) Orthoglide manipulator (b) kinematic parallelogram (c) parallelogram approximation

Fig. 1 Parallel manipulators with parallelogram-based linkages

To derive a parallel architecture without internal kineim&tops, the parallel-
ogram based linkage must be replaced by an equivalent pargigment that has
similar elastic properties. Thus, let us consider the VIMletof the kinematic par-
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allelogram assuming its compliance is mainly due to the diampe of the longest
links, which are oriented in the direction of the linkagegiie 1b,c). In order to be
precise, let us also assume that the stiffness of the otigareelements is described
by a 6x 6 matrixK, whose elements are identified using FEA-based modeling.

In the framework of the VIM approach, the geometry of the lpeogram-based
linkage can be descried by the following homogeneous toamsftions

Ti =T2(n d/2) Ry(ai1) Tx(L) Tx(61) Ty(6i2) T2(63) Rx(6a)

Ry(85) RelB) Ry(i2) To(—n d/2) Ry(~aiz)
wheren = (fl)i, T; is a 4x 4 homogenous transformation matrik, ..., R; are
the matrices of elementary translation and rotatlgrg are the parallelogram ge-
ometrical parametersj are the passive joint coordinaté;, are the virtual joint
coordinatesi = 1,2 defines the number of the kinematic chgimdentifies the co-
ordinate number within the chain. It should be noted thatgi$his notation, the
closed loop equation can be expressetias T, .

For further computational convenience, the homogenousimaduations (1)
may be also rewritten in the vector form as

t=0i(qi,6), ()

where vectort = (p,¢) is the output frame pose, that includes its posite
(x,y,2)T and orientatiorp = (@x, dy, ,), vectorg; = (giz,di2) contains the passive
joint coordinates, and vectér = (8, ..., 8¢) collects all virtual joint coordinates of
the corresponding chain. Using the above assumptions dimitidas, let us derive
the stiffness model of the parallelogram-based linkage.

3 Static equilibrium

Let us derive first the general static equilibrium equatiofhthe parallelogram as-
suming that it is virtually divided into two symmetrical sdrkinematic chains with
the geometrical and elastostatic modetsg;i(qi,8), T = K; 8, i = 1,2 where the
variables@ correspond to the deformations in the virtual sprirgsis the spring
stiffness matrix, and; incorporates corresponding forces and torques. Takimg int
account that the considered mechanism is under-congtraifeprudent to assume
that the end-points of both chains are located at a givertippsiand to compute
partial forced~; corresponding to the static equilibrium.

To derive equations, let us express the potential energyeafiiechanism as

N

E(61,62) = 8" Koi 6 )

NI =
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In the equilibrium configuration, this energy must be mirsed subject to the geo-
metrical constraints= g;(q;, &), i = 1,2. Hence, the Lagrange function is

2 2
L0002 =5 3 A7 Ka B+ S N (L-gBa) @

where the multiplierg; may be interpreted as the external for€gspplied at the
end-points of the chains. Further, after computing theigladgerivatives ofL(...)

with respect tog;, g, A; and setting the derivatives to zero, equations of the static
equilibrium can be presented as

DA =K 6; JiAi=0; t=0i(q,6); i=1,2 (5)

whereJg; = 9gi(...)/d6 andJq = dgi(...)/dq; are the kinematic Jacobians. Here,

the configuration variable®, g; and the multipliers\; are treated as unknowns.
Since the derived system is highly nonlinear, the desirediso can be obtained

only numerically. In this paper, itis proposed to use thifeing iterative procedure

[3}/‘|[J9iKeingi qu] [t—gi+quQi+J9ia : ei/:Kgingi/\'i (©)
i

Jii 0 0

where the symbol * " corresponds to the next iteration. Using this iterative-pr
cedure, for any given location of the end-pdinbne can compute both the partial
forcesF; and the total external force, which allows to obtain the mekiforce-
deflection” relatiorF = f(t) for any initial unloaded configuration.

4 Stiffness matrix

To compute the stiffness matrix of the considered parajl@m-based mechanism,
the obtained “force-deflection” relations must be lineadiin the neighborhood of
the static equilibrium. Let assume that the external foFges= 1,2 and the end-
point locationt of both kinematic chains are incremented by some small galue
OFj, ot and consider simultaneously two equilibriums correspogdd the state
variablegFi, 8,q;,t) and(F; + 0F;, 6 + 86,q; + 0q;,t + dt). Under these assump-
tions, the original system (5) should be supplemented beduations

(Joi +8dg)" (A +0X)=Kgi (68+36);
t+ Ot = gi(qi,8) + Jgi 06 + Jg O0;

wheredJgi anddJg; are the differentials of the Jacobians due to changé8 jn;).
After relevant transformation, neglecting high-order Brigams and expanding the
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differentials via the Hessians of the functigh= gi(q;,6)" A; : HS(% =94 /a7,
Hgg =0%4/dd7 8, HS)Q = 924)/062, the system of equations may be rewritten as

Joi OAi +Hg(); oq; +Hg39 66 =Ky 66;
3 BAi+Hig 5+ HYy 56 =0; (8)
Jgi 06 + Jgi oq; = ot

After analytical elimination of the variabt&g and defining<g) =(Kg—H g)e)*l,

one can obtain a matrix equation
: i |
Joi - k3> -Jgi Jgi + Jai -kg) . HS()1 1 [ét] ©)
(i) 0 (i) M) )y '
Jg+Hge-Kg -35 Haa+Hgg ko' -Hg 0

an]
oq; o

which yields the linear relatiodA = K dt defining the Cartesian stiffness matrix
K¢ for each kinematic chain. Taking into account the architexbf the consid-
ered mechanism, the total stiffness matrix may be fourflas K¢ + K. These
expressions allow numerical computation of the Cartedifiness matrix for a gen-
eral case, both for loaded and unloaded equilibrium cordiim.

However, in the case of unloaded equilibrium, the abovegmtesl equations may
be essentially simplified:

rKipy 0 O 0 0 0 7]
0 Koy O 0 0 Kos
0 0 0 0 0 0
d?CZ K d2 S, K
Kp(@=2| 0 0 0O|Ku+—3"2 o % , (10)
d?2C2 K
0 0 0 0 q 711 0
d2 S, K d2 £ K

whereCq = cos, §; = sing, Sq = sin 2, g = gy (Figure 1b,c)K;; are the elements
of the 6x 6 stiffness matrix of the parallelogram batg which are assumed here
to be the only elements of the linkage that posses non-nelfgligtiffness. In the
following example, this expression is evaluated from pointiew of accuracy and
applicability to stiffness analysis of the parallelogréased manipulators.

5 Illustrative example

To demonstrate validity of the proposed model and to evalitat applicability
range, let us apply it to the stiffness analysis of the Oridegmanipulator (Fig-
ure la). It includes three parallelogram-type linkage whitre main flexibility
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source is concentrated in the bar elements of length 310 nsinglthe FEA-based
software tools and dedicated identification techniquel{leagch et al., 2009c), the
stiffness matrix of the bar element was evaluated as

[2.20-10% 0 0 0 0 0
0 181-10 0 0 0 -284.1C°
0 0 7.86-10 0 125.10 0
Kb = 0 0 0 | 348100 0 0 (11)
0 0 125.10* 0 266-10° 0
| 0 -28410° 0 0 0 58510 |

where for linear/angular displacements and for the foocglte are used the fol-
lowing units: [mm], [rad], [N], [Nmm]. This bar-element wadso evaluated with
respect to the structural stability under compression,thad~EA-modelling pro-
duced three possible buckling configurations presentedguar€& 2. It is obvious
that these configurations are potentially dangerous forctmpressed parallelo-
gram. However, the parallelogram may also produce some ttpes of buckling
because of presents of the passive joints.

F, =18.7k¥

- AT AT

Fig. 2 Critical forces and buckling configurations of a bar element
employed in the parallelograms of Orthoglide.

For the parallelogram-base linkage incorporating the albay elements, expres-
sion (11) yields the following stiffness matrix

[2.20-10* 0 0 0 0 0
0 181-10t 0 0 0 -284.1C°
0 0 0 0 0 0
Kp=2|—7% 0 0564100 0 125100 (12)
0 0 0 0 26410 0
| 0 —28410° 0| 125100 0O  592:10° |

corresponding to the straight configuration of the linkaige ¢o g = 0). Being in
good agreement with physical sense, this matrix is rank idefi@nd incorporates
exactly one zero row/column corresponding to the z-traimslawhere the parallelo-
gram is completely non-resistant due to specific arrangeaigassive joints. Also,
as follows from comparison with doubled stiffness matrik)(that may be used as a
reference, the parallelogram demonstrates essentiglehrotational stiffness that
mainly depends on the translational stiffness paramefaisedbar (moreover, the
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rotational stiffness paramet&gs of the bar is completely eliminated by the pas-
sive joints). The most significant here is the parallelograidth d that explicitly
presented in the rotational sub-blockiof.

To investigate applicability range of the linear model libse the stiffness matrix
(10), it was computed a non-linear “force-deflection” riglatcorresponding to the
parallelogram compression in the x-direction. This corapah was performed us-
ing an iterative algorithm presented in Section 3. As fodwom obtained results,
the matrix (10) ensures rather accurate description of Hrallelogram stiffness
in small-deflection area. However, for large deflectionstegponding VIM-model
detects a geometrical buckling that limits applicabilifyttee matrix (10).

Similar analysis was performed using the FEA-techniqueckvifielded almost
the same “force-deflection” plot for the small deflections detected several types
of the buckling, with the critical forces may be both loweddnigher then in the
VJIM-modelling. Corresponding numerical values and paladram configurations
are presented in Figure 3.

The developed VIM-model of parallelogram was verified inftame of the stiff-
ness modelling of the entire manipulator. Relevant resutresented in Table 1.
They confirm advantages of the parallelogram-based aothrts with respect to
the translational stiffness and perfectly match to the eslabtained from FEA-
method. However, releasing some assumptions concerningtifiness properties
of the remaining parallelogram elements (other than bamjifies the values of

FAN
— v K =GN S

40 — LN 4
— FEA B

44.0 &N { mum

...............

P =25

0 02 04 06 08 Amm foo—i

Fig. 3 Force-deflection relations and buckling configurationgsfarallelogram compression
(modelling methods: VJM, FEA, and LIN - linear model with posed stiffness matrix).

Table 1 Stiffness parameters of the Orthoglide manipulator faled#int assumptions concerning
parallelogram linkage.

Model of linkage VJIM-model FEA-model
Kiran Krot Kiran Krot
[mm/N] [rad/N] [mm/N] [rad/N]

2x-bar linkage B5.-10° 0.13-1¢° — —

Parallelogram linkage

(solid axis) 323.10° 4.33.10° 3.33.10° 4.10-10°

Parallelogram linkage
(flexible axis) 308.10° 4.06-10° 3.31-1¢° 4.07-10°
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the translational and rotational stiffness. The latteegia new prospective research
direction that targeted at more general stiffness modéi@parallelogram.

6 Conclusions

The paper presents new results in the area of enhancedstfmodeling of par-
allel manipulators with parallelogram-based linkage. dmtcast to other works, it
explicitly takes into account influence of the loading anidvas both computing
the non-linear load-deflection relation and detecting thekbng phenomena that
may lead to manipulator structural failure. There is alsovee an analytical ex-
pression for relevant rank-deficient stiffness matrix angppsed equivalent bar-
type pseudo-rigid model that describes the parallelogtédmess by five localized
mutually coupled virtual springs. These results are vétiddor a case study that
deals with stiffness modeling of a parallel manipulatortef Orthoglide family, for
which the parallelogram-type linkage was evaluated usoth proposed technique
and straightforward FEA-modeling.
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