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ON THE TOPOLOGY OF SEMI-ALGEBRAIC FUNCTIONS
ON CLOSED SEMI-ALGEBRAIC SETS

NICOLAS DUTERTRE

ABSTRACT. We consider a closed semi-algebraic set X C R™ and a C?
semi-algebraic function f : R™ — R such that f|x has a finite number
of critical points. We relate the topology of X to the topology of the
sets {f * a}, where * € {<,=,>} and a € R, and the indices of the
critical points of fjx and —fjx. We also relate the topology of X to the
topology of the links at infinity of the sets {f * a} and the indices of
these critical points. We give applications when X = R™ and when f is
a generic linear function.

1. INTRODUCTION

Let f : (R",0) — (R,0) be an analytic function-germ with an isolated
critical point at 0. The Khimshiashvili formula [Kh]| states that:

X(f7H) N BL) =1 —sign(—4)"deg,V f,

where 0 < |[0] < € < 1, Bl is a closed ball of radius ¢ centered at 0, V f
is the gradient of f and deggV f is the topological degree of the mapping
% : Sn=l — 7=l As a corollary of this formula, one gets (see [Ar] or
[Wa)):

X({f <0}NSITY) =1~ degy ¥/,
X({f = 03N S27Y) =1+ (=1)" " degy V£,
and:
x({f=0}n Sg‘l) =2 —2deg,Vf if n is even.

In [Se], Sekalski gives a global counterpart of Khimshiashvili’s formula for
a polynomial mapping f : R? — R with a finite number of critical points. He
considers the set Ay = {A1, -, A\x} of critical values of f at infinity, where
A < ... < A, and its complement R\ Ay = Ufzo])\i, Ait+1| where Ay = —o0
and Agy1 = +oo. Denoting by r+(g) the numbers of real branches at infinity
of a curve {g = 0} in R?, he proves that:

k k
deg Vf =1+ roo(f = X) = > 1ea(f = X)),
=0

i=1
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where for i = 0,...,k, Af is an element of |\;, \i11] and dego,Vf is the
topological degree of the mapping % : S;L{l — S""1 R > 1. Here a real
branch is homeomorphic to a neighborhood of infinity in R and hence has
two connected components.

Our aim is to generalize Sekalski’s formula and to establish other similar
results. We consider a closed semi-algebraic set X C R" equipped with a
finite semi-algebraic Whitney stratification (S4)aca and a C? semi-algebraic
function f : R™ — R such that fjx has a finite number of critical points
p1s---,pi- The index of fix at p; is defined by:

ind(f, X, pi) = 1= x(X N {f = f(p:) — 6} N BX(p:)),

where 0 < 6 < € < 1. In Section 3, Proposition 3.6 and Corollary 3.7, we
give relations between the Euler characteristics of the sets {f x a}, where
* € {<,=,>} and a € R, the indices of the critical points of fjx and —f|x
and four numbers Ao, A_f _q, tifo and p_y_ . These numbers are defined
in terms of the behavior of f|x at infinity (Definition 3.5). Then we consider
the following finite subset of R:

b= {a €R | B+ x(Lk®(X N{f=*B})) is not constant
in a neighborhood of a},

where *x € {<,=,>} and Lk*(—) denotes the link at infinity. Writing
AF = {b1,.. ., b}, R\ AF = Up_oJbi, bisa [ with by = —o0 and byy1 = 400
and studying the behavior at infinity of the numbers A, A_y o, p1f and
p—f— o, we show that (Theorem 3.16):

k T
X(X) =S ind(f, X, pi) + 3 x(LKX(X N {f <)
i=1 j=0
= 2 (LN {f <b5}),
j=1
where for j € {0,...,r}, b; €]bj, bjy1[. Similar formulas involving A? and

A? are proved in Theorem 3.17 and Corollary 3.18.
Next we consider the finite subset Bf = f({pl, e ,pl}) UA?UA? of R. We

show that if o ¢ Bf then the functions 8 — x (X N{f*B}), * € {<,=,>},
are constant in a neighborhood of a (Proposition 3.19). In Theorem 3.20
and Theorem 3.21 we express x(X) in terms of the indices of the critical
points of f|x and — f|x and the variations of the Euler characteristics of the
sets {f xa}, a € {<,=,>}.

In Section 4, we apply all these results to the case X = R" in order to
recover and generalize Sekalski’s formula (Theorem 4.4).

In Section 5, we apply the results of Section 3 to generic linear functions.
For v € S, we denote by v* the function v*(x) = (v,z). We show that
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for v generic in S"!, the sets AE*, Ay, and Af* are empty. Hence for such
a v, the Euler characteristics of the sets X N {v*?a}, ? € {<,=,>} and
a € R, as well as the Euler characteristics of their links at infinity, can be
expressed only in terms of the critical points of v‘*X and —v‘*X (Proposition
5.4 and Proposition 5.5). We use these results to give a new proof of the
Gauss-Bonnet formula for closed semi-algebraic set (Theorem 5.8), that we
initially proved in [Dut3, Corollary 5.7] using the technology of the normal
cycle [Fu] and a deep theorem of Fu and McCrory [FM, Theorem 3.7].

Section 2 of this paper contains three technical lemmas.

We will use the following notations: for p € R™ and € > 0, Bl'(p) is the
ball of radius ¢ centered at p and S?~*(p) the sphere of radius ¢ centered at
p. If p = 0, we simply set B? and S? ! and if p = 0 and ¢ = 1 we use the
standard notations B™ and S"~!. If £ is a subset of R” then € denotes its
topological interior.

2. SOME LEMMAS

Let X C R” be a closed semi-algebraic set equipped with a semi-algebraic
Whitney stratification (Sq)aca: X = UacaSq. Let g : R® — R be a C?
semi-algebraic function such that g=!(0) intersects X transversally (in the
stratified sense). Then the following partition:

Xn{g<0t=|]San{g<0tu| | San{g=0},
acA aEA

is a Whitney stratification of the closed semi-algebraic set X N {g < 0}.

Let f : R™ — R be another C? semi-algebraic function such that J1xn{g<0}
admits an isolated critical point p in X N{g = 0} which is not a critical point
of fix. If S denotes the stratum of X that contains p, this implies that:

V(fis)®) = A®)V(gs)(p),

with A\(p) # 0. We assume that J|{g=0} 1s a submersion in the neighborhood
of p if dim S < n and, for simplicity, that f(p) = 0.

Lemma 2.1. For 0 < § < ¢ < 1, we have:

X(fH(=8) N BZ(p) N X N{g <0}) =1 if A(p) >0,
X(fTH(=0)NBp)NnXN{g<0}) =
X(F7H=0) N BE(p)N X N{g=0}) if A(p) < 0.
Proof. We assume first that dim X < n. Let h : R — R be a semi-

algebraic approximating function for X from outside (see [BK, Definition
6.1]). This implies that h satisfies the following conditions:

(i) The function h is nonnegative and h=1{0} = X.
(ii) The function h is of class C® on R™\ X.
(iii) There exists 6 > 0 such that all ¢ €]0, 4] are regular values of f.
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(iv) If (yx)ken is a sequence of points in R™ tending to a point x in X
such that h(yx) €]0, 9] and %(yk) tends to v, then v is normal to
T.S, S being the stratum containing x.
Let us choose ¢ sufficiently small so that the ball B, (p) intersect X, {g < 0}
and X N{g < 0} transversally for ¢’ < e. For r > 0 sufficiently small, the set
We, = Bl(p) N {g <0} Nn{h < r} is a manifold with corners. To see this,
it is enough to prove that 7 is not a critical value of hpn(p)nfg<0y, Which
means that r is not a critical value of:
hi=h ha =h

|Br (p)n{g<0} ° BEpIN{g=0} » 13 = Mysr1p)nfg<o)

and:

ha = bygp=1 g0y

The fact that = is not a critical value of hy is trivial by Condition (iii) above.
If for » > 0 small, r is a critical value of hyo then we can find a sequence of
points (g,) in BI'(p) N {g = 0} such that h(g,) — 0 and hj(g—g} admits a
critical point at ¢,. Applying Condition (iv) above, we see that there exists
a point ¢ in B"(p) N X N {g = 0} such that g~'(0) does not intersect X
transversally at ¢, which is impossible. Similarly, we can prove that r is not
a critical value of hg and hy.

Let 6 be such that 0 < § < ¢ and the fibres f~1(—4) and f~1(J) intersect
X Nn{g <0} N BX(p) transversally. This is possible since f has an isolated
critical point at p on X N {g < 0}. Let us study the critical points of
fiw., and flw. agg—0y lying in F1([~6,4]), when r is small. Always using
Condition (iv) above, we can see that they only appear in {h =r} N {g =
0} N Bgo(p). Furthermore, with the terminology introduced in [Dut2,§2], if
A(p) > 0 then they are all outwards for fiy, .. If A(p) < 0 then such a critical
point is inwards for fy, . if and only if it is inwards for fw, .~{g—0). Moving
f a little, we can assume that these critical points are non-degenerate for
f‘ (her}{g=0} B (p)" Applying Morse theory for manifolds with corners, if
A(p) > 0 then we get:

X(fH([=6,0) N W) = x(fH(=0) N W.,) =0.
If A(p) < 0 then we get:
X(fil([_(s’ 5]) N We,r) - X(fil(_(s) N Wz—:,r) =
X(FH=0,0) N {g =0y N Weyr) = x(F7H(=8) N {g = 0} N We,r).

We conclude remarking that:
X(f7H([=6,0) N We,) = x (1 ([=6,6)) n X n{g <0} N BL(p)) =
x(F7HO)NX N{g<0}NBXp) =1,
X(fH (=) NWe,) = x(fH(=8) N X n{g <0} N BX(p)),
x(f7H(1=6,0)n{g = 0}nWe) = x(f ' ([=6,0)nXN{g = 0}NBL(p)) = 1,
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and:

X(fH(=8)n{g=0nW.,) = x(f (=6 N X Nn{g=0}nBp),

if r is sufficiently small.

If dim X = n then we apply the previous case to the semi-algebraic set
X x {0} ¢ R*"! and the functions F and G defined by F(x,t) = f(x) + 1t
and G(z,t) = g(z), where (z,t) is a coordinate system of R"*! = R" x R.

O

This lemma was inspired by results on indices of vector fields or 1-forms
on stratified sets with boundary (see [KT] or [Sc, Chapter 5]).

Let M C R™ be a C? semi-algebraic manifold of dimension k. Let f :
R” — R be a C? semi-algebraic function. Let E;‘/f be the critical set of
fim- For any a = (a1,...,a,) € R", we denote by p, the function p,(v) =
%Z?Zl(xi — a;)? and by Fj\{[a the following semi-algebraic set:

Ty, = {o € M | rank[V(fin) (@), Vlpa ) (@)] < 2}
Lemma 2.2. For almost all a € R", I’%l \ Ej‘/[ is a smooth semi-algebraic

curve (or empty).

Proof. Let Z be the semi-algebraic set of R™ x R" defined as follows:

Z:{(x,a)eR"xR"]xEM\Eyand

rank[V(fia) (@), ¥ (pajar)(@)] < 2}

Let (x,a) be a point in Z. We can suppose that around z, M is defined
by the vanishing of I = n — k semi-algebraic functions g1, ..., g of class C2.
Hence in a neighborhood of (x,a), Z is defined by the vanishing of ¢1,..., g
and the minors:

a(gla s aglafapa)

8(1‘2‘1, Ce 7xil+2) )
Furthermore since = belongs to M \ ¥ we can assume that:
a(gla s ’gl,f)
z) #0.
0($1, o axl,xl-i-l) ( ) 7&
Therefore Z is locally defined by g1 = ... = ¢; = 0 and:
a(gla---aglafapa) L a(gla"'aglafapa) -0
8(1’1,...,1’[4,17.%'[4»2) a(x17"'7xl+l7xn) ’

(see [Dutl,85] for a proof of this fact). Since the gradient vectors of these
functions are linearly independent, we see that Z is a smooth semi-algebraic
manifold of dimension 2n — (I +n— (I +2)+ 1) = n+ 1. Now let us
consider the projection 7o : Z — R"™, (z,a) — a. Bertini-Sard’s theorem
(see [BCR, Théoreme 9.5.2]) implies that the set Dy, of critical values of
o is a semi-algebraic set of dimension strictly less than n. Hence, for all
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a ¢ Dy,, 5 '(a) is a smooth semi-algebraic curve (maybe empty). But this
set is exactly I’%I \ E;‘/f. O

Now consider a semi-algebraic set Y C M of dimension strictly less than
k. We will need the following lemma.

Lemma 2.3. For almost all a € R™, (I’j‘/[a \ Ej‘/f) NY is a semi-algebraic set
of dimension at most 0.

Proof. Since Y admits a finite Whitney semi-algebraic stratification, we
can assume that Y is smooth of dimension d < k. Let W be the semi-
algebraic set of R™ x R™ defined by:

W:{(x,a)eR"xR"]meY\E?fand

rank[V(fiar) (@), ¥ (pajar)(@)] < 2}

Using the same method as in the previous lemma, we can prove that W is a
smooth semi-algebraic manifold of dimension n+1+4d—k. We can conclude
as in the previous lemma, remarking that d — k < —1. O

3. TOPOLOGY OF SEMI-ALGEBRAIC FUNCTIONS

For any closed semi-algebraic set equipped with a Whitney stratification
X = UaeaSa, we denote by Lk>(X) the link at infinity of X. It is defined
as follows. Let p : R” — R be a C? proper semi-algebraic positive function.
Since p|x is proper, the set of critical points of px (in the stratified sense)
is compact. Hence for R sufficiently big, the map p: X Np~!([R, +oo]) — R
is a stratified submersion. The link at infinity of X is the fibre of this
submersion. The topological type of Lk*(X) does not depend on the choice
of the function p. Indeed, if pg and p; : R® — R are two C? proper semi-
algebraic functions then X Npy ' (Ro) and X Np; ' (Ry) are homeomorphic for
Ry and R; big enough. To see this, we can apply the procedure described
by Durfee in [Dur|. First we remark that, applying the Curve Selection
Lemma at infinity [NZ, Lemma 2], for each stratum S, of X, the gradient
vector fields V(pgs,) and V(pl‘ s..) do not point in opposite direction in a
neighborhood of infinity. Next we choose Ry and R; sufficiently big so that
po L ([Ro, +0]) € py ' ([Ry, +oo]) and all the gradient vector fields V(pojs.,)

and V(p1 s, ) do not point in opposite direction in py Y([Rg, +00[). Then the
function p : (pg*([Ro, +00[) \ p1 *([R1, +00[)) N X — [0,1] defined by:

_ Ry —pi(x)
~ Ri—pi(a) +po(z) — Ry’
is a proper stratified submersion such that p~1(0) = X N pl_l(Rl) and
p~H(1) = X N py ' (Ro).

Let f: R® — R be a C? semi-algebraic function such that Jix: X =R
has a finite number of critical points (in the stratified sense) p1,...,p;. For

p(x)
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each p;, we define the index of fix at p; as follows:

ind(f, X,p;) = 1 = x(X N {f = f(p:) — 6} N B2(p:)),

where 0 < § < € < 1. Since we are in the semi-algebraic setting, this index
is well-defined thanks to Hardt’s theorem [Ha]. The following theorem is
well-known.

Theorem 3.1. If f|x is proper then for any o € R", we have:

X(Xn{f>a}) —x(Xn{f=0a})= > ind(f,X,p),
i f(pi)>a
and:
X(XN{f <a}) = x(Lk®(X n{f <a})) = > ind(f X,p).
i:f(pi)<a

Proof. We use Viro’s method of integration with respect to the Euler
characteristic with compact support, denoted by x..

For all z € X, let ¢(z) = xo(X N f~}(z7) N BZ(x)) where 2~ is a regular
value of f close to f(x) with x= < f(z). Applying Fubini’s theorem [Vi,
Theorem 3.A] to the restriction of f to X N{f > a}, we get:

x)dx(z) = DVdxo(z) | dxo(y).
/Xﬂ{f>a} ele)dxe(z) /]a,Jroo[ </f_1(y) pla)dxe( )> Xe(y)

For any y € R, let y~ be a regular value of fx close to y with y~ <y. Let
us denote by 21,...,2s the critical points of f|x lying in f~1(y). We have:

Xe(X O 7N y7)) = xe(X N F My ™) \ Ui B2 (%)) +

D oxe(XN TNy )N Bz)) =
i=1

Xe(X NS ) \NU Bl (=) + ) olzi) =
1=1

Xc(me_l(y) \ {217"' 728}) + Z(P(Zl) =

=1
Jxor-10\ o1y P@VAXC(@) + 2051 (20) = [5o1(,) p(@)dxe(T).
Let us write:
Ja, +ool=]a, aq] U Jaq, ag] U... U Jaj_1, 5] U Jay, +o00],

where ay, ..., a; are the critical values of fx strictly greater than «. Since
Xe(lak, ax11]) = 0 and fixnjay ., [ 18 locally trivial, we obtain that:

/ o(@)dye(r) = —xe(X N f7H(B)),
Xn{f>a}
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where 3 is a regular value of f strictly greater than o; and therefore:
Xe(XN{f>a}) +x.(XNfFHB) = D ind(f, X,p).
i:f(pi)>a
Applying this equality to a = 8 and using the local triviality of fjx over
[, +o0], we get:
Xe(X N {f > B}) + x.(XNf1(B) =0.

Therefore:
Xe(XN{f>a}) +x.(Xnf71(B) =

Xc(Xm{a <f< B})_XC(XQ{JC = a}) —XC(Xﬂ{f > ﬁ})"‘Xc(me_l(ﬂ)) =
X(Xﬂ{agfgﬁ}) —X(Xﬂ{f:a}).

To conclude, we remark that, since fixn({s>q} is proper and locally trivial
over [, +oo], X N{a < f < B} is a deformation retract of X N{a < f}.
The second equality is proved with the same method and the fact that
Xe(Y) = x(Y) — x(Lk>®(Y)) for any closed semi-algebraic set Y C R". [

The following corollaries are straightforward consequences of the previous
theorem.

Corollary 3.2. If f|x is proper then for any a € R, we have:
X(X0{f =a}) =x(X)— Y ind(f,X,p;)— Y ind(~f,X,p),
i:f(pi)>a i:f(pi)<a
and:
XX n{f>a}) —x(Xn{f<a})= > ind(f,X,p)-
i:f(pi)>a

> ind(f, X, p).

i:f(pi)<a
O
Corollary 3.3. If fx s proper then for any a € R", we have :
l
X(LEX(X N {f < a})) = x(X) = D ind(f, X, pi).
i=1
O

Corollary 3.4. If fx us proper then we have:

l l

QX(X) - X(LkOO(X)) = Zlnd(fa Xapi) + Zind(_f’ Xapi)'

i=1 i=1
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O
Now we want to investigate the case when f|x is not proper. Keeping the
notations of the previous section, for a € R"™, we define F?’ g and I'y , by:

I, = {o € X | rank[V(fis)(x), V(pajs)()] <2

where S is the stratum that contains x},

I'fqo={z e€R"|rank[Vf(z), Vp.(z)] < 2}.
By Lemma 2.2, we can choose a such that FXa
curve outside a compact set of X. Applylng Lemma 2.3 to M = R" and
Y the closed semi-algebraic set defined as the union of the strata of X of
dimension strictly less than n, we can choose a such that FX fa and I'y, do
not intersect outside a compact set of Y. Let us fix @« € R and R>> 1 such
that:

(1) X N B}(a) is a deformation retract of X,

(2) X n{f +a} N Bg(a) is a deformation retract of X N {f * a} where
x€{<,=,>},
(3) S !(a) intersects X and X N {f * o} transversally,
(4) I’;{a N S} (a) is a finite set of points ¢f, ..., ¢f,

(5) pr.....;1 € Bi(a).
For each j € {1,...,m}, qJB is a critical point of f‘)mszﬂ(a) but not a critical

is a smooth semi-algebraic

point of fx. Hence there exists ,uf # 0 such that:
V(£is)(@F) = 15V (pa;s) (g},

where S is the stratum that contains qf.
Definition 3.5. We set:
Ma= Y, Wd(f,XNSE (a),q),

iif(aft)>a

R
<0
K

pra= Y ind(f,XNSE " (a),q),
jzf(fzf)<a
uf>0

Via = Z ind(f, X ﬂSﬁfl(a),qf“).
jif(aff)<a

Ro
pit<

The fact that A, pf,o and vy, do not depend on R will appear in the
next propositions. Let us remark that if ,uf” < 0 then f (qf”) decreases to
—oo or to a finite value as R tends to +o00, and that if Mf > 0 then f(qf)
increases to +oo or to a finite value as R tends to +oo. This implies that
when f|x is proper, the numbers Ay, and g, vanish.
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Proposition 3.6. For any o € R, we have:

X(Xn{f>a}) —x(Xn{f=0a}) = Y nd(f,X,p)+ e

i:f(pi)>a
and:
X(Xn{f<a}) =x(Xn{f=a}) = > nd(=f, X,p)+ A ja
i:f(pi)<a

Proof. We apply Theorem 3.1 to f|XﬁB}r%(a) and we get:
¥(X 1 Bj(a) N{f > a}) = x(X N Bj(@) N {f = a}) =
Y md(f,X,pi)+ Y ind(f,X N Bg(a),qf),
wf(pi)>a i f(gf)>a
and:
V(XN Ba@) N {f < a}) - x(X N Bi@)n{f = a}) =
Y. md(=f,X.p)+ >, ind(—f,XNBf(a)q)
i:f (pi)<a J:f(@f)<e

Since I‘f , and I'¢ , do not intersect outside a compact set of Y, we can use
Lemma 2.1 to evaluate ind(f, X N B}},(a),qf) and ind(—f, X N Bﬁ(a),qf).
Namely, if ,uf” > 0 then we have:

ind(f, X N By(a),4f) = 0,

and:
il’ld(—f, XN Bﬁ(a’)’ Qf) = lnd(_f, XN S]T«inl(a)a QJR)
If ,uf < 0 then we have:
ind(f, X N Bf(a), ¢j") = ind(f, X N SF}(a), ¢),

and:
ind(—f, X N Bx(a), qf) =0.

Moreover, by our choice on R, X(X N Bi(a) N{f * a}) = X(X N{f * a})
for x € {<,=,>}. O

Corollary 3.7. For any a € R, we have:

i:f(pi)>a i:f(pi)<a
_)\f,a - )\,f,,a,
and:
X(Xn{f>a}) —x(Xn{f<a})= > nd(f,X,pi)+Afa
i:f(pi)>a

- Z lnd(fa X,pz) - )‘—f,—oz-

i:f(pi)>a
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U
It is also possible to write indices formulas for x(Lk>(X N {f * a}),
re{<s,= 2}
Proposition 3.8. For any a € R, we have:

l

X(LKX(X N{f < a}) =x(X) =Y ind(f, X,pi) = Apa + fif.an
i=1

l

X(IK®(X N {f > a}) = x(X) =Y ind(—f,X,pi) = A_fa+ 1 fra-
i=1

Proof. By Theorem 3.1 applied to f‘ XnsT(a)r Ve have:

X(Lk=(X N {f <a}) = pifa+ Via
and, by Corollary 3.3 applied to fixn B (a) and by Lemma 2.1:

l

xX(X) = Zind(f, X.pi) + Afa+ Via
=1

because f~1(a) intersect X N Sp~'(a) transversally. Similarly, we can write:
VL (X (S 2 ) = gt v

and:
l

X(X)=> " ind(—f,X,p)) + Afa+V_fa.

i=1
O
Corollary 3.9. For any a € R, we have:
l
X(LE®(X N {f = a}) = 2x(X) = x(Lk®(X)) = Y ind(f, X, p:)
i=1
!
- Zind(—f, X,pi) - )\f,a +t Hlfa— Aff,fa +H—f—a-
i=1
O

In the sequel, we will use these results to establish relations between y (X),
the indices of the critical points of f|x and —f|x and the variations of the

Euler characteristics x (Lk™({f xa})), where * € {<,=,>} and o € R. We
start with definitions.

Definition 3.10. Let Ay be the following set:

Af = {a €R | Izn)nen in [F, such that ||z,|| — +oo and f(x,) — a}.

,a
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Since PX is a curve, Ay is clearly a finite set. The set Ay was introduced
and studled by Tibar [Til] when X =R" and f: R" - R is a polynomlal
Following his terminology, A is the set of points a such that the fibre f~ L)
is not p,-regular.

Definition 3.11. Let + € {<,=,>}. We define A} by:
7= {a ER | B x(LK™(X N{f*pB})) is not constant
in a neighborhood of a}.

Lemma 3.12. The sets A Af and A are included in Aj.

Proof. If o does not belong to Ay then we can find a small interval
| =0+ a, a4+ such that chfa and f~1(] =6+ a,a+8[)N X do not intersect
outside a compact set of X. Then we can choose R > 1 such that for all
Bel—6+a,a+8, Lk(X N{f*B}) =Xn{f*B}nSE(a). But f
has no critical point in X N{—d + a < f < a+ 46} NS} *(a), so the Euler
characteristics x(X N{f = 8}) are constant in | — § + o, + 4. O

Corollary 3.13. The sets A?, A]? and A? are finite.
O
Lemma 3.14. We have: A7 C AFUA7, A7 CA7UAT, A7 CATUAT.

Proof. If o ¢ A% UA?, then 8 — X(Lkoo(X N{f < ﬁ})) and 8 —
X (Lk>(X Nn{f > B})) are constant in an interval | — § + a, & + 6[. By the
Mayer-Vietoris sequence, 3 +— X(LkOO(X Nn{f = ﬂ})) is also constant in
| =0+ a,a+ 0. O

Corollary 3.15. We have: A U A— = A< U A— = A U A—
O
Since A? is finite, we can write A% ={b1,...,b.} whereb; < by <...<b,
and:
R\ AF =] — 00,b1[ U Jby,ba[ U+ U Jbr_1, b, U Jby, +00l.
On each connected component of R\A?, the function 8 — x (Lk®(XN{f <
f3}) is constant. For each j € {0,...,r}, let b;L be an element of ]bj, bjy1]

where by = —o0 and b, = +00.

Theorem 3.16. We have:
k

X(X) =" ind(f, X, pi) + Y x(Lk™(X n{f <b/}))

i=1 j=0

=Y x(Lk>(X n{f <b}).

j=1
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Proof. Assume first that Ay = A%. Let us choose R > 1 such that
X N B}(a) is a deformation retract of X, {p1,...,p} C Bf(a) and:
¥, N (R"\ Bi(a)) = L% B;.
We have chfa NSy a) = {qf,...,qf}. Let us recall that:
V(fis)(@f) = 15V (pajs) (),
where S is the stratum that contains g;. By Corollary 3.3 and Lemma 2.1,

we can write:
!

X(X) = ind(f,X,p;) + Y ind(f,X NS (a),qf).

i=1 j:uf<0
We can decompose the second sum in the right hand side of this equality
into:
> ind(f,X NSk a), ),
iuft<o
flaf)——oo
and:
T
Y ind(f,X N SE N a), ).
1=1 j:,u,jR<0
flaf)—b;
Let us fix ¢ in {1,...,r} and evaluate ) juf<o ind(f, X N Sg_l(a),qf).
f(qf)%bi

Since ,u;»% < 0, the points qf” lie in {f > b;}. Let us choose R > 1 and b;r
close to b; in |b;, bi11] such that:

[U o Bj] A {llz—all > B} € £~1(bi, b6 ) A {lle — all > R},

along Bj

and X N{f < b;} (resp. X N{f < b;}) retracts by deformation to X N {f <
bi} N BR(a) (vesp. X N{f < b} N B%(a)). Hence, we have:

X(LK=(X n{f < b)) = x(Lk*(X N{f < b;})) =
X(XN{f<vfynsEa) —x(Xn{f <b}nSEa) =

Y md(£,XNSE Na),gf) = D> ind(f,X NSE (), qf).

G:F(aR)Elbi b | gipft<0
Flaf—b;
. . 1 R
It remains to express suf<o ind(f, X N SE "(a),q;"). Let us choose
FafH)——oco

R>> 1 and b in | — oo, b;[ such that:

Vg B 0l = al 2 By € 770 = oo, D 0 (e —all 2 ),

along B]
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X N{f < b} retracts by deformation to X N {f < bd} N BR(a) and:

U B 0 e = al 2 B € 100 400D 0 (o —all 2 Y.

along j
By Theorem 3.1, we can write:
X(LK=(X n{f <t 1) = x(X n{f <bInSE(a)}) =
Y. md(f,XNSga) )= Y nd(f,XNSE(a).qf).

Jif (g <by Jiufi<o

Flaf)——oo
To get the final result, we just remark that if b ¢ A? then:
V(LK (X N {f < b°}) = x(LK=(X N {f < b})) = 0.

Similarly, A? ={c1,...,cs} with ¢; < g < -+ < ¢ and:
R\A? =] —o0,c1[ U e, el U---U ey, e5] U Jes, +00].
For each i € {0,...,s}, let ¢; be an element in J¢;, ¢;41[ with ¢y = —oo and
Cs+1 = +00.

Theorem 3.17. We have:

l s

X(X) = ind(—f, X, pi) + > x(Lk®(X N {f >¢f}))

i=1 j=0
=Y (LR A {f 2 ).

Proof. Same proof as Theorem 3.16. (]
Let us write AJT ={dy,...,d;} with d; < dy < ... < d; and:

R\ A7 =] —oco,di[ U ]d1,do[ U---U |dy, di[ U |dy, +00].
For each i € {0,...,t}, let d;” be an element in |d;, d;11].

Corollary 3.18. We have:
l l

2x(X) — x(Lk>®(X)) = Zind(f, X,pi) + Zind(—f, X, pi)+
=1 =1

X(LEX(X N {f =df ) =D x(LEX(X N {f = d;})).

J=1

M-

Il
o

J
Proof. Assume that A? U A? = AJT. We have:

l t

X(X) = ind(f, X,pi) + Y x(Lk™(X n{f < d}}))

i=1 §=0
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= X(LE®(X N {f <d;}),

J=1

l t
X(X) =Y ind(—f, X, pi) + > x(Lk*(X n{f > d}))
i=1 §=0
¢
=Y X(LK®(X N {f > d;})).
j=1

Adding these two equalities and using the Mayer-Vietoris sequence, we ob-
tain the result when A? UA? = A7 . Butif d; ¢ A} then x(Lk>®(X N{f =
41) — X(LE(X 0 {] = d;}) — 0. 0

By Hardt’s theorem, we know that there is a finite subset B(f) of R such
that fixnr-1(B(y)) is a semi-algebraic locally trivial fibration. Hence outside
B(f), the function 5 +— x(XN{f = B}) is locally constant. In the sequel, we
will give formulas relating the topology of X and the variations of topology
in the fibres of f. Let us set B(f) = f({p1,...,p}) U A% U A?. This set is
clearly finite.

Proposition 3.19. If o ¢ B(f) then the following functions:
B x(Xn{f=B}), xe{<, =2}

are constant in a neighborhood of c.

Proof. We study the local behaviors of the numbers Ay, and iy, o € R.
We denote by a™ (resp. a™) an element of o, +00[ (resp. ] — oo, ) close to
a. If R >> 11is big enough and a* is close enough to a then in Sp ™! (a)N{a <
f < a'}, there is no points qf such that V(f|5)(qf) = us(pa‘S)(qf) with
,uf” > 0 because f (qJR) decreases to o as R tends to infinity. Hence if a™
is close enough to « then py + = pgq. In the same way, we can show
that A\r,- = Arqo. Applying this argument to —f and —a, we see that
Afoat =A g qandp_j_o =pf o lfad B(f) then, by Proposition
3.8, >‘f,a+ = >‘f,ou Hfa- = Hfas )\,f,,a— = >‘f,—oz and H—f—at = H—f—a-
The formulas established in Proposition 3.6 and Corollary 3.7 enable us to

conclude. B O
Let us write B(f) = {71,...,%} and:
R \ B(f) :] - 00771[ U ]71572[ U---u ]’Vufla’Yu[ U ]'Yu; +OO[
For i € {0,...,u}, let v;" be an element of ]v;,7;+1[ where 79 = —oo and
Yu+1 = +00.

Theorem 3.20. We have:
l l

X(X) = Zlnd(fa Xapi) + Zind(_fa X,pi)+

i=1 i=1
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u u

Yox(Xn{f =7 =D o x(Xn{f =)

k=0 k=1
Proof. Let us assume first that B(f) = f({p1,...,m}) U Ay, ie that
A? U A? = Ay. For k € {1,...,u}, we have by Corollary 3.7:

X(XN{f =w}) =x(X)= D ind(f,X,pi)= > ind(—f X,pi)-

:f(pi) >k i f(pi) <k
)\fvfyk - A7f77’yk’
VX =) =x(X)— S ind(fX.p)— S ind(—f, X, pi)—
i:f(pi)>; i f (i) <7
)\fv’Y]j o )\_fv_’Y]j’

hence:
X(XN{f=7%1) —x(X{f=mw}) =

— Z ind(—f, X,p;) — ()\fﬁ;r - )‘fmc)7
i f(pi)="k

because as already noticed, A fromt = A_f,—.- If v does not belong to Ay

k

then A, = Af - If v belongs to Ay then:

Mon = Apot = > ind(f, X nSE Ha),qf).
j:ujR<0
f(qf)ﬁwk
Therefore,

l

DX {f =) = x(Xn{f =w}) == ind(—f, X, pi)+
k=1 i=1
S D id(f, XN SEHa), gf).

ko€Ay jult<o
f(qJR)ﬁwC
By Corollary 3.7, we have:
l
X(X n{f= ’Yar}) =x(X) - Zind(f, X,pi) — Af7'ya_ - )‘—f,_'y(‘)’"
i=1
But we remark that:
Mo = Oy nd(f, X NSEa), ),
k€A j:uf<0
f(qf)ﬁwk
because if V(fis)(qff) = pfV(pas)(gf) with pff < 0 then f(gf) >
for f(qJR) decreases to one of the v;’s. Similarly we see that )\_f = 0.
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Combining these equalities, we get the result when Bf =AsUf({p1,---mi})-
But if v ¢ A? UA?Uf(Ef‘X) then x (X N{f =7"}) —x(Xn{f=19}) =0.

O
Theorem 3.21. We have:
l u u
X(X) = ind(f, X,pi) + Y _x(X N {f <) =Y x(Xn{f <),
i=1 k=0 k=1
! u u
X(X) = ind(=f, X, p1) + Y x(X N {f 2971 =D x(X{f > w}).
i=1 k=0 k=1

Proof. We prove the first equality in the case B(f) = f({p1,....m}) UA;.
For k € {1,...,u}, we have by Proposition 3.6:

XX N{f <) —x(Xn{f=w})= D ind(—fX,p)+ s,
i f(pi) <Yk

XX <) —x(Xn{f=1) = Y md=f,X.p)+Ar ;-
if (pi) <y
Hence,
XX O{f <)) —x(Xn{f <wh)] -
XX {f =5 - x(Xn{f=w})]= > ind(—f X,p),
i:f(pi) ="k

SO:

u

(XN {f <) —x(Xn{f <w})] -
k=1

u l

X {f =) —x(X0{f =w})] =D ind(—f, X, pi).

k=1 i=1

But, we remark that x(X N {f < ~7}) = x(X N {f = v¢}) because
A fed = 0, which implies that:

S XX A{F <) =S XN {f <) =

k=0 k=1

u u [
XA =) = S 0 (=) + Y ind(— £, Xopy) =
k=0 k=1 =1

[

V(X) = 3 ind(f, X, p).

i=1
(]
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Corollary 3.22. We have:

dox(Xn{f =4 - x(Xn{f <))

k=0
_ZX(XH {(f>w}) —x(Xn{f <w}) =
=1

l

Z ind(f, X,p;) —ind(—f, X, p;).

=1

4. CASE X =R"

In this section, we apply our previous results to the case X = R™. In
this case ind(f, X, p;) = (—1)"ind(~f, X, p;) = deg,, V/, the local degree of
Vf at p; and Zi‘:l ind(f, X,p;) = deg V[, the degree of V f at infinity, i.e

the topological degree of —f Sk 1 8§71 where S§ ~ is a sphere of big

i
radius R. Furthermore, pso = (—1)"" lA,f,,a and p_f_o = (—1)"*1)%&.

We can restate our result in this setting.

Proposition 4.1. For all « € R, we have:

x{f=al) = x({f=a})= D> deg, VI +Aa

i f(p1)>04
X({f <o) =x({f =a}) = (=1)" D deg, VI + (-1)" psa.
i:f(pi)<a
O
Corollary 4.2. If n is even then for all a € R, we have:
X({f = a}) =1- Z deg, Vf — Afa + tfa,
if(pi)#a
x({fzal)—x({f<a}) = > deg,Vi- > deg, VI+Aratiifa-
i:f (pi)>a i:f(pi)<a
If n is odd then for all o € R, we have:
x{f=a})=1— > deg,Vf+ >  deg,Vf—Ara+lifa
if(pi)>a if(pi)<a
x({fzah) —x({f<ad) = Y deg,Vi+Xa+isa
i: f(ps) #x
O

The above formulas can be viewed as real versions of results on the topol-
ogy of the fibres of a complex polynomial (see for instance [Pa] or [ST]).
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Proposition 4.3. If n is even then, for all a € R, we have:
V(LR < a})) = x(LK({f = a})) = 1 - degoVf — Ag + i

X(Lk‘x’({f = a})) =2—2deg V[ —2Xt o +2Ufq-
If n is odd then, for all o € R, we have:

X(Lk®({f <a})) =1 —dego VI = Ao + fifar
X(Lk*({f > a})) =1+ deg Vf + Ao — Lifa-

)

O
We also obtain generalizations of Sekalski’s formula [Se]. We keep the
notations introduced in the general case.

Theorem 4.4. We have:

L=degooVF+ 3 X(L®({f <b/H) = D x(LK™({f < bi})) =

=0

(—1)"dego VS + Y x(LK({f = ¢}) = Y x(Lk*({f > ei})).
i=0 i=1
If n is even then we have:
t t

2 =2deg Vf+ > x(Lk{f =d })) = Y x(Lk®({f = d;})).

=0 1=1

Theorem 4.5. If n is even, we have:

1=2deg, VI + > x({f =) = > x({f =w}).

k=0 k=1
L=deg VS + Y x({f <% 1) =D x({f <md),
k=0 k=1
L=dego VI + > x({f 2 %) =D x({f = w),
k=0 k=1
> xUr =) - x{f <)) Zx {f = u}) —x({f <n}).
k=0

If n is odd, we have:

u

=S x({F =) - o x({F =w)).
k=0

k=1

1=deg, Vf+ > x({f <% =D x({f <w}),
k=1

k=0
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u

1=—deg Vf+ Y x({f =% =Y x({f = w}),

k=0 k=1

> XU =Y —x{F <) =D x{F = wd) - x({F < w})
k=0 k=1
+2deg V f.

O

5. APPLICATION TO GENERIC LINEAR FUNCTIONS

We apply the results of Section 3 to the case of a generic linear function.
Let X C R” be a closed semi-algebraic set. For v € S~ 1, let us denote by
v* the function v*(x) = (v,z). We are going to study the critical points of

Y xn $11(a) for v generic and R sufficiently big.

Let I';(X) be the subset of S"~! defined as follows: a vector v belongs
to I'1(X) if there exists a sequence (zy)ren such that ||zg|| — 400 and a
sequence (vj)ren of vectors in S~ ! such that vy L Ty, S(zk) and v, — v,
where S(zy) is the stratum containing xy.

Lemma 5.1. The set I'1(X) is a semi-algebraic set of S"~1 of dimension
strictly less than n — 1.

Proof. If we write X = UyeaSa, where (Su)aca is a finite semi-algebraic
Whitney stratification of X, then we see that I'1(X) = Uaeal'1(Sa). Hence
it is enough to prove the lemma when X is a smooth semi-algebraic manifold
of dimension n — k, 0 < k < n.

Let us take x = (z1,...,2,) as a coordinate system for R" and (z, x)
for R"*1. Let ¢ be the semi-algebraic diffeomorphism between R" and
S™ N {xp > 0} given by:

() ( 1 T Ty )
p(r) = , e, ——— | .
VIl 1+ ]2 V1]

Observe that (zo,z) = ¢(z) if and only if z = -=. The set ¢(X) is a smooth

X
semi-algebraic set of dimension n—k. Let M be the following semi-algebraic

set:
M= {(mo,x,y) € R™1 x R | (z9,2) € p(X) and y L TLX} .
0

We will show that M is a smooth manifold of dimension n. Let p = (g, z,y)
X

be a point in M and let z = o~ !(zg,2) = <. In a neighborhood of z, X is

xo©
defined by the vanishing of smooth functions ¢1,...,gx. For i € {1,...,k},
let G; be the smooth function defined by:

T

Gilio, ) = g1 (—0) = gi(9 (20, 2)).
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Then in a neighborhood of (zg,x), ¢(X) is defined by the vanishing of

Gi,...,Gy and 23 + 22 + --- + 22 — 1. Note that for i,k € {1,...,n}?,

ggj (xg,x) = %gg; (x). Hence in a neighborhood of p, M is defined by the

vanishing of Gy,...,Gg, x% + 22 4+ .-+ 22 — 1 and the following minors
Miyig.igprs (01,5 0k41) € {1, .. ,n}’“‘l, given by:
oG oG
Biror) - e
Miyiy..ips (20, T, Y) = : :
k+1 ) %(xo’ a;) agij—l (370, 37)
Yiy Yirt1
Since rank(Vgy,...,Vgr) =k at z = ¢~ (z0, ), one can assume that:
9G oG
gt (@o,x) - Frk(zo, )
S
9G 9G
Tt (xo, @) - GrE(wo, @)

This implies that around p, M is defined by the vanishing of G1,...,Gg,
M1 kkt1y---, M1, kn and x%—i—x%—i—- . -—i—m%—l (a similar argument is given and
proved in [Dutl,85]). It is straightforward to see that the gradient vectors
of these functions are linearly independent. Then M \ M is a semi-algebraic
set of dimension less than n. If m, : R*™! x R" — R" denotes the projection
on the last n coordinates, then we have I'y(X) = S"~ ' N, (M \ M). O

Corollary 5.2. Let v be vector in S"~ 1 and let a € R™. If there evists a
sequence (zx)ken of points in X such that:

o [zl = +o0,

o v e N, S(xp) d R(zg — a),

o limg oo |0*(21)] < 400,

then v belongs to I'1(X) (Here Ny, S(zk) is the normal space to the stratum
S(zx))-

Proof. We can assume that v = e; = (1,0,...,0). In this case, v* = ;.
Since the stratification is finite, we can assume that (xg)ren is a sequence
of points lying in a stratum S. By the Curve Selection Lemma at infinity,
there exists an analytic curve p(t) :]0,e[— S such that lim;_ ||p(¢)|| = +o0,
lim; 0 p1(t) < 400 and for ¢ €]0, [, e1 belongs to the space Ny, SOR(p(t) -
a). Let us consider the expansions as Laurent series of the p;’s:

pi(t) =hit® +--- i=1,...,n.

Let « be the minimum of the «;’s. Necessarily, a < 0 and a1 > 0. It is
straightforward to see that ||p(t) — a|| has an expansion of the form:

Ip(t) — al| = bt + -+, b> 0.
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Let us denote by 7 the orthogonal projection onto 7)) S. For every ¢ €]0, ¢,
there exists a real number A(¢) such that:

m(e1) = MO (p(1) - a) = A0 m(plt) @)l TP =

Observe that if ¢ is small enough, we can assume that m(p(t) — a) does not
vanish because S|, ;)—q| (@) intersects S transversally. Using the fact that
p'(t) is tangent to S at p(t), we find that:

pi(t) = (P (t),e1) = (P (t), m(e1)) = A()(P'(t), p(t) — ).
This implies that ord(\) > a1 —2a. Let  be the order of ||7:(p— a)||. Since
lp(t) — a|| > [|me(p(t) — a)||, B is greater or equal to . Finally we obtain
that ord(A||m(p(t) —a)l|) is greater or equal to a1 — 2av+ 3, which is strictly
positive. This proves the lemma. O

Lemma 5.3. There exists a semi-algebraic set T'o(X) C S~ ! of dimension
strictly less than n — 1 such that if v ¢ T'9(X), then v|*X has a finite number

of critical points.

Proof. 1t is enough to prove the lemma for a semi-algebraic stratum S of
dimension s < n. Let Ng be the following semi-algebraic set:

Ng ={(z,y) e R" xR" |z € Sand y L T,,;S}.

Using the same kind of arguments as in Lemmas 2.2, 2.3, and 5.1, we see
that Ng is a smooth semi-algebraic manifold of dimension n. Let
my : Ng — R"
(T,y) =
be the projection onto the last n coordinates. The Bertini-Sard theorem
implies that the set Dy, of critical values of 7, is semi-algebraic of dimension
strictly less than n. We take I'>(X) = S"~1 N Dy, . O
Let us set T'(X) = I'1(X) UTy(X), it is a semi-algebraic set of S"~! of
dimension strictly less than n — 1. If v ¢ I'(X) then vy admits a finite
number of critical points pi,...,p;. Moreover, if there is a family of points
qJB in SN S%*(a) such that Vv‘*s(qf) = ﬂ‘?vpa|s(qf)a where S is a stratum
of X, and ,uf < 0 then v*(qﬁ) — —o0 because v ¢ T';. Similarly if Mf >0
then v* (qf) — 400. We conclude that the set A,+ is empty and that for all
a e R:
)\v*,a = Hy* o = )\—U*,—a = M—p* —a = 0.
Hence, we can restate the results of Section 3 in this setting and get relations

between the topology of X and the topology of generic hyperplane sections
of X (see [Ti2] for similar relations in the complex setting).

Proposition 5.4. If v ¢ T'(X) then for all « € R, we have:
XN 2 a)) —x(XN {7 =a}) = Y ind(", X)),

:v* (pi)>a
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x(XN{v*<a}) —x(XNn{v*=a}) = Z ind(—v*, X, p;),

:v* (p; ) <o

X(XN{v* =a}) = x(X)- Z ind(v*, X, p;) — Z ind(—v*, X, p;),

0% (pi) > v (p;)<a
x(XN{v*>a}) —x(XN{v*<a}) =
Z il’ld(’l)*,X, pl) - Z ind(—v*,X, pl)

v* (ps) > :v* (ps) <o

Proposition 5.5. If v ¢ T'(X) then for all « € R, we have:

l
x (LK™ (X N {v* <a})) = x(X) - Zind(v*,X,pi),
i=1
l
X(LR(X 0 (" 2 a}) = x(X) = 3 ind(—v, X, py),
i=1
X(LE*(X N {v" = a})) = 2x(X) — x(Lk> (X))
! !
— Zind(v*,X,pi) — Zind(—v*,X,pi).
i=1 i=1
O
Note that the functions g — x(Lk*(X N {v*?78})), ? € {<,=,>}, are
constant on R. Theorem 3.20, Theorem 3.21 and Corollary 3.22 are also
valid in this context. They have the same formulation as in the general case
with the difference that B(v*) = v*({p1,....mi}).
As an application, we will give a short proof of the Gauss-Bonnet formula

for closed semi-algebraic sets. Let Ag(X, —) be the Gauss-Bonnet measure
on X defined by:

1
Ag(X = i X
O( 7U) VOI(Sn_l) Anlg;]lnd(v ) ,.%')d?},

where U is a Borel set of X. Note that if x is not a critical point of
vfy then ind(v*, X,z) = 0 and therefore that for v ¢ I'(X), the sum

> weyind(v*, X, x) is finite. The Gauss-Bonnet theorem for compact semi-
algebraic sets is due to Fu [Fu] and Broecker and Kuppe [BK].

Theorem 5.6. If X is a compact semi-algebraic set then:
Ao(X, X) = x(X).

Now assume that X is just closed. Let (Kgr)r>o be an exhaustive family
of compact Borel sets of X, that is a family (Kg)gso of compact Borel sets
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of X such that UpsoKr = X and Kr € Kp if R < R'. For every R > 0,
we have:

1
MN(X, XNKR) = ———~ E ind(v*, X, z)dv.
O( e R) VOl(Snfl) /n_1 = 1 (U ) ’x) v
x R

Moreover the following limit:

lim g ind(v*, X, x),
R—+o0
$€XOKR

is equal to ) .y ind(v*, X, z) which is uniformly bounded by Hardt’s the-
orem. Applying Lebesgue’s theorem, we obtain:

. 1 . . B
lim_ Ao, XNKR) = G /Sn_lRETw D ind(v", X,a)dv =
zeXNKpRr

1 / )
—_— ind(v*, X, x)dv.
Vol(snil) Sn—1 :);X

Definition 5.7. We set:
Ap(X,X) = lim Ag(X,X N Kg),
R—+o00

where (KR)gr>0 s an exhaustive family of compact Borel sets of X.

Theorem 5.8. If X is a closed semi-algebraic set then:
1 o
Ao(X, X) = x(X) — §X(Lk (X))
1

T 2Vol(Sn 1) /Sn_l X (LK®(X N {v* = 0}))do.

Proof. We have:

1
AN X, X)= ————— ind(v*. X, 2)dv =
0( ) ) Vol(Sn_l) /Sn_l:;(ln (U ) 7'%') v

1 1 * . *
W/Snl Z ind(v*, X, z) + ind(—v*, X, z)dv =

reX
1
—— 2% (X)) — v(Lk*® (X)) — v(Lk>®(X N {v* =0}))d
2Vol (S 1) /Snl X(X) = x (L™ (X)) = x(Lk>(X 1 {v* = 0}))dv,
by Proposition 5.5. 0
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