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ABSENCE OF GROUND STATE
FOR THE NELSON MODEL ON STATIC SPACE-TIMES

C. GERARD, F. HIROSHIMA, A. PANATI, AND A. SUZUKI

ABSTRACT. We consider the Nelson model on some static space-times and
investigate the problem of absence of a ground state. Nelson models with
variable coefficients arise when one replaces in the usual Nelson model the flat
Minkowski metric by a static metric, allowing also the boson mass to depend
on position. We investigate the absence of a ground state of the Hamiltonian
in the presence of the infrared problem, i.e. assuming that the boson mass
m(x) tends to 0 at spatial infinity. Using path space techniques, we show
that if m(z) < Cla|~* at infinity for some C' > 0 and g > 1 then the Nelson
Hamiltonian has no ground state.

1. INTRODUCTION

In this paper we continue the study of the so-called Nelson model with variable
coefficients began in [GHPS1, GHPS2]. The Nelson model with variable coefficients
describes a system of quantum particles linearly coupled to a scalar quantum field
with an ultraviolet cutoff. Typically the scalar field is the Klein-Gordon field on a
static Lorentzian manifold, (see [GHPS2]).

In this respect the Nelson model with variable coefficients is an extension of
the standard Nelson model introduced by [N] to the case when the Minkowskian
space-time is replaced by a static Lorentzian manifold.

The Hamiltonian of the Nelson model with variable coefficients is defined as a
selfadjoint operator on L?(R3,dx) ® I's(L?(R?, dx)), formally given by

(1.1) H= _% S O, A (%), + V()

1<5,k<3

+ % / (m(2)* + p(2)w* (z, Do )p(x)) da

q —1/2
+ 2 [ Dol = x)ele)i

where ¢(x) is the time-zero scalar field, m(x) its conjugate momentum, ¢ € R a
coupling constant, p a non-negative cutoff function, and w(x, D,) = h? with

(1.2) h=—c@) ™ [ > 0n,0 (@), | clx)™! +m’(x).

1<5,k<3

Here m?(z) describes a variable mass. The assumptions on a’*, A7¥ and ¢ will be
given later in Section 2. We refer to [GHPS2| for the derivation of (1.1) starting
from the Lagrangian of a Klein-Gordon field on a static space-time linearly coupled
to a non-relativistic particle.
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The standard Nelson model is defined by taking w(z, D,) = w(D,) for w(k) =
(k% + m?2)2 with a constant m > 0, and A% = jk- Then m > 0 (resp. m = 0)
corresponds to the massive (resp. massless) case. The model is called infrared
singular (resp. regular) if

5k 2
/RS |f;((k:))|3 dk = oo (resp. < 00),
in particular the massive case is always infrared regular. In this paper we will
assume that p > 0 and [p, p(x)dz = 1, which in the standard Nelson model leads
to an infrared singular interaction (see Remark 2.4). In the infrared regular case,
it is now well known that the standard Nelson Hamiltonian has a unique ground
state, see [BFS, DG1, GGM, G, Sp| and [HHS, HS, P, Sa] for more general results.
The ground state properties are discussed in [BHLMS] using path space techniques.
It is also known that in the infrared singular case the standard Nelson Hamiltonian
has no ground state. See [AHH, H, LMS, DG2].
In [GHPS2] the existence of ground states of H is shown when

(1.3) m(z) > C{z)~t, C >0,
where () = (1 + |2|2)'/2. In this paper we will consider the case
(1.4) m(z) < Clx)™", u>1.

In [GHPS1], the absence of ground state of the Nelson model (1.1) is proven if (1.4)
holds for 1 > 3/2, for a sufficiently small coupling constant, and A% (x) = §;, =
a’*(x). In the present paper we drastically extend [GHPS1]. In fact we show that
if (1.4) holds for some g > 1 then H has no ground state. Therefore combining the
results of [GHPS2] with those of the present paper gives an essentially complete
discussion of the problem of existence of a ground state for the Nelson model with
variable coefficients.

In [DG2] the absence of ground states for an abstract class of models including
the standard Nelson model is shown by making use of the so-called pull-through
formula. This method does not seem to be applicable in our situation. Instead
we use the method developed in [LMS] based on path space arguments. We now
briefly explain this approach.

Path space representation of the Nelson model.

One can write the physical Hilbert space L?(R3) @ I's(L*(R3)) as L?(M,dm)
for some probability space (M, m) in such a way that the interaction term ¢,(x)
becomes a multiplication operator on M and the semi-group e *# is positivity
improving. Moreover the expectation values (Fle~*/G) can be written using an
appropriate path space measure and a Feynman-Kac formula, and the ground state
of the free Hamiltonian Hy, (i.e. H with ¢ = 0), is mapped to the constant function
1.

The probability space (M, m) and the path space measure are obtained by ten-
soring the corresponding objects for the particle and field Hamiltonians. For the
particle Hamiltonian K we use the fact that K has a strictly positive ground state
¢p- We then apply the so called ground state transform by unitarily identifying
L3(R3,dx) with L?(R3, 4, (x)dx), obtaining a new particle Hamiltonian L. One
can then construct a diffusion process associated to the semi-group e ~*~.

For the field Hamiltonian we use the well-known Gaussian process. The path
space representation for the Nelson model is then obtained from a Feynman-Kac-
Nelson formula.

Absence of ground state.
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After mapping everything to L?(Q, 1), an easy argument based on Perron-Frob-
enius shows that H has no ground state iff

(]l|efTH]1)2

0 ey

tends to 0 when T' — +o00. Using the Feynman-Kac formula the expectation value
(1]e=TH1) can be explicitly expressed in terms of the pair potential W given by

ol

Wy, [t]) = (p( = x)|——=p( = )).

The key ingredient to estimate W are Gaussian bounds such as
Cre! A (a,y) < e (1,y) < Cae' A (x,y).

By modifying the method used in [LMS, KV] and using the super-exponential decay
of 1, we can finally show that v(T") — 0 as T — oo and we conclude that H has
no ground state.

Organization.

This paper is organized as follows. In Section 2 we define the Nelson Hamiltonian
with variable coefficients. In Section 3 we consider the semi-groups e "*% and e=*
associated to the two versions of the particle Hamiltonian. We prove the Feynman-
Kac formula and various Gaussian bounds on e *% and e™**. We also construct
the diffusion process associated with e7**. In Section 4 the functional integral
representation of e~ is given. In Section 5 we prove the absence of ground state.
Finally Appendix A is devoted to the proof of Proposition 3.12 about the diffusion
process associated with L.

2. THE NELSON MODEL WITH VARIABLE COEFFICIENTS

In this section we define the Nelson model with variable coefficients and state
our main theorem.

2.1. Notation. We collect here some notation used in this paper for reader’s con-
venience.

Hilbert space and operators: The domain of a linear operator A on Hilbert
space H will be denoted by DomA, and its spectrum by o(A). The set of bounded
operators from H to K is denoted by B(H, K) and B(H,H) by B(H) for simplicity.
The scalar product on H is denoted by (u|v). Let X be a real or complex Hilbert
space. If a is a selfadjoint operator on X, we will write a > 0 if a > 0 and
Kera = {0}. Note that if a > 0 and s € R, ||h||s = ||a”*Ah||x is a norm on Doma~*.
We denote then by a®*X the completion of Doma—* for the norm || ||s. The map a®
extends as a unitary operator from a'X to a*T'X. One example of this notation
are the familiar Sobolev spaces, where H*(R?) is equal to (—A + 1)~%/2L*(R%).
Finally if B € B(L*(R?)), the distribution kernel of B will be denoted by B(z,y).

Bosonic Fock space: If h is a Hilbert space, the bosonic Fock space over b,
denoted by T's(h), is

Iy(h) == Pern.
n=0
2 =(1,0,0,---) € Ts(h) is called the Fock vacuum. We denote by a*(h) and a(h)

for h € b the creation and annihilation operators, acting on I's(h). If K is another
Hilbert space and v € B(KC, K ® b), then one defines the operators a*(v), a(v) and
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@(v) as unbounded operators on K ® I's(h) by

a*(v)‘lC®(®;?'h) =/n+ 1(]1;@ ® Sn+1) (v ® Lgr h)v
a(v) == (a*(v))",
o(v) := %(a(v) + a*(v).

Here S,41 denotes the symmetrization. If T is a contraction on H, then I'(T) :
Ts(h) — T's(h) is defined as

Hn‘ =T® 0T, n>l1,
b S

FT’ —1, n=0

()®%

If b is a selfadjoint operator on b, its second quantization dI'(b) : Ts(h) — T's(h) is
defined as

dr(b)’ =3 1® - lebl®---®1l, n>1,
®:;b s=1 ) ,
j—1 n—j
dF(b)’ =0, n=0.
®:h

Let N = dI'(1). The creation operator and the annihilation operators satisfy the
estimates

(2.5) la*()(V + 1)~ 2| < |Jo]],

where af = a,a* and ||v|| is the norm of v in B(K, K ® b).
We denote by z € R? (resp. x € R3) the boson (resp. particle) position.

2.2. Particle Hamiltonian. In this section we define the particle Hamiltonian K
on L?(R3). We set
Z Oy, A* (%) D,

1<g,k<3
acting on K = L?(R3, dx). We assume

(E1) Col < [A%(x)] < C11, Cp > 0,
(B2) Vi [A*(x)] € L>®(R?).

In Subsection 3.2 we will consider the drift vector:
3
1 )
b(x) = (b1(x), b2(x), b3 (x)), br(x) = > 0,47 (x)
=1

and we will need the assumption:
(E3) Vib;j(x) € L™(R?).

Under assumption (E1), K is defined as the positive selfadjoint operator associated
with the closed quadratic form:

(2.6) / S B, TR A ()0, f(x)dx
1<4,k<3

with form domain H!(R?). Assuming also (E2), then by standard elliptic regularity,
we know that

Kof:— > 0 (AF(x)0y, )

1<J,k<3
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with DomKy = H?(R?). We also introduce an external potential V. We assume
that
(B4) V € Li,.(R*),V > 0.
The operator
K = KO + V

is defined as the positive selfadjoint operator associated with the closed quadratic
form:

af ) = aolf. f) /V )IfI2(x

with form domain H* (R?’)ﬂDomV 2. If we assume the following confining condition:
(E5) bo(x)* < V(x), bo >0, § > 0.

then K has compact resolvent.

2.3. Boson one-particle energy. Next we define boson one-particle Hamiltonian.
Let

(2.7) ho = —c(z)™! 1S§Sdajajk($)3k e(x)™h,

hi=ho+m?(z),
where a7, ¢, m are real functions and
Col < [a/*(z)] < C11, Cy < c(x) < Cy, Cp >0,
G ) O((z)™1), ol <1,
dgc(x) € O(1), |af <2,
agi‘m(x) €0(1), |o] <1.
We assume that the variable mass term m(z) decays at infinity faster than (x)

(B2) m(x) € O({x)™"), p> 1.

Clearly h is selfadjoint on H?(R3) and h > 0. The one-particle space and one-
particle energy are

(2.8) b= L2(R3,dz), w:=h2.
By [GHPS2, Lemma 3.1] we know that
Kerw = {0}, info(w) = 0.

—1.

2.4. Nelson Hamiltonians. We fix a charge density p : R — R such that

(B3)p@)2(Lt/p@ﬂmt:]4|M’aﬁ®)EIFGRﬂdkL(y:]W%

where p denotes the Fourier transform of p, and set px(z) = p(x — x). We define
the UV cutoff fields as

(2.9) 0p(x) == (w2 py).

Note that setting (x) := ¢(w™2dy), one has ¢, (x) = [@(x—y)p(y)dy. The Nelson
Hamiltonian is

(2.10) H:=K®1l+1®dl(w)+qp,(x),
acting on

(2.11) H =K @ T.(h).



hal-00544552, version 1 - 8 Dec 2010

6 C. GERARD, F. HIROSHIMA, A. PANATI, AND A. SUZUKI

The constant g has the interpretation of the charge of the particle. We assume of
course that ¢ # 0. We also set

Hy:=K®1+4+1®dl'(w),
which is selfadjoint on DomHy = Dom(K ® 1) N Dom(1 @ dI'(w)).

Proposition 2.1. Assume hypotheses (E1), (E4), (B1), (B2), (B3). Then H ‘s
selfadjoint and bounded below on DomHy. Moreover H is essentially selfadjoint on
any core of Hy.

Proof. Since —A, < Cw? it follows from the Kato-Heinz theorem that

_ o 1
sup [w™%pxllrz < Cl[[k]7pll 2, @ = 5,1,
x€R3

It follows e.g., from [GGM, Section 4] that ¢,(x) is Hop bounded with the infinites-

imal bound, and the proposition follows from the Kato-Rellich theorem. O

Remark 2.2. In the previous paper [GHPS1] we considered the case
w=(=A, +m%(x))2 but with @, replaced by @, given by

(2.12) Bo(x) = B(w™2 ),
where
(2.13) ) = (m) 2 [ (kYRR

and the generalized eigenfunctions W (k, x) are solutions to the Chapman-Kolmogor-
oV equation:
) 1 2=yl 2 () U (K
(2.14) U(k,z) = ehe — —/ ¢ m W)k y)
Am Jrs lz =yl
Note that if p is radial e.g., p(z) = p(|z]) then $,(x) = p(w™ 2 p(w)dy). Ifm(z) =0
then ¢,(x) = ¢,(x). In the general case, w = h2, the natural definition (2.9)

is much more convenient than (2.12). In particular we do not need to consider
generalized eigenfunctions for h defined in (2.7).

2.5. Absence of ground state for Nelson Hamiltonians. The main theorem
in this paper is as follows:

Theorem 2.3. Assume hypotheses (E1), (E2), (E3), (E5), (B1), (B2) and (B3).
Then H has no ground state.

Remark 2.4. Since p(0) =1, we see that

219 [y

As is well known if w = (—Az)%, (2.15) is called the infrared singular condition.
In this case Theorem 2.8 is well known, see e.g., [DG2].

Remark 2.5. In [GHPS2] we show that if instead of (B2) we assume that m(z) >
C{x)~! then H as a (unique) ground state. Therefore Theorem 2.3 is sharp with
respect to the decay rate of the mass at infinity.

3. FEYNMAN-KAC FORMULA FOR THE PARTICLE HAMILTONIAN

In this section we prove some Gaussian bounds on the heat kernels e 0, e~tho

and e~*". The bounds for e *%0 and e~ are well known in various contexts. In
our situation they are due to [PE, Theorems 3.4 and 3.6]. Note that by identifying
2 and x and setting ¢(z) = 1, Ky is a particular case of hg.
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3.1. Gaussian upper and lower bounds on heat kernels. The bounds for
e~th were proved previously by [Se| for operators in divergence form and by [Zh]
for Laplace-Beltrami operators.

Proposition 3.1. [PE, Theorems 3.4 and 3.6] Assume (B1), or (E1), (E2). Then
there exist constants C;, ¢; > 0 such that

(3.16) Cret (z,y) < e o (z,y) < Coe®®(z,y), YVt >0, x,y € R,

(3.17) Cre“t (x,y) < e Ho(x,y) < Cre®(x,y), YVt >0, x,y € R3.

Proposition 3.2. Assume (B1) and (B2). Then there exist constants Cy,c; > 0
such that

CleCItA(zay) S eith(zay) S CQGCZtA('rvy)a Vi > 05 z,y € Rd'

Remark 3.3. Conjugating by the unitary

U:L*(RY, dx) 5 u s c(x) tu € LA(RY, 2 (z)dx),
we obtain _

ho = UhoU™" = —c(2)72 321} jcq 0507" ()0,
h:= URU™' = ho 4+ m?(z),
which are selfadjoint with domain H?(R?). Let e’tﬁ(:c,y) for t > 0 the integral
kernel of e " i.e. such that

e*tﬁu:c = e*tﬁz u(y)c? .
@ = [ e enu) s, ¢>0

—th( —th (2, y)e(y), the bounds in Proposition 3.1 also hold

—th

z,y) = c(z)e
for hg and it suffices to prove Proposition 3.2 for e

Then since e

By the above remark, we will consider the operators ho and h. We note that
they are associated with the closed quadratic forms:

W(r.h= [ 3 TT@e@a)

R 1< k<3

(3.18) ) )
WE D) = o £. 1)+ [ P (@) @) de

with domain H*(R?). We will use the following well known convexity result. For
completeness we sketch its proof below.

Lemma 3.4. Assume that w € L>™(R3) is a real potential. Then
R3>A— eft(;l“J“\w)(:c,y)
is logarithmically convex for all t > 0 and a.e. =,y € R3,

Proof. Note that if F} and F5 are log-convex, then F; F» and C'F) are log-convex.
Moreover (see [S, Theorem 13.1]) if for all y € R the function R > X+ F(\,y) is
log-convex, so is \ — fRd F (A, y)dy. To prove the claim we use the Trotter product
formula. We can set t = 1.

e*(ﬁo“l’)\w)(z, y) = lim (e*flo/"e*)\w/”)"(z, Y), a.e. x,y.
n—oo

Let Ay (z,y), Bx(z,y) the kernels of two operators Ay, By assumed to be log-convex
in A for a.e. z,y. Then by the above remarks the kernel of A)B)

(AnB @) = [ A ) B )i
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is also log-convex in A. The kernel of e~ 0/me=2w/m equals to e~ o/m(x, y)e=rw®)/n
is log-convex in \. Applying the above remark and the Trotter formula we obtain
our claim. O

Proof of Proposition 3.2. We use the unitary transformation as in Remark
3.3. We know from Proposition 3.1 that

(3.19) CreB(z,y) < e~ tho (z,y) < Coe®?™(z,y), V>0, =,y € R%

Since m?(z) > 0, the upper bound in the proposition follows from the Trotter-
Kato formula. Let us now prove the lower bound, following the arguments in [Se,
Theorem 6.1]. Since m?(z)c?(z) € O({z)=27¢) it follows from Hardy’s inequality
and (3.18) that

i~L0 > com?, for some ¢y > 0.

Set now w(x) = —com?(x)/4. Since ho + 2w > %ﬁo, we deduce from [D, Theorem
2.4.2] that

||67t(E°+2w)||L2HLw < ot~d/4,
By duality this implies that

o= o2 i < O,
and hence
,t(ﬁ0+2w)| t(;zg+2w)/2||L2_>Loc||eft(f~m+2w)/2HLl_>L2 < Ct—/2,

lle |L1spee < le”

By [D, Lemma 2.1.2] we obtain
e_t(%”w)(x,y) < Ct~2,
Applying then Lemma 3.4 this yields
(3.20) e_t(ﬁﬁw)(x,y) < /e tho (x,y)%, a.e. z,y € R%
Applying once more the log-convexity, we get that
e~ tho (z,y) < e~ t(ho+v) (z, y)se*t(;l”w)(z, y)' ¢, for s = co/(4 + co),
and hence using (3.20):
e—tﬁo (x’y)(1+s)/2t(1—s)d/4 < e—t(ﬁo+m2c2)($, y)*,

which implies the lemma using the lower bound in (3.19). O

3.2. Stochastic differential equation. Recall that we introduced the drift vector
b(x) in Subsection 2.2. We also define the diffusion matrix:

o(x) = [47]% (x),
and note that it follows from (E1), (E2), (E3) that b(x), o(x) are uniformly Lipschitz
on R3. We consider the stochastic differential equation:
(3.21) { d))({t = O(X[})dt + o(X[)dBy, t >0,
X3 = X,
on the probability space (27, B(2%), W), where 27y = C([0,00);R?), B(27) is
the o-field generated by cylinder sets and W the Wiener measure. (B;);>¢ denotes

the 3-dimensional Brownian motion on (2%, B(Z}), W) starting at 0. We denote
by (Fi)e>0 the natural filtration of the Brownian motion: F; = 0(Bs,0 < s <t).
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Proposition 3.5. Assume (E1), (E2), (E3). Then (3.21) has the unique solution
X* = (X[)i>0 which is a diffusion process with respect to the filtration (Fy)i>o0:

(3.22) Ew [f(X50I17]) =Ew [£(X)]

x

for any bounded Borel measurable function f, where Eyy {f(XtXS)} is By [f(X])]
evaluated at 'y = X.

Proof. Since b, ¢ are bounded and uniformly Lipschitz, the proposition follows
from [O, Theorem 5.2.1]. O

The following proposition is well-known. For lack of a precise reference, we will
sketch its proof.

Proposition 3.6. Assume (E1), (E2), (E3). Then

(3.23) e o f(x) =By [f(XT)], t>0, ae x€R3.

for f € L3(R3).

Proof. We first prove (3.23) for f € C§°(R?), under the additional assumption
that

(3.24) 22 Ak (x) € L®(R3), ¥V o € N3,

Let u(t,x) := e~ DEKof(x), 0 < t < T. By elliptic regularity we know that

DomK} = H?"(R?) and using that u € C*([0, T], DomK#) we see using Sobolev’s
inequalities that u(t,x) is a bounded C12([0, 7] x R3) solution of:

Oru(t, x) = Kou(t,x), u(T,x) = f(x).
By [KS, Thm. 7.6] it follows that
u(0,x) = 0 f(x) = By [f(XF)],

which proves (3.23) in this case.
We assume now only (E1), (E2), (E3). We can find a sequence [A7*],,(x) satis-
fying (3.24), such that [47%],,(x), b, (x) are uniformly Lipschitz and

[A7%),, — [A7*], b, — b, uniformly in R3.
This also implies that o7% — ¢7% uniformly in R3.
Let us denote by X[, the solution of (3.21) with oy, b, and by Ky, the associ-

ated differential operator. By a well known stability result for solutions of stochastic
differential equations, see e.g. [E, Chapter 5] we obtain that

Ew [| X5, — Xi[?] =0, vx € R®.

Let us fix f € Cg°(R?). Taking a sub sequence, we obtain that f(X7, ) — f(X}) a.e.
W and hence that T}, f(x) — T3¢ f(x). On the other hand we see that Ky, — Ko
in norm resolvent sense, hence e~ o f — e~tKo f in [2(R3). Taking again a sub
sequence, we obtain that e~ *%on f(x) — e~ 0 f(x) a.e. x. Therefore the identity
(3.23) holds for f € C§°(R3), under assumptions (E1), (E2), (E3).

We first extend (3.23) to f € L*(R3)NL>(R?) by density. For t > 0, f € C3(R3)
we set

me(f) = / Ew[f(X})]dx.

Clearly f > 0 implies m(f) > 0. Since Ky is a uniformly elliptic operator, e~
is a contraction on L!(R?) [D, Theorem 1.3.9]. Using again (3.23) we get

(3.25) m(Pl < [ 1£(lix, 1 € GGR?)

tKo
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and (3.25) can be extended to f € L!. It also follows from the Riesz-Markov
theorem that there exists a Borel measure o, on R? such that

(3.26) g f(x)doi(x) = mq(f)

for all f € CZ(R?). Together with (3.25) it follows that

)| < [ reola

Let now f € L2(R?) N L°°(R3). We can find a sequence (f,,)nen with f,, € C3(R?)
such that f, — f in L2, f, — f a.e. in R3 and sup,, || fullcc < 00. Let us fix t > 0.
Since f, — f in L?, we get that e 5o f, — e~ Ko f in DomK, = H?(R?), hence
uniformly on R3. Let
N = {z eR®|ful2) A f()},
N = {(xw) € R x 2| fu(XF(w)) A F(XF(w))}-
v (3.27) we have

(3.27) x)dot(x

J1 pdx®@dW = [14(X}(w))dx ®dW
*f]lJV Ydo:(x <f]l/y )dx = 0,
since fn(x) — f(x) a.e. Hence

(3.28) fo(XF (W) = F(XF (W), ae. (x,w)

with respect to dx ® dWW. Therefore using that (f,)nen is uniformly bounded, we
have

Ewl[fn(X7)] = Ewl[f (XF)] ae. x,

which proves (3.23) for f € L?(R3) N L>=(R3).

Finally let us extend (3.23) to f € L*(R?). We may assume that f > 0 without
loss of generality. We set f,, := min{f,n}, n € N, so that f,, € L2(R?) N L>=(R3),
fn(x) / f(x). Since e~t£0 is positivity preserving, we see that

(e7 ™o f,)(x) A (e f)(x) < 00, a.e. x.
By the same argument as above we get
fo(XE (W) 7 f(XE (W), ae. (x,w),

and applying (3.23) to f,, we see that sup,, Ew[fn(X;)] < oo a.e. x. The monotone
convergence theorem yields that Ew|[f(X[)] 7 Ew[f(XF)] < oo a.e. x, which
completes the proof of the proposition. O

3.3. Feynman-Kac formula.

Proposition 3.7. (Feynman-Kac type formula) Let f € L?(R3). Assume
(E1), (E2), (E3), (E4). Then

(3.29) (e ) (x) = Ew [f(X;‘)e— I V(X:)ds:| _

Proof. We assume for simplicity that V is continuous. The extension to V' € L110 o
V > 0 can be done by the same argument as in e.g. [S, Thm. 6.2]. By the
Trotter-Kato product formula [KM] we have

(3.30) e K f = lim (e=®/MKoe=(t/mVyn ¢

n—oo
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Let 0 <s; € R, f; € L*°(R3) for 1 < i < n. By Proposition 3.6 we have:
(er1Ro fy oo Ko 1) )
=Ew [f1(X}) (e fy e R0 f) (X))
= B [ £1(X5)Ew [ (X7 (75050 fy oo ) (5]
By the Markov property (3.22) we also have
By [ (X5 B [£2(X057) (07550 g vemsn R f) (X357
= Ew [[1(X3)Ew [f2(X3 4s,) (€755 f oo™ R0 f) (X3 44,) 1 Fs ]
=Ew [[i(X) (X3 4y,) (67500 fy e B0 ) (X3 4,)] -

Inductively we obtain that
(3.31)

(et X o fr-mem > o ) (x) =B | [T £(X)| 5 for tr = s1, £ =151 + 5.
j=1

Combining the Trotter product formula (3.30) and (3.31) with s; = t/n, f; =
—(t/n)V
e

(3.32) e f(x) = lim Eyy [e—“/") i Vi) f(X;()} .

we have

Since ¢t — X[ is continuous a.e. W and V is continuous it follows that

tj/n

n t
(t/n) Z V(X)) — / V(X¥)ds, a.e. W when n — cc.
j=1 0

Using that V(x) > 0 and the Lebesgue dominated convergence theorem, we obtain
that

E,y [e—wn) S VX g ( X;)} S Epy [e— Jovxzds) pxx)] in L2(R3).
This completes the proof of the proposition. O

3.4. Bounds on heat kernels. We first recall some easy consequences of the
Feynman-Kac formula.

Proposition 3.8. Assume (E1), (E2), (E3), (E4). Then there exist constants
C,c > 0 such that

(3.33) e (x,y) < ce®P(x,y), t >0, ae x,y€R

Here
T2 (x,y) = (4nT)~3/2e~x—vI*/(4T)

s the three dimensional heat kernel.
Proof. By the Feynman-Kac formula we know that
e (x,y) <eo(x)y), t>0, ae x,y€R3
Then we apply Proposition 3.1. O
Using the upper bound in Proposition 3.8, we get the following corollary.
Corollary 3.9. (Ultracontractivity) Assume (E1), (E2), (E3), (E4). Then
e "8 maps L*(R3) to L>®(R?) for t > 0.

Corollary 3.10. (Positivity improving) Assume (E1), (E2), (E3), (E4). Then
e~ 'K s positivity improving for t > 0. In particular if (E5) holds K has a unique
strictly positive ground state.
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Proof.
We first claim that

(3.34) /t V(X))ds < 00, a.e.(x,w).

Assume first that V' € L'(R?). Then since e=*X are contractions on L' we get:

¢ t
/ dxEyy [/ V(X;‘)ds] = / (1le™*EV)ds < |V ||1,
RS 0 0
hence (3.34) holds for V € L'(R?). If V € L{ _(R?, then V,, := 1y5<nyV € L'(R?)

loc
and there exist sets A, € R? x 27, of measure zero such that

¢
/ Vo(XY)ds < 00, (x,w) € N,,.
0

Set N := U, Ny Since s = X3 (w) is continuous, for each (x,w) there exists N =
N(x,w) € N such that N > supy< <, |X3(w)| and hence V(X (w)) = VN (X (w))
for all 0 < s < t. Therefore
t
/ V(X))ds < o0, (z,w) € N,
0

which proves (3.34). To prove that e *¥ is positivity improving it suffices to prove

that for f,g > 0 with f, g # 0 one has (fle""¥g) > 0. Assume that
(3.35) (fle K g) = / dxEyy [ Fx)g(XX)e s V<X2‘>d5} = 0.
R3
It follows from (3.34) that e~ Jovxds 5 0 ae. (x,w). Hence (3.35) implies that

[ st 719X = (71 09) =0,

R

But this contradicts the lower bound in Prop. 3.1. O

Lemma 3.11. (Exponential decay) Assume (E1), (E2), (E3), (E5). Let 1, be

the unique strictly positive ground state of K. Then there § > 0 such that
Sy e HY(R?).

Proof. If FF € O°°(R?) is real, bounded with all derivatives, then for u € DomK
we have the well-known Agmon identity:

/%(V(eFﬂ),AV(eFu»der/eQF(V - %(VF, AV F))|u|?dx

- / e* P UK udx + 2ilm / e*F(Va, AVF)udx.

Applying this identity to the real function v, we obtain by the usual argument

that there exists § > 0 such that 5™’ ¢, € L2(R3) and V(e®®" ") € L2(R3).
O

3.5. Ground state transformation and diffusion process. Assume (E1), (E2),
(E3) and (E5). Then K has compact resolvent and by Corollary 3.10 it has a unique
normalized strictly positive ground state 1,. We set

(3.36) dpip(x) = V2()dx, My = L2(B, dpy),
and introduce the ground state transformation:

Uy : Hp — LA(R?), [ pf.
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Let L be the corresponding transform of K — inf o(K) defined by
(3.37) L =% 'K —info(K))%,
with Dom(L) = %, 'Dom(K). We note that

(fILg)n, = WpfIKYpg) L2 — inf o (K)(¥p f, [Ppg) L2

Our goal in this subsection is to construct a three dimensional diffusion process
(i.e., a continuous Markov process) X = (X¢)ter associated with L. The operator
L is formally of the form

1 ‘ 1 , Ot
(338)  L=-3 S AR 0+ > (i(axjAJ’C) + AﬂkTp) By, -
1<5,k<3 1<5,k<3 P
A standard way to construct the diffusion process X; is to solve the following
stochastic differential equation:

3 3
(3.39)  dX{ =) o (X,)dBf +) (l(akAj’“)(Xt) + Ajk(Xt)M) dt
k=1 o \2 Vp(X2)

derived from (3.38), where B; denotes the three-dimensional Brownian motion, and
the diffusion term is o(x) = [A7%]2 (x). This is of course a formal description, since
the regularity of ¢, is not clear at all, and it is thus hopeless to solve (3.39) directly.
Instead of this direct approach we use another strategy to construct the diffusion
process X associated with L. This is done in Appendix A.

We summarize the properties of X; in Proposition 3.12 below. Let 2 =

CR;R?). X 2 Y means that X and Y has the same distribution.

Proposition 3.12. (Diffusion process associated with e~'") Let
Xi(w) =w(t), w()eL,

be the coordinate mapping process on (2, B(Z")), where B(Z") denotes the o—field
generated by cylinder sets. Assume (E1), (E2), (E3), (E5). Then there exists for
all x € R3 a probability measure P* on (27, B(Z")) satisfying (1)-(5) below:

(1): (Initial distribution) P*(X, =x) = 1.

(2): (Continuity) ¢t +— X; is continuous.

(3): (Reflection symmetry) (X;);>0 and (X;)i<o are independent
and X _4 4 X;.

(4): (Markov property) Let (Fi)i>0 = 0(Xs,0 < s < t) fort > 0 and
(Fr)i<o = 0(Xs,t < s <0) fort <0 be the associated filtrations. Then
(Xt)i>0 and (Xi)i<o are Markov processes with respect to (Fi)i>0 and
(Fi)i<o, respectively, i.e.

Epx[Xi4sFs] = Epx [Xyys|o(Xs)] = Epx. [XtXS]a
Epx[X_t—s|F_s] = Epx[X_¢—s[0(X_s)] = Epx_, [Xi(tis]

for s, t > 0, where Epx, means Epy evaluated at y = X;.
(5): (Shift invariance)
(3.40)

/d“p(X)EPx [fo(Xto) - fu(Xe,)] = (fole™ i)l fy o emlnmtni)lp 1y,

for fj € L=(R?), j = 1,...,n, and the finite dimensional distribution of X
s shift invariant, i.e.:

[ oo |T] 556 | = [ duptBee |T] 55X020)| . s€ e

j=1
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for all bounded Borel measurable functions f;, j =1,...,n.

This proposition may be known, the proof will be however given in Appendix A
for self consistency. We define the full probability measure P on R3 x 2" by

P(AXB):/Adup(x)/BdPx.

In the sequel we will denote Epx simply by E*.

4. THE NELSON MODEL BY PATH MEASURES

4.1. Path space approach for boson fields. Let X be a real Hilbert space and
a > 0 a selfadjoint operator on X. It is well known that there exist a probability
space (@, %, uc) and a linear map:

atX 3 f — o(f)

with values in measurable functions on (Q, X)) such that

/ (D e = e~ 5CUHD | feabn,
Q

for C(f, f) = (fla='f)x. Moreover X is generated by the functions ®(f), f € a2 X.

Such a structure is called the Gaussian process indexed by X with covariance
C. Let X¢ be the complexification of X. It is well known that L?*(Q, duc) can be
unitarily identified with the bosonic Fock space Fs(a%X@) by the map

(4.1) U:L*(Q,dpc) 3 ¢®P) — 90 e Ty(a2 Xe), feazl.
Here we recall that  is the Fock vacuum. If we further identify I's(a?Xc) with

I(Xc) by the map I'(a~2), we obtain that T's(Xc) is unitarily identified with
L3(Q, dpc) by % =T(a"%)U:

. . —1
(4.2) U LA(Q, duc) 3 V) s 9@ 2N e Ty (Xe), fEarX.

We will apply this result to X = L?(R?) and a = 2w, where w is defined in (2.8)
(note that w is a real operator). The associated probability space will be denoted
by (Qo, X0, o) and we set

H == L*(Qo, duo).
Note that under the above identification, any closed operator T on T's(L?(R?))
affiliated to the abelian von Neumann algebra generated by the €l?(9) for g € L2 (R?)
becomes a multiplication operator by a measurable function on (Qq, Xp). We set
Hg := % dT (W) %

We now recall the well known expression of the semi-group e "*#f through Gauss-

ian processes. Let us set D; = —i0d;. Consider the Gaussian process indexed by
LZ(RY) = L(R,dt) ® LZ(R3, dx) with covariance
(4.3) C(f, f) = (fIDF +w*) 7 ) e

and set a = D? + w?. The associated probability space will be denoted by
(Qr, X, pr) and the random variables by ®g(f). It is well known that for ¢t € R,
the map

Ji: (2w)2L2(R?) 3 g — 6, ® g € a? L*(RY)

is isometric, if §; denotes the Dirac mass at time t. Moreover one has

. 1 o
(4.4) (8, ® g1|(D} +w*) 101, @ g2) L2y = (91l 5e 871209 g0) L2 ().
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For t € R and g € (2w)2 L2(R?), we set
Dp(t, 9) == Pr(d ® g).

It follows that ®g(t,9) € M<p<ocLP(QE,dur). Since the covariance C is invariant
under the group 7, of time translations, we see that

Ty =% 'T(r)%, s€R
is a strongly continuous unitary group on L?(Qg, dug). Clearly

For t € R, we denote by E; : L*(Qg, g, ur) — L*(Qg, >, ur) the conditional
expectation with respect to the o-algebra X; generated by the ®(t,g) for g €
(2w)%Lﬂ2§(R3). As is well known one has E; = 02/{11"(6,5)% for e; = jij;. Clearly
EoL*(Qg, dug) can be identified with H¢ and we will hence consider Hy as a closed
subspace of L?(Qg, dug). It follows then from (4.4) that

(4.5) FTyGdug = (Fle ™t GQ)yy,, t >0,
Qe
for F,G € H;s.

4.2. Path space representation for the Nelson model. The Hilbert space
Hp @ He =2 L2(R? x Qo, dup ® dpo) and the Hamiltonian (%, ® %)H (%, @ %) ~"
will still be denoted by H and H respectively. Note that F' € H can be viewed as
a function: F: R?® 3 x +— F(x) € H defined almost everywhere. Note also that in
this representation the interaction gy, (x) becomes the multiplication operator by
the measurable function on Qg x R?: ¢®g(0, p(- — x)).

Theorem 4.1. (1) Assume (E1), (E2), (ES3), (E5). Let F,G € H. Then for all
t>0

(46) (Fle G = [ dug ()" [(P(Xo)le s P20t XDIT,G(X) 12 g
(2) In particular
(47) (]l|e—TH]l)H _ /dup(X)EX |:e(q2/2) Sat f- dSW(X{,,X37|t—S|)i| ,
where
e_‘tlw
(48) W(X7Y7 |t|) = (p( - X)v 2%

Proof. Suppose that G € L>=(R? x Qq, du, @ dpg). By the Trotter-Kato product
formula [KM] we have

e tH — s lim (e—u/n)Le—(t/n)%(o,qpc—x))e—(t/n)Hf)"_
n—o0

p(- =) r2rs).-

Using the factorization formula (4.5), the Markov property of F;, we have
(4.9) (Fle ™ @)

= lim [ du,(x)E* {(F(XO)767 2i=o %<1>E(jt/nﬁqp(-*Xm/n))Ttg(Xt))} )

We set ps = p(- — Xs) for s € R. Using that s — X, € R3 is continuous, we see
that

(4.10) RS s+ ps € w?L2(R?)
is continuous. This implies that

(411) R>s+— (I)E(S, Ps) c ﬂ1§p<ooLp(QE, d,LLE)
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is also continuous. In fact

Pe(t, pt) — Pr(s, ps) = Pu(t, pr) — Pu(s, pr) + Pu(s, pr — ps).

The first term in the right hand side tends to 0 when s — ¢ in Mi<p<oo LP(QE, dug)
since the time translation group {7} }ier is strongly continuous

on Mi<p<ool?(Qr,dur). The same is true for the second term using (4.10). It
follows from (4.11) that

in Ni<pcooLP(Qr), when n — co. We claim now that
(4.12)

n

lim exp [ =) %%(jt/n, ap(- — Xjt/n)) | = exp (—q/ot (s, p(- — Xs))dS)

n—-+oo
Jj=0

in Ni<pcoc LP(Qr). To prove (4.12) we set
fn=(t/n) Z5tj/n @ p(- — Xij/m(w)),

J=1
t
f= / ds @ p(- — Xy)ds.
0
The map
RS s 0, ®p(- — X,) € (D? +w?)2 L2(RY)
is continuous. Note that

(I)E(fn) = Z

7=0

(I)E(jt/na p( - X]t/n))

S|

P (f) = / Br(s, p(- — X.))ds.

We write now
1
e—1PE(f) _ o=a¥r(f) _ g / e aPE (A= ) Gy (f, — f)dr.
0

We use the fact that ®g(g) is a Gaussian random variable and hence
(4.13)
[e®E@ P = &P’ Cl9:9)/2 = @ /2N2BO)IE | < p < 00, g€ (D? +w?)2L(RY).

Applying Holder’s inequality we obtain (4.12). To complete the proof of (1) it
remains to justify the exchange of limit and integral. To do this we note that the
family of functions

F(Xo)e_qq)E(f")TtG(Xt), neN

is equi-integrable if F© € L*°, G € H, since it is uniformly bounded in LP for
some p > 1, by Holder’s inequality and (4.12). This completes the proof of (1) for
G e L>® and F € H.

Next suppose that G, F' € H. We can suppose F, G > 0 without loss of generality.
Let G, = min{G,n}, n € N. Thus (Fle"*?G,) — (Fle7*G) as n — oo and
F(Xg)e Js ®r(sp(=X))dsT, G, (X;) is monotonously increasing as N 1 co. By the
monotone convergence theorem we get that

F(Xo)e 9Jo Pulent=XDdsT,c(X,) € L'(R? x 2 x Qg,dP ® dug)
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and (1) follows. Applying (1) to F'= G = 1, we get

(Lle t1) = /dup(X)Ex [(]1,eq%<f>]1)} = /dup(X)Ex {euf/z)cmf)} _

Using (4.3), we get

CUr. ) = [t [ st ol = XOI(DE + )16, o~ X))

T T
:/ dt/ dsW (X, X, [t — s|).
0 0

This completes the proof of the theorem. O

Proposition 4.2. Assume (E1), (E2), (E3), (E5). Then e ' is positivity im-
proving for all t > 0.

Proof. Let t > 0 and F,G € ‘H with F,G > 0, F,G # 0. We need to prove that
(Fle*G) > 0. Since fot ®(s, p(- — Xs))ds belongs to L, e~ Jo Tes:p(=X))ds 5
a.e. Therefore it suffices to prove that

(4.14) /dup(X)Ex [(F(Xo)|ITiG(X))] = (Fle™°G) > 0.

The equality above immediately shows that e=0 is positivity preserving for all
t > 0. Moreover 1 ® 1 is the unique strictly positive ground state of Hy. Therefore
by [RS, Theorem XIII.44] e~*Ho is positivity improving for all ¢ > 0 and hence
(4.14) holds. This completes the proof of the proposition. O

We complete this section by stating a standard abstract criterion for the existence
of a ground state for generators of positivity improving heat semi-groups.

Lemma 4.3. Let (Q, %, i) be a probability space, and H a bounded below selfadjoint
operator on L*(Q, %, n) such that e*H is positivity improving for t > 0. Set

(]l|e_TH]l)2
YT) == =z
le=TH1|[?

and E = inf o(H). Then limp_4 o0 y(T) = ||Ligy(H)1||*. In particular H has a
ground state iff imp_, oo y(T) # 0.

Note that by Proposition 4.2, Lemma 4.3 can be applied to the Nelson Hamil-
tonian H.
Proof. We can assume that £ = 0, so that s-limp_, e TH = Loy (H). If O
is an eigenvalue, then by Perron-Frobenius arguments, 170y (H) = |u)(u| for some
u > 0. Tt follows that limr_, 4o v(T) = (u|1)?. Assume now that H has no ground
state and that there exists a sequence T}, — +oo such that v(7,,) > 6% > 0. This
implies that (Lje=7»#1) > §(1]e~2T"H1)z. Letting n — o0, we obtain that
| 1¢0y(H)1|| > 4§, which is a contradiction. O

5. ABSENCE OF GROUND STATE

5.1. Proof of Theorem 2.3. In this section we assume the hypotheses of Theo-

rem 2.3. We first prove some upper and lower bounds on the interaction kernels

W (x,y,t). This is the only place where the hypotheses (B2) on fast decay of the

variable mass m(z) and (B3) on the positivity of the space cutoff function p enter.
Set px(z) = p(z — x). We recall from (4.8) that

—tw

e
W(X7Y7t> = (Pﬂ%py)v X,y € Rga t=>0.
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We set hoo = —Ay, Weo = hZ, and denote by W (x,y, ) the analog potential for
w replaced by ws. Note also that

1 t
e W () =
w2 (o —y|* + [t[*)*’
which using the identity fe~** = +°O e s yields

L plz —x)ply —y) ,
472 |z —yl? 42

1 p(z)p(y)
1 - dady.
(5-1) 47r2/|x—y+x—y|2+t2 o

We(x,y,t) =

We also have
|| (k)e~#v)
(5.2) Wao(x,y,|t]) = / eItk gE,
Lemma 5.1. (1) W(x,y,[t|) >0 and WOO(X,y, [t]) >0,
(2) Assume (B2). Then there exist constants C; >0, j =1,2,3,4, such that
(5.3) CiWe (x,y, Calt]) < W(x,y, [t]) < CsWe(x,y, Calt])
for all x,y € R3 and t € R.

Proof. We note that the function f(\) =e~Y* on [0, 00) is completely monotone,
ie, (=1)"df(\)/d\" > 0 and that f(4+0) = 0. Then by Bernstein’s theorem [BF]
there exists a Borel probability measure m on [0, c0) such that

e_ﬁ:/ e~ dm(s)
0

1 e~ 1/(4s)
and actually dm(s) = ——5—ds. Hence

I

> > te*t / (45) 2
—tw —st?w? 7sw
e = e dm / ds.
/0 2\/_ 53/2

It follows that

1 > —Tw _TQ/(4P) —ph
Wk i) =5 [ oo = g [ ar [T e o

This implies (1) since e P is positivity preserving.
To prove (2), we note that by Proposition 3.2 there exist constants ¢; such that

(5.4) c1e2B(z,y) < e (x,y) < c3eP ().

Since py and py are non-negative, we see that by change of variables that ,
c1eoWeo (%, y, Vearlt]) S W (x,y, [t]) < cscaWeo (x,y, Veult]),

which completes the proof of the lemma. O

Let 7 be the probability measure on R3 x 2~ being absolutely continuous with
respect to P such that

(5.5) dur = ZLe(qW?) I ds JZq dtW (Xo Xels=t) gp

T
where Zr denotes the normalizing constant such that pur becomes a probability
measure.

Lemma 5.2. One has
(5.6) Y(T) < By [e70 S do Ja7 WX Xils=th |
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Proof. Using Theorem 4.1 (2) and the shift invariance of X; (see Proposition 3.12)
it follows that the denominator of v(7') equals

||e—TH]l||2 _ (]1|e—2TH]l) _ /dup(x)EX {e(,f/z) I dsW(X,,,XS,lt—sl)} — Zr.

The numerator of v(T) can be estimated by the Cauchy-Schwarz inequality and
shift invariance of X;:

e t0)2 = ( J dyap (0B [ela?/2 17 015 2] )
[ dpp(x) (EX [eof/z) J§ de f dsW} ) (Ex [e<q2/2> JOrat [0y dsw} )
[ dpap (x)EX [e(qZ/Z)(fUT dt [T dsW+ [0, dt [, dsW)}

IN

)

where in the last line we use the fact that Xy and X; are independent for s < 0 < ¢.
Next we note that if F(s,t) = F(t,s) we have

S ds [ dtF(s,t) + [° ds [° dtF(s,1)
= [Tods [T dtF(s,t) — 2 [0 ds [T dtF(s,1).
We can apply this identity to F(s,t) = W(Xs, X3, |t — s|) and obtain
(f dpp o) [ela 2 7 a0 17 asw]) 2
< [ dpp(x)EX {e*qQ S0 ds J W (a?/2) 2 ds [T atw]
which using the definition of yr completes the proof of the lemma. O

Let us take A such that

1
5.7 — <A<
(5.7) d+1 =
where § is the exponent in Assumption (E5) and set
(5.8) Ap = {(X,w) ER3 x 2| sup |X,(w)| < T)‘}.
|s|<T

The proof of Theorem 2.3 will follow immediately from the following two lemmas.

Lemma 5.3. One has

. —¢® [° ds [T dtW (X, Xy¢,|s— _
Jim E,, {]IATQ a* [2r ds [5 dtw( | t|>} —0

Lemma 5.4. One has

im E |:]]-AC eiqz J‘ET ds fOT dtW(X57Xt7|S*t|):| —0.
T—o0 Hr T

Proof of Theorem 2.3. By Lemmas 5.3, 5.4 and 5.2 it follows that
limy 400 7(T) = 0. We apply then Lemma 4.3. O

5.2. Proofs of Lemmas 5.3 and 5.4. We prove in this section Lemmas 5.3 and
5.4.
Proof of Lemma 5.3. By Lemma 5.1, it suffices to prove that

(5.9) Jim E,, [ﬂATe—cl O ds [T dtWao (X, X0, Cals—t)] _
— o0
The proof is similar to [LMS]. Let

AT:{(S,If”OSSST,OS1f§]”7()§(g+t§T/\/§}7
={(s0)|0<s <T/V2,—s <t <s},
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so that
0 T
ffT dtfo dtm
(5.10) > [ Jan dsdt i
= [ fu, dsdt s = log (2.

We note now that |z —y +x —y|? + |t — s|? < 8T?* + 2|z — y|? + |t — s|? uniformly
for [x| < T?, |y| < T*. Using (5.1) and (5.10) this yields

Lagp [Ords [ dtWeo (X, Xy, Cols — t])
0 T x
2 ﬁ Lay [Zpds fo dt [ dzdy 8T2*+2|’;(—3)172(3-)Cg|t—s|2

8T 42|z —y|?+C2T? /2
> 1o lar [ dwdyp(x)p(y)log( e )

Note that p > 0 and A < 1. Since the right-hand side above goes to +00 as T — o0,
(5.9) follows. O

Proof of Lemma 5.4.
Using again Lemma 5.1 it suffices to prove

(5.11) Jim E,, [HA%e—cl SO ds [ dtWoe (X0 X0 Cals—tD)] _
— 00

By a change of variables we see that

T T V2T V2T
/ / o1t gt < / / eIt dsdt < CTAL, VA > 0.
-TJ-T —V2T J—\2T

Using (5.2) and Lemma 5.1 this implies that
T T T

(5.12) 0< / ds / AW (X, X, Cals — 1)) < C5 /1M1,
-T -T
T T T

(5.13) 0< / ds / AW (X, X, Cols — t]) < O [1o/IK]|”
-T -T

Set 2{|p/|k|||* = & Hence (5.12), (5.13) and the Cauchy-Schwartz inequality yield
that

E,.. |:1A§,e_ Jords [ dtww} <eT“E,, [T |

el ]lAcTe(qz/Q) JEpds [Tp dtW p

B f ola%/2) S ds [, atW gp

e (f ot S ds [T dthP) 1/2 o - e
S [ @2 [Trds [Tr W gp </ lAchP> <elCf (/ ]lAchP> .
e =T -7

By Lemma 5.5 below we know that there exist constants a,b > 0 such that

TAG+1)

(5.14) / LacdP < T Ma+ bT)%e”
Since A(d + 1) > 1 this completes the proof of the lemma. O

Lemma 5.5. There exist constants a,b > 0 such that (5.14) is satisfied, where
d > 0 is the exponent appearing in Assumption (E5).
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5.3. Proof of Lemma 5.5. This section is devoted to the proof of Lemma 5.5.
Let G C R3 be a closed set, and 7' > 0 and n € N are fixed. We define the stopping
time
(5.15) To=inf{Ty | j=0,1,..,n,Xp, € G}, T;=2T.

n

Lemma 5.6. Let ¢ € Hy, with ¥ >0 and ¢ > 1 on G. Let T be in (5.15). Then
for all0 < o <1 one has

T/n

[ dnaIE D < 01) + T w1 - ),

Proof. Set 1,(x) = EX[¢7]. By the definition of 7 we can see that

(5.16) Po(x) =1, x€G,

since 7 = 0 in the case X starts from the inside of G. We can directly see that
™ py(x) = EX[E™[¢7]] = EX[™"]

by the Markov property, where 6 is the shift on 2" defined by (6;w)(t) = w(t+ s)
for w € 2. Note that (70 0p/,)(w) = 7(w) —T/n > 0, when x = Xo(w) ¢ G.
Hence

(5.17) o"/mem MMy, (x) = py(x), x € G”.

Clearly
X[ T1)\2 QT/n —(T/n)L
dpp (x)(E*[07])7 = (tolthe) < (Yolthe) + m(%l(ﬂ —¢€ Vo).
By (5.17) the right-hand side above equals
QT/n T /AL
(5.18) (LerbelLave) + 1 (Latbel (1 =™/ )u0y).
Next

(leQKl - e_(T/n)L)Q/’Q) (]lG’L/JQl(]l - e_(T/n)L)]lGQ/JQ) + (]leQl(]l - e_(T/")L)]ch%)
= (Lao|(L — e T/ 1gp,) — (Lat,le™ /™ 1get,)
< (et |(1 - ei(T/n)L)]lCﬂ/)g)a

since e~*L has a positive kernel. Hence

QT/n

(5.19) /dup(X)(]E"[QT])2 < (%]lGWg]lGHW(%lcﬂ(l—ef(T/")L)%]lG)-

Note that 1,(x)1g(x) < 9 (x) for all x € R3. Then

T/n

(5.20) (Welaltbola) + 12 (Welal(1 — e~/ 1)
o —(T/n)L
< (¢|¢)+m(¢|(1 —e ).

Then combining (5.19) and (5.20) we prove the lemma. O

Proposition 5.7. Let A >0 and f € C(R?) N D(L'/?). Then

G2 (s £ 2 A) < SN+ TEELED,

0<s<T
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Proof. The proof is a modification of [KV, Lemma 1.4 and Theorem 1.12]. We
fix T> 0 and n € N and define the stopping time 7 as in (5.15) for the closed set
G :={x e R® | |f(z)] > A}. It follows that

P ( sup | f(X7;)| > A) =P(r <T).
Let 0 < o < 1 which will be chosen later. Clearly

(5.22) P(r<T)< /QT’TdP < @*T/@TdP <o (/ dup(X)(]Ex[@TW)W-

Let ¢ € H,, be any function such that ¢ > 0 and ¢(x) > 1 on G. Then applying
Lemma 5.6 we get

5.23 dpip (x) (EX[7])? < " (1 — e (/I
623 [ duE)? < @)+ Tl - e Ty)
Since |f(z)| > A on G we can put ¢ = |f(z)|/A in (5.23) and get

T/n
62) [ duE)? < N+ T g (Al e b )

Since (|f]/(1 — e~ (T/MEY|f]). < (F](1 — e~ (T/DE)f), we have

T/n
625 [ameE ) < 33010 + T g1 = e T ),

Then by (5.22),

T/n

-T
P (j_SO?P1n|f(XTj)| > A) < QT ((f|f) n ﬁw(ﬂ(ﬂ _ e—(T/n)L)f))

. T/
~1/T_ Then since % <n

Set p=e T

(5.26) P( sup |f(Xr,)| > A) <+ (U1p +n(r12 *e‘(T/”’LM‘))%

§=0,...m

follows. Since (f|(1 —e~T/™E) ) < (T/n)(LY2f|LY2f), we finally get

2 P sw (7G| =A) < 5yl T L)

Jj=0,....,n

follows. We take the limit n — oo in the left hand side of (5.27). By the Lebesgue
dominated convergence theorem,

1imP( sup |f(XTj)|2A):P(1im sup |f(XTj)|ZA).

n—oo j=0,...,n n—00 =0, ...n

Since f(X;) is continuous in ¢, lim, e sup;_q _, [f(X1;)| = supgcser |f(Xs)]
follows. This completes the proof of the proposition. O

Proof of Lemma 5.5.
Let f € C°°(R3) such that

ol 2l =T,
flz)y=14 <T* T*-1<|z|<T?,
0, lz| < T - 1.

Since {z | f(z) > T*} = {z | |z| > T*} ] we see that

(5.28) /llAz:TdP =P <sup | Xs| > T/\> =P <sup |f(Xs)| > T/\> :

[s|<T [s|<T
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By Proposition 5.7 we have

(5.20) P (sup F(X0)] > Tk> < 2Ty,

s|<T
We have
(L2fILEf) = qao(fedp, fiop) + (foolV fidyp)
C(V fplV fp) + (FplV fbp)
C'|[ FVYplI? + C [V f o2 + [V 2 frpp |2

Using the fact that supp f C {|z| > T* — 1}, Vf € O(T?*) and Lemma 3.11, we
obtain

IN

IN

_§TAEFD)

(fIf) + (LEfILE f) < Ce

This completes the proof of the lemma. O

APPENDIX A. PROOF OF PROPOSITION 3.12

In order to prove Proposition 3.12 we need several steps. Let B(R?) denotes the
Borel o-field. For 0 <ty < --- < ¢, let the set function vy, . 4, : H?:o B(R3) - R

.....

be given by
: Vig,... i = o Apreee ULy
(A.30) 051t <HA> e PR e
1=0
and for 0 < t, v : B(R?®) — R by
(A.31) ve (A) = (1]e” 1) = (1|14).

(Step 1) The family of set functions {vg}ecr #e<oo given by (A.30) and (A.31)
satisfies the consistency condition:

n n+m n
Vtg,...tntm <H A; X H R3> = Vit <HA1>

=0 i=n-+1

and by the Kolmogorov extension theorem [KS, Theorem 2.2] there exists a prob-
ability measure vo, on ((R?)[°°) B((R3)[%))) such that

(A.32) v (A) =E,_ [1a(Y2)],
(A.33) Vig,....tn (ﬁ Ai) =E, ﬁ 1a,(Yy,)|, n>1,
i=0 j=o0

where B((R?):°)) denotes the o-field generated by cylinder sets, and Y; (w) = w(t),
w € (R0 is the coordinate mapping process. Then the process Y = (Yi)i>0
on the probability space ((R?)[%°°) B((R3)[%:2)) 1) satisfies that

(A.34) (fole™tllfyvemnmtnbp )y =B, T £(Ye)|
j=0
(A.35) (1f) = (Xle™" f) = Eu. [f (Y] = Eu. [f(Y0)]

for fj € L>(R3), j =0,1,...,n.
(Step 2) We now see that the process Y has a continuous version.

Lemma A.1. The process Y on ((R*)0>) B((R®))) 1) has a continuous
Version.
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Proof. We note that by (A.34), (A.35) and Proposition 3.7, E,__[|Y; — Y|*"] can
be expressed in terms of the diffusion process X* = (X[);>0, being the solution of
the stochastic differential equation:

) ) t 3 t
(A36) X7 — XX :/ by (XX)dr + Z/ o, x(XX)-dBF. j=1,2,3.
S =1 S

Since
3

B, [V = i) = ZZ[Q"] DR [ R ()]
=1 k=0

the left hand side above can be express in terms of e~ * as

By (Y = Y [*]

3 2n
2n \2n— —\t=s j —s)info
ZZ{ L }(1)’“ ((xﬂ)Q kwp|e (t )K(ZE])kd)p)Lze(t )info(L).
7j=1 k=0

Furthermore by Feynman-Kac formula, i.e., Proposition 3.7, the right-hand side
above can be expressed in terms of X* = (X );>0 as

E,..[[Y; - Y.["]
= [ dap (OB [IX2, = X520 (X5)p (X3 Je™ I8 VXD elt-s)into(l),
Since V' >0,
o (Y~ Y] < 200 [ dy (o [IXE, - X57].

We next estimate Eyy [|X§‘ — X;‘|2”}. Since X;"j is the solution to the stochastic
differential equation (A.36), we have
2n

Ey [|X)7 = X3092] < 2207 By bl a]k (X3)dBE

22n

By the Burkholder-Davies-Gundy inequality [KS, Theorem 3.28]7 we have
2n
Ew

t
/ oe(XNABE | < (n@n— 1)t — sl 120.

Then Eyy [| X3 — X¥[?"] < C|t — s|™ with some constant C' independent of s and t,
and

(A.37) E,. [|Vi = Yi[*"] < Clt — 5|
follows. Thus Y = (Y;)¢>0 has a continuous version by Kolmogorov-Centov conti-
nuity theorem [KS, Theorem 2.8]. O

Let Y = (Y}:):>0 be the continuous version of Y on ((R?)[%:°) B((R3)[%)) ).
The image measure of v, on (27, B(27)) with respect to Y is denoted by Q, i.e.,

Q=vyo 771, and 17,5( ) = w(t) for w € %+ is the coordinate mapping process.
Then We constructed a stochastic process Y = (Y;);>0 on (25, B(2}),Q) such

that ¥ £ Y. Then (A.34) and (A.35) can be expressed in terms of Y as
(fole™trmto)L g o emtnmta-)lg y — | H fj(i}tj) ,
j=0

(11f) = (e~ f) = Eq | {(V0)] = Eq |£(%0)]
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(Step 3) Define the regular conditional probability measure on £ by

(A.38) Q*(-) = Q(-Yo =x)
for each x € R3. Tt is well defined, since 27, is a Polish space (completely separable
metrizable space). See e.g., [KS, Theorems 3.18. and 3.19]. Since the distribution
of Yy equals to dpip(x), note that Q(A) = [dup(x)Eqx[La]. Then the stochastic
process Y = (Y;)¢>0 on (274, B(27), Qx) satisfies

(A39)  (fole tr—t)Lp e (tntn-)lp ) / dup(OEqs | [T £V

j=0
(A40) (1l f) = (111) = [ devd@Ea [£(To)] = [ din(of(a),
Lemma A.2. Y is a Markov process on (24, B(Z5), Q%) with respect to the
natural filtration M = o(Y,,0 <1 < s).
Proof. Let
(A.41) pe(x, A) = (e714) (x), A€ B(R?), t>0.
Notice that p;(x, A) = Eyy [14(X})]. Then the finite dimensional distribution of ¥

is

(A42) EQ” H]lAj(i;tj) :/H]lAj(Xj)Hptj—tjfl(xj_l’dxj)
j=1 j=1 j=1

with ¢g = 0 and x¢o = x by (A.39). We show that p;(x, A) is a probability transition
kernel, i.e., (1) p:(x,-) is a probability measure on B(R?), (2) pi(-, A) is Borel
measurable with respect to x, (3) the Chapman-Kolmogorov equality

(A43) / De(ys A)pi (. dy) = P, A)

is satisfied. Note that e~*" is positivity improving. Then 0 < e7*Ff < 1 for all
function f such that 0 < f < 1, and e~ *“1 = 1 follows. Then p;(x,-) is the prob-
ability measure on R? with ps(x,R?) = 1, and (1) follows. (2) is trivial. From the
semi-group property e *Le L1, = ¢~ (+)L] , the Chapman-Kolmogorov equal-
ity (A.43) follows. Hence pi(x, A) is a probability transition kernel. We write
E for Eq« for notational simplicity. From the identity E[14(Y)E[f(Y;)|o(Y2)]] =
E[14(Y;)f(Y,)] for r > t, it follows that

[ AT = 51Pay) = [ Plas)ta) [ 16 ool
where P;(dy) denotes the distribution of Y; on R3. Thus
BF(TIT: =) = [ £67)pri(y.dy)

follows a.e. y with respect to P;(dy). Then E[f(Y,)|o(Y;)] = [ f(y)pr—t (Y;, dy) and
(A.44) E[14(Y)lo(V2)] = pr—t(V2, A)

follow. By using (A.44), (A.42) and the Chapman-Kolmogorov equality (A.43), we
can show that

EﬂAmsH J()| =E |E[14F)o(7, }H (V)
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for to < --- < t, < s. This implies that E[14(Yyys)|.#Z] = E[14(Y;)|o(Ys)]. Then
Y is Markov with respect to the natural filtration under the measure Q*. O

(Step 4) We extend Y = (Yt)t>0 to a process on the whole real line R. Set
X=X x Xy, M =B(2,)x B(Z,) and QX = Q* x Q. Let (X;)ier be the
stochastic process on the product space (3&3” M, Q* ), defined by for w = (w1, ws) €
‘%/"f‘a

s woo={ o 20

Note that X, = x almost surely with respect to Q* and X, is continuous in ¢
almost surely It is trivial to see that X, ¢ > 0, and X, s < 0, are independent,

and X; = X_
(Step 5) Proof of Theorem 3.12:
The image measure of Q* on (£, B(Z")) with respect to X is denoted by P*, i.e

(A.46) P*=Q o X .

Let Xi(w) =w(t), t € R, w € 2, be the coordinate mapping process. Then we can
see that

(A.47) XLV, t>0, Xx <V, (t<o).

Since by (Step 3), (Yt)t>0 and (Y_;)1<o are Markov processes with respect to the
natural filtration o(Y;,0 < s < t) and o(Y;, —t < s < 0), respectively, (X;);>0
and (X¢)i<o are also Markov processes with respect to (F;")i>0 and (F; )i<o, Te-
spectively. Thus the Markov property (4) follows. We also see that (X;)s<o and

(X1)i>0 are independent and X_, 4 X: by (A.47) and (Step 4). Thus reflection
symmetry (3) follows.

Lemma A.3. Let —co <ty <ty <---<t,. Then

(A.48) /dﬂp(X)EPx [fo(Xey) -+ falXe,)] = (fo,e @70 fremtnmtnb ),

Proof. Let tg <--- <t, <0<ty41 <+ tptm. Then we have by the indepen-
dence of (Xs)s<o and (X;)¢>o,

S dup(X)Ep= [fo(Xe) -+ fatm(Xenim)]
= [ dpp(x)Epx [fo(Xey) -+ fu(Xe N Epx [far1(Xeoia) - Frm (Xep)] -

Since we have

(A.49) Epx [fn+1(th+1) R (th,+m,):|

— (e_t"*lLfn+1€_(t"“_t"+1)Lfn+2 e e_(t"”L_t"'*m*l)Lfn-i‘m) (z)
and
(A.50) Ep« [fo(Xto) -+ fu(Xe,)]
= Eps |fo(Voio) -+ fu(Vor,)
_ (e-l,-tnLfne—(tn,—tnfl)l‘fnil B, e_(tl_tO)Lfl) (z),
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by (A.49) and (A.50) we obtain that

—

dpip (X)Epx [fo(Xto) -+ fram(Xienyn)]
— (e*t"Lfn .. .e*(h*to)Lfl, e tniilp L .e*(tn+m*tn+m—1)Lfn+m)
= (fr,e" 7t f) o= (nim—tntm-)L g
Hence (A.48) follows. O
From Lemma A.3 it follows that for any s € R,

/dup(X)EPx IT5x) Z/dup JEpx H (Xt;45)

=0
Hence shift invariance (5) is obtained. O
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